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DOU3HUKA

PEHIEHUE YPABHEHUSA INPEJUHI'EPA C TNIIEPCUHI'YJIAPHBIM
AAPOM B UMITYJIbCHOM ITPOCTPAHCTBE

B.B. Anapeesn

Tomenvckutl cocyoapcmeennutii ynugepcumem um. @. Cxopubl

ON SOLVING THE SCHRODINGER EQUATION WITH HYPERSINGULAR
KERNEL IN MOMENTUM SPACE

V.V. Andreev

F. Scorina Gomel State University

IToka3ano, uto ypaBHeHue lllpenyHrepa B MMITyJbCHOM IIPEACTABICHHHU JUIS JIMHEHHOTO 3alMpPAIONIEro HMOTEHIHaIa Il CO-
CTOSIHUH C HYJIEBBIM OpPOMTAIbLHBIM MOMEHTOM MOXET OBbITh PEIIEHO ¢ BBICOKOW TOYHOCTBIO (HAMHOI'O IIPEBOCXOAAIIEH JIpyrue
METO/IMKH) C TIOMOIIIBIO CHEINAIbHOI KBaAPaTYPHOI (POPMYIIBI ISl TUNEPCHHIYISIPHOTO HHTErpaja.

Knrouegwie cnosa: ypasuenue lllpeaunrepa, MMITyIbCHOE IPOCTPAHCTBO, TMIIEPCHHTYJIAPHBINA HHTETpaJL

The paper is obtained that the Schrédinger equation in the momentum representation for a linear confining potential for states
with zero orbital angular momentum can be solved with high accuracy (far superior to other methods) using the special quadra-

ture formulas for hypersingular integral.

Keywords: Schrodinger equation, momentum space, hypersingular integral.

Introduction

Advantages of using the momentum represen-
tation for solutions of physical problems (equations
for bound states, scattering problems et al.) has long
attracted the attention of researchers. In momentum
space, in contrast to coordinate, there is no need for
additional constructions related to the definition of
the relativistic kinetic energy operator

T(k) =l +m} +\[k* +m?.
It is also relatively easy to obtain the relativistic
interaction potential with the appropriate amplitude
of elastic scattering of particles composing the
system, because the calculation is carried out
initially in the momentum representation, which here
arises naturally.

However, the problem is complicated by the
use of the momentum space the fact that even the
simplest form of interaction potentials in the
momentum representation leads to the integrals with
singularities. Therefore, the accuracy of solutions for
a variety of tasks (Coulomb, Cornell potentials) to
taking into account the current experimental data
(107" +10™ for hydrogen energy) was relatively

low (107*+107) [1], [2]. In this regard, the need to

develop methods that would be relatively simple to
use and give the results for an experiment with the
required accuracy.

1 Methods of solution of integral equations

After partial decomposition the Schrdédinger
equation in the momentum space for centrally sym-
metric potentials, takes the form:

© Andreev V.V., 2016

k2 K ’ ’ ’ !
E(Pt(k)""jVe(kak)(Pe(k )k"dk' = Eg,(k), (1.1)
0

where u=mm,/(m +m,) is the reduced mass;
m,,m, are mass of the constituents of a bound sys-
tem; k is the momentum of the relative motion
(|k|:k); ¢,(k) is the radial part of the Fourier
transform of the wave function in the coordinate
representation; V,(k,k") is the operator /-th com-

ponent of the partial decomposition of the interac-
tion potential; E is binding energy.

However, the description of bound states in the
momentum representation is complicated by the
necessity of solving the integral equation (1.1), con-
taining singular terms. So for a linear confining po-
tential V() = or we have that

c LK +E?
"2 Q/ '
(kK" 2k

where function Q,(y) is Legendre polynomial of

V,(k,k") = , (1.2)

the 2nd kind. Since the function Q; hypersingular if
k=k', then the potential V,(k,k") is also hypersin-
gular. Standard methods of numerical solution of the
equation (1.1) with the potential (1.2) gives rela-
tively low accuracy of [1], [2]. The numerical solu-
tion of the integral equation (1.1) can be reduced to
a problem on the eigenvalues, which arises when
using quadrature formulas for the integrals in the
equation.

As a result, the integral equation of the form
(1.1) can be reduced to the problem
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2 H sk, Joth,) =2 Hyok;) = Eq(k). (13)
wherfj: to obtain the eigelivalues and vectors need to
know the elements of H,. And if i# j, the prob-
lem of calculating the elements #; for a linear con-
fining potential is not complex, then the i=j
(k =k') directly to do this is not possible, due to the

presence of singularities.

2 Quadrature formulas for singular integrals
Let us to receive quadrature formula for the in-
tegral

I(z) = j[ Fw)g (t,z)dt, (2.1)

where g(#,z) is function is singular at #=z. The
functions F(¢) and w(¢) is part of the kernel that
does not contain the singularities for all —1<¢,z <1.

For this the function F(¢f) in (2.1) with the
help of interpolation polynomial

P (1)
G (t)= - (2.2)
( ) [t - ai,NjPN( ) (‘t:i,zvj
replaced the expansion
F0)= G (1)F[g,,). 2.3)

where &, are the roots of the Jacobi polynomial
PEP(E  )=0 (i=12,.,N). (24

Substituting the expansion (2.3) in a ratio of
I(z) we find that the quadrature formula for the

integral takes the form
N
1(2)x20(2)F(Ex) 29
i=1

where
L P (1)
0, (2) = ——— [ g(t.2)w(t) —"ar. 2.6)
PN( ) [&;N)J.l t—£.
Thus, the calculation of (2.6) will help you find
the weight coefficients for the quadrature formula
(2.1), the singular values.

3 The analytical form of weighting factors

Let us consider the possibility of analytical cal-
culation of the weighting factors for different types
of singularities that is, depending on the function

g (t, z).
3.1 The singular Cauchy integral

The most famous option of (2.1) in the litera-
ture is the Cauchy integral

1
g(t,z)= , —l<z<l.
t—z
For this case, there is a large number of works

(see for examples [3]-[5]), which offered various

8

options for quadrature formulas. In this case, you
can get a formula for the weighting factors (2.6)
direct calculation of the integral

Low(r PP (1
of (2)= [ o)A
S Py (éi,N} (t ai,N](t z)
With the help of identity

dt. (3.1)

1 1 1 1
@—am)@—z>‘z—aw{r—z‘r—aw} 2

coefficients (3.1) reducible to the form
i (z) -1 e, )

" Jfz#E, s
c _ PI\’/( ,B)(ai,N)(z_éi,N] ! 313

o ()= " (3.3)
Iy (E.u N e E
(o ’ N>

PN( B) [E.n Nj
where
1 (o.B)
Hflu.ﬁ) (z) = I w(t)—P” (t) dt. 3.4

e (t - z)
To calculate the coefficients of of (z) with a

high degree of accuracy to be calculated analytically
integral (3.4) for a variety of functions w(z) .

The most famous variant is the version of the
function w(¢) is weight function of the Jacobi poly-

nomial P'*? (¢) that is
w(t)=w? (1) = (1-1)"(1+1)",
Then the integral (3.4) has the form
" (z) = 0" (2),
where

1 (ct.B)
(@B) (Y _ [ (1_ .\ s B, (1)
0! (z)_£(1 1) (1+1) ) dr.  (3.5)

In the most general case for arbitrary o and f,
the function 0" (z) connected with the Jacobi

polynomials of the second kind Q'*" (z) ratio

01" (2)=-2z=D"(+1)0"" (), (.6)
where
Q(Q,B) (z) _ papen IF'n+a+DI'(n+p+1) N

IF'Cn+oa+p+2)

x(z+ D) P(z=1)" """ x
2
1-z j
3.2 Hypersingular variant
Consider hypersingular variant the integral
(2.6), when the function is g(¢,z) =1/(t—z)’. The

concept of the final calculation of the integrals of
this type was first introduced by Hadamard (J. Ha-
damard, Lectures he Cauchy’s Problem in Linear
Partial Differential Equations, Yale University Press
(1923).) and developed in the papers [6]-[8].

szl[n+I,n+oc+l;2n+oc+B+2;

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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The final part hypersingular integral can be
written as

j[z(f(t))zt di“. @dt},—l<z<l. 3.7
(- z -z

Therefore, the weighting coefficients of the
quadrature formula

j ﬂ%m—zw NfE) (38

are related With coefficients ( ref {z3) ratio
d
o) (z) = E[mf (Z):| 3.9

Then the weights for the integral (2.1) function
g(t,z)=1/(t—z)* can be calculated by formulas

L me(e)
P]\'/(a’ﬁ) (‘:f,zv J [Z v ]

H(%ﬁ) z _H(asﬁ) )
of (2)=1-— )7 (éﬂj,ﬁz¢ém;aﬂ»

For the Cauchy integral (g(t,z)=1/(t-z2))
with o =—-f=-1/2, we have

j /1” V(t) s ALY

where V, (z) and Wn(z) are Chebyshev polynomials

3 and 4 of kind, respectively (see [9]).
Then the quadrature formula for the Cauchy in-
tegral is of the form:

j i%f f(0) dtzio)ic(z)f(éwj, (3.12)

H(—1/2,1/2)

t(t—Z) i=1
where
n(WN(z)—WN(é )) et
of (2)= V’(?‘;,N)[ G (3.13)
Wy (&n) .
2 if =g,
Vil&w)

Quadrature formula for hypersingular integral
has the form:

1+ (t) B
J‘ t(t— z) = g CDi (Z)f(‘taf,/v), (3.14)

where

Ve ) |(2-8.y ]

cof{ (Z) _ WN ((Z)__EJWN)(}, N) if 2 &i,m (3.15)
PACRIN “_g -
2V (&) o
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Formula (3.15) to calculate weight coefficients
allows to them with high accuracy and hence can be
used to solve the Schrodinger equation with a linear
confining potential in momentum space.

4 The calculation of the energy spectrum for
a linear confining potential with /=0
The Schrodinger equation with a linear confin-

ing potential
2

iw&ﬂ jQ@M%W’MM)

4.1)
K +k"

o 2kk'
is reducible to the form

F0,(F)+—= | 0 (10, (k' = 9, (F) (42)
Tk %

with the help of replacements

2
k=Bk, E= L B=(2u0)".  (43)
2p
Using the mapping

f1+z ~, f1+t
k Bo -2 k:BO :: (4.4)

we find that the equation (4.2) is transformed into

1 Q,(t)dt
i t,z =
M%(1+ jIQ R

( Bo j(Pf(Z)

For the case of /=0 the equation (4.5) after
simpliﬁcations can be written as follows:

1 Z I(Pz 0()1,14_ (t—z)
( B01+zj ).

Thus, for a linear confining potential we have
hypersingular kernel ~1/(t—z)* and therefore for

>

(4.5)

(4.6)

the numerical solution it is necessary to use weight-
ing factors (3.15). Function w(¢) naturally chosen in
the form
t
w(t
0=\

As a result, the matrix for eigenvalue problems
takes the form:

2 1+§j.N (Df (EJLN) 2
Oaij[l_éi,iv}_ B, (1_%’]\/) ’

where z 5§, and t 5§, , &, are zeros of the

4.7)

polynomial V, (f) and matrix cof.[ (?‘;i) N) is calculated
using the (3.15).
For a linear confining potential in the /=0 it
is known that
gE=-z

n=12,3.. (4.8)

no

9
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where z, are the zeros of the Airy function Ai(z).

Therefore, it is possible to compare the results of
numerical calculations of the matrix (4.7) and accu-
rate values (see, table 4.1).

Table 4.1 — Relative error of & of the solution
of equation (4.7) (B, =0,9999)

N | n=1|n=2|n=3|n=4|n=5|n=6

50 3-10%(4-107°|3-107"7(3-107"%|8-107*{2-107"
80 (5-10°7(2-107°|1-107°|3-107*{4-107*|3-10°
100{2-107|1-107° |1-107* |4-107"{5-10 7 [6-10°
150(4-10*|8-107°|5-10™|1-10* |{6-107*[6-10™"

Conclusion

Thus, the choice of weighting coefficients in
which the singularity treated analytically and func-
tions w(¢) associated with interpolating polynomials

PP (t) allows us to solve the equation (4.1) for

¢ =0 in momentum space with high accuracy. The
accuracy of calculations of many orders of magni-
tude higher than similar to calculations in momen-
tum space [1], [10]-[13].
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PU3UKA
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BJIMAHUE CBETOMHAYINPOBAHHBIX PEHIETOK
HA AKYCTOOIITHYECKOE B3AUMOJEUCTBHUE
BECCEJIEBBIX CBETOBBIX ITYYKOB B T'MPOTPOIIHBIX CPEJIAX

B.H. Beuanrii', I'.B. Kynak?, I'.B. Kpox?, IL.LH. Ponot', O.B. lllakun®

1
Hucmumym ¢usuxu HAH Benapycu, Munck
2 . N .
‘Mosvipckuil 2ocyoapcmeenviil neda2o2udeckuil yHugepcumem
3 N
Tocydapcmeennviil ynugepcumem aspoxocmuyeckoeo npubopocmpoenus, Cankm-Ilemepoype

THE INFLUENCES OF LIGHT-INDUCED GRATINGS
ON THE ACOUSTOOPTICAL INTERACTION
OF BESSEL LIGHT BEAMS IN THE GYROTROPIC CUBIC CRYSTALS

V.N. Belyi', G.V. Kulak’, G.V. Krokh’, P.I. Ropot', O.V. Shakin’

'Institute of Physics of NAS Belarus, Minsk
2 P. Shamyakin Mozyr State Pedagogical University
3State University of Aerospace Instrumentation, Saint Petersburg

HccrenoBaHo BIMsSHIE CBETOMHIYLMPOBAHHBIX PELIETOK, 00YCIOBICHHBIX KyOHYECKOi ONTHYECKOIl HEeIMHEHOCThIO0, Ha Opar-
TOBCKYIO TH(PAKIHIO OecceNeBbIX CBETOBBIX IIyYKOB Ha YIBTPa3Byke B FHPOTPOIHBIX cpenax. [loka3aHo, YTO IpH HCIONB30-
BaHMU OECCEJIEBBIX CBETOBBIX ITyYKOB IOPOI CYIIECTBEHHOI'O IPOSBICHUS ONTHYECKOH HEJMHEHHOCTH MpU Op3rTOBCKOM Ju-
(pakinK 3HAYUTENBHO CHIDKACTCS. Y CTaHOBJICHO, YTO B CTOKCOBOM peskuMe Juppakuny 3GGEeKTHBHOCTH aKyCTOONTHIECKOTO
B3aHMOJCHCTBHUS JOCTHraeT MAaKCUMAIIBHOTO 3HAYCHHs P yBEIMYCHUH MHTEHCHUBHOCTH CBETa M B aHTUCTOKCOBOM DEKHME
MOHOTOHHO yOBIBAeT.

Kniouesvie cnosa: ynompazeykosas 60NHA, 2UPOMPONHbIL KDUCMALL, CEEMOUHOYYUPOBAHHAS PeuwenKa, beccenes c6emogoi
nyuok, bpaceosckas ougparyus, dghgexmusnocms ouppaxyuu.

The influences of light-induced gratings determined by means of cubic optical nonlinearity on the Bragg diffraction by the Bes-
sel light beams on ultrasound in the gyrotropic mediums are investigated. It is shown that under using Bessel light beams the
plate of sufficiency display of optical nonlinearity under Bragg diffraction is substantially lowered. It was found that the
diffraction efficiency of Stokes regime of the acousto-optical interaction reaches its maximum value under increasing the light
intensity and anti-Stokes mode decreases monotonically.

Keywords: ultrasonic wave, gyrotropic crystal, light-induced grating, Bessel light beam, Bragg diffraction, diffraction effi-

ciency.

Brenenne

KBazube3audpakiMoHHbIE CBETOBBIC ITYYKH
MPEACTABISAIOT 3HAUUTEIbHBIN MPAKTUYECKUN HHTE-
pec Ui J1a3epHbIX TEXHOJIOTHH BCIIEICTBUE UX YHHU-
KaJIBHOTO CBOICTBa, HEM3MEHHOM aMIUTUTYJbl CBe-
TOBOTO TOJS B MpPOLECCE HX PaclpoCTpaHEHUS.
Haubomnee mHTEpECHBIMU SBIITIOTCST OECCENEBHI CBE-
toBele Tydku (BCII), sHEprus B momepeyHoM cede-
HUM KOTOPBIX paclpeiielieHa B BHUJE SPKOTO IEH-
TPaIBHOTO MATHA, OKPYKEHHOTO CHCTEMON KOHIIEH-
Tpuaeckux kosner [ 1]-[4]. [Ipu 5ToM HHTEHCHBHOCTH
B I[IEHTPAIbHOM IISITHE 3HAYUTENbHA U OBICTPO
YMCEHbBIIACTCA B KOJIBLICBBIX 30HAX C YBCIMYCHHCM
paavanbHOM KOOpPAMHATHL. BaxkHBIM IpeuMylnecT-
BOM 66CCGJ’I€BI)IX CBETOBBIX ITYYKOB IO CPAaBHCHUIO C
TPaAMIMOHHEIMU (HApUMeEp, T'ayCCOBBIMHU) SBIISIET-
cs Oe3audpakMOHHOCTh B JIOKAJNLHOW 00JacTu
MPOCTPAHCTBA U CHOCOOHOCTh CaMOPEKOHCTPYKIMU
BOJIHOBOTO (DpOHTA 32 SKpaHoM [4].

BCII Haxomar mmpokoe mpUMEHEHHe B obJac-
TH HEJIWHEHHON KPUCTAJUIOONTHKH (CM. HaIlpuMep
[5], [6])- ITpu 3TOM € MCTIONB30BaHUEM TAKHX ITyYKOB

© Benviii B.H., Kynak I''.B., Kpox I'.B., Ponom I1.H., Illakun O.B., 2016

peanu3oBanbl 3(G(EKTHBHBIC HEIMHEHHO-OMTHYEC-
KHe B3aUMOJICHCTBUS (CaMOBO3/AEHCTBHE, FeHEepaLUs
ONTHYECKUX FAPMOHUK, NMapaMeTpudecKkoe mpeodpa-
30BaHUE YacTOTHI U JP.).

3HauMTEeNbHBIA HWHTEpEC HCCIeAoBaTene u
pa3pabOTYMKOB MPEACTABISIET MCCIIEIOBAHHE OCO-
OeHHOCTel MmpeoOpa3oBaHusI W YIPABICHUS TTOJAPH-
3alMOHHBIMH ¥ SHEPreTHYECKUMH IapaMeTpamMu
BCII akycroontuueckumu (AO) meromamu [7]-[9].
IIpn 3TOM crenyer yduThIBaTh, YTO IIMPOKO HC-
mone3yeMble Ha mpaktuke AQO Kpuctamisl (mapa-
TEJUTypHUT, KBapl, HOJHOBAaTON KHCJIOTHI, KyOwue-
CKHE KPUCTAJUIBI CTPYKTYPHI CHIUICHUTA M Jp.) AB-
nstotest ruporponHsiMa [10]. OgeBujgHO, yTO TpHU
AO B3auMOJIEHICTBUU MOIIHBIX CBETOBBIX ITyYKOB C
yJIBTPa3BYKOM HEJIMHEIHbBIE CBOWCTBA CpPEIbl MOTYT
CYIIECTBEHHO TOBJIMATH HA XapaKTEPUCTUKH TU(pa-
THPOBAHHBIX Ha yibTpa3Byke BonH [11]-[13]. IToxka-
3aHo [l11], [12], uro mudpakmmoHHasT >PPEKTHB-
HOCTh Tipu OparroBckoit AO mudpakmum sBuseTcs
HeNWHEHHON (QyHKIMEeH WHTEHCUBHOCTH IaIaroIIe-
ro ceera. Jlns nudpakumy cBeTa HA MEJICHHOM
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CIABUIOBOM YJIBTPa3BYKOBOW BOJIHE B KpHUCTaJlIax
napaTeJulypuTa IS M3My4YeHHsS C JAJIHMHOM BOJHBI
Ay =1,06 MKM 3KCHEPUMEHTAJIbHO YCTAaHOBJIEHO,

YTO MpPU YBEIHUYCHUU WHTEHCHBHOCTH T'ayCCOBBIX
CBETOBBIX Iy4KOB OT 10 MBrt/cm® 1o 240 MBt/em®
3¢ PEeKTUBHOCTh OPIrTOBCKOW AN(PAKIMU YBEINYH-
Baercs B 1,7 paza [13].

B HacTosmeit paboTe ¢ HCIOJIB30BAaHUEM TEO-
pUM CBSI3aHHBIX BOJIH PAacCMOTPEHBI OCOOCHHOCTH
Opoarroeckoit AO nudpakiuy B THPOTPOIHBIX KyOH-
YECKMX KPHUCTAIaX C YYEeTOM KyOWYEecKOH Helu-
HEHHOCTH, MPHUBOMASIICH K BO3HUKHOBEHHIO CBETO-
WHIYIIUPOBAHHBIX PEIICTOK HAPSIY C YIBTPa3BYKO-
Boit [11], [12], [14]. Teopetnueckoe ommcanue AO
B3anMmoieiictBus BCII B HenmMHEHHBIX cpenax OCHO-
BAaHO HAa AHAIMTHUYECKMX U YUCICHHBIX METO/aX C
YUETOM aHalln3a UHTErpajioB MepeKphITHs Oeccele-
BBIX moJiet [5], [6].

1 TeopeTnueckue pe3yabTaThl

PaccmoTtpum reomerpuio AO B3auMOJEHCTBUS
(pucynoxk 1.1), s KOTOpoi NMPOJOIbHAS MU CABU-
roeas Y3 BOJHA PacIpOCTPAHAETCS BIOJIb KPUCTAI-
norpaduyeckoil ocH KpuCTala WM HalpaBleHUH,
SBJIIOIIMXCS. MPOMOJIBHBIMU WM IONEPEYHBIMU
HOpMarsmi [ 15].

Bribepem cuctemy xoopauHaT XYZ Tak, 94TO B
HampaBJIeHuHN ocu X pacrpocTpaHsercs Y3 BOJHA, a
HOJ YIJIOM @, K OCH Z NajaeT cBeToBas BoiaHa. Ec-

JI1 BOJIHA SIBISIETCS JIMHEWHO MOJSPU30BAHHOM, TO B
cpele BO3MOXHBI UYETBIpE THIIA B3aUMOJEHCTBUI
LHUPKYJIAPHBIX MOJ, AT KaXKJOr0 U3 KOTOPBIX CyIIe-
cTByeT cBoi yron bparra. [ng B3aumonelcTBuUs
BOJIH C OJJMHAKOBBIMH HOJAPH3ALMAMH (M30TPOITHAS
Iudpaknusa) yciaoBus bparra BBIIOMHAIOTCA OIHO-
BPEMEHHO NPH OJHOM M TOM Xe€ YIJe MNaJaHus
@ =arcsin(A, /2nA), roe A, ¥ A — QIMHA CBETO-

BOH U 3BYKOBOW BOJIH COOTBETCTBEHHO; 1 — IIOKa3a-
TEJNb MpeJoMIIeHUs] KpucTajuia 0e3 ydera TUpOTpo-
nuu. B ciydyae B3aMMOJEICTBYS BOJIH C Pa3IM4YHbI-
MH TOJApH3aUUsIMU  (aHU30TpONHAs JAu(PaKIus)
yrasl bparra ortnuyaroTcs OT @, Ha BEIUYHHY

Ap=12y/(nsin2¢,), rme y — HapaMerp IUpo-
tponuu [16]. Ilpu cobmonenun ycnosus y >> An,
(An, — rirybuHa MOJYJILUY [TOKA3aTeNs IperIoMie-

HHS aKyCTHYECKOH BOJIHOI), BO3MOKHO HE3aBHCH-
MOE PaccMOTpEHHE BCeX YeThIpeX Mu(ppaknInOHHBIX
IPOLIECCOB B TUPOTPOMHBIX cpeaax. [laHHoe ycio-
BUE BBINOJHACTCS Ul OOJNBIIMHCTBA T'MPOTPOITHBIX
CpeJ UCTIOIb3YEMBIX B aKyCTOOIITHKE.

Paccmotpum reomerputo AO B3auMOIEHCTBUS
(pucynoxk 1.1), mast koTopoit Y3 BonHa pacmpocTpa-
HSETCSl B TUPOTPOIIHOM KyOMYECKOM KpHUCTalIe B
HalpaBJIeHUH OCU X M 3aHUMAET MPOCTPAHCTBO Me-
xay miockoctamMu z=0 u z=1. B ycnoBusx uzo-
TpOmHOW AU(PAKLIUK HUPKYJISPHO MOISIPU30BAHHBIX
CBETOBBIX BOJH Y3 4acCTOTHI Pa3IM4alOTCs MO BEIH-
yune. [Ipn aHM30TpONHON MU(PAKIUK BEKTOPHBIH

12

CHHXPOHH3M JOCTUTAETCS PA3ININEM YIJIIOB MEXIY
BOJIHOBBEIMH BeKTOpaMH Y3 BOJIHBEL. B TakoMm ciydae
B HampaBleHWH AUQPPAKIHOHHOIO TMOpsAKa IpU
AQHM30TPONHOM TU(paKIMK AT BKJIAJBI ABa BUAA

BEKTOPHBIX B3aUMONEHCTBUH: k), +K,, =k, Toe

FO
K|, K, — IINIOCKOBOJIHOBBIE KOMIIOHEHTHI aKyCTHYE-

ckoro myuka. [Ipu Hammuum crnaboil neBuanmu Y3
YacTOTHI OT LEHTPAIBHOM, TO ecth f + f +Af, Oy-

JIeT HabIIo1aThCsl OJHOBPEMEHO TU(PaKIUs PaBO-
W JIEBOIMPKYJSPHO IIOJSPH30BAHHBIX COCTABIISIO-
MIMX TaJAIOIIEro CiIadopacxosIerocs JIMHEHHO
HOJIIPU30BAaHHOTO CBETOBOTO ITy4YKa. Y CJIOBHS BEKTOP-

HOTO CHHXPOHH3Ma UMEIOT BUA: k, + K, , =k, [11].

Ha Bxone B kpucCTaml 3JIEKTPUUECKUI BEKTOP
JIMHEHHO MOJISIPU30BAHHON BOJIHBI MOXKHO IpeICTa-
BHTH B BHJIC:

Ei (z=0) = A(p, )€ cosy +é,siny),
rae A(p,) — pacnpeleieHue aMIUIUTY bl N1aarolle-
ro BCII, €, é,, é; — opThl cUCTEMBI KOOpIUHAT XYZ,

VY — a3uMyT NOJIIPU3ALIUN.

X
r
.—f ._10
F1
0 /
T N 2
p() \
-lg ”-I-j

Pucynok 1.1 — 'eometpust aHU30TPOHOM
(M30TPOMIHOI) aKyCTOONTHYECKON AU(PAKIHA
OTPaHMYECHHBIX CBETOBBIX ITyYKOB
(ITIT — mee3onpeodpazoBatens, [1I" — mormoTuTens)

Jns mpoCcTpaHCTBEHHOM 4YacTU 3JIEKTPUUYECKO-
ro Bekropa A (p,,7) nperomienHoro BCII B kpu-

ctaye umeem [5], [6]:
Apos7) = A4,(p))e.e"" + A (p,)é e,
A°J [k, sin(y,
rae A, (p,) = olks .(Y,)po]
JrR,J [k, sin(y,)R,]

OecceneBbIX Iy4KOB; k, = kyn, i, tae ky=2m/A,,

— aMIUTATYObI

n, =n+Yy — MOKa3aTeIW NPEIOMIICHHS COOCTBEH-
HeIx BCII; 71 — BonHOBast HOpManb BJIOJb IPEIOM-
nerHbIX BCII, mOCKOMBKYy pa3nuyme yriioB IpPEeIoM-

. €,,7tie,
JIeHHsI COOCTBEHHBIX MOJ| Majo; é, :%,
- 2
en . .
= [f_] — EIWHUYHBIA BEKTOp, JEeKalui B
e, ]|
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Bausnue ceemouudyuupogamtbtxpememOK Ha akycmoonmu4eckoe 63aumooeticmeue 6eccenesvix c8emosbix NY4KO8 6 2UpompOonHulx cpe()ax

IWIOCKOCTH Judpakuun XZ. 3xeck J (x) — QyHk-
1in beccernst HyieBoro u mepBoro mopsiika.

Bekropsl cmemenus U, mid miockux Y3

BOJIH C BOJIHOBBIMM BEKTOpamu K, HMaroTcs cle-
JIYIOIIMMHU BbIpaKeHUsIMU [15]:

U,, =U, expli(K,,7 —Q1)],
rae Q =27nf — UeHTpaibHas 4yacTota Y3 UCTOYHHKA,
U, — avmmtyna Y3 Bommsy; [ K, [=Q,, /v (v -
(azoBas ckopocth Y3 BOJHBI). Y3 BOJIHA co3laer

NEPUOANYICCKOC B IMPOCTPAHCTBE WU BPEMCHU U3MC-
HCHHUC TCH30pa JII/IBJIGKTPI/I‘IGCKOﬁ MPOHNIAEMOCTH

Ag;
v.U+VU,
4 =————— ¥ TeH30poM (OTOYIPYrHx MHO-

CBSI3aHHOE C TEH30POM YIPYTHX AeopManuit

CTOSIHHBIX Py, (i, /, k, [ =1+3). Hapsny ¢ nobaBkoi
Ag’ B 10JIE MOIIHOW CBETOBOIM BOJIHBEI BO3HUKAET

nobaBka Ag' u3-3a KyOMUECKOM ONTUYECKON HEJH-
HEWHOCTH, KOTOpasi Uil M30TPOIHOW Cpeabl B 00-
miem cinydae umeet Bup [17]:

A&, =4n(0,EE, +0,E E, /2). (L1

CooTHoIIIeHHEe MEeXIy BXOIAIIUMHU B BBIpaxKe-
Hue (1.1) xoadpdunuenramu 6, u 0, ompexnensercs
MeXaHU3MOM HeluHeHHocTH [ 18] (st KeppoBCKOTO
OPUEHTAIMOHHOTO MeXaHU3Ma, Hampumep, 0, = 66,,
ISl CTpUKIHMOHHOrO — 0, =0, a4 HeluHeHHOR
UIEKTpUUECcKOi nosapusauu — 6, =0, ).

