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PU3UKA

T'PABUTAIIMOHHBIN JE®EKT MACCHUBHOI'O IIIAPA

H.A. AxpameHKo

Benopycckuii 2ocyoapcmeennulii ynugepcumem mparncnopma, I omens

GRAVITATIONAL DEFECT OF MASSIVE BALL
N.A. Akhramenko

Belarusian State University of Transport, Gomel

ITosry4eHo BEIpakeHHUE, ONPEENIONIee IPaBUTALIMOHHBII JedeKT MacChl MAaCCHBHOIO Inapa. I1oka3aHo, YTO rpaBUTALIMOHHBIH
Jie(heKT Macchl PacTeT ¢ yBEIHYEHUEM IUIOTHOCTU M Macchl 1mnapa. [ToydeHHOe COOTHOIICHHE SIBIsAeTC 0000IICHHEM s Be-
JIMYMHBI TPABUTALMOHHOTO Ae(heKTa MacChl B HEPEIATHBUCTCKOM CIIydae.

Knroueswie cnosa: meopus msAa2omeHnusl, MACCUBHbIL wap, epagumauuomzblﬁ 06(1)6}("’! macceol.

The resulting expression defining the gravitational mass defect of massive ball is given. It is shown that the gravitational mass
defect increases with increasing density and the mass of the ball. The resulting ratio is a generalization for magnitudes of the

gravitational mass defect in the non-relativistic case.

Keywords: theory of gravitation, massive ball, gravitational mass defect.

BBenenue

B Teopun tiarorenus HproToHa rpaBUTanMOH-
Hasg Macca ABJIACTCA UCTOYHUKOM IpaBUTALIMOHHOI'O
10JI. HaHpH)KeHHOCTI) TpaBUTAIIMUOHHOI'O  IIOJIA
MPEJCTABIACT COOOM €0 CHIOBYIO XapaKTEPUCTHUKY.
Kax uzBectno [1]-[5], B Teopuu tsirorenust Hproro-
Ha HAaINpPSKEHHOCTh CTATUYECKOrO MOJISl TSATOTEHUS
ONpENENAeTCs BEIMUMHON CWIIBI, JACHCTBYIOLIEH Ha
MOKOsIIIeecs MPOOHOE TEJI0 eIMHIIHON MaCCHI.

MHorue HeOecHBIE Tella, B YHCIE KOTOPBIX
3BE3/1bl, IUTAHETHl M CITyTHUKHU TUIAHET, IMEIOT (op-
My Onm3Kyio K mapoBuaHoW. C TeueHHeM BpEeMEHU
STH TeJda MOTYT H3MEHATh KakK pa3Mephl, TaK H
I0THOCTh. Hampumep, 3B€31a MOXKET NMpEeBpaTUTh-
cs1 B OeJIblil KapJKK ¢ BeChMa OOJIBIIION IIOTHOCTBIO.
Eie Gosbinast IUIOTHOCTh BO3SHUKAET MPH 00pa3oBa-
HUM HEUTPOHHOU 3BE3/bL.

B kmaccuuyeckoil MeXxaHUKE CUMTAETCS, 4YTO
Macca CHCTEMBI PaBHAa CYMME MAacC COCTaBJISFOIINX
ee ten [1]-[5]. B penaruBuCTCKOI MEXaHWKE Macca
MOXET OBITH OmpefelieHa 4Yepe3 IOJHYK YHEPTUio
tena £ v mmmynsc p [6], [7]

2
f—z =p*+m’c?,

TJIe ¢ — CKOPOCTh CBETA B BaAKyyMe.
Ilomnas OHEPIrud BKIIFOYACT W SHCPIHUIO B3au-
MOJIEHCTBUS YacTe cuctembl Apyr ¢ apyrom. Ilo-
9TOMy Macca NpU M3MEHEHWH KOH(HUIypauuu cuc-
TEMBbl M, COOTBETCTBEHHO, 3HEPIMH B3aUMOJEHCT-
BUS, MOXKET M3MEHAThCS. B wacTHOCTH Macca mac-
CHBHOM c(hepriecKol MBUIEBUAHON 000JIOYKH MOXKET
3aBHCETH OT PaJIyca, 4TO paccMOTpeHo B [8], [9].

B nmamHO# paboTre mpeaBapUTENBHO OIPEAEs-
ercst cBoOOoIHAs Macca (Macca, He CBSI3aHHas TPaBH-
TallMOHHBIM B3aMMOJEHWCTBHEM) MACCHBHOIO Tela
IIAPOBUIHOM (HOPMBI B 3aBHCHMOCTH OT pajguyca H

© Axpamenxo H.A.,2017

IUIOTHOCTH, @ 3aTe€M TPaBUTALMOHHBINA Ae(eKT Mac-
cel. Bynem cuuTath, YTO mIAp MPEICTABISACT COOOU
MBUIEBUHYIO CHUCTEMY YAaCTHUIl, KOTOPHIE B3aUMO-
JNENUCTBYIOT JpYyr C JAPYTOM TOJBKO TOCPEICTBOM
TPABUTALIMOHHOTO TOJISL.

1 U3meHeHne Macchl LIAPOBOIO CJI0SI NPH
yBeJHYEHUH ero pajuyca

[lycth uMeeTcs OAHOPOAHBIM MAaCCUBHBIN IIap
panuycoM R m maccoit M. BplnenuM TOHKUH MO-
BEPXHOCTHBIN IapoBoil cinoi. [loxelicTByem BHemI-
HUMHU CHJIaMH Ha 3TOT CJIOW B paJMalbHOM HaIpaB-
JICHUW M PacHpesieluM ero Ha OeCKOHEYHOCTh Oe3
NpUaHus eMy KHHETHYecKod sHepruu. B sTom
cityyae Oy/IeT coBeplleHa HeKoTopas padoTa IpoTUB
cui TaroteHus. [IpuHuUMas BO BHUMaHUE CBSA3b Mac-
CBI C 9HEpPrUel MOKHO MOJOXUTb, YTO Macca Iapo-
BOTO CJIOSI BO3PACTET COOTBETCTBEHHO 3aTPAadueHHOM
paboTe IpH MepeMEIIeHIH ero ¢ MTOBEPXHOCTH Iapa
Ha OeckoHeuHOCTh. [locme »TOrO BBLEENHM Clle-
JYIOIIN IapoBO CIIOH U OIAATh, coBEpIIast padboTy
BHEIIHUMH CHJIaMH HPOTUB CHJI TATOTEHHMs, Hepe-
MECTHM €ro Ha OECKOHEYHOCTh aHAJIOTHYHO MpPEabl-
ayuieMy cioro. M Tak cioif 3a clioeM MOXHO BeCh
map, nepemMelnias ero COCTaBISIIONINE B paiuaIbHOM
HaIlpaBJICHUH, PAaCMpeIeNUuTh IO OECKOHEYHOCTH.
Macca Kakgoro IIapoBOTO CJIOS TIPH pacmpeserne-
HUU ero 10 0ECKOHEYHOCTH OYyIeT BO3pPACTaTh COOT-
BETCTBEHHO 3aTpadyeHHoii pabore. B mTore macca
BCETO IIapa BO3pacTeT /10 3HaueHus M.

Benuuuna

AM=My—M (1.1)

u OyZeT mpencTaBisTh cOOOM IpaBUTAIIMOHHBINA Jie-
(dhexT Macchl.

Tenepp onpeaenum AM. JIjis 3TOTO BBIASTHM
MPOMEKYTOUHBIA TOHKHMI IIapOBOW CJIOW Maccoit
Am (pucyHok 1.1).
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Pucynok 1.1 — lapoBoii cnoit Maccel Am

BHyTpI/I 9TOro CJIos COCpEAOTOYECHA Macca m,
onpeaensemMas paauycom r. IIpu nepemMenieHuy yac-
THUIl OTOTO CJIOS B pajll/IaﬂbHOM HanpaBJIeHl/Il/I Ha d}"
Oymer coBepileHa paboTa MPOTHB CHI TATOTEHHS.
[pu 3TOM Oy/IeM YUUTHIBATH B3aHMOJICUCTBHE TONb-
KO 4YacCTull mapoBOro CJjioga Am C MaCCOﬁ m. B3aI/I'
MOJIEHCTBHEM YACTHI[ CaMOTO CJIOS MEXIY CoOOM
npeHeOpeReM BBHMIY MAJOCTH BEJIMYMHBL. B 3TOM
cllydae 3JleMEeHTapHas paboTa IPOTHB CHJI TATOTEHHS
GmAm o, (1.2)

2
r

rne G — rpaBUTalOHHAs [TOCTOSHHAS.
Cogepmiaemasi coriacHo (1.2) pabora npuBo-
JIIT K POCTY MaccChl IIapOBOTO CIIOS

SA:czd(Am), (1.3)
IJIe ¢ — CKOPOCTh CBETA B BaKyyMe.
Torna npupaBHUBas PABbIC YaCTH BbIpaXKe-
Huit (1.2) u (1.3), moxyanm
GmAm

2
r

04 =

dr=czd(Am). (1.4)

Wnrerpupys Beipaxenue (1.4) B mpexenax ot »
JI0 OECKOHEYHOCTH, MOJTy4aeM

Am(o0) = Am(r)exp[@j, (1.5)
c’r

rne Am(w) u Am(r) — Macca ImapoBOro CIOS pac-
NPE/ICTIEHHOTO0 10 OECKOHEYHOCTH U B HCXOJHOM
MOJIOXKEHHH.

2 U3meHeHUue MacChbl BCero mapa

Macca Bcero 1apa npH pacrlpeieieH!: ero 1o
OeckoHeuHOCTH (CcBOOOMHAs Macca) OymeT ompese-
JSATCS CYMMOM Macc BCEX IIAPOBBIX CIOEB €ro co-
CTABIIAIONIMX. DTO MOXKHO, YYHTBIBAas BBIPAKCHHUE
(1.5), BBIpa3uTh Uepe3 WHTETpaj BUIA

R 2
4
M, :_[4Tcr2pexp L’;’ﬂ r, 2.1)
0 3c
rJe IPUHATO, YTO Macca IapoBOro ClIos
dm = 4mpr’dr,

Macca BHYTPH IAPOBOTO CIIOS
m=—mpr’,
3
dr — TONIUHA TITAPOBOTO CIIOS.
CrnenoBaTtenbHO, TpPaBHTAIMOHHBIN  JedeKT
Maccsl cornacHo (1.1) ¢ yaerom (2.1) MoxHO ompe-
JICITUTh BHIPAKEHHEM

R 2
AM :I4nr2pexp “T;Lg)rjdr—M. (2.2)
c
0

[Ipeobpa3yst mocienHee BBHIPAKECHHE IyTEM
PAa3JI0KEHHUS SKCIIOHEHTHI B PSIIT, IOTYYUM

s s

5¢R 14\ R

IJIe Macca BCEro Iapa BhIpaKeHa 4epe3 IUIOTHOCTb
u 00BeEM

AM =M

M :szérch}.

Torpa mepBoe NmpuOMIDKEHUE VIS T'paBHTAIIU-
OHHOTO Jied)eKTa Macchl, yauThiBas (2.3) cocTaBUT

_3GM?

"5 RS

Beipaxenne (2.4) npencrasiser coboil OTHO-

[OICHHE MOXYJs IMOTEHIMATBHONH HSHEpruy Imapa B

HBIOTOHOBCKO# MeXaHHKe K Beqmuune ¢’. [1o3ToMy

MOJKHO CJeJaTh BBIBOJ, YTO MOJYYCHHOE COOTHO-

menue (2.2) sBisgercs o000IIeHHEM TpaBUTAIMOH-

HOro nedexra Maccol (2.4) mjst HEPEIATHBUCTCKOTO

ciydasi.

2.4)

3 Onenka BeJIMYHHBI TPABUTAIIMOHHOIO JIe-
(exTa Mmaccnl

U3 cpaBHeHUs BeIpakeHuit (2.3) u (2.4) cnemy-
€T, YTO TPaBUTALMOHHBINA NedekT macchl (2.4) s
HEPEJTHBUCTCKOTO CITydasl SIBIISICTCS MEHBIIUM,
geM 310 ciexyeT u3 (2.2) wmm (2.3). BemnmunHa mo-
MPaBKH OMPENENSAETCS BTOPHIM W MOCIETYIOUIMH
cmaraeMbiMiA B BhIpaxkeHun (2.3). C yderoMm TOTO,
qro oTHomeHue G /¢’ MMeeT MOPSAOK BETHUMHBI
~10"%®, BenMumHA [ONPABKH MOXKET OBITH OLIYTHMOIL
JUTsL TeTT OONBIINX MacCc W ManbiX paauycoB. C yde-
TOM 3TOTO BEJIMYWHA TMOMPABKH MOXET OBITH OIIY-
TUMOH JJ1s1 TeJ1 OONBIINX Macc U MaJIbIX PaIyCOB.

OIneHNM BENMYHMHY TPaBUTAMOHHOTO Aedekra
Macc U1 HeUTPOHHBIX 3Be3/1. Macca TUIIMYHON Hel-
TpoHHOI 3Be37161 M ~ (1-2) M, , rie Mo =210 xr —
Macca Comrna [10]. TIpu 3ToMm 3Be3ma obnamaet pa-
mnycoM R ~ (10-14) kM. MaccoBast TUIOTHOCTH Be-
IlecTBa B TaKoil 3Be3ze B cpemHeM p~ 10™ xr/m’.
[In10THOCTB B LIEHTPE HEUTPOHHOM 3BE3/BI MOXKET HA
MOPSAOK TIPEBOCXOANTH HOPMAIBHYIO SOCPHYIO
IIOTHOCTH Py = 2,8-10"7 kr/m’ [10].

Jlnst 3Be371bI ¢ Macco paBHOM OAHOM COJIHEY-
HOU M| = M monydnM coriacHo BeIpaxkeHuto (2.1)
(mpu R=10 KM cpenHsAs TUIOTHOCTh HEHUTPOHHOU
3BE3/IbI COCTABUT Benmuuny p = 4,78-10"7 kr/m’)

My =2,19-10% «r.

Ipo6remvr usuxu, mamemamuku u mexuuxu, Ne 2 (31), 2017



I'pasumayuonnwlii degpexm maccusrnozo wapa

JedekT Macchl Tako# 3B€3/Ib B IIPOIIEHTaX CO-
CTaBHUT

(Mg, —M,)-100%
M
s 3Be3abl ¢ Maccoil paBHOM JBYM COJIHEY-
HBIM M, = 2M; nonyuum (npu R = 14 kM cpensss
TUIOTHOCTh HEUTPOHHOM 3BE31IbI COCTABUT BEIHUUHY
p=3,48-10"7 kr/m’) My, = 4,6:10° kr.
Torna nedekt Macchl COCTaBUT
(M02 —M2)~1OO%
MOZ
OrneHnM TaKoke TeeKT Macc IS HeHTPOHHBIX
3Be31 Maccoit My u 2M;, C TNIOTHOCTBIO p = 10" ki,
Hnst macebl M3 = M, nonyunm My; = 2,22- 10 r.
COOTBETCTBEHHO Je(eKT Macc OyJIeT paBeH
(Mg, —M;)-100%
M03
Hnst maceel My = 2M nonyunm Moy, = 4,82+ 10* «r.
B stom ciydae nedexr macc Oyner paBeH
(M04 —M4)-100%
M 04
OTcroza crnenyeT, YTo OONBIINM B IPOIICHTHOM

OTHOIIICHUH JIEPEKTOM MacC 00JIaAat0T HEHTPOHHBIC
3Be31bI OOJMIBIIEH MAcChl M IIJIOTHOCTH.

=8,6%.

01

=12%.

=10%.

=17%.

3akJiloueHne

Takum oOpazom, ompesesieH IrpaBUTALIMOHHBIN
nedekt macchl MacCHBHOTO mapa. BenndauHa rpaBu-
TAIIMOHHOTO Jie(heKTa Macchl BO3PACTACT C yBeJINUe-
HHEM IUIOTHOCTH M Macchl Iapa. JTa BEIMYUHA SIB-
JSIETCSI Oy TUMOH (B TMPOLICHTHOM BBIPKEHHUN) IS
HEUTPOHHBIX 3Be31. M3 momydeHHOro BbIpakeHHs
IVl BEIMYMHBI T'PABUTALMOHHOTO Ae(eKTa MaccChl
MAacCHBHOTO Iapa CIEAyeT COOTHOLICHUE ISl Ipa-
BUTALIUOHHOT O Ile(l)eKTa MacCbl B HEPEIATUBUCT-
CKOM CIIy4ae.
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PU3UKA

OBOBUIEHHBIE ACUMMETPHUYHBIE ITYUYKHU BECCEJIS -TAYCCA
HEITPEPBIBHOTI'O ITOPAIKA

C.C. I'upreanb

Tomenvckuti 2ocyoapemeennulii ynusepcumem um. @. Cropubvi

GENERALIZED ASYMMETRIC OF BESSEL — GAUSSIAN BEAMS
OF THE CONTINUOUS ORDER

S.S. Girgel

F. Scorina Gomel State University

IIpensnoxxeHbl HOBbIE pelIeH s MapaboIMYEeCKOro YpaBHEHUs], ONUChIBatoIne 0000IEHHbIE aCHMMETpUYHbIE ITy4YkH beccers —
Taycca HenpepbIBHOTO Hopsiika. OHU XapaKkTepU3yIOTCS MATHI0 CBOOOAHBIMU HETIPEPHIBHBIMY [apaMeTpaMH U 00JIaal0T CITH-
palbHBIM BOJHOBBIM ()POHTOM. YCTaHOBIICHBI OTPAaHMYCHHUS Ha TH MapaMeTPhl, IPH KOTOPHIX HCCIeRyeMble (paKIHOHHbIE
Iy4YKH NEPEHOCAT KOHEUHYI0 MOIIHOCTb. [IpoBesicHO rpaduueckoe MOACIMPOBAHNE TAKKX ITYyYKOB, KOTOPOE HOJTBEPXKAACT OC-

HOBHBIC AHATTUTUYCCKUC PACYCTHI.

Knrouegwie cnosa: acummempuunvie nyuxu, nyuku beccens — I'aycca, keadpamuynas unmezpupyemocma.

The new solutions of the parabolic equation featuring the generalized asymmetric of Bessel — Gaussian beams of the continuous
order are offered. They are characterized by five free continuous parametres and possess a spiral wavefront. Restrictions on
these parametres at which explored fractional beams transfer terminating power are discovered. Pictorial modeling of such

beams which confirms the main analytical calculations is fulfilled.

Keywords: asymmetric beams, beams of Bessel — Gaussian, a square intergrability.

Beenenue

B mnocnenHee BpeMsi IPOW3BOIUTCS IIOMCK U
WCCIIEZIOBaHNS HOBBIX TUIIOB CBETOBBIX ITydkoB [1]-[5].
Bonpmioit uHTepec mpunekaroT nmydku beccens u
nyuku beccenst — 'aycca (IIBI') [5]-[11]. Kak xo-
poro m3BectHO [6], myuku beccens obnagaroT yHU-
KaJbHBIM CBOWCTBOM Oe3mmdpakiuoHHOCTH. Bwme-
CTE C TEM, OHU NEPEHOCAT OECKOHEUHYIO MOIIHOCTh
U HE MOTYT OBbITh peajn30BaHbl NpakTuyecku. Vc-
MOJIb30BAHKE TAyCCOBOM amonu3anuu QyHKIuil bec-
ceyis MOo3BOJsieT mepelTH k ckanspHeiM [IBDT [7],
KOTOPBIC NEPEHOCAT KOHCYHYIO MOIIIHOCTH U MOT'YT
OBITH peann30BaHbl MPAKTHYECKH, XOTA CBOMCTBO
6e311dpakIMOHHOCTH, CTPOTO TOBOPS, IPU 3TOM
HapymaeTca. CoiictBa BekTopHbIX [IBI' mccneno-
Baymck Hamu B [12], [13]. @pakunonHsie 06001IeH-
Heie [IBI" Oblin BBeneHBI HamH B [14] ¥ HaWaeHBI
yCIOBUS UX (PU3HMYECKOH Pean3yeMOCTH.

Henasno, B 2014-2016 roxax, B [15]-[18] ObI-
JIM BBEZICHBI 1 SKCHEPHUMEHTAIBHO TOIyYCHBI aCHM-
merpuynbie [IBI" (aBG-moxpr). B [19] Hamu Obuin
MpeAToKEeHbl acUMMETpUYHbIE ITyukn beccens —
T'aycca HenpepriBHOrO nopsinka. B HacTtosmeit pa-
00Te mpom3BOAUTCS 0000MmICHNE pe3yinbpTaToB [14]—
[16], [19]. Haiiner HOBBIi THI ITyYKOB — 000OIIEH-
HbIX acumMeTpuuHbIx [1BI" HenpeprIBHOTO Mopsizika,
copMyJIpOBaHbl YCIOBHSl MX (PU3NUECKOW peau-
3YEMOCTH U 00CY)KIAIOTCS UX (PU3MIECKUE CBOWCTBA.

1 HoBblii TN 00001IIEHHBIX ACHMMETPHY-
HbIX [IBI" HenpepbIBHOTO MopsAAKa

Ucxona u3 3D mapaboimyecKoro ypaBHEHHS
[1], omuchiBawoIIero CcKaJsipHble MapakCHaAIbHbIE

© I'upeens C.C., 2017
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MOHOXPOMATUYECKUE CBETOBBIC MMYYKH, PaCIpo-
CTpaHSAIOIINECS B HANPABICHUH OCH Z, U MEpenas K
OWIAHAPUIECKON cucTeMe KoopauHAT Hamu B [14]
OBLIO MOJIYYEHO BBIpAKEHUE

2
K:
q 2q k

_'K
xexp(ivep)J, [l—pzoJ s
q

ommceiBaroniee 00odmennsie [1BIT HempephIBHOTO
nopsinka v. 3xech M jganee (a3oBbI MHOXHUTEIb
exp(ik z—iwt) omyckaercs. CrannapTHble 0003Haue-

(1.1)

HHS: p2 =+ yz, a3UMyTaJIbHBIN yron ¢ = arctg [%j’

J, — oynkuun beccensa I pona [20]. IlocrosHHble
pasneneHus mepeMeHHBIX vV U K B (1.1) sBustorcs
CBOOOTHBIMH MapaMeTpaMu. B cimywae kimaccuye-
ckux IIBI' [7] K =k , rme k, — BeuecTBeHHas
moriepeyHasl COCTABIIIIONIAsi BOJHOBOTO BEKTOPa
k =k, +k, u, kpome Toro, mopsiiok (MHIEKC) V
sBisieTcss nenouncieHHsiM. Ammuuryna f 1B B
1 ikp®
(1.1) conmepxut rayccuan G =—exp , KOM-
q 2q
IJIEKCHBIM MapaMerp Mydka ¢ =z—¢,. Bennuunsl
2

W, U z,= — XapakTepHble pa3Mephl IydKa

B10Jab oceit OX u OZ COOTBETCTBEHHO.



Ob6obwennvie acummempuunvie nyuku beccens — I'aycca nenpepuisrnozo nopsioka

Uro6bl MONyYUTH BBIPAKEHHS, XapaKTepH-
syromue acumMmerpuunsle IIBIT HempepbIBHOTO 1O-
psnka v, nepelizeM B (1.1) K HOBBIM HONEPEYHBIM
MEePEMEHHBIM COOTHOIIEHUSIMU

X, =X—X,,
=YD
K=x (12)

T€ KOHCTAHTHI X,, ), — IPOU3BOJIbHBIC KOMIICKC-

HbIE NTapaMeTPhbl CMELICHUH MOMEPEUHbIX KOOPAUHAT
x u y. llomyuaem [19]

KVZ 2
f=Lexp| i| = rf—(—‘)j
q 2q

k
(1.3)
X, +iy, J —-iKr, z,
f g

3neck Haber KOMIUIEKCHOH ¢a3sl exp(ive) mpen-

cTaBjeH B Japyroi ¢opme, yem B (1.1), ncnomnbsyro-
e N3BECTHYIO (OPMYITy

arctg(t) = (—éj In [ i t Z } ,

KOTOpasi MpuUMeHsIach HemnaBHO (usukamu B [11],
[15]-{18] mnst onmcaHus acUMMETPUYIHBIX MOJ U
panee B pabote [21] anst ommcanus 2-D BonHOBOTO
nakera X-BoJH beccers.

Acummerpuynbie 1B (1.3) 3aBucst ot Tpex
nepeMeHHbIX (x,y, z) W cemu mapamerpoB (k, K,

Z4,q45Xy5 Vo> V). UHCIO HE3aBHCHMBIX CBOOOJHBIX

napaMeTpoB MOKHO YMCHBIIHWTH, CCJIN HepeﬁTH K
6€3p33M€pHLIM BCJIIMYWMHaAM COOTHOIICHUSIMMU

Xlzﬁz)(_)(o,ylzﬁzy_yo,
W, w,

0
Z=2,K =Kw, R=-1=JX’+7.(14)
2y Wo

BBenem Takke Oe3pasMepHBI NapaMeTp MydKa

0= 4-z- Q,. Temepr acummeTpuuHble 0000-
ZO

mennbie [1BI° (1.3) 3aBucAT oT Tpex Oe3pa3MepHBIX
nepeMeHHbIX (X,Y,Z), maru Ge3pa3MepHBIX CBO-
6oxubIx napameTpoB (X, Y, 0,, K, V) 1 OIHCHI-
BAfOTCs BEIpayKeHHEM [19]

1 ' K!
f=—exp| 4| B2 21| |x
0 0 4
) (1.5)
X +it | (=K R
R, v 0]

2 VYcaoBus ¢usnyeckoii peasusyeMoCcTH
HOBBIX acUMMeTpPUYHbIX 00001eHHbIX TIBI He-
NPpepbLIBHOTO MOPSIAKA

[Tygox Oymem cumTaTh (QU3WUCCKH peann3ye-
MBIM, €CIT €r0 KOMIUIEKCHASI aMIUIUTY/A SBIISETCS
KOHEYHOH BO BCEM IPOCTPAHCTBE, a IEPEHOCHMAst

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017

UM MOIIHOCTb depe3 JF00e ceucHue, NepueHIuKy-
JISIPHOE OCH IIy4Ka, TaKKe SBISIETCS] KOHEYHOUW. DTH
TpeOOBaHUsI CBOAATCS K HEMPEPbIBHOCTH M KBaJpa-
tuaHOM mHTerpupyemoct (KM) xomiuiekcHoH am-
TUTATYABI MydKa.

[Mpoananusupyem ycioBus Quandeckon pea-
JIM3YEMOCTH HOBBIX ACHMMETPHYHBIX 0OOOIIEHHBIX
[BI" wempepbBHOTO TmoOpsinka (1.5). OcHOBHOM
Biag B KU TIBIT (1.5) BHOCHT rayccman G. [ns
craggaptHoro G ycimosue KU [1]: Im(Q,) > 0.

iK}
MHoOXHTENb €Xp —@ B (1.5) He 3aBHCHUT OT MO-

TepevHbIX KoopaAnHatT u He BimsieT Ha KW. Hecmox-
HO II0Ka3aTh, YTO KOMIUIEKCHBIE cMelleHns1 X, u 1)
taxxke He BIusoT Ha KU rayccuana, a muis npuBo-
IAT K ero pJeueHtpoBke. Ilpy Z — oo rayccuan
G—0.

Cranpaptaele I1BI" xapakTepu3syrorcs BemecT-
BEHHBIM napameTpoM K. KoMIulekCHOCTh MacmiTa-

Oupyromero mapamerpa K, He Hapymaer KU am-

TUTUTY b TIyYKa f M3-3a raycCHaHa, II03TOMY Ha Ia-
paMeTp K, He HaKJIaIbIBAalOTCSl HUKAKUE OIpaHUYe-

HUSL U OH MOXET OBITh MPOW3BOJIBHBIM KOMILIEKC-
HbIM gyncioM. [Toatomy myuxw (1.5) ¢ KOMIUIEKCHBIM
napameTrpoM K, sBisrorcs 0600mennsvu 1B

[Ipu |u| — 00 (yHKIHA

J, () > icos(u—ﬂ—EJ+
2 4

T
[20]. [ToaTomy dyHkums J (#) He HapylIaeT AOCTa-
TouHoro ycnoBua Im(Q,) > 0 KU rayccuana B (1.5).

Tak kax pynxuus beccenst mMeer 0coOeHHOCTH
npu u — 0, TO OTcloja cielayeT HeOoOXOAUMOCTb

Re(v) > 0. Kax moxaspIBaroT aHainu3 U rpaguyeckoe

MOACINPOBAHUEC, HATTUIUC MHHUMOH YacTH napameT-
pa mopsaka v HOpHUBOAWUT K pas3pbiBaM B rpa(bm(ax

WHTeHCHBHOCTH s pyHkmmm f(X,Y,Z), 4ro He-

norryctumo. OTcrofa clenyer, 9To WHACKC V T0JDKCH
OBITh BEMICCTBEHHBIM M HEOTPHIATENHHBIM, T. €.
v=>0.

Urak, obuiue ycnoBusi pu3nveckon peanusye-
MOCTH HOBBIX OOOOIIEHHBIX aCMMMETpU4HbIX I1BI
(1.5) menpepriBHOTO TIOpsiAKa [19] cnemyromme:

Q) >0 u v20. 2.1

[TockombKy MHIEKC V MOXKET IPUHUMATh HETIPEPHIB-
HBIE 3HAYEHUs, TO (a3a NpH MOJHOM 00OpOTE BO-
KPYT OCH ITy4JKa TaKXe SBISICTCSI HEPEPHIBHON 1 HE
o0s3aHa ObITH paBHOW 27. [lyukm, obnanaromiue
TaKUM CBOMCTBOM, HAa3bIBAIOTCA (PPaKIIMOHHBIMU
[2]H5], [22]. TToaTomy 0OCykmaeMbie HAMH HOBBIE
0006mieHHble acumMeTpuunble [1BIT sBnsroTest Tak-
*Ke (PPaKIHMOHHBIMH M MUMEIOT CIIMPAIBHBIA BOJHO-
BO QpOHT.

B nmaBmeit pabore Bammpona [23] mcmoms3oBa-
JIach HEOPTOTOHANIbHAS CIMpalibHAas (LIMIHHIPUUIECKas
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BpalllaloIlascs) cucreMa koopauHar. st ypaBHe-
HUs [enbMrospua ObUIO MOMYYEHO PELIeHUe B BUAE
CIHPAJIBHBIX BOJIHOBBIX mojel beccens. B oriauune
OT OOBIYHBIX CBETOBBIX noueil beccenst uumexc (mo-
PSIOK) V TaKMX TOJIEH He 00s13aH OBITH LIEJIBIM YHC-
JOM, a MOXET NpoOeraTth HENPEpHIBHBIA CHEKTp
3HaueHuit: v > 0. CormacHo uHTeprpetanuu OBep-
(enbT [24] B TakMX ciyyasx HENPEpbIBHBIN HHIEKC V
CBsI3aH HE TOJIBKO C YTJIOBOH (pa3oif, HO TakxKe SBIIs-
ercs QYHKIMEH Iara Cipaiy BOJIHOBOTO ()pOHTA U
MIPOIOTILHOM (ha30BOM ckopocTH BosHEI becces.
OCHOBHBIMH pe3yJIbTaTaMH HAaCTOSIIIeH pabo-
THI gBIsitoTCs BeIpaxkerus (1.5) u (2.1). Henpepris-
HBII TIOPSIOK V Ja€T OCHOBAHHUE MTOJYYEHHbIC ITyIKH
(1.5) TpakToBaTh, KaKk (paKINOHHBICE ACHMMETPHY-
Hbele 0000mieHnbie 1B, KoTOphie 00MAaTarOT CIIH-
PaJBbHBIM BOJHOBEIM (DpOHTOM. B 4acTHBIX cirydasx,
KOT/Ia HEOTPHUIATENbHBIH WHACKC (MOPSIOK) V
acuMMeTpuyHbIX 0000menHbx IIBIT (1.5) crano-
BUTCS LENbIM uuciaoM U X, =Y, =0, Hamu BbIpa-

skeHus (1.5) SKBUBaJIeHTHBI BBIPAKEHISIM 111 0000-
menabx [16I0, paccmatpiBaeMbx B padorax [8]-{10].
3ameTHM, OJIHaKO, YTO HalM OoJiee oomHe HOpPMyIIbI
(1.5) umeroT B TO ke BpeMs Oosiee TIpocTyio hopmy,
4yeM cooTBeTcTByIomue Gopmysl B [8]-[10].

3 O6cyxaeHne pe3yabTaToB

W3zBectHO [7], uTo ans crannapTHeIX [IBIN kap-
THHA MHTEHCHBHOCTH COCTOUT U3 CBETJIBIX KOJIEIl,
aMIUIUTyJa KOTOPBIX MOCTEHEHHO yOBIBAe€T OT OCH
Imy4ka. BemecTBenHble yacTu nmapamerpos X, u 1

MIPUBOJIT JIMIIB K CMELICHHUIO ITyyka MapauleNbHO
ocu OZ, 6e3 u3MeHeHust ero (HopMbl, MOITOMY HAMU
HE paccMaTpuBaroTcsi. MHUMBIE K€ 4acTH MapaMeT-
poB X, u Y, IpUBOIAT K CHIBHOMY HCKAKCHHIO

npocTtpancTBeHHON Gopmsl [IBI n nx acuMMeTpun.
[Ipu HempepbIBHOM M3MEHEHHH WHJIEKCA V aMILIU-
Tyna my4koB (1.5) ¥ UX MHTEHCUBHOCTH W3MEHSIOT-
Csl TaK)Ke HENPEPHIBHO U TUIABHO.

Hamu mpoBoamiioch KOMITBIOTEPHOE MOJIEIH-
pOBaHME WHTEHCHBHOCTH B TIOTIEPEYHBIX CEUECHUIX
acuMMeTpu9IHbIX 0000meHHbx 16" HenpeprIBHOTO
TIOPSIZIKA B 3aBUCHMOCTH OT HECKOJBKHX CBOOOIHBIX
napameTpoB. B kauecTBe NpHMeEpOB Ha PHCYHKax
3.1 u 3.2 uzobpaxensl 3D rpaduku HHTEHCUBHOCTH
aCHMMETpUYHBIX 00001meHHbIX [IBI" HenpephIBHOTO
TOpsIIKa B MONIEPEYHOM CEUEHHWH C OOLIMMH Iapa-
merpamu: v=1.5 X, =0; Y =0.05. Ilonaraem

BO BCeX cily4asx (J, =i, YTO COOTBETCTBYET OOBIU-

HOM HOPMHPOBKE rayccHaHa.

Pucynok 3.1 — 3D rpaduku HHTEHCHBHOCTH aCUMMETPUYHBIX 000011IeHHbIX myukoB beccens — ['aycca
HEIIPepBIBHOTO MOpsiiKa ¢ o0IuMy napamerpamu: Q) =i; v=1.5, X, =0; ¥, = 0.05i.
Bapuantsl: a) K, =10; Z=0; b) K, =10-2i; Z=0; ¢) K, =10;. Z=0.2.

Pucynox 3.2 — 3D rpaduku HHTEHCHBHOCTH aCHMMETPHYHBIX 0000MIeHHBIX ITy4KkoB beccens — [aycca
HEIIPepBIBHOTO Topsi/ika ¢ o0muMu napamerpamu: Q) =i; v=1.5; X, =0; ¥, =0.05;; Z=0.2.
Bapuantsl: d) K, =10—-i; e) K, =—i; f) K, =4
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Ob6obwennvie acummempuunvie nyuku beccens — I'aycca nenpepuisrnozo nopsioka

VHTEHCHBHOCTD ITy4YKa B KayKION TOYKE MOMEPEYHO-
TO CEYEeHHUs MPONOPIMOHATBHA OpJMHATE MPOCTPaH-
cTBeHHOH ¢urypel. Tak kak v >1, To Bce m300pa-
JKCeHHBIE Iydku — monele. Ha pucynkax 3.1 B3dATO
Re(K,)=10, 4ro CcOOTBETCTBYeT IpeoOIafaHNuIO

BKJIaga ¢yHkimu beccenst Han BKIagoM (GYHKIHA
I'aycca. Ha pucysnke 3.1, a Buano, uto IIBI" ¢ Here-
JIBIM TIOPSIAKOM BeJeT ceOsl KaueCTBEHHO, KaK O0bIU-
Helii acummerpuunslil I1BI'. Ha pucynke 3.1, a u
3.1, b BuzaHO, uTO M3MeHeHHe Im(K,) MPUBOAUT K

CYIIECTBEHHOMY H3MeHeHuio 3D KapTUHBI WHTEH-
cuBHOCTH. Pucynku 3.1, a u 3.1, ¢ xapakTepuzyor
BIIMSIHUE pocTa pacctosHus Z. Pucynku 3.2, f, 3.2, e
u 3.1, b, 3.2, d WiIrOCTPUPYIOT NIPUTOAHOCTH BeEllle-
CTBEHHBIX OTPHLATENBHBIX, YUCTO MHUMBIX U KOM-
IUIEKCHBIX ITapaMeTpoB K.

Kak u crne10Bano 0KuaaTh, IIPU KOMILIEKCHBIX
K,, X, u Y, u HenensIX v KapTHHBI HHTEHCUBHO-

CTH CYLIECTBEHHO yCJIOXHsAOTCA. Hanpumep, ¢ yBe-
mmyenueM Im(K,) ¥ pocToMm paccTosiHHS Z Konbla

KapTUHBI, 00ycioBieHHble QyHKIMell beccens, mo-
CTETICHHO MCYE3al0T; C POCTOM MHHMOTO CMEIIEHHS
Im(Y,) nMK HHTEHCHBHOCTH BO3pacTaeT.

3aki0uenue

BriBeieHBI BBIpa)KEHHUS, ONIMCBIBAIOIINE HOBBII
THUII TYYKOB — 00001IeHHble acummerpuunsie [1BI°
HETPEPHIBHOTO MOPSIKA, 0018 ar0IIre CITUPATbHBIM
BOJIHOBBIM (hpoHTOM. OHH XapaKTEPU3YIOTCS MATHIO
CBOOOJTHBIMHU TIApaMETPAMHU: OJHUM BEIECTBEHHBIM
HENPEPHIBHBIM V U YETBIPbMSI KOMIUIEKCHBIMH Tapa-
merpamu (XY, O,,K,;). YacTHbIMu cydasMu

BBE/ICHHBIX 3/IECh IYYKOB SIBJISIOTCSI W3BECTHBIE
o06o0mennbie [1BI" ¢ AUCKPETHBIMU 1IETTOYNCIICHHBI-
MH HWHJIEKCaMU v, (pakMOHHBIE y4ykH beccens co
CIHPAJIBHBIM BOJHOBBIM (DPOHTOM, a TaKKe achuM-
metpuunsle I1bI" Kotnsapa u Kopanesa.

Haiinensr ycnoBus ¢usmyeckoil peannsyemo-
CTH HOBBIX THUIOB IyYKOB BO BCEM IPOCTPAHCTBE:

"

b, >0 u v>0. OnHoBpeMeHHBIH mepexos OT

JTUCKPETHBIX 3HAYCHUH V K HETPEPHIBHOMY CIIEKTpY,
a TaKKe OT BEIIECTBEHHBIX K KOMIUIEKCHBIM 3Hade-

HUSAM IapaMeTpa Kl CHUJIBHO pacHIupACT KJIaCcC U3-

BECTHBIX B HacToslee BpeMsi acuMMmeTpudHbIx [1BI.
BaprsupoBanre HOBBIX CBOOOIHBIX MapaMEeTPOB Ta-
KHX [Ty4KOB, HECOMHEHHO, PacIIUpseT U MPeIOoCTaB-
JISI€T HOBBIE JOIOJIHUTENbHBIE BO3MOXKHOCTH CO3/1a-
HHS U UCCIIENOBAaHUS MyYKOB C 33JaHHBIMU CBOMCT-
BaMH JUISl TOCTIEAYIOIINX NPAKTHYECKUX IPUMEHEHHH.

[IpoBeneHo rpaduueckoe MOACIMPOBAHUE WH-
TEHCUBHOCTH TAaKUX IIyYKOB, KOTOPOE IOATBEPKIAAET
OCHOBHBIE AHAJIUTUYECKHUE PE3YIILTATHL.

JIst 9KCepUMEHTANILHOTO TOJIYYEHHs CIIH-
panbHBIX 00001IeHHbIX acumMeTpruHbix [IBIT He-
MPEPBIBHOIO TMOPSAKA MOTYT OBITh HCIIOJB30BaHBI
HEKOTOpbIE€ METOAMUKH MOJIYYEHHUS] aCUMMETPUUHBIX
[15]-[18] 1 ppakimoHHBIX [S] TyYKOB.

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017

B HacTosimeM cooOmieHnn o0CyXIaINCh CcKa-
JsipHBIE acuMMeTpuuHble 00001mennbie [1BIT Herpe-
peIBHOTO mopsiaka. HecnoxkHo mepeiiTu k cooTBet-
CTBYIOIIUM BEKTOPHBIM IIy4KaM C IpPOU3BOJIBHON
TIOJISIpU3anne, UCIOob3ysl, HalpuMep, GopMaliiu3M,
MpeAJIOKEHHBIN HaMu B [25], [26].
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PEJIATUBUCTCKASA 3AJAYA O CBA3AHHBIX S-COCTOAHUAX
AJIA CYIIEPITIO3UIUU IBYX IIOTEHIIUAJIOB «0-CPEPA»

FO.A. I'pumeukun, B.H. Kanmaii, M.C. JlanHnjib4eHK0

Tomenvckuil 2ocyoapcmeennulii ynugepcumem um. @. Cxopunbl

RELATIVISTIC BOUND S-STATES PROBLEM
FOR SUPERPOSITION OF TWO POTENTIALS «3-SPHERE» TYPE

Yu.A. Grishechkin, V.N. Kapshai, M.S. Danilchenko

F. Scorina Gomel State University

HaiiieHbl TOUHBIC PELICHHS PEISATHBUCTCKUX JIByXYaCTHYHBIX YPAaBHEHHI KBA3HUIIOTEHIMAIBHOTO THIIA ISl CBS3aHHBIX COCTOS-
HHH B Cllydae MOTeHIHana «d-chepay B peIITHBHCTCKOM KOH(PUTYPALIMOHHOM MPEICTABICHUH U B CIydYae CyNepro3UlUH ABYX
TaKWX MOTEHIHAN0B. Ha OCHOBaHMM aHAIM3a MOJYYCHHBIX YCIOBHI KBAHTOBAHHUS YHEPTUH HAWICHBI 3HAKK KOX(DDHUIMEHTOB B
S-TOTeHIKAlIax, MPH KOTOPBIX BO3MOXKHO CYIIECTBOBAHUE CBS3AaHHBIX COCTOSIHUI M ONPEIEICHO MaKCUMAaIbHO BO3MOYKHOE KO-
JINYECTBO TAKUX COCTOSHHH.

Knrouesvie cnosa: pensimusucmckoe dequacmuunoe ypasnenue, peiimueucmckoe Kqubueypauuounoe npe()cmamenue, oeb-
ma-nomenyuai, CeA3anHoe cocmosnue, yCiosue Keanmosanusl IHepeuu.

The exact solutions of relativistic two-particle quasipotential type equations for bound states in the case of the potential «3-sphere»
in the relativistic configuration representation and in the case of the superposition of two such potentials are considered. The
signs of the coefficients in the d-potentials that allow the existence of bound states and the maximum possible number of this
states are defined on the basis of the analysis of the energy quantization conditions.

Keywords: relativistic two-particle equation, relativistic configurational representation, delta-function potential, bound state,

energy quantization condition.

Beenenne

B pabore [1] ObUIM TOTYYCHBI TOYHBIE PEIIIC-
HUS PEISTUBUCTCKUX JBYXYaCTUYHBIX ypaBHCHHU
KBa3UIOTCHIMATIFHOTO THIA C TIOTEHIHATIAME «d-Ce-
pa» B PEITUBHCTCKOM KOH(HUTYpPAIIIOHHOM Mpe-
CTaBIICHUH W CYTIEPIIO3UIHCH IOBYX TAKHX MOTEH-
[IHAJIOB B CIIy4ae S-COCTOSHHUU paccesHus. DTH I0-
TEHIMAJIBI IPEICTABIAIOT HHTEPEC KaK C TOYKH 3pe-
HUSL BO3MOXHOCTH TIOJIyY€HHSI TOYHBIX PEUICHHUN
YPAaBHEHMM KBaHTOBOW TEOPHUM, TaK U C TOUKH 3pe-
HU WX UCIIOJIB30BaHUA IJId MOJCIUPOBAHHA B3au-
MOJICHCTBHS B pCalbHBIX (PH3UYECKUX CHUCTEMaX.
Hanpumep, B HenaBaux pabdortax [2], [3] moreHuma-
JBI, TPENCTABICHHBIC CYMEPIO3UIUei «O-chepy,
OBUIH WCIIONB30BAaHBI JUIL  OMHCAHUS HYKJIOH-
HYKJIOHHBIX B3aUMOJICHCTBUN B paMKax HEPEISTH-
BHUCTCKOM KBaHTOBOW Teopuu. MccienoBaHue B3au-
MOJEHUCTBUN C IPUMEHEHUEM CYNEPIIO3ULIUU [TPOU3-
BOJIFHOTO YHCJIa O-TIOTEHIMAJIOB B PaMKax PesTH-
BHUCTCKOW TEOPHH OKAa3bIBaeTCSI HaMHOTro Oosee
CJIOXHOM 3amaueid. [loaTomy crienyer mpexzae Bcero
paccMoTpeTh Oosiee MpOCThie CIydau OJHOTO U Cy-
MEePIO3UIIMHU JIBYX MOTEHIUAIOB «d-cepar. B To xe
BpeMs OIMCAaHHWE COCTaBHBIX CHCTEM 0e3 paccMoOT-
pEHUsl CBA3AHHBIX COCTOSIHUW SIBJISIETCSI HETIOJHBIM.
B Hacrosmieli pa®oTe HaHAEHBI TOYHBIC PEIICHUS
PETATHBACTCKUX JIBYXYaCTHYHBIX YpPaBHEHHI KBa-
3HUIMOTEHIMAIFHOTO THIIA C TIOTEHIIATIOM «O-cepa» 1
CYIepHo3uIieil IBYX TaKUX MMOTEHIHAJIOB B CIIydae
CBS3aHHBIX §-COCTOSIHUM. Penienue aHalornyHou

© I'puweuxun FO.A., Kanwai B.H., /Janunvuenxo M.C., 2017

3aJa4i B OJHOMEPHOM cjydae ObUIO MOJyYeHO B
pabote [4].

1 TouHoe pelmeHne ABYXYACTHYHBIX ypaB-
nenuii B PKII ¢ d-moreHmuaaom

YpaBHEHUS U1 BONHOBBIX (PYHKIHH S-COCTO-
SHUN paccesHus] CUCTEM JBYX CKAISPHBIX YaCTHII
OJIMHAKOBOM Macchl m HMEIOT Gopmy [5], [6]

W, () =sin(y,mr)+
r ’ r r ' (11)
[ Gy Oty W (W, (7N
0
T€ UHACKC j COOTBETCTBYET OIHOMY M3 YETBIPEX

ypaBHEHHI KBa3WIOTCHIHANbHOTO THHa [7]-[9]:
j=1 (j=3) — ypasuenuto Jlorynosa — TaBxenumaze

(MmomudummpoBannomy), j=2 (j=4) — ypaBHe-
muto  KagerimeBckoro (MoamdumnmpoBanHomy). B
ypasHenmsix (1.1) Bemmunna y, >0 — GbicTpoTa,

CBsSI3aHHAsI C DHEPrUeW IJisi COCTOSHUW paccesHHs
kak 2E, =2mchy,, r —Monynb paanyc-BeKTopa B

PKII, V(r) — norennman. [lapuuanbHbie GyHKIUH
Tpuna G (x,,7,r") UMEIOT BHJL
G(/.)(Xq,l’,l"’) =
= G(j)(xqar_r,)_G(j)('X.q:r—i_r():
rae [4], [5]

(1.2)
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—i sh[(n/2+iy,)mr]
- K_;l) sh(mmr/2)
a ) .
Gy (t,7) = (:l:::;;;) - KZ(Z) shite fr, o]
q
—i ch[(n/2+iy,)mr]
K®  ch(nmr/2)
—i sh[(n+iy,)mr]
K;‘” sh(mmr)
B dopmynax (1.2) ucnonb30BaHbl 0003HAUCHHUS
K;l) = K;z) =msh2y,;
Kf) = K;‘” =2m shy,.

Jns cBsi3aHHBIX cocTostHUK ypaBHeHUS (1.1)
MOIU(PUIIIPYIOTCS K OMHOPOIHOMY BHIY, a OBICTPOTA
CTAQHOBHTCSL MHUMOH (), =iw,, tae 0<w, < /2,

G(l)(an")

sh(rtmr)

Gy (1,o1) =

G(4) (Xq,l") =

2E, =2mcosw,):
Y (@w,, 1) =

T o P L))
= [ Gy @, W (G, )l
0

HerpynaHo BuzaeTh, 4TO B HEPEIATUBHCTCKOM
npexnene ypasHenus (1.1)—(1.3) mepexonmst B cooT-
BETCTBYIOIIME YPaBHEHUS! KBAaHTOBOM MEXaHWKH, —
HEO/IHOPOHOE M OJAHOPOJHOE WHTErpajbHBIEC ypaB-
Henus LlpéaunHrepa B KOOPAMHATHOM MNpEACTaBIIC-
Huu [10] @1 cocTosHMIA paccessHUS W CBS3aHHBIX
COCTOSIHU, COOTBETCTBEHHO.

PaccMmoTpuM perieHust pelnsTUBUCTCKUX YpaB-
HEHMH A7 CBA3aHHBIX coctosHMA (1.3) B ciydae
B3aUMO/ICHCTBUSI, 33/1aBAEMOTO O-ITOTEHIINATIOM:

V(r)=V,0(r—a), (1.4)
rae V, u a>0 — BemecTBeHHbIe KOHCTAaHTHL. [lox-

CTaHOBKa IMOTCHIIMAJIa B YPAaBHCHUA U BBLIYUCJIICHUEC
HWHTETPAJIOB IPUBOAUT K BBIPAKCHUAM

\V(/)(iwq )= VoG(j)(iWq 7 a)\l/(j)(iwq ,a), (1.5)
re BeTudHHbI (), ,a) — HeusBecTHbI. Hepape-

CTBO HYJIIO 3THUX BCJINYHMH BO3MOXHO TOJIBKO, €CJIN
BBIITOJITHAIOTCA CJICAYIOIINE YCIIOBUA:

VO(/’) = [G(j)(iwq ,a,a)]fl =

-1

=[G, (.00~ G, (iw,.2a) | ",
KOTOPBIC ABJAIOTCA YCJIOBUAMH KBAaHTOBAHUSA JId
BCIIMYMHBI Wq (HO CyTH, yCJIIOBHUAIMHU KBAaHTOBAHUWSA

(1.6)

suepruu 2E, =2mcosw,). B ycnosusx (1.6) napa-
METp HOTeHuuanaa V, NpeincraBleH Kak (yHKIUS
SHEPreTUYECKOro mapamerpa w,. Pasymeercs, Obu1o
Obl ynobHee, utoObl Benmunua w, (wm E,) Obuia

¢dbyHkuuelr V,, HO B pacCMaTpUBaEeMbIX CIydasx

pelIeHNe COOTBETCTBYIOIINX YPAaBHCHU B aHATHUTH-
yeckord (opme HeBO3MOkHO. [l geTwpéx pac-
CMAaTPUBAEMbIX KBa3WUIIOTEHIIMATIBHBIX ypaBHEHUH
ycnoBus (1.6) UMEOT cileayIoIHii BUA:

VO(I) =

mmsin2w, (1.7)

- 2w, + n[2sh2 (w,ma)—sh(2w, ma) cth(nma)] ’

sh? (mma/2)sinw,

oy = (nm sin 2w, )/ w, +m ch(roma)

+2sh? (w,ma) —sh(Zw,ma)cth(2nma) | |;

. 2msinw,
03) T Hop2 ;
2sh”(w,ma) — th(wma)sh(2w,ma)
2nmsinw,
w, +T [2sh2 (w,ma) —sh(w,ma) cth(2nma)] .

W3 Beipaxenuit (1.7) crmemyer, 9TO CBSI3aHHBIE CO-
CTOSIHHS MOTYT CyILECTBOBATh TONBKO, ecnu V, < 0.

Vow =

Ha pucynke 1.1 nmpeacraBieHbl pe3yJibTaTbl YHUC-
JIGHHBIX pacy€ToB 3aBUCUMOCTEMN Vo(wq), 3a7aH-
HBIX Qopmyrnamu (1.7). Ha pucyHke BUaHO, 9TO MpH
MOJIETUPOBAHUN B3aWMOAEHCTBUS O-TIOTEHIMAIOM
MOJKET CYIIIECTBOBATH TOJIBKO OJMH YHEPTETUIECKUH
YPOBEHb (OJIHO 3HAYeHHE W, NpPH (PUKCHPOBAHHBIX

OCTaJIbHBIX MapaMeTpax).

Pucynok 1.1 — YcmoBust KBAHTOBaHUS SHEPTHH CBA3aHHBIX COCTOSHHUU JJIS O-ITOTEHITHAIA
(a — ycnoBus kBaHTOBaHUS Ipu 7 =1, a =1; b — ycnoBus kBantoBanus npu m =0,5, a =2)
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Heussectrble Bennauusl ;) (iw,,a) B BOJIHO-

BBIX (yHKIMSIX (1.5) jerko ompenenstorcs U3 ycio-
BUSI HOPMHUPOBKH, KOTOPOE MOKET OBITH BHIOPaHO B
HepeNsITUBUCTCKON opme:

2 .
[t w,,rdr =1, (1.8)
0
OJMHAKOBOH JUI BCEX YETBIPEX YpaBHEHUIL.

2 Pemienne B ciy4yae Cyneprno3uIlMM ABYX
O-MOTEeHNHAT0B

Haiiném teneps perieHus ypaBHEHUN AJsl CBSI-
3aHHBIX cocTtossHuA (1.3) B ciyyae cymnepro3uiu

JIBYX O-TIOTEHIIMAJIOB:
V(ry=V6(r—a)+V,6(r —a,), 2.1)

e Vi,, a, BEIIICCTBEHHBIC IIOCTOSHHBIC U

a, >a, >0. IlogcranoBka mnoreHuuana (2.1) B

ypaBHenus (1.3) mpuBOIUT K paBEeHCTBaM
2
v, w,,r) =D V.G, (iw,,r.a)y, (iw,,a,),(2.2)
s=1

COZICPYKALLIM JIBS HCM3BECTHBIC BEIMIMHBL ) (iW,, @),
v, (iw,,a,). B3sB 5TH paBeHCTBa B TOUKAX 7 =a,
U r=a,, TNOIYy4YUM OJHOPOJHYIO CUCTEMY HIBYX
JMHEHHBIX aireOpanvecKkux YpaBHEHUI OTHOCH-
TeNbHO W, (iw,,a,), Y, (iw,,a,). Ycnosus cyuie-

CTBOBAHUSl HEHYJIEBBIX DEIICHUHN SBISIOTCS YCIO-
BUSMU KBaHTOBaHHUS JHEPruu. MOXKHO ITOKa3aTh,
YTO JUISl BCEX YETBIPEX PacCMaTPUBAEMBIX KBA3UIIO-
TEHIMAJIBHBIX YpaBHCHWA OHHU TPEACTABISIOTCS B
BHIE

2
[1[1-7.G,@w,a..a,)]-
s=1

_VleG(zj) (iwq ,ay,a,) = 0.

OTH ycnoBus Ipu @, — o0 IpeodpasyroTcs B yClo-
BUsI kBaHTOBaHuA (1.6) U1 0jHOTO d-TIOTEHIHAA.

2.3)

53

4

[E%)
.

1.5 W'E'

Ha pucynke 2.1 npuBeneHsl HEKOTOPBIE YHCIICHHBIC
pe3ynbTathl it ypaBHeHuil (2.3). U3 Hero BUAHO,
YTO ISl CYNEPHO3UIHHN IBYX O-TIOTEHIMAIOB MOTYT
CYLIECTBOBaTh OAMH WM [JBa JHEPreTHYECKHX

YPOBHSL.
Jns Gonee neTalbHOTO aHaIM3a BBIPAKEHUH

(2.3) onpenenum V, =alV,, rae o — 6e3pa3mMepHbIi
napametrp (a#0). Torma pasenctsa (2.3) mpuHH-

MaroT GopMy KBaJpaTHBIX YpaBHEHHUH OTHOCHTEIb-
HO V,, pellas KOTOpbIE, MOXKHO IOIY4YHUTh CIENYIO-

ue ABa BbIPpAXKCHUA IJI Ka)KZ[OFOjZ

+ . .
G) =[OLG(j)(lwq,az,az)+G(j)(zwq,al,a1)i

D, w00, /[ 201G, (v, @) % (24)
. 2 4.

xG(j)(zwq,az,az)—G(j)(zwq,az,al)ﬂ,

rie
D(j)(lwq,a1 ,a,) =
2
=[G(j)(zwq,al,al)—OLG(j)(lwq,az,az)J +
2 4.
+4a G (iw,,a,,a,).

YucneHHble pe3ybTaThl I BeIpaxeHui (2.4) mpu
Vi=V, (a=1) nnopu ¥V, ==V, (o.=-1) nokasaHbl
Ha puUCyHKax 2.2 1 2.3 COOTBETCTBEHHO.

Ha pucynkax BumHO, a u3 BbIpakeHui (2.4)
CIIE/LYET, YTO JUIsl KQXK/0r0 3HA4YCHUs W, NP (HK-
CHPOBAHHBIX 3HAYCHUSX [TAPAMETPOB m, d,, d,, O
CYIIECTBYIOT [Ba 3HaueHus BenuuuHbl V). Ilpu
9TOM, CBSI3aHHBIE COCTOSHHSI MOTYT CYIIECTBOBATb,
€CIM BBIIONHAETCA OAHO M3 yciosuit: 1) V) <0,

V,<0; 2) V<0, V,>0; 3) V,>0, V,<0. Ecn
V, >0, V, >0, To CBI3aHHBIE COCTOAHUSA HE CYILE-

CTBYIOT.

253

oz 0.4 0.6 WG‘

Pucynok 2.1 — YcnoBust KBAHTOBaHUS SHEPTHH CBA3aHHBIX COCTOSTHUN
JUISL CYHIEPIIO3UIIMH JIBYX O-IIOTEHLINAJIOB
(a—ycnoBus kBanTOBanua npu m=1, a, =1, V,=7, V, =-2;

b — ycnoBust kBaHTOBaHUA put m =1, a, =1, V,=-2, V, =-1)

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017
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Pucynok 2.2 — YcnoBust KBaHTOBaHHSI SHEPTHH B ciIydae j =1 Ui CyNeprio3uliy ABYyX O-ITOTCHIIHAIOB

(a-gma V,"; b—mgma V" npu m=1, g, =1, a=1)

b)

e A

Ep i
A B
Rt bl

Laii
e \i“"x\\ T
b e e i
e, Ll Lo S, 1.5
SRR

PucyHnok 2.3 — YcioBHs KBAHTOBAHUS SHEPTHH B Cllydae j =4 Ui CYNEPIIO3UIIMU IBYX O-TIOTCHIIUAIOB

(a—mms V", b— s V,~

3 HepeJsiTUBMCTCKH mpeseJ
Onpenenum Tenepb HEPEIITUBUCTCKUN Mpeel
TIOJTy4eHHBIX pe3ylbTaroB. B atom npexene (w, — 0,
m —> 00) TIOJlyYeHHBIE yCIoBHs KBaHTOBaHMs (1.7),
(2.4) UMEIOT OMHAKOBBIN IS BCEX paccMaTpUBac-
MBIX YpaBHEHUIA BUJI
limV, (w)=
w, =0 0(/)( q)

m—o0

= VO(O)(K) =

o 3.1)

1-exp(—ka)’

2

1+lZVSGXp(—KaS)sh(KaS)+ (3.2)
K s=1

vy,

+ K22 exp(—«a, ) sh(ka, )sh(ka, —xa,) =0,

rae k =w,m. Beipaxenns (3.1), (3.2) copnagaror ¢

YCIIOBUSIMH, TIOJyYEHHBIMH TIPH PEIICHWH ypaBHE-
Hus Lpénuarepa ¢ moTeHnmanoMm «d-cepa» B KO-
OpPAMHATHOM TIPEACTABICHHHM M CYNEPIO3HUIUCH
JIBYX TaKHX ITOTCHIUAJIOB.