W3 ypaBHeHmit MakcBemia M MaTepHaTbHBIX
ypaBHEHHI CJIETyeT BOJIHOBOE ypaBHCHHUE I Ha-
MPSDKCHHOCTH CBETOBOTO IOJII B 00JACTH, 3aHATOU
ynbTpazBykoM [11], [16]. Pemenue BoJIHOBOrO
ypaBHEHHs OyJeM HCKaTh B BUJIC HECKOJBKUX CBS-
3aHHBIX BOJIH C MEJICHHO M3MEHSIOIIMMUCS aMILTH-
Tynamu [5], [6]:

E=0,4(2)jy(qpy)e ™ +

> (R ,7y— (1.2)
+ZudAdm (2)j,(q,,,P )e’(kd’d 0
m=1

TOE Py =PCOSQP,, Py, ®Pp ML @, <<l p —
UIMHIpUYECKas KOOpAMHATa CBETOBOIO ITy4Ka,
pacrnpocTpaHsIomerocs Baoys ocu Z; | — nnuaa AO
B3aHMOJIEHCTBHSA; U, , — €IMHAYHBIE BEKTOPHI IAPKY-
JSIpHOH ToJIsIpu3auy A parnpoBaHHBIX BOJH (Ha-
IpUMep MpH MpeoOpa30BaHUN IPABONOIIPU30BAHON
BOJIHBI B JIEBOIIOJIIPU30BAHHYIO CJIENYeT i 3aMEHHTb

Ha “+’u d Ha ““"); o, =0*Q, roe o — Jacrora
najaromieil cBetoBoil BonHbL, £, =(w/c)n;sing, u
k, =(®/c)n, cos@, — KOMIIOHEHTHI BOHOBBIX BEK-

TOPOB MPETOMIIEHHON BOJIHBI;
k, =[{(0+Q)/c}n, sing,],
k., =[{(0xQ)/cin, cosg,]
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— KOMIIOHEHTHI BOJIHOBOTO BEKTOpa IudparupoBaH-
HOM BOJIHBI, ¢ — CKOPOCTh CBETa B Bakyyme. B (1.2)
BBEICHBl HOpPMHUpOBaHHble (yHKIMH beccens

Jo(qoPo) ¥ Jjo(q,,p)) [6]:

. J(q,py)
Jo(qoP )=
T JrR, T (quR,)
. J m
]o(qlmpl)_ O(ql pl)

\/ERBJI (91, Ry) ’
rne q,=ky, 4, =k, OpudeMm R, — paauyc
nagaromero BCII, 2y,, — yTJIBI KOHyCa BCII, M —
gucIo OecceneBhIX MO B TH(MParupOBAaHHOM CBETO-
BoM none. Ilpu p=R, u g¢,, R, =(m—-0,25)mn
¢yakumn Beccens oOpamaroTcss B Hyllb, TO €CTh
dbopmyna (1.2) npeacrasiser coOoii pasiokeHUE M0
MOZaM LMIMHAPUYECKOH 001acTu paguycom R .
[MoncraBuB BeIpakenue (1.2) B BONHOBOE

ypaBHEHHE JJIsl HAIIPSHKEHHOCTH CBETOBOTO ToJisi E
B 00JacTH, 3aHATON YIBTPa3BYKOM, BBEAS BEIIECT-
BEHHbIC aMIUTATY B U (a3l [11]:

4,(z) = A7 (2) exp[-i¢, (2)],
Adm (Z) = A;m (Z) exp[_i(l)dm (Z)]:
MOJIYUYHUM CHUCTEMY ypaBHeHHﬁ CBA3aHHBIX BOJIH

ar
; = az gim Adm (Z) +

m=1

M 2
+bA! (2) (Z A, (2)g,, SinAd,, J
m=1

—n = A (z2)+
dZ qum t()

y (1.3)
+dAiy2 (Z)(Z A;m (Z)gsm Sin A¢m j’
m=1
>
r gdm A(;m (Z)
dAd) — b gin14i (Z) _ m=l COSAq)m,
dz A, (2) A (2)

rne A(I)m = ¢dm _(1)1" gim,dm s gdm,sm - HHTerpaHLI Te-
PEKPBITUA. I/IHTerpa.HI)I MEPEKPBITUA 3aJat0TCA COOT-
HOIICHUSIMU.

RB
I Jo(40P0) Jo(41,P1 )PP,
_ 0
gim - Ry ’
j J(? (90Po)Pod Py
0

RB
[ Jo(@uP1) s (g0Po PP,
0

gdm =

>

Ry
I J: (4,,,P0)P,dP,
0

Ry
_[ J; (Cllmpl)j(f (9oPo)P1dp,
_ 0
gnm - Ry >

I Joz (qoPo)Podp,
0
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RR
I ]g (4,9 )J; (qoPo)P1dp,
_ 0
Em = Ry

J jg(qlmpo)pldpl
0

Cucrema ypasHenuit (1.3) onmceiBaer Bce TH-
IIBI B3aMMOJICHCTBHS LUPKYJSIPHO TOJSPU30BAHHBIX
MOJ, mpudyeM KodhGHuueHTs ¢ =—Ua, d =-—ub
(L=, /®) B KaXAOM Clly4yae 3aar0TCsl OTAEIBHO.
[Ipn mudpakoum Ha TPOAONIBHBIX YIBTPA3BYKOBBIX

BOJIHAX, PACHPOCTPAHSIONIMXCS BIONb KPHCTAJLIO-

rpaduueckux oceil BTOporo nopsaka

3
™

a=-—"1I(p, cos’ P, =P sin’ o)t p,lU,,
22X,

rJe 3HaK IUTIOC COOTBETCTBYET M3OTPOIHON IU(pax-

LMK, & 3HAK MUHYC — aHU30TporHOl; U, = /21, / ov;
— KOMIIOHEHTBI TEH30pa ynpyrux aedopmaummidi (I, —
MHTEHCHUBHOCTH Y3 BOJIHBI, G — INIOTHOCTh KPUCTAJLIA,
v; — (hazoBast ckopocTh MPOOIBHON Y3 BONIHBI); He-
JIMHEWHBIH K03 UImenT
2n’ 0,) .
LR 0, +—= |sin* o,
nh, 2
(arM30TpOMHAs MU(PAKIK),
2n’ 0
b=""Hlg +72 |cos g,
nh, 2
(3oTpomHas AubpaKIys).
B ciydae andpakmum Ha CABHUTOBBIX BOJIHAX
IU1sl 00OMX THITOB B3aUMOJCHCTBUS HMEEM:

3
™ .
a= _m(pn - p;,)Ussin 29,

a k03 durueHT b U d COBMAMAIOT C COOTBETCT-
ByIOIIMMH  Kod(dupeHTamMu sl Au(pakiuy Ha

nposionbHEX V3 BomHax; U, =+/21, /cv] — kom-

MoHeHTa TeH3zopa aedopmarmii (L, — (azoBas cko-
POCTB CIBUTOBON Y3 BOJIHBEI).
TouHoe peenue cucreMsl ypaBaenui (1.3) npu

IpaHUuHBIX yclnoBuwsIX: A (z=0)=4, A4;(z=0)=0
BO3MOJKHO JUISl OJTHOM U parupoBaHHON MOJBI MIPH
Ad=3m/2 [12]. B obmem ciyyae cucTeMa ypae-
HeHuit (1.3) cBoAMTCS K cCHCTeMe YpaBHEHUH OTHO-
cutensHo A, A),(m=1,2,..,M). Ee pemienue
BO3MOJKHO JIMIIIb YHMCIICHHBIMU MeTonamu. VHrerpa-
JIbl TIEPEKPBITHS g, ,, JAOCTUTAIOT MaKCUMAJIbHOTO
3HA4YEHHUs], PaBHOTO €IMHULIE, IIPU YCIOBUH ¢, = (.
JudparupoBanHoe CBETOBOE I10JIE TIPH JOCTATOYHO
6onpmux R, ~1mMm sBisercs eaunnudbiM BCIT ¢

yIJIOM KOHycCa, paBHBIM YTy KOHycCa Ia/Ialollero
BCII u crnemyer paccunThIBaTh MHTErpasl NMEPEKpHI-
THA g, ., TUCIEHHBIMA MeTonamu. Torma cucrema
ypaBHeHui (1.3) cBomuTCsd K IBYM HEJIMHEHHBIM
YPaBHEHHSIM, pEIIeHHE KOTOPBIX MOKHO HAaWTH B
3aMkHyTOH Qopme [11]. Bun pemreHust 3aBUCHT OT

14

3HaueHus napamerpa G = u'2aq+bz[0 /4, toe I, —
HWHTEHCUBHOCTH majatomiero cera. Ciydait G <0
KaueCTBEHHO CcoOBMajgaeT ¢ audpakunueil cBera Ha
yJIbTPa3ByKe B OTCYTCTBUM HEIMHEMHOCTH. VIHTEH-
CUBHOCTH JU(GPArMPOBAHHBIX BOJH HAXOIUM U3
COOTHOIIEHUH:

A [2\/thg(z\/z +bl, )T
{4a2 + [2@ ctg(zy=G )+ 01, J}z ’
4a’l,

[2\/Ectg(z —G)+bIOT r4a
IIpu G >0 B Bepaxenusx (1.4) cnenyer BbI-

MOJIHUTh 3aMCHY: ctg(z —G) - icth(z«/@); B

I =

(1.4)

ciydyae G =0 B (1.4) ciiefyer BBINOJIHUTH MPEIEITh-
HeIi iepexon npu G — 0.

2 YnciieHHBbIEe pacyeThl

YucnieHHbIE pacyueThl MPOBOAMINCH UIS W30-
TporHOW aubpakuuu u3nyueHuss He-Ne nasepa c
JUTHHOW BONHBEI A = 0,6328 MKM Ha mpomoisHOH Y3
BOJIHE, PACHPOCTPAHSIOMICHCS BIOJb KPUCTAILIO-
rpaduaeckoit ocu [100] kprucTamwia repMaHara BUC-
myTa (Bi,,GeO,,) [10]. DddexruBnocts nuppak-
muu M=/, /1, 3aBUCUT OT UHTEHCUBHOCTH Iajaro-
mero csera /,. PaccMmaTpuBancs KeppoBCKUil CTpUK-
IIUOHHBI MEXaHM3M ONTHYECKOH HEIMHEHHOCTH.
[Tpwn 3ToM KO3 PuITHIEHT

_ 2mn,sind
- >
Ay COS @y
rae quist kpuctamna Bi,GeO,, kosddunuent Henu-
meitnoctn 1, =1,2-107"* cm*/Br  [19]; ¢=n/2
(d=-m/2) nmust CTOKCOBOH (aHTHUCTOKCOBOI) ITH-
(pakauu cooTBeTCTBEHHO [12].

Ha pucynke 2.1 mpencrtaBieHa 3aBUCHMOCTB
3G PEKTUBHOCTH TU(PPAKIMK 1| OT WHTEHCHBHOCTH
yabTpa3Byka [, IpHU pa3sIU4YHBIX MHTEHCUBHOCTSX
MAJAOIIET0 CBETOBOTO ITyYKa Ui CTOKCOBOH (@) H
AHTHCTOKCOBOH (0) mudpakuuu. V3 pucyHka ciermy-
er, uto mpu Manbix [, <100 Br/cM® u3sMenenue
3¢ PeKTUBHOCTH IU(paKIMK OJIM3KO K ONHCHIBae-
MoMmy ¢ynkuueir 1 =sin’(al). Ilpu yBenumueHUn
MHTEHCUBHOCTH CBETa MPOSBISETCA HEIWHEWHBINA
XapakTep 3aBHCHMOCTH C CYIIECTBEHHBIMH OTKIIO-
HEHMSIMH OT CHHYCOMJAJIbHOTO 3aKoHa. [Ipm cTo-
kcoBoit tudpakmun (b < 0), Kak cienyeT U3 pUCyH-
ka 2.1 (a), HaKJIOH KPUBBIX M3MEHsIEeTCs (110 cpaBHe-
HUIO C AaHTUCTOKCOBBIM PEXHUMOM, CM. PUCYHOK 2.1
(6)) m npu 3HAUNTEIHHBIX WHTEHCHBHOCTSAX CBETa

Ihy=5- 10° Br/cm? HAOIOAFOTCS PE3KUE H3MCHEHUS
IUPPaKINOHHON YPPEKTHBHOCTH.
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Pucynok 2.1 — 3aBucumocts 3 dexruBHOCTH AO B3aUMOJCHCTBUSA 1) OT HHTEHCUBHOCTH Y3 BOJIHBI /,,

JUIsl CTOKCOBOH (@) M aHTUCTOKCOBOI! (6) nudpakiiny py pa3iniuHbIX UHTEHCUBHOCTSIX CBeTa Iy
1-10,2 - 100, 3 1000, 4 — 5000 Br/cm® (I =1 cM, gy = g = 3,26'10° M, kpuctann Bi,GeO,,))

01—
0 02 04 06 038 1

1y-107, Bm/cu®
(a)

0.4
03} =
.
n 02 &\R

011 e T

0 02 04 06 08 1
Iy-107>, Bm/em?®
(6)

Pucynok 2.2 — 3aBucuMocTh 3 (HeKTHBHOCTH TUPPAKIHN 1) OT MHTCHCHBHOCTH CBETA [ IPU Pa3IMIHBIX

WHTEHCUBHOCTSX Y3 BomHbl [,: 1 —1,2-2,3-3,4-4 Br/cm?
(/=0,5ceM, g,n=gm= 3,2610° M2, kpuctaiul Bi,GeO,,)

Crnenyer oTMETHTh, YTO 3()(EKTHBHOCTH CTO-
KCOBOH JM(pakiuy ¢ MOHWKEHHEM YacTOTHI YJIbT-
pa3Byka (b <0) 3HAYUTENHHO BHIIIE, YeM IPH aH-

TUCTOKCOBOH (b > (), COOTBETCTBYIOIIEH MOBBILIIE-
HUIO 4acTOoThl. JaHHbl 3ddexT oObscHseTCs CHH-
(a3upM (IPOTHBOGA3HBIM) BIHSIHUEM CBETOMH]Y-
POBaHHOW (azoBOil pemeTku Ha dPPEKTUBHOCTH
Oparroeekoit AO mudpakiuy NPy CTOKCOBO#H (aHTH-
CTOKCOBOM) mudpakunu coorBercTBeHHo [11], [12].
OnHako, TPH AHTHCTOKCOBOM pEXHME IH(BpPaKIUH
MaKCUMAJIbHOE 3HAYCHHUE TUPPAKIUOHHOW IPPeK-
THBHOCTH [JOCTUTaeTCs IPH MEHBIINX 3HAYCHHUSX
WHTEHCHBHOCTH YIBTPa3ByKa (CM. KpUBYIO 3 Ha pH-
cyuke 2.1 (6)).

Ha pucynke 2.2 mpencraBieHa 3aBHCHMOCTH
3¢ dexTrBHOCTH IU(PPAKIUK OT HHTEHCUBHOCTH CBe-
Ta JUII CTOKCOBOTO PEXHMa (a) U aHTHCTOKCOBOTO
(6) pexxuma mudpaknuu. 13 pucyHka clieayer, 4To
NPU CTOKCOBOHM IU(PaKIHMU 3JIEKTPOCTPUKLUOHHAS
pelIeTka Croco0CTBYET YBEIHUCHHUIO () (HEKTHBHOCTH

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

TU(paKIIU CBeTa Ha yJIbTpa3Byke. B ciyuyae aHTH-
CTOKCOBOW AM(PaKIMK dIIEKTPOCTPUKIIMOHHAS pe-
[IeTKa HaXOJHTCS B MPOTHBO(A3E MO0 OTHOIIECHUIO K
V3 pemeTke ¥ TOPMO3UT JaHHBIN MpoIiEcC.
Henmnetinbie ¢ dextsr npu nqudpakmmu Gecce-
JIEBBIX CBETOBBIX ITyYKOB NPOSIBIIAIOTCS 3HAYUTEIBHO
B OOMNBIION Mepe, 4eM INpH AU(PPAKIHAA CBETOBBIX
my4xoB [11], [12], 6xm3kux o gopme K TIIOCKUM BOJII-
HaM. OJTO OOBSICHsETCS BBICOKOM KOHIIEHTpalHeit
sHepruu B cedenun bCII ¢ onuHaKOBEIME yTiIaMH KO-
HYCHOCTH M OOJIBLIIMMHU 3HAYEHUSIMH MHTETpPajioB Iie-
pekpbrTst g, ~10° M.

HHTErpajbl nepekpriTus B3auMoaeiicteytomux bCII
MIPOTIOPIMOHANBHEl  3(P(EKTUBHBIM  IUIOLIASIM
B3aUMOJEHCTBYIOIIUX ITyYKOB B HEJIMHEHHOM KpH-
craime [5], [6].

Bbicokne 3HaueHMs WHTErpajioB IEPEKPHITHS
2o~ 10°M™ MMEIOT MeCTO TaKkKe NpH OMHCAHHH
3¢ ¢ekToB MmpeoOdpa3oBaHus 4acTOTh OecCeIeBbIMU
CBETOBBIMH ITydKaMu B Kpuctaiwiax [6]. [Ipu stom

IIpu sTom oOpatHEIE
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Jnocturaercs ko3(hGHUIueHT npeodpa3oBaHus BTOPOit
onrtryeckoil rapmonuku B kpuctaiie KTP B Tpu paza
OONBIIMH, YeM IPU HCIHOJIL30BAaHUH TayCCOBBIX CBE-
TOBBIX Iy4KoB. B pabore [20] uccnenoBana 3Bomo-
IIWs1 COCTOSIHUSI TIOJISIPH3AIIMM OCHOBHOM MOJIBI Cl1abo
JIBYJTy4ENpPEIOMIISIIOIIIEr0  BOJIOKOHHOTO ~ CBETOBOJIA
BesrecTBre d¢dexra Keppa mpu B3anmMoneicTBun
BOJIH C OpPTOTOHaJNbHOW momsipuzauuerd. Ilpu stom
MHTETPATBl  MEPEKPHITHST  Pa3HO-TIOJIPU30BAHHBIX
BOJIH TIpONopIHoHansEsl 1/S ~ 10°M?, rie S — mwio-
a/b TIOTIEPEYHOTO CEYEHHSI CEPALIEBUHBI BOJIOKOH-
HOTO CBETOBOJIA.

3akiouenue

Takum o00pa3om, HWHTEHCHUBHBIE OecCeNeBbl
CBETOBBIC MTyYKH MOTYT YCIICIIHO MPUMEHSITHCS IS
3(h(HEKTUBHBIX aKyCTOONTHYECKUX MPeoOpa3oBaHMiA
B THPOTPOITHBIX KyOHUECKUX Kpuctamiax. [Ipu sTom
CIIeJlyeT YYWTHIBATh 3HAYUTEIBHOC BIVSIHAE CBETO-
WHIYIIUPOBAHHBIX PEIIECTOK, BOSHUKAIONINX B CPEJIC
C KyOMYEeCKOW ONTHYECKOW HETMHEWHOCTHIO B CTO-
KCOBOM M aHTHUCTOKCOBOM pe&XHME OpITTOBCKON
mudpakauu. Ha 3Toit ocHOBE BO3MOXKHO CO3JIaHHE
HOBOTO THIa AQ YCTPOWCTB ISl YIpPABICHUS WH-
TEHCUBHBIMU KBa3u0Oe3Au(PaKkIMOHHBIMU ITy4YKaMH
OecceneBa Tuma. Takue ycTpoiicTBa (MOIYJISTOPEI,
JedaekToppl) MEpCHeKTUBHBI Ui TPUMEHEHUH B
JIA3ePHBIX TEXHOJIOTHSX (B YACTHOCTH JUIS JIA3E€PHOM
PE3KU U CBAPKH), ISl 30HTUPOBAHUS TOTIOMIAFOIINX
W pacceMBaloluX cpel Ha OoJbLIyI0 TIyOHHY, Jla-
3epHON JIOKAIlUM, MHUKPOCKOIIMH BBICOKOTO pa3pe-
IICHUS W JPYTHX 00JacTsAX, a TakkKe Uil PEeUICHUS
mpoOneM Ja3epHON MUATHOCTUKH W KOHTPONS B
MIPOMBIIITICHHOCTH, MAKPO- ¥ HAHOTEXHOJIOTHAX.
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PU3UKA

MOJIAPU3AIIMOHHBIE 1 SJHEPTETUYECKHUE CBOVCTBA BEKTOPHBIX

IFAYCCOBOIIOAOBHBIX MYYKOB. I. OTHOPOIHAS INOJIAAPU3ALIUSA
C.C. I'mpreanb

Tomenvckutl cocyoapcmeennutii ynugepcumem um. @. Cxopubl

POLARIZING AND POWER PROPERTIES OF VECTOR
GAUSSIAN-LIKE BEAMS. I. THE HOMOGENEOUS POLARISATION

S.S. Girgel

F. Scorina Gomel State University

HaiineHsl oOmue BBIPaKEHUs JUIS IUIOTHOCTH IIOTOKA YHEPTUM JJIEKTPOMArHHTHOTO HOJIST S BEKTOPHBIX IayCCOBONOTOOHBIX
ITy4YKOB € OJTHOPOJHOM moJisipu3anuend. OTu pe3ysibTaThl KOHKPETU3HUPOBAHBI JUls CTAaHAAPTHBIX Iy4KkoB DpmMurta — ['aycca. Y-
TaHOBJICHO, YTO IIOTOKH 3HEPTHU CBETOBBIX Iy4KOB DpMHTa — ['aycca paszessioTes: Ha OT/AeIbHbIC He3aBUCHMbIE 00macTH (f10-
MeHbl). BHyTpHn KaXkmoit 0651acTi OTOKH SHEPIHH aBTOHOMHEI M He TIEPEXOJIAIT B ApyrHe 00IacTu.

Knrouesvie cnosa: napaxkcuajilibivle nyuyKu, 6eKmophsvle nyuku, ZdyCCOEOnO()OﬁHbZG NYUKU, ROJIAPpU3AYUOHHbIE 680116’"18[1, OHep-
cemudeckue ceoﬁcmea, noadapuzayus.

The general expressions for the energy flux density of an electromagnetic field S vector Gaussian-like beams with homogene-
ous polarization are found. These results for the standard Hermite — Gauss beams are concretized. It is established that energy
flows of light beams of Hermite — Gauss are divided into certain independent areas (domains). In each area energy flows are

autonomous and into other areas do not pass.

Keywords: paraxial beams, vector beams, gaussian-like beams, polarizing properties, power properties, polarization.

BBenenue

B MnapakCUaJIbHBIX CBCTOBLIX IMy4YKaX IMPOJa0JIb-
HasA KOMIIOHCHTA I10J1A 3HAYUTCIbHO MCHBIIC IIOIIC-
peuHbIX KOMIOHEHT. [lo3TOMY napakcuaibHble IIyd-
KH OIHCBHIBAIOTCS. OOBIYHO OJHOM MMOIEePEUYHON KOM-
MOHEHTOH moJis1. Takue MyYKHu HA3bIBAIOTCS CKAISp-
HbIMHU. Yare Bcero mapakcHaldbHBIC CBETOBBIC ITy4-
KM ONFCHIBAIOTCA KaK CKaJSIPHBIC, 9TO B OOJBIINH-
CTBE CJIy4aeB BIIOJIHE AOCTATOYHO. Takoil 3aBe1omMo
VOPOIICHHBIM TOIXOX YacTO HWCIOIB3YeTCs IpH
ONHMCAaHUH CBOMCTB CBETOBBIX My4koB [1]-{7]. Ox-
HAaKO JUIA IYYKOB, Y KOTOPBIX YTOJ PAacXOAMMOCTH
BEJIMK, CKAJISIPHOTO MPUONMKEHUS HE JOCTATOYHO.
Bonee Toro, maxxe ais MapakCHaIbHBIX CBETOBBIX
MYYKOB, Y KOTOPBIX MOJISIPU3AIMs HEOJIHOPOIHA IO
CEUYCHHUI0, HEOOXOMMO HCIOJIb30BaTh Ooliee CTpo-
Ui BEKTOpHBIN (opmanmi3m. SIcHo, 4Tto Oonee Tou-
HBIM SIBIISICTCS OMHUCAHUE JTa3epPHBIX CBETOBBIX ITy4-
KOB KaK TPEXMEPHBIX BEKTOPHBIX Moiyiell. OmgHaKo
BEKTOPHBIE MYYKH HM3Y4YEHBI TOpaszgo ciadee, CM.,
Hampumep, [8]-[15].

B pabore npemiaraercsi popManu3m Ajisi OIH-
CaHMA TOJSIPU3AIMOHHBIX M YHEPTETHUECKUX XapaK-
TEPUCTUK BEKTOPHBIX TrayCCOBOIOAOOHBIX CBETOBBIX
MYYKOB. 3aTeM 3TOT (POPMaIN3M KOHKPETHUIUPYETCS
JUIs BEKTOPHBIX CTaHJIAPTHBIX ITyYKOB OpMHUTA —
l'aycca (sH-G). Mccnenyrorest cBO#CTBA MIIOTHOCTH
MOTOKA SHEPTHH AIEKTPOMATHUTHOTO TIOJIS JUIS BbI-
NICYIOMSHYTBIX ITYYKOB.

© I'upeens C.C., 2016

1 Hoasipu3auMoHHbIle W  JHepreTHYecKue
CBOIiCTBa BEKTOPHBIX CBETOBBIX MyYKOB C OTHO-
POAHO noasipu3anueit

B pabore [10] Hamu OpLT TIpeasioxeH Gopma-
JIU3M U Haﬁﬂeﬂbl BbIpAXXCHUA [JI MIJIOTHOCTU ITOTO-
Ka 9HEPTUH HIEKTPOMArHUTHOTO MOJIA S BEKTOPHBIX
MapaKkCHAIbHBIX MYYKOB C OJHOPOJTHON MOJIsApH3a-
nueil. B Hactosmmel pabote 3ToT hopmanu3M Oyaet
pacIpocTpaHeH Ha BEKTOPHBIE [ayCcCOBONO/I00HbIE
My4KH C OAHOPOJHON MOJIIpU3ALUE.

IlycTb CBETOBOM Ny4OK HMEET OJHOPOIHYIO
MOJSIPU3ALMIO [0 BCEMY IIONIEPEYHOMY CEUEHHIO
my4ka. Toraa u3 BekropHoi ammntyasl E | MoxHO

BBIJICITUTD MTOCTOSTHHBIA BEKTOPHBIA MHOKUTETDb €,
OTBEYAIOIIUH 32 MOJSPU3ALNIO BOIHBI

E =e F, (1.1)
rae GyHKuus F SBISETCS HEKOTOPHIM pElIeHUEM
NapaKCHAIBHOTO MapaboIMIecKOro ypaBHEHHS

2 .

(V2 +2iko.)F =0 (1.2)

a KOMILJIEKCHBIM IIOCTOSIHHBINA BEKTOP IOJISIPU3ALUAN
€, He 3aBHCUT OT KoopauHaT (x,y). Takue mydxu

00J1a/1a10T TIoJIIpU3alieii, OTHOPOAHON 0 CEUYEHHIO
Iy4Ka, W 9Yalle BCEro HCIOJIb3YIOTCA. TpexmepHble
BEKTOPBI dnekrpuyeckoro E u maruutHoro H nonei
Iy4Ka ¢ OHOPOAHON moIrsipu3anmeit nmerot Buz [10]:

Ez(eL+éVlei'e:jF,

H=E([ezaeL]+ivL[ez’eL]'e2jF‘ (1.3)
n k
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3mech u nanee e, — €IMHWYHBIN BEKTOp B HaIpaB-
JI€HHU OCH z IIy4Ka, 7 — IOKA3aTelb IPEeIOMICHHS
cpempl, V, =e0, +e 0, — nonepeunsiii Jlaracu-
am; k,=o/c, n* =gn, k=kyn.

Jns BBIYUCICHUS XapaKTEPUCTUK IIONSAPU3a-
IIMM IIy4Ka MOXHO Pa3JIOKHUTh HOPMHPOBAHHBII

(e, '=1) BekTOp MONAPH3ALMHK €, IO IEKAPTOBO-
My Gasucy (e,,e e ), KaK
nxex + ny e,V
2 2’
|nx | +|ny |

J1CCh u . — HECKOTOPLIC ITIOCTOSAHHBIC KOMIIJICKC-
3nec . ) C€KOTOPBIC ITOCTO. € KO €KC

€, =

HBIE MTApaMEeTpPhl, He 3aBHUCAIINE OT KOOPAMHAT (X, V).
Torma asuMyTt W' ® IMNTHYHOCTE Y =thy" a1-
JIMIITHYECKH TIONIApH30BaHHbIX Mon (1.3) B mxX more-
PEYHOM CEYEHMH MOYKHO BBIPa3HTh depe3 KOMILIEKC-
HBIA mapameTp n =m, /n, 1o popmyznam [9], [16]:

_ 2Imm

tg2\v'=2R—enz; > (14
1= 1+n
[InoTHOCTH MOTOKA SHEPTrUU W, MPOJOJILHOTO
S,=e.S. ¥ TomepeyHoro S, MOTOKOB JHEPIHH
9JIEKTPOMAarHUTHOTO TOJII OAHOPOJHO MOJISIPU30-
BaHHBIX ITyYKOB COOTBETCTBEHHO paBHbI [10]:

2
W=8|8i|? S, =~w (1.5)
T n
ce . . .
5= 8nnk (Im(F VLF)—thW '[Vl’ez] F| /2).

2 Toasipu3auMOHHBIE H 3JHeEPreTHYECKHUe
CBOICTBA BEKTOPHBIX IaycCOBOMOAOOHBIX CBETO-
BbIX IYYKOB € OTHOPOJAHOI1 moJisipu3anueii

Bynem HazbIBaTh rayccoBOIOI00OHBIM ITyHOK, Y KO-
TOPOTO aMITINTY/1a alloAN3UPOBaHa rayccHaHoM [ 12]

. 2
G = Lexp| P Q.1
q
JUIL TOTO, YTOOBI IYYOK IIEPEHOCHSI KOHEYHYIO
MOIIHOCTh. Toraa KOMIUIEKCHYIO aMILIMTYIy rayc-
COBOIO/I00HOTO ITy4YKa MOKHO MPEJICTaBUTh B (hopme
F =Gh. 2.2)

B wnTore TpexmepHbIe BEKTOPBI JIEKTPUUECKO-
ro E u marautHoro H monei rayccoBomomoOHOTO
My4Ka C OJTHOPOIHOH MOJISIpU3anre UMEIOT BH

e V
EC eﬁ(lei_l_mj.e” n
k k -

€ ilr, iV
H==G|[ee |-—|=-——F.
n klg k
OHepreTudeckne XapaKTepUCTUKH TayCCOBOIOA00-

HBIX ITYYKOB!:

ho (2.3)

z

w=—|Gh, S, =Sw="|anf.
&n n 8n

18

OO01mas MIOTHOCTh MOTOKA DHEPTHH S I BEKTOP-
HBIX OJHOPOJHO TOJISIPU30BAHHBIX I'ayCCOBOMOI00-
HBIX MOJI:

2 "
S=Swle +th2y" [VL,e_,,]2~|h| +q°pf‘*’
n 2k|h| l4]
2.4)

zr, Im(y*-V h)
PEL T
C/—

3nech Mbl IpeoOpazoBand S, U BBIACIWIN SB-

=S, +S,+8,.