18

opu m=1, a, =1, a=-1)

3akjouenue

B manHOU paboTe MOTy9YeHBI TOYHBIC PEIICHUS
PENATUBUCTCKOM 3a7aui O CBSI3aHHBIX S-COCTOSHHAX
CHUCTEMBI [BYX CKaJSIPHBIX 4YacCTHI[ OIMHAKOBOU
Maccel. PerreHue 3amayyd HaWAeHO HAa OCHOBAHUU
YeThIpEX BapUAHTOB JIBYXYACTUYHBIX YpaBHEHHH
KBa3HUIIOTEHIIMAJIFHOTO THIIA B CIIydae MOICIHpPOBa-
HUS B3aMMOJICHCTBHS O-TIOTSHIMAJIOM U CYNepIo3u-
IUCH JBYX TaKUX MOTCHIHAIOB B PESITUBUCTCKOM
KOH(UTYpallMOHHOM TpejcTaBiIeHUun. B xone aHa-
JIU3a HaWJICHHBIX AHATUTHYCCKUX BBIPAKCHHUU JUISI
YCIIOBHI KBaHTOBAaHUS YHEPTHH OBUIH OIPEIICICHBI
3HAKH KOA(PGUIMEHTOB B O-TOTEHIMANAX, IPH KO-
TOPBIX BO3MOXXHO CYIIECTBOBAaHHE CBSI3aHHBIX CO-
CTOSIHHUIH, a TaK’Ke MaKCHMaJIbHO BO3MOXKHOE YHCIIO
9TUX COCTOsHUM. HepensTuBucTckuil mpepen mo-
Jy4YeHHBIX BBIPAXEHUH COBMANaeT C COOTBETCT-
BYIOIIMMH BBIPKEHUSIMH, TOIYYCHHBIMH TIPU pe-
[IEHUH aHAJIOTMYHLIX 3a7a4 KBAaHTOBOM MEXaHHUKH.
DT pe3yabTaThl OYyAyT MOJE3HBI MPHU PEHICHUU
3a/1a4 O CBSI3aHHBIX COCTOSIHHSAX CHUCTEM JIBYX Yac-
TUIl B CiIy4yac MOJCIUPOBAHUSA B3aUMOJICHCTBUU

Ipo6remvr usuxu, mamemamuru u mexuuxu, Ne 2 (31), 2017
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CYNEpHO3UIMAME OOJIBIIEro YHCiIa MOTEHIUAJIOB
«d-chepa», YTO MPEIACTABISCTCS TMEPCICKTUBHBIM
JUISL PENSITUBUCTCKOTO OIMUCaHUSl HYKJIOH-HYKJIOH-
HBIX B3aUMOJEHCTBHU.
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PU3UKA

MOAEJIMPOBAHUE JUDJIEKTPUYECKUX PEHNETOK C BO3MOKHOCTbBIO
YIPABJIEHUSA HEPEPACITPEAEJEHUEM DHEPI'MM B CIIEKTPE
PACCESIHHOI'O CBY M1 OIITHYECKOI'O SJIEKTPOMATHUTHBIX ITOJIEH

JLA. Kajgoma', JI.C. I'aiina’, B.H. Komap®, /I.B. 3aepko’

1 o o o o
I'poonencruii 20cy0apcmeeHtblil KOANeOHNC MEeXHUKU, MEXHON02U U OU3aUHA
2 o o
Tpoounenckuti cocyoapcmeennuiii yHueepcumem um. A. Kynanoi

MODELING OF DIELECTRIC GRATINGS TO CONTROL

THE REDISTRIBUTION OF ENERGY IN THE SPECTRUM OF THE SCATTERED

MICROWAVE OPTICAL AND ELECTROMAGNETIC FIELDS

L.A. Kalosha', L.S. Gaida?, V.N. Komar?, D.V. Zaerko’

'Grodno State College of Engineering, Technology and Design
%Y. Kupala Grodno State University

ITpuBeieHB! METOIMKA OCTPOCHUSI MOJICIIH 1 0OOCHOBAaHHE BEIOOPA IIOCTPOCHUS IIEPHOJIIMIECKHX CTPYKTYp HA OCHOBE JAUIJICK-
TPUUYECKHX OPYChEB C BO3ZMOIKHOCTHIO M3MEHEHHUs KOG UIMEHTa AUDIEKTPUIECKON npoHuiaeMocTu. [IpencraBieHsl pesyib-
TaThl MOJEIHPOBAHUS PACCESHHUS TEKTPOMarHUTHbIX BOTH CBY 1 onTHYecKoro quana3oHOB B MEPHOANYECKUX CTPYKTypax Ha
OCHOBE JMAJIEKTPHYECKHX OPYChEB C M3MEHSIEMBIMH JIEKTPOPHU3NIECKHUMH IapaMerpaMy. [loka3aHo BIUSHHE N3MEHEHHUS JU-
3JIEKTPUYECKON POHUI[AEMOCTH KOMIIOHEHTOB CTPYKTYPBI Ha IIepepacipe/ielieHHe SHEPIUN MEX 1y FapMOHHKaMH PacCESHHOTO
3JEKTPOMATHUTHOTO H3JTyYCHUSL.

Knrouegvie cnosa: nepuoouueckue oudiekmpuiecKkue CmpyKkmypbl, Kodgguyuenm OudiekmpuiecKot npoHUuYaeMocmu, usme-
Henus S-napamempos, ynpagienue xapaxmepucmuxamu pacnpocmpanenus CBY u onmuueckozo uznyuenus.

The choice of the periodic structures based on hollow dielectric rods with filling, which offer the possibility to vary the dielec-
tric constant is considered. The simulation results obtained for scattering of microwave and optical ranges electromagnetic ra-
diation in equidistant structures based on dielectric rods with variable electrophysical parameters are given. The effect of varia-
tions in the dielectric constant of the structural components on the energy redistribution of harmonics of the scattered electro-
magnetic radiation is demonstrated.

Keywords: periodic dielectric structures, dielectric constant, s-parameter changes, control of the propagation characteristics of

microwave and optical ranges electromagnetic radiation.

BBenenue

Cozanne MartepuaioB C ONpEAETICHHBIMU
AMEKTPOYU3NIECKUMHI CBOHCTBAMH CITY)KUT OCHOBa-
HUEM JUIS CO3JIaHUSl HOBOTO KJacca dJICKTPOHHOM
anmapatypsl [1]-[3]. CoBpeMeHHBIE CpPelCTBa CBA3H
TpeOYIOT BHICOKMX CKOpOCTel 00paboTku uHpOpMa-
1Y, TI09TOMY B KayeCTBE aJbTEPHATHBHOW »3Jie-
MeHTHOﬂ 633}31 JUJIA SHGKTPOHI/IKI/I U CUCTEM CBSI3U
paccMaTpHUBAIOT ONTHYECKYI0, OCHOBAaHHYIO Ha (O-
TOHaX. YMpaBjeHHE MOTOKOM 3JIEKTPOHOB H3yU€HO
U peajr30BaHO, B TO BPEMs Kak Ui ONTHUKA U (o-
TOHHKH YIIPaBJICHHUE ITyYKOM MEpeaBaeMoro HM3IIy-
YEHHS C TIOMOIIBI0 HAHOPA3MEPHBIX 00BEKTOB SIBIIS-
eTCsI OTHOM M3 CaMbIX CIOXKHBIX mpobiem. U3roro-
BUTh HAaHOOOBEKT BO3MOXKHO, HO JETAIbHOE H3yUe-
HUE OCOOeHHOCTeH WX PabOTHl HA MPAKTHUKE 4Ype3-
BbIYAlHO CJI0)KHO. B wujeane cpeacrtBa, KOHTPOJIM-
pyIollie HampaBieHHE PacIpPOCTPAHEHUS CBETOBBIX
BOJIH, JIOJDKHBI OBITh OJM3KH MO pa3Mepam K JUIMHE
KOHTPOJIMPYEMBIX BOJIH.

B xauecTBe MepCHeKTUBHBIX AJIEMEHTOB, TIO3BO-
JSFOIUX YIIPABIATH PACIPOCTPAHCHUEM 3JIEKTPO-
MarHUTHBIX BOJH, PACCMATPUBAIOTCS M UCCICAYIOTCS
MEPUOTNIECKHAE CTPYKTYPBl C HM3MCEHSIOUIINMHUCS
© Kanowa JIA., I'aiioa JI1.C., Komap B.H., 3aepko /I.B., 2017
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ANEeKTPOYU3NIECKUMH ~ XapPaKTEPUCTUKAMHU.  OTH
CTPYKTYPBI COCTaBJIIOT OCHOBY HOBBIX YCTPOICTB
00pabOTKHA CHUTHAIOB W aKTUBHO TNPHUMEHSIOTCS B
ornto- u CBY-anextponuke [1]. IIpumepom moryT
CITyKHTb TIepeKTIovaromue u ynpasistorme CBY-are-
MeHTBL. MoJieTlbHbIe OOBEKTHI HA OCHOBE MaTepua-
JIOB C U3MEHSIOMUMCcs K03 UIMEeHTOM ITU3JIeKTpHU-
YEeCKOW NMPOHHULAEMOCTH MO3BOJISIIOT U3Y4YHTh OCO-
OEHHOCTH PpaCIpPOCTPAHEHMSI AIEKTPOMAarHUTHBIX
BOJIH B TIPOCTPAHCTBE C LENbI0 BHIPAOOTKH PEKO-
MEHJanui 1o pa3paboTKe YIpaBISIOIUX YCTPONUCTB
Ha OCHOBE NEPUOJMYECKUX CHCTEM, PabOTAIOMINX B
ONITHYECKOM [MAIla30He, W PAAMO3IEKTPOHHON am-
nmapatypsi [1]-[6].

Lenpto maHHOW pabOTHI SIBISIETCS HCCIEA0Ba-
HHUE BO3MOXKHOCTEH yNPABJIECHUsI PacIIpOCTPaHEHUEM
B IEPHOIUYECKHX CTPYKTypax 3JIEKTPOMAarHUTHBIX
BOJIH CAHTUMETPOBOTO ¥ HAHOMETPOBOT'O JTHAIIA30HOB.

1 Metoauka Moae TMpPOBaHUSA

Jis moctpoenus Monenu Oblia BeIOpaHa pe-
[IeTKa U3 TUAJICKTPUICCKUX OPYCheB C M3MEHICMEI-
MU JICKTPOPUINICCKUMH XapaKTCPUCTHKAMH.



Mooenuposanue OusieKmpu4eckux pewemox ¢ 603MOAICHOCHbIO YNPAGLeHls nepepacnpeoenchuem suepeuu 6 chexmpe paccesannozo CBY ...

[Ipenmerom ucciieoBaHui SBISIETCS U3YyUEHUE
3aKOHOMEPHOCTEN paccesHHs] BJIEKTPOMArHUTHBIX
BOJIH CAaHTUMETPOBOI'O M HAaHOMETPOBOIO JHMAIa30-
HOB B pemeTKe nu3 praBJ’lﬂeMI)IX )II/I3J'IGKTpl/I‘-IeCKI/IX
OpycbeB C M3MCHSEMBIMU AJIEKTPOYU3MICCKIMU
XapaKTEePUCTHKAMH.

BrusHue AHMANEKTPHYSCKONW IMPOHUIIAEMOCTU
MEPUOTMIECKAX CTPYKTYp PpPaccMaTpHUBajOCh LIS
CBUY u onTHYecKoro Qrara3oHoB.

[Ipu mocTpoeHNH MOIENH UCCIETyEeMBIX 00B-
€KTOB yYHUTHIBAINCH OCOOCHHOCTH B3aWMOJICHCTBUS
3JIEKTPOMArHUTHOTO TOJISI CO CTPYKTypaMH pa3ind-
HBIX pasMepOB nu 06na;[a}oumx paSJ'll/I’-IHI)IMI/l DJICK-
TPOU3NIECCKUMU napaMeTpamu. [MapameTpsr
CprKTypbl B OIITUYCCKOM IUaIrta3OHE paCC‘-II/IT]:lBa-
JUCh aHAIOTUYHO COOTBETCTBYIOIIUM 3HAYCHUSIM
st CBY-nuamnazona [3].

HUccriegyemple CTPYKTYpPBI TPEACTABIAIOT CO-
00l TIepHOTUIeCcKre AUINEKTPHUCCKIE PEIICTKH U3
CETHETORIIEKTPUICCKUX CTEpKHEH B BHIEC OpyCheB
MPSIMOYTOJIBHOTO CeYeHus (PUCYHOK 1.1).

\

Pucynok 1.1 — Pemrerka u3 TU3IEKTPUIECKAX
OpycheB (/- mepuo, d — pacCTOSIHUE MEXKTY
OpYChSIMU pELIETKH, /1 — BRICOTa OPYChEB PEILETKH)

Maremariueckoe pelieHHe JaHHOW 3a/auu
NPUBENIO K YPaBHEHMSM, KOTOPBIE IO3BOJISIIOT IIPO-
BECTH JIOCTaTOYHO 3(P(PEKTHBHOE aHATUTHUYECKOE U
YHCIICEHHOE MCCIIeOBaHKe 3aaui. Pe3ynbrarsl aHa-
JM3a TO0Ka3alid HATMYUe 3aBUCUMOCTU MOJyJIel am-
IUTUTYIHBIX KO3 (HUIIMEHTOB OTPaKEHHS U TPOXOK-
JICHUS] OT JUAJIEKTPUYECKON MPOHUIIAEMOCTH OpYCh-
eB mepruoandeckoil cTpykryps! [7]. Ilpu stom uH-
TepdepeHLnsl BOJIH BHYTPU PEIISTKH HPUBOAUT K
TOMY, YTO B OT/ENBHBIX CIy4asX BO3HUKAET M3Me-
HEHUWE MOJYJIeHl aMIUIMTYAHBIX KO3 (PHUIUESHTOB
oTpakeHMs U mpoxoxaeHus ot 1 go 0. Oto mo3so-
JSIET TPOBECTH YHMCICHHOE HCCIICJIOBAHUE BIMSHUA
W3MEHEHHS IMDJIEKTPUYECKOW IIPOHUIIAEMOCTH Opy-
ChCB PEIICTKH HA PACCEsSHHE 3JIEKTPOMATHUTHOTO
u3IydeHus [7].

B kadecTBe cpeibl MOJCITUPOBAHUS HCIIOIB30-
Bayica nporpammusiid mpoaykt CST MICROWAVE
STUDIO, B KOTOpOM AJisi pacyeTa MPOCTPAHCTBEH-
HBIX paclpejieNieHuid MO HCIOJB3YeTCsS METO.
KOHEYHBIX HMHTErpajioB, MMEIOIINI BBICOKYIO 3(-
(eKTHBHOCTD B 33j1a4ax aHajM3a HECTallMOHApHBIX

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017

MIPOLIECCOB B HEOJHOPOIHOM, AHW30TPOIHOM IIpO-
CTpPaHCTBE U1 OOBEKTOB C MPOM3BOJILHOM (opmoit
rpanul. MeToln MOXeT OBbITh peajn30BaH Kak BO
BPEMEHHOH, TaK M B 4acTOTHOH obOsactu. PerieHue
BO BPEMEHHOH 00JIaCTH UCIIONB3YETCs VISl PEIICHHS
3a7a4 ¢ OOJBUIMM YHUCIIOM sueeK. YacToTHbIE MeTo-
JIbl, UCTIOJNIB3YIONINE BMECTO MPSMOYTOJIBHON TeTpa-
3/1panbHYIO0 CETKY pa3OneHus, IPEeIaraoT JIyUIIyro
AIMPOKCUMAITHIO TEOMETPHH CTPYKTYPHI [5].

3ajady NOJNydYeHUS IapaMeTpoOB, XapaKTepu-
3yIOIIUX  B3aMMOJEWCTBHE  3JEKTPOMArHUTHOTO
CBY-n3ny4yeHns ¢ IUIOCKOH OECKOHEYHOI neproIu-
YEeCKOW PpeIleTKOM, BO3MOXKHO paccMaTpuBaTh Kak
3aJjayy TOJIyYeHHUs MapaMeTpoB, XapaKTepU3YIOLINX
B3aUMOJICHCTBAE M3Iy4YCHHUs C (parMEeHTOM, Kaue-
CTBEHHO COBIIQJIAIOIIUM C (ParMEHTOM pEIIETKH.
[Ipn mnpoBeneHMH MOJEIMPOBAHMS paccMaTpHUBa-
JIOCh BIIMSIHWE WM3MEHEHUs JHMAJIEKTPUYECKOH IIpo-
HHUIIAEMOCTH 3JIEMEHTOB PEIICTKH Ha aMIUIUTYIy
MPOIIEIINX W OTPAKEHHBIX 3JIEKTPOMAarHUTHBIX
BOJIH TIPH Pa3INYHBIX pa3Mepax, IMepHoiax PemeTKH
1 HOPMAaJIbHOM IaJIeHUN 3JEKTPOMArHUTHOTO U3ITy-
YEHUs! B AUATAa30HE O0MYUAOIINX JaCTOT.

s mpoBeneHus MCCIeNoBaHus ObUIM paspa-
00TaHBI MOJICIH MEPHOIMYCCKON CTPYKTYPhI Ha OC-
HOBE JIMDJIEKTPHYECKUX OpYyCheB C MEpUOAAMH,
00ecCIeunBaOIIMMHI PacIPpOCTPaHEHUE, KaK TOJBKO
OCHOBHBIX TapMOHHK, TaK M TaPMOHHUK BBICIIHX I10-
psnkoB. Mozenu pacroylarajiuch MEXAy H3JIydaro-
MM TIOPTOM, PAacIOJOXEHHBIM B TOYKE Zmin, W
MIPUHAMAIOIIMMA TOPTAMH, DACIIOJIOKEHHBIMH B
TOYKE Zmax, U1l PErHCTpanuyl MPOIMICANIEr0 NU3Iy-
YEHUs], U B TOUKE Zmin, JUI pETUCTPALlNU OTPaXKEH-
HOTO TIOJIS.

PaccmaTpuBaemble MEPHOIUUYECKHE PELIETKH
AQHM30TPONHBI JuIs oOJiyyaromiero u3nydyenus. Mc-
CJIC/IOBAJIUCh 3aBUCHMOCTH aMIUIUTYAbl T'apMOHHUK
OT JMDJIEKTPUYECKOH MPOHUI[AEMOCTH OpYChEB pe-
LIETKH W HaJM4yhe IepepacipeneieHust SHepruu
MEXIy TapMOHMKaMH IOCTOSHHOTO CIIEKTpa pacce-
SITHHOT'O TIOJISI.

B3aumonelicTBue pelIeTKH U U3IyYEHUs! OIU-
CBIBACTCSl C IOMOIIBIO ITANAIOIINX W PACCESTHHBIX
BOJIH, CBSI3b MEXIY KOTOPBIMH OTpa’KacT BOJIHOBAsS
MaTpHLia paccesiHUs WK MaTpuia S-nmapameTpos. B
IIpoliecce MOAEIHUPOBAHUSI OBUIN ITOJyYEHBl 3Haue-
HUSI aMIUIMTYJ, JUIs1 KaXJIOW M3 IPOCTPAHCTBEHHBIX
TrapMOHMK. 3Ha4YeHUs! S-TapaMeTpoB, XapaKTepu-
3YIOIIUX Tepefavyy SHEPrud TapMOHUK IIPU pacIpo-
CTpaHEHHH DJIEKTPOMArHUTHBIX BOJH U3 TOUYKH Zmin
B TOUKY Zmax, B Jana3oHe 4acToT P BceX 3Haue-
HUSIX JMDJICKTPUYECKO IPOHUIIAEMOCTH JUIS KaXK-
JOH W3 TapMOHMK IIPEICTaBICHBI B IpadUIecKOM
BUJIE.

Jlist pacCMOTPEHHBIX MEPHONIOB CTPYKTYp Xa-
paKTEpPHO M3MEHEHHE 3HAa4YeHHH S-apamMeTpoB Oc-
HOBHBIX rapmoHuK TE(0,0) u TM(0,0) B nuanazoHe
YacTOT, MPUYEM XapaKkTep W3MEHEHUH HE OJHHAKOB
JUISL pa3lIMuHbIX 3HAYCHUH JHUINEKTPUYECKOH Ipo-
HHUIIAEMOCTH.
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2 Pe3ybTaThl MOAEIHPOBAHUSA

Mogesnb NeproIn4YecKOl CTPYKTypbl Ha OCHOBE
JUDJICKTPUYECKUX OpyCcheB ¢ mepuozom 4,5 cM yis
CBUY-u3nyuyenus u 450 HM A7 ONTHYECKOTO Auama-
30Ha O00ecHeYrBaeT pPACIpPOCTPaHEHHE TapMOHHMK
BBICIINX HOPS/IKOB.

VYcraHOBIIEHO M3MEHEHHUE IepepacipeeiieHus
sHeprun rapmoruku TE(0,0) B cnekTpe mpomreamie-
IO W OTPaKCHHOTO IOJsI B 3aBUCHMOCTH OT 3Haue-
HUM JTUDIEKTPUYIECKON NPOHUIIAEMOCTH OpycheB
cTpykTypsl. Ha pucynkax 2.1 u 2.2 mpencraBieHsl
rpapuky n3MeHeHus S-apaMeTpoB T'apMOHHMKHU
TE(0,0) mist paccMaTpUBaeMbIX TUANa30HOB IIPU
Ppa3IMYHbIX 3HAYCHUAX Ill/l3ﬂeK’I'pI/I‘leCKOﬁ IMpOHU-
L[aeMOCTH.

s
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. I | I
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T4 1.6 78 8 32 34 3.6

F, 'y

0,74 o,l'm D,I'IS o',s o,'sz o,'s4 0.86
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Pucynox 2.1 — VI3MeHeHue 3HaueHUi S-apameTpoB
TE(0,0) nuist a) — CBU-guanazona u
0) — onTHYECKOro Anana3oHa Npy 3Ha4eHus1x € = 150

PacnipocTpaHeHne 3JE€KTPOMArHUTHBIX BOJIH
paccMaTpuBaeMbIX JMaNa30HOB YacTOT B MEPHOAU-
YEeCKMX PpELIeTKaXx HOCHT aHAJIOTHYHBIM XapakTep:
IIPU OJHOM 3HAYEHUH IUAIEKTPUYECKON MpOHHUIae-
MOCTH OpyCheB U3MEHEHHs 3HAUCHHH S-TIapaMeTpoB
rapmonukn TE(0,0) mpoucxomuT Ha OAMHAKOBBIX
YHUCJICHHBIX 3HAYEHUSAX YacTOT C Y4E€TOM HCCIIedye-
MOT0 Juarna3oHa.

Ymenpmenne ammmutyasl rapmonuku TE(0,0)
COIIPOBOXKIAETCS Mepenadeil SHepTUM OCTAITBHOMY
cnektpy. IlepepacnpeneneHne 3HEPrUU B CIIEKTpE
3aBUCHUT OT IUAJICKTPUIECKON NMPOHUIIAEMOCTH KOM-
MIOHEHTOB CTPYKTYPBI.

Jnarpamma pacnpenenenus saeprun TE(0,0) B
TapMOHUKH PACCESHHOTO CIEKTpa MpU Pa3IMYHBIX
3HAYEHMAX AUAIEKTPHUECKON MPOHUIIAEMOCTH BCTa-
BOK Inepuoandeckoit crpykrypsl 11t CBY u ontu-
YECKOr0 JAMANa30HOB IPEJCTaBlIeHA HA PUCYHKaxX
23u24.
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Pucynok 2.2 — VI3MeHeHne 3HaUeHUH S-1apaMeTpoB
TE(0,0) nns a) — CBU-nuana3ona u
0) — ONTHYECKOro Anana3oHa npu 3HaueHusx € = 250
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Pucynok 2.3 — S-mapamMeTps! IpOMIEeAIero u3Iyde-
aus gy TE(0,0) mpu u € = 150 most:
a) — CBY nnanasona Ha yacrore f=7,7 [Ty n
0) — onTrdeckoro auarasona Ha yacrore f= 0,77 I1I'a

[Ipu coxpaHeHnH NOCTOSTHHBIX 3HAYEHUI S-T1a-
pametpos TE(0,0) B nuana3oHe yacToT mepepacrpe-
JIeJIeHHEe SHEPTUH 110 TApMOHUKAM OTCYTCTBYET.
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Mooenuposanue OusnekmpuuecKux pewemox ¢ 603MOHCHOCMbIO YNpasnens nepepacnpeoenenuem snepeuu 6 cnexkmpe paccesnnozo CBY ...
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0.4 -
03 -
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0.1 1 TM(0.0)TE(0,1) TE(0.-1) . TE(LO) g q,p B L0
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Zmax
0)
Pucynok 2.4 — S-napaMeTpsl IpoIIEIIIEro
n3iyuennst 11t TE(0,0) npu u & = 250 s
a) — CBY nnana3ona Ha wactote f= 8,2 [T u
0) — onrTrdeckoro nmuamnasona Ha gacrore f = 0,82 [y

3HaueHus S-apamMeTpoB CIEKTpa TapMOHUK
OTPaKEHHOTO TIOJI COXPAHSIOTCS MOCTOSHHBIMHU C
HE3HAYMTEILHBIMU KojIcOaHussMu B ipeaeiax 0,1.

[lepepactpeneneHie 3HEPrUM HAOIOIACTCS
MEXIy MOJaMHU C Pa3IudHON mosspusaiuei. [Ipu-
4Y€M Ha pasHbIX 4acTOTax U IpU pa3n1/1qH0171 JUDJICK-
TPUYECKON MPOHHMIIAEMOCTH H3MEHSETCS Kak Iepe-
YCHh TapPMOHHK BBICHINX MOPSAKOB, IMONYYHBIIUX
SHEPIHI0, TaK W KOJIMYECTBO MepepachpeaeseHHON
SHEPTHH.

3aki04ueHue

UKCIEeHHO HCCIENOBAaH CIHEKTP PacCestHUs
3JIIEKTPOMArHUTHOTO TOJIS IEPHOANYECKON PEINETKH
U3 TapayieJbHBIX JUAJIEKTPUYECKHX OpycheB C
YOPaBISIEMON AMANEKTPUUYECKONH NPOHUIIAEMOCTHIO
B CBY 1 onTHueckoM 4acTOTHBIX JUana3oHax.

VY CTaHOBJIEHO, YTO NpPH KOHCTPYKTUBHBIX Ia-
pameTpax penieTkH, 00eCHeYMBaIOIINX CYIIECTBO-
BaHHWE MOJ| Pa3IMYHBIX TOPSAAKOB, (PHUKCHPOBAHHBIX
4acTOTE€ W HAIPABICHHU PACHpPOCTPAHEHUS Majaro-
WEeH BJIEKTPOMArHUTHOM BOJIHBI YIpPAaBJIEHUE JU-
JIEKTPUYECKON MPOHHULIAEMOCTBIO 3JIEMEHTOB pe-
HIETKHM ITPUBOAMT K M3MEHEHHMIO aMILIMTYJ rapMo-
HUK CIIEKTpa.
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[IpoBeneHHOE MOIENUPOBAHIE JEMOHCTPUPYET
BO3MOXXHOCTh OTIOCPEIOBAHHOTO TEPEHOCa Pe3yilb-
TaTOB I/I3y'-{€HI/ISI paCCﬁHHI/Iﬂ 3J'IeKTpOMaFHI/ITHOFO
noyii CBU-gnamasoHa B ONTHYECKHH AUANa3oH U
HA000pOT.

Bo3moxxHOCTh mepepachpeneseHuss SHEPruu
MOJIsi MEXIY IPOCTPAHCTBEHHBIMH TapMOHHKAMH
MOJKET HCIIOJIE30BAThCA IPH CO3ITAHUU YCTPOMCTB
JUTA YOPAaBJICHUS pacCesHHUEM SJICKTPOMArHUTHBIX
BosiH CBY 1 onTHYECKOT0 YaCTOTHBIX JHUAIa30HOB.

[TonmyuyeHHBIE pe3yIbTaTHl MOJACIUPOBAHUS T10-
3BOJISIFOT OMNPEACTNTh TPEOOBAHUS K JICKTPO(PH3U-
YEeCKUM CBOMCTBAM MaTepHaliOB, HCIOJIb30BAHHE
KOTOprX II03BOJIUT OCyIJleCTBI/ITI) KOHTpOHb nu
yIOpaBlIeHUE pPacHpOCTPAHEHUEM DIIEKTPOMArHUT-
HBIX BOJIH B CHCTEMaX C PETYJIUPYEMBIMHU JIIEKTPO-
¢usnvyeckuMu Tapamerpamu. Takwe CTPYKTYPHI
MOTYT OBITH HCITOJIF30BAHEI MPU pa3pabOTKEe HOBBIX
AJIEKTPOHHO-YTIPABIISIEMBIX YCTPOHCTB B OMNTO- H
CBU-3mmeKkTpoHHKE.
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PU3UKA

BJIMAHUE ITPUPO/AbI KAPBUIOOBPA3YIOLIUX METAJIJIOB
HA ®A30BBII COCTAB U CTPYKTYPY
JETAPOBAHHBIX YIVIEPOJHBIX ITIOKPBITUI

A.C. Pynenkos', A.B. Poraues', /I.I". ITujumnmos',
Csanb Xyn xanr’, H.-H. ®exocenko’

1 o o

Tomensckuii 2ocyoapcmeennviil ynugepcumem um. . Cxopumsl
2 o
Hanxunckuii ynugepcumem HayKu u mexHono2uu

INFLUENCE OF CARBIDE-FORMING METALS NATURE
ON THE PHASE COMPOSITION AND STRUCTURE
OF ALLOYED CARBON COATINGS

A.S. Rudenkov', A.V. Rogachev', D.G. Piliptsov',
Xiaohong Jiang’, N.N. Fedosenko'

'F. Scorina Gomel State University
Nanjing University of Science and Technology

OmnpeneneHsl CTPYKTYpHO-(ha30Bble 0COOCHHOCTH OCaXAAEMbIX U3 UMITYJIbCHON KaTOMHOM IUIa3Mbl YIIEPOAHBIX ITOKPHITHH, JIe-
THPOBAHHBIX TUTAHOM, XPOMOM. YCTaHOBJICHO, YTO HPH 3JIEKTPOJYyTOBOM HCHAPEHHH METAaJLUIOB B 00beMe aMOp(HON yriepos-
HOU MaTpHILbl HOPMHUPYIOTCS METAJLICOIepIKaIie 00pa3oBaHus co cpeaHuM pasmepom 40..90 M. BBenenue xpoma B yriepos-
HYIO MaTPHILY, TIPHBOJIUT K POCTY CONEPKAHHS aTOMOB YIIIEposa sp° (ha3bl, JJETHPOBAHHE e YIIEPOIHOTO TIOKPHITHS THTAHOM
CTIOCOGCTBYET CHHKEHHIO KOIUECTBA aTOMOB C Sp° THOPHIM3aIMel, yBEIMUEHHIO pa3Mepa 1 yopsaodeHHocT Csp” KIIacTepoB.

Knroueswie cnosa: yenepoouvie nokpvimusi, iecuposanue, Xxpom, muman, (pazoewlii cCocmas, Mopgonocus..

Structural-phase features of carbon coatings deposited from impulse cathode plasma doped with titanium and chromium are de-
termined. It is established that metal-containing formations with an average size of 40..90 nm are formed in the volume of an
amorphous carbon matrix during electric arc evaporation of metals. The introduction of chromium into the carbon matrix leads
to an increase in the content of carbon atoms in the sp® state, doping the same carbon coating with titanium helps reduce the
number of atoms with sp® hybridization, increase in the size and ordering of Csp* clusters.

Keywords: carbon coatings, alloyed, titanium, chromium, phase composition, morphology.

BBenenue

[MokpsiTss U3 amopdHoro yriepona (a-C) o6-
JAal0T BBICOKMMH MEXaHHMYECKUMH CBOHCTBaMHU M
HaXOIIT MPUMEHEHNE TIPU PEUICHUN PA3IMIHBIX TEX-
HUYeckux mpobiem [1]-[3]. BmecTe ¢ Tem akTyanb-
HOW SIBISIETCS Pa3pab0TKa TEXHOJOTHYCCKUX METO-
JIOB CHW)KCHUS B HHUX YPOBHS BHYTPCHHUX MEXaHU-
YECKUX HAIPSHKCHUH, TOBBIMICHUS TEPMOCTOHKOCTH,
MPOYHOCTH aJre3UOHHOTO COEAMHEHUs C TOJUIONK-
koi. B umncne Haubonee 3(pQPEKTUBHBIX NPHEMOB
OTMEYAIOT JIETUPOBAHWE TOKPBITHH MeTamiamu [2],
[4], a3oTom [5], [6], hTOpOM M APYyTHUMH dIIEMEHTaMHU
[3], [7], [8], akTuBammOHHYI0 00pabOTKA MTOBEPXHO-
CTH TIOIJIOKKH, BKITFOYAIOIIYIO, B YaCTHOCTH, HaHe-
CEHHE TIPOMEKYTOUHBIX aJre3MOHHO aKTHBHBIX CIIO-
eB [9], ¢dopmupoBanue Ha ocHoBe a-C MOKPHITHIA
MHOTOCJIONHBIX cucteM [10], [11].

[Ipu BBeneHNH B YIIIEPOTHYIO MAaTPHILy KapOu-
JI000pa3yIouX MeTauioB (JOPMUPYIOTCS B 3HAUU-
TENILHOM cTereHn Ooiee reTeporeHHbIe CIou, o0pa-
30BaHHE KapOWIOB METaJia COMPOBOXKIACTCS U3Me-
HEHHEM COOTHOIICHWS Sp° M SP° THOPHIM3HPOBAH-
HBIX aTOMOB yriepoja. OOpasyromuecs KapOUIHbIC
HaHO(hA3bl Pa3PBIXIIAIOT MATPHILY, CIIOCOOCTBYIOT

penakcalii BHYTPEHHHX HANPSDKCHWH M TIPH Tpe-
HUM (POPMUPYIOT Ha MTOBEPXHOCTHU CIIOH, OMpEENs-
I0IlMEe B psijie ClydaeB CHWKeHHE KoddduimeHra
TPEHUS, NOBbIIIEHHE U3HOCOCTOUKOCTH [7], [8]. [Ipu
9TOM XapakTep BIMSHHUA METAJUIOB HA CTPYKTYpYy H
CBOMCTBA MOKPBITUN OIPEACIIAETCS B 3HAYUTEIbHOU
CTENEHN HX KaTaJIUTHYECKHM BIHMSHHEM Ha (azo-
BBl COCTaB yIJIEPOAHOM MaTPHULbI, UX XUMHUYECKON
aKTHBHOCTBIO TI0 OTHOIIEHHIO K YITIEPOLY, YCIOBUSI-
MH ¥ PEKUMOM (POPMHUPOBAHHMSI JIETUPOBAHHBIX CIIO-
eB. BaxxHpIM siBisieTcst M y4eT (pa3oBOro cocTaBa Ta-
KHX CHCTEM: COOTHOIIEHHs Sp° U sp° (a3 yriepona,
HaJIN4MS JIETHPYIOLIEr0 MeTajula B COCTaBe TBEPJIO-
TO PacTBOpa, COOTBETCTBYIOLIETO KapOuIa MK JKe B
BUJE OTAENBHBIX HaHO4YacTHN. Tak, MpW MMIUIAHTa-
LMY MOHOB THUTAHA B yIJIEPOIHBIC CIIOU B CPaBHEHUE
C HEJIETUPOBAHHBIMU MOKPBITHSIMH BO3pPAcTaeT A0JIS
sp’ (askl, CHIKAIOTCS BHYTPGHHME HAIPSIKCHHS,
[IEPOXOBATOCTh ITMOBEPXHOCTH, KOI(D(DHUIHMEHT Tpe-
HHS, YTO OOBSICHSETCS COJlep)KaHHEeM TUTaHa B I10-
KPBITHH TIPEUMYIIECTBEHHO B BHJE Kapbuma [12],
[13]. Ilpu mommpoBaHNH YIIEPOIHBIX TOKPBITHHA XPO-
MOM YBEJINYUBAIOTCS] TBEPJOCTh U N3HOCOCTOUKOCTD
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MOKPBITHSL BCIIEACTBHE O0pa3oBaHHSA B HEM HAHO-
KpuCTaILIoB Kapouaa xpoma Cr;C, [14].

3HAYATENFHOE BIFSIHAE HAa CBOMCTBA TOHKHUX
TTOKPBITHI OKA3BIBAIOT MPOIECCHI aiT€3HOHHOTO B3a-
MMOJICHCTBHS, 3aBHUCAIINE OT MPHUPOABI Marepuaia
nomnoxkku [9]-[11]. YcranosnenHnoe B [11] moBBI-
[IEHHE IMPOYHOCTU aAr€3MOHHOTO COEIMHEHUS II0-
KPBITHS € IOJUIOKKOM, coleprKalledl MpoMexyTod-
HBII CIIOW TUTaHa WM HUTPUAA TUTaHA, TAKKE 00b-
SCHSIETCS NPOTEeKaHWEM Ha TpaHMle pasaena ¢as
T Qy3MOHHBIX U XMMUYECKUX IPOIIECCOB, MPUBO-
JSIIMX K 00pa3oBaHUIO KapOWIOB TUTaHa. Bmecte ¢
TEM OTKPBITBIM OCTAETCsl BOIIPOC O XapaKkTepe BIs-
HUS TIPUPOABI TOMIIOKKH Ha CTPYKTYpHO-MOPQOIIO0-
THYECKHEe TapaMeTphl MOKPBITHH, CTETICHH KaTali-
TUYECKOTO BIUSHUS HA UX (Pa30BEIA COCTAB.

OCHOBHOW 1[eNbI0 paboTHI SIBISETCS YCTaHOB-
JieHue OCOOEHHOCTEW BIMSHUA TPUPOABI KapOUm0-
00pa3yromux MeTauIoB (TUTaHa, XPOMa), HCIONb-
3YIOIIUXCAd B KAUYCCTBC JICTUPYIOLIUX DJJICMCHTOB,
Marepuaa IoUI0KKH, Ha (a30BbIii COCTaB U CTPYK-
TypY YIIIEPOIHBIX HOKPBITHIL.

1 MeTtoauka 3KkcnepuMeHTa

Hanecenne yrneposHol KOMIOHEHTHI TOKPBI-
THSI OCYIIECTBISUIN M3 IUIa3Mbl, (GOpMUPYyEeMOH Me-
TOJIOM HMITYJILCHOTO HCIIapeHHsi IrpaUTOBOTO Ka-
toga (aucroroit 99,9 %) MCKPOBBIM pa3psaOM C Ha-
npsokeareM 350 B, gactoToif cienoBaHns UMITyIbCa
15 T'm, TokoM B mmmynbce okoio 3500 A ¢ momo-
MIBI0 YCTAHOBKM BaKyyMHOI'O HAalbUICHUS, CXe-Ma
KOTOPOH npeJicTaBleHa Ha pucyHke 1.1.

JlerupoBaHue yriepoAHbIX MOKPBITHH MeTas-
JaMH OCYWIECTBISUIM IIyTEM HX DJIEKTPOAYTrOBOTO
ncnapenust (tok ngyru 60—-100 A, nanpspkenue 40 B)
B Ipoliecce HaHECEHUs! YIIIepoaHoro cios. B kaue-
CTBE IOJUIOXKEK JUISI HAHECEHHSI MOKPBITHH HCIIOINb-
30BaJIM TUTACTUHBI MOHOKPUCTAIIA KPEMHUS C TIpeli-
BapUTEIbHO HAHECEHHBIM CIOEM THTaHa, XpoMa H
6e3 HuX.

CraunoHapHsiii
1EKTPOJIYTOBOI

MaruuTtHoe
none

Otkauka —
Mertannnueckas
miasMa

C 1enpro yJganeHusl MOBEPXHOCTHBIX YTJIEBO-
JOPOJHBIX U THIPOKCHUIIBHBIX 3arpsi3HEHHH, abcop-
OMpYIOIUXCSl TMPH KOHTAKTE C BO3AYIIHOW aTMO-
chepoii, yriiepoHbIe MOKPHITHS MEPe]] UX aHATH30M
TIOJIBEPTAINCH TPABJIEHNUIO IOTOKOM HOHOB aproHa C
sHeprueil 5 k»B. VYcTaHOBIEHO, 4TO CcOAep:KaHHE
KHCIJIOpOJIa B TIOKPBITUSX TOciie 00paboTKH He mpe-
peimaet 0,5 at.%.

TonmmHy NOKPBITHS ONPEAEISUIN 110 BETHIHHE
CTYIIEHbKH C TOMOILbI0 npodunorpada-npodumo-
metpa Ambios Tech. XP-2.

KoHIIeHTpaIiio 31eMEHTOB B MOKPBITUH YCTa-
HaBJIMBAJIM C MCIOJIb30BAHUEM CKaHUPYIOLIETO dJie-
KTpoHHOTrO Mukpockona Hitachi S-4800, ocharen-
Horo ananmu3atopoMm Energy Dispersion Spectros-
copy (EDS). Omnpenenenue KOHIICHTPAIIUH POBO-
JWIM B 5 passiMuHBIX TOYKAaX Ha MOBEPXHOCTH 00-
pasua.

Mopdoaoruio MOBEPXHOCTH MOKPBITHH HCCITe-
JOBIN METOAAMH ATOMHO-CHJIOBOM MHKPOCKOIIHH
(ACM) B MONYKOHTAaKTHOM PEXKHME, pa3Mep IIOJI
ckaHupoBaHusi cocTaBisl  10x10 MKM, CKOpPOCTB
ckanupoBanus — 1,0 mxm/c. s uzydeHus: oobem-
HOH CTPYKTYpbl HCIOJIb30BAJIM IPOCBEUMBAIOLIUI
anekTpoHHbIH Mukpockon JEOL JEM-2010.

®da3oBbIil COCTaB, AMCHEPCHOCTb M OTHOCH-
TENBHOE COJEPIKAHKE SP° U SP° KIACTEPOB OLICHHBA-
JIUCh METOJIOM CHEKTPOCKOIMH KOMOWHAIMOHHOTO
paccesianst (CKP). CriekTpbl KOMOMHAIIMOHHOTO pac-
CEeMBaHMs BO30YXaJIH N3ITyYCHHEM C JUIMHOW BOJHBI
532 um 1 momHOCThIO 10 MBT (Senterra, Bruker).

XUMHUYECKUNA COCTaB U SHEPrUIO CBSI3EH B IO-
KPBITUSAX YCTaHABIUBAIM METOIOM pPEHTTCHOBCKOM
¢doroanekTpornoit crnexkrpockonuu (POIC) ¢ mo-
momeio PHI Quanta (Japan). IlomyueHHBIH criekTp
kanuoposanu no unHuu Cls ¢ aHeprueii cs3u 284,6
3B. Marematuyeckyo 00pabOTKy CIEKTPOB MPOBO-
JIAITK C TIOMOIIBIO MPOrpaMMHOro obecneyenus Ori-
gin 7.0. Pa3noxxeHue crieKTpoB OBLIO BBIIIOJHEHO C
ucrions3oBanueM GyHnkuuii ["aycca.

HmnynbcHbli
KaTO/IHO-1YTOBOH
HCTOUHHK

Pucynok 1.1 — Cxema BakyyMHOH yCTaHOBKH JJIS IOJIy4€HUSI METAJICOAEPKAILUX YTIEPOJHBIX TOKPBITUI
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2 Pe3ynbTaThl U HX 00CyKAeHHE

O/IHOKOMITOHEHTHBIE YTIJIEPOJHBIE MOKPBITHS,
KaK I0Ka3aJkl Pe3yJbTaThl IIPOCBEYHBAIOIIECH dJIeK-
TPOHHOW MHUKPOCKOIIMH, SIBJISIOTCS JIOCTAaTOYHO OJI-
HOPOJHBIMH, aMOpP(HBIMH, COJEp)KAIUMH 00pa3o-
BaHUS pa3MepoB OKoo 1 HM (pucyHok 2.1).

Pucynok 2.1 — D1eKTpOHHO-MUKPOCKOTTNIECKOE
n300paXkeHHe yriaepoaHoro
MOKPBITUS TOMMKHON 150 HM

IIpu nermposanuu a-C MOKPBHITUH MeTaJIaMu
CTPYKTYpHasi OJHOPOJHOCTh HapyllaeTrcsi, B €ro
00beMe PErucTpUpyIOTCS YacTHIBl HENpaBHIbHOW
(hopMmBI, IpencTaBIIOMINE CO00M CKOIUIEHHE JIeTH-
PYIOIIMX aTOMOB MM K€ MPOIYKTOB B3aWMOAEHCT-
BHS METAJIA C YIIIePOJOM (PUCYHOK 2.2).

Cpenuuii pasMep 3THX YacTHI[ COCTaBIISIET B
3aBUCHMOCTH OT 3HAUYCHUS TOKA JIEKTPOAYTOBOTO
ucnaputens 10-100 HM, 9TO cornacyercs ¢ JTaHHBI-
Mmu, ipuBeaeHHbIMU B [15]. Ilpu 3ToM cpexnuii pas-
Mep CTPYKTYpHBIX 00pa3oBaHHH, COAEpIKALIMXCS B
nokpbITusix a-C:Cr, HECKOJIbKO OOJIBIINI B CpaBHe-
Hue ¢ pasMepoMm kiactepoB a-C:Ti nokpeituii. [Ipu
yBenuueHuu Toka ayru ¢ 60 no 90A pasmep gactuly
Bospacraer ¢ 10 no 100 um (s Ti/a-C:Ti nokpsl-
it ) 1 ¢ 40 mo 100 am (mra Cr/a-C:Cr mokpsITHiA)
(pucyHoxk 2.3).

d (Hm)

mmTi/a-C:Ti
80 B Cr/a-C:Cr

60
40
20
0

60 70 80 90 I(A)

Pucynok 2.3 — CpenHuii pasmep CTpYKTYypHBIX
HEOJHOPOAHOCTEHN MPH Pa3IMYHBIX 3HAYEHUSIX TOKA
JIEKTPOLYTOBOr0 UCHIAPHUTEIS

XapakTep 3aBUCHMOCTH pa3Mepa HaHOYAaCTHIL
OT TOKa AYrH JaeT OCHOBAHHE CYMTATh, YTO UX 00-
pa3oBaHKe, B OCHOBHOM, CBS3aHO C OCOOCHHOCTSIMH
reHepaly METAUTMYECKO TUIa3Mbl IPH AIEKTPOLY-
TOBOM HCIIAPEHHH, HATMYHEM B IIOTOKE HAHOYACTHI
MeTa/utoB. OTMETHM, YTO C YBEJIMUSHUEM TOKA JyTU
BO3pACTaeT CKOPOCTh UCIIAPEHUsI U, COOTBETCTBEH-
HO, KOHIEHTpAlMs MeTajula B IOKPBITUH, 4YTO, B
CBOIO Ouepe/lb, MOXKET TAaKXKE BIHUATH Ha pa3Mep
o0Opa3oBaHuil.

Mopdornorus MOBEPXHOCTH MOKPBITHIA, IMO-
BEPXHOCTHOE paclpe/ieJIeHue 3epeH IPEACTaBIICHBI
Ha pucyHke 2.4. JlaHHBIE aTOMHO-CUJIOBOH MHKpO-
CKOIIMHM ITOKA3bIBAIOT, YTO MOKPBHITHS HUMEIOT TJIaj-
KYO IOBEPXHOCTb U XapaKTEPHU3YIOTCS HAINYUEM Ha
Hell HeOOJIBLIOrO KOJIMYECTBA 3ePEeH PasHBIX pazMe-
poB. B 3aBHCHMOCTH OT CTPYKTYpHI IOKPHITHS (Ha-
JMYHS JIETHPYIOLIETO 3JIEMEHTAa WM IOJCIOs), 3ep-
Ha MOTYT COCTOSITh U3 METAUINYECKUX KJIACTEPOB U
KapOuaa ¢ yriaepomoM, KOTOPBIA SBISETCS THUIIHY-
HbIM Ut oKpbITHid Tuna Ti/a-C:Ti, Si/a-C:Ti, Cr/a-
C:Cr u Si/a-C:Cr, ¥ TOJIBKO IrpaMTOBBIX KJIACTEPOB,
YTO XapakTepHo [y nokpeithid Tuna Ti/a-C u Cr/a-C.

Pucynok 2.2 — IIpoceunBatonias snekrponnas mukpockonus Si\a-C:Cr (a)
u Si\a-C:Ti (6) HOKpBITHII KPEMHUEBO# MOIIOKKH
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90 d, mm

0

PucyHok 2.4 — ACM u300pa)xeHust yriepoaHbIX TOKPBITHI
(pa3oBbIit KOHTPACT U pacpeiesieHUe 3epeH Mo Juamerpam (a), Tonorpadus (0))

Bonnosoe uncio (cm')
a

= D G /L. 1565 —
5 W e s
o SilaC g — 3

MHK el
g / Cr/a-C 1560 £
é HJ Cr/a-C:Cr =
2 0.4 - o
z Si/a-C:Cr 1555 uﬁ
% Q
5 =
- (=]
o 0.2 =
= 1000 1200 1400 _ 1600 1800 1550 £

Si/a-C  Cr/a-C Si/a-C:Cr Cr/a-C:Cr

0

Pucynok 2.5 — KP cniextpsi (a) u Ip/Ig oTHOIIeHHe 1 nonoxenne G-mnuk (0)
s Si/a-C, Cr/a-C, Si/a-C:Cr, Cr/a-C:Cr nokpsituit

BuaHO, 4TO HOBEPXHOCTH JIETUPOBAHHBIX MO-
KPBITUH UMEET BCE MPU3HAKH aMOP(HOH CTPYKTYpBI
U COJIEP)KUT HEKOTOPOE KOJIMUECTBO KPYIHBIX, JI0C-
TaTOYHO PAaBHOMEPHO PACIpPEENICHHBIX 10 ITOBEPX-
HOCTH HacTHIl. AHaIN3upys n3o0paxeHus (HazoBoro
KOHTPACTa, MOKHO CZAENaTh BBIBOJX O TOM, YTO 3TH
YacTHIBl SIBISIFOTCS Tpa(uUTOBBIMHU arioMeparamu,
00pasyomuMucs TpH JIEKTPOIYTOBOM TeHEpaIun
MIOTOKA UCTIAPEHHBIX YaCTHII.

Pe3ynbTaThl aHaIM3a OBEPXHOCTHOIO pacIpe-
JENICHNS 3€PeH IOKAa3bIBAIOT, YTO HA MOBEPXHOCTH
MOKPBITUH, JIETMPOBAaHHBIX THTAHOM, KOJHMYECTBO
3epeH OoJibllie, YeM Ha IOBEPXHOCTH XPOMCOJep-
Kalmx MOKpeITHH. CrienyeT OTMETHTh, YTO LIEepO-
XOBaTOCTh JIETMPOBAHHBIX ITOKPHITHH MPAaKTUYECKH
HE 3aBHUCUT OT Marepuajia Mmoiokku u B 1,4-2,0
pasa BbIILIE MIEPOXOBATOCTH OJHOKOMIIOHEHTHBIX a-
C cnoes (17,7 am). Hanbonee BbIcOKasi mepoxoBa-
TOCTb PETHCTPUPYETCS TPH JIETHPOBAHUH YTIIEPO.I-
HBIX MTOKPBITHH THTAHOM.

Mertonom KP criekTpockonun onpeneseHsl 0co-
OeHHOCTH (Da30BOTO COCTOSIHUSA METAICOACPIKAIINX

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017

yraepoausix nokpeiTuit. s KP cnektpoB Bcex
TUTIOB TOKPHITUH XapaKTEPHO HAIMYHE IIMPOKOTO
MMKa C IIeHTpoM BOm3u 1520 em’! (pucyHku 2.5, a u
2.6, a). Ha ocHOBaHMM mpencTaBieHHs 3TOrO IHKa
Kak cyneprnosuiyn D u G MHUKOB ¢ IICHTpaMHU MPH
1370 em™! u 1580 cm™! coorBercTBEHHO OTIpeIeIIeHBI
3HAYCHUS OTHOIIICHUS WHTCHCHBHOCTH MHUKOB Ip/Ig,
XapaKTepU3YIOMIEr0 OTHOCHTEIBHOE KOJIMYECTBO
aTOMOB YI7IEPOA B COCTOSHHUSAX C SP° M Sp° KOH(H-
rypanueii, 1 xKoopauHatel G-TIMKa, 3aBUCSIIAN OT
KOHIIGHTPAIH aToMOB yrimepoga Csp’ ¢aser (pu-
cyHku 2.5,0 u 2.6, 0) [16], [17]. U3 pucynka 2.5, 06
BHUJHO, YTO HAWICHHOE OTHOIICHHE HHTETPAIbHBIX
nHTeHCcUBHOCTEH I/ I UIs yrilepoTHBIX MOKPHITHH,
coaepxalux Xxpom, cHuzuioch ¢ 0,63 mo 0,19, a
monokeHre G-IMKa CIBUHYJIOCH K MEHBIIUM BOJI-
HOBBIM YHCJIAM, YTO YKa3bIBAET HA POCT KOJIHYCCTBA
aTOMOB YIJIEpOAa B COCTOSHHM C SP° TMOPHIH3AIH-
eil. [Ipu 3TOM HanMuue MOACIOsI XpOMa HE OKa3blBa-
€T 3aMETHOTO BIHUSHHA Ha W3MeHeHre (Ha30BOTO
COCTaBa YIJIEPOJAHOTO MOKPBITHS.

27



A.C. Pyoenxos, A.B. Pocaues, /I.I [Tununyos, Canv Xyn [ocane, H.H. ®edocenko

- 1850 —
'E‘,_r D l])/I('- - l”,.-"Iﬁ —.E
= 0.9 5
S G nuk =
= a-C:Ti 1750 2
g . =
5 Tifa-C:Ti 0.6 - %
= —1650 =
3 5
E g
a5 . . . . 0.3 =
1000 1200 1400 1600 1800 . 1 4550 £
Bonnooe uncio (cMm) Sifa-C  Ti/a-C Si/a-C:Ti Tifa-C:Ti
a 6
Pucynok 2.6 — KP cniextpsl (a) u Ip/lIg oTHOIIeHHe u nonoxenne G-nuk (0)
s Si/a-C, Ti/a-C, Si/a-C:Ti, Ti/a-C:Ti noxpbITHii
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Pucynox 2.7 — P®3 cniextp: a — Cls nokpsrtus Si/a-C;
6 — Cl1s nokpsitus Cr/a-C:Cr; B — Cr2p nokpsitust Cr/a-C:Cr
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Pucynok 2.8 — P®3 cniextp Cls u Ti2p nokpertus Ti/a-C:Ti

B oTnmune oT XpoMcoaepiKalux yriaepoaHbIX
nokpbITHi, 1 a-C:Ti MOKpHITHII B CpaBHEHHH C a-
C cnosiMu xapakTtepeH poct otHomieHus Ip/Ig u G
UK cMelaeTcs B 00J1acTh 0oJiee BBICOKHX BOJIHO-
BBIX YHCEJI, YTO CBU/ICTENBCTBYET O CHI)KEHUH KOJIU-
4ecTBa aTOMOB C SP° TMOpHMIM3ALMEN, YBEIHUCHHE
pasmepa u yropsiouensocts Csp” k1actepos [117], [18].

CrnenaHHbIC BBIBOJBI B MOJHOW MEpe COTacy-
JOTCSI C pe3ynbTaTaMH PEHTTEHOBCKOH (hOTO3IIEK-
TPOHHOH crmekTpockonuu. Ha pucynke 2.7 mpen-
craBiersl PDD cmektpel Cls u Cr2p cocTosHUA
aTOMOB YIJIEpOAa 1 XpoMa.

28

Cnektpbl Cls COCTOSHMI TakuX TMOKPBITHI
MOXHO MHOpCACTaBUTbL B BUAC CYMMbI IIMKOB IIpU
283,3, 284,3, 285,1, 286.1 u 287.0 3B, xotopbie co-
OTBETCTBYIOT XuMu4eckuM cBs3sim tumna C-Cr, Cspz,
Csp3, C-0, C=0 cootBerctBenHo. B cnekrpe Cls
HenerupoBaHHbX a-C u Cr/a-C mokpsiTHii HaOIIO-
JAIOTCSl TIUKU, XapaKTepHbIE IS Cspz, Csp3, C-0O,
C=0 cBseii. [Ipu 3Tom PDD criekTp IernpoBaHHBIX
XpOMOM TOKPHITHI miaeHTHdeH crektpy a-C:Cr mo-
KpBITHM, OCaXIEHHBIX Ha mozcioe Xpoma. Jlis
sHepreTuieckoro crekrpa Cr2p aToMOB XpoMa, Ofl-
penensromero 2P;, cocTosiHMe, XapakTepHO HATMIHE
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IBYX THKOB, pacloJIOKEHHBIX mpu 574,44 3B u
575,6 3B, coorBercTByromux cBsazsim Cr-C (Cr-Cr),
Cr-O. Kak ycranosneno B pabote [19], ananu3 nan-
HeiXx POOC ansa nuka Cr2p He MO3BOJSET OJHO-
3Ha4HO An(epeHIpoBaTh pazIuyne B XHUMHYE-
CKHX CBAI35IX Mex 1y MeraumndeckuM xpomoM (Cr-Cr)
u kapoumom xpoma (C-Cr) (pucynok 2.7). ITostomy
IUIsl aHaJM3a IPOLIECCOB XUMUYECKOTO B3aMMOACH-
CTBUS, TPOXOAAIIECTO B IOKPBITUH, HEOOXOIUMO
KOMIIJIEKCHO OLIEHMBATh HAJIMYUE [TMKOB KaK B CIIEK-
tpe Cls, Tak u B Cr2p.

Ha ocHOBaHMH MOJYyYCHHBIX JaHHBIX MOXKHO
3aKJIFOYUTh, YTO XUMHUYCCKOC B3aHMOﬂeﬁCTBHe Xpo-
Ma OCYLIECTBIISIETCSl C YIJIEPOAOM, MMEIOIIUM IIpe-
MMYIIIECTBEHHO Sp° KOH(HUIYPALHIO.

P®D cnexrp Cls, xapakrepHsiit must Ti/a-C:Ti
MOKPBITHH, MOXET OBITh IPEICTaBIICH KaKk CyMMa
YeThIPEX CIEKTPAIBHBIX I10JIOC, MAKCUMYMbI KOTO-
phIX JoKanm3oBaHsl pu 284.4 5B (Csp?), 285,3 3B
(Csp®), 286,6 3B (C-0), 283,2 5B (C-Ti) (pucyHok
2.8). Ero amaim3 mokaswiBaer, uto mis Ti/a-C:Ti
HOKPBITUH 3aMeTHO HEOOJbLIOEe CMEIICHHE IHKa
Cls B HampaBieHUU 0oJiee HU3KOH DHEPTHH CBSI3H, B
cpaBHeHnu ¢ Cls mukom st a-C mokpeITHS (pHCY-
HOK 2.7), 4yTo 00yciioBiIeHO HaiuyueM Ti-nozcios,
U OOBSICHSIETCA M3MEHEHHEM OTHOCHUTEILHOM J0JIN
MEKaTOMHBIX CBSI3€H YIJIEpOJ-yriiepoJl U Yriepoa-
TUTaH. OTH Pe3yJIbTAThI SIBJSIOTCS IPU3HAKOM TOTO,
4yTo nozacion Ti OrpaHUYMBAIOT CBS3BIBAHHE aToMa
THTaHA C YIIEPOIOM Sp -THOPHIM3AIIIH, UTO MOYXKET
OBITh CJICICTBHEM IEPErpyNIIUPOBKA aTOMOB B a-
C:Ti-nokpsiTia B pe3yibrate Iuddy3nn u peaxmun
mexay ciosimu Ti u a-C:Ti.

BruiBoabI

OnpeneneHsl 3aKOHOMEPHOCTH BIMSHUS TIPH-
poabl  KapOHMI000pa3yronMx METAUIOB (THTaHa,
XpOMa), UCIIOJIB3YIOIINXCSl B KAYECTBE JIETUPYIOLINX
3JIEMEHTOB, MaTepHala NOAJIOXKKH, Ha (a30BbIH CO-
CTaB, CTPYKTYPY YIJIEPOIHBIX NMOKPBITHH, Oca)Kiae-
MBIX U3 UMITYJIbCHOM KaToQHOW 1uia3mel. [TokazaHo,
YTO JISTHPOBAHHBIE MOKPHITHS MPEACTABILIIOT 000
aMOppHYIO CTPYKTYPHYIO MAaTpHUIly, B KOTOpOH
(hopMUpYIOTCS MeTaluIcOAepKaIlue 00pa3oBaHUS C
pasmepom 40..90 HM, 3HaYEHHE KOTOPOTO BO3pacTa-
eT TpU YBEIUYECHHUH TOKa IYTH DJIEKTPOIYTOBOTO
ucmapurens. BBegeHne xpoma B yIiepOAHYIO MaT-
pHIly, IPUBOJUT K POCTY COJEPIKAaHHsI aTOMOB yrJle-
poza B Sp° COCTOSIHMH, JICTHPOBAHHUE K€ TIOKPBITHS
TUTAHOM BbI3bIBACT CHHIKXCHHEC KOJIMYECTBA aTOMOB C
sp’ TMOpHAN3ALMEIi, YBETHUEHHE pa3Mepa U yIopsi-
nouenroctr Csp® KiactepoB. BimsHume HpHpOIBI
MOJUTOKKH Ha (Da30BBIA COCTAB MOKPBHITUH MIPOSBIISI-
eTCsI TIPH JICTHPOBAHUN WX THTAHOM M 3aKITI0YACTCs
B YCWJICHWH TpadUTH3AINN YTIIEPOTHON MaTPHUIIHL.
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MNEPECEYEHWS MAKCUMAJIbHBIX OATPYIII KOHEYHOM I'PYIIIIBI
B CBA3U C JIOKAJIbHBIMU ®OPMALIUSAMU U OBOBIIEHHO
ABHOPMAJIBHO ITOJIHBIM NOATPYIITOBBIM m-®YHKTOPOM

JI.M. BeiokoHn

Moeunésckuii 2ocyoapcmeenHulii yHugepcumem npooosonbCcmaus

INTERSECTIONS OF MAXIMAL SUBGROUPS IN A FINITE GROUP
IN CONNECTION WITH THE LOCAL FORMATIONS AND A GENERALLY
ABNORMALLY FULL SUBGROUP m-FUNCTOR

L.M. Belokon
Mogilev State University of Food Technologies
HyCTI) T — HEKOTOPOE MHOKECTBO IPOCTHIX YUCEII. VcTaHOBIEHBI JOCTAaTOYHBIC YCIOBUS, IIPEABABIIEMBIC K JIOKQJIBHOM CI)OP-
Mammu § =0 §, koHeuHoit rpynne G M noArpynnoBomy m-pyHKTOpy 6, HpH KOTOPBIX ZE(G)=<I>§T(G)= AN(G)eF, a
TaKxKe Zf,E(G) = (DST,GT(G) = (I)gT(G) =A¥(G)c G, <G B ciyyae pajukanbHocTd §=©® J. B kauectse crencTBHii nomyye-
HBI yTBEPXKIACHHS IJIs CIydas 7= H COOTBETCTBYIONIHX JIOKAIBHBIX (hopMaIHii.

Kniouesvie cnosa: makcumanvioie noOpynnol KOHEUHbIX ZPYNN, JOKAIbHbIC U PAOUKATbHbIE TOKALbHbIE (opmayui, noopyn-
nogot m-@ynKmop.

Let m be a set of primes. The sufficient conditions that must satisfy a local formation F=® _F, a finite group G and a sub-
group m-functor 0, under which As(G) =@ (G)=AY(G)eF also Zfa(c)=q>g =(G) =D} (G)=A¥G) =G, =G, if

=G _F is radical, are achieved. As the consequences of the main results there were obtained the assertions for 1= and

corresponding local formations.

Keywords: maximal subgroups of finite groups, local and local radical formations, subgroup m-functor.