HO cj1ara€MbI€, OTBCTCTBCHHBIC 3a ITJIOTHOCTH 0p6I/I-
TaJIbHOI'O So 1 CIIMHOBOTO SS IOTOKOB 3HEPIrum,

cnenys bexmaesy [17], [18] u beppu [19].

3 I110THOCTH NMOTOKA JHEPTUU CTAHAAPTHBIX
ny4ykoB Jdpmura — ['aycca

B kauecTBe mpuMepa KOHKpETH3HpyeM oOmmue
BeIpaxkeHus (2.4) nns BektopHbix sH-G myuxos. Le-
JIecoo0pa3Ho TeperTH K Oe3pa3MEepHBIM IEepeMeH-
HBIM [20]

x=2y=2 7-%2. (3.1)
Z,

3neck x, U z, =kx, /2 — HEKOTOPBIE XapaKTEPHBIE
BEIICCTBEHHBIC pPa3Mephl MydYka B HAIMPABICHUSX,
nmapaienbHeix ocsiM 0X m 0Y cooTBeTcTBEeHHO. B
0e3pa3MepHBIX BEIUYNHAX rayCCUaH
1 iR’
G zaexp ? .
rie R>=X>+Y?. (X,Y,Z) — HODMHPOBAHHbIE KO-
opaMHATBHL.  Be3pasMmepHbBIi  mapaMmeTp — Iydka
O=q/zy; r =R x,.
PacxoauMocTh MydKa OIpEAeNseTcs, Kak W3-
BECTHO, B 3HAYUTENBHON CTENEHH PaCXOAUMOCTBIO
rayccuana [1], [2]. ITomyyron pacxoauMoCTH Tayc-

coBa my4ka 6, = , TJle MUHUMAJBHBIN paiiyc

i
g/ . Koadduument

napakCUaJIbHOCTHU (OTHOI_HGHI/IG MonepeyHoro mac-

IIydKa B NEPCTIKKE W, =

X, W,
_ 70 _ 0
mraba x, K NpojoisHOMy z,) 6 =—=6,6— 1o
Zo Zo
HOPAAKY BEIMYMHBI CPAaBHHMO C PACXOIUMOCTBIO
rayccuana 6. IlosTomy KOA(pQHUIHUEHT mapakcHaib-
Hocti 6 pasen 0, npu x, = w,. Ho, B 00wewm ciy-
Yae, HalpuMep, Iocie IPOXOXKICHUsS IydKa depes
JMHENHHYIO0 ONTUYECKYIO CUCTEMY PaJUyC Ilyuka w,
U3MEHSAeTCS, U TOTJa X, # W,.
Kowmmnekcnas ckansiprasd ammmryaa sH-G myuxa
F =Gh=GH, H, exp(-i(m+n)®,) (3.2)
BBIPAXKAETCSl Yepe3 MOIUHOMBI DpMHUTA
= % . = k .
H, =H, (b*X); H,=H, (b*Y); (3.3)

2
rne b=, ——.
V1+22
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Tonapusayuonnvie u snepzemuueckue c0NUCMBA BEKMOPHBIX 2AYCCO80N000OHbIX nyukos. 1. O0nopoonas nonapusayus

IMoacraenss (3.2) u (3.3) B (2.4) Haxomum 00-
Y0 TUIOTHOCTh TOTOKA SHEPTHH JUIS BEKTOPHBIX
sH-G myukoB B Oe3pa3MepHOii popme:

0ZR
S=S.4e.+ % +th2y"
1+Z

n m

X{R% +2(1+2Z%) -(ex HZ”“ —e, mZ'”‘l D}E 3.4

=S, 48, +S,.

3,I[CCB IUIOTHOCTH TIPOAOJIBHOTO IIOTOKa JHEPIrUu

2, a (e,e) u (e,e) — basnc-

S. ==|GH, H,
8nn

HbI€ BEKTOPHI JEKapTOBOM U IIMJIMHJIPUYECKON CHC-
TeM KOOPJMHAT COOTBETCTBEHHO.

XapakTepHble 3aKOHOMEPHOCTH IOMNEPEYHbIX I10-
TOKOB SHEPryH MPECTaBICHbI Ha pUCYHKax 3.1 1 3.2.

IIpoBeneHHBIE aHANUTUYECKHUE BBIKIAAKH U
rpaduyeckoe MOJEIMPOBAHNE TPUBOIAT K CIEIYIO-
MM BBIBOJAM:!

1. TIIOTHOCTH MONEPEYHOTO MOTOKA SHEPTHH
3HAYNUTENFHO MEHBIIE MPOAOIBHOTO (BZOIb OCH ITyd-
Ka) TTOTOKA, I03TOMY MX OTHOILICHHE

IS.|/]S.

PaBHO 1O MOPAAKY BECJIMYHMHBI pAaCXOAUMOCTHU IyYKa
0,.

2. IIMOTHOCTP TONEPEYHOTO TOTOKA SHEPTUN

9JIEKTPOMArHUTHOTO TOJIS MydKa S, MOKHO pasjie-

cw,/ z,

JIUTh Ha CIMHOBYIO S , 3aBHUCSLIyIO OT HOJApU3a-
LMK 4YacTh U Ha OpOMTalbHYI0 S, 4YacTb, 3aBUCA-
LIYIO TOJILKO OT HMPOCTPAaHCTBEHHOW KOHQHTYpaluu
nyuka. Opburansubiil notok S, mit sH-G mydkos
HampasJeH CTpOro paguanbHo. ORHAKO CHMHOBBIA
MMOTOK JHEPTHH, 3aBUCSIIUN 0T K03 HUIIMEHTa ITO-
napuzanmu ¢ =th2y", uMeeT Kak a3sMMyTaJBHYIO,
TaK ¥ PadaIbHYyI0 KOMIIOHEHTHI.

3. Ilpu yBenMUYEHUH pAcCTOSHHUS P OT OCH
Iy4YKa pajuaibHbIe OTOKH SHEPrUM S, yMEHbIIa~-
I0TCsl MeUICHHEe, YeM a3MMyTallbHble S, U 109TO-

My TIOCTEIICHHO paJWaibHBIC MOTOKA CTAHOBATCS
Mpeo0IaIAI0IUMK 110 CPABHEHHIO C a3MMYTallbHbI-
MU (CM. pUCYHOK 3.2 (a)).

W=\
A\
(@)

' \f_((! ’,(_}C(QI o)) ))3 ]
Sy

N\

===,

=]

(=]

a4 2 0 2 4
(@)

Ia |

4 3 0 2
(0)

Pucynok 3.1 — (a) TuHMY IUIOTHOCTH S| HOTOKA 3HEPruH; (b) IMHUYU IUIOTHOCTH S, IMOTOKA SHEPIUM BMECTE C

€ro HHTEHCHBHOCTBIO; (¢) MOJIHAs HHTEHCUBHOCTB ITyYKa.
O6mme mapametpsl SH-G myuka: m=1;n=2;t=1;Z=0

===\
=
N
o eI

-2

4

AF

]
4 2 0

(@)

PucyHok 3.2 — (@) 1uHMM IIIOTHOCTH S, TOTOKa 9Hepruw; (b) NMHUM MJIOTHOCTH S| IMOTOKA SHEPTHUH BMECTE C

€r0 MHTEHCHBHOCTBIO; (¢) MOJIHAs HHTEHCUBHOCTD ITy4YKa.
Oo6mmue mapametpsl SH-G myuka: m=1L,n=2;t=1;Z =1
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4. Ilpn nuHEeHOHN moNspU3aMy Mydka (Tornaa
t =0) a3uMyTalbHBIN ITOTOK SHEPTHH CTPOTO PABEH

HYJIIO, a JIMHUHM TIOTOKA DHEPTUH IPEICTABISIOT CO-
001 BBITSHYTBIE THIIEPOOITBI BOKPYT OCH ITy4Ka Z.

5. C yBelIWYCHHEM CTENCHH NOJIApU3aLUN ¢
JMHHUU TIONEPEYHBIX ITOTOKOB SHEPTHH IIOCTEIIEHHO
3akpyunBatorcsi. C BO3pacTaHHEM p WIN z 3TH JIU-

HUU TIOCTENEHHO PacCKPy4YHBAIOTCSI.

6. C yBETMUEHHUEM PACCTOSHUS Z OT MEPETSHKKHI
My4yKa CBETOBOE IMATHO YBEJIMYUBAETCS, Kak s
KpYyroBOro rayccona my4ka. CBeTOBO€ MSTHO UHTEH-
CHUBHOCTH B IIOTICPEYHOM CEUCHHU ITyYKa pa3esicHO
Ha OTIEIbHBIC 00IacTH (JIOMEHBI) TEMHBIMH JITHUS-
MU, B KOTOPBIX MHTEHCHBHOCTH OOpaIIaeTcsi B HyJb.
Uucno nomMeHoB paBHO N =mXxn, TAe m U N — UH-
JIEKCHI TIOJTMHOMOB DpMHTA.

7. TeMHbIE TUHUU OTIMCHIBAIOTCS MPSIMBIMU

x=c,, y=c,

rue ¢, W ¢, — KOPHHM IOJIMHOMOB Opmuta H | n
H | coortBercTBEHHO. YHUCIIO TIPSAMBIX PABHO IIPOM3-
BEJICHUIO MHIEKCOB mn. B TpexMepHOM mpocTpaH-

CTBE 3TUM JIMHHUSIM COOTBETCTBYIOT IMJIMHApHYE-
CKHE TIOBEPXHOCTH C HYJEBOH HHTEHCHBHOCTBIO,
BBITAHYThIE BA0Ab ocu OX mwmu OY. 3TH noBepxHO-
CTH pa3ZeNsIoT My4YoK Ha oOmactu. BHyTpH Kaxmon
00J1aCTH TTOTOKH 3HEPTHH aBTOHOMHBI U HE TIEPeXo-
IISIT B pyTHE 00TIacTH.

8. Ha pucynkax 3.1 u 3.2 (a u 6) n300paxeHsI
rpauKy JMHHUH IMONEPeYHOro IIOTOKA DHEPTUH U
€ro MHTEHCUBHOCTH. [0 MHTEHCUBHOCTH MOTOK Je-
JIUTCSI HA HECKOJIBKO IISITEH, X YHCIJIO PABHO

N=(m+1Dx(n+1),
Kak ¥ A TSTE€H MPOJOIBHOrO mMoToka. OmHako
pacIosIoXeHne 3TUX MATEH U UX (opma TOIBKO Jac-
THYHO COOTBETCTBYIOT IIATHAM IPOAOJIBHOTO IOTO-
Ka, YTO HaTJISIIHO BUIHO Ha pucyHKax 3.1 m 3.2.

9. B monepedyHo# MIOCKOCTH JIMHUU TOTIEpeU-
HOTO IIOTOKa O3HEPrMU IPEICTABISAIOT BUXPEBBIE
KpHBBIE (PHEpreTnvecKre BUXpHU). B meHTpax stux
JHEPreTHYECKUX BUXpeH S, =0 ¥ ocTaercs TOJIBKO

MPOJIOJIbHBII MOTOK 3HEpruu. Yucno BUXpel paBHO
YHCITy TATeH. VIHTepecHo, 94To MpH Mepexoie depes
MIOBEPXHOCTH HYJIEBOW WHTEHCHBHOCTH HarpaBJie-
HUS BpallleHUs BUXpEH U3MEHSIOTCS Ha NPOTHBOIIO-
JIOKHBIE.

10. KaptuHa mnomepeyHbIX MOTOKOB SHEPIUU
o0najaeT TOUYEYHOH TPYyNIoi cuMMmerpun 2_m'.m),

T.€. OCBI0 CHMMETPHU 2 TIOpSIKA M IUIOCKOCTAMH
cummeTpun m, W m,. IITpUXK TIPU MIOCKOCTSX

’
X

r
CUMMCTpUU m_. U my O3HA4YaroT, 4TO MIpU OTpaxKe-

HUSX TaKOKe M3MEHSAIOTCSA HANpaBJICHUS ABMKCHUS
IIOTOKOB SHEPIHHU Ha MPOTHBOIOJIOKHBIE.

11. Bo3Bpamasice k o0mieil kapTHHE, MOXHO
CKa3aTh, 4TO JMHHUH MOJHOTO ITOTOKA SHEPTUH IPEe-
CTaBJISIIOT COOOM MPOCTPAaHCTBEHHBIE KPHBHIE, HMe-
I0IIUE HEOOIIBIIOE KPyUCHUE.

20

3aki04ueHne

HaiineHsl npocThle BRIpaXKEHHS 1S ITIOTHOCTH
MIOTOKA SHEPTUH HIEKTPOMArHUTHOTO MOIA S BEK-
TOPHBIX T'ayCCOBOIIOJOOHBIX IYYKOB C OJHOPOJHOM
nonsipuzanueil. HailinenHsle o0mue BBIpaXKeHUS
MOTYT HEMOCPEACTBEHHO ObITh IPUMEHEHBI IS
JPYTHX TUIIOB BEKTOPHBIX I'ayCCOBOIOJOOHBIX ITydY-
KOB, HampuMep, A nydkos beccens — aycca, Jla-
reppa — ['aycca, Kymmepa — I'aycca.

B pasznene 3 obuiue pe3ynbTaThl KOHKPETH3H-
posansl 111 sH-G mydkoB. Y cTaHOBIEHO, UTO MOTO-
KM SHeprum cBeToBbIX sH-G myukoB paspmensiorcs
Ha OTACNbHBIC HE3aBHCHMBIC 00JacTH (IIOMEHBI).
CyIecTBeHHO, YTO BHYTPH KaXKI0H 001aCTH MTOTOKA
SHEPruy aBTOHOMHBI M HE NEPeXOiIT B Apyrue 00-
JIACTH.
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MOAEJHUPOBAHMUE ITPOLHECCOB INOJAPUSALNUU-AEINIOJIAPUSALTINN
AKNUIKOAUCHIEPCHBIX CUCTEM
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1 . .
Tomenvckuii cocyoapcmeennviii ynusepcumem um. @. Ckopunsi
2
Hnemumym mexanuku memanionoaumepusvix cucmem um. B.A. benoco HAH Benapycu, [ omens
3
000 «BHUHDOKC», Munck

SIMULATION OF POLARIZATION-DEPOLARIZATION PROCESSES
IN LIQUID-DISPERSE SYSTEMS

V.A. Goldade'?, E.A. Tsvetkova', I.V. Shalamov®

'F. Scorina Gomel State University
2V.A. Belyi Metal-Polymer Research Institute of NAS of Belarus, Gomel
3Limited Company “VINEX”, Minsk

Ipennoxena ¢u3ndeckass MOEIb MOIIPU3ALMOHHBIX POIECCOB B JKHAKOJHUCIIEPCHBIX CHCTEMAaX, IIOCTPOCHHAS Ha IpUMepe
CIIUPTOBOTO PACTBOPA IOJIMBUHHIOYTHpAls U AUCHEpCHOro (epputa Gapus. IIpuBeaeHb! 3KCIIEPUMEHTAIbHbIC U PacyETHbIC
KUHETUYECKHE KPUBBIC MOAPU3ALMU U H30TEPMUUYECKOH AETIONAPU3ALMU AT PA3HBIX PEKHMOB IOSIPU3ALUM (JUINTEIbHAS
MoJISIpU3alMs MPU MaJIbIX IOJIAPU3YIOIUX TOKaX, MHOTOKpaTHas KPaTKOBPEMEHHasl LMKIMYECKas IOJIpU3alus, KpaTKoBpe-
MEHHas MOJApH3aLKs HPK OOJIBIIMX TOKaX). Moieb Aenonspyu3alyy OCHOBaHA HAa PEIAKCAl[MOHHBIX SBICHHAX, 00YCIOBIICH-
HBIX UG (y3HOHHBIMU IIPOLECCAMHU B IOSIPU30BAHHBIX XKUIKOAUCIEPCHBIX CHCTEMAaX.

Knrouegvie cnosa: oucnepcuonnas cpeoa, noruguHuiGymupans, geppum éapus, RiomHocns moka, RPUdekmpooHbslil Clou.

A physical model of polarization processes is proposed for liquid-disperse systems worked out on the example of solutions of
butyral resin and dispersed barium ferrite. The experimental and theoretical curves of polarization and isothermal depolarization
are given for different polarization parameters (long-term polarization under low polarization current, multiple short-term cyclic
polarization, high-current short-term polarization). The depolarization model is based on the relaxation phenomena generated
by diffusion processes in the polarized liquid-disperse systems.

Keywords: dispersion medium, current density, polarization, depolarization, near-electrode layer, voltage.

BBenenue

MHOTOKOMIIOHEHTHBIE )KAIKOTUCTIEPCHBIE CHC-
tembl (OKJIC), miM KOJUTOMIIHBIC CUCTEMBI, ITUPOKO
pacnpocTpaHeHbl B MPUPOAHON Cpelie U UCIOJb3Y-
I0TCA B MEIUIMHE, NPOMBIIUIEHHOCTH M JAPYTUX
00JIacTSIX YeNOBEYECKOW IKu3HenesiTensHocTH [1].
DTO MOJMMEpHBIE TENU, UCIIOJIb3yeMble ISl CO3/a-
HUSL MaTepHaJioB C KOMIUIEKCOM PETyIHUpPyeMbIX
CBOWCTB B MEAMIIMHCKOW TEXHUKE, 3JIEKTPOHUKE M
MPHOOPOCTPOCHUH; STO TPUPOIHBIC BOJBI, UCIOIH-
3yeMble B PA3IMYHBIX TEXHOJOTHYECKUX IpoIeccax
WIA TIOJUICXKAIINUE OYUCTKE M (PHIbTpAIHMH; 3TO Oy-
POBBIE U TaMIIOHAXKHbIE PACTBOPHI, IPUMEHSIEMbIE B
OypeHun HeTSHBIX W Ta30BBIX CKBAXKWH; HAKOHEI,
3TO OMOJIOTHYCCKUE KUIKOCTH OPraHU3Ma YeJIOBEKa
— KpPOBb M CBIBOPOTKa KPOBH, CIIMHHOMO3TOBas
CHHOBHAJIbHAS JKMIKOCTH, MOYa U CJIIOHA, [0 M3Me-
HEHHUIO CTPYKTYpPHI U CBOMCTB KOTOPBIX MOXHO CY-
IUTH O COCTOSTHHH 3[IOPOBBS denoBeka. Mccnemosa-
aue JKJIC mo3BoNsIeT MOAETHPOBATH MEXAHU3MBI
[EJICBOM JTOCTAaBKU JIGKAPCTB, JICUCOHOTO NEHCTBUS
JIEKapCTBEHHBIX CPEICTB, a TAKXKE JaeT HOBbIE JIaH-
HBIC VIS pa3pabOTKU MATPHII, HA KOTOPBIX BBIPAIIH-
BalOT OMOTKAaHM.

[Tpu uccienoBanny MHOTOKOMIIOHEHTHBIX JKJIC
[IMPOKOE PACIPOCTPAHCHHWE TOINYYMIA METOMIBI
© lNonwoaoe, B.A. L[eemkosa, E.A. [Llanamos U.B., 2016
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KOHTPOJISI CTPYKTYPHI M COCTaBa KOJUIOMIHBIX CHC-
TEM M0 HX ANIEKTPOPU3NICCKAM XapaKTEPUCTHKAM
[2]-6], uTO 0OBsICHSETCS OOTATHIME BO3MOXKHOCTSI-
MH METOJIOJIOTUH ABTOMAaTH3MPOBAHHOIO cOOpa H
KOMIIBIOTCPU3UPOBAHHOTO aHAM3a HHPopmaruu. K
OCHOBHBIM (pakTOpam, ONpeelsIONM MOBE/ICHHE
KIC mpu smexTpodu3nuecKux U3MEPEHUsIX, OTHO-
CATCS: pa3Mep M KOHIEHTpAalWs YacTHI], KOHIICH-
Tpauusi JJIEKTPOIHUTOB, TUDICKTPUYECKas MPOHU-
a€MOCTb, 3apsI ¥ IOTEHINAJ IIOBEPXHOCTH YaCTHII,
BpEeMsI pellakcariy 3apsja.

[Tyrem aHanmm3a KWHETWYECKHX 3aBUCHMOCTEH
TOKa JCTOJIAPH3aliU OBLTH YCTAaHOBIICHBI 3aKOHO-
MEpPHOCTH M3MEHEHUS! CTPYKTYpHI refieil MoJuBUHU-
JIOBOT'O CIIMPTa, HAIIOJHCHHBIX KCJIAaTUHOM, Marau-
HoM U Na-KMI] (HarpueBast coiib KapOOKCHMETHII-
nemtono3sl) [7]-[10], u pacTBOpoB MOTUBHHUIOY-
tupaniss (IIBB) [11], 9To MO3BONMHMIO ONTHMH3UPO-
Bath cocTaBbl JKJIC Mo KpUTEpHIo MX CTPYKTYPHOM
YCTOIUYMBOCTH. Y CTAaHOBJIEHO, YTO (DaKTOp yCTOWYH-
BOCTH CBSI3aH C CYILIECTBOBAHUEM IBOMHOIO 3JEK-
TpUUecKoro cijos Ha yactuuax [12]-[13] u onpene-
nsieTcsi 100aBOYHOM 3JEKTPOCTATHYECKOW COCTaB-
JIAIONIeH paCKIMHUBAIOIIETO JaBIECHUS U SHTPOMMH-
HOM COCTaBJISIOIIEH (DU3NKO-XMMUYIECKOIO B3aHMMO-
JNEWCTBUS KOMIIOHEHTOB cHCTeM. TakuMm o0pazom,



Mooenuposanue npoyeccos noaspu3ayuu-0enoIAPU3AYUL HCUOKOOUCNEPCHBIX CUCEM

0 CTPYKTYpHOH YCTOMYMBOCTH Teneo0pa3HBIX CHC-
TE€M MOXHO CyIUTb MO aHAJINU3y HOISIPU3ALHOHHBIX
npoueccos, nporekaromux B JKJIC mpu mpomycka-
HUM 4€PE3 HUX TOKA.

[pu m3yuenun XKJC Ha OCHOBE ITOJMBUHUIO-
BOIO clupTa wiu cnuproBoro pacrsopa IIBbB, Ha-
MOJTHEHHBIX (heppOMarHEeTHKAMH, YCTAaHOBJICHO, YTO
MOJISIPU3AUOHHBIE CBOMCTBA CHCTEMBI OIPEICIISIOT-
CS COCTOSHHEM MAarHeTHKa (HaMarHHYeH WM He
HaMarHu4eH), XapakrepoM (GOpMHUPOBaHHS OO0BEM-
HOTO 3apsja BOJIM3M AJIEKTPOJOB U BEJIMYMHON TOKa
noispuzaiuy. C yBelnWYEeHHEM TOKa TMOJIpU3AIUU
MPOUCXOJIUT PE3KOE UCTOLIEHUE» PacTBOpa (yMEHb-
[IEHHE KOHLEHTPAMM YacTHI] HANOJIHUTENS B 00b-
eme), 1 HabJIo/1aeTcsl BeepooOpa3Hoe pacxosKaeHue
KPHUBBIX JEMONSIpU3alUU MPU HOBTOPHBIX H3MEpe-
Husix [14]-[15]. duznueckoe MOAEIMPOBAHUE MO~
puzarmoHHBIX mporieccoB B JKJIC MoxkeT pacuu-
PUTH TPEACTABICHUS 0 MEXaHU3MaX IMOJIIPU3ALNHU B
TaKAX CHCTEMax.

Lenbro paboTHI SBISETCSI MOACTHPOBAHUE TIPO-
[IECCOB TOJSIPU3AINN-ACTIONAPHU3ALUN Ha TpUMeEpe
JKAJIKOJIMCIIEPCHON ~ MaJIOMPOBOJAIIEH  CUCTEMBbI
«CIIMPTOBOM PAaCTBOpP TOJIMBHHWIOYTHpAIsS — dep-
put 6apus» (IIBB-DBb).

1 MaTtepHaJibl M METOAbI HCCJICAOBAHUS

[IpenmeTom ucCcienoBaHUs CITyKWIA MOJAEb-
Has cucrema [IBB-®b. Bribop I1Bb o0yciosnen
€ro Xopoluiel pacTBOPUMOCTBIO B CITUPTAX U UYBCT-
BUTEJIBHOCTBIO K AJIEKTPOMATHUTHBIM moJsiM. Mc-
nosib3oBanu [IBb mapku III-1 ¢ monexyispHOi
maccoit (30-200) teic. (I'OCT 9439), cnupT >THITO-
Bt (I'OCT 18300) m HaMarHWMYEHHBIH MOPOIIOK
®b (BaO-6Fe,0;) ¢ rekcaroHanbHOM IUNIOTHOYIIAKO-
BAHHOW KPHUCTAJUIMUYECKON PEIIeTKON U pa3MepoM
yactun 1-4 mxm (TY 6-09-591-81). Hamarunuen-
HbIIl @b 00BIYHO AMCHEPTUPOBAH B PaCTBOPE B BUJIE
arnoMeparoB u3 5—6 uacrtun. KoHneHnTpanus pac-
TBOpa [IBb B criupre Oblia HEM3MEHHOH M cocTaB-
mima 7 mac. %. Konnenrtpammsa ¢eppura Oapus B
JKJC cocrapmsina 10 mac. %.

UB 1, nmch

NN\

! JEIIOIAPH3aHA

IMOIAPH3aIHA

i, C
Pucynok 1.1 — Cxema u3mepeHus noJsipu3aioH-
HBIX MPOLIECCOB B JKUAKOJUCIIEPCHBIX CUCTEMAX:
1 — MCTOYHMK TOKA; 2 — U3MEpUTENbHas d4eiika
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OKCHEepUMEHTHI MPOBOAMWIN C HOMOIIBIO TIPO-
rpaMMHO-aMMNapaTHOro0 KOMIUIEKCa — aHaIu3aTopa
JUcTIepcHBIX cucteM [16]. ns uccnenoBaHus uc-
MOJIB30BATIM METOJ] M30TEPMHUECKON Aenospusa-
uun (UT/I), ocHOBaHHBINM Ha penakcalyy 3apsijia B
nossipu3oBaHHoM audnekTtpuke. UT/] asnsercsa ox-
HUM 13 METOJIOB KOMIUIEKCHBIX 3JIEKTPOPH3MIECKUX
uccnenoBanuit aus kourposist XKIC [4].

Hccnenyemyto cucrteMy HMOMELIAIH B M3MEPH-
TENBHYIO SIUEHKY U MPOITyCKAIM TOK HOJSPU3ALUH 1,
(mmanazon TokoB oT 100 m01000 MKA), KOTOpBIH
MOJ/IePKUBAIN HEM3MEHHBIM B TEUCHHE Ka)KAOrOo
9KCIICPUMEHTA [TOCPESACTBOM OOpaTHOM CBsi3u. Peru-
CTPHPOBAJIN HM3MEHEHHE BO BPEMEHH HANPSHKEHMS
U(t) na sueiixe (pucyHok 1.1, 1eBas 4acTh), KOTOpoe
ABJISICTCA BEJIMYMHON NMEPEMEHHOM U XapaKTepu3yeT
HOJISIPU3ALUIO CHCTEeMBI. M30TepMHUUYEeCcKyI0 Aernons-
pH3anunIo IPOBOIMIIN B TOW XKe sUeiKe, n3Mepsisi TOK
nenossipuzanuu [(f) (pucynok 1.1, npasast yacts) B
psizie ciydaeB OCYIIECTBISUIM ITOBTOPHbIE (MHOTO-
KpaTHBIC) M3MepeHns 3aBucumocteid U (f) aepe3 om-
pelielieHHBIE paBHbIE IPOMEKYTKH BPEMEHH T (LIMK-
JIMYECKask TOJISPU3ALHA- ACIOIAPHU3ALINS).

2 JKcNepUMEHTAJIBHBIC Pe3YJIbTATBI

B npouecce nossipuzaun JK/IC Habnronaercs
POCT HaIpsHKEHUsI Ha siYeHKe MPH ITOCTOSIHHOM TOKE
TIONSIPU3AIIN JUTS TFOOBIX 3Ha4eHuii /, (pucyHok 2.1, a).
XapakTep KHHETHYECKHX KpPUBBIX MOJSPH3ALUH
KC ornuyaercst OT aHaJOTHYHBIX MOJISIPU3ALUOH-
HBIX 3aBHCUMOCTEH JJIsl HEHAIIOJIHEHHBIX PAacTBOPOB
[IBB [6] yg4acTKOM HHTEHCHBHOTO POCTa HaIpsDKe-
HUS, OTPAaHMYCHHBIM BO BPEMEHH. XapakTepHO, UTO
IUIOMIAN IO OTPE3KaMH KPHBBIX, XapaKTePU3YIO-
IOIMX 3TH YYaCTKH, MPUMEPHO PaBHBI JUIS Pa3HBIX
TOKOB TOJISIPU3ALUN. DTO CBHIACTEIHCTBYET O TOM,
YTO peajbHO B MEPEHOCE 3apsAia YJacTBYeT OAWHa-
KOBOE KOJMYECTBO HOCHUTENEH, a POCT HaNpsHKEHHs
Ha stueiike OOYCIIOBJICH KOHIEHTPAIIMOHHOW MOJIs-
pu3aluei, CBsI3aHHOW C BBIXOJIOM YacTHUIl U3 00beMa
XK C n nokanuszanueil 00beMHOT0 3apsiia B TOHKOM
TIPUAIIEKTPOIHOM CIIOE.

3aBepIieHUe yyacTKa MHTEHCHBHOTO POCTa Ha-
MIPSDKEHHST  CBUACTENBCTBYET O TIOJHOM «HCTOIIE-
HUW» pacTBOpa U GOPMHUPOBAHUH MPUIIEKTPOTHOTO
3apsAa0BOrO ciosi. JMUTENBHOCTh ATOTO IIpoIlecca
(B 3aBHCHMOCTH OT BEJIUYHMHBI TOKa TOJISPHU3AIIH)
COCTaBIIAECT OT HECKOJIBKHX JECATKOB JO HECKOJb-
KHUX COTEH CeKyH] (pucyHok 2.1, a).

[Mocnenyromast genonspu3anys XapakTepu3y-
€TCA OKCTPpEMAJIbHBIMHU 3aBUCHUMOCTAMU TOKa OT
BpeMeHH (pUCYHOK 2.1, 6), mpuyeM C yBeJIHMYEHUEM
TOKa MOJSPU3ALUH MaKCHMyM Ha KPHBOH JeroJs-
pH3anuy cMenaeTcs B 00JacTh MEHBIINX BPEMEH.

CoCTosiHHE «HCTOIICHHS» pPacTBOpPa MOXKET
OBITh TOCTUTHYTO KaK B PE3yJIbTaTe MHOTOKPATHBIX
KPaTKOBPEMEHHBIX ITHKIIOB «ITOJISPH3ALUS-TEION-
pH3aIMsT» TPU MaJIBIX TOKaX MOJISPU3ALUH (PHCYHOK
2.2, a, 6), Tak ¥ NOYTH Ccpa3y ke MPH OOJBIINX TO-
kax nonspuszaunu I, = 1000 MxA (pucyHok 2.2, 6).
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Pucynok 2.1 — Kunerndeckue KpHBbIE IPOLIECCOB MOJLIPH3ALMH (@) U JETONsApU3atit (6) B CHCTEME
«pactBop [1Bb — ®b» mpu pa3HbIx Tokax momspuzanuu (MkA): 1 — 100; 2 — 120; 3 —200; 4 — 300.
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Pucynok 2.2 — KuneTrka KpaTKOBPEeMEHHOM IIUKINYECKOM MOJsipu3anuu (a) U aenospusamnuu (0, )
cucremsl «pactBop [IBb — @by npu Tokax nonsipuzanuu (MkA): a u 6 — 120, ¢ — 1000.
Homepa Ha KpUBBIX COOTBETCTBYIOT HOMEPY IIMKJIA

PucyHnok 2.2, (6) wimocTpupyeT mporecc mpe-
JETBHOTO «HUCTOIICHHUS» CHCTEMBI, IOCTHI'HYTOTO
IPY MHOTOKPATHBIX IOBTOPHBIX M3MEPEHHAX yepes
kopotkue (t = 180 c) mpomexxyTku Bpemenu. OqHa-
KO TaKoe K€ COCTOSIHHE CHCTeMBbl HaOIIofaeTcs M
HOCIe JJHMTEIBHOTO HENPEephIBHOIO BO3IEHCTBUS
TOKa TMONApHU3alMy, Hampumep, B TedeHue 900 c.
CpaBHl/IBaﬂ COCTOSAAHHMEC CHUCTEMbBI ITOCJIE pa3IMYHbIX
PEKHMOB TOJISIPU3AIMN, MOKHO OTMETHUTDH CIIEAYIO-
miee: KpuBasi 3 Ha pucyHKe 2.2, (8) (pe3ysbTar Kpart-
KOBPEMEHHOH monspusaluy npu 60bmux /,) coor-
BETCTBYET KOHEYHOMY W3MEPEHHIO NPU MAaJbIX TO-
Kax HOJPH3ALMHU (CITydail MHOTOKPATHBIX KPATKOBpe-
MEHHBIX IIUKJIOB, KpUBasi 8 Ha pUCYHKe 2.2, 6) U UIICH-
TUYHAa KpHuBOW 2 Ha pucyHke 2.1, (6), orpaxaromieit
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MTOJISIPU3ALMOHHBIN TIPOIIECC B CHCTEME, TIOABEPTHY-
TON JUINTEIbHOW MOJSpU3ALMU IPU MaJIOM 3Haue-
HuH [,. Takum 00pa3oM, OY4EBHIHO MOJHOE CXOJCTBO
KPHBBIX JENOJISIPU3AINN, XapaKTePU3YIOIX KOHEY-
HOE COCTOSIHUE CHCTEMBI, T. €. «UCTOIIEHUE» PaCTBO-
pa. He3HauuTenbHbIE OTKIOHEHHS B aOCOIOTHBIX
3HAQUYCHUAX TOKOB ,uenonapmauuu BO3HHUKAKOT B pe—
3yJIbTATE €CTECTBCHHOM Pa3HMIIBI HE3aBUCHMBIX MPOO,
YTO BJIUSACT HaA HOFpeIJ_IHOCTI) 3KCl'lepl/IMeHTa.

3 TeopeTnyeckasi MoJeNb

3.1 IIpoyecc nonapuzauyuu K/IC

[lockonpKky TOK B siU€iiKe MOAAECPKUBAECTCS
ocTostHHBIM, TipoBoauMocTh JKJIC cHmkaercs 3a
CUeT HOCHUTENEH 3apsa, KOTOPbIEC JOKAIN3YIOTCS B

Ipo6remvr usuxu, mamemamuru u mexnuuxu, Ne 1 (26), 2016
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MIPURJIEKTPOTHBIX 00JIACTSAX M3MEPUTEIBHON sTUESHKH
U TEepecTaloT y4acTBOBaTb B IIEPEHOCE 3apsIOB.
OKCNEepPUMEHTAJIBHO YCTAaHOBJIEHHOE JIMHEHHOE W3-
MEHEHHUE TMPOBOJUMOCTH BO BpemeHH [15] cBuue-
TENBbCTBYET O TOM, YTO M3MEHEHHE KOJIMUYECTBA HO-
cureseil B 00beMe NOAYMHSCTCS BBIPAKEHHIO:

N(@)=N,—at, 3.1
rae Ny — HavaJlbHOE KOJIMYECTBO HOCHTEINIEH 3apsiia
B sSTYCHKE, @ — HEKOTOPBINA KO DHUIHECHT.

B cuny nuHEHHOCTHM 3aBUCHMOCTH MPOBOJU-
MOCTH OT BPEMEHH, KOJIUUECTBO HOCUTENEH 3apsiia B
s4elike, BHIOBIBAIOIIMX M3 Tpolecca MPOBOJUMOCTH
B €IMHUILY BPEMEHHU, €CTh BEIMYMHA TIOCTOSHHAS:

AN =1/¢q = const, (3.2)
rie ¢ — 3pPEeKTUBHBIN (CpeHUI) 3apsi/] YaCTHLIBI.

Torma KoIMUYECTBO YACTHI], Y4YacTBYIOIIHUX B
MIPOBOJIUMOCTH, B MOMEHT BPEMEHHU ¢ PaBHO:

N(t)=N,—ANt=N, -1t/ q. (3.3)

B pabote [15] otmedanocs, 9To «3¢peKT Bee-
pa» (puCyHOK 2.2, a) HaYMHAET MPOSBIATHECSA IIPH
3HAYEHHAX HOJApHU3YIomero Toka [ > I, (rae Iy, =
=100+ 120 MKA), KOTOpOMY COOTBETCTBYET KpH-
THYECKas HANPSHKEHHOCTh £y, DJIEKTPUYECKOrO 11015
B siueiike. Torna neiictByromiee (3ddexTrBHOE) 3HA-
YCHUEC HAIIPSX)KEHHOCTH I10JIA B STYCHKE MOXKHO npea-
CTaBUTh KaK

E., 34

rae E — HanpsHKEeHHOCTh BHEITHETO SJIEKTPHYECKOTO
OIS,

YBenu4yeHne COmpoTUBICHUS 00pasla MpH IMo-
CTOSIHHOM TOKE 03HAYaeT YMEHBIIECHHNE YNCIIa HOCH-
Tenel 3apsma, CIIOCOOHBIX IEPEeMEIIaThCsl B €ro
o0BeMe O] BIMSHUEM BHEUIHETO JIEKTPHYECKOTO
noJisi. [TpunHumast GopMy KOJJIOWIHOM YacTHUIBI Iiia-
pPOOOpa3HOM, BEIMYMHY TOKa B sSYEHKEe B IEPBOM
PUOJTIMKSHUN MOXKHO OTPeeuTh 1o Ghopmyite [17]:

1(t) = gN(t)v(t) = ¢*N(DE(2) / (6nnr) =
=¢’N(OU(2)/ (6mnrd),

rJie ¢ ¥ r — 3apsij U yCIoBHbINA (3¢ deKTHBHBII) pa-
Iuyc JacTHnbl, N(f) — 4UCI0 HOCHUTENeH 3apsaa B
npoOe B MOMEHT BPEMEHH #, 1| — BSI3KOCTb CpPE/Ibl,
E(f) — cpenHsisi HaIpsHKEHHOCTh AJIEKTPUUECKOTO
noJisi, d — pacCTOsSTHUE MEXKAY dJeKTpomamu, v(t) —
CKOpOCTh NBWXKeHUs yactul, U= E/d — Hanpsoke-
HUE MEXITy JICKTPOJaMH.

Hcxonst u3 ypasHenuit (3.3)—(3.5), momyunm
JUTA TOKa ypaBHEHHE B HESIBHOM BHJIE:

S¢*N(E-E
1) = g N( w) _
6mnr

=FE-E

Kp

3.5)

(3.6)

By, 1wy,
d q v

rae S — miomane siekrpoaa, U, — HanpsuKeHue,
COOTBETCTBYIOIIEE KPUTHUUYECKOW HAMPSIKEHHOCTH

noJs, P = — KO3 GUITUEHT, TOCTOSHHBIN IS
mr

JTAHHOM STYCHKH U UCCIICTyEeMO MPOOHIL.
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Ilpun E < E,, vactuna ®b ocraercs HenmoaBux-
HOM, TOK B cUCTEeME OOYyCJIOBJIEH HaJM4YHeM BCerjaa
MNPUCYTCTBYIOIMX HOHOB JJIEKTPOJIUTOB (IHCCO-
UMPOBAHHBIE MOJIEKYJbl MOJIMMEpa U Pa3IUYHBIC
MIPUMECH), W 10 Mepe HAKAIUIMBAIOLIETOCS «HCTO-
LIEHUsD» PAaCcTBOPA MEUIEHHO MOBBIIIAETCS €ro Co-
npotusieHue. IIpu JOCTIKEHMH HANpPSKEHHOCTH
noJisi 3Ha4eHust E,, 4aCTULbl HANOJHUTENS IPUXO-
JT B ABMOKeHHE. [Ipu 3TOM TOK MONSpHU3alMNd MOXK-
HO TPEJCTaBUTh KaK CYMMY JBYX COCTaBIISIOLINX:
1) KBa3UIIOCTOSIHHOW MPUMECHON | 2) CBS3aHHOH C
JBIKEHUEM YaCTHI] HATIOJIHUTEINS B PACTBOPE:

1) = I, npu E < EKp, 3.7)

Iy+1, npukE=> EKp;

rae [y — «puMecHbIi» TOK, I} — TOK, CO31aBaeMbIil
JICTIEPCHOI (pa3oii.

DxcnepuMeHT nokasai [15], uto Benuuuna / B
ciryyae pactBopa [IBb 6e3 Hanonnurens toxe me-
HSIETCSl BO BPEMEHH (XOTs M ¢i1ab0), TO €CcTh ee TaK-
KE CIleJlyeT CUMTATh NEepeMEHHOH BEIMYMHON (HO
JJIs Hee OTCYTCTBYeT E,,). Bripaxenue (3.6) ¢ yue-
ToM (3.7) juist ciydast E > E,,, MOKHO NPEJCTaBUTH B
CJIE/TyIOIIEM BHUJIE:

I(l‘):M N,, —ﬂ U+
d 9, (3.8)

; I(0)t
By, Iy,
2
T/Ie MHACKCH «1» M «2» OTHOCSATCA K JBYM BHIaM
¢busnueckux Hocuteneit 3apsnoB: «1» — K pacTBOpy
TIBB, «2» — x yactuniam ®b.

[Tonyuyennoe Boipakenue (3.8) Moxaenupyet
Ipoliecc MPOTEeKaHHs TOKa B sSUeike MpH MOJsApU3a-
uu JKJIC ¢ ygerom craboit IpoBOAMMOCTH PacTBO-
pa I1Bb u npu Hanmuuum MakpoCKOMUYECKUX YaCTHUL]
Hanoiautenss (PB), crmocoOHBIX mMepeMemarhesi B
pacTBOpE U CO3/1aBaTh YKPAHUPYIOLIMIA CIOM B IpHU-
AIEKTPOIHBIX OOIACTSIX.

s nosyuenust 3apucumocta U = f(1,t), xo-

TOpasi SABJSICTCS PabOYUM BBIPAKECHHEM, IO3BOJISIO-
LIUM YHUCJIIEHHO CMOJENUPOBATh KUHETUKY MOJIPU-
sarmu JKJIC, HE0OOXOAMMO OLEHUTh 3HAYCHHUS KO-

2
3¢ dunnenToB f 1 UX Npou3BeICHUN P ZI N,, [Z_q u

gN,, Bxomsamux B Gopmyiy (3.8). IIpu 3HaueHusIx

U < U,, Bropoe crnaraemoe B BhIpakeHuu (3.8) B
cooTBeTcTBHH C (3.7) oOpamaercs B HyJb. Torna

1(t)
qul N — I(t)'t
d " q

Jns pacdera k03(p(PUIIMEHTOB HCIONB30BATH
3HAYEHHs OSKCIEPHUMEHTAIbHBIX [apaMETPOB IPO-
1ecca MoJsipu3alyy, MpUBeAeHHbIe B Ta0mie 3.1.

Bce koaddunuerTs ¢ nHaekcom «1» (mist pac-
TBopa [IBb Ge3 HamojgHWTENs) pacCUUTHIBAIM 10
¢dopmyne (3.9). Ilocie MOACTAaHOBKH IMOJYYCHHBIX
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3HavYeHui KodpduienToB B Gopmyiny (3.8) u yuu-
TBIBasi SKCIIEPUMEHTAIbHOE 3HAUEHHE KPUTHYECKOTO
Hanpsokenust Uy, = 1.4 B, monyyaem 3HayeHus Ko-
3¢ PULIHEHTOB ¢ MHIACKCOM «2» (mist ¢eppuToHa-
nosiaenHoi XKJIC). B Tabmuue 3.2 npuBeneHs! 3Ha-
YEeHUS! yKa3aHHBIX KO3()(HUINEHTOB.

Tabnmma 3.1 — [NapaMeTpsl pexKuMa MOJSIPU3aALUII

Tok Bpewms Hampsioxenue
MOJSIPU3ALUK |  MOJSIPU3ALUH Ha syYelke
I, MKA t,c U,B
Pacmesop 1IBb
100 0 1.294
100 90 1.361
Pacmeop 1IBE + 10 % @B
100 900 4.604
200 400 6.420
Tabnmma 3.2 — PaccunTanHble 3HAYCHUS
KO3 (HUITHEHTOB
2
%NO-IOS, 4 Bd—q-lo“, B-c)' | gN,, Kn
Pacmsop [IBb
7.72 | 422 | 0.183
Pacmeop [IBb + ©b
5.97 | 9.42 [ 0.063

[ToxcTaBuB paccuuTaHHBIE 3HAYEHHs KOIPPHu-
mueHToB B opmymy (3.8), mocie HECTOXKHBIX Ipe-
oOpazoBanuii moiydaem 3aBucumocts U = f(1,t)

JJIA pa3/IMYHbIX PCIKMMOB MOJIApU3ALIAN:

4
w7 wpuU <,

V= ?(')712;(3';?13 191t 3.10)
: - ), npuU>U,_.
1.37-13.641t ?

3nechk TOK / — B amnepax, a BpeMs f — B CeKyH/1ax.

Ha pucynke 3.1 mpexacrtaBieHBl pPe3ynbTaThl
pacdyera KMHETHYECKHX KPHBBIX MOJSPU3ALNU IO
¢dopmynie (3.10). Buano, yro pacueTHble KpHBBIC
JIOCTaTOYHO XOPOLIO COBMAAAIOT C JKCIIEPUMEH-
TaIBHBIMH (PUCYHOK 2.1, @) 3a HMCKIIOYEHHEM Ha-
YaJbHOTO Yy4YacTKa, XapaKTEePHU3YIOLIEro MpOBOIHU-
MOCTh AMCIEpPCHOHHOM cpenbl (pactBopa [1BB), ko-
TOpast He YYMTBIBAJIACh B JJaHHOW Mojenu. Cienosa-
TEJIbHO, UMEsl M3BECTHBIE XapaKTEPUCTHUKU JHCIEp-
CHOHHOU Ccpeabl (BA3KOCTh pPacTBOpa) W HAIIONHUTE-
75 (pa3Mep W KOHIIEHTpAIMs YacTHI[) MOXKHO 3apa-
Hee, 1o npurotosienus: JXJIC, oneHUTh X0 W OC-
HOBHBIE TTAPAMETPbl KWHETHYECKUX KPUBBIX MPOLIEC-
ca MOJISIPU3ALUH.

PaccMoTpuM KauecTBEHHO S(PQEKT MOSIBICHUS
«Beepay IMpH IMOCIIECJOBATEIbHBIX IIMKIAX «IOJSIPH-
3aLUsI-JCTIOSIPU3ALIUS» Yepe3 PaBHbIE TPOMEKYTKH
BpeMEHHM T (MHTEpBaJI MEXIy H3MepeHHsMHu). B
npolecce MOJIAPU3aALUM sTYeHKH O0OBEMHBIN 3apsin
(opmupyercsi B y3KUX MPHIIEKTPOJHBIX 00IACTAX.
B kaxaoM nukie mocie OTKIIOUCHHs BHEIIHETO
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TOJISIPU3YIOIIETO HAMIPSHKEHHST 00pa3el] MpeacTaBis-
€T co0Ol HEPaBHOBECHYIO CHCTEMY C M30BITOUHBIMU
KOHIIEHTPALUSIMM HOCHUTEJNEH 3apsfoB B IPHUAJIEK-
TpoIHbIX o6nacTsx. [Ipu n3orepmMuyeckoil BbLACPK-
K€ MPOMCXOJUT PACCSHHE 3apsiOB BCIEJICTBHE
TP PY3UOHHBIX TMPOIECCOB, U 00pa3ell NCIospH-
3yercs. OCTaBisisi BHE PAacCMOTPEHMs ITUCCHIIATHB-
HBIE TIPOIIECCHI, YCTAHOBHM BIHSHUE W30TCPMHUEC-
CKOM BBIIEP)KKH Ha XapakTep MPoLecca «IIOJsIpH3a-
LU~ IETOTIAPU3ALIIS.

UB

6.0

* // / -
N /’

1.5 —

0 300 600 900 7. ¢

Pucynok 3.1 — PacueTHble KMHETHUYECKHE KPUBbBIE
rpolecca NoJsipu3aly B cUCTEME
«pactop [IBb—®b»; Tokn nonspuzaunu f, (MKA):
1-100; 2 —120; 3 —200; 4 —300

[To ncTeueHnn BpeMEHH ¢ HA ANIEKTPOAE HAKO-
nurcst It/ g vactuy. CuuTaem, 4TO 3a Hpe/esamMu
CJIOS TOJIIMHBI & 3apsiabl OTCyTCTBYIOT (8~ 10 M)
[18]. Konuentparus yactuil Oyaet paBHa

e(t)=—L, (3.11)
qSo
rjae S —IJI01aab dIeKTpoa.

Y4auteiBasi, YTO KOJUYECTBO BEIIECTBA B CIIOC,

OTHECCHHOC K CAMHUIIC IIOIIATH,

c(t)-0S =1t/ q = const,
TO M3MCHEHHE KOHIIEHTPAIIMX YacTHUI[ 332 BPEMs T B
Tporecce N30TePMHUUYCCKON BBIICPKKH MOYKHO OITH-

caTb U3BeCTHOH (opmyoii [19, c. 431]:

2

I X
qﬁ'e 4Dt, (312)

rae D = kT / (6mmr) — koadduiment quddy3un yacTuir.
B cucreme npHCyTCTBYIOT 4acTHIBI C JBYMS
XapakTepHbIME pasmepamit: ~10™ M (Monexyssr [1BB)
u ~0,5-107 M (®B). B cnmproBom pactsope IIBB
(=1 Tla-c) mia monekyn IIBB D=~2-10" wm%c,
st yactuy ©b D ~ 4,3 107 m%/c. Jns nByx mocie-
JIOBaTEJIbHBIX MHTEPBAJIOB BPEMEHU T; U T, COOTHO-
LIeHNE KOHLEHTPAUX OyJIeT ClIeTyIOLIHM:

8 &

LGV AT

c(t,) T,

c(x,7) =

(3.13)
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Torma, moxacTaBnss 3HAYCHWS yKa3aHHBIX Be-
nuunH B (3.13) u npunumas t; = 1 ¢, 1, = 180 ¢, mo-
ay4daeM oTHorreHue o = c(t;) / ¢(1,), KoTopoe ormpe-
JIeNIAeT, BO CTOJBKO pa3 CHU3UTCS KOHLEHTpAIUs
4acTUL B NPUDIEKTPOJHOM CJIOE IOCIE U30TEPMU-
yeckoi BbIIEpKKH sdeliku B TeueHue 180 c. Kon-
LEHTpalUsl YacTUL[ B MPUDIEKTPOIHOM CJIOE B Pa3-
HBIE MOMEHTBHI BPEMEHHU OIPENeNsieT KOJIMYECTBO
YaCTHII, YIACTBYIOINX B IIPOBOJAUMOCTH:

) = LA =0. (3.14)
c(r,) N,
Tak, ans wactun I1BB B pactBope a=4,29, a misa
gactui ®b o = 0,6.

[TockonbKy BpeMs NOIApU3AIMA B KaKIOM
LUKIIE OJTHO U TO K€, BEIMYMHA JUCKPETHOTO U3Me-
HCHHsI KOHIICHTPAIIUU HOCHUTEJCH B 00beMe sUeHKU
HEU3MCHHA, T. €. jt /g = const. YacTh JIOKAJIN30BaH-
HBIX Y 3JIEKTPOJIa YaCTHl] IOCJIe NEPBOro UKiIA IMo-
JSPU3AlUN BO3BpamIacTCs B pe3yibTare aupy3un
B PacTBOp, U K KOHILY U30T€PMHUECKON BBLAECPIKKHU B
TEYeHHE BPEMEHU 7 BBIpAKEHHUE U KOJIHMYECTBA
gactur B sueiike ¢ yderom (3.13) u (3.14) Oymer
UMETh BU (BTOPOH IIHKI):

It It It
Ny =Ny —+(-a)—=N, —a—. (3.15)
q q q
COOTBETCTBEHHO, TPETUH LIUKII JACT BEIUYHHY

It
Ny =N, —20—, a s k-ro nUKiIa MOIy4UM pe-
q

It
3ynbTupyomee 3Hadenue N,, = N, —(k—1)-a—.

VYder 3TOro SBJICHHUS MO3BOJSET YTOUYHHUTD pac-
yeTHy10 popmyiy (3.10) ms ciayuas U 2> U,,:
1-10% +[0,84 — (13,19 + au(k —1))- It] (3.16)

1,37 -[13,64 +au(k —1)]- It o

Pacuer mo gopmyrne (3.16) maeT COBOKYIHOCTH
BEEpOOOPa3HBIX KPUBHIX (PHUCYHOK 3.2), COOTBETCT-
BYIOIINX HAONIOaeMBIM B JKCIIEPUMEHTE ITOJISIPH-
3alMOHHBIM KPUBBIM, IIOBTOPHO U3MEPEHHBIM Yepe3
paBHbBIE IPOMEXKYTKH BPEMEHHU (PUCYHOK 2.2, a).

U(t) =

U, B

1.45

/'_____,_.--—-——'—"

R—

1 5
2 3 4
1.35
0 20 40 60 f,c

Pucynox 3.2 — PacdeTHple KHHETHYECKUE KPUBEIC
npoiiecca nosisipuszaiuu B cucreme «[I1Bb-Oby mis
Toka nossipu3anuu 110 MxA. Homepa KpUBBIX COOT-
BETCTBYIOT HOMepY nukia (u3mepenus gepes 180 c)
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3.2 Ilpoyecc uzomepmuueckoil denonapusa-
uuu KJ[C

Tenepp paccMoTpuM  (HU3HYECKYIO MOJEIh
npouecca uzorepmuueckor aenosspuzaruu KJC.
DKCIIepUMEHTAIBHO OOHAPY>KEHHOE SIBIICHUE JKC-
TPEMaJbHOTO IOBEACHUS TOKA MICTOJISAPH3ALUU BO
BPEMCHHU CBHJICTCIBCTBYET O TOM, YTO B CHCTEME
MPUCYTCTBYIOT HOCHTENH 3apsiia pa3HOrO 3HaKa,
CO3Jal0IIHe B TIPOIIECCE IOIIPH3ANNN Pa3ITHIHBIC
10 pa3Mepy | 3apsiay MPHUAICKTPOTHBIE 3apsHKCHHBIC
obnactu. IIIOTHOCTh TOKa AEMOJSPHU3AIUN B TaKOU
cucteme, B cootBetcTBuH ¢ [20, ¢. 26], MOKHO OTIH-
caTh BBIPAKEHUEM:

_q.mgxy dxT gqmyx, dx

2d dt 2d dt
rJle HaJCTPOYHbIe MHIEKCHI (+) U (—) OTHOCATCS K
BEIMYMHAM, XapaKTePU3YIOIIUM, COOTBETCTBEHHO,
MOJIOKUTEIBHO M OTPHULATENBHO 3aPsLKEHHBIE MPH-
JIEKTPOIHBIE 00JIACTH; Xo — TOJNIIMHA TIPHAIEKTPOI-
HOTO CJI0sl, B KOTOPOM JIOKQJIN30BaH MOJISPU3ALMOH-
bl 3apsan; 7, — ero HavaubHas KOHIEHTPAIWS;

j=i" =] ,(3.17)

dx
— — CpeIHAsA CKOPOCTh IEpEMEIIEHHs 3apsiIOB.

dt
Crnenyer ormetutsh, uto (opmyna (3.17) copasen-

X,
JadBa I Cliydas, Korja §<<1, T. €. MOpHUIJICK-

TPOJHBIE 00JIaCTH 3apsI0B HE MEPEKPHIBAIOTCS, YTO
COOTBETCTBYET cirydaro ManomnpoBoasamux KIC.

C ¢usuyeckoit TOYKH 3peHUs IIOTHOCTH TOKA j
OIIPEIeTISIETCST CYMMOM TPOTHBOIIONIOKHO HAMpaB-
JICHHBIX TOKOB. B pesysbraTe mpoiiecca Jenospu-
3allM, KOT/Ia CKOPOCTH «PacCcachlBaHHsD) 3apsiliOB
dx’"| |dx”
dt dt
BeIMUYUH KO3 PuIUEHTOB IuGPYy3uH HOCUTEICH
3apsiIOB, 3aBUCHMOCTh TOKa JETIONSIPU3AINU  OT
BpEMEHHM TPUOOpETaeT 3KCTPEMANbHBIA XapakTep.
st paccMaTpuBaeMOro HaMH Cliydasi «paccachbiBa-
HUSD 3apsa OrpaHIYUMCS MEXaHU3MOM A dy3um,
SIBJISIFOLLIMMCSI OCHOBHBIM JIMMHUTHPYIOIIUM  (aKTo-
POM B MAJIONIPOBO/ISIINX CHCTEMAX.

[Tpu penonsipu3any MPOUCXOIUT IEpeMerie-
HHE TPaHUIIBI TPUAJIEKTPOJHOTO CJIOSI OT DIEKTPOAa
BHYTpb 00beMa siueiiku. B 3ToM ciyuae KOHIEHTpa-
LUIO YacTHUI[ Ha PACCTOSHUU X OT BJIEKTPOJa B MO-
MEHT BPEMEHH ¢ MOXKHO OTPEJIEIUTD 110 CIEAYIOIEeH
dbopmyne [19, c. 431]:

OMU3KK MEXay co0oit , TO C Y4eTOM

X
e (x,t) = e DL, (3.18)
\4nDt

Kaxnoe mpuanexTpoaHoe 3apsgoBoe 00IaKo
JIEWCTBYET Ha JIPyTroe (10 UX CONPUKOCHOBEHNS) KaK
enHOe TIeTI0e ¢ APPEKTUBHBIM 3apsIIOM, TIOMEIICH-
HBIM B IICHTpe Macc oOmaka. Takum oOpazom, MOX-
HO 3aMEHHUTH MOJISIPU30BAHHBIN 00BEM BeleCTBA B
siYeiKe AIIEKTPHUUECKUM KBAa3HIMIIOIEM C 3apsiiaMu
Ha KOHIIaX, PAaBHBIMHU 00IEMY 3apsily KaKaoH npu-
ANIEKTPOJHOM 00JIaCTH, TpHYEM 3apsiibl HE PaBHBI
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MO abCOJIFOTHON BENMYMHE, ITOCKOJIBKY PEaKIUHM Ha
3EKTPOJaxX HECUMMETPHUYHBI.