BBenenue

PaccmarpuBaroTCs TONBKO KOHEYHEIC TPYIINEI U
(hopMmaru KOHEUHBIX Tpymil. Mcmonb3yroTes ompe-
JIIICHUSI ¥ 0003HAYCHUS, IPUHATHIC B MOHOTpahuu
[1]. IIycth m — HEKOTOPOE MHOXKECTBO MPOCTHIX

yucen, & =©® F — nokanbHas S, -3aMkHyTas dop-

Manus, coxepxaias (GopMaIHio BCeX HUIBIOTECHT-
HeIX 7'-rpynn N .. B pabote [2] moxa3aHO, 4TO

ecau noarpynna @ (G) rpynnel G obinagaeT cBoid-

ctBoM C, u B G CyLIECTBYIOT ¥ -aOHOpMaJbHEIE,

He NMpHHAIIeXKAUME F U UMEIOIINE C YUCIaMU U3

T B3aWMHO NPOCTbIE HHJEKCHI, MAKCHMAaJIbHbIE MO~
=3

Tpymnmnsl, TO nepecedeHne A (G) Bcex Takux MOJI-

TPYTIII COBIIAJAET C MTEPECCUCHUEM Ai‘ (G) Beex & -ab-

HOPMAJTbHBIX, UMCIOIUX C YHCIAMHU U3 T B3aUMHO

MPOCTBIE MHICKChI, MAKCUMAIIbHBIX TOATPYIII, TPH-
.. g

96 AL(G)ey. Ilpu DOMOTHUTETBHOM YCIOBUH

paaukanbHOCTH A1t opManuu § =© F Obum yc-

TAHOBJICHBI YCIIOBHS, IpU KOTOphIX A!(G) coBmamaer

=5
c niepeceuenrieM A (G) Beex ¥ -aOHOPMAJIbHBIX, HE
]

© Benokonw JI.M., 2017

NPUHAIISKAINX 5, UMEIOUIMX C YUCIAMH M3 T
B3aUMHO TMPOCTBIE MHIEKCHl M HE COJAepIKallux
& -pamukan Gy, MakCMMaJbHBIX MOATPYII IPYIIIbI

G. U3 momy4yeHHBIX pPE3yNbTaTOB KakK CIEACTBHSA
BBITEKAIOT YTBEPKICHUS OTHOCHUTEIHHO JIOKAJIHLHOU
S, -3aMKHYTOH (JIOKaJbHOI pajuKanbHON) (opma-

MM ¥, coiepkamieil Gopmarmio BceX HHIIBIIOTEHT-
L B —3
HBIX Tpynn N, W mepeceueHuit A (G) n AK(G)

COOTBETCTBYIOIINX MaKCHMaJIbHBIX HOATpYIH 0e3
OTpaHUYEHUMN Ha X MHIEKCHI B rpymnme. Hacrosmas
paboTa pacmmpseT 3TH Pe3yabTaThl, NCIONIB3Ys MO-

HATHS {5 -a0HOPMaJIbHO 7' -TIOJIHOTO, PAJIUKAIBHO
% -abHOpMAITFHO 7' -ITOJTHOTO, a TakKXke g -abHop-

MaJbHO MONHOTO W PAAWKAIBHO 3% -aOHOPMAIIEHO

MOJIHOTO TOATPYNIOBBIX 7-(QyHKTOpOB. Hccneno-
BaHHE IEPECEUYCHUIl MaKCHMAIBHBIX IOATPYNI C
IpUBJIeYeHHEM (PYHKTOPHOTO METOJa BOCXOIHT K
pabote [3]. B pabore [4] m3ydanmch mepecedeHust

53 (G) n EEE(G)’ 6 — abHOpMaNbHO MOJHBII

PeryIspHBIA MOATPYNIIOBOH 711 -(DYHKTOD.
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1 [IpenBapuTe/ibHbIE CBeeHUS
[ox moarpynmoBeIM 71-QpyHKTOPOM ITOHUMAIOT
BCAKOE oToOpakeHne 0, KOTOpoe CTaBUT B COOTBET-

cTBHe Kaxaoil rpymne G wmHoxectBo 0(G), co-

cTosiiee U3 rpynnsl G M HEKOTOPBIX €€ MaKcUMalb-
HbIX moarpynm. Iloarpynmsr mHOXKecTBa 6(G) Ha-

3pIBatoT O -noarpymnnamu rpynmsl G, gepes O, (G)

0003HaYaIOT TepecedeHne BcexX O -moarpymm rpym-
sl G. [oarpynmosoii m-dyakrop 0, obnanarommii
ceoiicteom: ecimt H €60(G), 10 H' €6(G) mux
Bcex x € G, paccMaTtpuBaics B pabotax [4], [5].
Takoit ¢QyHKTOp OyAeM Ha3bIBaTh MOATPYMIOBBIM
m_ -ynkropom [6], [7].

O0o3HayaeM uepe3 T HEKOTOPOE MHOXKECTBO
npocteix wmcen, ©n'=P\n, rme P — mHOXecTBO
BCEX ITPOCTHIX 4Yuceld, cuutaeMm, 4ro =« # P. Ilycte
& — Hemycras ¢opmanus, 0 — MOATrpyNIOBOi
m-¢pyHkTop, G — rpymma. Yepes M(G) Oynem o6o-
3HaYaTh MHOXECTBO BCEX MaKCHMAJIBHBIX TOATPYIIIT
rpynnsl G; M, (G) — MHOXECTBO BCEX MaKCHMallb-

HBIX O -moarpynm rpymmsl G. B oTHOmeHW# HEKo-
TOPBIX KOHKPETHBIX IIOAIPYNIOBBIX M-()YHKTOPOB
UCIIONB3YIOTCA CIEAyIonre 0003HaYeH .

M_(G) — MHOXECTBO BCEX MAaKCHMAJIbHBIX

noArpymnn rpynmnsl G, MMEIOUIUX B3aMMHO IPOCTHIE
C YUCIIaMU U3 T WHIEKCHI, MS(G) — MHOXECTBO
BCEX 5 -a0HOPMAJIbHBIX MaKCHMAJIBHBIX IMOJTPYII
rpynnsl G, M%(G) — MHOXECTBO BCEX ¢ -a0HOp-
MaJIbHBIX MaKCHMAJIBHBIX MOATpynn rpynnsl G, He
npuHauiekamux §; D _(G), AY(G) u K%(G) -
nepeceyeHus BceX Hoarpynn MHoxects M. (G),
M®(G) # M (G), coorsercTaenHo,

MI(G) =M ()M, (G), M:(G)=M(G)NM,(G);
AY(G)=H,H e M(G), Av(G)=nH,H M- (G).
Jdnst popmanu BceX HHIBIOTEHTHBIX rpymm N

ucrnonb3yercst obosnauenne A (G)=A _(G), AG) —

noarpynmna [amrorna, mnepecedeHne Bcex aOHOP-
MaJIbHbIX (HEWMHBApHAaHTHBIX) MaKCHMaJbHBIX IOJ-
rpynm rpymst G.

Ilycth ¢ — HEKOTOpPOE MHOXKECTBO TPYIHIL

O06o03Havaem:

(AE')E(G) — nepecedenue Beex rpymn u3s M°(G),
He npuHaIeKammx @; (A" )E(G) = (A);(G);

(M3 )6 (G) — MHOXecTBO BCEeX TpymI U3
Mf (G), He MpUHAIIIKAIIIX MHOXKECTBY O;

(AS )°(G) — mepeceuenne BCex Tpymm 3

(M3 (G); (A%)*(G)=(A,)*(G);

32

[Tycte N — HOpManbHasg moArpymmna rpynmsl G.
Torna:

3 \e _
M$)*(G) MHOXECTBO BCEX TIpyIm U3
(M®)*(G), ue conepxamux N;
(Mfﬁ)6 (G) — MHOXKECTBO BCEX TpPYNI W3
(M3 )6 (G), He cogepxammx N;
3 ye _
(A (G) nepecedeHrue BceX TPYHN U3
(M2)*(G); (A9)°(G) = (A9)*(G);
(A%)E (G) — mepecedeHme BCeX TPyNI H3
(MP )P (G); (A_1)°(G) = (A")*(G).
Kpowme Toro,
M= (G) — muoxecTBO Beex rpynn u3 M(G),
He coxepxxamux N;
3 M . AB _
M3 (G) =M"(G) "M (G); AL(G) nepe-
ceuenne Beex rpymm u3 M2 (G);
3 _ 5
Mn,ﬁ (G) — mHOX)kecTBO Beex rpynn us MP (G),
KaX/1asi U3 KOTOPBIX HE COACPIKHUT N;
5 _ 3 .
A’ 5(G) — mepeceyeHue BCex TPy U3 M:,N G);
-5 =3
A (G) — mepeceuenne Beex rpymi u3 Mx(G),
He cozepxkamux N;
—3 —3 =3
M3 (G)=M (G)nM;(G); A;(G) — mepe-
CE4YCHHE BCEX IPYIII U3 M% (G);
ZE,N (G) — nepecevenue BCeX TPYIII U3 ME (G),
conepxxamux N,
(A5)%(G) = (A7) (G).
[Tycte 8 — HEKOTOPHII MOATPYIIIOBOI Mm-PYHK-
Top. O603HaYaEM:
M{ (G) — MHOKECTBO BCex  -aOHOPMATBHBIX
MaKCHMaNbHbIX 0 -noarpymn rpymnmnst G,

®J(G) — nepeceuenue Beex rpymn u3 M (G);
695 (G) — mepeceueHune Bcex TPy U3
Ms (G) =M (G) "M, (G);
I\_/Iiﬁ (G) — MHOXECTBO BCeX TPYIII U3 ﬁe% (@),
He cozaepxkamux N;
EDZN (G) — mepeceueHUE BeeX TPYIIIT M3 MSN (G).
Yepes 0, oOo3HauaeM NOArPYNIIOBOM m-PyHK-

TOP, BBIICISIONINHI B K101 rpynmne G MHOXKECTBO
M, (G) Bcex MakCUMalbHBIX O -mOArpynI, UMero-

X B3aWUMHO IIPOCTBIE MHACKCHI C YUCIIaMU U3 TT;
MEPECCYCHUC BCCX MAKCUMAJIbHBIX eﬂ -[IOATPYIIT B

G obosnauaem @, (G). Kpowme Toro,

M (G) =M, (G)NM*(G);

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (31), 2017



Hepecelteuuﬂ MAKCUMATIbHBIX nobzpynn KOHeuHOU 2pynnbsl 6 C6A3U C TOKAIbHbIMU d)op,wauumu u OéOéméllllO aﬁuopma/lbuo NOJIHbIM...

@} (G) — nepeceuenue Beex rpynn uz My (G);
M; (G) =M5(G)NM, (G);

—3 —3
M, 5(G)=My(G)NM, (G);
« —5
q)oi,N(G) u CDemN(G) 0003HaYAIOT Tepeceye-

Hus Beex rpynn u3 M; (G) wu ﬁf +(G), coot-

BETCTBEHHO.
Js m={p}, p — mpocroe umuco, B 0603Ha-

A,(G) n

T. I. B cay4ae orcyrcTBus B rpymme G MaKCUMallb-
HBIX TMOJTPYII, OTBEYAIOUIMX TPEOYEMbIM YCIOBH-
sIM, COOTBETCTBYIOIIHE MIEPECCUCHHS OJIAaracM COB-
nmagaromumu ¢ G.

E, (G)/N = Soc(G/N);

9eHHSIX HCTIOIB3yeM p BMecTo {p}: 0,

B (@) <{R (). F, (0. F, (G).F, @)
B COOTBGTCTByIOHII/IX cnyqaﬂx JJI
N e{AG), A,(G), AX(G), @ (G)}.

Cdopmymupyem B BUAE IEMMBI HEKOTOPBIE pe-
3yJIbTaThl, KOTOpble OyOyT MCIOIb30BaHB B Ha-
cTosIIeH padoTe.

Jdemma 1.1. Hmerom mecmo credyrowue ym-
8ePHCOEHUSL.

(1) [6, nemma 1.1] Ilycmo &, u &, — Henyc-
mole  gopmayuy, T(F)NTF,) =D, T =58,
Hna ecaxoii popmayuu F,, yoosnemeopsioujeii yc-
08U [y STy S Xy» U Makcumanvhou, n(F,) -uH-

dexca nooepynnsi H 6 epynne G pasHocunshbl ycio-
eusi: nooepynna H  §, -abnopmanvna 6 G,

i€{0,2,3}. B wacmnocmu, ecnu MaxcuManbHas 6

epynne G nooepynna H umeem umnoexc, 83aumHo
NPOCMOU € YUCIAMU U3 MHOICECMBA NPOCIBIX YUCEl
n, mo ycaosue abwopmanvrocmu H 6 G pasHo-

cunsHo ycnosuio N -aOHOPMATLHOCHU U YCTIOBUIO
& N -abuopmarsnocmu H 6 G.

(2) [8]. IIyemy F =6 & — nokanvnas S, -3am-
kuymas gopmayus, T(F)=P. U nycmos nooepynna
®_(G) epynnet G obraoaem ceovicmeom C_. To-
20a A¥(G) e F.

(3) [9]. Ilycmv F=6_F — paduxanvuas no-
kanvraa opmayus, 1(F) =P. U nycms nooepynna
@ _(G) epynnvt G obaadaem ceoticmeom C_; L —
cybnopmanvuas nodepynnel epynnel G, K — Hop-
manvhas nodepynna L. Eciu K < AX(G), mo

(L/K)E = LS/K.

(4) [6]. I. Ecnu nooepynna @ _(G) epynnwt G

mo F, (G)=F, (G).

obnaoaem ceoticmeom C

no
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L. /Ina nobou epynnet G cnpaseonuso pagen-
cmeo F(G) =F,(G).

IIpocTas mpoBepka MMOKa3bIBACT CIPABEIIIH-
BOCTb CIICYIOIIETO YTBEPKICHHS.

(5) Iyemv §, — nenycmas gopmayus, 0 —
&, ~AOHOPMANLHO NOAHBIL NO02PYNHOSOU M-PYHK-
mop. Toeoa O sensemcs §-aOHOPMATLHO NOTHBIM
noozpynnoeviM m-pyHKmopom 0isi 6csikou gopma-
yuu 5, codeporcawyeii 3.

B wacmnocmu, [7], écaxuii abnopmansro noi-
Hblll NOOSPYNNOGOU M-(YHKMOp seIsiemcsi & -ao-
HOPMALHO NOJHbIM 01 000U gopmayuu F, co-

Oepoicaueli popmayuro 6cex HUTLNOMEHMHBIX SPYNN.
CornacHo onpezaenenuto [6], [7], moarpymmo-
Boii m-(yHKTOp O Ha3bpBaeTCs % -aOHOPMAITEHO

MONHBIM, § — Hemycras ¢opMmanus, ecid
0(G) 2 M*(G) ana mo6oii rpynms! G.

Onpeoenenue 1.1. Ilycts § — Hemycrast dop-
mamws. [logrpymnmoBoit m-pynkrop 6  HazoBéM
%-a6HOpMaJILHO 7' -IIOTTHBIM (5 -abHOpMAITEHO
MONTHBIM)  TIOATPYTIIOBBIM  m-(QYHKTOPOM, €CIH
0(G) 2 M1 (G) (B(G)2 M (G), cootBercTBeHHO)
Ut 1000 TpymmsL G.

OtMeTuM, 4TO BBUAY ﬁf(G)ng(G) JUTSE
mo6oii rpymmsl G, § — HemycTtas (hopmarusi, ycio-
BHE, ONpEHEIAIOIIEe %—a6HopManLHo 7' -IIOJIHBINA
MOATPYTIIOBON m-(PyHKTOp, SBIsieTcss Oonee cra-
OBIM, YeM YCIIOBHE, OIpeAessiomee ¥ -a0HOpMab-
HO T'-TIOJHBIA MOATrpymHmnoBoit m-pyukrop 0 [7],
cornacHo kotopomy 0(G) 2 M®(G); Beskuit § -a6-
HOPMaJIbHO 7' -ITOJIHBIA MOATPYIIIOBOH m-(QYHKTOP
SABJISIETCA U %—aGHOpMaﬂLHO 7' -no’MHbIM. Besxuii
& -aOHOPMAaJIbHO TIOJIHBIN TOATPYNIOBOH m-(PyHK-
TOp SBIACTCA § -a0HOPMAJIBHO TTOJTHBIM.

Onpeodenenue 1.2. llycts § — HemycTast pagu-
kanpHast popmanms. [loarpynmnooii m-pyHkTOp 0

Ha30BEM PAJMKAIBGHO & -aOHOPMAaIBHO 7' -TIOJTHBIM

(paguxasbHO %-a6HopMaHLHo MIOJTHBIM) TIOATPYTI-

MOBBIM ~ M-(YHKTOPOM,  €CIIH O(G)Qﬁia(G)

0(G) QMZ\ (G), coOTBETCTBEHHO) ISl JTI00OH TpyTI-
el G.

[Mycts § — Hemycrast paauKaibHas hopMarus.
Taxk xak mns 11060 rpynnsl G CIipaBeUIUBEI BKITIO-

aenms M%(G) c My (G) n Mg (G) =M’ (G), 10
% -aOHOPMAITFHO TU' -TIOJHBIN MTOATPYTITIOBOH m-(yHK-
TOp SBISACTCSI W PAJUKAIBHO §—36H0pMaJ'H>HO

7' -TIOJIHBIM MOATPYIIIOBEIM M-(pyHKTOpOM, a & -a0-
HOPMAaJIBHO TIOJIHBI MOATPYNIIOBOH m-(YHKTOD
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SBIISICTCA  PATUKAIIEHO %-a6H0pManf,Ho TTOJTHBIM
MOJITPYIIIIOBEIM 71-()YHKTOPOM.

3ameTuM, 4TO BBUAY JeMMbI 4.2[1] nokanbHast
dopMarust ¥ TOTOAa W TOJNBKO TOTNA COJCPXKHT
(opManr0o BCeX HHIBIMOTEHTHBIX TPymIl (paBHO-
CHJIBHO — BCEX HHJIBIOTEHTHBIX T'-TPYI VIS JIO-
KalbHOH QopMammm § =GO F), xorma n(F)=P —
MHOYKECTBO BCEX IMPOCTHIX YHCEI.

2 Ilepecevyennss MaKCHMMAJBLHBIX NOATPYIII
KOHEYHBIX IPYNN B CBSI3M C JIOKAJIBHOH S, -3aM-
kHyTol ¢opmammeii FoN (F=G Fo>N) n

(& -abHOPMATBLHO
7' -IOJIHbIM, COOTBETCTBEHHO) NOArPYNIOBbIM
m-pyHKTOpOM

Jdemma 2.1. I[lyemv G — epynna, § — Henyc-

% -a0HOPMAJILHO TIOJIHBIM

mas gopmayus, O — nodepynnogoii m_ -ghyHKmop.
Toeoa:

(1) eciu @ (G) % G, mo s (G) = DY (G);

(2) ecau i (G) =G, mo @y (G) = D} (G).

Hokazamenvcmso. (1) Ilpeamomnoxxum, dTO
GDE (G)c 55 (G). Torma B G cymiecTByeT XOTS OB
omHA MAaKCHUMalbHas g% -aOHOpMaibHas O -moa-
rpynna H, npuHaiexaias GpopManuu g, Takas,
4TO HEE(G):G. CrnenoBatesbHO, G/ 5§(G);
= H/H ADs (G) e, otkyma G° ¢ @ (G), uro

HEBO3MOXKHO. 3Haunt, Dy (G) = D] (G).

Tak kak i noArpynmnoBoro m, -GpyHkropa 0
HOJTPYNIIOBOM m-(QyHKTOp O_ SBIAETCA MOATPYII-
HOBBIM M -(yHKTOpPOM, TO yTBepxKIeHuUe (2) cieny-
et u3 (1). ad

VYrBepxknaenue (1) nmemmsbl 2.1 ycunmBaer teo-
pemy 2 u3 [4] u Teopemy 1 u3 [10].

INonaras ans noarpynmnosoro m, -pyHKTopa 6
1 moboit rpymnet G 0(G) = {G} UM(G), u3 nem-

MBI 2.1 nosrydaem cleayromui pe3yabTar.
Cneocmeue 2.1.1 [2, Teopema 3.4(1)]. Ilycme
G — epynna, & — nenycmas gopmayus. Toeoa:

(1) ecu A" (G) %G, mo A’ (G) = A (G):;

2) ecau A2 (G)# G, mo As(G) =AY (G).

Cneocmeue 2.1.2. Ilycmv nooepynna @ _(G)
epynnor - G obnaoaem ceoticmeom C,.. Ecau
22 (G)#G, mo Ar(G)=A_(G)e® N .

CnenctBue 2.1.2 memmbl 2.1 BbITeKaeT u3

cnencteug 2.1.1 nemmer 2.1 ¢ mpuMeHEHHEM yTBEp-
xnenuss (1) nmemmer 1.1, corilacHO KOTOpOMY

A_(G) = A2 (G), u ytBepmenus (2) memmsi 1.1.
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Cneocmeue 2.1.3. Ilycme G — epynna, p —
npocmoe uucno. Eciu Z: (G)=G, mo
—R
Ap(G)=A,(G)eN N .
Cruencraue 2.1.3 neMMbl 2.1 BKIIOYAET CIIENCT-

Bue S m3 [11].
Cneocmeue 2.1.4. Ilycmv & — Henycmas pa-

ouxanvhas popmayus, O — nodepynnogoii m, -QyHK-
mop, G — epynna. Tozoa:

(1) ecau @, —(G) %G, mo

D, (G)=®]—(G);

(2) eciu @

ZG—B(G) =G, mo
P, (0= 7 (O)
llokazamenvcmeo. PaccMOTpUM NOATPYIIO-
Bbl€ M-(QYHKTOPHL Y M _, ONpPEASIAIONINE MHO-
JKECTBa
v(G) = {G} UMG@ (G) n

v.(G)={G}UM, - (G)

COOTBETCTBEHHO, cocTosAmue U3 rpynnsl G U Bcex
e€ MakCHUMaJIBHBIX O -moarpymnm (MakCHMaJIbHBIX

0, -moArpymm, COOTBETCTBEHHO), HE COJIEpHKAIIUX
& -pagukan G;. O4yeBUIHO, Y Uy, — MOATPYIIIO-
Bble m, -(QyHKTOPHL. [lo3TOMy yTBep)KHEHHUs clel-
cTtBHA 2.1.4 BRITEKAIOT U3 JIEMMEI 2.1. O

Cneocmeue 2.1.5. [Iycmo G — epynna, § —
Henycmas paouxanvhasn gopmayus. Tozoa:

(1) ecau KfG—G (G)=G, mo
. .
A5 (G)=A(G);
N —§ <
(2) ecu A (G)# G, mo A (G) = AL(G).

Jdemma 2.2. [Iycmv G — epynna, § — Henyc-

mas gopmayus. Hmerom mecmo creoyrowjue ym-
8epIHCOEHUSL:

(1) ecau 6 - %—a5HOpMGJZbHO ' -nonuwIll
noo2pynnogo m-QyHKmop u KE (G)#G, mo
A:(G) = D] (G) = AL (G);
2) ecru 6 — % -AOHOPMANILHO NOJIHBIL NOO-
2PYnnogoll m-pyHKmop u A’ (G)=G, mo
A'(G) =D} (G) = A*(G).
Jloxazamenvcmeo. (1) Ilo cmenctBuio 2.1.1
nemwst 2.1 A (G) = A% (G). TousTHO, uTO M. (G) =

— _
=My, (G) mis F-abHOPMAITBFHO T'-IIOJIHOTO TOJ-

rpymmnosoro m-¢pyHkTopa 0. Kpome Toro,
M. (G) < M§ (G)  ME(G),

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (31), 2017



Hepecelteuuﬂ MAKCUMATIbHBIX nobzpynn KOHeuHOU 2pynnbsl 6 C6A3U C TOKAIbHbIMU d)op,wauumu u OéOéméllllO aﬁuopma/lbuo NOJIHbIM...

otkyna AY(G) € D] (G) € Bi, (G) = Ax(G). 3wa-

YT, Ki G)= CDgﬂ (G)=A3(G). Vrteepxuenue (2)
BeITeKaeT u3 (1), eciu nonoxuTs m = Q. O
Ilpumep 2.1. I[lycmo § — nenycmas ¢gpopma-
Yust, COO0ePICAUAs HeKOMopoe MHONCECMEO Zpynn
¢. Tozoa:
(1) ecru Ki (G)=G, mo
AL(G) = (A))(G) = AL (G);
Q) ecu A (G) %G, mo
A'(6)=(%)(G) = A% ().
B camowm jene, HETPYIHO 3aMETHTD, YTO
AY(G) S (A))(G) S AL(G)
JUTsl BCSAIKO# rpynmbl G M MHOXECTBA TPYIT ¢, CO-

Jepkaierocss B Herycroi opmanuu . [puuém:
a) ecmn AY(G)=G, 10 u (AV)*(G)=As(G)=G;
b) ecnu Af (G)#G, TO (AE)Q(G) :AE(G) B CIy-
qae p=0 u (Af)ﬁ(G):ZE(G) B ciIydae @ = .

Ha ocuoBanmm ytBepxknmeHus (2) cmemctsus 2.1.1

nemmsl 2.1, Ar(G)=(AY)'(G)=AY(G), ecm

—
Az (G) # G. AHanornymas CUTYalus BO3HHKAET I

COOTBETCTBYIOIIINX TIEPECCUCHUN MaKCHMaTbHBIX
MOATPYTIT Oe3 OTPaHUYCHUH Ha WX UHJIEKCHI B TPYTIIIE.
YrBepxnenus (1) u (2) MoryT OBITE 000CHOBA-

o -3
HBI QyHKTOPHO. JlecTBUTENHHO, yCTh A« (G) # G.

OmnpenenuM MOATrPyNnoBoit m-pyHkTop 0 Ha Kax-
oW Tpymme G crenyrommM  o0pazom:

8(G) = {G} U(M?)"(G). MonsTro, uTo
M. (G) < (MD)*(G),
T. €. pyHKTOp O sIBIIsIETCS %-a6HopMaano 7' -1on-
HBIM. A Tak KaK, 04€BHJIHO,
(M)*(G) =M,(G) =Mj (G),

TO yTBepxknaeHue (1) BeiTekaeT u3 yTBepxkaeHuUs (1)
nemMbl 2.2. YTBepxaeHue (2) — 4YacCTHBIM ciyd4aid
yrBepxaeHus (1).

Teopema 2.1. I[Iycmo F=&_F — nokarvuas

S, -samxnymasn gopmayus, 1(F)=P. U nycms noo-
epynna @ _(G) epynnut G obradaem ceolcmeom
C,.. Ecmu KE (G) # G, mo cnpasednugul credyouue
VMBEPIHCOCHUSL:

(1) As(G) = D} (G)=AX(G)eF ona 6caxozo
%-a6HOpMaJZbHO 7' -NOIHO20 NOO2PYNN0B8O20 M-MYHK-
mopa 6;

(2) @, (G)eF oms 6cakozo %-a6HOpMaJZbHO

T' nOIH020 N0depynnogoeo m_ -ghynkmopa 0.
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Loxazamenvcmeso. Y1Bepxaenue (1) BeiTekaeT
u3 yrBepxaeHus (2) nemmsl 1.1 u yrBepxxaenus (1)
nemMMbl 2.2. YTBepkaeHue (2) BBITEKaeT M3 yTBEp-
xaenusd (1) mu S, -3amkHyTOCTH OopMaLuM [F, TaK

kak @, (G) — HopmambHas B G moarpymma
7 (G). O

Ilpumep 2.2. [Iycmv F =0 F — nokanvnas
S, -3amxnymasn gopmayua, ©(F) = P. U nycme noo-

epynna @ _(G) epynnwr G obradaem ceoticmeom

C,.. Ecu Ax (G) # G, mo cnpasednugul credyrouue

VMBEPIHCOCHUSL.
(1) Hna ecaxoeco mmoxcecmea zpynn @, co-

Odeparcawezocs 8 hopmayuu 3,
AG) =(A) (@) = AN (@) €.

2) (Aﬁ)g (G) e ¥ ona scaxou Henycmoul noo-

dopmayuu ¢ Gopmayuu F. B uacmnocmu,
(A7 (G) e

JelicTBuTensHO, yTBepXkIeHNE (1) BRITEKaeT U3
yrBepxnaenns (1) reopemsr 2.1 (u3 yreepxaenus (1)
mpumepa 2.1 ¢ yu€toM yTBepkacHUs (2) JIeMMBI
1.2). YTBepxnmenue (2) MOXHO 0OOCHOBAThH, pac-
cMaTpHBas MOATPYMIIOBOU m-pyHKTOp 6, ompene-
NEHHBIA Ha Kaxmou rpymme G cleayromuM odpa-
som: 0(G)={G}UM?)*(G), ¢ — memycras nox-
tdopmarmsa popmarmu F. Tak kak

8(G)=6,(G) 2 M (G),

To 0 sABIAETCA g-a6H0pMaHbHO 7' -TIOJHBIM TOJ-
IPYIIIOBBIM 71, -(yHKTOpOM;

®, (G) = (A1) (G) < A2 (G).
CrnenoBatenbHO, BBUAY yTBEp)KICHHA (2) TeopeMbl
2.1 mng tpymmel G 1 QopManuu %, YIOBJIETBO-
PSIOIIHX YCIOBHIO, (A? )E (G)eB.

Cneocmeue 2.2.1. Ilycmo nooepynna @ _(G)
epynnet - G obnadaem ceoticmeom C_. Ecnu
(A" (G) # G, mo

A" (@)= (A,)"(G) =
=A:(G)=A,(G)cF,(G) =G
01151 1006020 MHOMCECMBA SPYNN. ©, COOePIHCAe20Cs

6 popmayuu ecex ' -Hunbnomenmuuix gpynn & N ..
Loxazamenvcmeo. COINIaCHO yTBEPXKICHHIO

(1) memmer 1.1 AV (G)=A_(G), (A" (G)=

—A (G). Tak xak NG N_., TO, MPUMEHSS
yrBepxkaeHue (1) mpumepa 2.2, mosydaeM Tpedye-
Moe. O

Cneocmeue 2.2.2. Ilycmv G — epynna, p —

npocmoe uucno. Eciu (Ap)m”m”‘ (G)=G, mo
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A, (G)=(4,)(G) =
=2 (G)=A,(G)CF,(G) =G

071 1100020 MHOJCECMBA 2PYNI O, COOEPHCAUe20Cs
'
6 opmayuu ecex p'-nunbnomenmmuoix gpynn N N .

B cnyqae m=@ wu3 teopemsl 2.1 BbITEKaeT
CIEIYIOUINNA Pe3ynbTarT.
Teopema 2.2. [Iycmo § — nokanvhas S, -3am-

kuymas opmayus, ©(F) =P. U nycmo G — epynn-

na, E} (G)#G. HUmerom mecmo credyouwue ym-
BEPIHCOCHUSL.

(D N (G)=®;(G)=A*(G)eF ona ecaxozo
%—a@opxwaﬂbno NOAHO20 NOO0ZPYNNOBO20 M-(DYHK-
mopa 9;

(2) ©,(G)eF ona ecakozo %-a6H0pM€lﬂbH0
NONIHO20 NO02pynnoeo2o m_ -ghynkmopa 0.

IIpumep 2.3. IIycmv § — noxkanvhaa S, -3am-
xkuymas opmayus, ©(F) =P. U nycme G — epynna,

A (G) # G. Toeoa umerom mecmo credyrouue ym-

6EPIACOCHUSL:
(1) [na ecskoco mmuodcecmea epynn @, co-

deporcawgezocs 8 hopmayuu 5,
2@ =) (0) =N (@) .

2) (A“’)ﬁ(G) € Ons 8cAKoOl Henycmou noo-
Ggopmayuu @  gopmayuu  F. B wacmuocmu,
(A)*(G) e .

Taxk kak cormacHo pesynbraty Llnsika B.B. [1,
Teopema 8.11] ZP(G) # G, ecmu G — Hepaspelu-
Masi TpYyIIa, TO CICAyIUIee YTBEPKACHHE YKJIAIbI-
BaeTcs B paMKku yrBepxkaeHus (1) mprmepa 2.3.

Cneocmeue 2.3.1. [[1s 6ciaxo20 MHONCeCmea
epynn @, cooepicauiecocsi 8 opmayul 6Cex Hulb-

nomenmuwvix 2pynn N, nepeceuwenue (A)°(G) scex
HEHOPMANbHBIX, HE NPUHAONENHCAWUX O MAKCU-

ManbHLIX nodepynn Hepaszpeuwiumou epynnvi G cog-
nadaem ¢ A (G)=A(G)eN.

3 IlepecedyeHusi MaKCHMAJbHBIX MNOATPYNI
KOHEYHOIl IpPynmnbl B CBSI3M € PaJMKaJbLHON J0-
kaJbHOil dopmamueii FoON (F=6 FoN) u
PaINKAJIBHO & -a0HOPMAJIBHO TOJHBIM (pamu-

KAJIbHO ¥ -a0HOPMAJIbHO 7' -TOJIHBIM, COOTBET-
CTBEHHO) MOArPYNNOBLIM /-PYHKTOPOM
Teopema 2.3. Ilycmo § =S _F — paduxarvuasn

nokanvHas opmayua, ™(F) =P, G — epynna. U nycmeo

. —5 =
A:Gi (G) % G. Ecnu noozpynna Ao (G)NE(G)
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n' -paspewuma (8 wacmuocmu, noopynna IEAE (G)

T -paspewuma, b0 nooepynna K:a(G) n' -pas-

peuuma), mo umeiom mecmo ciedyiouue ymeep-
JHCOCHUSL.

1[2]. A, (G)=AN(G) =G, =G.

=

-5 = -5
() A (G =P, ~(G)=A_(G)=

= (DEK.GG (G)=®; (G)=ANG) =G, =G

env

0J1s1 8CAKOU PAOUKANLHOU hopmayuu @, codepica-

wetl popmayuio F, U paouKaivHo %-a@iOpMaﬂbHO
' -n0H020 NO02PYnno6ozo m-pynkmopa 6;
(2) @, (G) — nopmanvhas ¢ G nooepynna us3

G, ecu O — paduxanvro ¥ -abHopmansho T'-noi-

Hbl1l NOO2PYNNOGOLL M, ~(YHKMOP.
Jloxazamenbcmeso. 1. Tak kak

A-(G)cA. —(G) %G,
To 1o cneactBuio 2.1.1 memmsr 2.1 u BBUAY yTBEp-
xaenust (2) memmbr 1.1 KE(G):A;:‘(G)E& Tax

KaK
—5
AU G S (A, (G)); =
= A, (G)NG, €A, —(G)NAsg, (G) = A} (G),
T0 (Zi(? (G), =A3(G). CrenoBarenbHo, BBHIY
yrBepkaeHus (3) memwmsr 1.1
—3 5 —3 k
(8.5 (G) [AL(G)), = (A, - (G)), /AT(G)=1.
— - .
A Tak Kak Tpynmna A= An,@(G)GFAQ (G) m'-pas-

pemrMa ¥ QopMmanus F CONEPKUT BCE T'-HUIIb-
NOTEHTHBIE TPYIIIBL, TO

AALG) = F.(4[ALG) < (A, ;- (G) [AL(G)), =1.
3HauuT, B TpymIe Kfc— (G) / Af (G) Her HeenMHUY-
HBIX HOPMAQJbHBIX IOATPYIII IPYIIIbI G/ Af @),
CJIEZIOBATEINIBHO, ZfG— (G) = A%(G). Yreepxnenue |
JIOKa3aHo. A

IL. (1). IIycte 6 — pagukanbHO %-a6H0pManb-
HO 7' -TONHEIHN moarpymmoBoi m-pyakTop. Torma

M- (G) =M, ~(G)c
c MEG— (G) = M (G) c MI(G).
CrenoBarteibHO,
AUG) € D (G) @] (G A, (G).
A Tak Kak 1o yreepxkzenuio I A (G) = Zi@ (G), To

c ~ : -3
A G) =] (G) =D (G)=A_(G).
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CornmacHO  yCIIOBHIO 5 <o,

ﬁinx(G) c Mfﬁ:(c;). A TaK KaK Mfﬁ: (G) € 0(G),

MO3TOMY

—5 — —3 bl
TO Mn,@ (G) = Men’@ (G) = 1\/‘[%,07'P (G) - Mn,?w (G)

OTCIOJIa

U

£GP (OB, (G)=A.(G)

43 Af (G)c A;,E (G) mu Kfc— (G)= AE (G) Temepp

cremyer Zfa(G) = 5? +(G) = AL (G). YrBepxae-

nue 1. (1) nokazano.
II. (2). Tak xak ¢ynkrop 0 sBIseTCS TOA-
rpynnoBsM m, -pyHkropoM, To P, (G) HOpMaib-

Ha B (G, a 3HAYWT, U B d)‘;fn (G), caemoBaTeNbHO,
@, (G) €. Yreepxaenue II nokasaHo. O

Cneocmeue 2.3.1. I[lycmv F=O_ F — paou-
KanvHas aokanvHas popmayus, (%) =P. Eciu G —
n' -pazpewumas epynna u Kf,@(G) # G, mo ume-
rom mecmo ciedyroujue ymeepicOeHusl.

12]. K%(G) —AN(G)c G, G,

IL (1) K%—(G) - o, (G) :Z%—(G) -

—dff —(G) qff (G)=A3(G)c G, cG
0711 8CAKOU paduxanvbHou gopmayuu @, cooeparca-

wet hopmayuio F, u paouKaibHo %—a5H0pMaﬂbH0
7' -NOIHO20 NO02PYNNo8o2o m-pynkmopa 0;
(2) ®, (G) — nopmanvnasn 6 G nodepynna uz

G;,

HblLl NOO2PYNNOBOIL M, -QYHKMOP.

eciu O — padukanvro F -abHOpmanbHO TU' -nOJ-

Cneocmeue 2.3.2. Ilycmv O — paduxanroHo

- ' ) 5
& N -abnopmanvHo T'-nOAHBIL  NOOSPYNNOGOT

m-gynxkmop, G — epynna, (An T (G))@'“m“' (G)#G. Ec-

au noozpynna (A @“m“‘(G)ﬁF(DK(G) n'-pas-

B, (G))
peutuma, mo
(8,57 () = (@] )" (G) =

_ ©. R, R _
- (Anl' (G)) (G) q)e JE, (G) (G) -
=Dy (G)=A,(G)cF.(G)cG
O/ 8CAKOU PAOUKANbHOU hopmayuu @, cooeprca-
weil gopmayuio 6cex T'-HUNLNOMEHMHBIX 2pPYAN
G N ..

B cnyuae, xorma papuxansHo & 9t -aGHOp-
MaJbHO T'-TIOJHBIN MOATPYMIIOBONH m-pyHKTOp 6
BBIJIENIAET B Kaxkaoi rpymnme G camy rpymnmy G u Bce
e€ MakcCHMaJbHble IOATPYNIBI, cieacTBHe 2.3.2

BKJIOUaeT, ¢ y4yéroMm yrBepkaeHus (1) memmbr 1.1,
cnenctaue 3.6.2 reopems! 3.6 u3 [2].
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Cneocmeue 2.3.3. [Iycmv 0 — paoduxanvho

, . .
& N . -abnopmanvrHo T'-noamvii  NOOSPYNNOGOI

m-gyukmop. U nycmo epynna G T'-pazpewuma.
Ecu (A Vo (G) = G, mo

n.F,(G)

(8, )" (6) = (@) ) (6) =

=(A ) (@) =) (@)=
=@, (G)=A(G)cF,(G) =G

0J1s1 8CAKOU PAOUKANLHOU hopmayuu @, cooepica-

0,.F.(G)

weil popmayuio 6cex ' -HUTLNOMEHMHBIX 2PYNN
® xN..

Cnedcmeue 2.34. [lycms 0 — N N -adHop-
MATLHO P -NONHBIL NOOSPYNNOBOL M-DYHKMOP, P —

npocmoe uucno. U nycmo (A %y G)=G.

JF, (G))
G

Ecnu nooepynna (A )y (G)mF (G) paspe-

p.F,(G)

wuma, (6 yacmuocmu, NOOZPynna F (G) paspewiu-

Ma, 6o nooepynna (A o G))p’ d (G) paspewuima), mo

R,N,0

A, (@) =@ )" (G) =

= (Ap,m) o (G) = q)o,,,m (G) =
= qagi (G)=A,(G)cF (G) =G
0151 8CAKOU pAOUKANbHOU hopmayuu @, codepiica-
weil opmayuio 6cex p'-HUTLNOMEHMHBIX ZPYNN
NN,
Crenyromiast Teopema 2.4 — Takxke CIEICTBUE

TeopeMmsl 2.3.
Teopema 2.4. Ilycmo § — paoukaibHas J10Kab-

Hasi popmayus, T(F) =P, G — epynna, K% G)#G.

Ecau epynna Ki— (G) ﬁFAs (G) paspewuma (8 ua-
i

cmHoOCmu, noo2pynna FAE (G) paspewuma, 1ub0 noo-

-3
epynna AG—R(G) paspewuma), mo umelom mecmo

creoyrouue ymeeprcoeHus:

1[2]. X%(G) ~AY(G)c G, cG.

— s -
IL (1) Az(G) = ®, =(G) = Ax-(G) =

=0} (@) =D} (G) = A (G)= G, =G
01 8CAKOU PaduKanibHoll gopmayuu ¢, cooepaica-

wetl popmayuro F, U paouxkaibHoO %—a@top/mmwo
NOJIHO20 NOOSPYNN08020 m-ynkmopa 0,
2) ©,(G) — Hopmanvras ¢ G nodepynna u3

G, ecnu O — padukarvho §-abHOPMANLHO NOI-

Hbl1l NOO2PYNNOGOTL M, ~(YHKMOP.
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3aMeTuM, UYTO COTJIaCHO YTBEp)KIAeHHIO (5)
aemMMmbl 1.1 aOHOpPMAaJbHO TOJHBIH MOATPYIIIOBOH
m-QYHKTOp SIBIISETCS ¥ -a0OHOPMAIBHO TOJHBIM, a
3HAYUT, W PaTUKAIBEHO %—a6HOpMaJ‘IBHO TIOJTHBIM
JUTSL BCSIKOW paJuKalbHOM (popManuu ¥, comepika-
mel Qopmanuio BceX HHIBIIOTEHTHBIX TIpyrm .
Jnst abHOpMaJIbHO TIOJTHOTO TIOATPYIIIIOBOTO 71-(DyHK-
Topa 0, ToKanbHOW (opManu ¥, YHAOBIETBOPSIO-
et yenosuto (%) = P, m mo6oii rpynmer G cripa-
BemBo pasencTso OF (G) =A% (G) BBUIY

M?¥(G) € M*(G) € 8(G).

Ecmu k ToMy ke § — paaukambHas (popmanus, TO
—3 =5
@U’G—ﬁ G)= AQ (G) xak 11 aOHOPMANBHO TIOJIHOTO,

Tak ¥ UIA PaguKalbHO §—36HOpMaJIBHO TIOJTHOTO
noarpymnmnoBoro m-pyskropa 6. Takum oOpasom,
caencteue 5.1 teopeMbl 5 u3 [4] paBHOCWIBHO YT-
BEPXKICHUIO caMoil TeopeMbl 5 [4] B yCIOBUSIX
MPEIbSBISCMBIX B HEW TpeOoBaHMA K (yHKTOPY 0,
¢dopmaru F u k rpynne G, a yrBepxkaenue 11. (1)
TeopeMsl 2.4 0000ImaeT u yCuInBaeT Teopemy S [4],
JIOKa3aHHYIO U5l aOHOPMAJBHO IOJHOTO PeryJisip-
Horo m, -pyHkTOpa U paspemumoii rpynnsl G. Ha-

MOMHMM: MOATPYIMOBOH m -QyHKTOp O Has3bIBaeT-

Csl perymsipHbIM [5], ecnu amst m000i HOpMabHON
noarpynnsl N rpynnsl G BEIONHSEOTCS CIEIYIO-
IIME YCIIOBUSL:

1) u3 H €6(G) Bcerma cnemyer

HN/N < 0(G/N);
2)us H/N €0(G/N) Bcerna cnenyer H €0(G).

Bo3MoxHBIE TIPUIIOKEHUST TEOPEMBI 2.3 U Teo-
pembl 2.4 MOryT OBITH NPOWUTIOCTPHUPOBAHBI CJe-
JYIOIINM ITPUMEPOM.

IlIpumep 2.4. Cnpasednugvl credyroujue ym-
8EPHCOCHUSL:

L. Ilyems F=©_F — paouxanrvuas nokanvhas

popmayusa, n(F)=P, G — epynna. U nycmo
Zicj (G) # G, nooepynna Ziej (G) mFA§ (G) ='-paz-
peuwuma. Tozoa: |

(1) Zic— G)= (Aiaﬁ(G) =A3(G)c G, cG
07151 BCSIKO20 ;wyoofcecmec; 2pynn @, codepaicauezo-
ca 8 ghopmayuu F;

2) (A:’CT.} )g (G) — nopmanvuas ¢ G nooepynna
us Gy O0na ecakoul menycmoi noogopmayuu @
Gopmayuu F; 6 wacmuocmu, (A“’GTK )E (G) — Hop-
manvhas 6 G nooepynna uz Gy.

I Ilycme & — padukanvhas rokanvHas popma-

yus, ©(F) =P, G — epynna. U nycmeo K% G =G,
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nooepynna Ki— G FAR (G) paspewuma. Tozoa:

(1) K%(G) = (AL () =AY (GG, G
0711 BCAKO20 MHOJICECBA 2PYIN (, COOepIHCAUe20-
csi 6 popmayuu F;

2) (A%a )§ (G) — Hopmanvras ¢ G nooepynna
us Gy ona ecakou wenycmot noogopmayuu @
dopmayuu F; 6 uacmuocmu, (AG—K)E(G) — Hop-
manvnas 6 G nooepynna uz Gy.

Lokazamenvcmso. 1. (1) Onpenenum noarpyI-
oot m-pyHkrop 6 Ha Kaxkmoil rpymme G cre-

nyiommm o6pasom: 8(G) = {G} UM®_)*(G), ¢ -
™0y
HEKOTOpPOE TMOJMHOXKECTBO TIpPymil (GopMaIuu .

¥ e Vi _
Tak kak (Mn,g)w(G)QMmcj(G)’ T0 0 pau-

KaJIbHO % -a0HOpPMANBFHO 7' -TIOJHBIN TOATPYIIIO-
BOI1 m-(QyHKTOp. A Tak KakK, O4YeBHIHO,
(M )"(G) =M, (G) =M} (G) =M} (G),

To yrBepkaeHue (1) BbiTekaer u3 yrBepskaeHus II.
(1) Teopemsr 2.3.

I. (2) PaccMoTpuM mOATPYNIIOBOH 71-(YHKTOP
0, ompenenéHHbIi Ha Kaxmou rpynme G clieayo-

muM obpazom: 0(G) = {G}U(M:,G—N)g(G), o -
HemycTasi 1o opMarys @opMaum: %. Tak xak
0(G)=0_(G)> Mf@ (G), 10 O — pammkanbHO
%-a6H0pMaJ‘ILHO 7' -[IOJHBIA HOATPYIIIOBOM 71, -(DyHK-
Top; cben(G):(Aj@)ﬁ(c)gxf@(c). Crienosa-
TEJBHO, (Ai’;&)g(G)e% no yrBepxkaenuro 11.(2)

Teopembl 2.3. YTBepkaeHust | o6ocHOBaHbI, yTBEp-
skaenust [1 — cneactBust yrBepxkaeHuit 1.

W3 cnenctBust 2.3.2 TeopeMsl 2.3, ¢ y4€ToM yT-
BepkaeHus (4) I nemmsl 1.1, BeITEKaeT ciaenyromuii
pe3yJbTar.

Teopema 2.5. [lycmov G — epynna, 8 — padu-

KanvHo N -aOHOPMANLHO  NONHBIL  NOOSPYNNOBOU
m-gyukmop. U nycmo Z?(T) (G) # G, npuuém noo-
epynna Z% (G)NF(G) paspewuma (6 vacmmocmu,
noozpynna F(G)  paspewuma, nubo nodepynna
foc) (G) paspewuma). Tocoa Z% (G)= 5;07 G)=
—a \
= AvGi(G) = cDgf%(G) =@} (G)=AG)cFG) cG
0151 8CAKOU PAOUKANbHOU hopmayuu @, codepiica-
wetl popmayuio cex HuLLNOMEHmubIX 2pynn N.
[Monaras 6(G) = {G} UM(G) ana N -abHOp-

MaJIFHO TIOJTHOTO IOJIPYMIIOBOTO m-(pyHKTOpa O H
06011 rpynmsl G, U3 TEOPEMBI 2.5 TIoTydaeM

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (31), 2017



Hepecelteuuﬂ MAKCUMATIbHBIX nobzpynn KOHeuHOU 2pynnbsl 6 C6A3U C TOKAIbHbIMU d)op,wauumu u OéOéméllllO aﬁuopma/lbuo NOJIHbIM...

Cneocmeue 2.5.1. Ilyemv G — epynna,

At (G) % G. Ecnu nodepynna Ak (G) N E(G)

paspewuma (8 wacmuocmu, nodepynna F(G) pas-
pewuma, 1bo nodepynna Z% (G) paspewuma), mo
A5 (G) = 0ii(G) = A (G) = A(G) c F(G) = G

01 8CAKOU pAOUKAnbHOU ghopmayuu @, cooepirca-

wetl popmayuio cex HuILNOMEHMHbIX 2pynn N.

CnenctBue 2.5.1 Teopemsl 2.5 ycunmBaer
cnencteue 5.2 paboThl [4] M BKIIOYAET CIIEICTBHE
3.6.3 Teopemsr 3.6 [2].
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KOHEYHBIE I'PYIIIIbI, n-MAKCUMAJIBHBIE NOJAT'PYIIIIBI KOTOPBIX
ABJAIOTCA OBOBIIEHHO S-KBASUHOPMAJIBHBIMU

bun Xy', I3aubxyH Xyan', A.H. Cku6a’
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Lzancyckuii nedazoeuyeckuti ynugepcumem, Crotiusicoy

2 o .

Tomenvcruti 2ocyoapecmeennwiii ynugepcumem um. @. Cxopumnvl

FINITE GROUPS WHOSE n-MAXIMAL SUBGROUPS
ARE GENERALIZED S-QUASINORMAL

Bin Hu', Jianhong Huang', A.N. Skiba’

"Jiangsu Normal University, Xuzhou
’F. Scorina Gomel State University

ITycts G — xoHeuHas rpymmna u M — noarpynmna u3 G. Torna M HaseiBaeTcs:: MoOdyaaphoti B G, €CIIY BBIIOIHSIOTCS CIIEAyIOIIUe
ycnoBust: (i) <X,M mZ> =<X,M>r\Z st Beex X <G, Z <G rtakux, uro X < Z, u (ii) <M,Yr\Z>= <M,Y>mZ IUUISL BCEX
Y<G,Z<G rtakux, uto M <Z; keazuHopmanbHoll (COOTBETCTBEHHO S-k6asuropmanvroll) B G, ecnu MP = PM nns Bcex
MOArpymnn (COOTBETCTBEHHO ISl BCEX CHIOBCKUX moarpymi) P u3 G. Mbl ToBopuM, 4to M SIBISIeTCS 0000WeHHO cyOHOpMAab-

HOU (COOTBETCTBEHHO 0000WenHo S-kéazunopmanvhoil) noarpymmnoi G, ecnmu H :<A,B> JUIE HEKOTOPOW MOJYJISIPHOM TOJ-
rpyrmsl A 1 cyOHOPMaJIbHOM (COOTBETCTBEHHO S-KBa3MHOPMaIIbHOH) moarpymmsl B uz G. Ecorm M, <M, <..<M, <M, =G,

n-1
rae M, —MakcuMaibHas noarpynmna B M, juist Beex i=1,...,n, To M, (n>0) sBusercs n-maxcumanvnou noozpynnoii 8 G.

B pa0oTe n3yuaroTcs KOHEUHbIE IPYIIIIBI, 7-MaKCUMaJIbHbIE IIOATPYIIIbI KOTOPBIX SABJIAIOTCSA 0000IEHHO CyOHOPMaIbHBIMU WITH
0000IIeHHO S-KBa3UHOPMAIbHBIMU.

Kntouesvle cnosa xoneunas epynna, S-K8A3UHOPMATIbHAL NOOSPYRNA, MOOYIAPHAS NOOZPYNNA, 000OWEHHO CYOHOPMATbHAS
nooepynna, 0606ujeHHo S-K8a3UHOPMANbHAS NOOSPYNNA.

Let G be a finite group and M a subgroup of G. Then M is called: modular in G if the following conditions are held:
@) (X, MNZ)=(X,M)nZ forall X<G,Z<G suchthat X<Z, and (i) (M,YNZ)=(M,Y)nZ forall Y<G,Z<G
such that M < Z; quasinormal (respectively S-quasinormal) in G if MP = PM for all subgroups (respectively for all Sylow
subgroups) P of G. We say that M is a generalized subnormal (respectively generalized S-quasinormal) subgroup of G if
H= <A,B> for some modular subgroup 4 and subnormal (respectively S-quasinormal) subgroup B of G. If M, <M,  <..<

n-1
<M,<M,=G, where M, is a maximal subgroup of M, forall i=1,..,n, then M, (n>0) is an n-maximal subgroup of

G. In this paper, we study finite groups whose n-maximal subgroups are generalized subnormal or generalized S-quasinormal.

Keywords: finite group, S-quasinormal subgroup, modular subgroup, generalized subnormal subgroup, generalized S-quasi-

normal subgroup.

Introduction
Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, n(G)

is the set of all primes dividing the order | G| of G.
The symbol H; denotes the largest normal sub-

group of G contained in H <G. Weuse 91 and 4
to denote the classes of all nilpotent and of all super-
soluble groups, respectively. We use C, to denote a

cyclic group of order n.

A subgroup M of G is called modular if M is a
modular element (in the sense of Kurosh [1, p. 43])
of the lattice L(G) of all subgroups of G, that is,

() (X, MNZ)=(X,M)nZ for all X <G,
Z <G suchthat X <Z, and

(i) (M.YNZ)=(M.,Y)nZ for all Y<G,
Z <G suchthat M <Z.
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A subgroup H of G is said to be quasinormal
(respectively S-quasinormal) in G if H permutes
with every subgroup (respectively with every Sylow
subgroup) P of G, thatis, HP = PH.

Note in passing that, in view of Theorem 5.1.1
in [1] and the Kegel results about the S-quasinormal
subgroups (see [2] or [3, Theorem 1.2.14]), H is
quasinormal in G if and only if H is both modular
and S-qusinormal in G.

We say that G is: nearly nilpotent if G is super-
soluble and G induces on any its non-Frattini chief
factor H/K (thatis, H/K ¢« ®(G/K)) an auto-
morphism group of order dividing a prime; srtongly
supersoluble if G is supersoluble and G induces on
any its chief factor H /K an automorphism group
of square free order. Nearly nilpotent and strongly

supersoluble groups were studied respectively in [4]
and [5], [6].
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It is clear that the group C,xAut(C,) is
strongly supersoluble but it is not nearly nilpotent;
the group C,, X Aut(C,,) is supersoluble but it is not
strongly supersoluble; the group S, is nearly nilpo-

tent but it is not nilpotent.
Recall that if
M, <M, _ <.<M<M,=G, 0.1)

where M, is a maximal subgroup of M, , for all

n-1

i=1,...,n, then the chain (0.1) is said to be a maxi-
mal chain of G of length n and M, (n>0) is an

n-maximal subgroup of G.
The relationship between n-maximal subgroups
(where n>1) of G and the structure of G was

studied by many authors (see, in particular, the re-
cent papers [7]-[14] and Chapter 4 in the book [15]).
One of the earliest results in this line research was
obtained by Huppert in the article [16] who estab-
lished the supersolubility of the group whose all
second maximal subgroups are normal. In the same
article Huppert proved also that if all 3-maximal
subgroups of G are normal in G, then the commu-

tator subgroup G’ of G is a nilpotent group and the
principal rank of G is at most 2. These two results
were developed by many authors. In particular,
Schmidt proved [4] that if all 2-maximal subgroups
of G are modular in G, then G is supersoluble.
Spencer studied [17] the groups G whose every
n-maximal chain includes at least one proper sub-
normal subgroup of G. Mann proved [18] that if all
n-maximal subgroups of a soluble group G are sub-
normal and » <|n(G)|—-1, then G is nilpotent; but

if n<|n(G)|+1, then G is ¢ -dispersive for some
ordering ¢ of the set of all primes P. Finally, in the
case n <|n(G)| Mann described G completely.

Our main goal here is to obtain generalizations
of some of these results on the base of the following

Definition 0.1. Let H be a subgroup of G. Then
we say that H is:

(1) generalized subnormal in G if H = <A,B>

for some modular subgroup 4 and subnormal sub-
group B of G.

(2) generalized S-quasinormal in G if H = <A,B>

for some modular subgroup A4 and S-quasinormal
subgroup B of G.

1 Main results

It is clear that every modular and every sub-
normal subgroup are generalized subnormal. Every
S-quasinormal  subgroup is  generalized S-
quasinormal. Every generalized S-quasinormal sub-
group is a generalized subnormal subgroup in view
of Lemma 2.4 (4) below.

Consider the following

Example 1.1. Let p,q,r,t be distinct primes,

where ¢g divides p—1 and ¢ divides r—1. Let
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V=0xC,, where QO is a simple F C, -module
which is faithful for C,. Let P be a simple F,J -mo-
dule which is faithful for 7, and let C xC, be a
non-abelian group of order 7t. Let 4=C,.

(i) Let G=(OxC,)x(C,xC,). Let B be a
subgroup of order ¢ in Q. Then B<(Q since
p>q. Let H= (A,B). In view of [1, Theorem 5.1.9],

A is modular in G. Hence H is generalized sub-
normal in G.

Assume that H is modular in G. Then
B=HnN(QxC,) is modular in (OxC,) by [1,
p- 201]. Hence Q is cyclic by Lemma 2.1 (i) below.

This contradiction shows that A is not modular in
G. Similarly, if H is subnormal in G, then

C,=HnN(C,xC,) is subnormal in C, xC, by [19,
A, 14.1] and so C, is normal in C, xC,. But then
C xC, is abelian. This contradiction shows that H
is not subnormal in G.

(i) Now, let G=(Px(QOxC,)x(C,xC).
Since g divides p—1, PQ is supersoluble. Hence
for some normal subgroup B of PQ we have
1< B < P. Then for every Sylow p-subgroup G, of
G we have B<P<G,, so BG,=G,=G,B. On
the other hand, for every Sylow g-subgroup Q* of
G we have Q" < PQ, so BQ" =Q"B. Hence B is
S-quasinormal in G. In view of [1, Theorem 5.1.9],
A=C, is modular in G. Then H :<A,B> is gener-

alized S-quasinormal in G. Moreover, H is neither
modular nor S-quasinormal in G.

Observe that if G is nilpotent, then every sub-
group of G is generalized quasinormal in G. In the
case of non-nilpotent groups we obtain the following
useful facts.

Theorem A (Huang, Hu, Skiba [20]). Suppose
that G is non-nilpotent. Then every maximal chain of
length 2 in G includes a proper generalized subnor-
mal subgroup of G if and only if G is either nearly
nilpotent or a Schmidt group (that is, a non-nilpotent
group all of which subgroups are nilpotent) with
abelian Sylow subgroups.

Corollary 1.2. If either every maximal sub-
group of G is generalized subnormal in G or every
2-maximal subgroup of G is generalized S-quasi-
normal in G, then G is nearly nilpotent. Hence G is
strongly supersoluble.

Corollary 1.3 (Schmidt [4]). If every 2-maxi-
mal subgroup M of G is modular, then G is nearly
nilpotent.

Corollary 1.4 (Agrawal [21]). If every 2-ma-
ximal subgroup of G is S-quasinormal in G, then G
is supersoluble.

Note that Theorem A and Corollary 1.3 are the
basis in the proofs of all other results of this paper.
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In particular, being based on Corollary 1.3 we obtain
the following modular analogue of the first among
the above-mentioned Mann results.

Theorem B (Huang, Hu, Skiba [20]). Suppose
that G is soluble and every n-maximal subgroup of
G is generalized S-quasinormal in G. If n <|n(G) |,
then G is strongly supersoluble and G induces on
any its non-Frattini chief factor H/ K an automor-
phism group of order dividing p,---p,, where
m<n and p,,...,p, are distinct primes.

The example of the alternating group A4, of
degree 4 shows that the restrictions on |n(G)| in

Theorem B cannot be weakened.

Corollary 1.5 (Huang, Hu, Zheng [22]). Sup-
pose that G is soluble and every n-maximal sub-
group of G is modular in G. If n<|n(G)|, then G
is strongly supersoluble.

As another application of Theorem B, we prove
also the following

Theorem C (Huang, Hu, Skiba [20]). Suppose
that every 3-maximal subgroup of G is generalized
S-quasinormal in G. If G is not supersoluble, then

either G is a group of order pq* for some distinct
primes p and q, or G=0QxP, where Q=C.(Q)
is a quaternion group of order 8 and | P |=3.

Corollary 1.6 (Schmidt [4]). If every 3-ma-
ximal subgroup M of G is modular in G and G is
not supersoluble, then either G is a group of order
pq’>  for some distinct primes p and gq or
G=0xP, where Q=C,i(Q) is a quaternion
group of order 8 and | P |=3.

As a first step in the proof of Theorem C, we
prove the following

Theorem D (Huang, Hu, Skiba [20]). (i) If
every maximal chain of G of length 3 includes a
proper generalized subnormal subgroup of G, then
G is soluble.

Corollary 1.7 (Spencer [17]). If every maximal
chain of G of length 3 includes a proper subnormal
subgroup of G, then G is soluble.

Recall that the rank r(G) of a soluble group G
is the maximal integer k such that G has a chief fac-
tor of order p* for some prime p (see [23, p. 685]).

Theorem E (Huang, Hu, Skiba [20]). Suppose
that G is soluble and each n-maximal subgroup of
G (n>1) is generalized S-quasinormal in G. Then

r(G)<n-1.
Corollary 1.8. Suppose that G is soluble and
each n-maximal subgroup of G (n>1) is either

modular or S-quasinormal in G. Then r(G)<n—1.
Corollary 1.9 (Mann [18]). Suppose that G is
soluble and each n-maximal subgroup of G (n>1)

is quasinormal in G. Then r(G)<n—1.
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2 Properties of generalized subnormal and
generalized S -quasinormal subgroups

The proofs of Theorems A, B, C, D and E are
based on the properties of generalized subnormal
and generalized S-quasinormal subgroups which we
investigate in the given section.