KoopauHnats! 1ieHTpa Macc omnpeenseM U3 Bbl-
pakeHUs:

x':L/ x-n* (x,1)dx, (3.19)

My %
wi ¢ yaetoM (3.18) u nocieyrommx npeoOpa3oBaHuiA:

x'= /ﬂ 1—e 4> |, (3.20)
T

Jubdepennnpyst x' M0 BpeMEHH U MPOU3BEIT
HEKOTOpBIC IPEOOpa30BaHUs, IOIYYUM CKOPOCTh
TIepEMEIICHIS [IEHTPa Macc

a1 [ADt), i ’ (3.21)
dt  2t\' n

KOTOPYIO MOKHO TIPUPABHATH K CPEAHUM CKOPOCTSIM

+

dx”
HepeMELIECHHsT 3aPI0B U ——, BXOJALIUX B

dt dt
(3.17). Torna Beipaxenwue (3.17) mpuMeT BUI:
.dxtdx
j =dad —_ b— =
dt dt
3x° 352 (322)

_a 4Dt 1 ey b |4D,t "Dy

=—,—|1-e ——.—|1-e
2t\ = 2t\ w

+ o+ -

q. Ny X, q_ny X,

e a= + 070 , b: 070

2d
eHTbl AU((GY3Un MOJ0KUTETHHO U OTPULIATEIEHO
3apsKEHHBIX YaCTHUI], COOTBETCTBEHHO.
Ornenky BenmuuuHbl K03(h¢uuueHtoB andpoy-
3MHM MOXKHO OCYIIECTBUTH MO (opMmysie DUHIITEHHA

[19, c. 433]: \/E=\/2Dr, rae A — cpeanee cme-
IIEHHE YacTHLBI 32 BpeMs T. [IpuHMMas A paBHBIM
pacCTOSIHUIO MEXAy dJeKkTpojamu (d=15 mMm), a
BpeMs mnepemerieHus dactuibl T~ 30 c, momyynm
3HavyeHne kodddurmenta mudpdysun mns [1Bb B
pactBope D)~ 107 m*/c. Mcxoms u3 (U3MUECKHX
cO00pakeHUH, MOXHO MPEAINOJI0XKNTh, YTO JUIS
(depputoBeix wacThn KodhdUIMEHT audPy3un
MEHBIIIE KaK MHHAMYM Ha 2-3 TIOpsIKa, MOSTOMY
npurnMaem D, = 10 m7/c.

YucseHHble 3HaYCHHUS KOI()(QUIIMEHTOB a U b B
ypaBHeHHH (3.22) momy4yaeM, MOJCTaBIIss 3HAYCHUS
gN, u3 Tabauupl 3.2 ¥ y4UTHIBasi, YTO 00JIACTb JIO-

; Dy u Dy — ko3 du-

kanuzauuu a1 [IBb umeer TonmuHy okosio 10° m.
[omyunm 3HadyenHns Koddummentos a = 4107 Ki /v’
ub=0.85107 K i’ Crnemyer OTMETHTD, 9TO KO-
3¢ ¢unmeHT b MEHsIeTCsT TUCKPETHO TIPH TTOCIIEI0BAa-
TENBHBIX [UKINYECKUX M3MEPEHUSX, JOCTHUTras mpe-
JISIBHOTO 3HAYEHUS, COOTBETCTBYIONIETO IMapaMeT-
pam B Tabmure 3.2.

[Mpunnmas x = 0,5 d (ycrnoBue cOnpHKOCHOBE-
HUS TUQOYHAUPYIOIUX TPUIIEKTPOIHBIX CIIOEB) U
TIOJICTABIISISl 3HAUCHHUST BCEX PACCUMTAHHBIX KO hU-
mueHToB B hopmymy (3.22), MOKHO TIOCTPOHTH KH-
HETHYCCKHE KPUBBIC NEMOJIpU3aIin (pUCYHOK 3.3).
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Pucynok 3.3 — Kunetnueckue KpuBbIe Tiporiecca
LUKJINYECKON JENOAPU3aLUM B CHCTEME «PacTBOp
IIBb — @by, paccuntannble JyIsl TOKa NOJIIpU3ALUT

I, =100 MxA. Homepa KpHBBEIX COOTBETCTBYIOT

HOMEpPY MK

XapakTep pacueTHBIX 3aBHCHMOCTEH Iporecca
JICTIOJISIPU3AN COOTBETCTBYET By 3KCIICpHMEH-
TaJNBHBIX KPHUBBIX (PUCYHOK 2.2, 6). HauansHEIC 3Ha-
YEHHsI PACCUMTAHHBIX TOKOB JIETIOISPH3AINN HMEIOT
nopsok 107 A, peansHo HaGMoOAaeMBbIe B SKCIIEPH-
MeHTe BenunHbl coctaBistot (0,3—1,5)-10° A. Van-
ThIBasg TPHHATBIC IOIYLIEHHs, COTJAacHe BIIOJHE
yIIOBJIETBOPHUTEINILHOE.

3akia0uenne

[TpencraBnenHas MoJenb MMeeT (PEHOMEHOJIO-
THYECKUI XapakTep W MOXKET CIIYXKHTh ISl HOHHMa-
HUSI OOIIMX 3aKOHOMEPHOCTEH MPOLIECCOB MOJISIPH-
3aIUA—IETIONIPU3AIAN JKUAKOANCIIEPCHBIX CHCTEM
1 TTAaHUPOBAHUSI HKCIIEPUMEHTOB.

HecmoTpst Ha psin momymieHuit, KOTopble OBLTH
cleNaHbl TPU IIOCTPOCHHMH HacTosIled Mopenu
(npeneOpexeHne TPagueHTOM TPOBOJAUMOCTH B
MPUIIEKTPOAHBIX OONACTAX, HIEKTPOXUMHUYECKIMHU
MIpoIleCCaMy Ha TOBEPXHOCTU AJIEKTPOJIOB, OpPHEH-
TallMOHHBIMH 3 QeKTaMH), OHa TIO3BOJISIET OLEHUTH
XapakTep W MPeaBHICTh BHUJ KHHETHYECKUX 3aBHCH-
MOCTeH Tpoliecca MOJSIPH3ALUH-AETOIIPH3ALUH
KAC. dns ynpolieHusl pacueToB Mbl MPEATOIOKH-
M COOTBETCTBHUE COOTHOLICHUH KO3()(HUIIMEHTOB
muddy3un 1 pazMepoB TUPPYHAUPYIOMINX YACTHII.

Jlnst mponiecca MOIApHU3aliK TPOBEICHO Orpa-
HUUYEHHOE KOJHMYECTBO U3MEPEHUIl U MOITYyUCHO BBI-
pakeHue, TpeICcTaBisiioniee codboli MHorodaxTop-
HyI0 3aBHcUMOCTH (ypaBHeHue (3.8)). JTo ypaBHe-
HHE OTpakaeT cO0OH ()eHOMEHOIOTHYECKYIO MOJIEIb,
NOJIy4EHHYI0O W3  ONpPEJEICHHBIX TEOPETHYECKUX
NPE/ICTaBICHUH, a KOI(PPHUIMEHTH UMEIOT 00OCHO-
BaHHBIN (PU3MYCCKUIA CMBICI. AHAJIOTHYHBIC paccy-
KJICHHS MOYKHO TIPUBECTH 10 OTHOILICHHIO K BBIpa-
xkernto (3.16). OTMeTHM, 4TO pacuéTHBIC 3HAYCHHUS
Ha pUcyHKe 3.1 COOTBETCTBYIOT 3KCIEPHUMEHTAIBEHO
MTOTyYeHHBIM 3HadeHUsIM (pHUCYHOK 2.1, a), a pucy-
HOK 3.2 OTpa’kaeT 3aBHCHMOCTH, CXOJHBIC C TPUBE-
JCHHBIMU Ha pHUCyHKe 2.1, (6).

[Mpennoxennas GeHOMEHONIOTHYECKasT MOJIETb
MIPOIIECCOB  MOJSIPU3ALUH-ACTOIAPH3ALUA  MOXKET
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Mooenuposanue npoyeccos noaspu3ayuu-0enoIAPU3AYUL HCUOKOOUCNEPCHBIX CUCEM

CITy’KHTh HayYHBIM O0OCHOBaHHEM PAacueTOB KPHUTH-
YeCKOM  KOHLEHTPAIMH  CTPYKTYpPOOOpa3yIomuX
KOMITOHEHTOB M METOJIOB TOBBIIICHUSI CTaOHIBHO-
CTH TIOJIIPU3YEMBIX T'e€JIeBBIX cucTeM. PazButne mo-
JEeTH ¢ y4eTOM pa3MepOB U HIIEKTPUUECKUX CBOHCTB
HpeIoaaraéMblX KOMIIOHCHTOB KOJUIOMJHOW CHC-
TEeMBI TIO3BOJIUT, HAIIPUMEP, CO3/aTh CPEICTBA Lielie-
BOH JOCTAaBKH JICKapCTBEHHBIX MpENapaTroB B 3aJaH-
HYI0 00JIaCTh OpraHW3Ma, BHEICBOOOXKIAs JEKapCTBO
MyTeM JEHOJSIPU3ALUH  KOJUIOWIAHOW CTPYKTYpBI;
WM PAacCYUTATh JIOIYCTHMBbIE KOHLCHTPAIMH Lielie-
BBIX KOMIIOHEHTOB B OYpOBBIX pacTBOpax, MpHUMe-
HSIEMBIX B OypEHNU HEPTSHBIX U Ta30BBIX CKBAKHUH.
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INOBBIINEHUE DHEPI'O®@P®EKTUBHOCTHU TOHKOIIVIEHOYHbIX
COJIHEYHBIX 9JIEMEHTOB HA OCHOBE COEJUHEHMSA Culn;.,Ga,Se;

A.K. Ecman, B.A. llorayun, I'.JI. 3pik0oB

benopycckuii nayuonanvusiti mexuuyeckuu ynueepcumem, Munck

ENERGY EFFICIENCY OF THIN-FILM SOLAR CELL
ON THE BASIS OF THE Culn;.,Ga,Se;

A.K. Esman, V.A. Potachits, G.L. Zykov

Belarusian National State University, Minsk

PaccMoTpeHbI BOIIPOCH! BIIMSHUS TEMITEPATyphbl TOHKOIJICHOYHBIX COJTHEUHBIX 3JIEMEHTOB Ha ocHoBe coeunenus Culn, (Ga,Se, Ha
HX XapaKTEePUCTUKU MPU Pa3IMYHbIX 3HAYESHUSX TOJILHMHBI MOTJIOMIAIONIETO CJIOS U KOHIEHTPaluK rajus. OnpeaeneHbl OnTu-
MaJIbHbIC 3HAUEHHUS TOJILUHBI MOTJIOMIAIOIIETO CJIOsl, MPOBEAECHO MOJEIMPOBAHHE BOJBT-aMIIEPHBIX XaPAKTEPUCTHK JUIS pac-
CMaTpUBAEMOM KOHCTPYKIIMU COJTHEYHOT0 3jeMeHTa. [loka3aHo, 4To Ipu TONIMHE MOTJIONMIAIOIIETo ciost, paBHOH 3 MkM, KI1/]
COJIHEYHOTO 3JIEMEHTa MOXeET JocTurath 22,65 % ¢ xoaddunmentom 3anoinenus FF = 82,31 %, HanpspkKeHHEM XOJIOCTOrO XO-
na Voc=0,81 B 1 TOKOM KOpPOTKOTO 3aMbIkaHus Jsc = 33,93 MA/cMm.

Knroueswie cnosa: monkonnenounwiii conneunviii anemenm Culn,GaySe,, npospaunviii nposooswuil cioi, 6ygepnvlii cioi, no-
enowarowuti crou, konyeumpayus eainus, AMPS-1D, SCAPS-1D, Comsol Multiphysics.

The problems of the temperature effects of thin-film solar cells on the basis of Culn,(Ga,Se, compound on their characteristics
at the different values of the thickness of the absorbing layer and the gallium concentration are considered. The optimal values
of the absorbing layer thickness are determined. The simulation of the current-voltage characteristics of the considered design
of the solar cell are carried out. It is shown that the efficiency of the solar cell can reach 22.65 % with the fill factor
FF=282.31 %, open circuit voltage Voc=0.81 %, short circuit current Jsc =33.93 mA/cm® when the optimal thickness of the
absorbing layer is equal to 3 pum.

Keywords: Culn,«Ga,Se, thin-film solar cell, transparent conductive layer, buffer layer, absorption layer, gallium concentra-
tion, optimization, AMPS-1D, SCAPS-1D, Comsol Multiphysics.

Beenenne

B Hacrosmee Bpemsi MpPOBOJSATCS HUCCICIOBaA-
HUS, HANPaBJICHHBIC HA ONTHMHU3AI[UI0 TEXHOJOTH-
YECKHX IPOIIECCOB MPOM3BOJCTBA CONHEYHBIX dIe-
MEHTOB U Ha IOBBIIICHHAE UX YHEProdPPEeKTHBHOCTH
C ENBI0 CHIKEHUS] CTOUMOCTH (DOTOAIEKTPHUECKIIX
Moaynel. IIpuMeHeHne KOMIIbIOTEPHOTO MOJEIUPO-
BaHMs MO3BOJISIET O3 CyHIECTBEHHBIX (DHHAHCOBBIX
3aTpar IMPOBECTH OICHKY pabOTOCHOCOOHOCTH COJI-
HCYHBIX J3JICMCHTOB, HArp€BacMbIX B ITPOLECCEC HX
JKcIutyataiui. Kak mpaBuiio, i TOHKOIUICHOYHBIX
COJTHEUHBIX JJICMEHTOB HCIIOJB3YIOTCSI TPH MaTe-
puana — CIGS, CdTe u amop¢HsIii kpemHuii (a-Si).
Jlumepom 1o 3pPEeKTHBHOCTH CPEeU TOHKOILUICHOY-
HBIX COJHEYHBIX DIIEMEHTOB SIBISICTCS TEXHOJOTHS
CIGS (ma ocuoBe coemamuenust Culn;Ga,Se;). Tlo
cpaBHeHMIO ¢ KpemHHeM coeamHenne Culn, Ga,Se,
SBIISICTCSA TIOJyTIPOBOJHMUKOM C IIPSIMOIl 3amperieH-
HOM 30HOH, 3TO O3HA4aeT, YTO JUIsl MPOU3BOJICTBA
COJTHEYHOT'O 3JIeMEHTa TpeOyeTcsl MeHbIIee KOInde-
CTBO MaTepHaa.

B Hacrosiiiiee BpeMsi 3KCIEPHUMEHTAIBHO yCTa-
HOBJICHHBII KO((DHUIUCHT MMOJIC3HOTO ICHCTBHUS TOH-
KomieHouHoro coiaevHoro sneMenta Cu(In,Ga)Se,
cocraisier 21,7 % [1]. Jdns nobeimenus 3ddek-
TUBHOCTH MHOTOIEPEXOIHBIX COJHEYHBIX 3JICMCH-
TOB HY>KHO COTJIACOBATH TOKH B OTHENBHBIX CIOSX H
© Ecman, A.K. [lomauuy, B.A. 3vikoe I'JI., 2016
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obmwmii Tok. Bapeupys cootnomenune Ga/(In+Ga) B
MTOTJIONIAIONIEM CJIO€ 332 CYET M3MEHCHUSI INMUPUHBI
3anpeuieHHod 30HbI Culn; Ga,Se, MokHO cornaco-
BaTh TCHEPHPYEMBIH B HEM TOK W ONTHMHU3UPOBATH
30HY npoBogumocTh. Kak cnemyer u3 [2], yBenmnue-
HUE TUIOTHOCTH NeEeKTOB B MaTepHanax IPOUCXO-
IUT B pe3yJIbTaTe YBEIMUYCHHS KOHIIEHTPAIMH Tai-
mus. Ecim koHnentpanus ramwmus x < 0,6, To 3TH
JIOTIOJIHUTENbHBIE Je(DeKThI yiKe HE OKa3bIBaIOT 3Ha-
YUTEILHOTO BIMSHUS Ha 3(PPEKTUBHOCTh HUCCIEAyE-
MO CTPYKTYDBL.

B nmaHHO# paboTe paccMOTPEHBI CTPYKTYPBI TOH-
KOIUICHOYHBIX COJHEYHBIX 3jeMenToB Culn;Ga,Se, ¢
KOHLIEHTpauusiMu rajwius B npegenax 0,183 <x <0,529.

Lenpto paboOTHI SBISETCS ONpEAETICHUE OITH-
MaJIbHBIX 3HAYEHHUH TOJIIMHBI HOTJIOMIAOIIETO CIIOs
¥ KOHIICHTPAINH TaJUIAs TOHKOTUICHOYHBIX COJHEY-
HbIx anmemeHToB Culn, Ga,Se, B nuamazone pabo-
gux Temmepatyp ot 300 mo 330 K.

1 CTpyKTypa TOHKONJIEHOYHOI0 COJIHEYHO-
ro ’jaementa Culn, ,Ga,Se,

Hccnenyemast cTpykTypa COJTHEYHOTO JIEMEH-
ta Cu(In,Ga)Se, npencrasnena Ha pucyHke 1.1.

Ha noanoxky 6 u3 HepxkaBeroLed cTaliu ToNl-
MHOM 3 MM, HAaHECEH TOHKHUH CIIOH MOIuOAeHa
(Mo), KOTOpBIit 00pa3yeT METAILTMYECKHII TIEKTPOT S.
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Pucynok 1.1 — CtpykTypa TOHKOILIEHOUHOTIO
conneuHnoro snemenra Culn;_,Ga,Se,, rue:
1 u 5 — MeTamM4ecKkue MEKTPOJIBL,
2 — MpO3pavHBIA MPOBOIAIINH CIOH,
3 — OydepHBIi ci10it, 4 — TOTIOMIAIOIIHNA CIIOH,
6 — moaIoXKKa, 7 — BHEIIHSS Harpy3ka

OH pacnoJioKeH O] MOTJIOMAINUM ciioeM 4
TOHKOIUIEHOYHOI0 coHe4yHoro sieMenta Culn,,Ga,Se,,
coOHMpaeT OT HEro HOCUTEIM W IepelacT MX BHEUI-
Hell Harpyske 7. Onrudeckue CBOMcTBa Marepuana
JJIEKTPOJa 5 HE OKa3bIBAIOT CYIIECTBEHHOTO BIIHUS-
HHS Ha XapaKTepHCTHKH TOHKOIUIEHOYHOTO COJIHEY-
HOTO 3JIEMEHTA, IIOCKOJIbKY TPH ToNmHE Oojee 1,5
MKM (B pacdeTrax Mbl HCIHOJIb30BAJIHM 2 MKM) HaJaro-
mue (GOTOHBI HE TOCTHTal0T METAUINYECKOTO 3JIeK-
Tpoza 5. Jo HacTosero BpEMEHN HAWIy4dILUE pe-
3yJIbTaThl OBIIM TOJTyYEHBI TIPH UCIIOIb30BAaHUU Me-
TaJUIMYECKOTO JIEKTPOoIa 5 U3 MOMOAeHA, KOTOPBIi
WCIIOBb30BAJICA B pacuerax. YKa3aHHBIM 3JEKTPO
(dopmupyer HEOJOKHUPYIOIMH KOHTAKT C IOTJIO-
IIAIOUIUM CJI0eM 4, 4TO SABJSETCS MPEUMYILECTBOM
M0 CPaBHEHMIO C COJIHEYHBIMH 3JIEMEHTAMH Ha OC-
HoBe CdTe, B koTopoMm obpasyercst 6apbep LlloTTkN
U SIBJISICTCS OCHOBHBIM TIPEISITCTBHEM ISl KOMMEp-
UaIM3alMK 13-3a IpodJieM co ctabmibHOCThI0. Ha
9JIEKTPO]] 5 HaHECeH IMOTIOMIAONINN ol 4 — mpsi-
MO30HHBII IOYTIPOBOJHUK C KO3(PPHUIHUEHTOM IT0-
romenust ~ 10° CM'I, MOTJIOIIAIOIINI  COJHEYHOE
M3Ty4eHHEe W TeHepupyromuil ¢orosac. TommuHy
JIAHHOTO CJIOSl BapbHPOBAIM B mpeenax 1-3 MKMm.
bydepusiii cioit 3 u3 CdS Tomumuoi 50 HM U mpo-
3payHbIi MPOBOAAIIMIA cioi 2 13 ZnO tomuHon 50 HM
HaHeceHbI Ha BEPXHIOIO YacTh ITOTJIONIAIOIIETro ciios 4.
B [3] ontumanbhas TonummHa OydepHoro cios u3
CdS cocrasmsuia 50-60 uM. Bydepnsrit cinoit 3 mo-
BBIIIAET MPOU3BOAMTEIHLHOCTh COJHEYHOI'O 3JIEMEH-
Ta, obecrieunBaeT (POpPMHUPOBAHHE XOPOIIETO Tepe-
XOZa, HU3KYI0 PEKOMOMHAILIMIO Ha TPaHUIIE pasjera
1 yMeHbIIaeT yTreuky. ColHedHBIe SIeMEHTH ¢ Oy-
(depubiM croem n3 CdS, nmo cpaBHEeHHIO C APYrHMH
UCIIONIb3YeMbIMH MaTepraiiamu, Haroosee 3(hhexTrs-
Hbl IIpY JUIMTENBHON SKCILTyaTauuu. s yBenndeHust
grcna (HoToHOB, nonomiaemeix B cioe CulniGa,Se,,
B KauecTBE MarepHaja MpO3pavyHOro MPOBOISIIETO
ciost 2 6bu1 BIOpaH ZnO, nMeomui OOJIBIIYIO K-
puHy 3anpemieHHoW 30HHI (3,3 3B) n sBusAroNIMIicS
MPO3pauHbIM JUISl CIIEKTPa COJHEYHOTO H3JIyYEHHUS.
Janubiii cnoil TonmuHOM 50 HM pacnoyiokKeH Ha
BEPXHEH ITOBEPXHOCTH HCCIEAYEMOTO COJIHEYHOTO
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9JIEeMEHTa Ul YMEHBIICHUS MOTeph Ha OTPaKeHUeE.
Merannudyeckue 3JIEKTpoIsl 1, pacrosararoiyecs
Ha TPO3PauyHOM IIPOBOAAIIEM CJIO€ 2, ONpeeieHbI
¢dyHKUMeW paboThl M CKOPOCTHIO TOBEPXHOCTHOU
peKoMOMHaIMK HOcHTeNel 3apsiyia. BHemHss Harpys-
Ka 7 TOJKIIFOYEeHa MEXTy OTpHLATelIbHbIM 1 1 moso-
KUTEJIBHBIM 5 anektpopamu. Vcenemyemast KOHCTPYK-
LMSl COJTHEYHOTO SJIEMEHTAa OCBELIACTCS H3IIyYeHHEM
co crmekTpoMm cranmapra AM1.5G, MIOTHOCTE Cym-
MapHOT0 MOTOKA SHEPTHH KOTOPOro paBHa 1 KBT/M™.

2 YmucjaeHHoe MoJeJMPOBAHME OCHOBHBIX
XapaKTepUCTHK

Jlist MozenmMpoBaHUs OCHOBHBIX XapaKTepH-
CTHK TOHKOIUICHOYHOTO COJIHEYHOIO DJIEeMEHTa
CIGS npu BapbHpOBaHUY TOJIIUHBI NOTJIOMAOIIETO
CJIOS ¥ KOHLICHTPALMHY TaJUTHsL ¥ WHIUS HCIIOJIb30Ba-
such nporpammsl AMPS-1D u SCAPS-1D, kotopsie
TIO3BOJISIIOT YMCIICHHO pemars ypaBHeHHe [lyaccoHa
1 ypaBHEHHS HENPEPBIBHOCTH [UI JIEKTPOHOB H
JOBIPOK M MOTYT TIPUMEHSATHCS Jake Ui pacdera
HaHOCTPYKTYPUPOBAHHBIX TOHKOIUICHOYHBIX COJI-
HEYHBIX 3JIEMEHTOB [4].

OmHMM W3 BaXHBIX yCJIOBHH HAAEXKHOH pabo-
Thl COJIHEYHBLIX J3JICMCHTOB SABJIACTCA TCEMIICPATYp-
HbIl pexuM. C MOBBIIICHHEM TeMIiepaTypbl 3ddek-
THUBHOCTBH Pa0OTHI COJTHEYHBIX OaTapeil, KaK U IMOUYTH
BCEX JPYI'HX IIOJIYIIPOBOAHUKOBBIX IPHOOPOB, CHU-
xkaercs. [Tpu remnepatypax Beime 100...125 °C onu
BOOOIIIE MOTYT BPEMEHHO IOTEPSATH paboTOCIocoo-
HOCTB, a emé OONbIIHA HAarpeB TPO3UT WX HEeoOpa-
THUMBIM HIOBPEXICHUEM.

Jlnist aHanmM3a TEIUIOBBIX MPOLECCOB U X BIIHS-
HUsI HA OCHOBHBIE XapaKTEPUCTUKU TOHKOIUICHOY-
HBIX cONMHEYHBIX 3eMeHToB CIGS MBI Hcmonb30Ba-
i nporpammuyto cpeay Comsol Multiphysics (mo-
nynab Heat Transfer), koTopas oOecreuynBaeT Bce
oTalbl MOJACIIMPOBAHHA, HaduWHAA OT ONPECACIICHUA
TeOMETPUYECKUX NapaMeTpoB M 3aKaHYMBas BU3Ya-
JIu3alyeld MOJyd4eHHBIX pe3ylabTaroB. B nanHOM
MIPOTPaMMHON cpelie NpOolecC TerIoo0MeHa Ipen-
CTaBlieH B BHUAE CHCTeMBl IU(QepeHINATEHBIX
YPaBHEHHH TEIUIONIPOBOAHOCTH B YAaCTHBIX INPOM3-
BOJIHBIX.

3 AHaJIM3 NOJIyYeHHBIX Pe3yabTaToB

CornacHO pe3ynbTaTaM MOJAEIUPOBAHUS, HC-
cinenyemblii comHeunblil anemeHT CIGS moxer Ha-
rpeBathest 0T 300 o 330 K B teuenue ~ 0,5 cexkyH-
nbl. [Ipu 3TOM pa3HOCTH TeMieparyp Ha rpaHULax
pasaena CdS/CIGS u CIGS/Mo cocrasmser ~ 30 K
u ~ 0,3 K coorBercTBeHHO. B HaYalbHEIIE MOMEHT Ha-
rpeBa TOHKOIUICHOYHOTO conHewHoro aremenTa CIGS
CKOPOCTh M3MEHEHHS TEMIIEPATYPBI TPO3PavHOro Mpo-
Bosmero ciost coctapisier 0,95 K/mce (pucynok 3.1).
IIpu nmpomomkeHnu HarpeBa TOHKOIUIEHOYHOTO COJI-
HewyHoro anementa CIGS cKOpoCTh M3MEHEHHUsT TeM-
NepaTypsl MPO3PAadHOrO IPOBOJIIETO CJOSI CHHU-
JKaeTcsi, a IOIJIOMIAIONIErO CJIOS — BO3PACTaeT U B
MOMEHT BpemeHH 2,5 mc (kpuBble 1 u 2, pucyHok 3.1)
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n 19 mc (kpussie 1 u 3, pucynok 3.1) 3tu ckopocTu
CTaHOBSITCS paBHbIMU. [locnenyromuii HarpeB npu-
BOJUT K JalbHEHIIeMy YBEINYEHHIO CKOPOCTH H3-
MeHeHHs1 Temmeparypbl a0 BennuuH 0,78 K/mc n
0,13 K/mMc Ha rinybuHy coorBeTcTBeHHO 0,5 MKM U
1,5 MM ot rpanunsl pazgena CdS/CIGS. Ilocie
JOCTIKEHUs] MaKCHMAJIbHBIX 3HAUYE€HWH JaHHbBIC
cKopocTH (KpuBbIe 2 U 3, pHCYHOK 3.1) CHIDKAIoTCH,
HO IPH JalbHEHIIEM HArpeBe OHU IPEBBILIAIOT CKO-
POCTh U3MEHEHHsI TeMIIepaTyphl MPO3PavyHOro Ipo-
BoJsIero cyosi. CKOpOCTh M3MEHEHHUS TeMIeparTy-
pPBI BHYTPH TIOTJIOMIAIONIETO CJIOSI Ha TiryOmHe 2,5
MKM (kpuBas 4, pucyHok 3.1) u Gonee 2,5 MkM (Ha
pHCYHKE HE TI0Ka3aHO) OT TpaHWIBl pazjena
CdS/CIGS B TeueHue Bcero BpeMeHH BO3JCHUCTBHS
COJIHEYHOTO H3JIyYeHHs HE IPEBBIIIAET CKOPOCTH
M3MEHEHHS TEMIIEpaTyphl PO3PavyHOTo IIPOBOISIIE-
TO CIIOsl.
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Pucynok 3.1 — BpemeHHas 3aBECHMOCTb CKOPOCTH
W3MEHEHUsI TEeMIIEPaTyPbl IIPO3PAYHOTO POBOJISIIETO
ciosi (1) ¥ BHYTpH MOTJIONIAOIIETO CJI0s Ha TIIyOuHe

0,5 (2), 1,5 (3) u 2,5 (4) MxM OT rpaHuIIbl pa3ieina
CdS/CIGS npu Bo31eiCTBUM COTHEYHOT'O U3ITyYEHHSI.
Ha BcTaBKke moka3aH yBeTUYCHHBIN (parMeHT JaH-

HOM 3aBHCHUMOCTH BO BDEMEHHOM MHTEpPBaJE OT
0 (magano otcuera) mo 0,03 ¢ (ITpUXOBAst THMHNUA)

B npo3paunom npoBozsmeM U OyhepHOM CIo-
X HPaKTHYECKd MTHOBEHHO YCTaHABIIMBAETCS PaB-
HOMEpHOE pacrpe/esieHue TeMIepaTypbl M0 TOJIH-
He (pucyHOK 3.2). B mormomaromem cioe Temrepa-
TYPHBIH NMPOQHIb XapaKTEpU3yeTCsl ONpPEeAEICHHBIM
rpaauenTtoM. Temmeparypa 3aJHEro KOHTaKTa H
MIOJUIOKKH B TIPOLIECCE HArpeBa TOHKOIUIEHOYHOTO

comaeyHoro aneMenTa CIGS colHeYHBIM H3ITydeHH-
€M He u3MeHsuiach u Obuta pasHa 300 K.

304 111 [
303 -
4
& 302 A
301 1
300 T T T
0 1 2 3
d, MKM

Pucynok 3.2 — TemniepaTypHbIii TpoQuib
npo3pauHoro nposozsuiero (1), Oydeproro (II) n
noriomaromiero (II1) cirost TOHKOIIIIEHOYHOTO
comreuyHoro >nemenTa CIGS B MOMEHTHI BpeMEHH
1(1),5(2) u 15 (3) mc mociie Havana BO3ACUCTBUS
COJTHEYHOT'O M3Iy4IEHUS

IIpoBsenenusie pacueTsl (Tabnuma 3.1) mokasbi-
BAaIOT, YTO HAMPSKCHHUE XOJOCTOTrO X0ja Voc B TOK
KOPOTKOTO 3aMbIKaHUs Jgc BO3PACTAIOT C YBEIHYE-
HHEM TOJIIHHBI noriomaromiero cios Culn,_Ga,Se,
(pucynok 3.3). MakcumainbHOE pacyeTHOE 3HaueHHe
KII conneunsix snementoB CIGS c¢ TommuHon 3
MKM cocTaBmio 22,65 % (tabmuma 3.1), uto corna-
cyercs ¢ [l], Toe SKCHEpUMEHTAIEHO TOJIYYeHHOE
saagenne KIIJ[ cocrasmsmo 21,7 %. B [5] KT/ con-
HeuyHoro snemedTa Culn;.Ga,Se, ¢ KOHIIEHTpaIei
raums x = 0,3 nocruraet 19,5 %.

Tok KOpOTKOro 3amblkaHus Jgc ompeaensercs,
BO-TICPBBIX, ONTUYECCKUMU IMOTCPAMU, T. €. TEM, UYTO
OTJCNbHBIC (POTOHBI CIEKTPA COJIHEYHOTO H3JIyYe-
HUS JIMOO HE MOTJIOIIAIOTCS B COJTHEYHOM 3JICMEHTE,
00 TOTJIOMmATCs 0€3 TeHepaluy AIICKTPOHHO-
JBIPOYHEIX T1ap. Bo-BTOpEIX, HE Bce (hOTOTEHEPUPO-
BaHHBIE AJIEKTPOHHO-ABIPOYHBIE TTAPEI BHOCAT BKIIAJ
B Jgc, T. K. HEKOTOpPBIE U3 HUX YCIEBAIOT PEKOMOU-
HUPOBATh 10 TOTO, KaKk OHH OynayT coOpanel. OnuH
W3 MyTed MUHUMH3AIUU PEKOMOWHAIIMOHHBIX II0-
Tepb 3aKII0YaeTCs B YBEIMYCHWH IIHUPUHBI 3arpe-
meHHou 30HbI (1o 1,3 3B) m, cienoBarebHO, KOHIIEH-
Tpatuu ramus (1o x = 0,529) TOHKOIUIEHOYHOTO COJI-
neunoro s1eMmenta Culn,_ ,Ga,Se, 3a cueT cMeleHus

Tabnwma 3.1 — [TapaMeTpbl TOHKOIUIEHOYHOTO cotHewHOTo teMeHTa Culn,.,Ga,Se,; ¢ pa3inaHbIMH
3HAYCHUSIMH KOHIICHTPAINHU TAJUTHS U TOJIIUHBI ITOTIIOMIAOIIETO C0s d Tpu paboueit

temnepatype 300 K

KonnenTpanus ramms x B noriomatoniem cinoe Culn,_ Ga,Se,

x=0,183 x=0,357 x=0,529
d=1mxm|d =2 MM |d =3 MM |d =1 MkMm|d =2 MM |d = 3 MM |d = 1 MM |d =2 MKM |d = 3 MKM
Jsc, MA/em?| 31,08 33,06 33,75 30,94 33,10 33,84 30,92 33,17 33,93
Voc, B 0,59 0,61 0,61 0,69 0,71 0,71 0,78 0,80 0,81
FF, % 78,54 79,59 79,77 79,84 81,08 81,27 80,67 82,12 82,31
KIIJ, % 14,39 15,96 16,49 16,98 18,95 19,59 19,55 21,91 22,65
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Tlosviwenue Jnepzoadlqbelcmusuocmu MOHKONJICHOYHBIX COHEYHBIX DNEMEHMO8 HA OCHOBE COCOUHEHUs CUIH[.XGaXSez

BaJICHTHOM 30HbI. BHYTpU30HHOE CMELLEHUE NIPUBO-
JUT K YBCJIMYCHUIO HAIPSKCHUA XOJIOCTOro Xonaa,
4TO MPOUCXOOUT TOJIBKO B CilIydyac peKOM6I/lHaHI/ll/I
Ha rpanune paszznena. OntumanbHas TOJILIMHA IO-
rnomtatomero cnost CIGS cocraBuna 3 mxm. Kak
MOKAa3alld TPOBEJICHHBIC PacUeThl, YBEIMICHUE TOJ-
[IMHBI 3TOTO CJIos OoJiee 3 MKM JIMIIb HE3HAYUTEb-
HO TOBBIMAET 3P PEKTUBHOCTH COJHETHOTO IIIEMEH-
Ta, YTO COTJIACYETCS C pe3yNbTaTaMU, ITOTyICHHBIMH
B pabore [6].
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Hamnpsokenue, B
Pucynok 3.3 — PaccunTtanHas BoJgbTaMIepHast
XapakTtepucTuka ToHkorieHoyHoro Culn,_ Ga,Se,
C TOJIIIMHOM MOTJIOMIAIOIIETO CII0s
1 MKM (mTpuxoBble uHUK — 1, 17),
2 MKM (IOTPUXITYHKTHPHBIE TUHUA — 2, 2") 1
3 MKM (CIDIONIHEIE THHUH — 3, 3') ¥ KOHIIEHTpaIuen
raymmas x = 0,183 (1, 2, 3), 0,357 (1,2, 3)n
0,529 (1", 2", 3") mpu paboueii Temneparype 300 K

=
[

[loBrImeHne TeMnepaTypsl TOHKOIICHOYHOTO
conueyHoro snemeHTa CIGS (cormacHo Hamum pac-
geram oT 300 mo 330 K) mpuBOAMT K MOHMKEHHUIO
HampsDKeHUs X0JocToro xona Voc (pucyHOk 3.4),
MIMpYHA 3allpelIeHHON 30Hb HE3HAUUTENBHO CyKa-
€TCs U 3TO MOXET YCKOPUTH PEKOMOMHAIMIO 3JIeK-
TPOHHO-/IBIPOYHBIX TP MEXAY BaJICHTHOH 30HOH M
30HOH POBOJUMOCTH.
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Hanpspxenue, B
Pucynok 3.4 — PaccuntanHas BoJbTaMIepHas
XapaKTepUCcTUKa TOHKOMIeHoYHoro Culng 471Gag s295€2
C TOJILIMHOM MOTJIOIIAIOIIETO CJI0Sl 3 MKM MU
paboueii remmnepatype 300 (1), 310 (2), 320 3) u
330 (4) K. Ha BcTaBke npuBezieHa 3aBucuMocth KIT/1
Culng 471Gag 520S€; OT ero paboueii TemrepaTypbl

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

Kak BumHO m3 3aBHCHMMOCTEH Ha pHCyHKe 3.4,
OpU yBEJTHUUCHHH paboueii TeMiepaTypbl TOHKOILIC-
HOYHOTrO conHeuHoro aneMmeHTa CulngszGagsSes
Ha BeJIN4HHY, paBHyI0 1 K, TOk KOpOTKOro 3ambIka-
Hus Jgc moBbImaetcs Ha ~ 0,01 MA/CMz, HaIpsHKEHHE
X0JI0CTOrO X0Ja Vo nonmxkaercs Ha ~ 0,02 B. [Ipu
Harpese nornomaromero ciaos Culngsz1Gags9Se, Ha
30K ero KIIJI cHmxkaercs Ha ~2 % (BCcTaBKka Ha
pucynke 3.4).

3akJouenue

B pabote ompeneneHsl oNTUMAaNTbHbIE 3HAYCHUS
TOJIIMHBI TIOTJIOIIAIOIIETO CJIOS TOHKOIUICHOYHBIX
cosiHeuHbIX anemenToB Culn;,Ga,Se, ¢ KoHIIEHTpaly-
eli rajuns B nuanazone 3HadeHui 0,183 <x<0,529 B
YCIIOBHSIX M3MCHEHHS €ro pa0o4mx TeMIepaTryp OT
300 mno 330 K. IToxa3aHo, 4TO NpH TOJIIUHE MOTJIO-
[IAFOIIETO CJIOS, PABHOW 3 MKM, KOHIICHTPAIIUH Taj-
s x = 0,529 u paboueit Temmeparype 300 K KII[
Culn, ,Ga,Se, moxer mocturate 22,65 % c Kod(]-
¢unnentom 3amonHeHus FF = 82,31 %, nHampsike-
HHEeM xoJiocToro xona Voc = 0,81 B 1 Tokom KopoT-
KOro 3ameikanusa Jgc = 33,93 MA/cm>. ITpu moBsIIIE-
HUU paboderd TeMmmeparypbl IMOTJOMIAIONIETO CIIOS
Culn;_Ga,Se, 1o 330 K ero KIIJI cHmkaercs Ha ~ 2 %.
I'MOKOCTh ¥ TOHKOCIOWHOCTh OTKPBIBAIOT JJISI COJI-
HEeYyHbIX Oarapeil HOBbIE cdepbl NMpUMeHeHHs. ToH-
KOIUICHOYHBIC 3JIEMEHTHI MOTYT OBITH BCTPOCHEI B
pa3iIuYHBIC JCKTPOHHBIC MPHUOOPHI, CTPOUTEIHHEBIC
KOHCTPYKIIMHU ¥ JJaKe TKaHU.
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PU3UKA

VIK 53.043

OTPA’KEHUE 3JIEKTPOMAFHI/ITI;IOI71 BOJIHbI
OT METAJJIO-IUIJIEKTPHYECKOU CTPYKTYPbI

B.!. Konaparenko

T'omensckuil 2ocyoapemeennviii ynusepcumem um. @. Ckopunsl

REFLECTION OF ELECTROMAGNETIC WAVES
FROM THE METAL-DIELECTRIC STRUCTURES

V.1. Kondratenko

F. Scorina Gomel State University

B Hacrosiee BpeMsi aKTHBHO Pa3BHBAeTCsl HAalpaBJIeHUE, CBA3aHHOE C MOJIEJIMPOBAHUEM ONTHUYECKMX SBJICHUI B pajfoIuana-
30He. C OHOH CTOPOHBI 3TO OOYCIOBICHO BO3MOXKHOCTBIO CO3JaHUS HCKYCCTBEHHBIX CpeJl C HHTEPECHBIMH OCOOCHHOCTSIMH
(Tax Ha3bIBaGMBIC METACTPYKTYPHI), KOTOpPbIE HEBOZMOXKHO PEallH30BaTh Ha yPOBHE ONTHYECKUX SBICHHI BBHIY HEBO3MOXKHO-
CTHU JIOCTHXKEHHS TpeOyeMbIX MACIITaOHBIX COOTHOLIEHUH MEXIy pa3MepaMu 3JI€MEHTOB CTPYKTYpBI H JAJIMHON BOJIHBI U3ITyde-
uust. C Apyroil CTOPOHBL, HOCTPOCHUE PealbHbIX (GU3HIECKUX MOJENEH cpe]] MO3BOISET TOHBIIE IIOHATh MEXaHH3MBI X 0COOCH-
HOCTH B3aMOJIEUCTBHUS 3JIEKTPOMArHUTHBIX BOJIH C BelecTBOM. KpoMe Toro, 10CTHXKeHHs HAHOTEXHOJIOTHIA MO3BOJISIIOT TIpe]-
OJIOXKUTH BO3MOKHOCTh TI€PEHOCA NPHHIIUIIOB OCTPOEHHUS AUCKPETHBIX PAJHOTEXHUUECKHX CHCTEM Ha 00JIACTh ONTHYECKOTO
JIMaTa30Ha JUIHH BOJIH.

Knroueswvie cnosa: INIeKmMpomMacHUmnas 60Jina, no2iowarouias cpeda, ()uaﬂexmpu!tecxaﬂ cmpyKkmypa.

The actively developing direction associated with the fashion-lation of optical phenomena in the radio is considered. On the one
hand it depends on the possibility of creating artificial environments with interesting features (so-called meta-), which can not
be realized at the level of the optical phenomena due to the inability to achieve the required scaling relations between the sizes
of the structural elements and the radiation wavelength. On the other hand, the construction of real physical models of media al-
lows finer understanding of the mechanisms and features of the interaction of electromagnetic waves with matter. In addition,
advances of nanotechnology suggest the possibility of transferring the principles of constructing discrete area of radio systems

for the optical wavelength range.

Keywords: electromagnetic wave, absorbing medium, the dielectric structure.

BBenenue

B pabote mpoBeneHO TEOPEeTHYECcKOe PaccMOT-
peHHe Tpolecca OTPAXKEHHs IUIOCKOH 3ieKTpomar-
HUTHOM BOJHBI OT OTPAHUYEHHON IIOCKOW CIOUCTO-
HEOJHOPOAHOM IUAIEKTPUYECKON CTPYKTYpBI, a TaK-
e OT METaJUIO-AUAIEKTPHUUECKON CTPYKTYpBL. AKTY-
IBLHOCTP 3371241 00YCJIOBJICHA TIPUMEHEHUEM MeTall-
JI0-TUAIEKTPUYECKUX CTPYKTYyp NpPHU KOHCTPYHPOBa-
Huu deMenTHOM 6a3el CBU — TexHuKH, 0cOOEHHO B
nuanasone CBU — B cyOMHJUTUMETPOBOM JIMaIia30He
JutnH BosiH. Kpome Toro, akTMBHOE pa3BUTHE TOTy4a-
€T CO3JaHNe MHOTOCIIOMHBIX METaJUIO-IU3IEKTPHIEC-
KUX CTPYKTYp C 3aJJaHHBIMU CBOHCTBAMH.

1 IIpoxoxkaeHnsi M OTPaXKeHUs IIEKTPOMAr-
HUTHOI BOJTHBI HA IJIOCKOM /IN3JIEKTPHYECKOM CJI0€e

OCOOEHHOCTBIO  PACIPOCTPAHEHHUS  3JICKTPO-
MarHUTHOHM BOJIHBI B BOJTHOBOJIE SIBIISIIOTCS €€ KOTe-
PEHTHOCTh M HAKJIIOHHOE Ia/IeHHE Ha CTEHKY BOJIHO-
Boja. IloaToMy MHTEpec NpenCTaBiIsIeT paccMOTpe-
HUEC MPOXOKACHUA U OTPAKCHUS 3HeKTpOMaFHPITHOﬁ
BOJIHBI Ha IUIOCKOM ciioe. [laHHas 3ajaya peranach
HeoHOKpatHO [1], [2], u ee pereHne U3BECTHO IS
HEKOT€PEHTHOTO CIIydasl, a TAKKe VIl TOHKOTO CIIOSL.
PaccmaTpuBas mpoleanryro ¥ OTpaKEHHYIO BOJHEI
KaK COBOKYITHOCTb BOJIH, TIEPEOTPAKEHHBIX BHYTPH
COs, HETPYAHO IIOKa3aTh, 4TO d(QeKTHBHBIC
© Konopamenko B./.,2016
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KO03((GHULNEHTHl OTPAXKEHUS M IPOXOXKACHHUS MOTYT
OBITh NPENCTaBJICHBl B BHIE I€OMETPHYECKUX IIO-
CIIeJOBATENILHOCTEH, IPHBOIIMX K BEIPAXKEHUAM
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Ha pucynke 1.1 mpencraBnena pacderHas 3a-
BUCHMOCTb KO3(D(DUIIMEHTOB OTPaXKEHUSI M MPOXOXK-
JeHHUs U1 BOJHBI C MOJIApHU3aLUeH, MepHeHIuKy-
HﬂpHOﬁ IUIOCKOCTH MaJACHHA OT YyTIJia MaJACHUA IJId
Pa3JIMYHBIX COOTHOLIEHHH MEXAy JUIMHON BOJIHBI U
TOJIIMHON JU3JeKTpuueckoro cios. OcoOblli HMH-
Tepec MPEeJCTaBIsIeT YIIoBask 3aBUCUMOCTb JUIsl TOJI-
CTOTO CJIOSI, XOTSI OHa M HE COBCEM COOTBETCTBYET
eau paccMaTpuBaeMoil 3amadm (pucyHok 1.2).
3aBUCHMOCTD TIPEACTABIIACT COO0M OBICTOPOCIIMILIN-
PYIOILYIO KPHUBYIO, OTHOAIOIIAsi KOTOPOiA TOJTHOCTBIO
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Pucynok 1.2 — 3aBEUCUMOCTH KO PHUIMEHTA OTPAKEHUSI OT yIIia aICHsI IPH MOJISPU3AIIH,
MEPIIEHANKYIIIPHOH (CleBa) M mapayieNbHON TIOCKOCTH naaeHus, H = 40h

COOTBETCTBYET AHAJOTMYHOMY XOJy 3aBHCHMOCTHU
koa(dduimenTa oTpaskeHus OT yria NajeHus, Moiy-
YEeHHOMY B paboTe [3] I HEKOTEPEHTHOTO CIIydas.
OCoOEHHOCTBIO TIPENICTAaBICHHOTO B JTaHHOH pa-
0ote pe3ynbTara SIBISIETCSA TO, YTO KOA(PQHUIMEHT OT-
paXXeHHs MPAKTHYECKH PaBeH HYJIO MPH OIpe/elieH-
HBIX yIJIaX, 3aBUCAIIMX OT TOIIMHBI cios. Ha rpadu-
ke (pucyHOK 1.2) MOXXHO 3aMETHTh IPH HAKIOHHOM
Mag€HUM BOJIHbI HAJIMYUE XapPaKTECPHBIX «IIPOBAJIOB),
TMOJIOKCHUE KOTOPBIX 3aBUCHUT OT YIJIa NaJACHUA H
TOJIIMHBI ciosd. [JyOMHa mpoBaJioB Ha rpadukax
3aBUCHUT TaKXe OT Hainmuus noreps. HaOmiomaercs
MpoBaJl A0 HyJs, €CIM MMEIT MECTO Cllon 0e3 Tmo-
TEpb, U OH OTIMYEH OT HYJISI ISl CPEJ] C TIOTEPSIMHU.
Jlis monspu3anyy B INIOCKOCTH TaJeHUS OTpa-
JKeHHEe OTCYTCTBYET B OKPECTHOCTH yriia bprocrepa,
OJTHAKO TOYHOE 3HAYCHHE YTJIa IMOJIHOH MOJIpHU3aIiiy
OTIpeIeTsIeTCST TONIIMHON CIIOs, PaBHO Kak M 3Haye-
HHe K03 dHUIMeHTa OTpaKEHUs B TaHHOM TouKe. VH-
TEPECHOH 0COOCHHOCTHIO TOHKOIUIEHOUHBIX CTPYKTYP
C TOHHLHHOﬁ CJIOA Ha MOpAdKH MEHBIIEH JUIMHBI BOJI-
HBI U3JIyYCHHUS SBJISACTCS CTPEMIICHHE K HYIIO KO-
¢unmenTa oTpakeHUs NpH JIFOOOM YIJie IajJeHus.
[IpakTnyeckn B JaHHOM cCilydae pedb MIET O CJIoe
HYJIEBOHM TOJIIMHBI, JUISI KOTOPOTO BOJIHBI, OTPa’KEeH-
HbIE OT NepeNHEN U 3alHEN MOBEPXHOCTEN CII0S OKa-
3BIBAIOTCS B IPOTHBO(]A3e, aHATIOTUYHO TTOTYBOIHOBOM
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mIactTuHke. B omnrTuke MpaKTUYICCKas peajin3alus Ta-

KOro Cjiod HE NPCACTaBIIACTCA BO3MOXKHOI BBUY

JIOCTH JUTMHEI BOJIHBI, OZJHAKO B PaHO IFalIa30HE —

Ma-
9TO

oObrdHast cuTyauus. I[Ipy  CKONB3SMIEM NaJeHUU
(a~m/2) B Mamoit okpecTHOCTH KOI(DPHIIEHT OTpa-
XKEHHUS CTPEMUTCS K HyJIIO UL 000HX MOJIIPU3ALMH.

2 OTtpakeHHe 0T METAJLIO-ANICKTPHYECKOro

cJ1os

ITomyueHHBIM pe3ynbTaT MOXKHO HPUMEHHUTH
JUIst pacdyera Ko3((UIMEHTa OTPaXKEHUsSI OT MeTall-
JIMYECKON MOBEPXHOCTH C HAHECEHHBIM JUAJICKTPH-

YCCKHUM IMOKPBLITUEM. HpI/IMeHCHI/IC HaHCCCHUA

An-

JNEKTPUYECKHUX CJIOCB HA METAJUTMYECKHE MOBEpPX-
HOCTH MIMPOKO pacmpoctpaneHo B CBY-texHnke, B
YaCTHOCTH — IIPU pa3paboTKe W CO3[aHUM METAILIO-
JIAJIEKTPUYECKUX BOTHOBOAOB. [10CKOJIBKY, B COOT-
BETCTBUHM C 3aKOHOM COXPaHEHHs IpPU OTCYTCTBUH
JQUCCHTIAIMY, KOI(PQPUIMEHT OTPa)KCHUS aBTOMATH-
YECKM CTAHOBUTCS PAaBHBIM EAMHHIE, TO pacueT
MPpOBOAWJICA C YYETOM IOIJIOIICHUS BHYTPHU CJI0s

Ly =R, +t12t216i® (_y)l + tlztleileiw (“Y)z +

+t12t21Rzzlei4d’ (_V)3 +..=R, +t12t2]ei® (_'Y)l X

x(14 Ry (=y) +R3e™ (<) +..).
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B.U. Konopamenxo

[Tocne HeOompImIMX MpeoOpa3oBaHUN BBIpaXKe-
iD
Ity ve
2 i 2
1+y°R, e
Y — KO(p(QHIHUEHT OTPa’KeHUSI OT METAJLTMYECKOM

Hust Oyayt mmets Bux: I' ) =R, — rae

MIOBEPXHOCTH.

3/1ech YUHUTHIBAJIOCH TAKXKE, YTO IPU OTpaxe-
HUH OT METAJUIMYECKOH MOBEPXHOCTH MPOHCXOIHT
noTeps NoiayBoiHbl. PacuerHpie kpuBble s TE- u
TM-BonH mpencTaBleHB Ha pPHUCYHKax 2.1-2.2.
Pacuersl npon3BOIMINCE JUIS Pa3IMYHBIX TOJIIUH
JIM3JIEKTPUYECKOTO CIIOS U PAa3IMYHbIX KO3 Huu-
€HTOB OTPAXXEHUsI [TOJICTUIIAIOIIETO METAITUYECKOT0
ciosa. CoxpassieTcs OCHWUIMPYIOIIUNA XapakTep.
KoadduuueHT oTpaskeHHs] 3aBHCUT €CTECTBEHHBIM
00pa3oM OT KO3 PUITMEHTAa OTPaKESHHSI MeTalInde-
CKOM IOBEpXHOCTH, OJHAKO B MaKCHMyMax OH Cy-
MIECTBEHHO IMPEBHIMACT KOAI()(OUIMEHT OTPaKECHHS
coO0cTBeHHO Mertanta. OOmmM Uit BceX rpadukoB
SBISIETCSL CTPEMJIEHHE K EIUHHUIE Kod(pQHIMEeHTa

=

Fy(omeen )

0.8
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0.4

Il ' 1

L
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a(rpa.)

OTPaKEHHUS MPH CKOJB3SIIEM TaICHUH B OTIUYHE OT
YUCTO JMAICKTPHUYCCKOTO CJos, The KoddduiueHt
OTPAXEHUSI CTpeMWICH K Hymwo. /s TexHuuecku
Ba)XKHBIX MPHJIOKCHUH WHTEPEC MPEACTABIIACT CIIy-
Yail TOHKOTO JUAJICKTPUYCCKOTO CJIOS HAa METaJLIH-
YECKOW IMOBEPXHOCTH. PacueTHpie rpadukd mpes-
CTaBJIeHBI Ha pHCyHKe 2.4. B 3TOM ciydae xapakrep
3aBHCHMOCTEH CTAaHOBUTCS TIIAJIKUM, W TIPU TOJIIH-
He cnos yxe B 0,01A maxke g moisipu3anidé B
IUIOCKOCTH TIaJICHUS — MOHOTOHHBIM.

U3 rpadukoB BUAHO, 9TO KOA(DDHUIMEHT OTpaske-
HHSL OT METaJUIO-TUAICKTPHICCKON CTPYKTYPhI 3HAYH-
TEJIBHO TIPEBbIIIaeT KOI(P(UIMEHT OTpaXKeHHs! OT CBO-
0OIHOW METAUIMIECKON TMOBEPXHOCTH B CiIydae Iep-
MICHAUKYISIPHON TOJSIPU3ALNH JaXe MPH HOPMATEHOM
nageanu (TM-mona). [t TE-Mozpl Takoe He HaOmo-
JaeTcsl, OJJHAKO TIPH HAKIOHHOM TajaeHuu Kodddurm-
€HT OTPaXECHHUS BO3PACTaeT I 00enX MO M CTpe-
MUTCSI K SIIHUIIE TP CKOJIB3SIIIEM MTaJICHUH.

1
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Pucynok 2.1 — YrnoBas 3aBucMMOCTb KO3 UIEHTa OTpaXKEHHS OT METaJI0-AUIIEKTPHYECKOM
ctpykTypbl TE- 1 TM-BoJIH 1py pa3nn4yHOM IOTJIOIEHNH JUISl TOJICTOTO CJIOS,
1-vy=099, 2—-y=09, 3—-y=0.5, H=5\

Iy(oTH.en.)
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PucyHok 2.2 — YrnoBas 3aBUCUMOCTb KOA(UIMEHTa OTPpaKEHHS OT METaJII0-AUIIEKTPHUECKOH
cTpyktypsl TE- 1 TM-BOJIH NIpH pa3InYHOM TOTJIOIIEHHUH JUIsl TOHKOTO CIIOs,
1-vy=099, 2—vy=09, 3—y=05, A=1, H=0.01A
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PU3UKA

YK 669.14.018.8: 621.45.038.72

BJIMSIHUE HOHHOI'O A3OTUPOBAHMS HA ®A30BBIN COCTAB,
CTPYKTYPY U CBOUCTBA YIVIEPOAHBIX IIOKPBITHU

A.C. Pynenkos', A.B. Poraues', JI.I. ITuaunuos', H.H. ®enocenko’, Csinb Xyn JKaHr

1 . .
Tomenvckuti eocyoapemeennulii ynusepcumem um. . Ckopunoi
2 o
Hanxunckuii ynueepcumem HayKu u mexHono2uu

INFLUENCE OF ION NITRIDING ON THE PHASE COMPOSITION,
STRUCTURE AND PROPERTIES OF CARBON COATINGS

A.S. Rudenkov', A.V. Rogachev', D.G. Piliptsov', N.N. Fedosenko', Xiaohong Jiang’

'F. Scorina Gomel State University
Nanjing University of Science and Technology

OmpeneneHbl OCHOBHBIE 3aKOHOMEPHOCTH U3MEHEHUsS] CBOUCTB, (Da30BOT0 COCTaBA M MEXaHHYECKUX CBOMCTB OJHOKOMIIOHEHT-
HBIX ¥ JerupoBaHHbIX MetaiioM (Cr, Ti, Cu) yrIepomHbIX TOKPBITHIA, OJBEPrHYTHIX HOHHOMY a30THpoBaHuio. IlokazaHo, 4To
MOHHOE a30THPOBAHHE BBIHIBACT B MOBEPXHOCTHBIX CJIOAX MOBBIMIEHHE JIOIH SP°-(hasbl TIPH CHIKCHHH Pa3Mepa KJacTepoB.
ITpu HOHHOM a30THPOBAHUHM YIIEPOICOAEPKANIUX MOKPBHITUI yCTaHOBIEHO 00paszoBanue coequnennii CNy ¢ mpeobaanaromum
coyepkanmeM crsseit Tnma N—Csp?. O[HOKOMIIOHEHTHBIE YTJIEPOJHBIE TIOKPHITHS MOCTIE HX HOHHOTO a30THPOBAHHS XapaKTepH-
3upyloTcs Gollee MCIEPCHOI CTPYKTYpOii, BHICOKMM CoflepaHHeM cBsseit N—Csp® B CpaBHEHHM CO CTPYKTYpOH M COCTaBOM
MOKPBITHI, c()OPMUPOBAHHEIX B YCIOBUSIX HOHHOTO aCCHCTHPOBAHUS IJIH XK€ B IPHCYTCTBUH MOJIEKYIIPHOTO a30Ta.

Kniouesvie cnosa: yenepoonsie nokpuimiisi, 1e2uposaniie, asomuposanie, pazoewlii cocmas, MOpGonozus, meepoocms, mpeHue.

The basic patterns of change in the properties, phase composition and mechanical properties of single-component and doped
metal (Cr, Ti, Cu) carbon coatings, subjected to ion nitriding are determined. It is shown that ion nitriding is in the surface lay-
ers of increasing the share of sp>-phase with a decrease in the size of the clusters. When the ion nitriding carbonaceous coatings
established education CNx compounds with predominant content of N-Csp” bonds. Single-carbon coating after ion nitriding are
characterized by a more dispersed structure, high content N-Csp® bonds, in comparison with the structure and composition of

2

the coating formed under ion assisting or in the presence of molecular nitrogen.

Keywords: carbon coatings, alloying, nitriding, phase composition, morphology, hardness, friction.