A normal subgroup A of G is said to be Ay-
percyclically embedded in G [1, p. 217] if either
A=1 or A#1 and every chief factor of G below
4 is cyclic. We use Z, (G) to denote the product of
all normal hypercyclically embedded subgroups of
G. It is clear that a normal subgroup 4 of G is
hypercyclically embedded in G if and only if
A<Z (G).

Recall that G is said to be a P-group [1, p. 49]
if G= A>4<t> with an elementary abelian p-group

A and an element ¢ of prime order g # p induces a

non-trivial power automorphism on A4.

The following two lemmas collect the proper-
ties of modular subgroups which we use in our
proofs.

Lemma 2.1 (See Theorems 5.1.14 and 5.2.5 in
[1]). Let M be a modular subgroup of G.

(1) M /M, is nilpotent and
M /M, <Z(GIM,).
(i) If M, =1, then
G=S§xxS xK,
where 0<reZ and forall i,je{l,...,r},

(a) S, is a non-abelian P-group,

®) (S LIS, D=1=(S, LI K|) forall i ],

() M=0,x-xO. x(MNK) and Q, is a
non-normal Sylow subgroup of S,,

(d) M nK is quasinormal in G.

Lemma 2.2 [1, p. 201]. Let A, B and N be
subgroups of G, where A is modular in G and N
is normal in G.

(1) If B is modular in G, then (A,B) is
modular in G.

(2) AN/ N is modularin G/ N .

(3) N is modular in G.

(4)If AL B, then A is modularin B.

(5) If @ is an isomorphism of G onto G, then
A° is modular in G.

() If N<B and B/ N is modularin G, then
B is modular in G.

(7) A maximal subgroup M of G is modular
in G ifand only if |G/ M| divides pq for some
primes p #q (see[1]).

Lemma 2.3. Let A, B and N be subgroups of
G, where A is generalized subnormal in G and

N is normal in G.
(1) AN/ N is generalized subnormal in G/ N .
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(2) If A< B, then A is generalized subnormal
in B.

(3) If N<B and B/ N is generalized sub-
normal in G/ N, then B is generalized subnormal
in G.

(4) If ¢ is an isomorphism of G onto G, then
A° is generalized subnormal in G.

(5) If B is generalized subnormal in G, then
<A,B> is generalized subnormal in G.

(6) If A is a maximal subgroup of G, then
|G/ A | divides pq for some primes p # q.

Proof. Let A= (L, T >, where L is a modular
and T is a subnormal subgroups of G.

(1) AN/N=(LN/N,TN/N), where LN /N
is modular in G/ N by Lemma 2.2 (2) and TN/ N
is subnormal in G/N by [19, A, 14.1]. Hence
AN/ N is generalized subnormal in G/ N.

(2) This follows from Lemma 2.2 (4) and
Lemma 14.1in[19, A].

(3)Let B/N =(V/N,W/N), where V' /N is
modular in G/N and W/N is subnormal in
G/N. Then B=(V,W), where V' is modular in
G by Lemma 2.2 (6) and W is subnormal in G, so

B is generalized subnormal in G.
(4) This follows from Lemma 2.2 (5).
(5) Let B= (V, W>, where V' is a modular and

W is a subnormal subgroups of G. Then

(4.B)=((L.T).(r.w ) = {(LV).(T.W)),
where (L, V) is modular in G by Lemma 2.2 (1)
and <T,W,> is subnormal in G by [19, A, 14.4].
Hence (A, B) is generalized subnormal in G.

(6) First note that 4/ A, is a maximal general-
ized subnormal subgroup of G/A4, by Part (1).
Hence we can assume without loss of generality that
A, =1, so G=RA for some minimal normal sub-
group R of G. Then T°=T*=T"<4, =1 by
[19, A, 14.3]. Hence 4= L is a modular subgroup
of G, so we have (6) by Lemma 2.2 (7). O

Lemma 2.4 (See Chapter 1 in [3]). Let A, B
and N be subgroups of G, where A is S-quasinormal
in G and N is normalin G.

(1) AN/ N is S-quasinormal in G/ N .

(2)If AL B, then A is S-quasinormal in B.

(3)If N<B and B/N is S-quasinormal in
G/ N, then B is S-quasinormal in G.

(4) A is subnormal in G and A°/ A, is nil-
potent.

(5) If B is S-quasinormal in G, then <A,B> is

S-quasinormal in G.
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Lemma 2.5. Let A, B and N be subgroups of
G, where A is generalized S-quasinormal in G
and N is normal in G.

(1) AN/ N is generalized S-quasinormal in
G/N.

(2) If A< B, then A is generalized S-quasi-
normal in B.

(B)If N<B and B/ N is generalized S-qua-
sinormal in G/ N, then B is generalized S-qua-
sinormal in G.

@) If @ is an isomorphism of G onto G, then

A° is generalized S-quasinormal in G.
(5) If B is generalized S-quasinormal in G,

then <A,B> is generalized S-quasinormal in G.

Proof. See the proof of Lemma 2.3 and use
Lemma 2.4 instead of Lemma 14.1 in [19, A].

Lemma 2.6. Suppose that G is soluble, and let
N #G be a minimal normal subgroup of G. Sup-
pose also that every n-maximal subgroup of G is
generalized subnormal (respectively generalized
S-quasinormal) in G, where n <|n(G)|+r for some

integer r. Then there is a natural number m<n
such that every m-maximal subgroup of G/ N is
generalized subnormal (respectively generalized S-qua-
sinormal) in G/ N and m < n(G/ N)|+r.

Proof. First assume that N is not a Sylow sub-
group of G. Then | (G /N)|=|n(G)|. Moreover, if
H /N is an n-maximal subgroup of G/N, then H
is an n-maximal subgroup of G, so H is generalized
subnormal (respectively generalized S-quasinormal)
in G by hypothesis. Consequently, H /N is gener-
alized subnormal (respectively generalized S-quasi-
normal) in G/ N by Lemma 2.3 (1) (respectively by
Lemma 2.5 (1)). On the other hand, if G/N in-
cludes no n-maximal subgroups, then the identity
subgroup / of G/ N is the unique m-maximal sub-
group of G/ N for some

m<n<|(G)|+r=|n(G/N)|+r.
Thus the conclusion of the lemma is fulfilled for
G/N.

Finally, consider the case that N is a Sylow
p-subgroup of G. Let E be a p-complement of G.
It is clear that | n(E) |=| n(G)| -1 and E is a maxi-

mal subgroup of G. Therefore, every (n—1)-maxi-

mal subgroup of E is generalized subnormal (re-
spectively generalized S-quasinormal) in E by
Lemma 2.3 (2) (respectively by Lemma 2.5 (2)).
Thus, by the isomorphism G/N =E, Lemma
2.3 (4) (respectively by Lemma 2.5 (4)) implies that
every (n-—1)-maximal subgroup of G/N is gener-
alized subnormal (respectively generalized S-quasi-
normal) in G/ N, and also we have

n—1<|n(G)|-1+r=n(G/N)|+r. O
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Lemma 2.7. Let G=RxM be a soluble
primitive group, where R=C,(R)=0,(G) is a mi-
nimal normal subgroup of G. Let T #1 be a sub-
group of G. Suppose that G is not nearly nilpotent.

() If T<M, then T is not generalized sub-
normal in G.

(2) If T <R, then some subgroup V of R with
|V |=|T | is not generalized S-quasinormal in G.

Proof. (1) Suppose that T :<A,B>, where A4
is modular and B is subnormal in G. Then T is
not subnormal in G since otherwise

1<B=B" =B" <M, =1
by [19, A, 14.3]. Therefore A4 is not quasinormal in
G by Lemma 2.4 (4). Since G is a soluble primi-
tive group, it follows by Lemma 2.1 (ii) that G is a
P-group since T, <M, =1. But then G is nearly
nilpotent, a contradiction. Hence 7T is not general-
ized subnormal in G.

(2) Let V' be a subgroup of R with |V |=T|
such that V' is normal in a Sylow p-subgroup of G.
Suppose that V = (A, B>, where A is modular and

B is S-quasinormal in G. If A=1, then
1<A<RNZ (G) by Lemma 2.1 (i) since 4, =1
and so R<Z (G). But then |R|=p, contrary to
1<T<R. Hence V=B is S-quasinormal in G.
Then for every Sylow g-subgroup Q of G, where
q#p, we have VOQ=QV and so V=RnNVQ.
Hence Q< N.(V). Thus V' is normal in G, which
contradicts the minimality of R. O

Let X be a class of groups. A group G is
called a minimal non-X -group [15] or X -critical
group [19] if G is not in X but all proper sub-
groups of G are in X. An 1 -critical group is also
called a Schmidt group.

Lemma 2.8 [15, 1, Propositions 1.8, 1.11 and
1.12]. The following claims hold for every 3 -cri-
tical (that is, a minimal non-supersoluble) group G-

(1) G is soluble and | n(G) |< 3.

(2) G" is the unique normal Sylow subgroup
of G.

(3) If S is a complement to G* in G, then
S/ SNO(G) is either a cyclic prime power order

group or a Miller-Moreno (that is, a minimal non-
abelian) group.

4) G* / D(G") is a non-cyclic chief factor of G.
(5) If G* is non-abelian, then the center,

commutator subgroup, and Frattini subgroup of G*
coincide with one another.

(6) If p>2, then G* is of exponent p; for
p =2 the exponent of G* is at most 4.
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Lemma 2.9 [24, Lemma 12.8]. If H/K is an
abelian chief factor of G and M is a maximal sub-
group of G such that K <M and MH =G, then

G/M,=(H/K)x(G/C,(H/K))=
=(HM, /M) (G/C,(HM;/M)).

We use 91, and 4 to denote the classes of all
nearly nilpotent and of all strongly supersoluble
groups, respectively.

Recall that a class of soluble groups X is a
Schunck class [19, 1II, 2.7] if GeX whenever
G/ Mg e X for all maximal subgroups M of G.

Proposition 2.10. The class of all nearly nilpo-
tent groups N, is a Schunck class, and I, < 4 _.
Hence every homomorphic image of any nearly nil-
potent group is nearly nilpotent, and G is nearly
nilpotent whenever G/ ®(G) is nearly nilpotent.

Proof. Suppose that for every maximal sub-
group M of G we have G/M e, . Then

G/ ®(G) is supersoluble, so G is supersoluble. If
H /K is anon-Frattini chief factor of G and M is
a maximal subgroup of G such that K <M and
MH =G, then G/M,=(H/K)x(G/C,(H/K))
by Lemma 2.9. Since clearly

C(H/K)(G/CU(H/K))(H/K) =H/K,

it follows that | G/ C,(H / K) |= p is a prime. Hence
G € N,. Therefore 9, is a Schunck class, so every
homomorphic image of any nearly nilpotent group is
nearly nilpotent, and G is nearly nilpotent whenever
G/ ®(G) is nearly nilpotent by [19, 111, 2.7].

Now we show that every nearly nilpotent group
G is strongly supersoluble. Assume that this is false
and let G be a counterexample of minimal order.
Let R be a minimal normal subgroup of G. Then
G/ R is strongly supersoluble by the choice of G
since G/R is nearly nilpotent. Moreover, if
R<®D(G), then G is strongly supersoluble by
Theorem A in [6], contrary to the choice of G.
Therefore R £ ®(G), so G/C,;(R) divides a prime

since G is nearly nilpotent. Therefore G is strongly
supersoluble by the Jordan-Holder theorem. This
contradiction completes the proof of the proposition.
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A CRITERION FOR A FINITE GROUP
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I.M. Dergacheva, I.P. Shabalina, E.A. Zadorozhnyuk

Belarusian State University of Transport

Jloka3bIBaeTcst CIENYIONMIT pe3yNbTaT: nycms F — maxas HAcnedcmeeHHas HAClUeHHas GopmMayus p-paspeuiumplx pynn,

codeporcawas éce p-ceepxpaspeutumvie epynnol, umo F =G, F. Iyemo G = AT, 20e A —xonnoea m-nodepynna usz G, p¢n

u T — p-ceéepxpaspewumas nooepynna uz G. Ilpeononosicum, umo ons cunogckoi p-nooepynnvt P uz T mul umeem | P[> p. Ecnu

A nepecmanosouna ¢ xonnosoi p'-noozpynnoi uz T u co écemu makumu MaKcumaibHeimu noozpynnamu V uz P, umo

GTNPLV, mo GeF.

Knrouesvie cnosa: xoneunas epynna, Hacvlujennas opmayusi, p-paspeuumas epynna, p-c6epxpaspewumas epynnd, Xouioea

nooepynna.

We prove the following result: Let F be a hereditary saturated formation of p-soluble groups containing all p-supersoluble

groups such that F =G, F. Let G=AT, where A is a Hall n-subgroup of G, p¢n and T is a p-supersoluble subgroup of

G. Suppose that for a Sylow p-subgroup P of T we have |P|> p. If A permutes with a Hall p'-subgroup of T and with all

maximal subgroups V of P such that G NP £V, then Ge F.

Keywords: finite group, saturated formation, p-soluble group, p-supersoluble group, Hall subgroup.

Introduction

Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, p is al-
ways supposed to be a prime and 7 is a non-empty
subset of the set P of all primes; p’ denotes the set
of all primes g # p. A subgroup H of G is said to
permute with a subgroup K of G if HK = KH.

By the well known Hall theorem [1], G is solu-
ble if every Sylow subgroup P of G has a comple-
ment 7 in G, that is, a subgroup of G such that
PT =G and PNT =1. The example of the alter-
nating group A; shows that such a result is incorrect
in general if we consider only the Sylow p-sub-
groups for some fixed p. Nevertheless, B. Huppert
[2] proved that if a Sylow p-subgroup P of G has a
complement 7 in G, |P|> p and T permutes with
every maximal subgroup of P, then G is p-soluble.
This result was improved in some directions. V. Ser-
gienko [3] on the base of this result proved that if a
Sylow p-subgroup P of G has a complement 7 in G,
there is a number p* such that 1< p* <|P| and T

permutes with all subgroups of P of order p* and
P is abelian in the case p" =2, then G is p-so-luble

and the p-length of G is equal to 1. Further,
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M. Borovikov [4] proved that under these condi-
tions, G is even p-supersoluble. In [5] W. Guo,
K.P. Shum and A.N. Skiba proved that if G = AT,
where A is a Hall m-subgroup of G, T is nilpotent,
and 4 permutes with all Sylow subgroups of 7" and
with all maximal subgroups of any Sylow subgroup
of T, then G is p-supersoluble, for each prime p ¢ nt

such that |7, [> p for a Sylow p-subgroup T, of 7.

See also papers [6], [7].

In this paper we prove the following result in
this line researches.

Theorem. Let F be a hereditary saturated
formation of p-soluble groups containing all p-
supersoluble groups such that F =G,F. Let

G = AT, where A is a Hall m-subgroup of G,
p¢en and T is a p-supersoluble subgroup of G.

Suppose that for a Sylow p-subgroup P of T we have
| P[> p. If A permutes with a Hall p'-subgroup of
T and with all maximal subgroups V of P such that
G" "\PLV, then Ge F.

All unexplained notation and terminology are
standard. The reader is referred to [8]-[10] or [11] if
necessary.



A criterion for a finite group to belong a saturated formation

1 Preliminaries
Lemma 1.1. Let F be a hereditary formation.

Let HSE<G and E,<G,, where E, and G,
are Sylow p-subgroups of E and G, respectively.
Suppose also that H < E,,.

(1) If N is a normal subgroup of G and
(G/NY  n"(PN/N)% HN /N, then G" "P £ H.
() If EX NE, £ H, then G" NG, £ H.

Proof. (1) Assume that G "P<H. Then
N(G” nP)< NH, so

(G/N)" n(PN/N)=
=(G"N/N)N(PN/N)=N(G"NnP)/N =
=N(G" "PYNNP)/N =
=N(G" nP)/N<NH/N,
a contradiction. Hence we have G* N P £H.

(2) Since the formation JF is hereditary,
E/ENnG” =EG” /G” € F. Hence this assertion
directly follows from the inclusion
ETNE, <G" nG,. O

Lemma 1.2. If G is p-supersoluble and
0,(G)=1, then G is supersoluble and F(G)=
=0,(G) is normal Sylow p-subgroup of G, where
p is the largest prime dividing |G |.

Lemma 1.3. Let F be a saturated formation
containing supersoluble groups and E a minimal
normal subgroup of G such that G/ Ee F. If E is
abelian and F -central, then G € F.

Proof. Clearly, we can suppose that E £ ®(G).
Let M be a maximal subgroup of G such that
G=ExM andlet C=C,;(E). Then M; =CnM
and so

G/M,=(EM,/IMH)X(M/M;)eF
since M /M, =G/CeF. Thus
G=G/EnM eF. O

Lemma 1.4 (O.H. Kegel [12]). Let A and B be
subgroups of G such that G # AB and AB* =B*A
for all xeG. Then G has a proper normal sub-
group N such that either A< N or B<N.

Lemma 1.5 (V.N. Knyagina and V.S. Monak-
hov [13]). Let H, K and N be subgroups of G. If
H is a Hall subgroup of G and H permutes with
K, then

NNHK =(NnH)(NnK).

2 Proof of Theorem

Assume that this theorem is false and let G be
a counterexample of minimal order. Then G” #1.
We proceed our proof by proving the following
claims:

(1) 0,(G)=1.
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In view of Lemma 1.1(1), the hypothesis still
holds for G/ D and so G/D € F by the choice of

G. But then GeF since 7 =G, F, a contradic-
tion. Thus we have (1).

() G"nP=1.

Indeed, if G" NP =1, then G" isa p'-group.
Hence G” =1 by Claim (1), a contradiction.

(3) T is supersoluble, O,(T)=1 and P is
normalin T.

Since O, (T) is normal in 7,

(0,(T)° =(0,)"" =(0,)" < AT, =T, 4,
where 7, is a Hall p’-subgroup of 7. Hence
o, (T))° < 0,(G)=1, so O,(T)=1. Hence, since
T is p-supersoluble by hypothesis, T’ is supersolu-
ble and P is normal in 7" by Lemma 1.2.

(4) G is not p-soluble. Hence G” is not p-so-
luble.

Assume that G is p-soluble. Let L be a mini-
mal normal subgroup of G. Then by Claim (1), L
is a p-group and so L < P. Nextnote that G/ L € F.
Indeed, if |P/L|< p, then the assertion follows
from Lemma 1.3. On the other hand, if | P/ L[> p,
the hypothesis is true for G/L by Lemma 1.1 (1).
Hence G/LeF by the choice of G. Therefore
LL£®(G). Hence |L|>p and LLO(T). Let M
be a maximal subgroup of T such that LM =T.
Then every Hall p’ -subgroup of M is a Hall p'-sub-
group of 7. Since T is soluble, any two Hall p’ -sub-
groups are conjugate in 7. Hence without loss of
generality we may suppose that M =M M ,, where

M, is a Sylow p-subgroup of M and M, is a Hall

p

p' -subgroup of M such that M 4= AM ,. Since
T is supersoluble, |T:M |= p, so M, is a maxi-

mal subgroup of P. Note also that L <G”. Indeed,
if L<G”, then from the G-isomorphism
G'LIG" =L/LNG”
we deduce that L is F -central in G and hence
G € F by Lemma 1.3, contrary to the choice of G.
Hence 4 permutes with M ,. Therefore
MA=M M, A=AM =M M ,

is a subgroup of G with |G:MA|=p and with
L £ MA. Butthen | L|= p, a contradiction. Thus we
have (4).

(5) If H is a minimal normal subgroup of G
and | H |= p, then | P|= p*.

Indeed, if | P|> p>, the hypothesis is still true

for G/H and so G/H € F by the choice of G.
Hence G € 7 by Lemma 1.3, contrary to the choice
of G.

47



IM. Dergacheva, I.P. Shabalina, E.A. Zadorozhnyuk

(6) If H is a normal subgroup of G and
HNA+# A, then H is p-soluble.

It is clear that H=(ANH)TNH). Let
E=(HNAT. Let V be a maximal subgroup of
P. Suppose that E” "P£V. Then, by Lemma

1.1(2), G" nP£V. Hence AV =VA is a sub-
group of G. Therefore
AVN(ANH)P=
=(ANH)Y AV "P)=(ANnHYW(ANT) =
=(ANnHY =V(AnH).
Thus the hypothesis is still true for E. If E=G,
then
A=AN(HNAP=(HNA(ANT)=HNA,

a contradiction. Hence, £ # G and so E € F by the
choice of G. Since every group in F 1is p-soluble
by hypothesis, we conclude that H < E is p-soluble.

(7) 0”(G)=G.

Suppose that O” (G) # G. Since the hypothesis
holds for O, (G) by Lemma 1.1 (2), O0,(G) e F by
the choice of G. But then G is p-soluble, contrary
to Claim (4).

(8) If H is a p-soluble minimal normal sub-
group of G, then |H |=p and H < Z(G).

First note that if |H|=p and C=C.(H),
then G/C, as a group of automorphisms of H, is a
cyclic group of order dividing p—1. Hence in this
case we have H < Z(G) by Claim (6). Therefore we
need only show that | H |= p. Clearly, H is either
p' -group or p-group. But the former case is impos-

sible by Claim (1), so | H |= p“ for some natural a.
If either H=P or |P/H > p, then G is clearly

p-soluble, contrary to Claim (4). Hence H is a
maximal subgroup of P. Suppose that @ >1. Then
P is not cyclic. Therefore for some maximal sub-
group V' of P we have P=HV. Suppose that

G" N"P<V. Then G #G and H £ G”. Thus, in
view of Claims (1) and (6), G=G”H. Since
G/G” is p-soluble and O” (G) =G, there is a nor-
mal maximal subgroup of G such that G* <M and
|G:M |= p. Since | H |> p, it follows that H < M.
Hence G=G H<M, a contradiction. Then
G" NP £V, which implies that 4 permutes with

V. Now, as in the proof of Claim (4), it may be
proved that there is a subgroup W of G such that
|G:W|=p and H £W. But then | H |= p, a con-
tradiction. Hence we have (8).

(9) P is not cyclic.

Suppose on the contrary that P is cyclic. First
we show that in this case G does not have a proper
normal subgroup E with EP=G. Indeed, if
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EP =G, where E isnormal in G and E # G, then
for any Sylow g-subgroup O of A4 we have
G=EN;(Q) by the Frattini argument. Hence
P=D,N, for some Sylow p-subgroups D, of D
and N, of N, (Q). But P is cyclic and so
P<N,(Q). Now let W be the Hall p'-subgroup
of T such that AW = AW. Then
QG =QAWP :QAW < QAW = AW,

where AW =WA is a p'-subgroup of G. Hence
0° <0,(G), which contradicts Claim (1). Now

suppose that G # G and let G* <M <G, where

M is a normal subgroup of G with simple quotient
G/M. In view of Claim (7), p divides |G/ M |.

But then, since F consists of p-soluble groups,

G/M is a p-group and hence MP =G. This con-

tradiction shows that G* =G, so 4 permutes with

the maximal subgroup Z of P. Since T is super-

soluble by Claim (3), Z is normal in 7. Hence
D=27°=7"=7"<74.

By Lemma 1.4, D=(AND)(T N D). Assume that

either D# AT of T=#P. Then D is p-soluble.
Indeed, in the former case we have DA # A and
so, by Claim (6), D is soluble. On the other hand, if
A<D and T # P, then the hypothesis still holds on
DP. Since |DP|<|G|, DP is p-supersoluble by

the choice of G. Now, let H be a minimal normal
subgroup of G contained in D. Then since D is
p-soluble, |H|=p and H <Z(G) by Claim (8).
Let N =N (P). If P<Z(N), then G is p-nilpotent
by the Burnside theorem [14], which contradicts the
choice of G. Hence N = C, (P). Let xe N\C,(P)

with (| x|,| P)=1 and E = Px(x). By [8,1II, 13.4],
P=[E,P]x(PNZ(E)). Since H<PnNnZ(E) and
P is cyclic, it follows that P=PNZ(E) and so
x € C;(P). This contradiction shows that 7 =P
and D=M. Let g# p be a prime dividing | 4|

and Q be any Sylow g-subgroup of A. Let
N =N,;(Q). Clearly, QO is a Sylow subgroup of D

and so by the Frattini argument we have G = DN
and so P=D, N, for some Sylow subgroup D, of

D and Sylow subgroup N, of N. But P is cyclic

andso P=N,. Hence

QG:QAP:QA SA,
which contradicts Claim (1). Hence we have (9).
(10) | P|= p°.

Suppose on the contrary that |P|=p>. By
Claim (9), P is not cyclic.

If Z is a maximal subgroup of P, then
Z% < AZ, so p>2 by Claim (3). Therefore T has

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (31), 2017
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at least three different subgroups Z,,Z,,Z, of order
p such that G" NP« Z,. Let N,=Z° be the
normal closure of Z, in G. Then N, < AZ;, and so
N; "N, is contained in O, (G) =1 for any different
i,je€{,2,3}. Hence P<C, =C,(N,) for all i
Assume that for some i, C, #G. Then C, is p-so-
luble by Claim (6), and so G is p-soluble since
G/C, is a p'-group. This contradiction shows that
C, =G for all i. It follows N,, N, and N, are
abelian groups and so N, =Z, forall i and so P is
normal in G. It follows that G is p-soluble, which
contradicts Claim (4). Thus we have (10).

(11) 0,(G)=1.

Let D= Op (G)#1 and H a minimal normal
subgroup of G contained in D. Then |H |=p by
Claim (8) and so | P|= p* by Claim (5), which con-
tradicts Claim (10).

Final contradiction.
Let ¥ be a maximal subgroup of P and

N =V° be the normal closure of ¥ in G. Suppose
that G "P£V. Then N<AM. If NnA# 4,
then N is p-soluble by Claim (5) and hence
0,(G) #1, which contradicts Claim (11). Therefore
NnA=A4. Hence N=AV and |G/N|=p, so

G” < N. Therefore
G""P<NANP=AVAP=V.
Thus G© NP < ®(P). But then G” is p-nilpotent

by Tate’s theorem [8]. It follows that G is p-soluble,
contrary to Claim (4). O
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HccrenoBaHbl BOIPOCH! CYLIECTBOBAHHS M CAMHCTBEHHOCTH PEILICHUH cHCTeM AU((pEepeHIHAIBHBIX YPaBHEHUH, COAEPIKAIMX
cToxacTuueckoe JudGepeHHaIbHOe YPaBHEHHE B YACTHBIX IPOM3BOIHBIX TUIEPOOINUECKOTO THIIA X OOBIKHOBEHHBIE CTOXAC-
THYecKre UG QepeHIuaabHbIe YPaBHEHNS C 3ala3/[bIBAHHEM, CBSI3aHHBIC MEXIy COOOI 3ama3bIBAIOIIIMHE CBS3SIMU.

Knrwoueswie cnosa: cmoxacmuueckue oughgpepenyuanvrvle ypagrenus, 3anazobléanue, cmoxacmuyeckue ouggepenyuaivhsie
VPABHEHUSL 8 YACHHBIX NPOUZBOOHBIX, 36€HbsL C COCPEOOMOUCHHBIMU NAPAMEMPAMIU, 36€HbsL C PACNPEOCTeHHIMU NAPAMEMPAMU.

Problems of the existence and uniqueness of solutions of systems of differential equations containing a stochastic differential
equation in partial derivatives of hyperbolic type and ordinary stochastic differential equations with delay connected with each

other by retarded connections are investigated.

Keywords: stochastic differential equations, delay, stochastic partial differential equations, units with lumped parameters, units

with distributed parameters.

Brenenne

IIpu wmccnenoBaHMM MHOTUX CIIOXKHBIX CHUCTEM
PamMOTEXHUKH U JIEKTPOHHUKH, a TAKXKe IIEJIOro psiaa
JIpyrux obnacteli COBPEMEHHOTO €CTECTBO3HAHWUS,
BCTaeT 3a/la4ya UX Hanbonee aJeKBaTHOIO MaTeMaTHde-
CKoro onucanus. Bo MHOrux ClIydasiX TaKhu€ CUCTEMbI
TPaKTYIOTCSI KaK CHCTEMBI C COCPEAOTOUCHHBIMH, JIOO
KaK CHCTEMBI C pacnpene’aeHHbIMU apamerpamu. Of-
HAKO Takas TPAKTOBKA HOCHT 3a4acTyIO JIOBOJIBHO
NPHOJIMKEHHBIA XapaKkTep U MPHUBOAUT K CYILECTBEH-
HBIM TIOTPEIIHOCTSIM TIPH HCCIICZOBAaHUH PEaTbHBIX
MPOLIECCOB, MPOTEKAIOIINX B TAKMX CHCTEMAX.

B coBpeMeHHOI Hayke W TEXHHUKE, OCOOCHHO B
TaKMX OTPACysIX, KaK TEOpHs YIpaBieHUs, paarodu-
3WKa, PAJUOTEXHWKA W JIICKTPOHMKA HEOOXOIMMO
HCCIIEIOBaTh TUHAMUYECKHE CUCTEMBI C YUE€TOM CIIy-
YalHBIX BO3MyIIeHUH. [loBBIIeHWe TpeOOBaHM K
TOYHOCTU M aJIeKBATHOCTU MAaTeMaTHYECKHX MOjie-
e, OTMMCHIBAIOIINX PeabHBIC HCCIEIyeMbIE CHCTE-
MBI, IPUBENIO K UHTEHCUBHOMY Pa3BUTHIO MaTe€MaTH-
YECKOIO amrapara TEOPUH HEJMHEMHBIX CIydalHbIX
KoJIe0aHHH.

[Ipy wuccnemoBaHWW CIyYaWHBIX KOJIeOaHHUN
Pa3NUYHBIX TUHAMUYECKHX CHCTEM OCHOBHBIE pe-
3yJIbTaThl OBLIM MONYYEHBI JUII CUCTEM C COCPEIO-
ToueHHBIMH Tapamerpamu [1], [2]. B 3HaunTensHO
MEHBIIEH CTerneHn pa3paboTaHbl METOJBI HCCIENO-
BaHMS CHUCTEM C paclpelesICHHBIMH IapaMeTpaMu,
HaXOJIIIUXCSI TMOJ] NEHCTBHEM pAa3JIMYHBIX THIIOB
© JKoeanv C.I1., Kozane C.U., Knumenxo A.B.,2017
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CIy4aiHbIX BO3MyIlIeHUH. OHAKO CYIIECTBYET JO-
BOJIGHO OOJBIION KITacC peajbHBIX CIIOKHBIX CHC-
TeM, KOTOPBIE JOBOJIBHO TOYHO MOTYT OBITH OTIHCa-
HBI JIUIIb CHCTEMaMH CTOXaCTHYCCKHX TU(QepeH-
LIUAIBHBIX YpPaBHEHHH, COAepKAIIMH ypaBHEHUS B
YaCTHBIX MMPOU3BOIHBIX W YPaBHEHUS B OOBIKHOBEH-
HBIX MPOU3BOJHBIX C OTKJIOHEHHEM II0 BpPEMEHH,
CBsI3aHHBIC MEXIY COOOM 3ama3IbIBAIOIUMH CBS3sI-
mu. [lomoOGHOTO poja CIOXKHBIE KBa3WIIMHEHHBIC
CUCTEMBI C 3ama3blBaHuEM, KOTOpPbIE OMHUCHIBAIOTCS
CUCTEMOMW YpaBHEHH, coJeprKalleil B3auMOCBs3aH-
HbIC YpPaBHEHHUS B YAaCTHBIX IPOHU3BOIHBIX M OOBIK-
HOBCHHBIC TU(QepeHIMaIbHbIC YPaBHEHUS C OT-
KIIOHAOMIUMCA aprymeHToM, B ACTCPMHUHHUPOBAH-
HOM CIIy4ae Hccel0BaHbl B MoHOTpaduu [3].

1 ITocTaHoBKA 3aa4H

CroKHBIe JUHAMHWYCCKHUC CHCTCMBI O6]>I‘1HO
OIMCBIBAIOTCSL ~ CHCTeMaMH  An(QepeHInaIbHbIX
YPaBHEHUH, COAEPXAIIMMU YpPaBHEHWS B YaCTHBIX
MIPOU3BOAHBIX U YPAaBHEHUS B OOBIKHOBEHHBIX MPOU3-
BOJIHBIX C OTKJIOHSIOIIMMCSI apTyMEHTOM, CBSI3aHHBIC
MEKTy co0O0i 3ama3AbIBAIONIMMH CBS3SIMH U KPAeBBI-
mu ycnoBusiMU. [Ipu uccnenoBaHuy ciy4aiHbIX IIPo-
LIECCOB, NMPOTEKAIOIINX B PEaIbHBIX CIOXKHBIX CHCTE-
Max, JIOBOJBHO 4acTO B KayeCTBE MaTeMaTHYECKHX
Mojieneil MOTyT OBbITh BBIOPAHBI CHCTEMBI CTOXACTH-
Yyeckux AndQepeHnnaIbHO-QyHKIMOHAIBHBIX YpaB-
HEHHH CIEIyIOIIEro BUja:



O cywecmeosanuu u eOUHCIMEEHHOCIU PEUEHUL OOHOU CTIOICHOU CIOXACMUYECKOl OUpdepenyuanvHoll cucmemyl ¢ 3anazobleaHuem

au(zx) Z{ia (c ())&t(tx)}

j=1 OX; j

—B(xXu(r,x)+
+F[t,)_c,u(t =A%),y (t=A)),

ou(t—A,,x) dy,(t—A,)
ot Tdt

ou(t—A,,x)
ox ’

i

,g} (1.1)

du(t—A,,x)
Ox, ’
ou(t—A,,x) dy,(t—A,) 8} dw, (1)

M
+> D, |:t,f,u(t ~A,, %),y (t—A),

u=1

ot ’ dt dt

dzyk(t)_ SR dyp(t_Al)
i _;{Z[akplyp(t A)+ kp/TJ}+

1=0

du(t—A,,C)
ox, ’

i

+fk |:t9u(t_Ar’Z)syp(t _Ar)’

ou(t=A,,§) dy,(1=A,) g}r (12)

ot ’ dt
u(t—A,,%)
Oox ’

n=1 i

+ngn |:t’u(t_Ar’Z)’yp(t_Ar)a

ot o dt dt

(k:p:LK»r:(l »izlsn)
C HAYaJIbHBIMH YCJIOBUSAMHA

ou(t—A,,C) dy,(t-A) 8} dg,, (1)

u(t’f)\zeEn =0, (ts )_C)s (13)
ou(t,x _
WD) o 0.7, (1.4)
at ‘teEO

Ve O, = hio (1), k =1,K, (1.5)

dy & @) —
A AL LK, 1.6
G, O (1.6)

nu KpaeBBIM YCJ'IOBI/IGM
u(t, )

—yt®),  (17)

[xes

pou(t,X)+ p,

rae t€[0,T]c R, T <o, X — n-MepHbIH BEKTOD,
TIpHMHAIIEKAIMH OrpaHHYeHHoN obmacTn [ C E,
E, — n-MepHOE €BKIMJO0BO IIPOCTPAHCTBO, S — 3a-
MbikaHHe obmactu I, wu(f,X) — ciyuaiinas yHK-
s, ompeneneHHas Ha MHoxkectBe [0,7]xI xQ,
v,(#) — cmyuaiinble (yHKIUM, OIpenerseMble Ha
[0, TIxQ, w, (), &, (1)
CUMBIEC MEXIy COOOH BHHEPOBCKHE IPOIIECCHI €IH-
HUYHON MHTEHCUBHOCTH, F, CDH, Jis &y, — Hemu-

— CTOXaCTHYCCKHU HC3aBU-

Heliuble QyHkuuonansl, L (x), B(X) — merepmu-
HUpOBaH-Hble (PYHKIWH, OINpesessieMble B 001acTH

I, a,, b, Py> P, — BEUECTBEHHBIE IOCTOSHHBIE,
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A, A, rl=0,],.. R — HeoTpuuaTeIbHbIE IOCTO-
aHHble (A, = 0), el — HekoTopoe (pMKCHPOBAH-
HOE 3HaueHHe x, £, — HadaabHOE MHOKECTBO BHIA
[-A,...0], toe A =max{A,,A,...A:}, @,(,X),

¢,(¢,X) — cnyuaiinsle (yHKIUH, OIpeeIeHHbIE Ha

muoskectBe EyxT xQ, h(t), h,(t) — ciydaiiubie
(GYHKIMY, OIpeneleHHBIE Ha MHOXeCTBe E;xQ,
y(t,X) — JeTepMUHUpOBAaHHAs (QYHKIMS, ONpeae-

neHHas Ha MHoxectBe [—A ,T[xS, BeiOepem

max>
€ >0 — manblii mapamerp, v — HalpaBJIeHHE BHEII-
Hel HopMamu K moBepxHocTH S, {Q,F,P} -
BEPOSATHOCTHOE MPOCTPAHCTBO C G -ajredbpod F u
BEPOSTHOCTHON Mepoil P(4), B KOTOpPOM BBIZIEJIECH
HEKOTOPHI MOTOK (MOHOTOHHO HEyOBIBaroIIee ce-
MelcTBO) o -anre6p (F;). Bce BBogumble ciyuaid-
Hble (pyHKIMH, KaKk QYHKIHH apryMEHTa f, Pe.Iio-
JaraloTcs MNOAYMHEHHBIMU HOTOKY (F)), T.e. mus
KaX10ro ¢ F, -u3MepUMbIMU.

Kak mokazano B [3], [4], MHOrue CIIOXHbIE
cucremsl Buga (1.1)—(1.7), cogeprkariue oaHO 3BEHO
C pacmpezereHHbBIMU NapameTpamMu U K 3BEHbEB C
COCpPE/IOTOYCHHBIMH apaMeTpaMH, MOTyT OBbITh
OTIHCAHBI C BBICOKOW CTEMEHBIO TOUYHOCTH CIEIYIO-
1Ie CUCTEMOM BEKTOPHO-MaTPUYHBIX YPABHEHUM:

dv (t9 8) — E vﬂ‘l
dt m
+F [L,v(t—A,,e),z(t - A, e),e]+  (1.8)
+@ [t,v(t=A,,€),z(t - A, ), e]W(t),
m=12,..;
R
8) S go(-Ae) +
dt 1=0
+f[t,V(f—Ar,S),Z(t—Ar,S),S]-‘r (19)
+g[t,v(t—A,,8),2(t— A, €),e]&(),
C HA4YaJIbLHBIMHA yCJ‘IOBI/IHMI/I
v (¢, %‘,)‘tEE0 =y, (0),m=12,..
2t,8),., = H(),

(t,€) = {Z;} V' (t,€) = {vm}
2 v2

(t,e)+

(1.10)

rac

F (t,v,z,€)= {9 },
F,
0
Cu(t22,8) = [ . @m}
V] 0
v2 A
vit,e)=| * |, flt,v,z,el=| | |,
V" 0
L Sx
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Z! 0
=] 7 o= .
z5 0 w,
0 o0 0
g1 8n 4
glt,v,z,e]= : ,
0 o0 0
&x1 8k Exu
0 1 0 0 0
aye b an Ao bixo
4, =| : : : : Fo,
0 0 0 ... 0 1
| a0 Dxio ko -+ Gxxo Drxo |
]
g Py
H(@=| : awm(f)={ m}
he Im
L1
[0 0 ... 0 0 |
a, by .. oag by
A= ... . .
0 o ... O 0
Lk bry o g by |
0 ;H ?m
i) = 0 &, ... &
0 &y oo Epur

s Bektopa v(¢,€) TONOXKAM, 9TO

2 2
|v(t,£)| = max{max v (t,e)| ,i=1, 2,...}

(1.11)
m=12,..

Takum 00pa3om, MbI CBEJIN UCCIIEIYEMYIO CHC-
temy (1.1)~(1.7) Kk cucTeMe CTOXaCTHYECKUX OOBIK-
HOBEHHBIX W depeHIanbHO-(QyHKIMOHAIBHBIX YpaB-
HeHuit nepBoro nopsiaka (1.8)—(1.10).

2 OCHOBHOJ pe3yabTaT

Hmns cucremsr (1.8)—(1.10) cmpasemnmmBa cie-
JIYIOIIasi Teopema.

Teopema. Ilycmov cucmema (1.8)—(1.10) yoos-
Jlemeopsiem CLeOyIOWUM YCI0GUSIM.

1) sexmop-gynkyuonanvt F,, f, mampuywl g,
d, usmepumvl no cosokynHocmu C8OUX nepemen-
HbIX U Henpepbl8HbL NO 1, €,

2) cywecmgyiom makue nocmosinHvie K

K,, K

3m>

1m>

umo cnpaeedﬂugbl HepaseHcmea

Epz(t9v1’zl’8)_Fm(t’v2’2298)|+
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+H @, (t,v,2,8) - D, (t,v,,2,,8)| <
<K, {
|f(tv.z,,8) = f(t,v,,2,,8)| +
+|g(t,v1,zl,s)—g(t,v2,22,8)| <
<K, {|v1 —vz|+|z1 —zz|},
|C,| <K, m=1,2,..;

3) cywecmsyiom maxue nocmosimnole K,,, K,

v =v|+ |z ~ 2]}

umo
F (t,v,z, 8)|2 +|d)m (t,v,z, 8)|2 <Kk,, {l +|V|2 +|Z|2},

|f(t,v,z,a)|2 —|-|g(t,v,z,8)|2 <K; {1+|v|2 +|z|2},

m=12,..;

4) komnonenmyl sexmop-@yuxyuti H(t), v, (1),
m=1,2,... nenpepvisuvl u ozpanuyenst npu t € E, u
HEKOPPenupoBansl Mexcoy cobol u ¢ npoyeccamu
w(t) u E(1);

5) xapaxmepucmuueckoe ypasHeHue

R
Det {Z Ale_A’p - Ep} =0
1=0
umMeem 6ce KOpHU C BEWECMBEHHOU 4ACMbIO, YOO6le-
meopsioweii nepaserncmey Rep, <—y <0, 20e y > 0.

Tozeoa cywecmgyem pewenue cucmemst (1.8)—
(1.10), asnaroweeca cayuaiinvim npoyeccom, usme-
pumvim npu kaxcoom t €[0,T] omunocumenvro o-an-

2ebpur F,, 015 komopoz2o cnpaseonuebl cledyroujie
VMBEPAHCOeHUS:

a) pewenue {V(t,€),z(t,€)} HenpepvieHO C 6e-
POSIMHOCMbIO OUHUYA,

0) M{|V(Z,8)|2} <o, M{|Z(I,8)|2} <o, t€[0,T];

6) pewenue {V(t,€),z(t,€)} eduncmeenno c

MOYHOCMbBIO 00 CIMOXACMUYECKOU IKEUBALEHMHOCHIU.
Jloxazamenvcmeo. IlpencraBum cuctemy (1.8)—
(1.9) ¢ yaerom (1.10) B nHTErpasbHOIM hopme

V' (t,€) =v" (0,¢) +j[£mv”' (1,6)+
+F, (1, (T —A, ,8), z(ro— A,e).e)]dt+
+j @, (t,(t—A,,8),z(1— A, ,£),E)dw(7);

O 2(t,€) = V()H(0) +

+i Jq V(it—-A, —v)4H(t)dt+

=1 _p,

+j V(-1 f(t,v(t—¢€),z(t—A,,e),e)dt+ (2.1)

+j V(it-t)g(t,v(t—A,,e),z(t—A,,€),e)d&(7)

(m=12,..;r=0,R),
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rae V (f) — MmaTpuIa, yIOBIETBOPSIOMIAS YPABHEHUIO

avr@) &
()=ZA1V(I—A1) (2.2)
dt =0
C Ha4YaJIbHBIM YCJIOBUEM
0, <0
V)=
E, t=+0;

0 — nyneBas maTpuua, £ — eIMHUYHAS MaTPHIIA.
BBenem B paccMoTpeHHE HelpepbIBHBIE IPO-
meccHl z,(t,€), z,(t,€), v'(t,€), v, (t,€), m=12,..,
ynosierBopsitomme (2.1). Mcxons u3 ycoBwid Teo-
peMbl, TPUMEHSAS OIEpalHi0 MaTeMaTHYeCKOro
OXHIaHHUA M HCIOJB3ys HepaBeHcTBO Kommoropo-
Ba— Jly6a [5], mis KBazmpara pa3sHOCTH IPOLIECCOB

V' (t,€) 1 v, (t,€) noIy4yaeM:

2
v (s,8)—vy (s, 8)| } <

M {sup

s<t

<2M {”ﬁm " (1,e)—v, (1,€)) +
0
+F (t,v(t—A,,€),z,(t—A,,€),€)—

2
=F (t1,v,(t—A,.€),z,(1— Ar,z—:),a)| dr} +
+8M|:I|C1)m(T,vl(r—Ar,a),zl(t—Ar,S),g)_
0

D, (t,v,(t—A,,€),z,(T—A,,€), 8)| dW(T):|

< 2TMﬁ
0

+Fm(T=v1(T_Ar98)aZI(T_Arag)ss)_

L, (r.8) = vy (v,8)) +

_F’ﬂ(r,vz(t—Ar,a),zz(ﬂs—Ar,s),.€)|2 d’t:|+
t

+8M {_ﬂd)m (t.v(t—A,,€),z,(t— A, ,€),6)—
0

-, (t,v,(t—A, ,€),z,(T—A,,¢), 8)|2:|d’t <

t

< LIMIM(sup [|v] (s,€) =, (s, s)|2 +

0
+|z1 (s,€)—z, (S,8)|2jd‘t.

[TpoBoast aHaNOrMyYHBIE BHIKJIAJIKHU, JUISI BTOPO-
TO WHTETPAJIbHOTO YpaBHEHUS cucTeMsl (2.1), Oynem
UMETb

M {sup|z1 (s,€)—z,(s, £)|2} <
s<t
< LZJM (sup [|vl (s,8) =V, (s, 8)|2 +
0

s<tT

UEYCRORENERS jdr.
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OmnpenenuM HENPEPHIBHBIE C BEPOSTHOCTHIO
€IMHUIIA  ClIydaifHble  BEKTOpHBIE  IPOLIECCHI

o,(t,e) ={z,(t,),v"(t,e),m=12,..}, i=12 uno-
JIOKHM, YTO
| O)i(t,S) |= max{]| Z,.(t,S) ls | vl_m(t’g) I},i=1,2,

AME)=M {sup |co1 (s,€)—m, (s, 8)|2 }

Hcxons U3 mosrydeHHBIX HEPABEHCTB, I A(?)
OyneM uMeTh

Al < L3jk(t)dt, 2.4)

1m >

rze KOHCTaHTa L, = max{max 2L,,,2L, }
N3 wnepaBenctBa (2.4) BwITekaeT [6], drO
A(t) =0 c BeposTHOCTBIO eauHMIIA 11 Beex ¢ € [0,77].

Takxum 06pa3oM, MBI TOKA3aJIH, 9TO CITyYaliHBIC
npouecchl ®,(f,€) U ®,(¢,€) CTOXaCTUYECKH IKBU-

BQJICHTHBI, U, 3HAYUT, UCXOJSl U3 TOTO, YTO OHU He-
NPEPHIBHBL C BEPOSITHOCTBIO EIUHUIA, MOXXHO YT-
BepxkaaTh, uyTo cucrema (1.8)—(1.10) umeer enuncT-
BEHHOE pEIlCHHE C TOYHOCTBIO JI0 CTOXACTHYECKOH
9KBHBAJICHTHOCTH.

JlokaXkeM CyIIECTBOBaHHE PELICHHS CHCTEMbI
(1.8)—(1.10). PaccmoTpuM 0aHaXOBO MPOCTPAHCTBO
B HenpephIBHBIX C BEPOSTHOCTHIO €AWHMIA CITy-
YalHBIX NPOLIECCOB

C(t,e) ={n(t,¢),y"(t,e),m=1,2,...},
HU3MEPUMBIX TPH KAXKJAOM ! OTHOCHUTEIBHO G -ali-

t

reopel F u Takux, 4To sup M (|Q(l, 8)|2 ) <0,

Bgezewm B mpoctpanctBe B HOpMY
e o= Jsupm (Jcere) ),
rae

|C(Z, s)|2 = max {|n(t, 8)|2 ,max|y’" (¢, 8)|2 ,m= 1,2,...}.
Beenem B paccmoTpenue oneparopsl P, i=0,12,...
P,C(t,e) =7"(0,8) +

+[[ L7 (&) + F, (ny(t- A, e).n(-A, ,8).e) [+
0

+[®@, @y -A,,8).n(1-A,,€),2)dw(D),
0

m=1,2,...;
FC(t,e) =V ()H(0)+

+f: j V(t—A -1 AH(t)dt+

=1 _p,

+j V-1 f(t,y(t=A,,e),n(t—A,,e),e)dt+

+[VE-Dey(i-A,.e)n(t- A, ,8),e)dE().
0
Hcnons3ys ycnoBue 3) TeOpEMBI, TOTydaeM
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MIPL@e)f <aM|y" (. +

+4K§mTMj Y (ne)| dt+
0

t
K, T+ DM [ (14]y(e= 4,0 +ne-A, o Jr<
0

<amly" (e +L,, (l+||§(t,e||2), m=12,..

Bocnonp3oBaBmmcs ycnosusamu 3), 4), 5) teo-
peMBl, Juid onepartopa F, uMeeM

MIRG@o) < Lo+ L (1+]c.e )

Takum obpasom, omeparopsl P, i=0,12,..
neiictBytoT u3 B B B. Jlanee umeem
2
MIP,G,(t,8) =P, (t8) <
t

< 2TjM

0

_Fm(t,yz(t—Ar,:s),nz(r—A,,,s),a)|2 dt+

E)1(1$Y1(T_Ar’8)’nl(‘c_Ar’g)’g)_

+sz|cpm(r,yl(r—A,,e),nl(r—A,,g),s)—
0

~®,(t,7,(t—A,,e),m,(1-A,,8),8)| dT <

<L, TG -G wel -
Juis oneparopa F, mosydaeMm clenyrollee He-
PaBEHCTBO
MIRG,(t,9) - RG, (e <

SLT[G (o) -G, o)l -

CnenoBatensHo, onepatopsl £, u P, Hempe-
pbIBHBI Ha 3. BBeleMm NOHATHE CTENEHU OINepaTo-
poB F, u P, cienyromum o6pa3om

P’(t,e) = B[PL(t,8)],i=1,2,...

Hns onmeparopoB P, i=0,1,2,... HecioxHO

MOJIYYHUTh CIIETYIOLINE OLICHKU
M|P¢ (1)~ PG, ()| <

<

2
s

L}’IT}Z
k | "Cl(t’g)_cz (I,S)
n:

rae Ly = max{L;,max L, }.

CnenmoBarenbHo, s Kaxaoro ((¢,&) uz B
2
|peee - Pree)| <

n n
< LT
"ol

|Pg@ e -col -

IMocnenHee HEPAaBEHCTBO O3HAYAET CXOIM-
MOCTb psija

P(te) - P'G(t,€)],i=0,1,2,...

0

2

n=1
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U, CJIE/IOBATENILHO, C BEPOSITHOCTBIO €IMHHUIIA CYIIle-
cIByeT mpenen (f,e) mpoueccos P'((t,¢),
i=0,1,2,... mpu n—oo. M3 HenpepbBHOCTH P,
BBITEKAET, YTO
P[P'¢(t.e) | > Pot.e),i=0,12,...
C npyroii CTOPOHBI
RLR'G(8) |= R'G(1,8) > o(t,2)
Takxum obpa3om, orydaem
|Po(t,e) - o(t,e)| =0,

a 3TO B CBOIO OdYepeqh O3HaJaeT, 4yTo o(f,€) — pe-

menne cuctemsl (1.8)—(1.10).
U3 ycnosuit

sup M |é;(t, s)|2 < 0,

PL(t,e) > o(t,e) mpu n—> ©
CIIeIyeT, 4To

sup M |z, s)|2 < o0,
t

CrneioBaTeNbHO, MBI JIOKA3alid, YTO TMPH BhI-
TIOJTHCHUU YCJIOBUH TEOPEMBI CYIIECTBYET CIMHCT-
BEHHOC HEMPEPHIBHOC W OTPAHUYCHHOE pPEIICHHE
cucreMsl (1.8)—(1.10) ¢ TOYHOCTBIO IO CTOXACTHYE-
CKOM 3KBHUBAJIEHTHOCTH. O
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MATEMATHKA

KOHEYHBIE I'PYIIIIbI C 3ATAHHBIMHA OBOBINEHHO MAKCUMAJIbHBIMHA
INOATI'PYIIIIAMM (OB3O0OP). II. OT MAKCHUMAJIBHBIX LHEIIEN
K MAKCUMAJIBHBIM ITAPAM

B.A. KoBajaéBa

T'omensckuti 2ocyoapemeentuiii yrusepcumem um. @. Ckopumsi

FINITE GROUPS WITH GIVEN GENERALIZED MAXIMAL SUBGROUPS (REVIEW).
II. FROM THE MAXIMAL CHAINS TO THE MAXIMAL PAIRS

V.A. Kovaleva

F. Scorina Gomel State University

HyCTb G — KOHeuyHas rpymnmna. Hal’IOMHI/IM, YTO MaKCUMaJbHOW IIETNbIO AJUHBI 1 B G Ha3bIBaeTCs BCSKas uenp BHUOA

H,<H,  <--<H <H;=G, tne H, —MakcuMaIbHas noarpyrma s H,

n-1

JUIst Besikoro i =1,...,n. B 1aHHOM 0030pe npoIoinKeH

i1

aHaJIN3 HanbOoJIee N3BECTHBIX pa60T, CBSI3aHHBIX C UCCIEAOBAHUAMHN KOHEYHBIX IT'PYIII C 3alaHHBIMU MaKCUMaJIbHBIMU LETIIMU.

Knroueswie cnosa: koneunas epynna, MaKCUmMalbHas yensv, n-mMaxKCumMaibvHds nodzpynna, MakcumaivHas napa nodepynn.

Let G be a finite group. Recall that a maximal chain of G of length nis a chain H, <H, , <---<H <H;=G suchthat H, isa

i

maximal subgroup of H, , for every i=1,...,n. In this review we continue the analysis of the most famous papers in which fi-

nite groups with given maximal chains are developed.

Keywords: finite group, maximal chain, n-maximal subgroup, maximal pair of subgroups.

BBenenne

Bce paccmaTtpuBaembie B paboTe TPYIIIBI SIB-
JSAIOTCS KOHEYHBIMH M G 0003HaYaeT KOHECUHYIO
rpymmy. CumBon 7m(G) 0003HA4aeT MHOXKECTBO

BCEX MPOCTHIX AenuTesneh mopsaaka G, n 0003HadaeT
HEKOTOPOE HATYPaIbHOE YUCIIO.
HamoMHUM, YTO MaxcumanvbHou yenvio OIUHbL
nsB G HA3bIBACTCS BCAKas LICIIb BUaA
H <H, ,<--<H <H,=G,

rae H, — MakcuManpHas ToArpynmna B H, | nis

i

n-1

Bcsakoro i =1,...,n. [loarpynna H u3 G Ha3bIBaeT-
csl n-maxcumanvhol nooepynnoti B G, ecim H sBis-
€TCs MOCIIEAHUM YJIEHOM HEKOTOPOW MaKCUMAallbHOI
LEeNH JUINHBI 71.

B [1] aBTopoM ObUTH paccMOTpeHBI Hanboiee
W3BECTHBIC PAbOTHI, B KOTOPBIX aBTOpPaMH H3yda-
JIMCH TPYMITHI ¢ 0000IIEHHO HOPMAIIEHBIMH #-MaKCH-
MaJbHBIMU HOArpynnamu. B naHHON crathe mpo-
JOJDKEH aHaim3 paboT, CBSI3aHHBIX C HCCIeNO0Ba-
HUSIMU TPYI C 3aJJaHHBIMH MaKCHMAaJIbHbIMU LIEIIs-
MH HOATPYyMNI. B yacTHOCTH, pacCMOTpPEHbI IPYIIIIHI,
B KXIOH MaKCHMaJbHOM NN JUIMHBI 71 KOTOPBIX
comepxutrcss coOcTBeHHass (0000mIeHHO) CyOHOP-
MaJIbHasl MOATPYIIIA, a TAKXKE TPYIIIBI, BCE N-MAKCHU-
MaJIbHbIE MOATPYIIIEI KOTOPBIX 00J1a/1af0T HEKOTOPBIM
HACJEJCTBEHHBIM TEOPETUKO-TPYIIIOBBIM CBOWCT-
BoM. Kpome TOro, paccMOTpeHO Takoe MHTEPECHOE
00001IeHne MaKCHUMaIbHOM HOATPYMITBl, KaK Mak-
CHMaJIbHas Ilapa MOATPYTIIL.

Hcnonb3yeMble B cTaThe 0003HAUEHHS U TEPMU-
HOJIOTHIO MOYKHO TIPH HEOOXOAMMOCTH HATH B [2]—[4].

© Kosanesa B.A., 2017

1 I'pynmbl, Kaxaasgs MaKCUMaJIbHasi Lenb
JJIMHBI 71 KOTOPBIX COJEPKUT COOCTBEHHYIO CyO-
HOPMAJIbHYIO NOATPYNILY

B paborte [5] MaHHOM OBIIM N3y4YEHBI TPYIIIHI,
BCE N-MaKCUMAaJIBbHBIE TIOATPYIIIBI KOTOPBIX SIBIISIOT-
csi cyOHOpManbHBIMH. B wactHOCTH, ManHOM OBIIO
JIOKa3aHO, YTO €CJIN BCE N-MaKCHMAaJbHbIE MMOATPYII-
el paspemumMoii Tpynnsl G CyOHOpPMAanbHBI H
| (G) |2 n+1, To G HuboTeHTHA; ecin | W(G) |2 n—1,
To G ABISeTCS ¢ -OUCIEPCUBHOM A1 HEKOTOPOTO
ynopsimouenust ¢ mHoxectBa T(G). U, HakoHen, B
ciydae, xorna |n(G)|[>n, MaHH mpuBen moiHOE

ormmcanue G [5, Teopema 8] (cM. Takxke Teopemy 2.1
B [1]). IHockonpky Kaxkmas n-MaKCHMaibHas TOI-
TpyTIa SBISETCS TOCIEAHAM WIEHOM HEKOTOPOM
MaKCUMaJIbHOW WeNH UINHBI /1, BO3HHUKJIA €CTECT-
BEHHAas 3a/a4ya MCCIEIOBAHMS TPYI, KaXKdas Mak-
CHUMaJIbHAs LeNb JJIMHBI 71 KOTOPBIX COAECP)KUT COO-
CTBEHHYIO CyOHOpMaJIbHYIO MOArpynmy. B nanHom
HarpaBjeHUH CJEOyeT, IMpPEeXIe BCEro, OTMETHTh
paborsrl leckunca [6] u Cnencepa [7], [8]. B [6]
JlecknHcoM OBLIO BBENICHO MOHSTHE BAPHAHTHOCTH
rpymnsl. [Ipn atom mon sapuanmuocmvio maxcu-
ManbHOU yenu Oaunbl n Tpynnbl G IOHUMAETCs! OT-
HOIIIEHHE /1 K YHCITY WICHOB IEeNH, OTIHYHBIX 0T G,
B clydae, KOTJa Takoe 9uciio He paBHO 0, U 7 B TIpo-
TUBHOM ClIydae; gapuanmuocms G paBHA HAHOOJb-
mei 13 BApUaHTHOCTEH MaKCUMAabHBIX 1ienel u3 G.
W3ydas BiusiHWE BapUAHTHOCTH Ha CTPOEHHUE TPYII-
nbl, JIeCKUHC TIOJTyY 1 CIIeAYIOIUIA pe3yIbTar.
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Teopema 1.1 [6, Teopema 3]. B kadxcoom us
cnedyrowux ciryuaes G paspewuma:

(1) sapuanmnocmo G menvwe Su (|G|,3) =1

(i1) sapuanmnocmo G menvuie 4.

B mampreiimem Acaanom [9] Obiia ycTaHOBIIE-
Ha paspemuMocTh G B cilydyae, Korja BApUaHTHOCTb
G menpiie 8 u (| G1,3) =1. Bonee Toro, Acaax mo-
Kazai, 4ro rpymmna G, BApHaHTHOCTh KOTOPOH paBHA
8 u (|G|,3)=1, momoppua Sz(2’) — mpocroii
rpynmne Cya3ykH HaJ TofeM u3 2° JIeMEHTOB.

B pabore [7] Cnencep, paccMaTpuBasi HEHUIIb-
MOTEHTHBIE pa3pemrMblie Tpynnbl G, Kaknaas Mak-
CHMaJIbHasl LeNb JJIHHBI # KOTOPBIX COJEPXKHUT CO0-
CTBEHHYIO CyOHOpMasibHYI0 B G MOJATPYIHILy, TOKa-
3an, 9ro Mg Takux rpymn |m(G)|<n W HWIBIO-
TeHTHas JUIMHA ¥ paHr G He nIpeBbIIaloT n. boiee
TOrO, B Ccitydae, korna |m(G)|=n, Bce CHIOBCKHE
noArpynmsl U3 G ABISIOTCS aOesieBBIME; B Cllydae
ke, korna |mn(G)|2n—1, G sBasgercs ¢ -muchep-
CHBHOH Ui HEKOTOPOT'O YIMOPSAOYCHUS ¢ MHOXKe-
crBa 7(G). B [7] Obun Takke pacCMOTPEHBI TPYI-
Bl KaXJasg MaKCUMaJbHas Lelb JUIMHBL 71 KOTOPBIX
COJICPXKUT COOCTBEHHYIO CyOHOPMAJIbHYIO MOJTPYI-
IIy U B KOTOPBIX CYILECTBYET [0 KpallHEN MEpE OAHA
MaKCHUMaJIbHas 1IeNb JUIMHBL 7 —1, He comepiKaruas
COOCTBEHHBIX CyOHOPMABHBIX MOATrpymIl. J{iist 3Toro
obuta BBemeHa GyHkiws h(G), npuwaem A(G)=n,
ecmi G o0najgaeT yka3aHHBIM BBIIIE CBOHCTBOM
(BnocenctBumn rpymmsl ¢ A(G)=n OBUIM Ha3BaHBI
epynnamu gvicomwl Cnencepa n [10]).

Teopema 1.2 [7, reopemsl 1-4]. [na paspewmori
epynnvl G cnpaseonugul ciedyloujue YmeepiucoOeHuUs.:

(1) Hunvnomenmnas onuna G He npegvluiaem
hG);

(1) eciu h(G) <| ©(G) |, mo G nunbnomenmua;

(iii) ecru h(G)—|(G)|L1, mo G sgraemcs ¢ -
OUCNEPCUBHOLL OISl HEKOMOpo2o Ynopsoouenust ¢
muoocecmsa (G);

(iv) ecmu h(G)=n(G)|22, mo curosckue
nooepynnet u3 G aubo yurauukbL, OO0 AGIAIOMCS
anemenmapuvimu abenesvimu epynnamu. bonee mo-
20, eciu 6 G cywecmgyiom no Kpaiinel mepe 06e
Heu30MopQHbie HeHOPMATbHbIE CUNOBCKUE NOOSPYN-
nbl, MO 8Ce HEHOPMANbHBIE CUNOBCKUE NOOSPYNNbL U3
G umeiom npocmule NOPAOKU.

Teopema 1.3 [7, teopema 7]. Eciu h(G) =2,

mo paune G ne npegocxooum h(G).
3aMeTuM Takxe, 4To B ciiy4ae, korga A(G) =2,

B [7] ObuIO ycTaHOBIEHO, YTO G SIBIISIETCS TPYIIION
HImuara ¢ abeneBbIMU CHIOBCKUMH HOATPYIINAMH.
Kpome Ttoro, paszBuBas pesynbTarhl Jleckunca [6],
CneHcep ycTaHOBUI —paspemmMmocts G IpH
hG)<3 u (G)<4 ¢ (G|,3)=1 [7, Teopema 6].

56

UccnenoBanus pabotsl [7] ObUIN MPOIOIHKEHBI
B nanpHeimier padore Crnencepa [8]. Omun u3 oc-
HOBHBIX pPe3yJbTaTOB 3TOH MyOJMKAIlK TIO3BOJISIET
00001HTh pe3yapTaT ManHa [5, Teopema 8].

Teopema 1.4 [8]. Eciu G paspewuma u
hG)=|(G) |22, mo G=NH, 20e N — nopmaio-
Hasi HUTbROMEHMHAs X0n06a noozpynna uz G, eéce
CUNOBCKUE NOOZPYNNbL KOMOPOUL AGNAIOMCS DNIeMEH-
mapHeimu abenesvimu epynnamu, u H — dononnenue
Kk N, npuuem H sensiemcs yukauueckou epynnou u @
cayuae, ko2oa |m(H)|=2, |H| seriemes c60600-

HbIM OM K8AOpAmos YUCIOM.

B [8] Cmencepy ynmamoch Takke YIyUIIHTh
TPaHULy AL HUJIBHOTEHTHOH IUIMHBI pa3perInMoil
rpymnsl G. BbIIO 10Ka3aHO, 4TO HMJIBIIOTEHTHAS
mmHa G He npeBocxomut /i(G)—| n(G)|+2. B aroii

ke pabore CreHcep 0000UIMII pe3ymbTaThl PadOTHI
SAnxo [11] o rpymmax ¢ HOpManbHBEIMH 4-MaKCH-
MaJIBHBIMU TOATpyHHaMu (CM. Takxke pasgenl 1 B
[1]), moKa3aB CIEAYIOUIYIO TEOPEMY.

Teopema 1.5 [8, reopema 4]. Eciu G Hepa3spe-
wuma u h(G)=4, mo G uzomopgna nubo zpynne

SL(2,5), mubo epynne PSL(2,p), 20e p=5 unup —
maxkoe npocmoe uucio, umo p—1 u p+1 sersiom-

¢l npouszeedeHuem e boaee mpex npoCmulx Yucen u
aubo p =+3(mod 40), aubo p ==+13(mod 40).

Cpenu COBpPEMEHHBIX HCCIEIOBaHUNA TPy,
Kak[jass MakCUMallbHas LI€Mb UIMHBI 71 KOTOPBIX CO-
JIEP)KUT COOCTBEHHYIO CYyOHOPMANIBHYIO MOJATPYIIILY,
oTMeTuM paboTel AHzapeeBoii, CkubObl u B. T'o [10],
[12]. B [12] u3ywanuch Tpymibl, Kaxaas MaKCH-
MaJIbHasl IeNb JJIMHBI 1BA WIN TPU KOTOPBIX COJep-
XKHUT COOCTBEHHYIO CYyOHOPMAJIBHYIO ITOATPYIILY.
Tak, B ciydae, Korja Kaxaas MaKCHMalbHas IETb
JUIMHBI J1Ba TPYIIBI COACPKUT COOCTBEHHYIO CYO-
HOPMAaJIBHYIO TOATPYHITy, OBUIO YCTaHOBJIEHO, YTO
rpymna siBiasiercst rpynnoit [llmuara ¢ abGeneBbiMu
CHJIOBCKUMHM TOATPYIIAaMHU (U3 4Yero, B 4aCTHOCTH,
CleyeT OTMEUYECHHBIH BhIIIe pe3ynbTaT CreHcepa).
B nanpretinieM B [10] ObUTO MONTYYEHO MOJHOE OIH-
CaHWe TPYII, KaXas MaKCUMalibHas Lelb UIMHbI 3
KOTOPBIX COJIEPKHUT COOCTBEHHYIO CYOHOPMAIBHYIO
MOJTPYNITy W B KOTOPBHIX CYIIECTBYET IO KpaiHeH
Mepe OJHa MaKCHMaibHas IIeNb IJIMHBI 2, HE CO-
JieprKalasi CoOCTBEHHBIX CyOHOPMaJIBHBIX ITOATPYIIIT
(rpymm BeIcoTH CrieHcepa 3).

Teopema 1.6 [12, teopema]. Ilycms p,q,r —

pasniuyHvle npocmoie yucia, P, O, R — coomeem-

cmeyrowue um cunosckue noozpynnvt uz G. B mom u
moavko 6 mom cayuae G s61emcsi epynnol 8vico-

mut Cnencepa 3, xozoa |G |= p*q°r’, 20e p#q u
3<a+PB+y, u G seuaemcs epynnoi 00HO20 U3

CeOYIOWUX MUNO8:
I. G=PQO u G yoosremsopsem no Kpatiuel

Mepe 0OHOMY U3 YCIOBUIL:
(1) G —epynna LlImuoma c | ©(P) < p;
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(2) P — munumanvHas HOpManibHAs NOOSPynna
6 Gumubo |Q:0,|=q" u ece maxcumanvrvie noo-
epynnol uz Q A6IAIOMCA YuKiuveckumu, auobo Q —
neyuknuueckas epynna, |Q: 0, |=q u mobas mak-
cumanvias nooepynna usz Q, omauunas om Q;,
ABNIACMCI YUKIUYECKOU,

(3) G=G"xM, 20e nunvnomenmuwiii Kopa-

ouxan G epynnvi G a61aemcsa MUHUMANLHOLL HOD-
manvrou noogpynnou ¢ G, M =M, xQ — npeo-
cmagumens eOUHCMEEHHO20 KIACCA HEHOPMANbHbIX
Mmakcumanshvix nooepynn us G, |M , |= p, Q= (a) -

yuxauueckas epynna u | Q : Q; |=q;
(4) ©(P)=1 u G — noonpsmoe npoussedenue

HEeHOPMANbHOU MAKCUMATbHOU nodzpynnvl A u noo-
epynnol B, 20e A= A,xQ — epynna llmuoma c

abenesvlmu cuno8ckumMu nooepynnamu u A, — munu-
ManvHas Hopmanenas nooepynna 6 G, B=B, %0 u

60 B nunenomenmua, | B, |=p u B, <Z(G), mu-
60 B =4,

(5) ©(P)#1l, A=D(P)xQ — npedcmasumens
COUHCMBEHHO20 KILACCA HEHOPMATIbHBIX MAKCUMATb-

Huix nodepynn uz G, A — epynna [lImuoma c abene-
sbimu cunogckumu nooepynnamu u | Q1 0, |=q.

II. G=Px(RxQ) u G umeem monvko mpu

KAAcca MAakCUMAnbHbIX NOOSPYNN, Npedcmasumersi-
MU KOMOPUIX AGNANOMCA HEHOPMANbHAA XON106a
r' -nodepynna A, nenopmanvHas xoan0ea p'-noo-

epynna L u nopmanvhas nodepynna M, npuuem
|G: M |=q. Boree moeco, evinoanenvl ciedyoujue

VYMBEPIHCOCHUSL:

(a) L — mbo epynna IlImuoma c abenegvlmu
CUTLOBCKUMU NOOSPYNNaMy, Aub0 HUTbNOMEHMHAS
epynnac |R|=r;

(b) A=PxQ — epynna llImuoma c abenesvi-

mu cunoeckumu nooepynnamu u |Q: Q. |=q. bonee

moeo, eciu A nopmanvua 6 G, mo L nunbnomenmua,
(¢) P — munumanbHas HOpManbHas no02pPynna 6

G u mbo R asnsiemca MUHUMATbHOU HOPMATbHOU

nooepynnoii 6 G, 6o |Rl=r u |Q=q.

2 I'pynnbl, Kaxkgasi MakCHUMAajbHas LeNb
IJUHBI 71 KOTOPBIX COJIEPKUT COOCTBEHHYIO
0000111eHHO CyOHOPMAJILHYIO IIOATPYIILY

Kak u B cimydyae 0600mIeHHO CyOHOpMAaBbHBIX
n-MakCUMaJIBHBIX moArpymm (cM. pasgen 3 B [1]),
€CTECTBEHHO PAacCMOTPETh TPYIIIBI, KaXJas MaKCH-
MaJbHas Lelb UIMHBI # KOTOPBIX COINEPIKHUT cOoOCT-
BEHHYIO0 0000IIeHHO CYOHOPMAaIbHYIO TIOATPYIIITY.

Ipynnwl, Kaxcoas MaKcUMaibHAas yenv OTUHbL N
KOMOPBIX COOEPHCUM COOCBEHHYIO DP-CYOHOPMATL-
Hyto nooepynny. Kerenem [13] Obu1o BBeZEHO clie-
nytoriee o6o0meHne cyoHopmansHocTy. Iloarpym-
na H w3 G Ha3bIBaeTCs p-cyonopmanvhou B G, ecnu
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JUISl KaKIOW CHIIOBCKOW p-NOIArPYIIbI Gp n G
nepeceuenrne H NG, SIBISETCsS. CHIIOBCKOW p-NIOA-

rpymmoii B H. B paborax Hourkoro u Jyxwu [14],
[15] ObIIE paccMOTPEHBI TPYIIIBI, BCE MaKCHMAaIlb-
Hble pd-uieny (MakcUManbHbIE IIENH, KaXIbIA He-
SIMHUYHBIA YIEH KOTOPBIX SBISAETCS pd-TPYIIION)
JUTMHBI 71 KOTOPBIX COAEPXKAaT XOTs Obl OfHY coOCT-
BEHHYI0 p-cyOHOpMalibHYI0 moarpymmny. HoBumkum
OBbLIM PaCCMOTPEHBI TOJIBKO T€ MaKCUMAJIbHbIE pd-1ie-
I JJIMHBL 7, Y KOTOPBIX CHJIOBCKAsl p-TIOJTPYyIIIa
n-TO WIEHa MMeeT HauOOJNBIINH TOPSAOK (MaKCH-
ManbHEIC pd-yenu. B [14] ObU10 yCTaHOBIIECHO, YTO B
ciydae, KOTrJla B KaXKIOW MaKCHMaJbHOH pd-1ienn
rpymmbl G CymecTByeT COOCTBEHHAs p-CyOHOPMAIh-
Hag moxarpymma, G SBIAETCS p-HUJIBIOTEHTHON
rpynnoi Muinepa-MopeHo; B ciydae, KOraa B Ka-
KIIOW MaKCUMaJbHOW pd-uienu rpymmsl G cymiecT-
ByeT COOCTBEHHas p-CyOHOpMalibHas TIOATPYIIa U B
G uMmeercsl Takas MaKCUMajbHas pd-lenb JUTHHBI
n—1, KoTopas HE COOCPKUT p-CyOHOPMANBHHIX B G
moarpynm (p — HaUMEHBIIMHA IPOCTON JEIUTENb
nmopsiaka G), G sBIsAETCS p-HUWIBIIOTEHTHOH. Kpome
TorO, B [14] OBLI MONTyYeH CIEeIyIOMUi pe3yIbTar.

Teopema 2.1 [14, Teopema 6]. B mom u moavko
6 MOM Cryuae Kaxcods MaKcumanvHas 2d-yenv onu-
Hol 4 nepaspewumoti epynnvt G codepacum cobcm-
gennyio 2-cybnopmanvuyio nooepynny u 6 G umeems-
¢ makcumanvras 2d-yenv OnuHbl 3, He codepirca-
was 2-cyonopmanvusix ¢ G nooepynn, koeda G uzo-
MOP@HA 0OHOU U3 CIEOVIOUWUX SPYIN:

(1) SL(2, p), PSL(2, p), 20e p — npocmoe yucio,

npuuwem p=513 wi Mpxl)=3 u p#=£l(mod10);
(2) SL(2,3”), PSL(2,3”), eoe p>2 — mpo-
cmoe yucno u AM3” £1) <3,

B Teopeme 2.1, xak u B mampHeimem, A(m) —

CyMMa TOKa3areneil KaHOHMYECKOTO pa3JIoKEHHs
yucna m. B wactHoctr, AM(G) — cymMMa moka3aTesei

KaHOHHYECKOTO pazioxenus uncna | G |.

B pabote [dyku [15] ObutH MicCHCTIOBAHEI TAKHE
pd-rpymisl G, Bce MAaKCUMAIIbHBIE pd-TIeNH JTHHEI 7
KOTOPBIX COAEpXKAT XOTS OBl OJHY COOCTBEHHYIO
p-CyOHOpMaNbHYI0 ToATpynny u B G CyIIECTBYeT
no KpaWHeil Mepe oJHa MaKcUMallbHas pd-1emb
JUIMHBI 1 —1, He conepikamias COOCTBEHHBIX p-CyO-
HOopManbHBIX B G moarpymm. beuio ycranosneHo,
YTo Il 1 =2 TakWUe TPYHNbl HEHWIbIOTEHTHBI,
NpUYEM BCE MX COOCTBEHHBIE MTOJTPYIIIBI SBIISIOTCS
abeneseiMu. Kpome TOro, mnms ciaywas p=2 u

n=23 Jlyka yCTaHOBWJI Pa3pelIUMOCTb pd-TPyIIIbL.
W, nakonen, B cnydae p=2 u n=4 ObUIO ycTa-

HOBJICHO, uT0 G m3oMop¢Ha OJHON U3 TPy, yKa-
3aHHBIX B Teopeme 2.1.

3aMeTuM, YTO CICICTBHSIMH OTMCUCHHEIX pe-
3ynbpraToB HoBuiikoro u JIyku sSIBISFOTCS pe3yJibTa-
T Jleckunca [6, Teopema 3] (CM. Taxke BBIIIE TEO-
pemy 1.1) u Criencepa [7, TeopeMsr 5—6].
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I'pynnol, Kaxcoas MaKxcuMarbHasA yenv OAUHbL N
Komopwix cooepocum cobcmeenuyro (06006weHHO)
MoOynapHyto nooepynny. B padote Pemko u Xapia-
MOBOIi [16] ObUTH HCCIIeIOBAaHBI TPYIIIIBI, BCE 1-MaK-
CHMaJIbHBIE TIOATPYIIBI KOTOPBIX SIBISIOTCS JIHOO
MOJYJISIPHBIMH, JHOO p-CyOHOPMAaJbHBIMH (IOJ-
rpynmna H w3 G HazpIBaeTcs MOOVIAPHOU, €CITU

(X,HNZ)=(X,H)NZ nns Bcex X<Z<G u
<H,YmZ>:<H,Y>mZ JUIA BCEX TaKUX MOIArPYIII

Y, Zwu3 G, uro H <Z). VccnenoBanus 3Toi pabOTHI

OBUTH B MaNbHEHINIEM MPOJOKEHBI B pabdorax [17],
[18]. B [17] 6bu10 MOKa3aHO, YTO ISl BCAKOTO 1 >3
CYIIECTBYET Takas Hepaspelrmasi IpyImma, y KOTo-
POl KaxkJass MakCUMaibHast 2d-11eTb JJIMHBL 71 00Ja-
JaeT COOCTBEHHOW MOIYJISIPDHOM NOATPYIIOH, a
TaKKe TIOJlydeHa KiacCH(UKaIus HepaspelImMbIX
TPYII, y KOTOPBIX MAaKCUMaJIbHBIE 2d-11enH AJINHBI 4
coZiep’KaT COOCTBEHHYIO MOXYJISIPHYIO TOITPYIITY.
B [18] Opui ommcaHBI TPYMIBI, ¥ KOTOPBIX MaKCH-
MaJlbHbIC pd-LIeTIN AJIMHBI /i COAEPKaT XOTS ObI ONHY
COOCTBEHHYI0 MOAYJSIpHYIO moarpymnmy. OTMeTHM,
yto B pabore Benepuukosa u JIyku [19] Obiia Haii-
JIeHa TOYHas OLIEHKAa p-JJIMHBI TPYMI, KaXkas Mak-
CHUMaJIbHasl pd-Uenb JUIMHBI 71 KOTOPBIX COAEPIKHUT
COOCTBEHHYIO MOAYJISIPHYIO HOATPYIIITY.

O00011IeHIeM TTOHATHUSI MOIYJIIPHOM MOArpyII-
Bl SUSIETCSl TIOHSATHE CyOMOMYJISIPHON ITOATPYIIIIEI,
BBe/IeHHOe B pabore 3ummepmanH [20]. [Toxrpynma
H w3 G nasweBaercs cyomodyasaprou B G, eciu Cy-
IIECTBYET TaKasl [ENb MOATPYTIT

H=H,<H <.--<H, =G,

yro H, , mopymspHa B H, i Beskoro i=1,...,z.

i
Pa3BuBas oTMeueHHBIE BbILIE pe3ynbTathl JleckuHca
[6] 1 Acaama [9] (cm. pa3men 1), 3ummepmans [21]
yCTaHOBHJIA pa3peliuMOCTh rpynnsl G B ciydae,
KOrga Kakmasd MakCHUMallbHAs LENb MIHHBI 3 u3 G
COJICPIKUT COOCTBEHHYIO CyOMOIYJIsipHYIo B G mof-
TPyMIly, a TaKKe B Cily4ae, KOrja Kakaash MakcH-
MaJibHasl 1eTb JUIMHBL 7 U3 G COICPIKUT COOCTBEH-
Hyto cyomonaysipHyto B G nonrpymny u (| G [,3) =1.

3adaua Illememkosa 01 MAKCUMATBHBIX Ye-
neil. I pynnol, Kaxcoas MakcumanibHAas yenv ONUHbL 1
Komopwix cooepocum coocmeenuyro K - 34 -cybrop-
maneHyto nooepynny. B 2005 roxy Ha I'omensckoM
anredpanyeckoM cemunape lllemerkoBeIM ObLT MO-
CTaBJIEH BOTPOC O CTPOEHHWH pa3peIlNMbIX TPy, B
KOKIOW MaKCHUMaJbHOM LENU AJUHBI 7 KOTOPBIX
uMeeTcsi COOCTBEHHasi 00OOIIEHHO CyOHOpManbHas
noarpymma. Kpome Toro, IllemerkoBbiM Oblna Im0-
CTaBJICHA 3a/1a9a MOIYyYUTh MOJTHOE ONMCAHUE TaKhuX
Tpymm XoTs OBl B citydae, korma n=3. B cBs3um ¢
STHUM B YIOMSHYTOH BhIIe pabore AHApEeBOH H
Cku0sb1 [12] 66110 MTOTYYEHO ONMCaHWe TPYIIL, Kax-
Jlasi MaKCUMallbHasi IeNb JUTHHBI ABa WM TPU KOTO-
PBIX COIEPKUT COOCTBEHHYIO S-KBa3WHOPMAIBHYIO
(epecTaHOBOYHYIO CO BCEMH CHJIOBCKUMH MOJ-
rpyNIaMi) HOATPYINIY. 3aMETHM IIPH 3TOM, HTO
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aBTOpaMM ObLIa YCTaHOBJICHA 3KBHUBAJICHTHOCTH YC-
JIOBHs CYyIIECTBOBAaHUA B KaXIOW MaKCHMMalabHOMI
Oenu JIUHBI TPW TPymmbl  COOCTBEHHOH — S-
KBa3WMHOPMAJIBHON MOATPYMIBI U YCIOBHUS CYyIIECT-
BOBAHUS B K&XKJOH MaKCUMAaJIbHOW LETH JUTHHBI TPH
TpyIBI COOCTBEHHOM CyOHOPMaIbHOW TOATPYIIIIHI.

Hanomuuwm, uto noarpynna /4 u3 G Ha3bIBaeT-
csi Al -cybnopmanvrou 6 cmwicre Kezena [22] nnn
K -3 -cybnopmanvrou [3] B G, ecnu HaigeTcs Ta-
Kas IIeMb MOy

H=H,<H <---<H, =G,

uro mbo H, | HopManbHa B H,, mubo H,/(H,_ ),

cBepxpazpemnma, i =1,....k. B ciyuae, korga B ka-
yecTBe 0000mIEHNST CyOHOPMAaJILHOM ITOATPYIIIBI
paccmarpuBaercs K - U -cyOHOpManbHas MOArPYII-
mau n =2, pemeHue 3anaun lllemerkoBa momydeHo
B pabote [23], rae mokaszaHO, YTO TPYIIIA, B KaXIOH
MaKCHMaJIbHOH IeTIM JUTMHBI /IBa KOTOPOW CyIIecT-
ByeT coOctBeHHass K - 4l -cyOHOpManbHas TO-
rpymmna, 1100 cBepXpa3pelnnuma, JJMoo SBISETCS MU-
HUMAaJIHOH HECBEpXpa3peninMoi rpynmnoi ¢ abene-
BBIM CBEPXPa3peIIMMbIM KopaaukaaoM. st cirydas
&Ke 1 =3 BOIPOC O CTPOCHUH TPYII, KaKaas Mak-
CHMaslbHasl LeTlb JUIMHBI 7 KOTOPBIX COAEPXKUT COO-
cTBeHHYI0 K - il -CyOHOpManbHYI0 MOATPYMITY, OC-
TAeTCsI OTKPBITHIM JI0 CHX TIOP.

3aoaua 2.2 [24, § 4, 3anaua 5.10]. Ilonyuums
onucanue 2pynn, Kaxcoas MaKCumMaibHas yensv Ou-
Hbl 3 Komopuix codepoicum coocmeennyto K - A -cyo-
HOPMAILHYIO NOOZPYNNY.

Tpynnel, kadxcoas MaxcumanbHas yens OUHbL 1
KOMOPbIX COO0ePAHCUM  COOCMBEHHYIO CIYREHYAmO
cybHOpManvHyo nodepynny. PacMoTpuM eme oxHO
UHTEpECHOEe O0OOIIEHNE MOHATHS CYOHOpPMAaJbHOU
HNOArpyMIbl, BBeJeHHOe B padore B. T'o u Ckubbl
[25]. Ilycth © — HEKOTOpPOE TEOPETHKO-TPYIIIIOBOE
cBoiicTBO moarpymi. Torxa monrpymma A u3 G cmy-
newyamo obnadaem ceovicmeom 0 B G, ecnmu G
UMeeT TaKOH HOPMaJbHBIHA Psi

1=G, <G, £..£G, =G,
4TO I Kaxkaoro i =1,....¢ moarpyma (ANG)G /G,
obmanaer coiicteom O B G/G_,. B wactHOCTH,
HOATpYINIa A Ha3bIBACTCSl CMYNEHUAMO CYOHOPMANb-
Hoti B G, eci G IMeeT TaKOM HOpMAaNbHBIN psf

1=G, <G, £..£G, =G,
4To 1 Kaknoro i=1,..,t moarpymma (ANG)G_, /G
sByAeTcs cyOHOpManbHOU B G/ G, . B [25] 6bL10
YCTaHOBIJIEHO, YTO A1 (pukcupoBaHHOrO n <3 Ka-
KJas MaKCUMaJlbHasl LieTb JUIMHBI 72 U3 G COIEPIKUT
COOCTBEHHYIO CTyleH4aTo cyOHopMaibHyl0 B G
HOATPYIIYy B TOM ¥ TOJBKO B TOM ciydae, korna G
paspemmma. B obmem ciydae B [25] OpUta mocras-
JIeHa cIIeTyIomas

3aoaua 2.3 ([25, Bompoc 5.4] umu [24, § 4, 3a-
nada 5.21]). Ilyemo 0,(X)={A<X || X:N,(4)| -
npocmoe Yucio unu Keaopam npocmozo Yucia} Ois
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mobot epynnet X. [Ipeononosicum, wmo 0/ HeKomo-
poeo  ¢hukcuposannozo 1<n<3 xasxcoas maxcu-
ManvHas yensv oaunsl n uz G codepaicum cobcmeer-
wylo 6 G nooepynny, cmyneHuamo 001a0arOWyo
ceoticmeom 0, 6 G. Bepno nu, umo 6 amom cryyae
G paspewiuma?

Ipynnul, kascoas maxcumanvhas yensb OIuHbl N
KOMOpbvIX — coOepiicum CcoOCmeeHHyI0 G -CYOHOp-
manvHylo nooepynny. OIHAM U3 HOBBIX aKTHBHO
Pa3BHBAIOIINXCSl HANpPaBJICHUH COBPEMEHHOM Teo-
pUM KOHEUHBIX TPYII SBISETCS HCCICIOBaHHE
CTPYKTYPBI TPYHIIBI C 3aJaHHBIMH apH()METHUYECKH-
MU cBoiicTBamMu. Havano stoMmy HampasneHunio 06110
nonoxxeno Cxuboii B paborax [26]-[30], roe Obutu
BBeJIEHBI criefyronue noustus. Ilyers 6={c, |iel} —
HEKOTOpOe pa30MEeHHEe MHOXKECTBA BCEX HPOCTHIX
uucen P, r.e. P=y,, 0, u 6,nc, = st Beex
i# j. I'pynna G naseBaetcs: (1) © -npumapHoil,
ecmn G SIBISCTCSL O, -TPYNIOH UIT HEKOTOPOTO
iel; (i) o©-paspewumoii, ecau KaXIbId ee TIaB-
HBII QakTtop o -ipumapen; (iil) © -HurbnOMeEHM-
Hou, ecni G SBISAETCA MPSIMBIM IPOU3BEICHHEM
HEKOTOPBIX G -mpuMapHbIX rpynn. Ilox o -nusno-
menmHuol ONUHOU G -pa3pemmMoil rpymnmnel G mo-
HUMaeTcsl JUIMHA CaMoro KOpoTkoro psaa m3 G ¢
G -HIIBIMOTeHTHbIME (akTopamu. [loarpymnma 4 u3
G HaszwbBaeTCs O -cyOHopmanvrot B G, eCid Haii-
JeTcs Takast Lellb OATPYIII

A=A4, <4 <24 =G,
uto 1mbo A4, HopManbHa B 4, mubo 4, /(4.,),

G -puMapHa 11 Bcex i=1,...,/. PaccmarpuBas
rpynnsl G ¢ G -sbicomoii Cnencepa h (G)=n (xa-
JKJ1asi MaKCUMaJIbHasl LIeNb JUIMHBI 72 U3 G CONepKUT
COOCTBCHHYIO © -CyOHOPMAaJIbHYIO TOATPYINY U IO
KpallHEll Mepe OJlHa MaKCUMallbHas LEeMb JJIMHBI
n—1 w3 G HEe CONEPKUT COOCTBEHHBIX G -CyOHOP-
ManbHbIX morpymnm), Ckuba B [31] ycraHoBui, 4TO
h,(G)=1 B TOM M TONBKO B TOM cilyuae, korga G
ABJIAETCSl G -HUWIIBIIOTEHTHOM rpynmoii; 4 (G)=2 B
TOM U TOJBKO B TOM ciydae, koraa | o(G) |=| n(G) |
u G seisiercs rpymmon [lImuara ¢ abeneBbIME CH-
JIOBCKUMH TIOATPYIITIIAMH, TIE

o(G)={oc,nn(G)|iel,0o,Nn(G) = T};
U, HaKoHel, An1 A (G)<3 Oblla YyCTaHOBIEHA
G -pazpemwumocts G. bonee toro, B [31] monyuen
CIEYIOLINI pe3yIIbTar.

Teopema 2.4 [31, teopema 7.19]. Ilycmo G —
G -paspewumas epynna u G — makoe pasbuenue
muoxcecméa P, umo o° <c. Cnpasednuevi cne-

oyroujue YmeepucoeHus.:
(1) o -HunpnoTeHTHAs JyIMHAa G HE MPEBBIIIACT

hy (G);
(ii) ecau bo h_(G) <|o(G)|, rubo G asnaem-

cA GO —pa3pemum0ﬁ U Kaxcoass N-mMaxKCuMAanibHdas
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noozpynna uz G, 20e n<|c’(G)|, aensemcsa G -cy6-
Hopmanvroli 8 G, mo G G -HUNbNOMEHMHA,

(i) ecnu n=h_(G) <| o(G) |, mo kadxcoas n-max-
cumanvhas nooepynna uz G ¢ -cyonopmanvha 6 G.

3ametnm, uto nonyueHHeie CkuboH pesynbra-
TBI TIO3BOJISIIOT OOOOIINTH OTMEYCHHBIE BBILIE pe-
3ynbTaThl paboT ManHa [5, Teopema 8] u Cnencepa
[7, Teopembr 1-4] (cM. Tarke Teopemy 2.1 B [1] u
Teopemy 1.2 Bble).

3 I'pynnsl ¢ 3aJaHHBIMH OTPAaHNYEeHUAMY HA
JJIMHBI K WHAEKCHI MAKCHMAJIbHBIX Lenei

B pabore [11] SHKO, pa3BHBas pe3yIbTATHI
Xymmepta [32] o Tpynnax ¢ HOPMaJdbHBIMH /-MaK-
CHMAaJIbHBIMH TOATPYIIIaMH, HCCJIENOBAJI TPYIIIHI,
BCe 4-MaKCHMaJbHBIC IOIATPYNIBI KOTOPBIX HOP-
MallbHbl. B wacTHOCTH, UM OBUIO JOKa3aHO, YTO
rpymma SL(2,5) sBisieTcsi eQUHCTBEHHON Hepaspe-

IIAMOW ¥ HETIPOCTOU TPYIIIOH, B KOTOPOH BCce 4-Mak-
CUMallbHblE NOJATPYNIBl HOpMajbHBL. B 3TOM ke
pabore SIHKO yCTaHOBHJI, 4TO HeadeseBbl MPOCThIE
IPYHIBI, Y KOTOPBIX UIMHBI MAaKCHMAaJbHBIX LleIei
He npeBblmaoT 4, nzoMopdusl rpynne PSL(2, p)

JUISl HEKOTOPOTO MIPOCTOTO Yucia p. B manmpHeimem
B pabote [33] SHKo mokaszain, 4to HeabeJeBHI TMpo-
CTBIE TPYMNIbI, y KOTOPBIX UIMHBI MaKCHMaJIbHBIX
[lenei He MPEeBHIMAlOT 5, TaKke N30MOP(HEI TPYyIIIIe
PSL(2,q) ninst HEKOTOPOro MPOCTOTO YHCIIA ¢.

I'oBopsr, uro rpynna G ydosremeopsiem ycio-
suto JKopoana — /ledexunoa omuocumenvHo yenetl,
€CIIi s JI'00ON ee moArpymIbl H Bce MakCHMailb-
HBIC [ETU, POBEACHHbBIC K H, UMEIOT OJIHY U Ty XKe
mmHy. B pabore BepkoBuua [34] Obun M3y4eHBI
TPYIIbI, yIOBJIETBOPSIONINE OCIA0ICHHBIM YCIOBH-
am JKoppana — JlenekuHaa OTHOCHTENBHO IIETIEH.
OnHUM U3 pe3ynbTaToB, MONYYeHHBIX B padote [34],
SIBIISICTCS CJICYIOIIAs

Teopema 3.1 [34, Teopema 2]. Ilycmsb 0ns 6csi-
xou nooepynnet H uz3 G ¢ MH)=2 e6ce maxcu-

manvrole yenu uz G, npogedennvie k H, umerom 00-
Hy u my arce onuny. Toeoa cnpagednugo oOHO u3 cie-
OyroWuUX YCI08UlL:

(a) G ceepxpaspewuma,

(b) ecru G paspewuma, Ho He ceéepxpaspeuiu-
Mma, mo G agngemcs epynnou muna A;

(¢c) ecru G uepaspewtuma, mo onHa uzomoppua
oonoti uz epynn PSL(2, p), 20e p — maxoe npocmoe
yucno, umo Mp+1)=3 u p* =9(mod 80).

B pabote IMonsikoBa [35] Oblia M3y4eHa CBSI3b
MEXIy TJIaBHBIMH pSiIaMH U MaKCHMAJIbHBIMH 1ie-
TISIMH p-Pa3peluMbIX TPYIIL.

Teopema 3.2 [35, teopemal. Ilycmov p — npo-
cmoe uucno. p-paue p-paspewumoii epynnvt G cog-
nadaem c maxcumanroHoim p-paneom G.

B Tteopeme 3.2 mon p-paneom p-pazpemmmon
rpynmnsl G [32] noHuMaeTcs okasaTenb HauOosblIeit
CTEIEeHH Y¥ClIa p, BCTpEUYarouleics cpean HHICKCOB
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BCeX IMaBHBIX psinoB U3 G. Ilom wmaxcumanvhvim
p-panzom p-pazpemiumoit rpynnsl G [32] noHumaer-
csl TOKaszaTeJdb HauOOJIbIIEH CTENeHWu 4Hcna p,
BCTpeYarolleiics cpeid MHJIEKCOB BCEX MaKCHMalb-
HBIX Leneit u3 G.

I'pynnor ¢ 3a0annvimu cucmemamu P -cybnop-
manvuvix nooepynn. Cpeny COBPEMEHHBIX HCCIIE/I0-
BaHWH TPYNI C 33laHHBIMH MAaKCHMAJIbHBIMH LIEIIS-
MH TOATPYII HECOMHEHHBIH MHTEpEC MpPEeACTaBIIs-
10T MCCJIEZIOBAaHMs, CBA3AHHBIE C MOHATHEM P -cyO-
HOpMalbHON moArpymnmsl. HamomHuM, 9to coOCT-
BeHHast moxarpymna H w3 G ssugercs P -cyonop-
manvrou B G [36], ecnu HaieTcss MakCUMallbHas
Lenb

H=H,<H <---<H, =G,
rJe UHAeKCHl | H, : H, | | ABIAIOTCS IPOCTBIMU YHC-

JamMu I Besikoro i =1,...,k. V3ydeHuio BIUSHUA
P -cyOHOpMAaBHBIX MOATPYIIT HA CTPOCHUE TPYIITBI
MOCBSAIICHBI PaboThl Bacuibesa, BacunbeBoit u Tro-
TaHOBa [36]-[38], Kusrunoit nu Momnaxosa [39],
[40], Cemenuyka u CxuOnl [41], Mypamxko [42]. B
[36]-[38] aBTOpamu OBUIH ONKCAHBI HEKOTOPHIE
CBOMCTBA TPYII, CHJIOBCKHE IMOATPYIITHEI KOTOPBIX
aBIsitoTesl [P -cyOHOpManmsHBIME. B wactHOCTH, B
[37] ObLTO TOKA3aHO, YTO BCE TAaKUE TPYIIIBI ¢ -HC-

MIEPCUBHBI U KJIacC TPYIII, BCE CUIOBCKHE MOATPYI-
bl KOTOPBIX SBISIIOTCS P -CyOHOpManbHBIMH, SIBIISI-
eTcsl HacJIeICTBEHHOH HachllleHHOW (opmanueii. B
padote [38] BacunbeB, BacunbeBa u TIOTSHOB mO-
Jy4WJId HOBBIE XapaKTepU3aluy TPYIII, SBIISIOIINX-
csi mpomsBerieHueM [P -cyOHOpPManbHBIX TOATPYIIIL.
Tak, OBUIO JOKa3aHO, YTO TPYyIIa, KOTOpas Ipen-
CTaBUMa B BHJE MPOM3BEACHUS IBYX Pa3pEIINMBIX
P -cyOHOpMaNbHBIX HOATPYIII, SBJSIETCS pa3pelu-
Mmoii. Kpome Toro, B 3TOM e paboTe ObUIa yCTaHOB-
nera PP -cyOHOpMabHOCTh BCEX CHJIOBCKHX MOJ-
rpynm u3 G B ciydae, koraa G copepxur ase P -cy6-
HOpMAaJIbHBIE TMOATPYIIbl, UHAEKCHl KOTOPBIX B G
B3aUMHO ITPOCTHI.

OtmeTrnM, uTo B [36] OBUTH MOCTaBIEHBI 3aa-
Yy 00 ONHMCAaHWW TPYII, BCE 2-MaKCHMAJIbHBIE WIIH
BCE MPUMapHbIe IMKIMYECKUE MOATrPYIITEI KOTOPBIX
apistorcst P -cyOHOpManbHBIMH.  Pernenune Takmx
3amad moimydeHo MoHaxoBeiM u Kasarmnoit B [39].
YCTaHOBIEHO, 4YTO TPYMIBI, BCE BTOPHIC MAKCH-
MaJIbHbIE MOATPYNIBI KOTOPBIX SBISOTCA P -Cy0-
HOPMaJIbHBIMH, JHOO CBEpXpa3pellrMbl, JIU0O0 sB-
JSIFOTCS.  MUHHMMAIbHBIMU ~ HECBEPXPa3peLINMBIMU
rpynnamu c¢ abeneBbIM CBEpXpa3pelluMbIM KOpaIu-
KanoM. B ciydae ke, Koryia Bce IpUMapHbIE [TUKIIU-
YecKue TOArPYIIBI TPYHIbl siBIstoTest [P -cyOHOp-
MaJbHBIMH, B [39] oy4yeH cnenyonmi pe3ynbTar.

Teopema 3.3 [39, teopema B]. Ilycme X —
Kaacc epynn, y KOMOpbIX 6ce NpuMapHvle yukiuie-
ckue nooepynnuvl saeusiiomest P -cybnopmanohvimu.
Cnpageonugul criedyroujie ymeepicoeHus:

(1) X sensemcs HacneOCmEeHHOU HACLIUWEHHOU
@opmayuer;
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(i1) 6 mom u monvro 6 mom ciyyae G € X, ro-
20a G oucnepcuena no Ope u kadcoas bunpumap-
Hasa nodzpynna u3 G ¢ YuKIU4eckol CUI08CKOU NoO-
2pYNNoul AGIAEMCA C8ePXPAIPEUUMOT;

(iil) xaoxcoass munumanvuaa ne X -epynna s6-
agemcs OUNPUMAPHOU MUHUMANLHOU Heceepxpas-
pewuMol epynnou, y Komopou 6ce HeHOPMANbHbLE
CUNOBCKUE NOOPYNNbL YUKTUUHDL.

B [40] Kusrunoit 1 MOHaxOBBIM TOJTyY€HBI
HOBBIE KPUTEPHHU CBEPXPa3peIIMMOCTH TPYIII C 33/1aH-
HBIMH cucTeMaMi [P -cyOHOpMaJIBHBIX TTOATPYIIIL.

Teopema 3.4 [40, teopemsr 3.1, 3.2 u 3.3].
Creoyrowue ymeepaicoeHus IK8UBALEHMHb.

(1) G ceepxpaspewuma.

(2) Hopmanuzamopul 6cex cuno8ckux noozpynn
u3 G asnaromes P -cyonopmanvuoivu 6 G.

(3) Bce xonnoswvr nodepynnet uz G asisomcs
P -cyoropmanvuvimu 6 G.

(4) Bce npumapnwie nooepynnuvt u3z G u éce ou-
npumapHvie Heyuxaudeckue noocpynnvl uz G, éce
CUNOBCKUE NOOSPYNNbL KOMOPBIX YUKIUUHDL, A6TA-
tomes P -cyornopmanvuvimu 6 G.

Hanomuuwm, uto noarpynna /4 u3 G Ha3bIBaeT-
cs1 U -cybropmanvroi B G, ecnu HAHIETCs Takas

1enb MOArpyI
H=H,<H <---<H, =G,
yro H,,/(H,_), cBepxpaspemiuMa Jjs BCAKOTO

i=1,...,t. 3amerum, uto eciau G paspemuma, To coo-
cTBeHHas noarpymmna H n3 G ssusercs il -cyOHOp-
MaJbHOW B G B TOM W TOJIBKO B TOM CiIyd4ae, Korjaa
CYIIECTBYET TaKasi MaKCUMaJIbHas LIeTb
H=H <H <---<H, =G,

yro |H,:H, | sBisgeTcs NPOCTBIM YHUCIOM JUIS
Bcex [ =1,...,t, T.e. H sBusgercsa P -cyOHOpMaNbHOM
B G, u H sasnserca i -aGHopManbHOH B G B TOM H
TOJBKO B TOM ciiydae, korma |L: K| He sBisercs
MPOCTHIM YKCIOM ISl Beex noarpynn K u L u3 G,
st kotopeix H < K <L <G.

B pabore [41] Cemenuykom u Ckuboii ObL1
MOJTyYeH CIEIYIOUIHHA Pe3ynbTaT.

Teopema 3.5 [41, Teopema Al. Ecau xaswcoas
Heedunuynas noozpynna uz G agisiemcs oo 3 -cyo-
HopmanbHou, oo 3\ -abropmanvroti 8 G, mo G = DH,

20e D=G" — ceepxpaspeuumvlii KOpaouxan 2pyn-
not G, U 8bINOIHEHBL CIEOVIOUUE VCTIOBUSL:

(1) H sernsemcsi Xon10601 2autioyeoi noopyn-
nou ¢ G. Crnedosamenvro, eciu H nunbnomenmna,
mo H siensemces kapmeposoi nodepynnoi 8 G;

(i1) xaorcowitl enaguviii paxmop uz G nugxce D
saenaemcsa  Heyukaudveckum. Cnedosamenvno, H —
ceepxpaspewumslii Hopmaauzamop G 6 cmuicre [43];

(iii) | G : DG'| ssisemes cmenenvio npocmozo

yucna,
(iv) ecru H — neyuxnuueckas epynna nopsoxa

p", 20e p — npocmoe yucio u n>1, mo epynna D

HUJITbNOMEHMHA,
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Koneunvie epynnet ¢ 3ad0annvimu 0606ujenno makcumanbuvimu nooepynnamu (063op). Il. Om maxcumanvuvix yeneii Kk MaKCuMaisHulM napam

(v) HO(G)/ D(G) ssraemcs abo epynnoti Mun-

nepa — Moperno, 1ubo npumaprou abenegoti epynnoii;

(vi) xaxcoas cobcmeennaa nooepynna uz G,
codepoicawas D, ceepxpaspewuma.

Obpamuo, eciu G yoosremeopsiem ycio8UAM
(1)—(vi), mo xagicoas neeounuunas nooepynna uz G
saensiemes abo S -cyonopmanvhoil, oo S\ -abrop-
manvrou 6 G.

3ameTuM, 4TO B Cliydae, KOTaa Kaxaas Heelu-
HUYHAs noArpymnmna u3 G ssusercs aubdo P -cyGHOP-
ManbHOU, 60 P -abHOpMansHOW B G, B [41] mo-
KazaHa paspemmMocts G. [loaTroMy onmcanue rpymm,
B KOTOPHIX Kaxaas moarpynma ymoo [P -cyGHOp-
ManbHa, 00 [P -abHOpManbHaA, SBISETCS CICICT-
BHEM TEOpeMBI 3.5.

4 I'pynnbl, n-MaKcMMaJibHble IOATPYNIIbI
KOTOPBIX 00J121a10T HEKOTOPBIM HAacJeICTBeH-
HBIM T€OPEeTHKO-TPYNIOBbIM CBOHCTBOM

I'pynnovl ¢ abenesvimu N-MAKCUMATLHLIMU HOO-
epynnamu. OnHON M3 Haubolee paHHUX padoT, CBs-
3aHHBIX C W3y4YCHHEM MAaKCHMaJbHBIX Liened W, B
YaCTHOCTH, A-MaKCUMaJbHBIX monarpynm (n > 1),

sBisieTcs pabora Penmen [44], mocBsIneHHas omnuca-
HHUIO HEpa3pelInMbIX IPYIIBI C a0eJIeBBIMUA BTOPBI-
MU MaKCUMaJbHBIMU NOArpynnaMu. B panpHeiem
bepkoBuuem [45] ObUTO TIONyYeHO ONMMCAaHUE HEpas-
PEIIMMBIX TPYNIl C abelIeBbIMH TPETBUMH MAaKCH-
MaJIbHBIMU TTOATPYIIIaMHU.

Teopema 4.1 [45, cnenctue]. [Iycmob p — npo-
cmoe yucio. B mom u monvko 6 mom ciyuae éce
3-maxcumanvHvle NOOZPYNNbLL HEPAPEUUMOL cPYN-
not G seusiromes abenesvimu, koeoa G uzomop@ua
OOHOUL U3 CeOVIOUUX SPYNN:

(1) SL(2,27), e0e M27 £1) <3, xpome cryuaes,
koe0a Mp" —1)=3 ww p* =1(mod5) ons p > 2.

(2) PSL(2,3”), SL(2,3"), eoe A(3"x1)<4,
p#l.

(3) PSL(2, p), coe M(p=£]1)<4.

(4) SL(2,p), 2c0e Mptl)<4, p=#T.

(5) PGL(2,5).

(6) LxD, e0e L=PSL(2,5), |D|=p.

HccnenoBanuio rpymm, Bce n-MaKCUMalbHbIE
MOATPYNIIBl  KOTOPBIX SIBIISIFOTCSL A0EIEBBIMH, TI0-
cBsiILeHbI Takke padoThl Lllepuesa [46], [47] u [dpa-
raafoka [48]-[50]. Tak, B pabotax [46], [47] ¢ Tou-
HOCTBIO JI0 00pa3yIoIInX AJIEMEHTOB M OIPEICIISIO-
IIAX COOTHOIICHMH OBUT M3ydYeH KJacc p-TPymIl ¢
abeneBbIMH 2-MaKCUMaJbHBIMH MOArpynmamu. B
[48] m3yueHO cTpoeHNe IpUMapHBIX TPYII ¢ abere-
BBIMH BTOPBIMH MaKCHUMaJbHBIMH HOATpynmnamu. B
[49] momyuyeno omucaHue p-rpynn ¢ HeabOeseBon
noarpymnmnoi dparTuHU, y KOTOPBIX BCE 3-MaKcCH-
MaJlbHbIC MOJATPYIIIBl SIBISAIOTCS abeieBbMU. B
nanbHeimem J[Iparanrokom [50] Obuto momy4eHo
OIMCAaHUE PETYISIPHBIX 2-MOPOKIACHHBIX TOATPYIII C
abeneBbIMHU 3-MaKCHUMalIbHBIMU IOATPYIIIAMH.
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ITockonpky Kakgass monrpymma abeneBon
TPYIIBI TakXke sBisieTcs: abeneBoil rpyImo, ecre-
CTBEHHO PacCMOTPETH BONPOC O TOM, KAKUMH CBOM-
CTBaMH 00JaJaeT rpyrmma, Kaxiaas n-MaKCUMallbHast
MOATpyTIa KOTOpoH 00agaeT HEeKOTOPhIM Hacie[l-
CTBEHHBIM TEOPETHKO-TPYIIIOBEIM CBOHCTBOM 6.

I'pynnvl ¢ HUTLNOMEHMHBIMU N-MAKCUMATD-
Huimu nodepynnamu. Cpean UCCIEAOBAHUN TPYII C
HWJIBIIOTEHTHBIMH /-MaKCHUMaIIbHBIMU NOATPYTIIaMU
CIIE/Ty€eT, IPEK/AE BCET0, OTMETHTH paboThl Cyn3ykn
[51], SAnko [52] u bepkoBuya [53]. B pabdore Cymzy-
KM OBUTH M3y4eHb! HeaOeleBhl MPOCThIE TPYIIIBL, BCE
COOCTBEHHBIE MTOATPYIITE MAKCUMAIBHBIX MTOATPYIIIT
(B 4WacTHOCTH, BCcE 2-MaKCHUMAaJbHBIE ITOATPYIIIIHI)
KOTOPBIX HIJIBIIOTEHTHBI. BBUIO yCTaHOBJIEHO, YTO
BCe Takue rpyrnmnsl u3oMophHs! rpymme PSL(2,5).

Sluko u bepkoBuu B cBOIO ouepesnb MONYUYHIH OIH-
CaHWE HEPa3peUIMMBIX TPYII C HWIBHNOTEHTHBIMA
BTOPBIMH MaKCHUMaJIbHBIMH TIOATPYIIIIAMHU U J0Ka3a-
JIM, 9TO BCE TaKHUE TPYIITHI H30MOPQHEI THOO TPyIIIIe
PSL(2,5), mubo rpymne SL(2,5). B paspemnumom

cllydae OMNHMCaHUE TPYII C HHUJIBIIOTCHTHBIMH BTO-
PHIMHA MaKCHUMAJBHBIMH MOJATPYIIAMH OBLIO MOMTY-
yeHo benmoHoroBem [54].

Teopema 4.2 [54, teopema]. Ilycms p, q, ¥ —
npocmule uucaa. B mom u monvko 6 mom ciyuae ce
2-MaKcuManbHvle NOOSPYNNbL PA3PEUUMOU 2PYNNbl
G agraromes HUuIbNOMeHmHubiMuU, ko2oa G — epynna
00H020 U3 CNedYIOWUX MUNOE:

(1) G=0xP, |P=p*, 074", |0:0'|=¢",
|0' < q°, ecaxuii snemenm uz P, nopsook xomopo-
20 menvuie p*', npunaonescum C,(Q).

(2) G=0QxP, P — yuxnuueckas epynna no-
paoka p*, |0=¢", C4(P)=PZ(G)=PP*(G),
|G:Z(G) |= pg™.

(B) G=QOxP, P= <a> — YUKIUYeCcKas epynna
nopaoka p“, |Q=q", ®(G)= <a”>x G", |G"<q’,
G/ O(G) ssngemes npsambim npouzsedeHuem epyn-
nol muna A u epynnsi NOpsoKa q.

@) G=(b)(@xP), [(b)l=1+s |Pl=p,
|10=4¢°", N;(P)=(b)xP, |0:0'|=¢°, 0<e<l.

(5) G=(QxR)xP, P= (a) — YuKIuYecKas
epynna nopsioka p*, |0=¢°, |R|=r°, a’ €Z(G),
C,;(a)=P, © sersemca nokasamenem 4ucia r no
MOOYIO P.

(6) G=Rx(PxQ), |P|=p,
|RI=r", PR u QR — epynnwi [lImuoma.

(7) G=HxR, |Hl|=p*q", |Rl=r, H -
epynna [lImuoma.

B nanbheiimem ManHoM [55] ObutM M3yueHSI

MpOCThIC TPYyHIIbI C 3-HUJIBIIOTEHTHEIMU BTOPbIMU
MaKCUMAaJIbHBIMHU TTOATPpYIITaMHU. Bbrito YCTaHOBJICHO,

|01=4q,
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yro Takue rpymnsl G ¢ (3,|G|)#1 wm3oMopdHEI
PSL(2,q) nmist HEKOTOpOro MpocToro ymcia q. B

CBOIO ouepenb, ['aren u SlHKo B pabote [56] momy-
YUK ONMCaHHWE NPOCTBHIX TIPYII, Bce 3-Makcu-
MaJIbHbIC MOJATPYINIbI KOTOPBIX SIBISIOTCS HHJIBIIO-
TeHTHbIMH. OKa3a0Ch, YTO BCE TaKWE TPYMIBI H30-

mopdusl 6o PSL(2,q), tae g >3, mubo Sz(2°).

3ameTruM, dYro B CiIydYae, KOrga BCE M-
MaKCHUMaJIbHBIE TOATPYNIBl U3 G SBIAIOTCSA TPYII-
namu [Imunra, kaxmgas (n+ 1) -MakcuManbHAs TOA-

rpynna u3 G HUIBNOTEHTHA. B 9TOH CBsI3H, OTMETHM
pabory bepkoBuua [57], B KOTOpOH, B YacCTHOCTH,
ObUTH HCCIIeIOBAaHBI I'PYIIIBI, BCE #-MaKCHMaJIbHbIE
MOATPYTIIBI KOTOPBIX SABIAIOTCS rpynnaMu [lImuara.
Bruto ycraHOBi€HO, 4TO A Takux rpynn n=1 u
rpymnna uzomoppHa oo PSL(2,5), mubo SL(2,5).

OtmeruM, uto pabote [57] mpenuectBoBana myo-
mukaims bepkosuya [58], B KoTopo ObUT paccMOT-
PEH BOIPOC O CTPOGHHHM TPYMI, KaxIas n-MaKCH-
MaJlbHasl MOJArpyIIia KOTOPBIX SBJISIETCS 0000IIeH-
Ho¥ rpynmnoi HImuara.

I'pynnwl co ceepxpaspewtumvlmu unu oucnep-
CUBHBIMU N-MAKCUMATbHbIMU nooepynnamu. B [4,
rmaBa VI, mpobnema 26] IllemerkoBbiM Oblia mO-
CTaBJI€HA 3aJaya ONMCAHUS Pa3PEIINMMBIX TPYII, Y
KOTOPBIX BCE BTOpBIE MAaKCHMAJbHBIE MOIATPYIIIBI
cBepxpaspemnMbl. YacTHdyHO Takas 3amada Obuia
pemena CemenuaykoMm B pabote [59]. CemeHdyk mo-
Kaszajl, 4To HecBepxpaspemmumas rpynna G, y KoTo-
poil Bce 2-MakcHMalbHBIE IOATPYIIIBI CBEpXpa3pe-
mmmbel 1 G/ ®(G) HenpocTa, SBISETCS pa3pellu-

Mol U | m(G)|<4. Takum o0Opa3om, uisi pelieHHs
3amaun [llemerkoBa B ciyvae, korma G/d(G) —
HEMpOoCTas TPyIIa, HYXKHO ObLIIO PACCMOTPETh JIMIIIb
HECBEPXPa3peIIMMbIe TPYIIbI, YUCIO HPOCTHIX Jie-
JUTEJIeH TopsiiKa KOTOPBIX He mpeBbimaeT 4. B da-
ctHocTH, ecii | T(G) |= 4, crpaBeIUIUB CIICAYIOIIHN
pe3yJbTar.

Teopema 4.3 [59, Teopema 1]. ITycms | 1(G) |= 4,
D, > D, > Py > p, — Pa3iuyHble npocmule 0enument
|G|, G,, G, G, , GP4 — coomeemcmeyowue

2l P2 Ps3
um cunogckue nooepynnel u3 G u G/ ®(G) we ss-
asemes npocmou epynnou. Ecau éce emopuvie mak-
cumanvhvie nooepynnsl uz G ceéepxpaspeuumvl, mo
CRpaseoIugbl Ciedyowue YmeepiHcOeHUs::
(i) G oucnepcusna no Ope;
(i1) G,. G, —yukmueckue epynnei;
(iii) ecru G, G, G, céepxpaspewuma, mo G,
SA6IILEMCSL YUKTIUYECKOTL,
(iv) G, /®(G,),
GPl sz "'GPH GP, / GPl "'GPH CD(GP, )

— enasHule gpakmopyel 6 G, 20e i =2,3,4;
(v) G umeem mouHo uemvipe KiAcca MAKCU-
MAILHBIX CONPSNCEHHBIX NOOZPYNN.
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B nmanpueiimmem mnomyueHHoe CeMeHUYKOM
onucanue ObLJIO yTOYHEHO B padore JleBuiieHKo u
Kysennoro [60], B koTopo#i Obuto HalizeHo 34 Tuna
TPYIII CO CBEPXpaspeliMMBIMA BTOPBIMH MaKCH-
MaJIBHBIMM TOATpynmnamu. Pesymsratsl pador [59],
[60] mammm pasutue B padorte L. JIm [61], roe
ObUTH ONMCAHBI HEpa3pelInMble TPYIIIBI CO CBEPX-
Ppa3pemmMBIMA 2-MaKCUMAaJIbHBIMU 3d-TIOIT PYTIIIaMIL.

3ameTnM, YTO B ciy4ae, KOrja Bce 3-MaKCH-
ManbHble oArpynnsl U3 G K - 4l -cyOHOpMalbHBI B
G, Bce 2-MakcuManbHble moArpynmel U3 G cBepX-
paspemmnmMsel. [losTomy mnomyuennoe KosaneBoil u
C. Mu [62], [63] omucanne rpymm ¢ K - §1 -cy6HOp-
MaJIbHBIMH TPETBUMH MaKCHMAJIbHBIMH TOATPYIIIa-
MH TaK)Xe SBJISETCS Pa3BUTHEM Pe3yJIbTaToB paboThI
CemeHnuyka [59].

XOpoIIo H3BECTHO, 4YTO CBEpXpa3perIrMble
TPYIBI SBISIOTCS AucnepcuBHBIME 110 Ope. DTOT
(bakT Hamen NpUMEHEHHEe B OTMEUYEHHOH BBIIIE pa-
6ote Jlesmmenko u Kysennoro [60], B koTOpo#i aB-
TOpamM# sl KITacCU(PHUKAIMK TPYIII, BCe 2-MaKCH-
MaJlbHble MOATPYHIBI KOTOPBIX CBEPXPa3pelluMbl,
OBbLIO MCIONB30BAHO TIOJIyYEHHOE UMH paHee CTpoe-
HHE Tpynmn ¢ JucrepcuBHbIMU 1o Ope 2-makcu-
MaJIbHBIMU noArpynmnamu [64]. OTMeTum, 4To rpym-
bl C AUCTIEPCUBHBIMH 2-MaKCUMAIBHBIMH TTOJIIPYTI-
ramMH OBUTH TaK)Ke pacCMOTPEHBI B OIHOM M3 padoT
Bbepkouua [65].

Hexomopbie Opyeue pe3ynomamul 0 2pynnax ¢
3A0aHHLIMU  HACIEOCMBEHHIMU  MEOPEMUKO-2PYH-
NOBbIMU  CEOUCMBAMU Ol N-MAKCUMALbHBIX NOO-
epynn. PaccMOTpUM eIe HeCKOJBbKO padoT, B KOTO-
pPBIX aBTOpaMU H3y4yalluCh TPYyMNIBl C 3aJaHHBIMU
HACJIE/ICTBEHHBIMU TEOPETUKO-TPYIIOBBIMU CBOM-
CTBaMH [UIl A-MakCHUMalbHBIX HoArpynm. Tak, B
IByX pabotax bepkoBuua [57], [66] Obuth onmcaHsl
Hepas3peluMble TPYIIHBI ¢ MUKINYECKUMHU 3-MaKCH-
MaJIbHBIMU HJIH 4-MaKCUMaJIbHBIMU MO PYIIIIAMH.

Teopema 4.4 [66, cnenctBue 3]. Ilycmo G —
Hepaspewumas 2pynna ¢ Yukiuyeckumy mpemoumu
MmaxkcumanoHuimu nooepynnamu. Toeoa MG)<6 u

BbINONIHEHbL CIEOYIOUUE YCTIOBUSL:

(1) ecru M(G)=4, mo G = PSL(2,5);

2) ecru MG)=5, mo G uzomoppua ooHoI
uz epynn SL(2,5), PSL(2,11), PSL(2,13);

(3) ecru MG)=6, mo G = PSL(2, p), npuuem
Mp-D)=Mp+1)=3, 20e p — npocmoe uucno u
p #£+£1(mod 5).

HccnenoBanuio rpynm ¢ METaUKINYECKUMHU
BTOPBIMH MaKCHMAJIbHBIMH TIOATPYIITIIAMHU MOCBSIILE-
HBI pabotel [67]-[69]. B [67] JleBumenko u Cemko
noxyumn 11 KiaaccoB HecBepXpa3pemrMbIX IPyII,
BCE 2-MaKCUMAaJIbHBIE TIOATPYIIIBI KOTOPBIX SIBIISIOT-
Csl METAIIMKIINYeCKUMH. Pa3BuBas pe3ynbTaTsl pabo-
ToI JleBumenko u CeMKo, aBTOpHI paboTHI [68] 1mo-
ny4yrii 17 TUTOB 2-TPyTI, BCe BTOPHIE MaKCHMallb-
Hble IIOATPYNIBl KOTOPBIX SBISIOTCS METAMKIU-
YeCKMMH M KOTOpbIe COAEpXKaT XOTsA Obl OfHY
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HEMETalUKINYECKYI0 MAKCUMAIIBHYIO NOArpynmy. B
JaybHeimeM B pabote [69] ¢ TOYHOCTHIO 10 H30-
Mopdu3Ma ObUIH ONpenesieHbl BCE TaKUe p-TPYIIbI
(11 HEYeTHBIX IMPOCTBIX YUCEN p), COAEpIKallue
HEMETAMKINIECKYI0 MaKCHMAaJIbHYIO IOJTPYIILY,
BCE 2-MaKCHUMaJbHBIE TIOATPYIIIBI KOTOPBIX SBIISIOT-
sl METALUKJINIECKIMH.

Hamomuum, 49ro rtpymna G HasbIBaeTcs
(A)-epynnoii, ecnmn Kaxmgas TMONTPYIIIA TIPOCTOTO
nopsiaka u3 G ABISETCA NPOHOPMANBHOM (TIOATPYTI-
na H u3 G HasbBaeTcs npoHopmanvrou B G, ecnu H

compspkeHa ¢ H* B <H,HX> s Besskoro x € G) U

1100 BCE CHIIOBCKHE 2-MOArpymnibl u3 G sBISIOTCS
a0eneBbIMU, MO0 KaKAas IMKIMYECKas IIOArpyIa
nopsiaka 4 w3 G mpoHopmansHa B G. AcaanoMm B
padote [70] ObUIa moNyueHa KJIACCH(HKAIUSA MPO-
CTBIX TPYII, BCE BTOPbIC MaKCUMaJbHBIC MOATPYII-
Bl KOTOPBIX SBISIOTCS (A) -TpyInamH.