BBenenue

IIIupokuil CHEKTp CBOMCTB YIJIEPOAHBIX I10-
KPBITHH, UX 3aBHCHUMOCTb OT YCJIIOBUH U PEXHUMOB
CHHTE3a 00YCIIOBJICHBI MOJIMMOP(GU3IMOM CTPYKTYp-
HBIX COCTOSIHUM yriepoaa, U3MEHCHUEM HX JUC-
nepcHocteio [1]-[5]. B ciyuae dopmupoBanust yr-
JICPOMTHBIX TOKPBITUH, JIETHPOBAHHBIX METaJLIAMH
W/WIIA a30TOM, BaXKHBIMU (DakTOpamul SBJISETCS UX
MPUPOA ¥ KOHIEHTPAIHS JIETUPYIOMINX dJIEMEHTOB,
CTETIeHb WX XWMHYECKOTO B3aUMOJECHCTBHUS C yTIe-
POIOM, XapakTep pacupeAesieHUs 0 TONIIHNHE CIIOS
u npyrue. Bee ot dakropsl onpenensior dazosoe,
CTPYKTYpPHOE COCTOSIHHE YTJIEPOJHONH MAaTpPHIIbI,
XUMHYECKHH COCTaB MeX(a3HBIX CIOEB W, COOTBET-
CTBEHHO, cBoiicTBa mokpwiTuii [1]-[3]. Takue crou
XapaKTEPU3YIOTCs IOBBIIIEHHON TEPMO- U U3HOCO-
CTOMKOCTBIO, 00Jiee HU3KMM B CPaBHEHHH C OJHO-
KOMIIOHCHTHBIMH TIOKPBITUSIMH YPOBHEM BHYTPCH-
HUX MEXaHWYECKHAX HANpPSDKCHUH TPU COXPAHCHUU
BBICOKUX 3HAYCHUI MUKPOTBEPIOCTH.

W3meHeHne (QU3UKO-XUMUYECKAX MapaMeTpoOB
YTIACPOTHBIX MMOKPHITHNA TIPU BBEJCHUH B MX COCTaB
METAJJIOB OOBACHSIIOT MPOTEKAaHHEM IIPOIECCOB
XUMHYECKOTO B3aMMOJCHCTBHSA C 0Opa3oBaHHEM
KapOumoB [1], KaTaTUTUYECKUM BIIUSHUEM METaJI-
JIOB Ha MPOIECCHl CHHTE3a H JMCIEPCHOCTh Sp - I

sp’-kiactepos [2], [4]. Ilpu nernpoBaHum yraepon-
HBIX TIOKPBITHH a30TOM, NPOBOJWMOM Ha CTaIH
OCaXJCHUsI IyTeM 00pabOTKH pacTyLIEero CJosi HO-
HaMU a30Ta (PEKUM HOHHOTO acCUCTHpOBaHUs) [5],
[6], min ke ocaxaeHHEeM MOKPBITUS B CPeJie C BBICO-
KOW KOHIIEHTpaluel MoJyieKyssipHoro aszota [7]-[9],
ycraHoBlieHO oOpa3zoBanne CN, COeAMHEHMIA, a MpH
JITUPOBAaHUH  METAUICO/AEPXKALIMX  YIJIEPOIHBIX
MTOKPEITHH — 00pa3oBaHHE KapOOHUTPUAOB W HUT-
punoB meramioB [8]. Ilpm 3TOM AHMCIEPCHOCTH U
00BeM oOpasyrommxcs (a3, xapakTep UX pacmpeze-
JIEHUS IO TOJIIIMHE CJIOA B 3HAYHTEIHHOM CTETIEHH
OTIPENIeNIAIOTCS TEXHOJIOTUYECKHMHU TIapaMeTpaMu
JIETHPOBAHMs, PHEPrUEH HOHOB a30Ta, CTEICHBIO
aKTHBallMM TPOLECCOB XUMHYECKOrO B3aMMOJIEHCT-
Bus [7], [9]. OTMeTnM, 4TO pUBEIEHHBIE Pe3yibTa-
TBl XapaKTEPU3YIOT MOKPBITUSA, JIETUPOBAHUE KOTO-
PBIX OCYIIECTBISIETCSI B PE3YJIbTAaTe OJHOBPEMEHHO-
IO OCAaXICHHS Ha IMOBEPXHOCTU YIJIEPOAHBIX aTo-
MOB, T€HEPHPYEMBIX B IUIa3Me, U NCIApPEHHBIX aTo-
MOB MeTasuia. JIaHHbIE K€ O BIUSHUM HA XUMUYECKUI
COCTaB, CTPYKTYPY U CBOICTBAa OZHOKOMIIOHEHTHBIX H
KOMIO3HUIIMOHHBIX METaJUICOACPIKAMINX  YTIIePO-
HBIX TIOKPBITHA a30THPOBAHUS, OCYIIECTBIIEMOTO
myTeM o0pabOTKH HMOHAMH a30Ta YXe IpeaBapH-
TEJBHO OCAXICHHBIX CI0EB, OTCYTCTBYIOT.
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B cBsI3u ¢ 3TMM OCHOBHOM II€JIBIO HACTOSIIEH
paloOTHI SBJSCTCS YCTAHOBIICHHE OCOOCHHOCTEH CO-
CTaBa, CTPYKTYPHOTO U (pa30BOr0 COCTOSIHUS, MeXa-
HUYECKUX CBOMCTB (TBEPIOCTh, M3HOCOCTOMKOCTH)
MOBEPXHOCTHBIX CJIOEB OJHOKOMIIOHEHTHBIX U JIETH-
POBaHHBIX MeTaJIaMH Pa3IMYHONM HPUPOIBI YIJie-
POAHBIX TOKPBITUHA, MOABEPTHYTHIX HOHHOMY a30TH-
POBaHUIO.

1 MeToauka JKCcepuMeHTa

OOBEKTOM W3Y4YECHHS SBWINCH OJHOKOMIIO-
HEHTHBIE ¥ KOMIIO3HIIMOHHBIE YTJIEPOIHBIE MOKPHI-
Tus, neruposannsie Metaiamu Cr, Ti, Cu, nposie-
JSIFOLMMU Pa3JIMuHYI0 XUMHYECKYIO aKTHUBHOCTB 10
OTHOILIEHMIO K yriepoay u a3oty. OcaxaeHue yrie-
POJHBIX MOKPBITHI MPOU3BOJUIOCH U3 UMITYJIbCHOM
KaTOAHOW IUIa3Mbl IO METOJMKE, NPUBEICHHOW B
[3]. JlerupoBaHue HMX METaIOM OCYILIECTBISLIOCH
ITyTEM COBMECTHOTO OCaXICHH aTOMOB YTJIeponia U
TEeHEPHPYEMBbIX MAarHETPOHHBIM PACTIBUICHHEM aTo-
MOB MeTayuia (MOIIHOCTE pa3psiia MPH PaCIbUICHUN
Cr, Ti, cocraBmsuio 400 Bt, npu pacnsiieann Cu —
200 Br). IIpu sTOM atromapHOE cojepKaHHe MeTaj-
Jla B TIOKPBITHH COCTABJISUIO TMPHIMEPHO OJUHAKOBOE
3Hauenue 2,2...2,65%.

HoHHOe a30THpOBaHHE OCYILECTBIIIOCH IpHU
MOMOLIM MOHHOTO MCTOYHMKA THma «Paankam» mpu
CIIe/lyIOIIIX MapaMeTpax: napienue raza P=10" Ila;
Tok — 0,2 A; yckopsitoniee HanpsbkeHue — 2 kB.

W3zyuenne Mopdosioruy JIETUPOBAHHBIX YIJje-
POIHBIX MOKPBITHI MPOBOIMIOCH METOIOM aTOMHO-
cuioBoit Mukpockonmu (ACM) B pexxuMax m3Mepe-
Hus Tonorpaduu U (Ha3oBOro KOHTpacrta C MOMO-
mpro mpubopa Solver Pro mpomseoacrea NT-MDT
(Mockga, Poccus).

Onpenenenne (pa3oBOro COCTaBa YIJIEPOIHBIX
MOKPBITUH OCYILECTBIIAIOCH MOCPEICTBOM aHaIn3a
CIIEKTPOB KOMOWHALIMOHHOTO PACCESHUS, MOJTy4YeH-
HOTO Ha CIIEKTpOMeTpe Senterra ¢ JUIMHOW BOJIHBI
BO30YKIAIOIIEro HM3IMydeHHus 532 HM, MOIIHOCTBHIO
10MBT. Pa3znoxeHnue perucTpupyeMsIx CHEKTPOB Ha
D- (~ 1400 cm™) 1 G-rmkm (~ 1550 em™) ocymects-
Jsock o Meroay l'aycca. XuMuueckuil coctaB U
CTPYKTYypa YTIEPOIHBIX CBSI3EH OIpeNeIsuIiNCch Me-
TOAOM PEHTIC€HOBCKON (HOTOANEKTPOHHON CIEKTPO-
ckoruu (P®DC). M3mepenus mpoOBOIWIHNCH C TIO-
momrsio mpubdopa PHI Quantera mpu Bo30yXneHnn
BemecTBa Ko-u3nmyueHneM allOMUHMS C SHEpruen
kBaHTa 1486,6 3B u cymmapnoii MomHocThio 250 Br.

Jist u3MepeHuss MUKpoTBepaoctd no Kuymmy
npumensuicsi Mukporsepaomep DM-8 (AFFRI, Ura-
nust). Harpyska Ha anmMa3Hyr THUpaMHUIy PaBHSJIACH
245 MH, mpomomKHUTENEHOCTh BIABIWBAaHUS TMHpa-
muasl — 10 c.

TpuboTeXHUIECKNE UCTIBITAHUS TIPOBOAMIIH TI0
cxeMe «cdepa — IIOCKOCTEY (IIApUK PAJIyCcoM 5 MM
u3 3akasieHHoi ctanu HIX15, mokpeiTHe HAHOCWIH
Ha IUIOCKYI0 KPEMHHEBYIO TOMIOXKKY). Harpyska
cocraBmsa 0,98 H, cpemusisi CKOpOCTh TiepemMerie-
Hust — 0,0087 m/c. Ilocime mpoBemeHUS] UCTHPAHUS
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OTIpeNeIsICS TUaMeTp IATHA KOHTAaKTa, 00beM H3-
HOIIEHHOTO MeTalljla U BBIIOJIHSUIICS pacyér 00bEM-
HOro K03(duineHTa U3HaUBaHUS 110 HOpMyJIe:

j=V/FL[M/(HM)], (1.1)
rne I — narpyska (H); L — myTtb Tpenust (M); V' — 00bem
IIAPOBOTO CErMEHTA M3HOIIEHHOTO MaTepuana (M),

2 Pe3yabTaThl U UX 00CY KAeHHE

YcTaHOBIEHO, YTO NPH MPOBEICHUH HOHHOTO
A30THUPOBAHMS BCIICACTBHE TPABJICHUS 3aMETHO M3-
MeHsieTcss Mopgoorus nokpeThid. LllepoxoBaTocTh,
a TaKkKe pasMep OTAEIBHBIX CTPYKTYPHBIX 00pa3o-
BaHMH OIHOKOMIIOHEHTHBIX W KOMIIO3HIIMOHHBIX
YIJIEPOIHBIX MOKPBITHH TOCIE HOHHOTO a30THPOBa-
HUs cHUXKaetcs (Tabmuma 2.1).

Tabmuna 2.1 — IlapameTpsl IIEPOXOBAaTOCTH
YIJIEPOIHBIX TOKPBITUI J0/MOCIE MOHHOTO a30TH-
poBaHus Ha OCHOBaHUU JaHHBIX ACM

Cpennuii
O6pa- Cpenmsist IImoTHOCTH aveTp
BBICOTA, |R,, HM 3€epeH,
sent HM 1T, /MKM? 3CpeH,
HM

C 81/26 |22,8/8,5 54/78 164/128
C+Cr | 20/10 |7,8/3,9 49/62 93/82
C+Cu 18/21 |5,0/4,2 98/76 87/89

C+Ti 11/16 |24/3,4 44/47 118/118

[Tpu >ToM Hambosiee 3HAYMTEILHOE yYMEHBIIIE-
HUE MIePOXOBAaTOCTH HaOItomaercs mpu oOpaboTke
OJHOKOMIIOHEHTHOTO YTJIEPOJHOTO MOKpBITHA. Ta-
KM€ MOKpBITHA, Kak oTMmedaeTcs B [11], comepxar
MHKpPOKaIUIM rpaduTta, ¥ B IpoIecce HOHHOTO a30-
THPOBaHHUSA IPOUCXOAUT HUX TPEUMYILECTBEHHOE
TpaBJICHHE, YTO U OINpPEIeNseT CHUKECHUE IIEepOXo-
BaTOCTH TOKPHITH. B Meramiconmepxamumx yriie-
POIHBIX CJIOSX HPH UX a30TUPOBAHMHM MOTYT 0Opa-
30BBIBATBCS HOBBIE TBepable (ha3bl BHEAPEHUs,
HMEIOLIME MEHBIIYIO B CPaBHEHHE C rpa)TOM CKO-
POCTH TPaBIEHUS W, KaK CIEACTBHE TOT0, N3MEHE-
HUA penbeda MOBEPXHOCTH MEHEE BBIPaYKEHBI.

HonHoe a30THpoBaHUE YTIEPOTHBIX MTOKPBITHH
MIPUBOJNUT U K U3MEHEHHIO MX (a30BOTO COCTOSHUSI.
W3 npencraBneHHpIX B Tabmmie 2.2 pe3ynsTatoB KP
CIIEKTPOCKOIMU CIELYET, YTO I0CIE€ MOHHOIO a30-
THUPOBaHMS OJHOKOMIIOHEHTHBIX M JIETMPOBaHHBIX
METAJIOM YTJIEPOAHBIX HOKpPHITHI HaOmomaercs
yYBEIMYEHUE MIMPHUHBI D-NMKa, CHIKEHHE IIHPHHBI
G-nuka, Bo3pacTanue oTHOIeHus Ip/ 1.

Kak ormeuaercs B pabote [3], cy>xeHne mupu-
Hbl G-TIMKa BBI3BAHO YBEIUYCHUEM YHOPSAIOYEHHO-
CTH SP’-KJIACTEpOB, YBEIMUECHHE K€ COOTHOLICHHS
Ip/ I MoXeT OBITh 00YCIIOBIEHO yMEHBLIEHHEM HX
pasmepoB. Ymupenue D-nuka M cMelieHHe €ro B
00JIaCTh HU3KUX BOJIHOBBIX HYHCET MOXKET CBHJE-
TEJNbCTBOBATh O Pa3yNoOpPsAAOYMBAHUN M YMEHBbIIe-
HUM YHCTIA S -KIIACTEPOB.
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Brusnue uonnozo asomuposanus na ¢asoewiii cocmas, cmpykmypy u c0UCIBa YeiepoOHbIX NOKPbIMUlL

Tabnuna 2.2 — Pesynbrarsl KP-criekTpockonuu JJerupoBaHHBIX YIIIEPOIHBIX TTOKPBITHI
JI0/TIOCJIC NOHHOTO a30THPOBAHUS

D-mnk

G-Ik

Ioxkpertre | Tlonoxenue,

CM CM

[upuna,
-1

[Monoxenune, | Ilupuna, Ip/ I
-1

CM CM

C 1438,2/1434,4|275,3/282,1

1562,8/1563,8]|197,2/189,210,50/0,58

C+Cr  |1395,5/1377,4(336,4/358,5|1549,1/1546,0|167,0/147,9|1,15/1,64
C+Cu_ |1406,4/1401,4|307,2/319,1 | 1551,8/1555,6|165,9/156,8 | 1,04/1,21
C+Ti | 1404,4/1399,9|323,5/328,9|1554,8/1554,6 | 169,8/169,2|1,01/1,07

Takue M3MeHeHUsI MOTYT OBITH BBI3BaHBI pas-
pYLIEHHEM TpaHul] 3€peH M HArpeBOM IIOJUIOKKH
MOJI NEeHCTBHEM TOCIEAyIomel HOHHOH OoMOapim-
pOBKH, 4TO Koppemupyer ¢ maHHeiMa ACM u pe-
3yJbTaTaMH SKCIEPUMEHTOB 1O (HOpMUpPOBAHHIO
YIJIEPOJHBIX MOKPBITHH B YCIOBHSX HOHHOW OOM-
OapAMPOBKH, U3JI0KEHHBIMH B pabdore [11].

DOpMUPOBAHUE YIJIEPOAHBIX MOKPBITUI B yC-
JIOBUAX HMOHHOI'0 aCCUCTHUPOBAHUA (He3aBI/ICl/IMO oT
9HEPruM acCUCTHPYIOIIMX MOHOB) OKa3bIBaeT Ooliee
CYIIECTBEHHOC BJIMAHHUC Ha HX (1)33031,1171 COCTaB
[12]. TIpu accuctupoBanuu coootHomieHue Ip/ g
yBenuuuBaercs ¢ 0,5 mgo 1,38, a mmpuna G-nuka
yMeHbIaercs 10 166,6 em™'. Tlocite HOHHOTO a30TH-
poBanusi cootHomeHue Ip/I; pasmsercs 0,58, a
umpuna G-nuka pasrsercs 189,2 cm™. Takue m3me-
HEHHUS OOBSACHAIOTCS PA3IMYHBIMH MEXaHH3MaMHU
(ba3OBBIX TIEPEXOIOB SP°—Sp> YIIEPOIHBIX MOKPHI-
tuit. [Ipy MOHHOM acCUCTHUPOBAHUK OCHOBHOW INpHU-
YMHOW M3MEHEHUs (pa3oBOro cocraBa SIBISIOTCS He-
yIpyrue COyAapeHUs: MOHOB a30Ta W yriepoja B
I1a3Me, B TO BpeMsl Kak MOCJIeAyIollee HOHHOE a30-
THUPOBaHHE HOCUT IIOBEPXHOCTHBIH Xapakrtep, Ipe-
00J1aIal0T TpOIecChl TPABJICHHS, WUMIUIAHTALMHA U
JIOKJIGHBII HarpeB BEPXHHUX CIOEB ITOKPBITHSI.

OTMeTnM, 9TO BBEICHUE METalla B YTIIEPOA-
HOE TIOKPBITHE HECKOJIBKO CHIKAET CTENEeHb Tpadu-
THU3aIUH, a B CIydae JICTUPOBAHHUS MEIbI0 MOHHOE
a30THPOBaHUE JaXXe CHIDKACT HHTETPANBHYIO IUIO-
Iab MOBEPXHOCTH MOIOKKH, 3aHATON Sp -KJIac-
TepaMu (pUCyHOK 2.1).

TTokpeiTHE

=]
=]

35 50 65 80
JMonst uarerpansHoii miomanu Csp?, %

Pucynok 2.1 — Conmeprxanue sp*-(ba3bl B TOKPBITHH
1o (1) 1 mocne (2) HOHHOTO a30TUPOBAHUS
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H3meHeHHe XMMHUYECKOTO COCTaBa IMOKPBITHH,
MOJJBEPTHYTHIX MOHHOMY a30THPOBAHMIO, OLICHHUBA-
JIOCh TI0 M3MEHEHUIO MOJIOKEHUS U popmbl N1s mu-
ka POOC cnekrpa (pucyHok 2.2).

YcTaHOBIEHO, YTO KaK OJHOKOMITOHEHTHEIE,
TaKk W JITUPOBAaHHBIE METa/UIaMH YTJIEPOJIHBIE II0-
KPBITHS COZEpP)KaT B MOBEPXHOCTHOM CJIO€ XUMHYE-
CKU CBSI3aHHBIE aTOMBI a30Ta. Paznoxenne nuka N1s
OJTHOKOMIIOHEHTHBIX YIJIEPOJHBIX HOKPHITUH I10-
3BOMMIO BBIACTHTH cBssu N—Csp® ¢ sHeprueit
~398,2 5B, N-Csp” (399,9 5B) u N-O (401,7 3B).
B nuke N1s mokpbITuii, JIErMPOBaHHBIX TUTAHOM,
MIPUCYTCTBYEeT KOMIIOHEHTa ¢ 3Heprueil 3973 aB,
cooTBeTcTByommast HuUTpuay turaHa N-Ti [13]. TIuk
N1s serupoBaHHbIX XPOMOM YIJIEPOJIHBIX NOKPBITHI
packiagsiBaeTCs Ha CIeAyIONde KOMIIOHEHTHI:
N—Cr ¢ sHeprueii csasu 396,7 5B [14], N-Csp’ ¢
sHeprueil ces3u ~ 398,3 3B, N-Csp” (399,8 9B) u
N-O (401,7 3B). Hanmnumne HUTpuAa Meau TPYAHO
BBISIBUTH MeTOA0M XPS, MOCKOJIBbKY SHEprus CBSI3U
HUTpHUAa Meau paBHsercs ~ 932,7 3B ansa Cup, uto
oueHb OnM3k0 OT KommoHeHThl Cu—O co chuH-
opOutanpHOl Moamdukanued 2p 3/2 ¢ anpuopu
Oonpmeil wHTeHCHBHOCTHIO [15]. Tlocnmemyromas
HoHHasg 00paboTKa OJHOKOMIIOHEHTHBIX W JIETHpPO-
BaHHBIX KapOWZOOOPa3yIOMMMH METaJUIAMH YTJIe-
POIHBIX TOKPHITHIA MPUBOIAHUT K POCTY COAEPIKAHUI
Sp’-rHOPHIM3UPOBAHHBIX aTOMOB YIJIEPOAA, HTO
0TYACTH TOATBEpXkAaeTcss HaHHBIMH KP-cmexTpo-
CKOIIMH, CBUICTENBCTBYIOIUMH O HE3HAUYNUTECIHHOM
pocre cootHoruenust Ip/ I;. OO0 u3MeHeHUH comep-
KaHHsS Sp-(asbl TPYIHO CyAUTh, TOCKOJIBKY IPH
Pa3’I0XKEHUU MOJ KOMIIOHEHTOM C 3Heprueu CBs3u
~285.4 5B moapasymesatorcst Csp® u C-N, C=N
cBsi3u. OHaKo, JaXKe C Y4eTOM BKJIaJa B MHTCHCHUB-
HOCTb JJaHHOW KOMIIOHEHTHI coenrHeHui tuna C=N
1 C—N MOXHO 3aKJIFOUUTH, YTO JI0JII UHTETrpaIbHOM
TUTOMIAIA He3HAYUTEIEHO CHIDKASTCS BO BCEX CITydasX.

W3 anmammsza N1s BUAHO, 9TO MpH MOHHOU 00-
paboTKe OCAKACHHOTO YIIIEPOJHOTO MOKPHITUS 00-
pasyrorcsi coenmaeHus tuma CN, ¢ mpeoOmagaro-
UM comepxkanneM cBsiseil Tima N—Csp®. Kpome
3TOrO, MOCJE€ MOHHOTO Aa30TUPOBAHUS IJIS TOKPHI-
TH, JIETHPOBaHHBIX KapOMI000pa3yonMMH MeTall-
JaMH, (PUKCUPYETCs CHIDKECHHE COJICpyKaHUs KapOu-
JIOB MeTajuia U obOpa3zoBaHue HUTpUnoB. Habmrona-
eTcsl TaKkKe HEe3HAUUTENbHOE YBEJIWYEHHE COZepiKa-
HUS SP°-rHOPUIN3HPOBAHHBIX ATOMOB YIIIEPO/A.
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Pucynox 2.2 — N1s-nuk POIC yrnepoaHsIx MOKPHITHNA, TOABEPTHYTHIX HOHHOMY a30THPOBAaHHUIO

Yka3zaHHbIE M3MEHEHUS CBHICTEIBCTBYIOT, UYTO H
IpU a30THPOBaHMHU YK€ COOPMHUPOBAHHBIX YIJIe-
POAHBIX MOKPHITUH MMEET MECTO MMILIAHTALUS HO-
HOB a30Ta B NIPUIIOBEPXHOCTHBIN CIOH C MOCIEAYIO-
KM 00pa30BaHUEM XMMHUUYECKUX COECIMHEHUH a30Ta
U yriepona.

B Tabmmue 2.3 npuBeaeHB pe3yNbTaThl aHAH-
3a cnekTpoB POOC 0HOKOMIOHEHTHBIX YTJIEPOJHBIX
MOKPBITUH TIOCIE MOHHOTO a30TUPOBAHUS U HOKPbI-
THH, c(POPMUPOBAHHBIX B YCIOBUSIX MOHHOTO acCH-
CTUPOBAHUS WM XK€ B CPEAE MOJIEKYJSIPHOTO a30Ta
IPU €ro JaBlIeHUU B BakyyMHOH kamepe 0,1 ITa [12].

Tabmuna 2.3 —Pesynbsrarsl POOC yriuepoaHsix
MOKPBITHH, MOABEPTHYTHIX a30THPOBAHUIO Pa3IHY-
HBIMH METOJIaMHU

3,5-3,7 paza, ueM y YIJIEpPOAHBIX MOKPBITHH, chop-
MHUPOBAHHBIX B IPUCYTCTBHH MOJEKYISPHOTO a30Ta
WIK Ke B YCJIOBUSX OOpabOTKM MOHAMH a30Ta pac-
TYLLErO YrIIEpOAHOro ciiosi. JJaHHBIN pe3ynbTaT MOXK-
HO OOBSCHUTH W3MEHEHHEM YCIIOBHH aKTHBAIMU TIPH
BO3/ICHCTBUM Ha IMOBEPXHOCTh HOHOB a30Ta, MEHb-
LIMM COZICP/KAHUEM SP°-KJIACTEPOB B MCXOIHOM IIO-
KPBITHH.

B tabnune 2.4 npencTaBieHbl pe3yabTaThl H3-
MEpEHUsT MUKPOTBEpAOCTH H, 3HaYCHUST 00BEMHOTO
KO3 GHUIMEHTa H3HANIMBAHUS KOHTpTENa (crand
[IX15) j yrnepoacoaep Kaux MOKPBITHIA A0 U I10-
CJIe X HOHHOTO a30THPOBAHHS.

Tabnuna 2.4 — BimsHIE MOHHOTO a30THUPOBA-
HUS Ha TBepHocTh H m koddduimenTa m3HamImMBa-
HWsI KOHTPTENA j

ITokpsI- H,I'Tla J, <10 m*/(Hm)
THE JI0 mocie 110 noce

C  [10,74£0,2211,21+0,15419,3+4,6345,6+2.9

Crioco0 nerupoBaHus Hons N—Csp’/
Csp”, % | N—-Csp’
JlernpoBaHue OTCYyTCTBYET 33,98 -
HonHoe azoTupoBaHne 50,51 0,68
Ocaxenue B cpene N, 56,00 0,18
HonnHoe accuctupoBanue 59,00 0,19

C+Cr [12.45+0,23]12,8120,18]138,1+2,7[172,53 3

Y CTaHOBIIEHO, YTO IPU BCEX U3YYEHHBIX CIIO-
co0ax a30THUPOBAHMS YTJIEPOIHBIX MOKPBITHH a30T
o0pa3yeT XMMHYECKHE CBSI3M IPEHMYLIECTBEHHO C
yriaepogom Csp” (oTHOIIeHHe wumcia cBsizeil N—Csp®
u N—Csp” MeHblIlIe eIMHULIBI), YTO MOXKET OBITh CBSI-
3aHO ¢ 0Ooyiee BBICOKOW aJCOPOIMOHHONW aKTUBHO-
CTBIO U IM((}Y3MOHHOH NMPOHNLIAEMOCTBIO TPaUTOBOI
(a3p1. [Ipy MOHHOM a30THPOBAHUU TOKPHITHHA OT-
HOCHTenbHOE conepxanne N—Csp’ cBsiseil Bbiue B

40

C+Cu [10,23+0,26]10,79+0,21120,1+4,2[165,2+3,8

C+Ti |11,91£0,2512,62+0,14]128,9+5,0191,04,2

Bunno, uTo nocienyroniee HOHHOE a30THPOBA-
HHE NIPUBOAUT K YBEJIUYESHUIO MUKPOTBEPAOCTH IS
BCEX YIIIEPOIHBIX MOKPHITHHA. JlaHHBIN ekt saB-
JSETCs CIIENCTBHEM HPOTEKAIOIHUX IIPH a30THPOBa-
HUM M3MEHEHUH (a30BOro M XHMHYECKOIO COCTaBa
TIOKpBITHI. [IpH 3TOM yUHTBIBas, YTO MOBBIIICHHE TBEP-
JIOCTU HAOMIONAeTcs U NP a30THPOBAHUM OJHOKOM-
MIOHEHTHBIX YIJIEPOAHBIX MOKPBITHH, MO-BUANMOMY,

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016



Brusnue uonnozo asomuposanus na ¢asoewiii cocmas, cmpykmypy u c0UCIBa YeiepoOHbIX NOKPbIMUlL

HaWOOJBIINN BKIIJ B MOBBIIICHUE TBEPIOCTH BHO-
CSIT mpouecchl 00pa3zoBaHus coenuHeHuid Thma CNy.

CHmwxkeHne o0beMHOTO KO3(PQUIMeHTa H3Ha-
[IMBAaHUSI KOHTPTENA MPH a30TUPOBAHUU HEJIETHPO-
BaHHBIX YTIIEPOIHBIX MOKPHITHHA (Tabmuma 2.4) 00b-
SICHSICTCS 3HAYUTEIIFHBIM YBEIHUCHUEM COJICPIKAHHUS
rpaduToBOit sp>-¢assl (B 1,5 pasa), KoTopasi, HAX0-
JIICh Ha TOBEPXHOCTH, OKa3bIBaCT CMAa304YHOE JICH-
CTBHME MPU KOHTAKTHOM B3ammozeicteuu. [lpu tpe-
HUM TOJBEPTHYTHIX a30THPOBAHHUIO JICTUPOBAHHBIX
METaJUIOM YTJICPOIHBIX TOKPBITHHA 3HAYCHHE 00BEeM-
HOTO KOX((HUIMEHTa W3HANIMBAHUS KOHTPTEIA BO3-
pactaet, 4yTo 00YyCJIOBICHO (OPMHPOBAHHUEM B IIO-
BEPXHOCTHOM CJIO€ TBEPABIX TEPMOCTOMKHX COEJH-
HEeHUN (HUTPUIOB, KapOOHUTPHUIOB), CIIOCOOHBIX K
a0bpa3suBHOMY pa3pYIICHUIO KOHTAKTHUPYIOIICH IT0-
BEPXHOCTH.