OTMeTuM Takxke paboThl, B KOTOPBIX ABTOPHI
HCCIIEZIOBAIIN HE T -Pa3jIoKUMBbIe TPYIIIB, BCe 2-MaK-
CHMaJlbHBIE MOATPYIIBI KOTOPBIX SBJISIOTCS T -pas-
JOKUMBIMH. ['pynna Ha3bIBaCTCS T -paA3A0ACUMOLL,
€CIIM €€ MOXKHO MPEACTaBUTh B BUIE MPAMOTO MPO-
U3BEICHUs T -Ipynnsl 1 1 -rpynnsl. Tak, B paboTe
bepkoBuua [53] ObUIO nOKa3aHO, YTO He 2-pasio-
KuMas Hepaspelnumas rpymnmna G, Bce BTOpbIe Mak-
CHMallbHble TOATPYIIBl KOTOPOH 2-pa3ioiKUMBl,
n3zoMopdua mmudo PSL(2,5), mudo SL(2,5). B nanb-

Heiimem bepkoBmuem [71] Obuin omucaHbl Hepas-
pemumble Tpynnsl G, y KOTOPBIX Kaxaas 2-Mak-
CHUMalbHasi TOATpYIa JIo00i pa3pemmmol noj-
rpynmsl u3 G sBisercs 2-pa3noxkumoii. B HenaBHen
ke pabote BemonoroBa [72] paccMoTpeHa oOIias
CHUTYaIUsI ¥ TTOJy4EHO OMHUCAaHKUE HE T -Pa3iI0oKUMbIX
TPYHII, BCE 2-MaKCHMAaJIbHbIE MOATPYIMIBl KOTOPBIX
T -pa3IOKHUMBI.

5 3ameuaHue 0 rpynmnax ¢ 3aJaHHbLIMH CHC-
TeMaMH MaKCHMAJbHBIX Nap

HecomHeHHbIN MHTEpEC Cpeou HCCIIENOBAaHUI
TPYNII C 33AaHHBIMH OOOOIIEHHO MaKCHMAaJIbHBIMU
MOArPYNIIaMU TPEACTABISIOT MCCICAOBAHUS TPYIII
C 3aJaHHBIMH CHCTEMaMH MaKCHUMaJbHBIX THap.
Ilycte K < H — noarpymmst u3 G. HamomanM, 910
napa (K, H) Ha3bIBaeTcst MakcumaroHol napoi 6 G,

ecnu K sBngeTcs MaKCUMalbHOM MOArpynmnoi B f.
OueBnHo, uto ecnu (K, H) — MakcuMasbHas Iapa u3

G, TO 1714 HEKOTOpOro # B G CyIIECTBYEeT MaKCHMaJlb-
Hasl LIeTIb JAJIUHBI 1

K=H <H =H<--<H <H,=G.

OpHoli n3 Haubonee 3HAYMMBIX ITyOIHKAIMH,
MOCBSIILICHHBIX U3YYCHHUIO TPYIII C 33JaHHBIMH MaK-
CHUMaJIbHBIMH Tapamu, sBisiercss padora B. T'o u
Ckun6b1 [73]. Uccnenys rpymiisl, HEKOTOpBIE MO-
TPYyNNBl KOTOPBIX MOKPHIBAIOT WM H30JIUPYIOT 3a-
JIaHHBIE CHCTEMBI MaKCUMaJIbHBIX map (rmoarpymnma A
u3 G noxpvisaem napy (K,H), ecnu AH = AK;
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monrpymmna A usonupyem napy (K,H), ecim
ANH =ANK), B [73] aBTOpPHI MONXYydnIA Xapak-

TEPU3AlMU TaKMX BaXKHBIX KIACCOB KOHCUHBIX
TPYII, KaK KJIACCHl p-pa3pelIuMBIX, Pa3peIIMBIX,
P-HWIBIOTEHTHBIX, METAHWIBIIOTEHTHBIX, p-CBEpPX-
Pa3pEIINMBIX ¥ CBEPXPa3pEIIUMBIX TPYIIIL.

OTMeTuM, 4TO UCCIeIOBaHus, HayaTeie B [73],
MPOJOJDKEHBI B pa00Tax MHOTHX aBTOPOB (CM., Ha-
npumep [74]-[77]), KOTOpbIMU OBUTH PACCMOTPEHBI
TPYTIIEI, BBIIEICHHBIC CHCTEMBI TOATPYIIT KOTOPBIX
00JIaIal0T  CBOICTBOM OOOOILICHHOTO TMOKPBITHS-
H30JINPOBAHUS IO OTHOIICHUIO K 3aJaHHBIM CHCTE-
MaM MaKCHMaJIbHBIX Iap.
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H3ydaercs cTpoeHHe KOHEUHBIX TPYIII C 33JaHHBIMU CBOHCTBAMHU § -CyOHOPMAIbHBIX HOATPYIIIL.
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BBenenue

HOCTpOCHHaﬂ HU3BCCTHBIM HEMCLIKMM MaTeMa-
TuKOM Bmmanarom [1] Teopust cyOHOpManbHBIX
HOATPYII OKa3aja OOJbLIOe BIMSHUE Ha M3yYeHHE
CTPOEHMSI KOHEUHBIX rpymil. B Teopun kiaccoB Ko-
HEYHBIX TPYII E€CTECTBEHHBIM DPa3BUTHEM CYOHOp-
MaJIbHOCTH SBIIACTCS TOHATHE OOOOIIEHHOH Cy0-
HopMmansHOCTH. B 1979 rogy JLLA. lllemerkoB [2] u
Kerens [3] moctaBuim 3aady 0 MOCTPOSHUH TEOPUH
0000IIeHHO CYOHOPMAIBHBIX MOATPYIII, aHAIOTHY-
HYIO TEOpUH CyOHOPMalbHBIX HOATrpyImI. Pemennto
JAHHBIX 3aJa4 IIOCBSAILIEHO OOJIBIIOE KOJUYECTBO
paboT B Halei cTpaHe u 3a pyoexom [4]-[6]. dan-
HOMY HaITpaBJICHHIO TIOCBSILEHA HACTOSILAs padoTa.

1 IlpeaBapuTe/ibHbIE CBEICHUSA

HeoOxonuMmeie ompeneneHuss U 0003HAYCHUS
MOJKHO HaWTH B [2]. HamoMHNM HEKOTOpEIC U3 HUX.
IIycte P — MHOXeCTBO BCEX MPOCTHIX umcen. Ecim
pePuncP, ton'=P\nu p' =P\ {p}.

m(G) — MHOXECTBO MPOCTHIX AETHUTENEH Io-
psiaka rpymist G.

@opmanust § — Kiacc TpyIl, 3aMKHYTBIX OT-
HOCHUTEJIFHO TOMOMOP(HBIX 00pa3oB M MOINPSMBIX
MPOU3BEACHUIL.

dopmanuss § Ha3pIBaeTCS HACIIEIACTBEHHOM,
€CIT OHA 3aMKHYTa OTHOCHUTEIBHO B3ATHS HOATPYIIIL.

@opmanus § Ha3pIBaeTCS HACBHIIIEHHOH, €CIH
OHA 3aMKHYTa OTHOCHUTEIbHO (PpaTTHHUEBBIX pac-
HIMPEHUH.

Eciu § — kmace rpynn u G — rpynmna, o G° —
nepecedeHne BceX HopManbHeIX noarpyna N u3z G
Takux, uto G/ N € §.

MaxkcumansHasg noarpymnna M rpymmnsl G Ha-
3BIBACTCS § ~-HOPMAJIBHOM, eCIin GSc M.
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MakcumaneHas noarpynna M rpynnel G Ha-
3pIBaeTCs § -abHOpManbHOiL, ecmn G° ¢ M.

O06o3HaunM yepez D — ¢dopmanuio Bcex
HUJIBIIOTEHTHBIX TPYIIIL.

X ={G|G* €F} - mpoussenenne (opma-
mi ¥, X.
" — dopmanus Bcex paspelInMbIX IPYII C

HUJIBIIOTEHTHOW JUIMHOM paBHOM 7.
IMycte § — HekoTopas Hemycras (opMarrus.

Hoarpynna A rpynnsl G Ha3bIBaeTcs § -CyOHOp-
MaJIbHOM, €CIIM CYILECTBYET MaKCHMaNbHas LIETIb
G=H oH o>.oH =H

Takas, 9To A Jroboro i>1 moarpymma H,

i

§ -HOpManbHA B H, .

1
B crnenyromux eMmax MpHBOISTCS N3BECTHBIE
CBOICTBA § -CyOHOPMAJIBHBIX TOATPYIIIL.

Jdemma 1.1. Ilycts § — HemycTas HacIEICT-

BeHHas Qopmarus. Torma:
1) eecru H — moarpynma rpymmsl G U

G®cH, o H §-cybHopmansha B G;

2)ecm H § -cyOHOopMmanisHa B G, K — mop-
rpymma rpymmsl G, 0 H NK  § -cyorOpMansHa B K

3) ecnu H, u H, §-cyOHOpMaibHblE IOJ-
rpynnsl G, to H, N H, — § -cybHOpMallbHas HOA-
rpymna G,

4) ecru H § -cyonopmanbha B K, a K § -
cyoHopmansHa B G, T0 H T -cy6HOpMainbHa B G;

5) ecnu Bce KOMIIO3UIIMOHHBIE (haKTOPHI IpyI-
nel G npuHAIeKAT popManuu §, TO Kaxnaas cyo-

HOpMaJIbHas mojArpynna rpynms! G sBisercs § -cyo-
HOpPMaJIbHOM;
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6) ectm H — § -cyOHOpMasnibHas HOATPYIIA
rpynnsl G, T0 H® § -cy6HOopMmanbHa B G 18l JTio-
opx x € G.

Jdemma 1.2. Tlycte § — Hemycras Gpopmarius,
H — noarpymna rpynnsel G, N — HOpMallbHas
noxrpymnmna u3 G. Toraa:

1) ecrm H  § -cyOHopmanbHa B G, T0 HN
§ -cyonopmansa B G u HN /N § -cyOHOpMaib-
HaB G/ N,

2) ecru Nc H, to H §-cybHOpManbHa B
G Torjaa u TOJIbKO Torna, korma H /N § -cyOHOp-
mansHa B G/ N.

Jdemma 1.3. Tlycts § — Hemycrasi Haclenct-
BeHHast popmarmst. Ecmu H — § -cyOHOpManbHas
noxarpynna rpynnsl G, To H® — cy6HOpManbHas
noArpymnmna rpynmsl G.

2 OcHOBHBIE Pe3yabTATHI
Teopema 2.1. I[lycmv § — Hacviyennas ¢op-

mayus. Toeoa nwbas epynna G =AB, 20e A —
paspewumas HopManbhas NooSpynna ¢ HUIbLNO-
menmuoti onunoi n(neN), a B — §-cybnop-
MmanvHas F -nodepynna npunadnexcum N"'F.

Hoxaszamenbcmao T€OpeMbl MPOBENEM HHIYK-
nued no n. IlokakeM, YTO YTBEP)KIEHUE TEOPEMBI
BepHO mpHu n =1, T.e. mobas rpynma G = AB, rne
A — HUIBIIOTEHTHAS! HOPMaJIbHASI IOATPYIIA, a B —
§ -cyOHOpMaubHas <§ -ITOATPYIINa MPHHAUIEKHT .
JlokazaTenbCcTBO ATOTO (hakTa MpOBEAEM WHIYKIUEH
o nopsiAKy rpynnst G.

ITokaxem, uro G MMEET €AMHCTBEHHYIO MUHH-
MaJIbHYI0 HOpMalbHYyI0 moarpymmy. IIpeamnonoxnm,
yro ux a8e N, u N,. PaccmoTpum daxrop-rpyniy
G/ N, (i=1,2). OueBuaHO, 4TO

G/N,=AN,/N,-BN,/N,,i=1,2.

ScHo, uT0 AN,/ N, — HUJIBIOTEHTHas HOp-
MmanpHass noarpyrmma u3 G/ N. Ilo nmemme 1.2
BN,/ N, — § -cyObHOpManbHas MOATpymIa hakTop-
rpynnsl G/ N,. Tak kak B € §, To, O4EBUIHO, YTO
BN,/ N, €.

Hrak, Bce TpeOoBanus teopemsl aust G/ N,
BpinosiHeHbl. Ilo mHpayknmu, G/ N, e€g§, i=12.
Tak kak N, N, =1 u § — dopmarnus, To

G=G/N,NN, e5.

[Mycts tenepp ®(G)#1. Kak n Belme, He-
TpyAHO TOKa3ath, uto G/ P(G) e §. Tak xak § —
HachlnieHHas ¢popmarnys, o G € §.

Utak, rpynna G COIEPXKUT €IUHCTBEHHYIO
MHHUMAaJbHYI0 HOpPMalpHYIO moxrpynmy N u
®(G) =1. OuyeBuano, uro F(G)=1. Orcrona cie-
nyet, uto N = F(G) — nokons rpynmsl G.
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Tak xak G/N =B, a noarpynmma BeF u
G¢F, 1o N=G°%. Tak xak B — § -cyOGHOpMAanb-
Hag noarpynna rpynnel G u B#G, T0 B conep-

JKUTCSl B HEKOTOPOW MaKCHUMallbHOM moxarpymnne M
rpymnsl G. Tak xkak B — § -cyOHOpManbHast 1oj-

rpymma rpynnsl G, To M — MakcUManbHas § -HOp-
ManbHas noarpynna G. Torma N = G¥ =M, uro
HeBo3MoOXHO. Utak, mpu n =1 Teopema pokaszaHa.

[TycTp Temepb Teopema BepHa npu 7 = k. Ilo-
KakeM, 4TO OHa cIpaBeajuBa mpu n=+k+1, T.e.
mobas rpynna G = AB, tne A — HOpManbHas MOJI-
rpynna, npuHamexamas N u B — § -cy6HOp-
ManbHAs § -TIOATPYMa MpuHaAIesxKuT *F.

Tak kak Ae N, To A/ F(A4)eN*.

Tak kak 4 — HOpMaJbHas MOATPYIIA TPYIITBI
G u F(A) — xapakTepucTHyecKas MOATPYIIa, TO
F(A) — HopmanbHas noarpynmna rpynnsl G.

PaccmoTpum cnenyroinyro Gakrop-rpymmy

G/F(A)=A/F(A)-BF(A)/ F(A).

Ouepunno, uto A/ F(A) e N*. To nemme 1.2
BF(A)/F(A) - $§-cyOHOpManmbHAs TOATPYIIIa
¢axrop-rpynmsl G/ F(A). ScHo, uyto

BF(A)/ F(A)es.

CorntacHo MHAYKIMH crenyeT, uto G € NF. O

Cneocmeue 2.1 (Xoykc, [2, Teopema 15.10]).
Ilycmo § — nacvuyennas popmayus, G — epynna ¢
HUIbNOMeHmuoviM § -kopaouxanom. Ilycmoe H u M —
maxue nooepynnet uz G, umo HefF, HcM,
HF(G)=G. Ecwu H - §-cybnopmanvua ¢ M,
mo M e€5g.

lloxazamenvcmeo. Eciu H =M, TO yTBEp-
XKJICHHUE JIOKA3aHO.

[ycte H = G, TOr/Aa yTBEpKACHHE CIAEAYET U3
JIOKa3aHHOM BBIIIIE TEOPEMBI.

IMycte M # G. Tlogrpynma M mpencraBieHa
B BHJIE

M =H(F(G)NnM)=HF(M).

IToaTtomy M wu ee moxarpynmnsl /4 ynoBIETBO-
pAIOT ycnoBuio Teopemsbl. Tak kak M # G, To A
M  yTBep)KIEHHE BEPHO IO HHIYKLIHUH. 3HAYUT
Meg.

Cneocmeue 2.2. Ilycmv § — HacvluyyeHHas
dopmayus. Toeda mobas paspewumas epynna
G=F(G)X\B, 20¢e B — §-cyonopmanvhas noo-
epynna npuxaonexcum §.

Hoxazamenvcmso. Ilycts ®(G) #1. Torma

G/D(G)=F(G)/ DP(G)N BO(G)/ D(G).

Ilo uanykuuu G/ ®(G) e§. Tak xak § — Hachl-
menHas popmarms, o G € §. Urak O(G) =1.

Orcroma cenyer, uto F(G) — okomb rpymis G.
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Tak xkak B — § -cyOHOpMasibHas MOATpPYIIIA

G, 1o mo nemme 1.3 BY — cyGHOpMambHas mo-
rpymma rpynnsl  G. Ilo Teopeme 7.10 [2]
F(G) < N(B%). Orciona cnenyer, uto BY — Hop-
ManbHas noarpynna G. A 5To 3Hauut, uto B =1,
T.e. Be§. Tenepb TpeOyemblii pe3ynbTar ciaeayeT
U3 JI0Ka3aHHOH BBIIIE TEOPEMBI. O

I'pynma HaspiBaeTcs MHUHHMAIBHOH § -TpymI-
MIOW, €CNIM OHA HEe MPUHAUIEKHUT §, HO BCE COOCT-
BEHHBIE MOJTPYNITEI ee MpHHaaIexar §. B gacTHO-
CTH, HE HUWJIBIIOTEHTHAs TPyIIIa, Y KOTOPOH Bce co0-
CTBEHHBIE TOATPYNITBI HHUIBIIOTEHTHBI, Ha3bIBAETCS
rpynmnoii [lImMuara.

B crnenyromeil Teopeme modydeHa HOBasi Xa-
paKkTepH3alysl pa3pellIMMbIX MHUHUMAIBHBIX HE
$ -TpymIl ¢ TOMOUIBIO -§ -CyOHOPMAILHBIX MOATPYIIIL.

Teopema 2.2. I[Iycmv § — HacwlujeHHas Ha-
cnedcmeennas opmayusn u G — paspewiumas epyn-
na, ®(G)=1. Toeoa u moavko mozoa epynna G
ABIAEMCA MUHUMATILHOU He § -epynnoll, Ko20d:

1) 6 G cywecmeyem § -aOHOpMAbHASL MAKCU-
Mmanvhas nooepynna M, 20e M, =1,

2) mobasi cobcmeennas nooepynna uz M § -cyo-
Hopmanvha ¢ G.

Jokazamenvcmso. HeodxommmocTs. [Tycts G —
paspemiMasi MUHHMallbHasi He  § -Ipynmna |
®(G)=1. Torma, HeTpyaHO TIoKa3ath, G =N XM,
rne N — eIMHCTBEHHAss MUHMMAaJIbHas HOpMaJibHasI
noarpynma rpynmsl G u N = G¥. OueBuHO, 4T0 U
M — §-abHOpManbHasi MaKCHMalbHas § -TIOJ-
rpynna rpynnel G u M, =1.

IMycts K — coOCTBEHHAsi MOATPYIIa IPYIIIBI
M. Pacemotpum noarpynny NK. fcHo, uto NK —
cobcreenHas nonarpynna rpynmnsl G. Tak kak G —
MHUHAMaJbHaAs He § -rpynma, To NK§. Tak xak § —
HacjeicTBeHHas Qopmanus, To K — §-cyOHOp-
MambHas moxrpyrmma NK. Tak kak N =G%, To
NK — §-cyOHOpManbHas moarpynna rpynnsl G.
Torma mo nemme 1.1 K — § -cyOHOpManbHas MOA-
rpymma rpynnsl G.

Hocrarounocts. Ilycte N — MUHMManbHas
HOpManbkHas noarpynmna rpynnsl G, a M — Makcu-
ManbHas § -a0HOpMaibHas MOATpyHIa rpymmsl G
uMg=1

OueBuaHo, uto G =N X\ M. Tak kak mooas
MakcHMallbHasi noarpynmna u3 M § -cyOHOpManibHa
B G, 1o o iemme 1.1 ona cyObHopmansHa B M. Tak
Kak § — HachlmeHHas Gopmarys, To M € §.

I[Mycte H — npousBoibHas MaKCUMaJbHas
noarpymnna rpynnsl G. Ilokaxewm, uto H € §. Eciu

NgH, to G=NXH. Torma H=M. CnenoBa-
TenpHO, H € §.
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Ilycts N < H. Torma
H=(NXM)nH=N(MnNH).
OueBunHO, uTo M N H — coOCTBEHHAs IOATPYTI-

na M. CoriacHo ycnosuto, M "HeF u M nH —
§ -cyorOpManbHas moarpynma rpymmsl G. 1o mem-
me 1.1 M "H — § cybonopmansua B H. Ilo cien-
ctButo 2.1 u3 teopemsr 2.1 H € §. Tak kak § — Ha-
crencTBeHHas popManys, To Jodast COOCTBEHHas! O
rpynmna u3 G npuHaanexxut §. Tak kak B G cyrmect-
ByeT § -aOHOpMallbHasi MaKcHMajbHas IOJ-TPYIIa,
To G ¢ §. Urak G — MUHMManbHas He § -rpynna. O
Teopema 2.3. Ilycmv 6 kouneunou epynne G
cywecmayem HEeHOPMANbHAS MAKCUMANbHAA NOO-
2pynna, y Komopou 6ce MaKCUMAlbHble NOOZPYnnbl
cyonopmanvisl 8 G, moeda G — epynna Llmuoma.
Lokazamenvcmso. Ilycts B Tpymnmne G cymiect-
ByeT MaKCHUMaJbHasi HEHOpMallbHas noArpymnna M, y
KOTOpOW BCE MaKCHMallbHble HOATPYIIBI CYOHOP-
ManbHBl B G. TlokaxeMm, yTo M — npuMapHas LHK-
nuyeckas moarpynma. [IpeamonoxkuM, 4to 3TO He
tak. Toraa B rpynme M CymecTByIOT MaKCUMaJIbHbIC
noarpynmnsl M, u M, Takue, utro M, u M, cyo-
HOpManbHel B G u M =<M,,M, >. Tak Kax MHO-

KECTBO BCEX CyOHOPMAJIBHBIX MOATPYIII B TpYIIIE
G, cormacHo pesynsraty Kerens, oOpasyer perrer-
Ky, TO0 M — cyOHOpManbHasg moAarpymma rpymnsl G,
YTO HEBO3MOKHO. UTak, M — nukiandeckas npumap-
Has moarpymma rpymmbl G. CoriacHO pesyibraTaM
Towmricona — Sluka G — pazpemmmas rpymnmna. OTcro-
na cienyet, uto G — Ounpumapsas rpynna. Teneps,
HETPYAHO MoKa3aTh, uto G — rpynma llImuara. O
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AIIIPOKCUMAIIAHN IPMHUTA — ITAJE BbIPOKITEHHBIX
I'MINEPI'EOMETPUYECKUX ®YHKIIUN

M.B. Cunopuos, A.A. JIpanes3a, A.Il. CrapoBoiiToB

Tomenvckuil cocyoapcmeennutii ynugepcumem um. @.CropuHul

ASYMPTOTICS OF HERMITE — PADE DEGENERATE
HYPERGEOMETRIC FUNCTIONS

M.V. Sidortsov, A.A. Drapeza, A.P. Starovoitov

F. Scorina Gomel State University

YcraHoBJIeHA aCHMITTOTHKA JAUaroHaJIbHbIX MHOTOYJICHOB H annpOKchaunﬁ :—)pMm‘a—Haﬂe 2-ro pona it CHUCTEMBI

. k . . k
{F(Ly;A 2)},,, cocTosmwell U3 BEIPOXK/IEHHBIX TMIIEPreOMETPHIECKHX (yHKUMH, B ciydae, Korja uucna {A }, SBIAIOTCS

KOpHAMH ypaBHeHHs A* =1, a y — KoMIUIeKcHOe "mcio, mpuHaaexkamee MHOkecTBy C\ {0,—1,-2,...}. JlokasaHHBIE Teope-

MBI JIONOJHSAIOT u3BecTHbIe pe3ynbrarsl Ilane, JI. Bpaecca, A.M. AnrekapeBa, I'. Llrans, ®. Bunonckoro, B. Ban Amre,

~ ~ k ~
A.D. Koiamaapca, A I1. CTapoBoiiToBa, IOTy4eHHBIE B Cllyuae, Koraa {A,} , — pasIM4HbIE AeHCTBUTEIBHBIE YHCIA.

Knrouegvie cnosa: unmezpanvt dpmuma, muozounenvt Ipmuma — [lade, annpoxcumayuu Ipmuma — [lade, acumnmomuyeckue

PaBeHCmaa, 8blpoAcOeHtble 2unepeeomempuieckue QYHKYu.

The asymptotic behavior of diagonal Hermite — Padé polynomials and diagonal Hermite — Padé approximations of type II for

the system { F{(1,y;A jz)}le, consisting of degenerate hypergeometric functions in which while the rest {A, }ﬁzl are the roots of

the equation A* =1, y — is a complex number belonging to the set C\ {0,—1,-2,...} was stated. The theorems complement
known results of H. Padé, D. Braess, A.l. Aptekarev, H. Stahl, F. Wielonsky, W. Van Assche, A. B. J. Kuijlaars, A.P. Starovoi-
tov, obtained for the case, where the {A ,;},;;:0 — different real numbers.

Keywords: Hermite integrals, Hermite — Padé polynomials, Hermite — Padé approximations, asymptotic equality, degenerate

hypergeometric functions.

Beenenne
[lycte k& — mpownsBonbHOE (PUKCHpPOBAaHHOE Ha-
TypaJbHOE YHCIIO, &

fi(2)= ifpfz”,j =12,..k  (0.1)

p=0
ABJIsIETCSl HAOOPOM TOJIOMOP(]HBIX B HyJIe (DYyHKLUIA
Wi (opMaNbHBIX CTENEHHBIX PsIoB. 3apUKCUpyeM
k-MepHBII BEKTOP E:(ml,mz,...,mk) C LeJIoYucC-
JICHHBIMHM HEOTpPHULATENILHBIMU KoopauHaTaMu. Cun-
Tas, 4TO 7 TAaKXKe SBJIAETCS LeNbIM HEOTpULATelb-
HBIM YHCJIOM, TI0JIaraem

k
m= Zmi, n,=n+m-m, j= 1,2,...k.
i=1
WM3BectHo [1], uTo cymectByer Habop w3 k+1 MHOrO-
P.P.,..P, degQ,<m, degPF/ <n,

n

YJICHOB

JUISL KOTOPBIX
R.,(2)=0,(2)f,(2)=P/ ()= 42" + ... (0.2)
Ecmn k=1, 10 MHOXectBO (0.1) cocrout u3
bymxumu = f,

P = Pﬂ1 OMNPEACIISAIOTCS C TOUHOCTBIO J0 OJTHOPOJI-

OHOI MHOrOWwIeHsl O, ,

HOW KOHCTAHTBI, & UX OTHOLICHUE 3a1aeT €IMHCT-
BEHHYIO PALMOHAJIbHYIO (DYHKLIUIO

© Cuoopyos M.B., lpaneza A.A., Cmaposoumos A.11.,2017

£ ()

0,(2)’

KOTOPYIO Ha3bIBAIOT annpokcumayueti Ilade mns f .
Ipu k >2 npobu

7Tn,m (Z) = Tcn,m (Z’ f) =

e
0,(2)

ycnosusimu (0.2) onpeaemnsroTcs, BOOOIIe roBOps, HE
OJIHO3HA4YHO. B ciydae eMHCTBEHHOCTH MHOXKECTBA

T (@ =T (@)= or e J = b2k

n/ % ero SmeMeHTH HA3BIBAIOT ANMPOKCUMA-

nj,mJ j=1
yusmu Opmuma — [lade 2-20 pooa (coemecmubimu
annpokcumayusmu Ilade) nns nHaGopa (yHKUMIA

{ ff}ﬁzl, a Q,, P/ wmaseBaior muozounenamu Ip-

muma — Iaoe 2-20 pooa (German polynomials — B
tepmuHonoruu K. Manepa [2]) mis Habopa (0.1).

— o= = = j

Ecmu n=m =m,=..=m,, 10 Q,,, P/ Ha-

3BIBAIOT OUACOHANLHLIMU MHO20UIEHAMY DpMuma —
j
Ilaoe 2-20 pooa, a m,, ,, — OUA2OHANLHBLMU ANNPOK-
cumayuamu Ipmuma — Ilade 2-20 pooa s cucte-
k

Ml {f ).

EnVHCTBEHHOCTH UMEET MECTO, HallpUMep, AT
COBEpILIEHHBIX cHCTeM (QYHKUUH (ompeaeseHUue U
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MIPUMEPHI COBEPILIEHHBIX cucTeM cM. B [1]). B gacT-
k
HOCTH, eCclii {A } | — pasin4HbIC HE PAaBHBIC HYIIO

KOMIUIEKCHBIE YHCJIa, TO CHCTEMa JKCIIOHEHIIHAIIb-
o Az v
HBIX QyHKIHHA {e’ }';.:1 SIBIIIETCS COBepIIeHHOH. be3

(opmanbpHOTO ompeneneHuss 3TOT (akT ObUI ycTa-
HOBieH OpmuroM. HMccnenys apugmernueckue
CBOMCTBA 4ncna e, OpMUT [3] BBEN MHTErpaisbl, KO-
TOpeIe TIOCIIEe HeOOmpIMX mpeodpa3oBaHUil (MOA-
pobHee cm. [l]) TPHUBOAAT K PEIICHUIO CHUCTEMBI

(0.2) st Habopa {f,(z) ="}

J=1"

n+m+1

Z ©on . m; —zx

Qm(z):mj0 X E[(x—ki) e dx,
F(@)=F)(z:¢7) =

(0.3)

hiz _n+m+l

e’z ©

k
pirrresrn SR § (G

R, (2) =R, (z:¢") =

n,m

Lz _n+m+l

PO
=——— | X" | (x=1)" e dx.
(n+m) -[0 1:[( 2

MHorowieHsl, onpenensemble paBeHcTBamu (0.3),
COOTBETCTBYIOIIME MM aNIPOKCUMAINU U UX 0000-
EHUA TPUBJICKAJIA BHUMAHHUE KaK KIACCUKOB
(1. Twisbept, @. Kieiin, ®@. Jlunneman, K. Manep,
K. 3urens), Tak 1 MHOTHX U3BECTHBIX COBPEMEHHBIX
MaTeMaTUKOB (CM., HampumMep, MoHorpaduu [1], [4]
U TeMaTuaeckue 003opsl [5] —[10]).

OnDHUM W3 CTEMYIIOB IUISL M3YYCHUS ACHMIITO-
TUYECKOTO TOBEICHHS WHTETPAJIOB DpMHUTa CTaja
3amada E.M. Hukmmmunaa [11] 00 wuccnemoBaHuU
CXOAMMOCTH ammpokcuManuii Jpmwura — [lage s
CHCTEMbI JKCIOHEHT. EE€ momHoe peuieHue ObLIO
HaiineHo A.M. AnrtexapeBbMm [11], KoTOpbIi MOKa-

i=

J LM
34, 4TO MPHU 1+ m —> +o npodu 1/  (z;¢7°) cxo-

nj,m
asTca K e° paBHOMepHO Ha kommaktax B C. Panee

npu k=1 paBHOMepHas cXOOUMOCTh T, (z;e°) K

n,m

¢” Obuta nokasana [Tepponom [12].
PaccMoTpum HA0Op BBIPOXKICHHBIX THIIEPIe0-

METPUYECKUX (PYHKITUI
P

Fl(2)= F(Lyihz) =) ——z",j=12,.,k, (0.4)
p=0 (Y)p

A€ Y — HIPOU3BOJIBHOE KOMIIJIEKCHOE YHCJIO, IIPH-

Hamnexamee mHoxectBy C\ {0,-1,-2,..}, (y), =1
(1), =y(y+1)--(y+p-1) — cumson Iloxrammepa,
a {A j}I;:I — pa3IMYHBIe KOMIUIEKCHBIE YHCIa HE PaB-

Hele Hymo. Ilpu y=1 nabop (0.4) mpencrasiser

k

-~ ka
CO0OH cHCTEMY KCIIOHEHT {e /" }_,.

B onromepHoM ciyuae, korna £ (z) = F(1,v;2),
SBHbIE BBIPRXKEHUS U1 OCTaTo4HOH QyHkuuu R

U 3HameHarenst ), Obutn HaiineHsl Ban Poccymom
[13]: mpu n>m—1
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0,(zF) = F(-m,—n—-m—y;-z),
R,.(zF)=0,)F(=)-F(z)=(0.5)
_ (_1)n1m!Zn+n1+l

(Y)n+m (Y)ir+n1+l 1

HaHOMHI/IM, YTO IO ONPEACIICHUIO
2 (o), z#

FaBiz)=) —F—.
|
p=0 (B)p p

He bproen [14], onupasicy Ha npeacTaBIeHUS
(0.5), 0GocHOBAT paBHOMEPHYIO CXOIMMOCTH T, , (23 F))

n,m
K Fy Ha kommaktax B C mpu n+m — . Acum-

Fm+Ln+m+y+1z).

NTOTHKA 9TOMl CXOMMMOCTH ycTaHoBieHa B [15]":
npu n>2m—1 U n+m—> oo
F(2)-7,,(zF,) =
| 2mz/(n+m) 06
m'(Y)ne Z;z+m+l(1+o(l)). ( )
(Y)n+n1 (Y)n+)n+l

3meck u pmanee omeHka o(l) paBHOMepHa 1Mo z Ha

=1

kommakTax B C.

IIpu y =1 paBencto (0.6) XOpOIIO H3BECTHO B
Teopuu ammpokcuMmanuii [lage m panee mokasaHo
. Bpaeccom [16].

MHuoromepHBIl ciydail uccrienosad B [17]. B
9TO# paboTe yCTaHOBJIEHO, YTO MPH JIIOOOM k >1 u

npomssobHoM v € C1{0,~1,-2,..} apobu =,  (z:F))

n;,m
paBHOMEpHO cxoasTcs Ha komnaktax B C x ij (2),
npu ycnosud, 4ro nz=m;—1, j=1L2,..k m

n+m— +oo. B [17], B wacTHOCTH, MOKa3aHO, YTO
k

mis cuctembl Qyrkumit {F}°

HUMECT MECTO CJIC-

JyIOIllee MHTETPalbHOE MIPEACTABICHUE 3HAMEHATe-
JA M OCTaTO¥HbIX (yHKUMA: mpu nzm, -1,

j=12..k

n+m+y

O (2)=——x
m r
k (n+m+vy) 0.7)
XJ‘Q [xn-p/—l H (x _ }\41- )mi ]e—zxdx’
eh,z n+m+l
R/ (z Fyf) = x
n,m 7\‘«(,1
J (’Y);Hm (08)

<[ [x"”lli[ (x=2,)" Je dx,

B pasenctse (0.7) cuutaercs, uro Rez > 0. B ciy-
yae Rez <0 3HayeHHst é (z) ompenenstoTcs ¢
m

TIOMOIIBI0 aHATUTHYECKOTO TpomoinkeHus. ['() —

'B sroii pabore mpeamnonaraercs, yro y e R\ {0,
—1,-2,...}. Omnako mpemnoxeHHBIH B [15] metox
JIOKa3aTeJIbCTBA MO3BOJISET TOIYyYHTh aHAIOTHYHBIH
pesynbrat u B obumem ciydae, korma ye C)\ {0,

~1,-2,..}.
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Annpoxcumayuu Spmuma — [lade 8bipodicoennbix unepeeomempuyeckux Qynkyutl

ramma-¢pyHkius Dinepa. B (0.8) unTerpupoBaHue
MPOBOJUTCS TI0 JIFO00H KPUBOM, COCTUHSIONICH TOY-
ku 0 u A -

ITo Bcelt BUAMMOCTH, YCIOBUS 71 2m, -1 saB-

JSIFOTCST HEOOXOMUMBIMU ISl CIIPABE/JIMBOCTH TIPE/I-
crapnenuit (0.7) u (0.8). Tak, B yacTHOCTH, HpHU
k=1 Jle bproen [14] mokazax, uro ecnmu n<m—1,

TO IpH Y =2, Y =1+iV2 u Y, SIBISIFOIIIMMCS JIeH-
CTBHUTEJILHBIM KOPHEM YPaBHEHHUSI

v =47 —y+6=0,
CYIIECTBYIOT MHACKCH (71,m), KOTOpPbIC HE SBISIOT-
Csl HOPMAJBHBIMH (OTpPEJCTICHUE HOPMAIIbHBIX WH-
nekcoB cM. B [1]). Xopomo u3BECTHO, YTO €IUHCT-
BEHHOCTh MHOXecTBa {m/ 1*  BbITekaeT u3 HOp-

n;mS j=1
MaJIbHOCTH MH/IEKCOB.

JlokazarenbCTBO paBHOMEPHOM CXOAMMOCTH B
[17] omupaercs Ha ciedyroliee aCUMITOTUYECKOE
PaBEHCTBO, SABJIAIONIEECS aHAJIOTOM COOTBETCTBYIO-
mero  yreepxkaeHust lleppona: npu n=m; -1,

j=L2,...k u n+m— 4o

~ 2 ',k, A’imz’
0 (z)=expy———"——z;(1+0(1)). (0.9)
" n+m+y-1

Ecmu y#1, To mony4yuTh aHANOr MpejcTaBlie-
uust (0.7) aust MuOrOUneHoB P’ He ymaércs. Tem He
J

MeHee, OMUPAasCh Ha pe3ynbTaTsl paboTsl [17], He-
TPYIHO MOKAa3aTh, YTO IPH TEX )K€ YCIOBHUSIX PaBHO-
MepHO 1o z Ha Jirobom komnakre u3 C

k
j Zi:l kfm"

lim P’ (z)exp z :ITYj(z). (0.10)
n+m+y-1

n
n+m—>+0 J

K mnacrosmemy Bpemenu paseHctBa (0.9),
(0.10) B COBOKYITHOCTH SBIISIFOTCSI OJHAM M3 CaMBIX
00IMX pe3yabTaTOB 00 aCHMITOTHKE MHOTOYJICHOB
Opwmura — Ilazge. Borpoc o ToM, KakOBO aCUMITOTH-

4ecKOe TOBEJEHUE OCTaTOYHBIX (QyHKIMA R’

n,m

u

J
nj,m’

anmnpoKCUMALUK T B OOIIEN ITOCTAHOBKE IIOKA

0CTaeTCs OTKPBITHIM. VIMeeTCsl MPOIBUIKCHUE TOJb-
KO B IHaroHaigbHOM ciydae [18]-[22], korma {k»/‘}";:l
SIBIISTIOTCSL  TUOO JICHCTBUTEIBHBIMH, JINOO YHCTO
MHUMBIMH yuciaMu (cm. [23], roe mpu k=2 pac-
CMaTPHUBACTCS TAKKE W HEIMATOHABHBIN CITydaii).
OTtmeTnM Takke, 4to mpu y=1 3amada 00

ACHIMIITOTHKE OCTATOYHOW (PYHKIIMH U TUATOHAIb-
HBIX MHOrowieHOB Opmura — [lage 1-ro poma mox-
po6HO uccaenosanach B [24]-[26].

B nanHO# cTaThe yCTaHABIMBAIOTCS aCUMITO-
THKA PABHOMEPHOW CXOJUMOCTH JHArOHAJIbHBIX

armpokcumarmit 1, (5 F/) K dynkmmm F/ mpu
k
n—>c0 B TOM Cilydae, Korja uucia {A } _, paBHO-

MEPHO pPACHpeaeNeHbl Ha €IUHUYHOU OKPYXKHOCTH,
T. €. ABIAIOTCA KOPHAMH ypaBHeHHus A* =1.

Problems of Physics, Mathematics and Technics, Ne 2 (31), 2017

1 ®opmyIMPOBKA OCHOBHBIX Pe3yJIbTATOB
k ko
Hycrs {1}, — KopHH ypaBHeHHS A" =1, T.e.
L2m(j-1)

A= C L j=12,.k (1.1)

J

ITonaraem
o(x) = x(1-x") = —x(x = A)(x—=A,) - (x = L,),

auepe3 x; 0003HAYNM Hy/H @' :

L™ 1o,k
X, = e ! s = L4k,
P+l J

rae [ — MHUMAs SAMHUIIA.
PaccMoTpuM  ONHO3HAYHYIO  BELIECTBEHHO-
3HAYHYHO (DYHKIIHIO
S(x) =Ino(x), x € (0,1),
CUMTas1, YTO BhIOpaHa Ta BETBb Jiorapudma, aJsi Ko-

Topoii Ine”' =—1. Io onpenenenuo monaraem, uro
S(0)=8(1) = —oo.
CrpaBeIMBEI paBEHCTBA
S(x)=1In k

57 = &9 gr() = ‘P"(x)q’(xz) ~[o'(0)T*
() ¢ (x)

U3 KOTOPBIX CIEIYeT, 4TO

§'(x) =0, S"(x,) = % a7,
(p X,

1

Bn = _ %TC nS(x;) —
nS (x;)

k
(e + 1) | (ke + 1)

Besne pmanee cumraercs, uro yeC\ {0,

-1,-2,..}, n=m=m,=..=m,, a kj onpenaes-

forcs paBeHcTBaMu (1.1).
Teopema 1.1. Ilpu n — + pagnomepHo Ha
mobom komnaxkme uz C:

a)npu k=1
P(zF) = F (2)e s (1.2)
0) npu k>2

Pl(z:F))= F/(2).
Yreepxaenue (1.2) B cinyyae, koraa y =1, Jokasan
ITage, a mpu apyrux y — e bproen [14].
Teopema 1.2. [Ipu nobom gukcuposannom z
u n—+owo
R, (zF)) = (-1)'x 22" B, x

kn+n+1 (13
xZ Mo ), j=1,2,. k. )
(’Y)lern

3Z[eCI:- n aajicc ajid KOMIIJICKCHBIX W W T CUHTACM,
4qyTO
T thnw

wi=e"",
rae Inw=In|w|+iarg,w, arg,we (-m,m7].
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Teopema 1.3. IIpu mobom ¢puxcuposannom z
U n— 40

E/j (Z) - nin,ku (29 E/]) =
— (_l)n xlyflkn.HBn %

kn+n+1

xE P (L0 ), (14)
(Y)kn+ir
Jj=L2,. k.
Cneocmeue 1.1. Ecau k =1, mo npu n — 4+
F(z)—nn,,(z;Fy)=
==’ \f " eavoasmy.
= + n)).
22n+y ( )zn

Hanomuum, urto 6eckoHeuHO Majbie (0.M.) Imo-
cienoBaTensHOCTH {0, ).\, {B,}.., Ha3BIBAIOT 9K-

n=0°
susanenmuvimu (oL,
n — +o0,

Ecmu yeR\{0,-1,-2,...}, TO, mpuHHMas BO

~B,), xorma o, /B, > 1 mpu

BHUManue paseHcTBO (Y), =T (p+y)/I(y), ¢ mo-

Motrsio Gopmynsl CTHpIUHTAa HETPYAHO ITOKA3aTh,

4TO IIpHU 1 —> +0
(’Y)2n+l n 22’”7 . .

3Or10 3HauwT, yto pu n=m u y € R\{0,-1,-2,..}

acumnrornyeckue paserctBa (0.6) u (1.5) monHo-
CTBIO COTJIACYIOTCSI.

UzsectHo [27, § 43, npumep 4], uro dhopmyna
Crupnunra

I'z+1)=z¢*\2nz (l+lj, z—>®
z

CTpaBe/UINBa TaKKe M IJISI KOMIICKCHBIX Z, €CIH
TolbkOo z—>o, zeU,, rtme U, — cekrop
{z:arg|z|€m—¢€}. 3mecb €& — (QUKCHPOBAHO,
0<e<1. ITosromy skBUBajeHTHOCTH (1.6) Mmeer
mecto 1 ipu y € C\ {0,-1,-2,...}. Takum obGpasom

YCTaHOBJICHO, YTO B AWATOHAJILHOM CJIydae PaBeH-
c1BO (0.6) BEepHO U JUTI KOMIUICKCHBIX Y.

Cneocmeue 1.2. Ilycmov k=2. Toeoa A, =1,
A, =—1 unpu n— +oo
E/l (Z)_Tc12n,2n (271;:/1) =

ol B e
\/5 On 3\/3 (V)3

F;,z (Z) - Tc;n,Zn (Zﬂ F:yz) =

__[L]VI [_2_7[( 2 j“ Z3n+1 e’(l’f)
\/3 9” 3\/5 (Y)Sn

IIpu y =1 U3 mocineIHUX COOTHOILIEHUH JIETKO

(14 o(1)).

“(1+0(1)).

HOJTy4UTh COOTBETCTBYIOIINE aCHMIITOTHYECKUE PaBeH-
o 1 _ 1 _
CTBA Ui pasHoCTell € —m), . (z;€°), € —Ty,, (z:¢ )
(B pabote [18] acumnroThKa 3TUX pa3HOCTEH OIU-
caHa B TEPMHHAX PEIICHUH HEKOTOPBIX KPaeBBIX
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MaTpu4HBIX 3amad Pumana — ['mnsbepra). 3amerum
TaK)Xe, YTO BCE yYTBEPXKJCHHUs ciaeacTBus 1.2 coruna-
CYIOTCs C pe3yabTatamu padot [19]-{21].

2 IlpenBapuTenbHble pe3yabTaThl
Wurerpansl Buga

F(h) = j F(x)e PV dx 2.1)

Ha3pIBalOT wHTerpanxamu Jlammaca. 3mecs [ mmbo
oTpe3ok [a,b], mubo wHTepBan (a,b), A — 0Oib-
mo# mapameTp. bynmem cuurarp, uto pyHKIHA S(X)
NPUHAMAET TOJIBKO JCHCTBHUTENbHBIE 3HAYCHUSL.
Oyukuust f(x) MOXET ObITh KOMIUIEKCHO3HAYHOM.
Cunraem Ttakxke, uro f(x) m S(x) HenmpepbIBHBI
npu x € [. Hac uHTepecyeT acMMITOTHYECKOE I10-
BeZieHHe uHTerpana F(A) mpu A — +o.

Crenyromiee yrepixaenue [27, § 4, . 1, remma 1]
JaeT rpyOyIo SKCIOHEHINAIBHYIO OLIEHKY JUIsl MHTe-
rpaina Jlamnaca.

Ymeepowcoenue 2.1. I[lycmo I =(a,b) — ko-
HeyHblll unu beckoneunvll unmepeai, S(x)<c npu
x el u uumeepan (2.1) cxooumesa abcoaromuo npu
nexomopom A, > 0. Toeoa ecnu Reh 2 N\,, mo

|F (V)| < ce™*,
20e ¢, — NOOHCUMETbHAS NOCTNOAHHAS.

B nanbHelinieM orpaHuuuMMcs Cily4aeM, Korja
S(x) mocturaetr HamOOJBIIIETO 3HAYCHISI HA OTPE3KE
I =[a,b] B eAMHCTBEHHON TOUYKE, JeXalleil BHyTpH
atoro otpeska. CnpasemnuBo [27, § 43, m. 4, Teope-
Ma 2] cnenyroliee

Ymeepacoenue 2.2. Ilycmov S(x)<S(x,),
xX#x,, a<x,<b, S"(x))#0 u pynxyuu f(x),
S(x) 6eckoneuro ougghepenyupyemvl 8 Hekomopot
oxkpecmnocmu mouku x,. Toeda npu A —>+0 u
f(x,)#0 cnpaseonuso acumnmomuueckoe pageH-
cmeo

2n

Fo= 5 (x,)

EXIEN {f(x0)+0(7»71)}~ (2.2)

3 Jloka3aTeIbCTBA OCHOBHBIX TeopeM

Hauném ¢ mokaszarennctBa paBeHcTB (1.3). Jo-
kaxeMm (1.3) mpu j=1. Ilyctp z — moboe oTnny-
Hoe oT Hyis (npu z =0 paBeHcTBO (1.3) oueBHIHO)
(MKCHpOBaHHOE KOMIUIEKCHOE 4Hcio. B ycrmoBusx
TeopeMsl 1.2

nkn( Fj)_

kn+n+1

z ! k Toy-l -z

e IO [x(x —I)J x'e “dx.
)kn+n

O0603HaYMM HHTETpan B MPABOW YACTH TIOCICAHETO

pasencTBa uepe3 /) (z). Toraa ero MOXKHO 3amucath
B BHJIE

Il (Z) ( 1) J. y-1 7.xenS(x)dx
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Annpoxcumayuu Spmuma — [lade 8bipodicoennbix unepeeomempuyeckux Qynkyutl

B unterpane /! (z) pazo6bém 061acTh HHTErPHPO-
BaHus Ha Tpu npomexyrtka: (0,7), [t,1-1] u
(I-1,1), tme 0<t<1 w® BBIOpaHO TaK, 4YTOOBI
x, € (1,1 =1). CooTBeTCTBYIOIINE 3TOMY Pa30HEHHIO
UHTerpaisl 0003HauuM uepes J/ (z), p=1,2,3.

Ha otpeske [1,1-1] pynxkims S(x) = In[x(1—-x")]
NpUHUMAaeT HauOoJblIee 3HaYeHNE B €IMHCTBEHHON
touke x=x, ¥ S"(x;)#0. IToaToMy acuMOTOTHKY

MHTerpaja
Jf (z)= J‘H x e e W dx
:
MOXKHO Haiitu mo Qopmyie (2.2), cuuras B Gopmy-
nMpoBKe yTBepikaeHus 2.2 f(x)=x""e ™, a A=n.
B pe3ynbrare Takux BBIYMCIEHUH IIOJIYYUM, UYTO

) _ | 21
K

[ockonpky Ha unTepBaie (0,1) pynkuus S(x)

Q

S (x, )xlvflefle (1+0Q1/ n)).

NPUHUMAET HanOosbllee 3HAYCHHE B €JMHCTBEHHOM
TOYKE X =X,, TO, BOCIIOJNB30BABIIICH YTBEPKICHHU-
eM 2.1, HeTpyAHO MOKa3aTh, YTO

/7 (2) € e, p =13,
rae ¢, U O — IOJOXKUTENIbHbIE IIOCTOSHHBIE. JTO

3HAYUT, YTO IPU 71 —> 0 HHTETpajbl 10 MEPBOMY U

TPETHbEMY TMPOMEKYTKaAM OKCIIOHCHUIHUAJIBHO MaJlbl

") - CregoBarensHO, OCHOBHOM

M0 CPaBHEHHIO C €
BKIaJ B acUMOTOTUKY /) (z) BHOCHT HHTErpan

J?(z). TlosTomy npu 1 —> %

I'(z)=(1" |- nSZ”Z‘x )e"s(mxrleﬂl (1+0(1/n)).
1

PaBenctBo (1.3) mpu j=1 u QuxcupoBaHHOM z

JIOKa3aHo.
ITycts Teneps j > 2. Torna
R;{,Im (Z; F:/] ) =

kn+n+1
Znn

S (D

Bynem cumraTh, 4TO KpMBas WHTETPHPOBAHHSA, CO-
emuusiomas Touky 0 ¢ A, 3ajaHa mapamerpude-

[ [e -n]Ere de,

CKH YPAaBHCHUEM
E=&()=1th,,te[0,1]
B unrerpane
)= [e@ -n]e e ag
cienaeM 3ameny & = &(¢). Torma
@)=y =) e ™.

AcUMNTOTHKa MHTETpaia, CTOSIIEro B MpaBoOi
YacTH NPEIbIAYIIETO PABEHCTBA, HAXOMUTCS TaKiKe,
KaK v Juis uHTerpana /) (z), ¢ Toif b pasHuuei,

-1 _—zth
uto f(t)=t""e ™ . B pesympTaTe aHAIOTHYHBIX
paccyXIeHHH NOIy4YHM, 4TO
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kn+n+1
z ek/(l—x, )z %

R (z;F7)=(=1)"x"A"
o ! : ’ (’Y)lm-#n

§ _%—nensm (1+0(1/ n)).
I’lS (xl)

Teopema 1.2 noka3zaHa.

Teopema 1.3 sBnseTcsS CIEICTBHEM TEOPEMBI
1.2 u paBenctsa (0.9).

Jlerko mokasath, YTO NMpH k =2 CIpaBeTUBO

paBEeHCTBO z; A, =0. ITooTomy Teopema 1.1 siB-

JIAETCA CICACTBUEM ACUMIITOTHUYCCKOTO PABCHCTBA
(0.10).
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MATEMATHKA

OTKPBITASA CETb MACCOBOTI'O OBCJIY KUBAHUSA
C KAPAHTUHHBIM Y3J10M

O.B. SIxky6oBuu', FO.E. Jlerynouu', B.E. EB1okumMoBuyY’

1 . .
Tomenvckuti eocyoapemeennutii ynusepcumem um. . Ckopunbi

2 .~ .~

Benopycckuii eocyoapcmeennwiil ynusepcumem mpancnopma, I omens

OPEN QUEUEING NETWORK WITH QUARANTINE NODE
0.V. Yakubovich', Y.E. Letunovich', V.E. Evdokimovich?

'F. Scorina Gomel State University
*Belarusian State University of Transport, Gomel

Hccnemyercss MapKOBCKasi OTKPBITast CETh ¢ KAPAHTHHHBIM y3JI0M. 3asBKH MOCTYMAIOT B OOBIYHBIC SKCIIOHEHIIHAIBHBIC Y3IIbI 1
IPOBEPSIOTCS HA CTaHAApTHOCTS. Eciu 3asiBka mpu3HaeTcs HeCTaHIAPTHOM, OHA HAIPABIIETCA B KAPAHTUHHBIH y3el, TAe ocy-
LIECTBJISIETCS] BOCCTAHOBJIEHUE €€ KAaYeCTB, IOCJIe YEro 3asBKa NPOJOIDKAET JIBHKEHUE 0 CETH. Y CTaHABIMBAIOTCS YCIOBHUS 3p-
TOMYHOCTH U AaHAJIUTHYECKHUH BHJ] CTAllHOHAPHOT'O paclpesiesieH s BEPOATHOCTEH COCTOSHHI MOZIEITH.

Knroueswie cnosa: cemv maccogoeo 06Cﬂyf)ICu8[lHM}l, KapaHmuHanZ ysern, 9p200MLIHOCmb, cmayuonapHoe pacnpe()eﬂeyue.

An open Markov queueing network with quarantine node is considered. Customers arrive in usual exponential nodes and are
verified for standard. If a customer does not comply with the standard it is sent to the quarantine node, where its quality is re-
stored. After that the customer continues to move through the network. The conditions of ergodicity and an analytical view of

stationary distribution of the network states probabilities are found.

Keywords: queueing network, quarantine node, ergodicity, stationary distribution.

BBenenue

Teopus cereit MaccoOBOro OOCITYKUBaHHS Ipe-
JIOCTaBJIsIeT MOILHBIA MaTeMaTUYECKUN amnmapar s
MOJCIIMPOBAHUA PCaJIbHBIX OG’beKTOB, HUMCIOIIUX
CETEBYIO CTPYKTYpYy. B CBS3M €O CTpeMHUTEIbHBIM
pasButueM cdepsl HHPOPMAIIMOHHBIX TEXHOJIOTHH B
MocJieIHee BpeMsl MOSIBJISIETCS MHOTO HHTEPECHBIX
MoJieNiel, TO3BOJLIIONINX YYUTHIBaTh TPeOOBaHUS
coBpemenHoctu [1]-[5]. HaxoxnmeHnue crammoHap-
HOT'O pacIpeneseHusi BEpOSTHOCTER COCTOSIHUM MO-
JIENTN SIBIIICTCSI IIEHTPAJIFHBIM BOIIPOCOM U OTIIPaB-
HOM TOUYKOM JTajbHEUIINX HCCIIEIOBAaHUM.

Cetn ¢ KapaHTHHHBIM Y3JIOM TIO3BOJIIIOT MO-
JACJIMpOBaTh CUTyallud, Korja Y3Jibl CETU HUMEIOT
3aIUTy OT 3asIBOK C HECTaHAAPTHBIMU KaueCTBaMHU.
Hanwune B ceTn KapaHTHHHOTO y3JIa MOXKET YYHUTHI-
BaTh CUTYallMI0, KOTJa B CETH €CTh aHTUBUPYCHOE
MpOTpaMMHOE O0ECIICYCHUE, TI03BOJIAIONICE Kak
MIPOBEPATH BXOAMIYI0 HHM)OPMAIMIO HAa HAINYHE
BHPYCOB, TaK U «JICYUTH» 3apaKCHHbIE OOBEKTHL. B
HacTosImed paboTe paccMaTpuBaeTcss MOAETh OT-
KPBITOH CETH, B KOTOPYIO TOCTYHAlOT ITyaCCOHOB-
CKHE€ TOTOKH 3asBOK. CeTb COCTOUT U3 OOBIYHBIX
Y3JI0B ¥ OHOTO KapaHTHHHOTO y37a. 3asBKH IOCTY-
MaT U3BHE IMyaCCOHOBCKUM IOTOKOM H C 3a/IaHHBI-
MU BEPOSTHOCTSIMU HAIIPaBJISIOTCS B OYepesy 00bIY-
HBIX y3JI0B. 3asBKA B OOBIYHBIX y3JIaX IOJYYarOT
o0ciTy)kKMBaHHUE, BpeMsi KOTOPOTO HUMEET IKCIIOHCH-
nuaneHOe pactpenenenue. [IpeObiBas B ouepenn
Y3114, 3asBKH MPOBEPSIOTCS HA CTAHIAPTHOCTH (HAIIPH-
Mep, Ha OTCYTCTBHE BHPYCOB, NE(HEKTHOCTb W T. II.).

© Axyoosuu O.B., Jlemynosuu IO.E., Esdokumosuu B.E., 2017

Ilocne oxkoHuUaHMS BPEMEHM IPOBEPKH, MMEIOIIETO
NoKa3aTeJIbHOE pacHpesiesieHne, 3asiBKa C 3aJaHHON
BEPOSTHOCTBIO MOXKET OBITh NPHU3HAHA HECTaHIAPT-
HOM, II0CJIe Yer0 MTHOBEHHO HAIPaBIseTCs B KapaH-
TUHHBIN y3en. JlJIs MapKOBCKOTO IpOILecca, OMUCHI-
BAaIOLIETO HCCIELYEMYIO CETh, yCTAaHABIUBAKOTCS YC-
JIOBHSI DPrOAMYHOCTH U ONpPEAENseTcs CTalloHap-
HOE paclipeielIieHHe B MYJIbTHIUINKATHBHON (opme.

1 U30upoBaHHBIii y3eJ

1.1 Hzonupoeanuviii y3en ¢ npoGeproli 3das60K.
PaccmoTpuM cucTeMy MaccOBOTO OOCTY>KHBaHHSA, B
KOTOPYIO IOCTYIIAET ITyaCCOHOBCKUI ITOTOK 3asBOK C
mapaMeTpoM A.

Kaxxmas 3asiBka, HAXOIAIIASCS B CUCTEME, TIPO-
BepsieTcs Ha CTaHOApTHOCTh. BpemeHa mpoBepKH
HE3aBHUCHUMBI, HE 3aBHUCIT OT IPOIECCOB IOCTYILIE-
HUS, OOCTYXMBAaHUSA M MMEIOT IOKa3aTeIbHOe pac-
mpeneseHue ¢ mapamerpoM v(n)=v/n, n#0, rae
1 — YHCIO 3asBOK B CHUCTEME, V — HEKOTopas Io-
JIOXKHTENbHAsE nocTosiHHas. Kaknas 3asBka mocie
OKOHYaHHS ITPOBEPKH JINOO C BEPOSITHOCTBIO p TIPH-
3HAETCSl HECTAHJIAPTHOW M MOKUAAET CHCTEMY, JTHOO
C BEpOSITHOCTBHIO 1— p TpU3HaeTcs CTaHAapTHOU U
OCTaeTcs B CHCTEME.

Bpemena o0ciy)kuBaHUS 3aBOK B CHCTEME He-
3aBHCHMBI, HE 3aBUCAT OT IPOIECCOB IMOCTYILICHHS,
MPOBEPKH M MMEIOT MOKa3aTeJIbHOE pacIperesicHue
¢ mapametpoMm L. [lopsnok oOCITy:KWBaHUS 3asSBOK

MIPOU3BOJIbHBIN.
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OYHKIIMOHUPOBAHUE PACCMATPUBAEMON CHUC-
TEMBI MacCOBOTO 00CITY’)KUBaHHUSI B MOMEHT BPEMEHH
! OIHMCBHIBAaETCS CIYYaWHBIM IpoleccoM n(t), TAe

n(t) — KOJIMYeCTBO 3asBOK B CHUCTEME B MOMEHT
BpemeHH t. Torma n(t) — OMHOPOIHBIA MapKOBCKHI
MPOLIECC C HEMPEPBHIBHBIM BPEMEHEM M CUETHBIM
IIPOCTPAHCTBOM COCTOSIHUM X = {n, nz 0}.
[Ipennonoxum, 4to { p(n),ne X } — CcTauuo-

HapHOE pacHpe/iesieHUe BEPOSITHOCTEN COCTOSHUI
nporiecca n(t). YpaBHEHHS paBHOBeCHs UL CTa-

LMOHAPHBIX BEPOATHOCTENU UMEIOT CIECAYIOIINN BUL:
P Dt (v | =

= p(n— I)XI{MO} +p(n+1)(u+vp),ne X.
Teopema 1.1. Ilpu gvinonnenuu nepagencmea
L <1
p+vp

mapkosckuti npoyecc n(t) apeoouyen, a cmayuo-

HapHoe pacnpeodeienue BeposIMHOCMeEl COCMOSHUL
cucmembl umeem creoyIouull 6U0:

n

pn = —2—| [1-—*
n+vp n+vp

JlokazaTenbCcTBO  TIPOBOJUTCS  CTaHIApTHBIM
00pa3oM: TOJICTAHOBKO# CTAllMOHAPHBIX BEPOSTHO-
CTell B ypaBHEHHsI PABHOBECHSI.

1.2 H3onuposanmnwiil kapanmuHusill y3ei. Pac-
CMOTPHUM CHCTEMY MAacCOBOIO OOCIy>KUBaHUS, B
KOTOPYIO MOCTYMAET MyaCCOHOBCKHI MTOTOK HECTaH-
JIAPTHBIX 3asBOK C mapamerpom A. B cucreme mpo-
W3BOJUTCS BOCCTAHOBJICHHE KA4eCTB HECTAHIAPT-
HBIX 3asBOK (0OcmyxuBaHme). BpemeHa ob6cmyxu-
BaHMs 3a5BOK B CHCTEME HE3aBHCHUMBI, HE 3aBUCST
OT TPOLECCOB NOCTYIUICHUS! U MMEIOT MOKa3aTelb-
HOe pacmpezenenue ¢ mapamerpoMm L. Ilopsiok

00CITyKMBaHHS 3asBOK POU3BOJIbHBIM.
@OyHKINOHUPOBAaHNE paccMaTpUBAaeMOM CHC-
TEMBI MacCOBOTO OOCITY)KUBaHHUSI B MOMEHT BPEMEHH
! OIHUCBIBAaeTCs CIy4alHBIM IpoueccoM n(f), TAe
n(t) — KOJIMYECTBO 3aABOK B CHCTEME B MOMEHT
BpeMmeHu f. Toraa n(t) — OJHOPOIHBIN MapKOBCKUN
nmpouecc ¢ HCOPEPLIBHBIM BPEMEHEM H CUCTHBIM
POCTPAHCTBOM COCTOsHIHA X = {n, n >0},

Ipeanonokum, uro {p(n),ne X} — crauuo-

HApHOE pacIpe/elICHUEe BEPOSTHOCTEH COCTOSHHA
mpouecca n(t). YpaBHEeHUS paBHOBeCHs HJsl CTa-

LIUOHAPHBIX BEPOATHOCTEN UMEIOT CIECAYIOIIUN BU;

pOD[A+ul,,q |-

=p(n- I)M{MO} +p(n+u, ne X.
Teopema 1.2. [Ipu gvinonuenuu HepageHcmsa
x <1
u
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mapkoeckuii npoyecc n(t) speoduueH, a cmayuo-

HapHoe pachnpeoenienue 8epOAMHOCIEN COCMOAHUL
cucmemvl umeem ciedyiouull 6U0:

n

A A
pmy=| = | [1-=|.
u i

Jloka3aTrenbcTBO MPOBOAUTCS  CTAHAAPTHBIM
00pa3oM: TOJICTAHOBKOM CTAallMOHAPHBIX BEPOSTHO-
CTeH B ypaBHEHUS paBHOBECUSL.

2 OTKpbITas ceTh

PaccMOTprM OTKPBITYIO CETh, COCTOSILYIO U3 N
y3JI0B CO CTPYKTYpOMH, ONMCaHHOW B myHKTe 1.1, u
(N +1) -ro y31a co CTPYKTYpOU, OITUCAHHOW B ITyHK-
Te 1.2. B ceTp mocTymaer myacCOHOBCKUI MOTOK
3a5BOK C IMapaMeTPOM A.

Kaxpast 3asiBKa HE3aBUCHMO OT JIPYTHX 3asBOK
HaNpaBisieTcsl B I-bIH y3€d1 C BEPOATHOCTBIO D,

(izl,_N). OueBHIHO, YTO Zilpol- =L

Kaxnmas 3asBka B i-OM y37€ IIpoBepseTcs Ha
CTaHIAapTHOCTh. BpemeHa NpoBepkH HE3aBHCHME,
HE 3aBHCAT OT TPOLECCOB TOCTYIUIEHHUS, 00CITYXH-
BAHMA U UMEIOT MOKa3aTellbHOE paclpesieNeHne ¢
napameTrpoM Vv,(n,)=v,/n;, n, #0, Tae n, —4UCIO
3as1BOK B i-OM y3II€, V, — HEKOTOpasi ONOKUTEIbHAs
IMOCTOSIHHAS (i = l,N).

B kaxnom u3 N y310B HaxOJIUTCSl SKCIOHEH-
IUATBHBIA TTPHOOp, BpeMeHa 00CITyKHBaHUS 3asBOK
mpuOOpPOM i-TO y371a HE3aBUCHMBI, HE 3aBUCIT OT
mporecca MOCTYIUICHHUS, TPOBEPKH U MMEIOT ITOKa-
3aTeJbHOE paclpelieieHue ¢ IapaMeTpoM |,

(i =ILN ) [Nopsimox 0OCTyKUBaHHS 3asBOK IPOU3-

BOJbHBIA. Kaxkmas 3asBka rmocie 3aBepliieHHs 00-
CIIy>)KUBaHHUS B i-OM Yy3J€ HE3aBUCHUMO OT APYTHX
3asiBOK MIHOBEHHO HAIpaBJsieTCs B j-bIil y3el C Be-

POATHOCTBIO p;, @ C BEPOATHOCTBIO p,, TOKHIAET
ceThb (Zj_v:l Pyt Py=Lli= l,_N) Kaxnas 3asBka
OCJIe OKOHYAHHS MPOBEPKU B i-OM y3I€ C BEPOST-
HOCTBIO p, TIPM3HAETCS HECTAHJAPTHON U He3aBH-
CHMO OT JIPYTHX 3aBOK MTHOBEHHO HAIIpaBIsAeTCs B
ouepenb (N +1)-ro y3ma, a ¢ BEpOSTHOCTBIO 1— p,
NPU3HAETCS CTAHAAPTHOM M OCTAETCA B i-OM y3II€.

B (N +1)-om y3ie, KOTOpbIii Ha30BEM KapaH-
THHOM, OCYILIECTBIISETCS BOCCTAHOBIEHHE KadecTB

(JleueHne) HeCTAaHIAPTHBIX 3asBOK. BpemeHa o00-
CIIy’)KUBaHUS 3asBOK B (N +1)-oM y3iie He3aBUCH-

MBI, HE 3aBUCAT OT IIPOLECCOB MOCTYIIEHUS U UMe-
I0T TNOKa3aTeNlbHOE paclpelelieHHe ¢ IapamMeTpoM
Wy, 1lopanok oOciy>kuBaHHS 3afBOK IIPOU3BOJIb-

Heid. Kaxnmas 3asBka mocie OOCITy)XHBaHUS B
(N+1) -OM Yy3Jl€ HE3aBHCHMO OT JPYIHX 3asBOK

MIHOBCHHO HAIIPABJIACTCSA B OYCPEIb j-l"O y3j1a ¢

Ipo6remvr usuxu, mamemamuku u mexuuxu, Ne 2 (31), 2017
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BCPOATHOCTBIO pN+1j’ T. €. «BbUICHYUBACTCSA» U IIPO-

J0JDKACT JABMIKCHHE II0 CE€TU, a C BCPOATHOCTHIO

N
P10 TIOKHTACT CCTH (ijl Py T Prnio = 1)'
CocTosiHHE CETH B MOMEHT BPEMEHH ! XapaKTe-
pusyercst BeKTopoM  x(1) = (x,(2), x,(2),..., Xy, (1)),
rae x;(¢) — 4ucao 3asABOK B i-OM y3J€ B MOMEHT
BpEMEHHU (i =1,N—+1)

IIpouecc x(¢) — OAHOPOAHBIH MaPKOBCKHUI
MpOLIECC C HENPEPHIBHBIM BPEMEHEM U HE Ooliee YeM
CUYETHBIM IPOCTPAHCTBOM COCTOSIHUM

X= { x=(n,ny,.ony, )in, 20,i= 1,N+1}.

VYpaBHeHust TpadrKa UMEIOT BU

N
B, .
€ = Do +Zg‘/ PiiTeyuPyui» 1= LN,
j=1 “/+V,'p,-

N A\
_ J
= 28, L,
j=1 ”’j + Vjpj
Beenewm cnemyromue 0603HaYCHUS:

M

Poi = DPoi» Pji = + Pji>
B *V;P,
* _ Vjpj * _
Pna =7 5 Py = Py
M tVv,p,

ByﬂeM MpeAanojgaratb, 4YT0 MaTpuna MapumpyTu-
sawan P’ =(p;,i,j=0,N+1), tae pyy = pyy =0,

HerpuBonuMa. Cucrema ypaBHEHUH Tpaduka UMeeT
€IMHCTBEHHOE MOJI0KUTETBHOE peleHue

(si,i:l,N +l), 4TO MOXHO JI0Ka3aTh, 3aIllCaB

ypaBHEeHUs Tpaduka depe3 BBeACHHbIE 0003HAUCHHUS
BEPOSITHOCTEN IepexonoB. B pe3ynbpraTe nosydaem
cucTeMy ypaBHeHHH Tpaduka cetn JxexcoHa, [uis
KOTOpOW JIOKa3aHO CYyLIECTBOBaHHE €AWHCTBEHHOTO
MOJIOKUTETLHOTO pelieHus [3].

IIycte {p(x), x € X} — cranmoHapHOE pactpe-
JIeJIeHne BEPOSATHOCTEH COCTOSIHUM mporiecca x(¢).

VYpaBHEHUs] paBHOBECHS ISl CTallIOHAPHBIX
BEPOSITHOCTEH UMEIOT BT

N
P(X)(}‘J’Z(“i Vi) oy + By o j =
i=1

N+1

N
2P =eDApy Ly, o)+ D P+ e P, +
i=1

i=1

N
+Z p(x+e —ey, )Vipi]{n,\wto} +

N
i=l j=

2 p(x+e—ewpyl, o+

1
N
+Zp(x+ €yt _ei)uN+1pN+1[I{n,¢O}’ xeX.
i=1
31ech e, — €IUHUYHBIN BEKTOp pasMepHocTH N +1
C €IUHULIEN B [-O HO3UIIUH.
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Teopema 2.1. [Tycmo 015 1100bIX i=L,N 6bi-

NOJIHAIOMCA Hepaseencmea

}\.8[. < 1 7\’8N+1

l"l'i +vipi “’N+l
mozoa mapkogckuii npoyecc x(t) speoduuen, a

<1,

cmayuonaproe pacnpeoeienue 8eposmHocmei co-
CMOAHULL cemu umeem ciedyiouull 6uo:

p(x)=p(x) py(x,) ... oy (Xy 1), x € X,

n;

AE. ' I¥:3
20e p(x)=| —= | [1-—25 | i=1N,
TV, W +v.p;
rey, ) Ley,
pN+1(xN+1): — 1-— >
Myt M

(&,,1=1,N) — pewienue cucmemvl ypasnenuii mpaguxa.

Jloka3aTtenbCcTBO TEOPEMBI TPOBOIMTCSA CTaH-
JApTHBIM 00pa30M: MOJACTAHOBKOW CTAallMOHAPHOTO
pacmpesielcHus B YpaBHECHUS paBHOBECHS.

PaccmarpuBaemass Monmenp sBisieTcst 06001IIe-
HUEM MOJIENH CEeTH, uccieayemoit B [3], Ha ciy4aii
HAIIMYUS KAPAaHTUHHOTO y3JIa U MPOBEPKH 3asBOK Ha
CTaHIAPTHOCTh. ECITM HE BBOIUTH NPOBEPKY Ha
CTAHJApPTHOCTH, T. €. MOJIOKUTH HapaMeTp V, pas-

HBIM HYJIIO (i =LN ), TO MOIYYEHHBIH pEe3yJbTaT
COBMAJET C Ppe3yJIbTATOM, PACCMATPHUBAEMBIM B [3].
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MATEMATHKA

BBIHYKJIEHHBIE KOJIEBAHUSA KPYT'OBBIX TPEXCJIOHHBIX IIACTHH

ITPU JIOKAJIBHBIX BHE3AITHO IIPUJIOXKEHHBIX HAT'PY3KAX
A.B. fpoBas

Benopycckuii 2ocyoapcmeennulit ynugepcumem mpancnopma, I'omens

FORCED VIBRATIONS OF CIRCULAR SANDWICH PLATES
UNDER LOCAL SUDDENLY APPLIED LOADS

A.V. Yarovaya

Belarusian State University of Transport, Gomel

PaccMOTpeHBI OCECHMMETPUYHBIC TTONIEPEUHbIC KOJIeOaHUsI KPYTJION YIpyrod TPeXCIOMHON IIACTHHBI MO JSHCTBUEM JIOKAJIb-
HBIX IIOBEPXHOCTHBIX, @ TAKXKE IIOTOHHBIX CHJIOBBIX U MOMEHTHBIX HAarpy3ok. J{jis onucaHus KHHEMAaTHKU HECUMMETPUYHOT'O 110
TOJILMHE TTaKeTa PUHATHI THIIOTE3bI JIOMAHOW JIMHKUHU. B Hecymux cnosx crnpaBeuiuBbl runote3sl Kupxroda. B cpaBHuTEIBHO
TOJICTOM JIETKOM 3aII0JIHUTEINIE HOPMaJIb OCTAETCsl IPSMOJIMHEHHO, HO TOBOPAaYMBAETCsl HA HEKOTOPBIH JTOTIOIHUTEIBHBIA YOI,
AHATUTHYECKHE PELICHUSI MOTYUYEHBI C OMOIIBIO PA3I0KEHHS B PSIIBI 10 CHCTEME COOCTBEHHBIX OPTOHOPMHUPOBAHHBIX (yHK-
nuii. IlpoBesieH UX YMCICHHBINA aHATIN3.

Kniouegvie cnoga: mpexcnoiinas Kpy206as niacmund, ocecumMmempuinble Konebanus, 10KaabHble 6He3anto NPUiodiceHHble Ha-
2py3Ku.

Axisymmetric transverse vibrations of a circular elastic three-layer plate under the influence of local surface, force and torque
loads are considered. The hypothesis of a broken normal is accepted for the kinematics description of asymmetrical on the
thickness of package. Kirchhoff's hypotheses are valid in the carrier layers. In a comparatively thick lightweight aggregate, the
normal remains straight, but rotates by some additional angle. Analytical solutions are obtained by expanding the series in terms

of a system of proper orthonormal functions. Their numerical analysis is made.

Keywords: three-layer circular plate, axisymmetric vibrations, local suddenly applied loads.

Brenenne

[IIupokoe MpUMEHEHHE B COBPEMEHHBIX OTpac-
JSX TIPOMBIIUIEHHOCTH TPEXCIOHHBIX 3JIEMEHTOB
KOHCTPYKLMI 00yciaBiIuBaeT HEOOXOIMMOCTh pa3-
paboTku MeTon0B MX pacuera. B Mmonorpadmsx [1]-
[4] mpuBeneHbl MaTeMaTUYECKHE MOJENIN CIIOMCTBIX
JJIEMEHTOB KOHCTPYKLUH, BKIHOYAIONINE MOCTAHOB-
KN KpaeBbIX 33/1a4 M METOMBI UX pacuera. Pe3ynbra-
TBI, CBSI3aHHBIE C KOJICOAHMSAMH CTEpXHEH HpsMo-
YTOJIBHOTO CEYEHHSI M KPYTOBBIX TPEXCIOMHBIX IUIa-
CTHH, BKIIIOYasl BSI3KOYNPYTHUE, COgepkaTcs B pado-
tax [5]-[11]. CBoGoaHBIE KOJMEOAHMS TPEXCIONHBIX
IUIaCTHH, BBI3BAaHHBIE TEPMOpPaIUAllMOHHBIM YIa-
poM, paccMOTpeHs! B ctaThsx [12], [13]. Aunamuue-
CKO€ U KBa3HCTaTHMYECKOE TEPMOCHJIOBOE Harpyxe-
HHS KPYTOBOH TpEXCIIOWHON 00OJIOUKH HCCIenoBa-
Hel B cratbax [13], [14]. KBasucratuueckoe u3zo-
TEpPMHUYECKOE U TepMoIUIacTHYecKoe JeopMUpoBa-
HUE TPEXCIOWHBIX CTEPHKHEW, IJIACTUH W LWIMHA-
puYecKkux 00O0JIOYEK PAacCMOTPEHO B CTaThsAX [14]-
[19]. Pe3onancHple KoJeOaHWSA KPYTOBBIX TpEX-
CJIOWHBIX IUIACTUH NIPH PABHOMEPHO pPACHpEeseH-
HOW Harpy3ke u3ydensl B [20]. 3qecy paccmaTpuBa-
I0TCS MaJIble OCECUMMETPHYHbIE HONEPEYHbIE KOJIe-
0aHWsi HECHMMETPUYHOW TII0 TOJILUHE YIpyrou
TPEXCIIOMHOM KPYroBOW IUIACTHHBI, BO30Y)KICHHBIC
JIOKAJIbHBIMM TIOBEPXHOCTHBIMHM Harpy3kamu, Io0-
TOHHBIMH ¥ MOMEHTHBIMH CHJIOBBIMH Harpy3KamH.
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1 IocTaHoBKa HAYAILHO-KPAeBO# 3a1a4u

ITocraHOBKa 3aauu U ee pelieHne NPUBOASITCS
B IIWJIMHJPUYECKON CUCTeMe KOOpJIUHAT 7, ¢, z (pU-
cyHok 1.1). IIpenmonaraercsi, 4To B TOHKHUX HecCy-
IIMX CJIOSIX BBINOJHSIOTCS rUnore3sl Kupxroda.
CpaBHHUTENBEHO TOJICTBHIN 3allOMHUTENL CUUTACTCS
JIETKWM, T. €. B HEM IpeHeOperaercsi paboToi Kaca-
TENBHBIX HAIPSHKEHUH B TAHT€HIMAIBHOM HaIpaB-
JeHUHW. BHemHsAs BepTHKaIbHAs Harpy3ka OCECHM-
METpPHYHAsA, T.€. HE 3aBUCUT OT KOOPAHHATHI (:
q = q(r, t). Ha XOHType IIIaCTHUHBI MPEaIoIaracTcs
HaJlMuhe KECTKOM Juadparmbl, HpensTCTBYIOLIEH
OTHOCHUTEJIBHOMY CJIBUTY CJIOEB.

Z
1 q(r, 1)
A A
Y
h, 1
I
€y 3 7
(_, ~ 0
A J
h; 2
a
- ’E] o= I} =
Pucynox 1.1



Bbllly?lct)e‘llllble Konebanus Kpy2oe6blx mpexc,wﬁublx niacmun npu IOKAlIbHblX 6HE3ANHO NPUTONCEHHbIX HA2PY3KAX

B cuiy cumMeTpuM 3ajaud TaHTEHIMAIbHbIE
NepeMeIIeH s B CJI0sIX OTCYTCTBYIOT, a IIPOrHO Iu1a-
CTHHKHU W, OTHOCHUTEIIbHBIA C/IBUT B 3aIIOJHHUTEIE
W pajuManbHOE MepeMelleHHe KOOPIUHATHOM I10-
BEPXHOCTH # HE 3aBUCST OT KOOPIUHATHI @, T. €.
u(r,t), v (r,t), u (r, f). B nanpaeiimem 3tu QyHKIHA
CUMTacM HCKOMBIMH. Bce mepeMernieHus W JIMHEH-
HBIE Pa3Mepbl UIACTUHKH OTHECEHBI K €€ PaiuyCy Fo;
cuoBble xapaktepuctikn — K 1 Ila; wepes Ay (h;=2c)
U p; — 0003HAYCHBI TOJIIMHA U IJIOTHOCTh Marepua-
na k-To ciosl.

Cucrema audepeHInanbHbIX ypaBHEHHH B
YaCTHBIX MPOU3BOHBIX, OMUCHIBAIOIIAS BBHIHYKICH-
HBIC MOTIEPEUHbIC KOJICOaHUsT KPYTIION TPEeXCIOWHON
TUIACTUHBI 0e3 yueTa 00KaTHs U MHEPLUU BpalleHHs
HOpPMAlld B CJIOSIX, BBIBOJUTCS U3 BapHAIIOHHOTO
npuHuuna ['amunpToHa [4]:

L,(au+a,y—aw, )=0;
Ly(ayu+a,y—asw,, ) =0
L(au+ay—aw, )-Mw=-q, (1.1)
rae My = (pih; + pohp + p3h3)r02; KO3 PHUIHUEHTHI a;
n auddepeHunanbubie oneparopsl L,, L; ompene-
JISIFOTCSI COOTHOLLICHUSIMU

3
alzzthl:;
k=1
a, =c(hK' -hK;); K =K, +3G;;
a,=h (c+ hl) (c+ h)

=c’ (WK +hK; +§c1<;);
a; :c[hl(c—i-%hl)Kl+ +hy(c+1h)K; +§02K3*];
ag=h (c2 +chy +§hf)K1+ +
+h, <02 +ch, +§h22)K2* +2°K7;

1 g,
Lz(g) E(;(rg)arjar =845 + - _’jiz’

L@ =1 (L(@), =g, + 2 £ 4 £
r reoor

3a;[aqa onpeneneHuss QyHKIWUH u (r, 1), v (7, t),

u (r, t) 3ampIkaetrcs npucoenuaeHneM k (1.1) rpa-
HUYHBIX U HAa4aJbHBIX YCIOBHH

w(r,0)= f(r), w(r,0)=g().  (1.2)

Cucrema muddepeHnuanbHbIX ypaBHEHHH, OIH-

ChIBaroIasi CBOOOMHBIE KOJIEOaHMs TUTACTUHKH Clie-

nyert u3 (1.1) nmpu g = 0. Ee pemenne paccMOTpeHO B

[4]. B pe3ynbpTaTe IOCTpOCHA CHCTEMAa COOCTBEHHBIX

OpPTOHOPMHPOBAHHBIX GYHKIHUH v, (, 7'), KOTOpas IS
CIUTOIIHBIX TUIACTHH UMEET BUIT

mmnsipwwrﬁ@ﬁ
dn ] 0 (Bn )
rrie 3, — cooctBeHHble uncna; Jy, [y — pyakmus bec-
censt 1 MomuduIupoBaHHas GyHKIms beccens Hyme-
BOTO TIOPSAIKA; d,, — HOPMHPOBOYHBIE KOA(PPHUIINCHTHI

fo(ﬁnr)}» (1.3)

1

- f[900-2823) rir-
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=[G+ BB -G,

Jm{ Lmﬁmmq
B)+—"
B, I, (B,)

rae Ji, I} — yka3zanuble panee (ynkimu beccens
TIEPBOTO MOPSIKA.

B pesysibrare Ui OMUCAHUS BBIHYXICHHBIX
KoJIeOaHU paccMaTpUBAEMON MIACTHHKU BHEITHSIS
Harpyska ¢ (r, f) ¥ uckomoe peuierue u (r, t), v (r, t),
w(r, {) TIPEICTABIIIOTCS. B BUE PA3JIOKEHUHA B CIie-
JIYIOIINE PSIIIBL:

q(i", t) = Mozvnqn (t)ﬁ

n=0

wmn=ion

y(r,t)=b, i ¢, 7. (1);

u(r,0)=539,T, 1), (1.4)
e "~
m=%Pmmu4®n+
f&%um A%W}
AT
pp— P

Anrebpandeckue ypaBHEHUS [UIS OMPEICIICHUS
COOCTBEHHBIX YHCEI [3, CIENYIOT U3 IPaHUYHBIX yC-
snoBull. Ilpu 3agenke winM IIAPHUPHOM ONHUPaHUM
KOHTypa TacTUHbl (7= 1) MOIKHBI BBITOTHATHCA
TpeOOBaHMUs

u=y=w=w, =0;
umu =y =w=M,=0.
VYoBneTBopsisi MO J1Ba MOCJIEAHUX W3 HUX C TIOMO-
mplo  pasnoxenuit (1.4), momyunM ciemyromue
TPaHCUEHJICHTHBIE YpaBHEHHS JUISI HAXOXKIACHHS
COOCTBEHHBIX YHCEI

INGO AN
Jy(B) _
a, (B, (B)—,(B) + 4, (B)
i 1,8)
a,(BI,(B)—1,(B)) + a1, (B)

INocne Beumcnenus B, COOCTBEHHBIC YaCTOTHI KOJIe-
6anuit ®, OyayT

(1.5)

O, =——, (1.6)

rae
agy = hy (6‘2 +ch +§h12)K1' +

+h, (c2 +ch, +§h22)K2‘ +20°K;
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- _ 207 .
Kk =Kk _EGk’
a; :aﬁ_azbl _asbz’
a, = ag, +a,b, +asb,,

2
4 Moal(ala4_a2)

(aa, - a32 Naya, - a;) —(a,a5 —a,a, )2
B kadecTBe mpumepa YUCICHHO HCCIIEJOBAHO
nepBoe u3 ypaBHeHu# (1.5), KoTopoe COOTBETCTBYET
3ajJieNIKe KOHTypa IuiacThHbl. [lonyueHHbIe HepBbie
15 xopHel BbuucieHb! ¢ ToyHOCThIO 10 0,001 n
cBezieHbI B Ta0Omumy 1.1.

Tabimma 1.1 — CoOcTBeHHBIE YKCIIa
TIpH 33JIeITKe KOHTYpa ILIACTUHBI

Howmep 7 | CobcTBeHHOE YrCIIO [,
0 3,196
1 6,306
2 9,439
3 12,577
4 15,716
5 18,856
6 21,997
7 25,138
8 28,279
9 31,420
10 34,561
11 37,702
12 40,844
13 43,985
14 47,126

KoaddummeHTs! paznoxeHnuss Harpy3Kd B Psil
q,(f) oIy9InM, YMHOXHB TIEPBOE U3 COOTHOIIICHHA B
(1.4) Ha v, ¥ MPOWHTETPHUPOBAB TO TUIOUIAAN IJIa-
CTUHBL. B cuiy OpTOHOPMHPOBAHHOCTH CHCTEMBI
cobcrBeHHbIX (yHKIMi (1.3) numeem

q,®) =MLOI|;q(r, tyv,rdr. (1.7

VYpaBHeHue g OMNpeAesieHUs] HEU3BECTHOM
¢ynkuun Bpemenu T,(f) ciemyer U3 TPEThEro ypas-
HeHusa cucteMmsbl (1.1) mocie moOACTaHOBKH B HETO
BeIpaxkeHuit (1.4) ¥ UCrONB30BaHKS JTMHEHHOW CBSI-
31 QYHKIMH V,, ¢,

.. _—
I +o’T, = g, (1.8)

Ob6mee permenue ypasaeHus (1.8) MoxxHO mpu-
HSTb B BUJE

T (t)y=A4,cosw,t+B sinw,t+

+Lj'sin o,(t-1)g,(t)dT. (19)
mn 0

Koapouuuentsr A4,, B, onpenensiorcss U3 Havyalb-
HBIX yclioBU nBmwkeHus (1.2)

1 1
4 =ff(r)v rdr, B =ijg(r)v rdr, (1.10)
n o n n (Dn g n

Tak kak uHTerpan B (1.9) mpu £ =0 oOparaercs B
HYJIb.
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2 YacTHble pelIeHHs] NPH BbIHY/KACHHBIX
KOJIe0aHUAX

PaccMOTprUM HECKOJIBKO MPUMEPOB JIOKAJIBHO-
IO BHEIIHEr0 0CECHMMETPUYHOTO CHUIIOBOTO BO3/EH-
CTBHS Ha IUIACTHHY. 3a/1a4a, KaK IPaBHiI0, CBOIUTCS
K OTBICKaHHIO ITapaMeTpoOB ¢, () pa3ioXeHus1 B psij
3aJ]aHHOM Harpy3Kd M ONpeleNeHNuI0 (QYHKIUU Bpe-
menu T, (7).

UucaeHHBIE UCCIEIOBAaHHUS MPOBOIMINCH IS
3alIeMIIEHHON MO KOHTYPY IIACTHUHBI, CIOM KOTO-
poii HabpaHbl u3 marepuaioB J[16T—¢dropormract —
J16T. CooTBeTcTByIOINE MEXaHHMYECKHE XapaKTe-
pUCTHKHM MarepuaioB IpuseneHsl B [4]. CoOcTBeH-
HBIC YaCTOThI KOJICOAHUH 0, BBIYHUCISLIUCH 1O (QOp-
myse (1.6) ¢ ucnosiabp30BaHHEM COOCTBEHHBIX YHCEN
W3 TIPUBEACHHOHW TaONMIBI MU T€OMETPUYECKHX Ia-
pametpoB cnoeB Ay =hy =0,01, ¢=0,05. Havans-
Hble ycioBus (1.2) mpearnornaraauck 0JXHOPOIHBIMH
w(r,0) = w(r,0) =0, uro, B cootBeTcTBUH C (1.10),
MO3BOJIACT MOJYUYUTh HYJIEBBIC KOHCTAHTBI MHTCTPH-
poBanusi 4,=0, B,=0.

2.1. Ilpenmonoxkum, 4TO Ha paccMaTpuBae-
MYIO IUIACTHHY AEHCTBYET BHE3AITHO NPHIIOKECHHAS
JVMHAMHUYECKasi IOBEpXHOCTHAs Harpyska, paBHO-
MEpHO pacrpezieJieHHast 0 KPYry OTHOCHTEIBHOTO
pammnyca b< 1. Toraa ee aHATUTUICCKUNA BU MOKHO
MPENICTABUTE C MOMOIIBI0 (PpyHKIMH XeBUcalaa Hy-
neBoro nopsinka Hy(b — r):

4(r, 1) = 4, () H, (b~ r). @.1)
[oncrasus Harpy3ky (2.1) B dopmyny (1.7) nomy-
YUM MHTETPaIbHOE BBIPAKEHHE JUIS BBIYMCICHUS
IapaMeTpOoB Pa3JIoKEHHsI Harpy3KH B psif q,(?):

qn(t):qo—a)ero(b—r)x
Jy(B,)
1,(B,)

[ocne B3THS UHTETPAJIOB OT MPOM3BEACHUS (PyHK-
mui XeBucaiiga u beccens, nmeem

40 (0b ( 5,5y~ Lo )

X[JO(B,,F)— Io(Bnr)jdn

1) =

“O M, 1,5,)

[Tocne wero peuieHue paccMaTrpuBaeMon 3aja-

4y omnpezenseTcs cooTHomeHusMu (1.4), a GpyHKIms

T, (f) Beraucnsercs mo gopmyne (1.9) ¢ yaetom xo-

a¢¢unmentos (2). s BHE3amHON HATPYy3KH C II0-
CTOSHHOW MHTEHCHBHOCTBIO ¢ = COnst UMeeM

(=90

MOdan(Di

Jo(B,)
1,(B,)

[Ipu b =1 Harpyska pacnpejeneHa o Bceil moBepx-
HOCTH TUIACTUHKH.

Wzmenenne mporuba (a) U caBUra B 3aIlOITHU-
Tene (0) MO paAWycy IUIACTHHBI TOKa3aHBI Ha PH-
cyHke 2.2. OHH BBIYUCIIEHBl C FWCIIOJNE30BaHUEM
(dopmyse (2.3) B MOMEHT BpeMenH ¢ = 1t /mg = 0,0333,

1, (BJ))J- (22)

2.3)

x(.]l B,h)— Il(Bnb))(l—cos(oa"t)).
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00100
w2
(a)
00075
|
0,0050——

0,0025
\

0 0,2 0,4 0,6 08 7 1,0

0 0,2 0,4 0,6 08 r 10

v ()
-0,0067
\1/
0,0134
2
-0,0201

Pucynox 2.1

KOTOPBIH COOTBETCTBYET MaKCUMAaJIbHOMY 3HAUCHHIO
¢ynkyn (2.3) npu OCHOBHOW COOCTBEHHOMW 4acToTe
Konebanuit y. Kpusbie 1 nomyuenst npu b =0,5; 2 —
b=1, T.e. KOorga paBHOMEpHO HarpyxeHa BCs II0-
BEPXHOCTh BHEIITHETO HECYIIETO CJI0S IUTACTHHBI.

[Ipu moncuere mporuba u capura mo Gopmy-
nam (1.4) cymMMHpOBaNHCh TIEpBBIE § WIEHOB psAfa.
Crenyer OTMETHTh XOpPOINYIO CXOIMMOCTH 3THX
psIOB B JJAHHOM Cilydae. B mX MakcHUManbHBIC Be-
TUYUHBL 92 TOCIEAYIOMHNX CIAaraéMbIX CYyMMAapHO
BHocAT mnomnpaBky MeHee 0,1 %. Omnaxko B jmaib-
HEMIINX YKCIIOBBIX pacuyeTtax OrpaHnM4€HUC TJIUHbBI
CYMMHUPYEMOTO psijia UCCIEAOBAHO B KaXKIOM CIIy-
Yyae OTAENBHO W IPUBOJUTCS JIMIIb KOHEYHBIA 4H-
CIIOBOM pe3ynbTarT.

2.2. Ilycte Ha paccMaTpUBaeMylO KpYTIyIO
TPEXCIOMHYIO IUIACTUHY JEHCTBYET BHE3AIHO NpHU-
JIOKEHHAsl Harpys3ka, paBHOMEPHO paclpeeiieHHas
M0 KOJIBIY, OTHOCHTEIBHBIH paguyc KOTOPOTO H3-
MeHsercs B npenenax a<r<b. Torga ee aHamuTH-
YECKUI BUJ MOXKHO IPEICTABUTH KaK Pa3HOCTh JIBYX
Harpy3ok (2.1):

q(r,t)=q,(O)0(H,(b-r)-H,(r-a)). (24)

Pemenne 3a1aun npeCcTaBUM B BHIE Pa3HOCTH
nByx pemenuit (2.2), (2.3). Torma xo3ddurmenTs!
pa3iokeHus: Harpy3Kku (2.4) B pAI IO CHCTEME CO0-
CTBEHHBIX (YHKIHUH OyIyT

9,(0) . _

m(lﬂl B,b)—aJ,(B,a)

IEACH)
1,(8,)

Ilocne vero s cralMoOHapHON JUHAMUYECKOH Ha-
IPY3KH go= const MOJyYuM

T,(t) = %‘Eﬁ;’”[u (B,b) - aJ; (B,a)—

_JuB,)

1,(B,)

ITpu @ = 0 u3 (2.5) cnenyer pemenue (2.3).

Ha pucynke 2.2 nokazaHo nameHeHue (Gpopmbl
Y BEJIMYMHBI MIPOTru0a 1Mo Mepe MPOIBMKEHHS KOJIb-
IIEBOT'O TISITHA HAarpy3KU K KOHTYpY IUIacTuHbL. Tonmmaa

q,()=

(b1, (B, D)~ al, (Bna))j-

2.5)
(b1, (B,b)—al, (Bna))}
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KoOJIbIa mpuHsATa » =b—a=0,25; UHTEHCUBHOCTH Ha-
rpy3ku go = 7000; MOMEHT BpeMeHH ¢ = Tt / ®y COOT-
BETCTBYET MAaKCHMAaJbHOMY 3HAYCHHIO (DYyHKIMH
(2.5) mpu ocHOBHO# COOCTBEHHOM YacToTe ). Kpu-
Bag | — mporu® mpu BO3IACHCTBUM HArpy3KH IO
kompy a =0, b=0,25; 2 — a=0,25, b=0,5; 3 —
a=0,5 b6=0,75; 4 — a=0,75, b = 1. Haumensbui
Mporud BO3HHMKAET MPH HArPy3Ke C MUHUMAIbHOM
PaBHOAEHCTBYIOLIEH, T. €. KOIZJa ISATHO Harpy3Ku
pacmonoxxeHo oxojio IeHTpa Iwractuasl (1). Ecmm
Harpy3ka MpUMBIKAeT K KOHTYPY, TO IPOTUO B ICH-
TpEe IUIACTHHBI HEMHOTUM OOJIBIIIE, HO CYIIECTBEHHO
omnyaercs mo Gopme. MakcuManbHBIA TPOrud Ha-
OyroaeTcss TpU HArpy3Ke, paclpeieieHHOH BIOJb
BTOpPOI1 4eTBepTH paanyca (2).

45
W’l 04 2
34,0
255 3 \
17,0
8.5 1 NS
\\

0 0,2 0,4 0,6 08 r 1,0
Pucynox 2.2

2.3. PaccMOTpUM KpYroByO TPEXCIOWHYIO ILIa-
CTHHY, Ha KOTOPYIO BO3JICHCTBYET MIHOBEHHO IpH-
JIOKEHHAsl BAOJb OKPYKHOCTH ¥ = @ TIOTOHHAsI CHJIa
MTOCTOSTHHOM WHTEHCUBHOCTH (Jy. Bocmonbezyemes
pemeHneM, MOIy4YeHHbIM Ul PaclpeieIeHHOH 110
Kkomply a —d < r < a + d TIOBEpXHOCTHOH Harpys-
KH ¢o. BBenem B (2.5) 3ameny qo= Qo/ 2d u ycrpe-
MHUM mapameTp d K Hymto. [locae BeramcneHus mnpe-
JieJia TIOJTy4UM CIIEAYIONIYIO (DYHKIMIO BPEMEHU:

_Qa (1—cos(w,1)) y

T,(1) e e
_J,B) '

{Jo (B,a) ) 1, (Bm}
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A.B. Aposaa

Oyukius (2.6) He ONHMCHIBAET MOBEACHUE ITIa-
CTHUHBI ITPU MPUIIOKCHUU COCpe}IOTO'—IeHHOﬁ CHJIBI B
ee 1nie’Tpe. B atom ciaydae a = 0 u perieHue BBIPOXK-
naercst. UToObI 3TOro n30exarh, IMPEIIONI0KUM, YTO
paBHOAEHCTBYyIOIAs MNOroHHOM cuibl QO = 2maQy
OCTaeTcsl MOCTOSIHHOW NpH M3MEHEHHHW pajuyca d
OKPY>XHOCTH, BJIOJb KOTOPOH OHA NpHIIOKEHA. JTO
BO3MOYKHO, €CITM WHTEHCHUBHOCTH (Jy Oymer mepe-
MEHHOM, KOMIIEHCUPYS U3MeHeHus a. Toraa

0 (1-cos(®,1)) LB
S [Jo(ﬁna) —IO(BH)IO(BM)].

Ortciona, npu a = 0, moixy4aeMm (QyHKIUIO BPEMEHH,
COOTBETCTBYIOIIYIO TPHJIOXEHHIO CHJIBI B LEHTPE
TUTACTHUHBI

7 =20 cos(wgr))[l_ Jo(m} @
2nM,d, o, 1,B,)

Kpussle Ha pucyHke 2.3 oTpakaloT H3MEHEHHE
MaKCUMaJIbHOTO Tporu6a miactussl (7 = 0) BO Bpe-
MEHH ¢ TIPU Pa3INYHbIX Pajuycax OKPYXKHOCTH MpH-
JIOXKEHHS Harpy3Ku ¢ paBHojeicTBytomen O = 7 kH:
1-a=0;2-a=02;3-a=04;4-a=0,6; 5 —
a =0,8. KonebarenpHbIil mpoIecc 3/1eCh HOCHUT OT-
HYJIEBOHM XapakTep.

0,012

/FR\ N
anra

T, =

4
5
—
0 0,035 0,070 0,105 ¢ 0,140

Pucynox 2.3

2.4. Ilycte Ha HcCIeIyeMylO IUIACTHHY BO3-
JEWCTBYIOT BHE3AITHO IPHJIOKEHHBIE OTOHHBIE MO-
MEHTBI, paclpe/ieIeHHbIEe TI0 OKPYXKHOCTH 7 = a. J{ns
pelIeHHs 3a1a4d BOCIIOIb3yEMCSI CYMMOM pELeHUI
(2.6) nns OBYX TOTOHHBIX CUJI, HANpaBlIEHHBIX B
MPOTUBOIOJIOKHBIE CTOPOHBI W JCHCTBYIOIIUX MO
OKPY>KHOCTSIM PafinycoB ¥ =a—dur =a + d. B aroii
CcyMMe mpomsBelieM 3ameny Qo= mg/ 2d 1 ycTpeMuM
d x Hymro. ITocne BEIYHMCIEHNS MIPEAEa MOy IuM
my (1-cos(®,7)) y

T (@)=
n() MOdn(’Ofr

X(Jo(ﬁna)—aﬁ,,Jl(Bna)— (2.8)

_4B)
1,(B,)

Oyuknus (2.8) hopMarbHO ONMUCHIBACT CIy4ald BO3-
JEHCTBUS COCPEAOTOYEHHOTO MOMEHTA, HPHIIOKCH-
HOTO M B LeHTpe IuiacTuHbl. IIpu a =0 pemenue
OyZIeT clemayronmm

(Z,(B,a)+aP,1, (Bna))].

82

T ()= m, (l—cos(mnt)) 1_JO(BW) (2.9)
' Myd,o, LB, ) '

Temeps mpuMeM MOCTOSHCTBO PAaBHOJCHCTBYIO-
el BHE3AITHO MPIIIOKEHHBIX TTOTOHHBIX MOMEHTOB
m =2namy NpU U3MEHEHUH pagnyca OKPY>KHOCTH,
BJI0JIb KOTOPOW OHU JAEHCTBYIOT. IHTEHCUBHOCTD 11
OyZer mpu ATOM NEepeMEeHHOH, KOMIICHCUPYS H3Me-
Henuss a. Torma w3 (2.9), ¢ MOMOIIBIO 3aMEHBI
mo=m / (2na), moxydnm

T ()= m(l—cos(o),;t)) (JO B2
2nM d o, a
Jo®.) ( 1,(B,2) 210
_BRJI (Bna)_lo(—B:)(Tn_"Bnll(Bna)jJ-

Pemenne (2.10) cnpaBeanmiBo BCIOIY, KpOME IICHTpa
miacTunsl, rae a = 0.

Ha pucynke 2.4 nokazaHo uaMeHeHue nporuda
BJOJNb pajJuyca paccMaTpUBacMOM IIACTHHBI TIPH
pa3sIUUHBIX pajuycax OKpPYKHOCTH TPHUIIOKEHHA
NOTOHHBIX MOMEHTOB C MOCTOSHHOW paBHOJIEHCT-
Bytouieit (my=7xHm): 1 —a=0,25,2-a=0,5,3 —
a =0,75. MakcumainbHble 10 MOIy0 nporuost (1)
HaOJIIONAIOTCSl IPU PACHONIOKEHUM MOMEHTHOH OK-
pyXHOCTH Onmke K 1eHTpy Iutactusbl. [1o Mepe ee
MIPOJIBMKEHHSI K KOHTYPY 3HAU€HMs JTHX Iapamer-
poB yOBIBAIOT, W MPOUCXOIUT CMeHa (a3bl Koiebda-
Hui. Ilpu coBmageHUM MOMEHTHOH OKpY>KHOCTH C
KOHTYPOM IDIACTHHBI IPOTHO 00paIaeTcs B HOJb, TaK
KaK JMHAMHUYECKOE BO3JEHMCTBUE paccMaTpuBacMOi
Harpy3Kku KOMIIEHCHPYETCS] pEaKLIUEH B 3a/ICIIKE.

0,027

w—F ] a
0,018
0,009
-0,009

3
-0,018
0 0,2 0,4 0,6 0,8 r 1,0
Pucynok 2.4
3akiovenne

[TomyueHHbIE aHANMWTHYECKHE pEIICHHS Ha-
YakbHO-KPaeBhIX 3a/1a4 M X YUCICHHOE UCCIIeI0Ba-
HHE MOTYT OBITh UCIIONB30BaHBl B PaCUeTHON IpaK-
THUKE TMPOEKTHBIX OPTaHW3ALUI HpPU HCCIIECTOBAHUH
BBIHY)KJICHHBIX IOIEPEYHBIX KOJICOaHUH TPEeXCioii-
HBIX KPYTOBBIX IIJIACTHUH C JIETKUM 3allOJIHUTENIEM,
BBI3BAHHBIX MTHOBEHHO TPHJIOKEHHBIMH JIOKAJb-
HBIMH OCECUMMETPHUYHBIMU HAarpy3KaMu.
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Mapuipytu3sarms HHQOPMAIHOHHBIX HOTOKOB TPAJUIHOHHO (hOPMyIHpYeTcsl KaKk ONTHMU3ALMOHHAs 3a/1a4a MMOMCKa Kpardaii-
mero myTH. B naHHON paboTe paccMaTpuBaeTCss MHOTOKpUTEpHaibHas MapLIpyTH3alHsi HA OCHOBE KOMIUIEKCHOTO BECOBOTO
koo dunmenra. [Toka3aHo, KaK JaHHBIN TOJX0/ MOXKET OBITh HCIOJIB30BAH ISl Pa3pabOTKH ABYX IBPHCTUYECKUX aJIrOPHTMOB
JUISL 33]1a4 MOMCKa ONTUMAJIBHOrO MyTH C MUHHMAJIBHOM 3aePXKKOi, MUHUMAJIbHON BapualMy 3aJep:KKH, 00eCIedeHreM 3a-
JIAHHOI [TOJIOCHI TIPOITYCKAaHMUSI, MUHUMAJIbHON BEPOSTHOCTBIO II0TEPh  MUHUMAJIBHON CTOMMOCTBIO TIepeiadr HHPOpMALHH.

Kniouesvie cno6a: Mno2oKkpumepuaibHas Mapupymus3ayus, KOMRJIEKCHbIIL 8eCO80l KOdpduyuenm, 3adepiicka, sapuayuu 3d-
0€epIACKU, 6ePOSIMHOCIG NOMEPb, NOIOCA NPORYCKAHUSL, Kpamyatiuuii nyms, aneopumm Jetikcmpsl, CMoumMocms nepeoayu uH-
@opmayuu.

Traditionally, path selection within routing is formulated as the shortest path optimization problem. In this paper, multi-criteria
routing based on a mixed weight is considered. It is shown how this approach can be used to develop two heuristic algorithms
for searching the optimal path with minimum delay, minimum delay variation, providing the given bandwidth, minimum loss
probability and minimum cost of information transmission.

Keywords: multi-criteria routing, mixed weight, delay, delay variation, loss probability, bandwidth, shortest path, Dijkstra’s

Algorithm, cost of information transmission.

BBenenue

Mapmpytuzamus UHQOPMAITUOHHBIX TOTOKOB
TPATUIMOHHO (DOPMYITUPYETCS KaK ONTUMHU3AIHOH-
Has 3ajada IMOWCKa Kpartdaimrero mytd. llemeBas
(hyHKIMA MOXKET OBITH JIF0OOH W3 MHOKECTBA Pa3HO-
00pa3HBIX MapaMeTpPOB, TAKUX KaK KOJIHMYECTBO Y3-
JIOB, BEIMYUHBI 3aJePXKKH, CTOMMOCTH #u 1p. [1].
OTtnenbHOM TpoOIEMOil MapUIpyTH3alUH SBISETCS
BBIOOp ONTHMAIBHOTO MYTH NPH OTPAHHYECHUSIX IO
3a/lepKKe M [0 CTOMMOCTH, TaK Kak TpeOOBaHMS IO
MUHUMU3ALU 3aJCPIKKU ABJIAIOTCA OYCHL PaCIIpo-
CTpaHCHHBIMU JIsI MHOTHX MyﬂbTHMeZ[PIﬂHbIX npu-
JIO’KEHUH.

B pabote [1] uccnemyercs mpobiema MmoHcKa
ONTUMANIFHBIX MapIIPyTOB Ha rpade MymbTHCEp-
BHUCHOM TEIEKOMMYHUKAIIMOHHOM ceTu. Jlsl JaHHbIX
CeTel, KpOMe IMOJIOCH MPOITyCKAHUSA, JOJDKHBI IPH-
HUMATBHCS BO BHIMAaHHE TaKHe apaMeTphl KadecTBa
obcmyxuBanus (QoS), Kak mHOTepH MAKeTOB, 3a-
JIepKKa TAaKeTOB, BapHalMs BPEMEHH 3aICPIKKH
(mxutTep). 3amady MapuIIpyTH3alUHd B MYJIbTHCEP-
BUCHBIX CETAX IpEAjaracTcs peliaTh Ha OCHOBE
KPUTEPUEB, YYMUTHIBAIOIIUX IIEPEYUCIICHHBIE Mapa-
METPBI COIJIACHO TPEOOBAHUSIM KOHKPETHBIX MPH-
JOXeHUH. JTa 3a7a4a chOPMyYITHPOBaHA KaK MHOTO-
KpUTEpHaIbHAs 3ajJa4a MOWCKa MapIIpyTa ¢ MUHH-
MaJIEHOW CTOMMOCTBIO, IPUYEM ITOMCK BBITOIHICTCS
TONBKO Ha ITOJIMHOXECTBE OCYIIECTBUMEIX MyTeH,

YAOBJIETBOPAIOIINUX OIpaHUYCHUSAM Ha IapaMETphbl
KayecTBa cepBuca. B padore npemioxena Mmoaudu-
Kanust anroputma JleHKCTpbl, KOTOpas IO3BOJISET
OCYIIECTBIISITh MHOTOKPUTEPHAIBHBIN ITOMCK OITH-
MaJIFHOTO MapHIpyTa C y4YeTOM OTrpaHWYEHHHA Ha
KaXJblil KpUTEPUH B OTIENBHOCTH, a TAKXKE B CIIy-
Yae, KOTrJja CTOMMOCTh MapIIpyTa HeaIIUTHBHA.

Baxuoi#t mpobiemoii, ¢ KOTOpoil CTONKHYIHCH
aBTOpPBI cTaTh [1], 3T0 BBIOOP BECOBBIX KOI(DDHUILH-
€HTOB, C TIIOMOILIBIO KOTOPBIX OCYIIECTBIISETCS
CBEpTKa MapaMeTpoB, 00ECHEYMBAIONINX 3a/laHHbIC
TpeboBaHus KauecTBa obcimyxuBaHus (QoS), B KOM-
TUIEKCHBIH K03((UIMEeHT, B COOTBETCTBHU C KOTO-
PBIM U TIPOU3BOJUTCS BEIOOP ONTUMAJIBHOTO ITYTH.

B pabote [2] mpencraBiieH adropuTM IOHCKa
MyTH, IS KOTOPOTO YCTAaHOBJIEHA MHWHHMAJIbHAs
CTOMMOCTB | 3aJiepkKKa repenadn nadopmarmn (De-
lay-Constrained Least-Cost — DCLC — path). T. e.,
paccmarpuBaeTcsl  3ajada  ABYXKPHTEpHAIbHOU
MapIIpyTH3aLUH, TA€ B KAYECTBE ONTUMH3ALOHHON
(GyHKUMKM BBIOpaHBI [jBa IlapaMeTpa: BeIW4YHMHA 3a-
JIEPKKHU B Nepeiaye HHPOPMaIK 1 CTOMMOCTb.

PaccMmoTpum mpaHHBIN Bompoc 6osiee moapoOHO.
[Iyctb 3ananHa cetb B Buje rpada, y KOTOpOu s
KaXJIOW Iyrd, ONMCHIBAIOLIEH KaHAIBI Iepeladu
MH(OpPMAINH, ONpPEETICHbl BEIUUUHbI 33JEPKKU H
cToMMOCTh. IIpy 3TOM 1Ba BBINIEHA3BAHHBIX Napa-
MeTpa CBEpHYTHl B OJWH C IOMOIIBIO E€IHHOTO
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KOMIUIEKCHOIO BECOBOTO Ko3(dummueHTa. 3arem,
UCIIONB3Ysl JaHHBI KOI(QQHUIUEHT, MPUMEHSETCS
anroputM JleHKCeTpsl Ui IOUCKA KpaT4auliero myTy.

1 Ipobaema nmoucka KpaTyaiiliero myTH c
HAMMeEHbIIEH CTOUMOCTLIO

JIrobast ceTh MOXKeT OBITH MpPEICTAaBICHA Ha-
npasineHHbM Tpad G (V, E), tne V ecTb MHOKECTBO
y3JI0B, U E €CThb MHOXKECTBO KAHAJIOB CBSI3U MEKITY
Humu. [Ipeanonoxum, uto N=[V],u M = [E].

Bec w ompenmensiercss Kak HEOTPHIATCIHLHOE
BEIIIECTBEHHOE YNCIO W (e), OTMCHIBAIOIIEE KaXK bl

KaHai cBs3u, T.e. W:E— R;. B wactHoCTH, Bec
d : E — R, Ha3bIBaeTcs 3aJIEPXKKOIL, B TO BpeMs KaK

¢:E — R, Ha3bIBaeTCsl CTOMMOCTBIO. [IyTh sBIsieT-

Cs1 KOHEYHAas! MOCIIE0BATEILHOCTD HE MOBTOPSIEMBIX
y3J10B p = (V1,Va,...,V;) Takux, uto st 0 <i <k cy-
IIECTBYET CBsI3b OT V; 10 Vi, T. €. (V;,V,,,) € E. Ka-
Hall e € p 03HAYAET, YTO p MPOXOJUT Yepe3 KaHall

cBs3U e. Bec W, KaK 3aJI€pKKa UJIU CTOUMOCTB, al-
JUTUBHBI, €CJIM BEC IMYTU p ABJISICTCA CyMMOﬁ BC€COB
BCCX COCTaBJIAIOINMUX KaHaJIOB CBA3U BIOJIb 3TOI'0
nyTHu,
w(p) = w(e). (I.D
eep
B YaCTHOCTH, 3aJICPpKKa U CTOUMOCTb NIYTHU p
3a4ar0TCs ABYMs HWXKC NPEACTABJICHHBIMU YpPABHE-
HHUAMMU:

d(p)=) d(e), (1.2)

eep
c(p)=> cle). (1.3)
eep

B o0mem cMeIciie 3afepikka Mo KaHaly CBS3H
€CTh CpeiHee BpeMs Iepeiaull [0 3TOMY KaHaly, B
TO BpeMsI Kak CTOMMOCTb MOXKET HE B3BIMATHCS TIPH
nepenade cOOOIIEHHUs [0 TOMY KaHaIy.

[IpuBenemM HECKONBKO ompeaeneHuit [2].

Onpeodenenue 1.1. 3aoanvt cemv G (V, E), uc-
mouHuxk s €V u y3en HasHauenus tE€V, 3a0amvl
300epPAHCKA U CIOUMOCHTb KAHNCO020 KAHANA CEA3U, U
oepanuyerue no 3adepoicke — Cy.

Heobxooumo pewums 3a0auy noucka Kpam-
yaiiuie2o nymu om s 00 t NpU MUHUMATbHOU CMOU-
MOCIU C YUemoM CReOYIOUUX 0ePpaHUYeHUl:

() d (p)<Cu;

(i1) ¢ (p) < C (q) Ons 106020 nymu q om s 0o t,
uymo yoosnemsopsiem d (p) < Cy;

(iil) we cywecmseyem nymu q om s 00 t, Ons
xomopoeo ¢ (p) = c (q), 6 mooice epems d (p) > d (q).

CrnenyeTr OTMETHTB, YTO TPEThe TpeOOBaHHUE HE
SBISETCS 00S3aTENbHBIM MPU PEIICHUH 3aJa4yd I0-
HCKa ONTUMAIBHOTO ITyTH NPH MHUHUMAJbHOU CTOH-
MocT. OHO BBEICHO JUIS TOTO Ciydas, KOrja BO3-
MOXKHO CYILECTBOBAHUS 00JIee OTHOTO PEIICHUS IS
cTaHAapTHOH 3anaun. st ynoOCTBa, myTh, KOTOPBIHA
Mo KpaifHelf Mepe YIOBJIETBOpPSAET MEpBOMY Tpebo-
BaHMIO B NPHBEJCHHOM BBIILIE ONpE/ICICHUH, Ha3bl-
BaeTCsl JIONMYCTHMBIM pelIeHuEeM (WIN peaibHbIN
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MyTh); MyTh, KOTOPBIA YAOBIETBOPSIET BCEM TPEM
TpeOOBaHUSIM, Ha3bIBACTCS ONTHMAIBHBIM PELICHH-
eM (MM ONITUMANIBHBIH MY Th).

Crenyromiee onpesieneHuss W YCIOBHBIE 000-
3HA4YEHHsT HEOOXOAMMBI JUIS OIUCAaHMS AITOPUTMOB,
KOTOpBIE OyIyT MPEJIOKEHBI HIXKE.

Onpeodenenue 1.2. /lanvl 06a a0oumusHwix e-
ca wy U Wy, a makdice a0OUMUBHbILL 8ecC

w=w(e)+ow,(e)
o3Hauaem, ymo 07 1006020 KaHaia ces3u
w(e) = w,(e) +aw,(e). (1.4

OueBUIHO, YTO KOMIUIEKCHBIN BeC JBYX aJlIv-
THUBHBIX BECOB TAK)KE SIBJISETCS aJIIATHBHBIM.

Onpeodenenue 1.3. 3adanvl y3en ucmounuxa
unopmayuu S u y3en Ha3HaveHusl t, a maxice 6eco-
60l kKoapPuyuenm w. Imo onpedensiem QYHKYUo
(wu npoyedypy) Dijk (w), komopas nozsonsiem naii-
My Kpamuauwiuil nyms w om s 00 t ¢ ROMOWbIO aj-
eopumma [levikcmpul. B uacmmnocmu, amo sxeusa-
aeumuo credyrouemy. Ilycmo na nymu py = Dijk (d)
3a0epacka munumarvhas (LD nymse), a nymoe
p.=Dijk (¢) umeem munumanenyro cmoumocms (LC
nymv) mexcdy s u t. Hempyono ysudemo, umo co-
omuowenua d (py) <d (p.) 1 c (py) >c (p.) 6vinon-
HAIOMCSA 8ce20d.

Hpyras ¢yHkuus, koTopasi OyneT HCIOJb30-
BaThCs B Hammx anroputmax, 3to ModiDijk (¢, d).
Ecnu cymiecTByeT HECKOJIBKO MyTel ¢ pa3nuHbIMH
3afepxkamu ot s 1o ¢, pyskuun ModiDijk (¢, d)
BBIOEpET TOT W3 HUX, KOTOPBI MMEET MHUHHAMAJIb-
HYIO 337IEpKKy. DTO MOXET OBITH CAETaHO C TOMO-
1IpI0 MOAM(MUIIMPOBAHHOTO anroputMa J{efdKcTpol.

2 Hpesi eqMHOro KOMILJIEKCHOTO BECOBOIO
Ko3(ppunueHTa

OcHOBHast uzes MpearaéMbelXx aJropuTMOB
COCTOUT B PEIICHUM 3aJjaddl C IIOMOLIbI0 00beaAnHe-
HUS TpeOOBaHUS 110 3a/IepKKe U CTOMMOCTH ITOCPe/-
CTBOM €/IMHOTO KOMIUIEKCHOTO BECOBOTO K03(du-
IEHTa U 3aTE€M, UCIOJIb3Ys adroputM JleHdKcTpsl, B
HaXO>K/IEHUH TTOIXO/IAIIEro (KpaTJaiIiero) myTH.

Paccmorpum mpobieMy Ha NpocTeHmmx mpu-
Mepax, pUcyHoK 2.1, rae HeoOXoauMo HalTh Kpart-
Yalluid OyTh OT § O ¢ C BEIMYMHOMN 3alEpiKKH,
paBHOU 8, 1 MHHHMAaJIbHOH CTOMMOCTBIO — TaK Ha-
3piBaeMbIii DCLC myTh. Temeps, pemast 3Ty 3agaqy
BPY4HYIO, TpeOyeTcs MPOBEPUTh BCE YETBIPE IMYTH
Mexny s u . Jlerko ompenenuts, uro LC myTem sB-
JISieTCsl MyTh S—U—t, KOTOPBIN UMEeT 3alepkKy 9 u
TaKkuM 00pa3oM SIBIsieTCs HeaonmycTHMbIM. [lyTem
LD sBnsiercs myTh S—v—f, KOTOPBIM UMEET 3aJePKKY
5 u croumocts 24. Xots 3tor LD nyTh ocymecTt-
BHM, OH HE SIBIISICTCS| ONTUMAIbHBIM PEIIEHHEM, TaK
KaK BEJIMYMHA 33/IePXKKH HE MUHUMaJIbHA

Benmem xoMIUTeKCHBINA BecoBOH K03 HUIHEHT
Bec w =d + ac, KOTOpeIi oOBemuHsAET B ceds 3a-
JIEpXKKYy M CTOMMOCThb. Bmecro kodddurmenrta d,
OIIPEICTISIONIETO BEJIMYMHY 3aJIepKKU B Iepesade
HUH(POPMAIMH, MOTYT OBITH HCIIOJIb30BaHbl M BECOBBIE

85



H.U. Jlucmonao, FO.Y. Bopomnuyxuii, B.B. Bopmuosckuii, A.A. Xaiioep

K03((OULMEHTHI, ONpEeNsIoNne Apyrue napamer-
pBI KadecTBa OOCITYXKHUBAaHUS, HAIPUMeEp, DKUTTED,
MOJIOCY TPOMYCKAHHs, BEPOSTHOCTh MOTEPh MaKe-
ToB. Hampumep, eciu OyjaeM paccMaTpUBAaTh JUKHT-
TEp U CTOUMOCTh, TO Kodddurmenr w= j+ac, rae

J — BETIMUYMHA JDKATTEpa. AHAJTIOTHYHBIC BBIPAKEHUS
MOJKHO 3aITUCaTh U JJIS APYTHX IapaMeTpoB, Xapak-
TEPU3YIOUIUX Ka4eCTBa 00CTYKUBaHUSI.

[MokaxkeM Ha mpuMepe KOMIUIEKCHOTO K03 du-
[EeHTa, 00BEAUHSIONIETO B ce0e 3a/IepKKy U CTOH-
MOCTh, KaK 3TO MOYKHO Pean30BaTh Ha MPAKTHKE.

IMycte o=0.5, T0 BecoBoil KOAGGUIMEHT W
OyJeT acCOIMMPOBATHCS C IyTeM, HAWICHHBIM C
MOMOIIEI0 anroput™Ma J[eHKCTphI U MOKa3aHHBEIM Ha
pucyHke 2.2 KUpPHOW JIMHUEH: S—u—v—f. DTOT MyTh
MMeEET 3aJepkKKy 8 U CTOMMOCTh 16, U OKa3bIBaeTCs
ONITUMAITEHBIM.

U
A Y
. .
3,10) yd . (6,9)
e | \\\
g .
e .
o ™,
// ™
Q@ " @
\\ // -
a20 S 44)
@
v

Pucynok 2.1 — 3ajaga moucka KpoT4aIero myTu
OT § K ¢ ,¢ MUHIMaJIbHOW CTOMMOCTBIO I MUHH-

MaJIbHOM 3aIep>KKOH, He MPEBBIIIAIONIEH §
U

Pucynok 2.2 — KoMITIeKCHBIH KOAQPUIIESHTH W
npu o = 0.5. Kpatuaitmuii nyts s—u—v—£:
3aepkKa = 8, CTOUMOCTh = 16

DTOT mpUMep MOKa3bIBaeT, YTO BBIOOP COOT-
BETCTBYIOIIETO MapaMeTpa ¢ Uil MOCTPOSHHUS KOM-
IDICKCHOTO BECOBOTO Kod(h(HUIMeHTa W, CBOIUT
DCLC 3amauy k 3amade morcka KpaT4alIiero myTH,
KOTOpasi MOXKET OBbITb JIETKO pEIIeHa C MOMOIIbIO
anroputMa JlelKcTpsl.

86

KiroueBbIM BONPOCOM T 3TOM UAEH SIBISIETCS
TO, KaK BBIOpATh MapameTp o ISl MOCTPOSHHS €/Iu-
HOTO KOMIIJIEKCHOTO BECOBOrO Koddduimenta w.
Ciy4aitHo BBIOpaHHOE 3HAUCHUE (L MOXKET IPUBECTU
K JI0OBIM CaMBIM pa3HOOOpa3HbIM perreHusM. Ha-
npumep, npu o = 0,2 caMbIM KOPOTKUM W CTAaHOBUT-
cst s—v—t (LD) myTs. B TO Bpems kak npu o = 2 KpaTt-
YaWIIM yTeM cTaHOBHTCS myTh LC — s—u—t.

3 Jpucrunyeckue aaroputmbl aias DCLC
3a1a4n

B npu pemernn DCLC 3agadn 0CHOBHOE BHH-
MaHue Oy/leT COCPEJOTOYEHO Ha IOUCKE BO3MOXK-
HBIX pemieHuil. PaccMoTpum 0a30BbIi  adroputm,
KOTOPBIM SIBJSIETCSI OCHOBOM ISl BYX Mpejyiarae-
MBIX UTEPATUBHBIX AJITOPUTMOB.

Kak moxa3ano paHee, epBOCTEIICHHOE 3HaUe-
HHUE B TIOCTPOCHUH E€AMHOTO KOMIUIEKCHOTO BECOBO-
ro ko3¢ durrerTa — 3To BEIOOP o TapaMeTpa.

3anumeM BeIpakeHUE JUIA 0, B3sToe U3 [2]:

= Cd_—d(p)' (3.1)
c(p)—c(q)

Anroputwm, pemarouii DCLC 3amauy, npuse-
JIeH Ha pucyHke 3.1.

Anroputm DCLC odeHb MpoCTOii U MO3BOJISET
OBICTPO HAaXOIWTh KpaTdalimuii myTs. PaccMoTpum,
KaK 3TOT QJITOPUTM MOXHO Yiay4umnuTth. OgHO W3
yIy4IIeHnH — 3TO BEIYUCIICHUE TapaMeTpa anbga.

[Tocne mosydyeHus: OCYIIECTBUMOTO ITyTH, KO-
TOpBI nyunie, yeM LD myTh, mapamerp anbga mo-
JKeT OBITh BHIYUCIICH CIIEYIONIMM 00pa3oM:

_ %~ d(p,)
c(py)—c(q)
3amenss ¢ (p) Ha ¢ (py) u d (p) Ha d (p;) cOOT-
BETCTBEHHO, IIOJlydaeM HOBBIM TapameTp anbda,
KOTOpPBIN Ooublre, deM npensinymmid. Takmm oOpa-
30M, BO3MOKHO MOJIydEHHUE JIyUILEro PeLIeHUs..

Anroput™, peanusyromuii BeIpaxkerue (3.2),
HazgaH DCLC-A amroputmMoM M TpeJCTaBiIeH Ha
pucyske 3.2.

PaccMoTpuM mpuMepsl IPUMEHEHHs PaccMOT-
PEHHBIX BBILIE AJITOPUTMOB.

Ha pucynke 3.3 mokasaHo pelnieHue 3agadu
MoMcKa Kkpatdaimero mytu ¢ nomomso DCLC an-
roputMma. Urtak, tpedyercs Haiith DCLC myts oT
y3ma 1 K y3:1y 6 MpH YCIIOBHH, YTO BEMYHMHA 3a-
JEpKKHU He JOJDKHA TpeBemarth 12. Jlerko yBumeTs,
gTo LD myTh (IycTh ¢ MUHHUMAJIBHOH 3aJEPKKOIN)
apnserca P,=[1-3-6], B To Bpems xak LC (myTs ¢
MUHUMAaJBHOH CTOMMOCTBIO) myTh P.=[l1-4-6].
Takum o6pasom, umeem d (Py))=2, c(P,) =28,
d(P)=18 u c (P,) =2. Ucnonp3ys Ooinee TOYHBIH
QITOPUTM, ONTUMAJbHOE pEIIeHHE 3aJa4d — I3TO
nyte 1-4-5-6, xoTopbeiii umMmeer 3amepxkky 10 u
croumocts 6. Korma ocnoBHoi amroputmM DCLC
HCIIONIB3YyEeTCs, OH CHavaja HaxoauT myTh LC u 060-
3HaYaeT ero Kak myTh ¢. [lockoneky myts LC sBms-
€TCsl HEAOIYCTUMBIM, aJITOPUTM IMPOJIOIIKAET ITOUCK
LD nytu u noMeniaer ero BO MHOXECTBO IyTel P.

(3.2)
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BriOmnpaeM IMyTh ¢ HAIIMeHbIIet
CTOHMOCTBE) MEXKIY S
1 d ¢ MIHIMAIBHOM 3a/1epaKKoil,
11 HA30BeM 3TOT IIYTh g
q+— ModiDijk(c.d)

Bonee gem ogaH
TyTE C
MHHHMATEHOH

Het |_-
If Aa
(d{q)=Ca)
4
P+« Dijk(d) TToaxonamuil myTe

aTo g

HeT ocymecTBIMEIX
nyTen

Oa

Het

OrpaHu4YeHHUs N0 2aepKKe — 3anep:kKka Iyt (p)
"~ CrouMocTh nyTH (p) — CTomMOcTh myTH(q)

,_ ca=dpd)
@)~ c(@)

W = 3ajlepiKKa +0* CTOHMOCTII
JUISL KaXKI0T0 Oy TH
p«Dijk(d+ac)

P srngercd Handoee MoIX0IAIIIM
HyTeM Ha OCHOBaHIIH
aTOPHTMHYECKOTO BEIOOpa

=
T

~
r
\

KoHeu,

Pucynox 3.1 — Anropurm DCLC
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[a

Bomee geM ogHH
TyTh ¢ MHHHMATEHOH
CTOUMOCTBIO

HaxoIHM IOIyTh ¢ HAHMeHbIIeH
CTOHMOCTBEQ MeHIy 5 H t

© MHHHMAIBHOH 3a0ep&KKoH, 1
obosnauaem ero kak g« ModiDijk(c.d)

Ha

If

(d(q)=Ca)

P Dijk(d)

J

"Her
OCYIIECTBHMBIX
nyTen

Ja
If (d(p)> Cg)

Het

4

BriGupaem nyTe g

orpaHUYeHHe 3aePIKKH — 3ajepikka OyTH (p)

%= Cronmocts nyTH (p) — Cmounoens nymu(q)

ca— d(pa)
X=c(pc) —c(q)

!

W = 3ajIep:xKa +0* CTOHMOCTH

U1 K&KIOTO Iy TH
re—Dyk(d+ac)

Het
If (c(r) = cg)

or () = op)

P gBIMeTCA HAROOIIEE MoJXO0OAIIUM IIVTEM Ha OCHOBaHUU
anropuTMmudeckoro soibopa

Sl
=y

Pucynox 3.2 — Anmroputm DCLC-A
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Tak xak nyts LD sBisieTcss oCyLIECTBUMBIM,
Jlanee TPOJOIDKAeTCs MPOLeaypa BBIYUCICHUS Ta-
pamerpa anbda u3 ypaBHeHUs (0), B JAHHOM Cliydae
o=5/13.Takum o00Opa3oM, IS KaXIOro KaHaya
CBSI3W (Ha PUCYHKE 3TO JYT'HM) BBIUYUCILIETCS KOM-
TUIEKCHBIH BECOBOH KO3((HIMEHT, ¢ TOMOIIBIO KO-
TOPOTO HEPECUNTHIBAIOTCS 3aJCPKKH U CTOMMOCTH,
Kak Toka3zaHo Ha pucyHke 3.4. CaMblii KOpOTKHMA
IyTh OT y31ma | K y31y 6, KOTOPBIH TakKe SIBISETCS
OKOHYaTeNbHbIM pemieaneM anroputmMa DCLC, —
310 yTh 1-3-5-6. OmHaKo 3TO perieHue, KOTopoe
UMeeT 3aJepPKKy 3 U CTOMMOCTh 16 U mydiie, 4eM
nyTh LC, Bce e He Bceraa sBISeTCs] ONTUMAaJIbHBIM.

PaccMorpum  Temeph  mpoueaypy — caMoro
DCLC-A anroputma. Kak OBUIO MOKAa3aHO BBIIIE,
3TOT aITOPUTM COCTOMUT M3 Tpex urepanuii. [lepsas
utepanyst 6aszupyercs Ha anroputMe DCLC u moxka-
3aHa Ha pucyHke 3.4. [locne Haxoxaenus LC mytu
(¢) u LD nyTn (p) anroput™ BXOAWT B UTEPALHOH-
HyI0 npoueaypy. B kaxnoi urepauuu mapameTp o
Beraucisgercs no Qopmyne (3.2) amA MOCTPOSHHS
KOMIUIEKCHOTO BeCOBOro K03 ¢HIneHTa o, a 3aTeM
HaxXOJUTCSl COOTBETCTBYIOUIMM KpaTyallidid IyTb.
st nepBoii urepauu o =5/ 13 u r = [1-3-5-6].

O}

(6.1) (8:2)

Q"0

(1,2)

poy :

(s.s.l' 2 (120

(e e e N\ /114

(1.4)
Pucynox 3.3 — Ilouck onTUMansHOTO MyTH OT y371a
1 K y311y 6 C 3a1ep>KKOii, paBHOU 12

Ecnu 7 nyume, uem p, p 3aMeHseTcs Ha » BO
BTOPOl UTEpAINH, ¥ BHIYUCIISIETCS] HOBBIN MapameTp
anbda c momomipro Gopmyisr (3.2):

a=(12-3)/(16-2)=9/14.
CooTBeTCTBYIOIIME KOMIUIEKCHBIE BECOBBIE KO-
(bUIMEeHTHI TTOKa3aHbl HA PUCYHKE 3.5 M camblil KO-
potkuii myTh # = [1-5-6].

Jlanee, B COOTBETCTBHH C aJlTOPUTMOM, p 3aMe-
HSIETCSl Ha 7 B TPETbEH UTEpallly, MapaMeTp o CTa-
HoBUTCS paBHbiM 0= (12/7)/(9-2)=(5/7), n
KpaT4aiiuM myteM Oynet nyTb 1-5-6.

ITockonbKy mMOMy4eH TOT K€ KpaTdalliuit
MyTh, KaK W Ha MPEIbLIyIIed HTepallu, allrOpPUTM
3aBepuIaeT cBoro padory. Takum oOpasom, okoHYa-
TENbHOE peleHne 1-5-6, KoTopoe UMeeT 3aIePKKY
7 1 crouMocTh 9 (pacueT MPOU3BOJUTCS HA OCHOBA-
HUM WCXOAHBIX NAaHHBIX, IPEICTABICHHBIX HA PH-
cyHke 3.3).
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Pucynox 3.4 — Kparyaitmmii nyt 1-3—5—6 Haiines ¢
nomotsko anropurma DCLC
(3TOT K€ IMyTh HAXOJHUTCS TOCIIE TIEPBOI NTEPALIUH
DCLC-A anropurMma)
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Pucynok 3.5 — Kparuaitmmii myts 1-5-6
110CJI€ BTOPOH UTEpaLi

OnucaHHas BBbIIIE MpoIenypa MOHMCKa KpaT-
Yalliero MyTH MpY MUHUMAIILHOM CTOMMOCTH Iiepe-
Jaun MHOOPMALMA MOXKET OBbITh NMPHMEHEHA W IS
JPYTHX IapaMeTpoB oOecITieueHHs 3aaHHOrO0 Kade-
CTBa OOCIY)KMBaHHMS: JKHUTTEP-CTOMMOCTB; BEPOSIT-
HOCTbH ITOTEPh MAKETOB — CTOMMOCTb. IIpu 3TOM He-
00XOIMMO YYMTHIBaTh, YTO T€ ITyTH, NPOIYCKHAs
CIIOCOOHOCTh KOTOPBIX MEHBIIE 3aJaHHOW, JOJDKHBI
OBbITH CKIIFOUCHBI U3 PACCMOTPEHHUS.

Bribop kpaTdaiimiero myTd MpU MHOTOKpHUTE-
pHaJbHBIX TpeOOBaHUSX (3alepikKKa, BapHalus 3a-
JICPKKH, BEPOSITHOCTh MOTEPh MAaKEeTOB IIPU MHHU-
MaJIbHOM CTOMMOCTH) MOXKET OBITh IPOU3BE/IEH Clie-
nyromuM obpasom. [locne wuckimroyeHus M3 pac-
CMOTpEHUS ITyTeH, MMEIOIINX MPOIYCKHYIO CIOCO0-
HOCTh MeEHbIE 3amaHHOW, ¢ momomisio DCLC-A
QITOPUTMA  OCYIIECTBIIIETCS TOMCK KpaTdaiiiero
ITyTH OTAEJIBHO MO KXKJOMY U3 KPUTEPHEB: 3a7€pK-
Ka-CTOMMOCTb; JKHTTEP-CTOMMOCTh, BEPOSITHOCTH
MOTEPh — CTOUMOCTh. M3 Moy4eHHbIX Ha BCEX HTe-
panusx paboThl alropuTMa MPOMEXYTOUHBIX ITyTei
BBIOMPAETCsl TOT IyTh, KOTOPBIH SABIAETCA OOLIMM
JUId BcexX KpurepueB. [l11 OZHOTO M3 KpHUTEPHEB
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9TOT MYTh MOXET OBbITh BBIYKMCIECH YK€ Ha MEpBOii
WTEpaIUH, AJIsl APYroro — Ha mocienHedt u T. a. Ec-
JIM OOIIUX MyTEH C YIETOM BCEX MTEPALUi HAUTH HE
yAaeTcs, TO MHOTOKpUTepUaibHas 3ajaua HE UMEeT
pelIeHus, U TMOWCK TaKOTO PEIICHUS MOXKET OBITh
B0O300HOBJICH MTOCJIC BBEJICHUSI HOBBIX OTpaHIMYCHHN.

3aki0ueHue

ANTOPUTMBI BBIOOpA ITyTH B MPOTOKOJIE Map-
IIPYTU3aLUH B BBICOKOCKOPOCTHBIX CETSX JOJDKHEI
OBITh OYEHb ANANTHBHBIMH C TOYKH 3PEHHS MUHH-
MH3aIMH BpeMEHH HACTpoiku. OHU TaKKe TOJKHBI
OBITH CNOCOOHBI HAaWTH BBICOKOKAYEeCTBEHHBIE pe-
meHus st obecrieuenns Haubonee 3ddexTuBHOrO
UCIIOJIb30BaHMS CETEBBIX PECYPCOB.

Wnest KOMIUIEKCHOTO BecOBOTO K03((uuneHTa
ObuTa IIpeAsIoKEeHa JJIsl TOTO, YTOOBI pelIaTh 3a1a4un
QoS ogHoaapecHOM MapuIpyTH3anuy. JlaHHBINA MOA-
XOIl MOXET OBITh WCIONB30BaH IS pa3pabOTKH
IBPUCTUYECKUX alTOPUTMOB IS 3alad IOHCKa

90

ONTUMAaJIbHOIO IYTH C MUHHUMAJIBHOU 3aJEpPKKOM,
MHHUMAaJIbHOW BapHaluu 33JepiKKH, oOecriedeHrneM
3aJJaHHOM TMOJIOCHI MPOIYCKaHHUs, MHHHMAJIbHOU
BEPOSATHOCTBIO TOTEPh U MUHUMAIBHONH CTOHMMO-
CTBIO TIepeladll HHPOPMAIIHH.
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NHOPOPMATHKA

O CYHIECTBOBAHHMU BUHAPHBIX C-KOOB JVIMHBI N = 32 C 3AJIAHHBIM
SHAYEHUEM ITUK-®AKTOPA CIIEKTPA YOJIIIA - AJAMAPA

A.B. Cokonos, U.B. IleByx

OoeccKuil HAYUOHATLHBIU NOIUMEXHUYECKU YHUBEPCUMEem

ON THE EXISTENCE OF BINARY C-CODES OF LENGTH N =32 WITH
A PREDETERMINED VALUE OF PAPR OF WALSH — HADAMARD SPECTRUM

A.V. Sokolov, 1.V. Tsevukh

Odessa National Polytechnic University

IlpoBeneHa crexTpaibHas KiIacCH(UKAIMS MOCIENOBATENBHOCTEH UIMHBI N =32 B COOTBETCTBHU CO CTPYKTYpOH U IIHK-
taxkropoMm HX crekrpa Youmma — Axamapa B pe3yibTaTe uero BblaeneHo 40 pasiHyHbIX BHIOB CIEKTPalbHBIX Habopos. Pac-
CUHTaHBI IPEAENIBHO NOCTIKUMBIE MOIMHOCTH C-KOIOB C 3aJaHHBIM 3HaueHHEM HHK-(akTopa. YUHTHIBas B3aUMOCBSI3b IIHK-
(akTopa criekrpa Youa — Ajamapa ¥ pacCTOSIHUSI HEJTMHEHHOCTH ABOMYHOM TOCIESI0BATEILHOCTH JUIMHBI N = 32, yCTaHOB-
JICHBI MOIITHOCTH KJIACCOB JAHHBIX NOCJIE/I0BATENIbHOCTEI, 00,1a/1al0IMX 3alaHHBIM 3HAYCHHEM PACCTOSHUS HEIIMHEHHOCTH.

Knrouegwie cnosa: npeobpaszosanue Yonua — Adamapa, nuk-gpaxmop, paccmosmue HeauHeuHoCmu.

The spectral classification of sequences of length N =32 in accordance with the structure and the value of the PAPR (Peak-to-
Average Power Ratio) of Walsh — Hadamard spectrum resulting in 40 different spectral sets was performed. The maximal
achievable cardinality of C-codes with a predetermined value of PAPR was calculated. Taking into account the interconnection
between PAPR value of the Walsh — Hadamard spectrum and nonlinearity distance of binary sequence of length N =32, the
cardinalities of classes of sequences with a determined value of nonlinearity distance were found.

Keywords: Walsh — Hadamard transform, PAPR, nonlinearity distance.

Hamamu 0.m.n, npog.
Muxauna Heanosuua Mazypkosa

BBenenne

JlanpHeiimee pa3BuTHE OECIPOBOIHBIX ceTeil
nepeaayn AJaHHbIX, B YaCTHOCTH, YETBCPTOIoO U IIA-
TOTO TOKOJICHHUI BO MHOTOM CBSI3BIBAIOT C COBEp-
MEHCTBOBAHUEM U Pa3BUTHEM TEXHOJIOTMHU KOIOBO-
ro pazzaeneHust kanaioB CDMA. B kadectBe cBoero
0a3uca TEXHOJIOTHS KOJOBOTO Pa3/CiCHUs KaHAJIOB
UCTIONB3YET CHUCTEMY OpPTOTOHANBHBIX (DYHKIUH, B
POIHM KOTOPBIX MOTYT BBICTYNATh CIICIIHAIBHO II0-
JI0OpaHHBIE KOJIOBBIE ITOCIIEIOBATEIHHOCTH.

OnHOM M3 MEePCIEeKTUBHBIX MOIU(PHUKAIINN TEX-
Hosioruu CDMA sBiissercss MC-CDMA (Multi Code
Code Division Multiple Access), rme B KadecTse
Habopa OpTOrOHANBHBIX (DYHKLUUHA  BBICTYNAIOT
¢ynkuum Youma [1].

B cucreme MC-CDMA BekTop OWHapHBIX

nanubix B =(b,),i=0,N—1 noasepraercs oproro-
HaJIlbHOMY MpeoOpa3oBanmio. Kaxapiii OUT JaHHBIX
b, w3MeHseT 3HaK OJHOM M3 N OpPTOrOHAIBHBIX
(GyHKUMH AuckpeTHOro BpeMeHu /,(f), a BBIXOA

SABIAETCA CyMMOH 3TMX N  MOAYJIMPOBaHHBIX
¢yaxmuid. Torma mepegaBaeMblii CHTHAJl MPENCTaB-
nsieT coboit cnekTp Youa — Aramapa mocliieoBa-
TEJIbHOCTU B

Sy(1) = fbihi(t)-

© Coxonog A.B., Lesyx U.B., 2017

Takum 00pa3oM, BBIXOIHOW CHTHAI MOXHO
MPEICTaBUTH KaK MPOU3BEICHUE BEKTOpa B, cocTaB-
JIEHHOTO U3 OUT MaHHBIX, MOCTYIUBIINX OT KaXI0TO
TOJIB30BATENs M MaTpUIlsl Anamapa H

S =BH,
rae Marpuna Anamapa H QopMupyercs B COOTBET-
CTBHH CO CIEIYIOUINM PEKYPPEHTHBIM MIPAaBUIOM [2]
H k-1 H k-l
HZk HZH _HZ/H ’ H] [1]

OO6namass MHOTOYHMCIICHHBIMH TIPEHMYIIECTBA-
MH, TaKAMH KaK BBICOKAas IOMEXOYCTOWIHBOCTD,
THOKOCTh pacmpefeNieHus MPOITyCKHOH CIIOCOOHO-
CTH CUCTEMBI Cpelu aOOHEHTOB, YKOHOMHYHOCTh U
XopoIasi 3JIEKTPOMarHUTHas COBMECTUMOCTh, TEX-
Hojorus MC-CDMA He JullleHa HEIOCTAaTKOB.
O[ll/IH N3 CaMbIX 3HAYUMbIX HEOOCTATKOB TCXHOJIO-
rni MC-CDMA 3akirodaeTcsl B BRICOKHX 3HAYEHH-
X THK-(aKTopa NPUMEHSEMbIX B HEH CHTHAJIOB.
JlanHOe 00CTOSATENLCTBO NPUBOANUT K HEIPPEKTUB-
HOMY WCIOJb30BAHUIO MOIIHOCTH IIepeaTyrKa,
HEJIMHEHHBIM HCKaXCHHUSM M, KaK CJIEJCTBHE, YIO-
POXKaHHWIO CTOMMOCTH MPHUMEHSIEMOT0o 00O0pyIOoBa-
HUS TPU CHIDKEHUH TOTCHIHAIBHO TOCTHKAMOM
IIOMEX0YCTONYHUBOCTH.

[Tuk-hakTOop NPUMEHIEMbIX B CHCTEME CHTHA-
JIOB OMpEEeNseTcs BEIUYMHON MUKOBBIX 3HAYEHUU
TpancopmanT Youma — Agamapa [3]

P 1
=$=Nmtax{|SB(t)|2}, 0.1)

@
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rae P,

max

— IIMKOBasi MOIIHOCTb curHana S, (1);

CpemHssl MOIMHOCTb curHama S,(¢); N — miuHa

curHana S, ().

B Hacrosmmii MOMEHT IpEIIONKEHO 3HAYH-
TEJIFHOE KOJIMYECTBO METOZOB OOpPBHOBI C BBHICOKUM
3HAa4YE€HHEM ITMK-(aKTopa CHIHAJIOB, INPEICTaBIISIO-
mmx coboil TparchopMaHTHI npeodbpa3zoBaHus Y Oll-
ma — Aramapa, ofHaKo, Haubosee NepCHeKTHBHBIM
SBIIICTCSl METOJl, OCHOBAHHBIH Ha HCIIOJIBb30BaHHU
CTPOro 000CHOBAaHHOTO MAaTEMaTHYECKOTO allapaTa,
KOTOPbIH MO3BOJAET CHHU3UTH 3HAUCHUS IIHK-
(axTopa — npumenenue C-K0I0B.

1 C-xopx

Onpeoenenue 1.1 [3]. C-kogoM, WM KOJIOM
MOCTOSTHHOW aMILTUTYABl HA3bIBACTCS MHOXKECTBO
KOJIOBBIX CJIOB, OOJIATAIOIIUX 3aJaHHBIM, (DHUKCHPO-
BaHHBIM JIJISI Ka)KJOI0 KOJOBOIO CJIOBA 3HAYCHHEM
nuK-akTopa K.

IIpumenenne C-koma CBOIUTCS K 3aMCHE I1O-
JIABAEMBIX Ha BXOJl KOJEpa COOOIIEHUH b, JUMHBI

m Ha TaKu€ NOCJICA0BATCIIBHOCTU C; AJIMHBI 71, KO-

TOpbIe 00JIaamu Obl HAMMEHBIIUM 3HAYCHHEM ITHK-
¢axTopa x (pucyHok 1.1).

OpmHUM M3 BO3MOXHBIX 0a3UCOB IS TTOCTPOE-
HUst C-KOJIOB SIBJISIFOTCSI OEHT-TI0CIIeI0BATEIbHOCTH,
o0Jiaaromye paBHOMEPHBIM 110 MOJYJIIO CIIEKTPOM
VYomma — Agamapa. Tem He  MeHee, O€HT-
HOCIIEOBATENBLHOCTH CYLIECTBYIOT TOJIBKO IS JUTHH
N=2"k=2,46,8,..

Ka ucnojb3oBanus texHojgoruu MC-CDMA tpeOy-
€T 60ﬂbﬂleFO ACCOPTUMCEHTA pas3IMYHbIX MJIMH CUT-
HaJOB M, COOTBETCTBEHHO, PEaJU3yeMOro YHuCia
KOJIOBBIX KaHAJIOB.

B pabotax [5]-[7] HOCTpOEHBI MOTHBIE MHOXKE-
cTBa BekTopoB miuuH N =20, N=24 u N =28,
o0iamaromux MHUHUMAIbHBIM  3HAY€HHEM  IIHK-
(dakropa. B pabore [8] pa3paboran perysspHbIN
METOJl CHHTE3a IOCJIEJ0BATENbHOCTEH  JITUHBI
N =32, obnagaronmx MHHMMAlbHBIM 3HAYCHHEM
MUK-(paKTopa.

TeM He MeHee, C IPAKTUUECKOW TOUKHU 3PEHUs,
BOCTPeOOBaHHBIMH OKa3bIBAIOTCSl KOJIOBBIE ciioBa C-
KOJ1a, TApaHTHUPOBAHO 00JIaAA0MTIE 3HAUYCHUEM TTHK-
(hakTOpa, HE MIPEBOCXOASAIINM HEKOTOPYIO 33JaHHYIO
BEJIMYUHY, YTO IUKTYST HEOOXOTUMOCTH HCCIEIO-
BaHUS BO3MOHOCTH mocTpoeHus: C-Koi0B ¢ 3ajaH-
HBIM 3Ha4YeHHEM MHUK-(PakTopa K < K, .

[4], B TO BpeMs Kak NMpaKTH-

by ——

by ————>
KOJIEP

C-xona

by —

Llensio HacTOsIIEH CTAThH SIBISETCS HCCISIO-
BaHHE BO3MOXKHOCTH MOCTpoeHHs] C-KOJOB IJTUHBI
N =32 nHaubonpmieii BO3MOXXHOW MOITHOCTH IPH
3aJ]aHHOM 3HA4€HUH MUK-(PaKTopa K,,.

N3yuyeHune xapakTepUCTHK IMOJHOTO Koja JJIv-
Hbl N =32 COIps:KeHO CO 3HAYUTEJIbHBIMU BBIYHUC-
JUTENEHBIMHU TPYAHOCTSIMH, T. K. TIOAPa3yMeBaeT pac-
cMoTpenue MHOKecTBa m3 J = 2% = 4294967 296

aJIeMeHTOB. J[aHHOEe 00CTOSATENHCTBO TUKTYET HE0O-
XOMUMOCTh Pa3spabOTKh KOHCTPYKTHBHOTO METOMA
UCCIIE0BAaHNS BOBMOYHBIX 3HAYEHHI MTHK-(haKTopa.

2 Ioaunom Keraakuna

OmHO¥ U3 JIyYIIX TEOPeTHIeCKUuX 0a3 JuIs Imo-
CTPOCHUS TAKOTO METO/Ia SIBIIICTCS MaTEMAaTHICCKUN
anmapar nonuHOMOB JKerankuaa (anreOpamyeckon
HOPMAITEHOU ()OPMBI).

PaccmoTpuM IBOMYHYIO TOCIENOBATEIBHOCTH
IuHel N =32

T= {to,l‘l
Hampumep,
T ={11110000011001111101001101111110}. (2.2)

Onpeoenenue 2.1 [9]. [lonunomom XKerankuna
¢o(x,,%,,...,X,) WIM anreOpauyeckoil HOpMaabHOMI
¢dbopmoii (AH®D) nocnenoBarenpHocTi T Ha3bIBaeT-
cs1 MHorowlieH k <log, N mepeMeHHBIX ¢ K0dhdu-

Dbyt €{0,1},i=0,1,.,N=1, (2.1)

nueHtamMu g, € {0,1}, rae B KauecTBe yMHOXKCHUS
MPUHITA OMNepanus KOHBIOHKIMH, a B KauyeCTBE

CJIOKCHHSA — ollepalusd CYMMHUPOBaHU IO MOAYJIHO 2

N-1
s
O(x, %y, ) = Qr% alX;,
P
s
rae X, — TepMbl noauHoMa JKerajkmHa CTEIIECHH
s =wt {X}; wt — Bec XPMMHUHTa.

PaccmoTpum Bce BO3MOXKHBIE TE€PMBI IUTSI I10-
cienoBareabHocTet T mmuHBl N =32

={00000} 0 X, ={00001} x,

X, ={00010} x X, ={00011} x,x;
X, ={00100} x, X, ={00101} x,x;
X :{00110} xx, X,= {00111} X3, X;
X, ={01000} x X, ={01001} x,x;
X, ={01010} x,x, X, ={01011} x,x,x,
X, ={01100} x,x; X5 ={01101} x,xx;
X, :{01110} X,x%, X5 :{01111} X, XX, Xs
X, = {10000} x, X, ={10001} x,x;

Co

- S0

IPEOBPASOBAHIE
Cn-1

Pucynok 1.1 — Cxema kogepa C-kona
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O cywecmeosanuu 6unapnoix C-k0008 onunvl N = 32 ¢ 3a0annvim 3navenuem nux-gpaxmopa cnekmpa Yomua — Aoamapa

Xy = {10010} xx, X,y= {10011} X, X, %

Xy :{10100} xx, X, ={10101} XX, X5 23)
Xy, ={10110} x,x,x, Xy, ={10111} xxx,x;

Xy, ={11000} xx, X, ={11001} xx,x

Xy = {11010} xxx, X, = {11011} X, Xy X, X5
Xy = {11100} Xx,x, Xy = {11101} X, X, X5 Xs
X, = {1 11 10} XX, X%, Xy, = {1 111 1} X, XX, X5

Kosdpduumentsl  a, ={a,,a,,....a,_;} Moryr
OBITH HaWJEHBI IyTEM BBIIIOJHEHHS NpeoOpa3oBa-
Husi Puna — Mamnepa, T. €. MyTeM YMHOXEHHS HC-
XoqHOHU mocnenoBarensbHOCTH 1 (2.1) Ha Marpuiry
Puna — Mannepa A4,, KOTOpYyr0 MOXKHO ONpENEIUTh

C MOMOIIIBIO CIIEMYIOIIETO PEKYPPEHTHOTO TIPaBUIIa
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rae ® —npousBeaeHue Kponekepa.
s mamero nmpumepa ko3dduitmenTsr mpeoo-
pazoBanus Puna — Masepa OyayT uMeTh BHT
la}=T-4, =
={10001000111010010011000100101110},

Torza nonuHoM JKerankuna 6yaeT UMeTh BUA
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INoacTaBisas B MOJNydYEHHBIH MOJIMHOM 3Haye-
HUA X, B TOUHOCTH IOJIydaeM HMCXOJHYIO IOcCIe-

JIOBATEIBHOCTD 1.

3 MeTon ucc/ie1oBaHus 3HAYCHUT MUK-(hpaKTopa

MeTon uccleIoOBaHHS 3HAYCHUI MUK-(PaKTOpa
OCHOBaH Ha CJIEAYIOIEM MPEATION0KEHHH:

Ilpeononoxycenue. CymvmmupoBanue OyseBoii
¢ynkm ¢ aroboit addunHON OyneBoil (yHKIMEH
HE MEHSIET CTPYKTYPY €€ CIIEKTpa, a JIMIIb IPUBOIUT
K NIEPEeCTaHOBKE WM 3HAKOBOMY KOAMPOBAHHUIO €TO
3JIEMEHTOB.

Ha ocHOBe 1aHHOTO NPENONOKEHUS 3aMUIIEM
METO]] TIOMCKA Pa3IMYHBIX CHEKTPAIbHBIX CTPYKTYP
JUTA BEKTOPOB JUTMHBI 32 B BUJE LI1aroB.

Ilaz 1. PaccMOTpUM NOCIIEN0BATENBHOCTD {4, }
ko3 rmrenToB AH® OyrneBoit GyHKINHU TISITH Tie-

pemMeHHBIX. YuuThiBas (2.3), 0OOHYIHUM Takue IO03U-
IIUH B HEll, KOTOPBIE COOTBETCTBYIOT a)(hUHHBIM

¢bynkupsam (tabmuua 3.1). B tabnune 3.1 npuHATH
cnenyrone ooo3nadeHus: 0 — oOHyJIeHHOE 3HaYe-
HUe, ? — 3HAaUCHHE, U3MEHSIEMOE B MPOIlecce MOKCKa.

Llaz 2. Tlpou3BoauM MOCHeNOBaTENILHOE W3-
MEHCHHE OCTABINUXCS TO3WIHA, MPUIaBas UM 3Ha-
yenns 0 wm 1.

B ciyyae nimHbBI HCXOHOM MOCIEA0BATENbHO-
cti N =32 Ha JaHHOM 3Tamne HEOOXOAUMO pac-

272/2°=2% =67108864  pasmmambic

MOCJACAOBATEIBHOCTH, YTO SIBISETCS BBIYMCINUTEIIb-
HO OCYIIECTBUMBIM.

Illaz 3. I3 MHOKECTBA MOCIEN0BATEIBHOCTEM,
noJy4eHHBIX Ha [[laze 2, BEIOMpaeM Takue, KOTOpPhIe
00JIaIal0T PA3IMYHOI CHIEKTPAJIbHOW CTPYKTYPOH.

Pe3ynbTaTel HCHOIB30BAHUS TPEIOKEHHOTO
MeTOZa OTHOCHUTEILHO IOCIEAOBATEIBHOCTEH JIJTH-
BBl N =32 npuBeneHs! B Tabnmie 3.2 B BHJIE CICK-
TpaTbHON KiacCH(UKAIIUK, TAE IS KaXIOro BO3-
MOXHOTO Ha0opa paccYMTaHbl 3HAYCHUS MHK-
¢axropa k B coorBerctBu ¢ (0.1).

OTMeTHM, 4TO 3HaueHHe NHK-(akTopa IMocie-
JIOBATENILHOCTEN HANpPSIMYIO CBSI3aHO C YPOBHEM HUX
HEJTMHEWHOCTH, KOTOPBIN SIBJISETCS KIIOUEBON Xa-
PaKTEPUCTUKOM MPHU KCIOJIb30BAHUU TOM WJIM HUHOMN
MTOCTICIOBATEIIPHOCTA B KPUNTOTPAPUUCCKUX TIPH-
JIOKEHUSX.

OCHOBHBIM KpHUTEpHEM, TI0 KOTOPOMY MIPOH3-
BOJIUTCSI MCCJIENOBAHUE HEIUHEHHBIX CBOMCTB IBO-
HYHBIX TIOCTIEN0BaTenbHOCTell Jmuael N = 2° apna-
€TCS PacCTOSHHE HEIWHEHHOCTH, KOTOPOE Ompese-
JseTcs KaK CTENeHb yNANeHUs NaHHOM IMocienoBa-
TeIbHOCTH 0T appunHoro kona {4} [10]

N, =dist(T,4,), j=1,2""

C npyroil CTOPOHBI U3BECTHO, YTO PACCTOSTHHUE
HEJIMHEHHOCTH TPOW3BOJILHOM OMHApHOW Iocieno-

CMOTpETh

BarensHocTH T ammHel N = 2" ompenenserca ue-
pe3 e€ crnekrpaibHble K0d(duIMEeHTs npeodpaso-
BaHUA Youma — AgaMapa ¢ MOMOIIBIO CIELYIOLIEro
COOTHOIICHUS

3.1)

Takum 06pa3oM, KaXXIbIi CKOHCTPYHPOBAHHBIN
C-xo MOXXHO paccMaTpuBaTh KaK MHOXECTBO KO-
JIOBBIX CJIOB, OOJIQ/IalOIMX 3aJaHHBIM 3HAYEHUEM
HEJIMHEWHOCTHU, OMpPEICIAEMbIM B COOTBETCTBHH C
(3.1). 3Hauenust HenMHEHHOCTH N, IS KaX10TO

o1
N, =2¢ 1—51‘1}1%(|ST(V)|.

KJIacca IoCIIeI0BaTeNbHOCTeH YKa3aHbI B TabmmIe 3.2.

Tabnwma 3.1 — [Mo3umnwm adGUHHABIX TEPMOB B TIOCIEIOBATENFHOCTH [UIMHBT N = 32

1[2|3[4[5]6]|7|8]|9][10[11]12|13]14[15]16]17|18]19(20]|21|22]23|24]25]|26|27]28|29]|30/21|32
0100 [?2]0 |22 [2]0 2 (2 [2[2]2 220222 [2[2[2 22| 2[2|?2]?2]|?2]?|?
ojrjofrjojrjojryofrfojrjojrfojrjojrjyof1jo{rjofrjoj1rj{oj1rfoj1y0]1
ojojryryojojrjryofofrjrjojofrjrjojoy1f1jo{ojrfrjojojrjyrfojo|1]l1
ojojofo0f1j1j1j1yp0jo0jo0jo0jry1{ry140j0jo0fjo0|1(1r|1j140j0f0j0f1|14}1]|1
ojojofofojojojof1)1jry1jry1{rf140(0j0{0j0(0J10j0OJ1 |1 |11 j1]|1
0/0/0j0|0O]O]O]|O]JOJO]OJO]OJOjOJOT YTy j1j1j1]1
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Tabsmna 3.2 — Bo3MOKHBIE CIIEKTpaIbHBIE CTPYKTYPBI BEKTOPOB JUIMHBI N = 32

Ne m/mr | Ne kmacca Habop [uk-dpakTop ¥ | N | Moumocts
1 1.1. {32(1), 031)} 32 0 64
2 2.1. {30(1), 2(31)} 28.125 1 2 048
3 3.1. {28(1), 4(15), 0(16)} 24.5 2 31 744
4 4.1. {26(1), 6(7), 2(24)} 21.125 3 317 440
5 5.1. {24(1), 8(7), 0(24)} 18 4 79 360
6 5.2. {24(1), 8(3), 4(16), 0(12)} 18 4 2222 080
7 6.1. {22(1), 10(3), 6(4), 2(24)} 15.125 5 2222 080
8 6.2. {22(1), 10(1), 6(10), 2(20)} 15.125 5 10 665 984
9 7.1. {20(1), 12(3), 4(12), 0(16)} 12.5 6 1111040
10 7.2. {20(1), 8(6), 4(15), 0(10)} 12.5 6 28 442 624
11 7.3. {20(1), 12(1), 4(30)} 12.5 6 1777 664
12 7.4. {20(1), 12(1), 8(4), 4(14), 0(12)} 12.5 6 26 664 960
13 8.1. {18(1), 14(3), 2(28)} 10.125 7 317 440
14 8.2. {18(1), 14(1), 10(2), 6(6), 2(22)} 10.125 7 26 664 960
15 8.3. {18(1), 10(3), 6(9),2(19)} 10.125 7 142 213 120
16 8.4. {18(1), 10(1), 6(15), 2(15)} 10.125 7 28 442 624
17 8.5. {18(1), 14(1), 6(12), 2(18)} 10.125 7 17 776 640
18 9.1. {16(1), 12(2), 8(4), 4(14), 0(11)} 8 8 213319 680
19 9.2. {16(2), 12(2), 4(14), 0(14)} 8 8 3 809 280
20 9.3. {16(2), 8(4), 4(16), 0(10)} 8 8 19 998 720
21 9.4. {16(2), 8(8), 0(22)} 8 8 1 666 560
22 9.5. {16(4), 0(28)} 8 8 9920
23 9.6. {16(1), 12(1), 8(6), 4(15), 0(9)} 8 8 284 426 240
24 9.7. {16(1), 8(12), 0(19)} 8 8 17 776 640
25 9.8. {16(1), 8(8), 4(16), 0(7)} 8 8 106 659 840
26 10.1. {14(3), 10(1), 6(7), 2(21)} 6.125 9 20316 160
27 10.2. {14(2), 10(4), 6(4), 2(22)} 6.125 9 26 664 960
28 10.3. {14(2), 10(2), 6(10), 2(18)} 6.125 9 319979 520
29 10.4. {14(1), 10(5), 6(7), 2(19)} 6.125 9 426 639 360
30 10.5. {14(1), 10(3), 6(13), 2(15)} 6.125 9 568 852 480
31 11.1. {12(4), 8(4), 4(12), 0(12)} 4.5 10 | 115548160
32 11.2. {12(4), 4(28)} 4.5 10 | 31744 000
33 11.3. {12(6),4(10), 0(16)} 4.5 10 | 888 832
34 11.4. {12(3), 8(6), 4(13), 0(10)} 4.5 10 | 426 639 360
35 11.5. {12(2), 8(8), 4(14), 0(8)} 4.5 10 | 666 624 000
36 11.6. {12(1),8(10),4(15),0(6)} 4.5 10 | 170 655 744
37 12.1. {10(6), 6(10), 2(16)} 3.125 11 | 449 748 992
38 12.2. {10(4), 6(16), 2(12)} 3.125 11 106 659 840
39 13.1. {8(12),4(16), 0(4)} 2 12 | 13332480
40 13.2. {8(16), 0(16)} 2 12 | 14 054 656

Bcero: 4294967296=2"

Ta6mumna 3.3 — MakcuMalIibHO BO3MOXKHBIE MOIITHOCTH C-KOmoB inHBl N =32

K, 2 3.125 45 6.125 8
J. | 27387136 | 556408832 | 1412100096 | 1362452480 | 647 666 880
J | 27387136 | 583795968 | 1995896064 | 3 358 348 544 | 4006 015 424

K, 10.125 12.5 15.125 18 21.125
J. | 215414784 | 57996288 12888064 2301 440 317 440
J | 4221430208 | 4279426496 | 4292314560 | 4294 616 000 | 4 294 933 440
K, 245 28.125 32 _ -
J, 31744 2048 64 - -
J | 4294965 184 | 4294967 232 | 4294 967 296 - -
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O cywecmeosanuu 6unapnoix C-k0008 onunvl N = 32 ¢ 3a0annvim 3navenuem nux-gpaxmopa cnekmpa Yomua — Aoamapa

B Tabnure 3.2 mas npeacTaBieHUs CIICKTPaib-
HBIX HaOOpOB NIpHUHATA cieaykomas (GopMa: YUCIOo
nepen KpyIJIbIMA CKOOKaMH XapakTepHu3yeT adco-
JIOTHOE 3HA4YeHHE CHEKTPaJbHOro Ko3(h¢HIneHTa,
TOT/Ia KaK YHCJIO B KPYIJIBIX CKOOKax ITOKa3bIBAET,
CKOJIbKO pa3 OH BCTPEYAETCS B CIIEKTPAILHOM BEK-
Tope. Hanpumep, Haiizem cnekTp mociemoBaTellb-
HoCTH (2.2)

S, =H,T=
={-8 44 8 -8 4 -4 0
4 0 0-12 -12 0 -8 —4
4 0 0 4 —-4-8 0 4

0-4 -4 0 -8 4 12 0},
YTO WCXOJSI U3 MPHUHSATOM HOTAIUU COOTBETCTBYET
cnekTpansHoMy Habopy {12(3), 8(6), 4(13), 0(10)} u
BEIMYMHE THK-PaKkTopa K =4.5.

Wzydenue maHHBIX TaOawWmbl 3.2 TO3BOJISIET
paccuuTath npeaenbHbie MouHOCTH C-KOJO0B C AJU-
HOM KofoBoro cioBa N =32 U 3a/laHHBIM 3HaYEHH-
€M IHK-(pakTopa K <K,, KOTOpble IPUHIUINAILHO

MOTYT OBITh TIOCTPOEHBI JJISI HEKOTOPOTO 33aIJaHHOTO
3HaueHus nuk-axropa k,. B tabmune 3.3 mpuse-
JICHBI MAKCUMAaJIbHO BO3MOJXKHBIE MOIIHOCTH C-KO-
JI0B THHBI N = 32, KOTOpPBIE MOTYT OBITh IOCTPOCHEL.

B Tabmuue 3.3 nmox J, MOHMMAaeTCs! KOJIUYECT-

BO mocieAoBareabHocTed uHbl N =32, KOTOphle
007amaroT 3aJaHHBIM YPOBHEM IHK-(akTopa K,

TOTrJa KakK IIOJ Jmax IIOHUMACTCA KOJIMYCCTBO IIO-

CHCHOB&TCHLHOCTCﬁ, KOTOPBIC 06naz{a10T YPOBHEM
HI/IK-(l)aKTOpa HE€ HMXXE, 4€M BCIIMYMHA K,. Taxum

obpasom, J,, sBiercs rpaHuneil MomHoctd C-ko-

ma mmaHel N =32 [1Id KakOgoro 3aJaHHoro 3Haue-
HHUSA K.

3aki0ueHue

OTMeTHM OCHOBHBIE PE3YNIBTAThI IPOBEIEHHBIX
HCCIIeIOBaHUH:

— TpeIUIoKEH aJrOpUTM CIEKTpaJbHON Kiac-
CUUKAINA TTOCIEAOBATeIFHOCTEH AMHHEI N =32,
OCHOBAaHHEIM Ha HWCIIOJNB30BAaHUH CBOMCTB KO3 HH-
nneHToB AH® u mo3BoJsIomuil COKpaTHTh mepedop
MHOXKECTBa HCCIIEIYEMbIX IOCIEA0BaTEIbHOCTEN B
64 pa3za;

— MpOBEJEHA CIEKTpalbHas Kilaccudukams
MOJTHOTO MHO)KECTBA ITOCIIEAOBATEIBHOCTEH IMHBI
N =32, B pe3ynbTare 4ero paccyuTaHbl TEOPETH-
YEeCKH MPEAETBEHO JOCTHXHUMBIE MOIIHOCTH C-KOZIOB
C 3aJaHHBIM 3HAUCHUEM NHUK-(aKTopa K,;

— ONpEIeTICHBI MOITHOCTH MHOECTB MOCIIEI0-
BarelbHOCTEN WIMHBL N = 32, 00JagaroIux 3a1aH-

HBIM 3HAaYCHUCM PACCTOSIHUA HEIIMHCHHOCTH Nf'

Taxum O6p8,30M, H3JIOKCHHBIE B CTAaTbC pe-
3yJbTAaThl ONPCACIAIOT MOIIHOCTU C-KO}IOB JJIUHBI

Problems of Physics, Mathematics and Technics, Ne 2 (31),2017

N =32, KOTOpble NPUHLIHUIIAAIEHO MOTYT OBITH

CKOHCTPYUPOBaHbl M MPUMEHEHBl B TEXHOJOTMU
MC-CDMA, a takxe MOUTHOCTH MHOXECTB TIOCIIe-
JIOBATEJILHOCTEH MaHHOW IMHBI, OOJafaroliue 3a-
JAaHHBIM pACCTOSHHEM HEIMHEHWHOCTH, KOTOpHIC
MIPAMEHUMBI B KPHUITOTPaQUICCKUX TMPHIIOKCHUAX,
HampuMep, IPU CHHTE3E MCEBIOCITyYaiHBIX KITI0Ue-
BBIX IOCJICIOBATEIBHOCTEH MM S-OJIOKOB IMOJCTA-
HOBKH.
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IMPABHUJIA JJISA ABTOPOB

Crarbsi, HanpaBiisieMasi B PeJakLHi0 KypHaia
«I[IpobGaembl (u3MKK, MaTeMaTHKH W TEXHHUKH»,
JIOJDKHA!

— COOTBETCTBOBATH NMPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM IPOM3BEICHUEM,
KOTOpOE€ HE MpPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
He IyOnmKoBajoch paHee B oboveme Oosee 25% B
JIPYTHX TEYaTHHIX W (MJIM) IEKTPOHHBIX M3AHMSX,
KpoMe IyOJMKAaNuy TPEeNpuHTa (PYKOMIICH) CTaTbU
aBTOPOB (COABTOPOB) HAa COOCTBEHHOM CaiiTe;

— colepKaThb BCE IPEAYCMOTPEHHBIE NEWUCT-
BYIOLIMM 33aKOHOJIATEJIbCTBOM CCHUIKM Ha LIUTHPYe-
MbIX aBTOPOB U HWCTOYHHUKHU OHy6HI/lKOBaHI/IH 3auM-
CTBOBAaHHBIX MAaTEpHAaJIOB, aBTOPOM (COABTOpaMH)
JIOJDKHBI OBITH MOJIy4eHBI BCE HEOOXOAMMBIE paspe-
IIEHUs Ha HCIIOJIb30BAaHHE B CTaThe MaTEPHAIOB,
npaBooOanareneM (JISIMH) KOTOPBIX aBTOP (COaBTO-
pBI) He sSBIIAETCS (FOTCS).

CraTbs HEe JOJDKHA COAEPXKaTh MaTepHaibl, HE
MOJJIEKAIIHE OITyOIMKOBAHHUIO B OTKPHITON TEYaTH,
B COOTBETCTBHU C ACHCTBYIOUIMMH 3aKOHOAATEIb-
HbIMH akTamu Pecny0Osmku benapycs.

CraThs MpeACTaBIsIeTCsS HAa pyccKoM, Oeropyc-
CKOM HJIM aHTJIMICKOM SI3BIKaX B JABYX 3K3CMILIApax
Ha Oenoii Oymare gopmara A4 ¢ IpOHYMEpOBaHHbI-
MU cTpaHuniaMu. OZHOBPEMEHHO B pEIaKIMIO Ha-
MpaBIsieTCs JIEKTPOHHBIN BapuaHT cTatbu Ha CD,
WK IO 3JICKTPOHHOI mouTte (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKH CTaThbH MOXKHO HCIIOJIB30BaTh
pemakrop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce momst —
2 cMm, i cuctemy LaTeX c ommuei 12 pt B cran-
JIapTHOM cTuJIe article 6e3 mepeomnpeneneHus: cTaH-
naptabix cruieit LaTeX'a u BBeeHHsSI COOCTBEHHBIX
KoMaH[ (Bce Mo — 2 cM).

B neBoM BepxHEM yIUly IEPBOM CTpaHULIbI CTa-
Tbu cTaBuTcs uHAekc Y /K, Huxke mo ueHTpy Ha
PYCCKOM M aHIJIMMCKOM S3bIKax: Ha3BaHUE CTaTbU
NPONUCHBIMU OyKBaMH, MHUIMANbI U (paMiuIis aB-
TOpa (aBTOpPOB), Ha3BaHWE OPTraHHU3ALMH, B KOTOPOM
oH (oHHU) paboraer, anHOTaNUA (10 10 cTpOK) U Te-
pEUYCHb KITIOYEBBIX CIIOB.

Cratbsi, KaK NPaBUIIO, JOJDKHA COJCPKATh: BBE-
JICHHE, OCHOBHYIO 4acTh, 3aKIIFOUCHHUE U JINTEPATypy.

HasBaHue cTaThy JOMKHO OTPAXKaTh OCHOBHYIO
UJICI0 MCCIIEI0BAHUS, OBITh KPATKHM.

Bo BBeneHun naercst kpatkuit 0030p JuTepa-
TYpbl, 000CHOBBIBAETCS LieJIb pabOThI U, €ciiu HeoO-
XOAMMO, OTpaXKaCTCA CBA3b C HAYYHBIMH U ITPAKTU-
YeCKUMH HarpapieHusIMA. O0s3aTeNbHBIMA  SIBJIS-
IOTCS CCBUIKM Ha pa0OTHl IPYruX aBTOPOB, MyOJH-
Kaliy TOCIEIHNX JIET B O0JAacTH HCCIIETOBaHUS,
BKITIOYAas 3apyOeKHBIE.

OCHOBHas 4acCTh JOJKHA COJECP)KATh ONIMCaHNE
METOJIUKH, 00BEKTOB MCCIEIOBAHMS C TOUKH 3PEHHS
UX Hay4HOW HOBH3HbL. OHa MOXKET JEIHUThCS Ha
mojpasaienbl (C Pa3bACHSIIONMMHU 3aroJIOBKAMH) H
collepXKaTh aHAU3 MyOJMKAIUi, OTHOCSIIUXCA K
COJIEPIKAHHUIO IAHHBIX MTOJIPA3/IeIIOB.
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DopMybl, PUCYHKH, TaOJIHIBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabnuma 2.1. Hymeparuu nojajiexaT TOJIBKO Te
(dopMyJIBl, Ha KOTOpble MMEIOTCS cChUIKM. Homep
(opMyJIBI TIPIKMMAETCsl K MIPaBOMY Kparo CTpaHU-
e, a cama (opmysia HEeHTpupyercs. PuUCyHKH u
TaOIUIIBI PACHOIATaIOTCS HEMOCPEICTBEHHO B TEK-
cte. Pa3mep pucyHKOB U rpa)MKOB HE TOJDKEH IIpe-
Boimate 10x15 cm. IlomyronoBeie  QoTorpadun
JOJDKHBI UMETh KOHTpacTHOe m3o00paxkenue. [1oBTo-
peHHe OIHMX M TeX K€ NaHHBIX B TaOIHIax W pH-
CYHKax He JIOIyCKaeTCs.

Kaxxmas tabnuma momkHa MMETh 3arojioBOK, B
Hell 00s3aTeNbHO YKa3bIBAIOTCS SIUHMIBI H3Mepe-
HHS pacCMaTpUBaeMbIX BeMUUH. PazMepHOCTBH Beex
BEJIMYMH JOJDKHA COOTBETCTBOBaTH MexkIyHapo.-
HoOW cucteme enuann m3mepennit (CH). He momyc-
KaeTcs COKpAalleHHE CJIOB, KPOME OOIIEeNpUHATHIX
(T.e,uT. I,UT.IL).

B 3axmroueHnm B cxxaToM BHIE (OpMyYIHPYIOTCS
TTOTy9YeHHBIC pe3yIbTaThl, UX HOBH3HA, IPEHMYIIECT-
Ba M BO3MOYKHOCTH TPAKTUIECKOTO HCIIOIb30BAHHUSI.

Crncok JmTepaTyphl JOJDKEH COAEpKaTh IOJ-
Hble Oubmmorpaduueckue mnanueie. OH COCTaBIsAET-
sl B MIOPSIIKE YITOMUHAHUS CCBUIOK B TekcTe. Cehbll-
KU Ha HEOITyOJIMKOBaHHBIE pabOTHI HE AOIYCKAIOTCS.
CchUIKM 1aI0TCSI B OPUTUHAJIBHOW TPaHCIUTEPALIUH.
[NopsinkoBble HOMepa CCHUIOK IO TEKCTy YKa3bIBa-
FOTCS B KBaJIPaTHEIX CKOOKax (Hampumep, [1], [2]).

Cratbsi moanmchIBaeTcsi BceMH aBTopamu. K
CTaThe IMPUIIATAIOTCS:

— CONPOBOIMTEIHHOE MICEMO OpPTaHU3AINH, B
KOTOpOH BBINIONHEHa paboTa ¢ mpock0oit 00 omyo-
JTUKOBAHUHY;

— cBeZieHHs 00 aBTOpax;

— OKCIIEPTHOE 3aK/IIOYCHHE O BO3MOXKHOCTH
OITyOJINKOBaHUS CTaThbH B OTKPBITOM IEYaTH;

— JIOTOBOp O TIepejade aBTOPCKOTO IpaBa (B
JIBYX 9K3eMILIsApax).

CaeneHust 00 aBTOpax IPEACTABIISIIOTCS HA OT-
JIeTIbHOM CTpaHuIe U conepskar: pammimio, UMs, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTCIICHb, 3BaHUE,
MeCTO PabOTHl M 3aHMMAEMYIO TOJDKHOCTB, CIICITHA-
JIFCTOM B KakoOW 0OJacTH SIBISICTCS aBTOP, MTOYTOBEIHA
WHJIEKC ¥ TOYHBIN aipec AJs MepenucKy, TelaedoHbI
(cy)keOHBI WM TOMAIIHHIK), aapec 3JIeKTPOHHOU
mouthl. ClefyeT yka3aTh aBTOpa, C KOTOPHIM HY>KHO
BECTH IIEPENUCKY U HalpaBieHHEe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBIeHHas paboTa ((hu3rKa, MaTeMaTHKa,
TEXHHUKA).

[TocTynuBIIas B peJakuMIO CTaTbsl HaIpaBils-
eTcsl Ha pelieH3upoBaHue. B ciaydae e€ oTkiIOHeHUs
penakiys cooOIaeT aBTopy pelleHHEe PeIKOJUICI U
M 3aKIIOYCHHE PEICH3eHTa, PYKOIHCh aBTOpPYy HE
Bo3Bpamaercs. PerreHne o m0pabOTKe CTaTbd HE
O3HaJaeT, 4T0 OHA MpuHATA K mevatu. [locme mopa-
OOTKH CTaThsg BHOBH PACCMATPUBACTCS PEIIEH3EHTOM
U PENAKIIMOHHON KOJIIETHEH.



Penmakuus octaBisieT 3a coO0Oi MpaBo MPOU3BO-
JIUTH PelaKIMOHHBIC U3MEHEHUS M COKPAICHHS, HE
HCKa)KaIOII[1e OCHOBHOE CO/IEPIKaHUE CTAThU.

CTaT])l/I, HE OTBCHAIOIUC NEPECUNCICHHBIM TpEC-
OOBaHUSM, K PAcCCMOTPEHMIO HE MPUHHMAIOTCS U
BO3BpalaroTcsl aBropam. JlaToii mosmyudeHus pyko-
MIHCH CUMTACTCS JIeHb IMOJYYEHHs pelaKuuei OKOH-
YaTeJIbHOrO BapHaHTa.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEOAKIHUIO YK€ paHee OITyONMKOBAHHBIX CTaTeH WIIH
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHHIMH.

Penakiwst mpeocTaBisier IpaBo MePBOOYEPEIHO-
ro OmnyOJIMKOBAaHMS CTareil JIMLaM, OCYIIECTBILSIOIIIM
TMOCTIEBY30BCKOE 00yueHHe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBepIICHUs] O0y4EHUS.
[nara 3a ormyOIMKOBaHKE CTATEH HE B3MMACTCSL.

Bcro KOppecroHASHIMIO ClefyeT HaNpaBiIsATh
NPOCTHIMU WJIM 3aKa3HBIMU IMCbMaMu (OaHAEpOIs-
MH) Ha aJpec peAaKIuu.

O06pa3zer opopMIIeHHs CTaThU, CBEICHUI 00 aB-
TOpax, KCIEPTHOTO 3aKJIFOUSHUSI U TEKCT JIOT0BOpa O
nepeaye aBTOPCKOrO IpaBa pa3MelIeHbl HA caiiTe
XKypHaa 1o anpecy http://pfmt.gsu.by.

XKypHan BKIIOYEH B KaTajJor MeYaTHBIX
cpenctB MaccoBoir mHopMmaru Pecrybmiku bena-
pycb. Uanekc xyprana: 01395 (ans mHIUBUAYATH-
HBIX moAnmucYukoB), 013952 (s mpemmpustuii u
OpraHu3aIui).
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GUIDELINES FOR AUTHORS

In order for papers submitted to be published in
the journal “Problems of Physics, Mathematics and
Technics” the following rules should be taken into
account:

— the paper should be in agreement with the
type of the journal;

— the paper should be an original work, it
should not have been submitted for consideration or
previously published in the bulk over 25% in an-
other scientific edition and (or) electronic publica-
tions with the exception of preprint publication
(manuscript) of the paper of the authors (coauthors)
on their own website;

— the paper should contain all statutory refer-
ences to the cited authors and published sources of
the borrowed material. The author (coauthors) must
obtain all the necessary permissions for the use of
materials in the article, in the event that he is (they
are) not their right holder (right holders).

The paper should not contain the materials
suppressed for publication in the press in accordance
with the laws of the Republic of Belarus.

Contents of a paper should be written in line
with the scope of the journal. The paper should be
written in Russian, Belarusian and English, edited
thoroughly and submitted in two copies to the Edito-
rial Office. The manuscript should be printed on A4
white paper with all pages numbered. In addition,
the authors must submit the electronic version
of their manuscript either on a CD or by e-mail
(e-mail: pfmt@gsu.by).

To prepare a paper it is possible to use MS
Word for Windows (2000/2003), Times New Roman
type, 14 pt. All margins are 2 cm. The author may
also use 12 pt LaTeX in standard style article with-
out redefinition of the margins and introduction of
the author’s commands.

Index UDC is sited in the left corner of the first
page. The title of the paper in capital letters is fol-
lowed by the name(s) of the author(s), authors' af-
filiations and full postal addresses next to which are
an abstract of no more than ten lines and keywords.
Relevant keywords should be placed just after the
Abstract.

A paper, as a rule, should include Introduction,
Body Text, Conclusion and Literature. The title of
the paper must be concise. It describes the main idea
of your research.

In the Introduction the author gives a brief re-
view of literature, his grounds and specific objec-
tives, he describes links with scientific and practical
branches. All background information such as refer-
ence to the papers of others authors and some
previous publications (including foreign ones) in the
field of investigation is necessary.

The main part should contain description of the
techniques used and objects of investigation within a
large scientific framework. This part may be divided
into subsection (with explanatory headings). It provides
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the readers with the analysis of the publications on
the problem described in these subsections.

Formulas, figures and tables should be sequen-
tially numbered in the framework of the section, for
example: (1.1), (2.3), figure 1.1, table 2.1. The author
should number only the formulas with appropriate
references. The formula number is placed on the right
side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in SI units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i.e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e.g. [1], [2]).

The paper should be signed by all authors.

The following documents should be attached to
the article:

— covering letter of the organization in which
the work was done with a request for publication;

— information about the authors;

— expert opinion on the possibility of publish-
ing an article in the press;

— treaty on the transfer of the copyright (two
copies).

The authors should provide the following in-
formation on a separate sheet: surname, first name,
patronymic, science degree, rank and correct postal
address for correspondence, organization or com-
pany name and position, title, research field, home
or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.



Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year

of the completion of a course. Publication of the
paper is free of charge.

Samples of the preparation of an article, infor-
mation about the authors, expert opinion and the text
of the treaty on the transfer of the copyright are
placed on the site http://pfmt.gsu.by.

The journal «Problems of Physics, Mathemat-
ics and Technics» is included in the mass media
catalogue of the Republic of Belarus. Index: 01395
(for personal subscribers), 013952 (for enterprises
and organizations).
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