3akJloueHue

OmnpeneneHbl OCHOBHBIE 3aKOHOMEPHOCTH W3-
MEHEHHsI CBOMCTB M ()a30BOr0 COCTaBa OJHOKOMIIO-
HeHTHBIX U JerupoBaHHbIX Cr, Ti, Cu yriepomgHbIx
MIOKPBITUH, IOABEPIHYTHIX HOHHOMY a30TUPOBAHUIO.
VCTaHOBJIEHO YBEIMYEHHE CONEPKaHHs Sp -(hasbl,
CHWIXCHHUEC B IMPUIIOBEPXHOCTHBIX CJIOAX KOHLECHT-
pauuu coenunennii Me,C,, oOpasoBaHne coenUHE-
Huit tuna MeyN, u CNy ¢ npeobnajaromumM cozep-
xannem N—Csp” cBaseii. [Toc/ie HFOHHOTO a30THPOBA-
HUsA OAHOKOMIIOHCHTHBIX M KOMIIO3HMIIMOHHBIX IIO-
KPBITHI HAOJIONAETCs YBEIMUCHNE MUKPOTBEPIOCTH
Ha 0,5-0,7 I'lla u B 1,2-1,5 oO6bemMHOro K03 Pu-
IIMEHTa W3HAIIMBAaHWUSA CTAaJIbHOTO KOHTpTENa IpH
TPEHHUH B IApE C MOKPBITUEM.

ITokazaHo, 4TO TPH HOHHOM a30THPOBAHUHU
OAHOKOMITIOHCHTHBIX YTJIEPOAHBIX HOKprTI/lﬁ OTHO-
cuTenbHOe cozepxanne N—Csp® cBsieil Bbime B 3,5—
3,7 pa3za B CpaBHEHMH C YIJIEPOAHBIMU MOKPBITUSAMH,
c(OPMHUPOBAHHBIX B HPHUCYTCTBHH MOJIEKYJISIPHOTO
a30Ta WIN XK€ B YCIOBHUSIX OJHOBPEMEHHOI'O OCaX-
JIeHus1 1 00pabOTKH MMOBEPXHOCTH HOHAMH a30Ta.
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MATEMATHKA

OBPATHAS KPAEBAS 3AJAYA JIUIA THIHHEPBOJIMYECKOI'O YPABHEHMUSA
BTOPOI'O NIOPAJAKA C HHTEI'PAJIBHBIM YCJIOBHEM IIEPBOI'O POJIA

A.T. Merpanues, I'.H. Uckenaeposa

Baxunckui eocyoapcmeennwitl yrusepcumem

INVERSE BOUNDARY VALUE PROBLEM FOR A SECOND-ORDER
HYPERBOLIC EQUATION WITH INTEGRAL CONDITION OF THE FIRST KIND

Y.T. Mehraliyev, Q.N. Isgenderova
Baku State University

HccnenoBana ojjHa oOpaTHas KpaeBas 3ajaya Julsl TUIepOOINYECKOr0 yPaBHEHHS BTOPOTO MOPs/IKa C MHTETPAIBHBIM YCIOBHEM
nepsoro poza. st paccMarpuBaeMoil 00paTHOM KpaeBOM 3a7adu BBOAUTCS ONpeJeNieHHe Kiaccuueckoro peuieHus. C nomo-
11610 MeTona Pypbe 3amada CBOAUTCS K PEILICHHIO CHCTEMBl HHTETPAIbHBIX ypaBHEHHI. C IIOMOIIBIO METO/A CXKATHIX 0TOOpa-
JKEHHUIT JOKa3bIBaeTcsl CYIECTBOBAHUE U €IMHCTBEHHOCTh PELICHUS] CHCTEMBI HHTETPAIbHBIX ypaBHeHUH. [lanee 1oka3biBaeTcs
CyIIECTBOBaHHE U €JMHCTBEHHOCTh KJIACCHYECKOTO PEIICHUS HCXOIHOM 3a1auH.

Knrouegwie cnosa: oopamnas xpaesas 3adaua, cunepbonuieckoe ypasuenue, memoo @ypuve, knaccuieckoe peuienue.

An inverse boundary value problem for a second-order hyperbolic equation with integral condition of the first kind is investi-
gated. A definition of classical solution is introduced for this problem. The Fourier method is used to reduce the problem to a
system of integral equations. The method of contraction mappings is applied to prove the existence and uniqueness of a solution
of the system of integral equations. Then, the existence and uniqueness of a classical solution of the initial problem is proved.

Keywords: inverse boundary problem, hyperbolic equation, Fourier method, classic solution.

Brenenne

ITon oOpaTHO# 3amaueil i ypaBHEHHA C Ya-
CTHBIMHU TIPOW3BOJHBIMU B HacToslled paboTe moj-
pa3ymeBaeTcsi Takas 3ajqada, B KOTOpOW BMeECTE C
pemieHneM TpeOyeTcs ONpeAeNuTbh NPaByl0 YacTh
Wi (1) TOT Wi HHOHM KodpduiuenT (kodddurmen-
TBI) camoro ypasHeHusi. OOpaTHbIe 33124l BO3HU-
KalOT B CaMbIX Pa3IMYHBIX 00JACTIX YEIIOBEUECKON
JEeITENIbHOCTH, TaKMX KakK ceiicMoJorusi, pas3Belka
TMIOJIE3HBIX MCKOIAEMbIX, OMOJIOTHS, METUINHA, KOH-
TPOJIb KauecTBa IPOMBIIUICHHBIX H3IEJIUN U T. 1.,
YTO CTAaBUT MX B PAJ aKTyalbHBIX HMpPOOJIEM COBpe-
MEHHOW MareMaTHKW. B ciydae, ecnu B oOpaTHOM
3aJjaye HEM3BECTHBIMHU SIBIISIIOTCS PELICHUE U paBas
4acTh, TO Takasi oOparHas 3aza4a OyAeT JIMHEIHOI;
€CIIM )K€ HEN3BECTHBIMH SIBIISIOTCS PEIICHHE U XOTS
Obl oauH U3 K03 duIMeHToB, To oOpaTHas 3amada
Oyner HenuHelHOH. VIMeHHO HenuHeiHbIE 00paT-
HBIC 3a/a4u Al TUNEepOOIMYECKNX YpaBHEHHH W
OyIyT M3y4aThCsl B HACTOAIICH padoTe.

Henuneitapie oOpaTHBIE KpaeBbIe 3aqaddl IS
TUIepOOINYEecro ypaBHEHUs] BTOPOTO IMOPSAKA HC-
cienoBanuch B pabotax [1]-[5]

B Hacrosmiee Bpems TeOpHsl HEJIOKAIBHBIX 3a-
Jlad MHTEHCUBHO Pa3BUBAETCS U MPEJICTABISIET CO-
0ot BaxkHbI pasmen Teopuu auddepeHInaNIbHbIX
YPAaBHEHUM € YAaCTHBIMU IPOU3BOAHBIMU. bonbion
MHTEpEC B 3TOM 00JacTH NPENCTaBISIOT 33Ja4d C
HEJIOKAIbHBIMH MHTETPaJIbHBIMHU yCIOBUSIMH. [losiB-
JICHUE MHTETPAIBHBIX YCIOBUH CBS3aHO C TEM, 4TO
IPU M3yYCHWH HEKOTOPBIX (M3MYECKUX MPOIIECCOB
© Mezpanues A.T., Hckenoeposa I'.H., 2016
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TpaHUIBI 00JIaCTeH UX MPOTEKAaHUS MOTYT OKa3aThCs
HEJIOCTYITHBIMH JUIsl HETIOCPEACTBEHHBIX N3MEPEHN,
XOTsI M3BECTHO CpeJHee 3HaueHHE MCKOMBIX BeJ-
4yyH. YCIIOBUSI TaKOro BUJIA MOTYT TOSIBUTHCS IPH
MaTeMaTH4ecKOM MOJICIIUPOBAaHUN SIBIICHUH, CBS-
3aHHBIX C (PU3UKOU IUIA3MEI [6] , pacipocTpaHeHHEM
teruia [7], [8], mpolieccoM BiaromnepeHoca B KarmuJ-
JSPHO-TIOPHUCTHIX cpenax [9], Bompocamu memorpa-
(um 1 MaTeMaTHIECKOW OMOIIOTHH.

B [4], [5] mamu paccmoTpeHa oOpaTHas Kpae-
Baf 3ajada Iyl TUIEepOOIMIecKOr0 YpaBHEHHS BTO-
pOro mopsiAKa MpH HAIWYMHA WHTETPATBHOTO YCIIO-
BHA, KOTOpasi CBOAUTCS K CaMOCOIPSDKEHHOM 3aja-
ye. B ornmmuue ot padot [4], [5] B manHO# pabote
uccieayercss oOpaTHasi KpaeBas 3ajadya IpH Hallu-
YUW MHTETPAIGHOTO YCIIOBHUS, KOTOpas CBOJMTCS K
HECaMOCOIPsHKEHHOH 3a1a4e.

1 ITocTaHoBKA 321244 H €€ CBeJAeHHE K JK-
BHBAJICHTHOM 3a/1a4e
PaccMoTpum [uist ypaBHEHUS!

u,(x,t)—u_(x,t)=a®u(x,t)+ f(x,t) (1.1
B obmactn D, ={(x,1):0<x<1,0<¢<T} oOpar-
HYIO KPaeByIO 3371a4y C Ha4aJbHBIMH YCIOBHSIMH
u(x,0) = @(x), u,(x,0) =y(x) (0<x<1), (1.2)
IPaHUYHBIM yCIIoBUEM Jlupuxiie

u(l,t)=0(0<t<T), (13)
HCJIOKAJIBHBIM HHTera.HBHBIM yCJIOBI/IeM
[[u@endr=00<r<T) (1.4)
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¥ IOTIOJTHUTENHHBIM YCIOBUEM

w0, =h(t) (0<i<T), (1.5)
rae f(x,1), ¢(x), y(x), h(r) —3ananusie dynkuun,
a u(x,t) u a(t) — uckombie QyHKIIHH.

Onpeoenenue 1.1. Knaccuueckum peutenuem
obpamnoi kpaeesoii 3adauu (1.1)—(1.5) nasosem na-

)% {u(x,t),a(t)} gymuxyuii  u(x,t) e C’ (DT) u
a(t)eC [O,T ], yooernemeopsrowux ypagueruro (1.1)
6 D, ycrosusm (1.2) ¢ [O,l] u ycnoguam (1.3)—
(1.5) 6 [O,T] 6 0ObIUHOM CMbICTIe.

AHaIOTHYHO [5] MOXXKHO JTOKa3aTh CIEIYIONIYIO
JeMMY.

Jemma1.1. Ilycmo dynxyus ¢(x),y(x) € C0,1],
h(t) e C*[0,T], h(t)z0(0<t<T), f(xt)e c(D,),

j fx,t)dx=0(0<¢t<T) u evinoansaomecs yciosus
0

cocjlacoeanus
1 1
[ o(0dx =0, [ y(x)ax =0,
0 0

@(0) = 1(0), w(0) =7'(0).
Toeda 3a0aua HaxoxcOeHus KIACCUYecko2o peueHus
sadauu (1.1)—(1.5) sxeusanenmna 3aoaue onpedere-
nus gyuxyuii u(x,t) e C? (DT), a(t) e C[O,T] u3
1.D)~(13)u
u (0,0)=u _(L,t)(0<t<T), (1.6)
h"(t)—u . (0,t) = a(@®)h(®)+ £(0,1) (0t <T).(1.7)

2 Jloka3aTeJbCTBO CYLIECTBOBAHMS U €HH-
CTBEHHOCTH KJIACCUYECKOro pelieHusi o0paTHOM
KpaeBoii 3a1a4u

MzBectno [10],
(hyHKIHN
Xo(x)=2(1-x),..., X,,_;(x) =4(1-x)cosA,x,

X, (x)=4sinA,x,...,
Y,(x)=L...,Y,, ,(x)=cosA\,x,

Y, (x) =xsinAx,...

4TO 1OCJICA0BATCIBbHOCTHU

@.1)

2.2)

00pa3yioT OHOPTOrOHAIBHYIO) CHUCTEMY U CHCTEMa
(2.1) obpaszyer 6asuc Pucca B L,(0,1), rne A, = 2kn
(k=12,...). Torma byHKIWS

g(x) e L,(0,1) pasnaraercsi B GHOPTOrOHAIBHBIA PSiJL:

g(x) =g,X, (x)—i-z o1 X i (x)+ z g Xy (x)
= P

rae KodQOUIHEHT g, g,;_,» &,; BBIUTUCIAIOTCS

HPOU3BOJIbHAS

1o popmynam

8o =
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IIpenmnonoxum, 4To
g(x)ec¥[0,1], g% (x) e L,(0,1),
g™ (1)=0, g% (0)= g™ (1) (i 21,5 =0,i-1).

Torga uMerot MecTo cieayrouire oueHku [11]:

Z(x "@t) —||g<2’>< |, 0 @3

L, (0,1)
Z (xiig )
k=1
Hanee, nyctb
g(x) e C*[0,1], g (x) e L,(0,1),

g®(M)=0, g*(0)=g* () (i 21,5 =0,0).
Torma [11]:

"g(z’) (x)x +2ig®™" (x)" 2.4)

L(0,1)

Z(W“gn )< || P, e @)
Z (g ) <
1 = (2.6)
<> || @ (x)x + (20 +1) g(z”(x)"L o@D,

Tenepb paccMOTPUM CJIETyIONIHE IPOCTPAHCTBA.
1. O6o3naunm uepes B,, [11] coBokymnHOCTb

Bcex GyHKuui u(x,t) BUIA
u(x,0) = 3 u ()X, (x),
k=0

paccmarpuBaeMbIX B D, rae Kaxkaas u3 (QyHKIUH

u, (t) HenpepsiBHa Ha [0,7] u

VAE] NG I Z O ety Ol 0.0

< 0.

+ z (7‘2”1’[21{ (t)"cm,r])2
k=1

Hopmy Ha 3TOM MHOXECTBE OIIPENENUM TaK:
||u(x,t)||B;J_ =J, (u).
Oynkuust u(x,t), KaK 3JEMEHT IIPOCTPAHCTBA B;’T,

B YaCTHOCTH, 00JIa/IaeT CIEIYIOINMH CBOHCTBAMHU:
u(x,t),u (x,t),u_(x,t)e C(D;),
u,, (x,0) € C([0,TT,L,(0,1));
u(,6)=0, u _(0,1) =u_(1,2),
u (L,t)y=0 (0<¢<T).
2. Yepes E; 0603HaYMM IIPOCTPAHCTBO
B;)T x C[0,T]
BekTOp-QyHKIMit z(x,1) = {u(x.r),a(t)} ¢ Hopmoii

"Z"E} = B3, + "a(t)"qo,r]'

OueBUIHO, YTO Ei SIBIISICTCS OAHAXOBBIM IPO-

CTPaHCTBOM.
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Taxk xak cuctema (2.1) o6pasyer 6a3uc Pucca B
L,(0,1), To xaxnoe pewenue 3azauu (1.1)—(1.3),
(1.6), (1.7) 6ynem uckatp B BUze

u(et) =Y u, (0 X, (x). 2.7)

rae
1

u, (t) = I u(x,t)Y, (x)dx (k=0,1,..), (2.8)
0
npuueM X, (x) u Y, (x) ompezneneHsl COOTHOLIE-

Husimu (2.1) 1 (2.2) COOTBETCTBEHHO.
[Mpumensst MeTo| pa3zeNieHus IEPEeMEHHBIX IS
onpezeneHus UCKoMbIX ¢yHkmid u, (1) (k=0,1,...),

u3 (1.1) u (1.2) umeem:
u"o(1) = ay (Ve (1) + £, (1), 2.9)
u"2(0) + Kf”zk_l () = ay Oy, () +
+ (@) (k=12,..),
u" () + My, (1) = g (D (1) +
+ e O+ 20 u,, (1) (K=1,2,..),
u, (=9, v (M=vy, (£=0,1.), (2.12)

(2.10)

@.11)

rae
F (tu,a)= f, (@) +a(t)u, (),

10 = [ FO0Y, (x)dx,
¢, = [ @)Y, (x)dx,

v, = j y(x)Y, (x)dx (k=0,1,...).

Pemas 3anauy (2.9)—(2.12) Haxoaum:
uy (1) = @ +1y, +

+j t—v)F,(vu,a)dt (0<t<T), @.13)

1 .
qu_](t):(pzk_lcoskkt+\|/2k_lx—sm?\kt+
k
+ijF (v, @)sin\, (¢ — T)dt
Aoy R k (2.14)
(k=1,2,.;0<t<T),

1 .
Uy, (1) = @, COSA L+, k—sm?»kt +
k

+LJ‘ E, (t;u,a)sink, (t —1t)dt—
7"/{ 0

—1Q,,_, sin\,t —%(%sin At —tcos kkthM_] -

_%J U Fyy ,(&u,a)sind, (1— g)ngx

xsind, (t—t)dt (k=1,2,..),

(2.15)

rac
F (tiu,a) = f,()+a(tyu, () (k=0,1,..;0<t<T).

44

Ilocne mnoOACTaHOBKM  BhIpaxeHHH  u, (¢)
(k=0,1,...) B (2.7), nna onpeneneHus: KOMIOHEHTBI
u(x,f) xmaccuueckoro peuwenus {u(x,),a(t)} 3a-
naun (1.1)—(1.3), (1.6), (1.7) nomxy4aem:

u(x,t) = ((po +ty, +j.(t—r)F0 (r;u,a)dt)XO (x)+

o0 1 )
+z [‘szl COSAL+V,, X—smxk[ju

k=1 k

1 .
= [ Fy(muaysini, (t—t)dr] X, (x)+
ko

k=1 k

< 1 .
+z (q)z,{ CosAt+\y,, X—SIHMH

t
+xi [ Fy(mu,@)sini (e =v)dz+
k0

. 11 .
1, s1nkkt—z[zsmkkt—tcosxktj\VZk1 -
2 ¢ ¢ .
5 j [ I Py, (Gua)sind, (r—&)da}
(2.16)
xsinkk(t—‘c)d'c)sz(x)].

Teneps u3 (1.7), ¢ yuetom (2.7), umeem:
a(t)=h"'(t) {h"(t) - f(0,6)+ 4i My, (t)}. (2.17)

Jis Toro, 4TOOB! MOMYYHUTh YPaBHEHHUE IS BTOPOH
KOMIIOHEHTHI a(f) pewenns {u(x,r),a(t)} 3amaun

(1.1)~«(1.3), (1.6), (1.7) mnomcraBuUM BbIpaKEHHE
(2.14) B (2.17):

a(t)=h"'(t) {h"(t) - f(0,6)+

< 1 .
+4D A {(\02,(1 cos At o Vo sink,t+

k=1 k

+% [ By (tu,a)sini, (t—t)dr}}. (2.18)
ko

Takum o0pazom, pemenune 3amaun (1.1)—(1.3),
(1.6), (1.7) cBeneno k pemeHuto cuctemsl (2.16),
(2.18) oTHOCHTEITFHO HEU3BECTHBIX (QYHKIUH u(X,1)
u a(t).

Jiist u3ydeHus: BOmpoca €AMHCTBEHHOCTH pe-
menuns 3agaan (1.1)—(1.3), (1.6), (1.7) BaxHyI0 poib
UrpaeT Cleayolas JeMma.

Jemma 2.1. Eciu {u(x,t),a(t)} — Jroboe pe-
wenue 3a0aqu (1.1)—(1.3), (1.6), (1.7), mo ¢yurxyuu
u,(t) (k=0,1,..), onpederennvie coommouernuem
(2.8), yoosnemsopsitom na [0,T] cuemnoii cucmeme
(2.13)—(2.15).

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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3ameuanue. I3 nemmser 2.1 crnemyer, 94To IS
JI0Ka3aTebCTBA CIUHCTBEHHOCTH PEIICHUS 3aJa4yd
(1.1)—~(1.3), (1.6), (1.7) nocraTo4HO NOKA3aTh €IWH-
CTBEHHOCTD pelieHus cuctemsl (2.16), (2.18).

PaccmoTpuM B nipoctpanctee E; ornepartop
O(u,a) = {®,(u,a),®, (u,a)f,

e ®(wa)=a(un)= Y @)X, (),

@, (u,a) = a(?),

a i10(0), ou(1), 124 (1) (k =1,2,...) 1 Go(t) paBHbl co-
OTBETCTBEHHO MpaBbIM dacTsaM (2.13)—~(2.15) u (2.18).

Teneps, ¢ MOMOINBIO HETPYAHBIX MpeoOpa3o-
BaHUI, HAXOUM:

”ﬁ()(t)"C[O,T] < ‘(pO‘ + T‘\VO‘ + (2.19)

1

T 0P| Tl e

) %
[z(x;uazkmllqo,nﬂ =

2
++2 +

2 Z (}“lsc ‘(PZk—l‘)z Z (7‘; ‘\VZk—l ‘)2
k=1 k=1

T P
+2J_(jz 2| foa)) d j
- Y
a0 3 (s O )|+ 220
- P
30Oy <

1

P2 -
23 (e, )

. 2 3
< 2\/5{2(?@ 0,.])

k=1

T b
+2\/2_[JZ S @) d J

. Ve
0] 302 O

k=1

+

b

+4\/5T{i (7‘2 ‘(PZk—l‘)z

k=1

%

+2+2(1+27)

ki:(kz ‘\VZk 1‘)

T b
+4Jﬁr[ | Z (R |foa @) d j

w VA
+4\/§T2"a(t)"qo,n[z (7\‘2"1421“1 (t)"C[O,T]) } -(2.21)

k=1

02l 000
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i
+

Ae
[Z (}\’k ‘(p2k—l‘)

k=1

+4 i A
k=1

%

TMS

(7‘ ‘\VZk 1‘)
(2.22)

=

szﬂ@mw J

)}

q

[Ipennonoxxum, uro panHble 3amaun (1.1)-
(1.3), (1.6), (1.7) ynoBIeTBOPSIOT CIETYIOUUM YyC-
JIOBUSIM:

1. o(x) e C*[0,1], ¢"(x)e L,(0,1),
o()=0"(1) =0, ¢'(0)=9'(1).
2. y(x) e C'[0,1], y"(x) e L,(0,1),
vy =0, y'(0)=y'(D).
3. fu(x,) e L,(D;), f(1,1)=0,
£.00,0)= f.(L,t) (0<t<T).
4. h(t)e C’[0,T], h(t)#0 (0<t<T).

Torma, u3 (2.19)~2.22), ¢ yuerom (2.3)—(2.6),
MOy YUM:

2 = 2
a0 ] 3 (2 Ol |

k=1

e, < 4T+
B (D)|a(O)] 1l Cxs)
la@| po.r, < 4T+
+B,()a(@)] o )] -

(2.23)

(2.24)
rae
AT =0, + T, +
+TNT | £ (x,0)
(V247" 40T ')
+2\/_(1+2\/_T) VRCR)! e
+2) " (x)x + 3(P”(x)||L2(0,1)
+2||\v"(x)x + 2W’(x)"L2(0,1) +
2T £ () x + 2. (x, Z)"LZ(D,)’
B(T)=(1+432 )77 + (142 T,
A0 =[r @

L(D)

L, (0, 1)

C[0,7] { C[0,7] +

> -2 % m
;}\’k J |:||(P (x)||L2(O,1)+
+||W”(x)"L2(DT)+ﬁ fxx (x’t)"Lz(DT):|}’

1

+2x/§

B,(T) =4 (t)||C[0 n{z A J T.
’ k=1
W3 nepaBeHcTB (2.23)—(2.24) 3akmoyaem:
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lc, t)"B;, + "‘i(t)”cm.ﬂ <

(225
< AT+ B ato)] o0 )

B’
rie
AT) = A(T)+ 4,(T),
B(T) = B,(T)+ B,(T).
Hrak, MOKHO TOKa3aTh CICAYIONIYIO TEOPEMY:
Teopema 2.1. [Iycmo guinonnenst ycnosus 1-4 u

B(T)(A(T)+2)* <1. (2.26)
Toeoa 3aoaua (1.1)—(1.3), (1.6), (1.7) umeem 6 wape
K=K, ("z m SR=AT)+ 2) us E; eouncmeen-

Hoe Kaaccuieckoe peuieHue.

Jloxasamenscmeo. B npoctpanctee E;, pac-
CMOTPHM ypaBHEHHE

z=0z, (2.27)

rae z ={u,a}, a xomnoneutsl ®,(i =1,2) omneparo-
pa ®(u,a) ompexnesneHsl MpaBbIMU YacTAMH (2.16),
(2.18) coOTBETCTBEHHO.

Paccmotpum onepartop @(u,a) B mape K = K,
u3 E;. Amanoruuno (2.25) nomyuaem, 4To JJist JI0-
ObIX z,Zz,,2z, € K, CIpaBeIUBbI OLEHKU:

@z o SAMD)+ B(T)||a(t)||qm||u(x,t)||323], (2.28)
H(I)Z1 - Oz, HE% < (2.29)

<B(T)R ("al (H-a, (t)"qo,r] + "ul (e, 1) —u, (x, t)"B%r )

U3 (2.28) u (2.29), ¢ yuerom (2.26), ciaemyer, 4To
oneparop @ neiictyer B mape K = K, u sABIsgeTcs

cxkumaromuM. [Toatomy B mape K = K, omepatop

® wuMeeT EIMHCTBEHHYIO HENOJBIKHYIO TOYKY
{u,a}, kortopas sBISAETCS EAWHCTBEHHHIM B IIape

K =K, pemenuem (2.27), T. €. ABIACICS €IUHCTBEH-
HpM B mape K = K, perenneM cucremsl (2.16), (2.18).
Oyukus u(x,t), Kak dJIEMEHT IMPOCTPAHCTBA
Bir, HEeIpephIBHA M MMEET HENPEepPHIBHBIC IPOU3-
BonHbIE u (x,t) U u_(x,¢t) B D,.
Teneps u3 (2.9)+2.11), COOTBETCTBEHHO, HMEEM:
"””0(0"0[01] < ”a(t)' C[O,T]"uO (t)"C[O,T] +

17Ol o

+

Loy

) b

{z(7Lk||1/t"2k—1(t)||c[0,T])2] :

k=1

1

" 2

B 5 0 0l
k

=1

+”||a(t)ux (x,0)+ £, (x, Z)"qo,r]

s
L, (0,1)
1

- %
[Z (M||u”2k(t)”0[0,rl) } -

k=1
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1

0 2 A
< \/5 ; (Ki"”zk (t)"C[O,T])

]

R e ——

+

un(x’[))”c[o,T] LZ(O,I)+

+f (x,0)x+ f(x, t)"C[O,T]

Ortcrona cnenyer, 4to u, (x,t) HenpepelBHa B D).

L, (0,1) ’

Jlerko mpoBeputh, uto ypaBHenue (1.1) u yc-
nosust (1.2), (1.3), (1.6) u (1.7) ynoBneTBopsitoTCs B
00bI9HOM cMmbIcie. 3HauuT, {u(x,t),a(t)} sBusercs

pemenneM 3agauau (1.1)—(1.3), (1.6) u (1.7) u B cumy
neMMbl 2.1 3TO pelieHWe eAWMHCTBEHHO. Teopema
JIOKa3aHa.

C nmomouisto JieMMsl 1.1, U3 mocnenHeit Teope-
MBI BBITEKAET OJHO3HAYHAS Pa3pPECHIUMOCTh HCXOJI-
Ho#t 3amaqn (1.1)—(1.5).

Teopema 2.2. [Iycmb @vinonneHvl 6ce yciogus
meopembl 2.1 u

[ feendx=0 0<e<7),

j(p(x)dx =0, jw(x)dx =0,

®(0) =1(0), y(0)=A'(0).
Toeoa 3a0aua (1.1)—(1.5) umeem 6 wape

K =Ky(el,, < R= 4y +2)

3
us ET e0UHCMBEHHOE KIACCUYECKOe peuwenue.

3akJ0ueHue

B pabore nokasaHo CyIecTBOBaHHE U €IWHCT-
BEHHOCTh pEIeHUs OHOM 00paTHOM KpaeBoi 3aa-
M Uil THIEPOOJIMYECKOTO YpaBHEHHs BTOPOTO I10-
pslKa C HECaMOCONPSDKEHHBIMH KpaeBBIMH yCIIO-
BusiMH. [Tonb3ysick 3TUMU QakTamMu JOKA3aHO CyIe-
CTBOBaHNE M EJWHCTBEHHOCTh KJIIACCHUYECKOTO pe-
[ICHUS OAHON OOpaTHOW KpaeBOW 3amdayu s TH-
1epOOINYECKOr0 ypaBHEHHS BTOPOTO HOpsAKa C
HHTETrpaIbHBIM YCIOBHEM NIEPBOTO POJA.
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MATEMATHKA

CBOHMCTBO MEHJIEBE JJI1 JTU®®EPEHIIUAJIBHOM CUCTEMBI
BTOPOI'O IOPAJKA

B.M. Ileuesny, /I.H. LlleBuenst

Tpoounenckuii cocyoapcmeennwiil ynusepcumem um. A. Kynanoi

PAINLEVE'S PROPERTY FOR DIFFERENTIAL SYSTEM
OF THE SECOND ORDER

V.M. Petsevich, D.N. Shauchenia
Y. Kupala Grodno State University

Honyqem;l HCOGXOI[PIMBIG 1 TOCTAaTOYHBIC YCIIOBUS IPUHAMJIC)KHOCTH HccnenyeMoﬁ CHCTeMBI K cucTteMaMm Trma [leniese.

Knrwoueswie cnosa: cucmema 06bikHOBeHHbIX Oughepenyuanvrbix ypasrenuil, céoticmgo Ilennese, memoo manozo napamempa,

Memoo pe3onancos, NOOBUICHASL Kpumuudeckas 0cobas mouka.

Necessary and sufficient conditions of the analysed system belonging to Peinleve type are obtained.

Keywords: system of the ordinary differential equations, Painleve's property, method of small parameter, method of resonances,

mobile critical special point.

1 IlpeaBapuTeabHBIE Pe3yJILTATHI

B pabote, Ha TIpeMET OTCYTCTBHS MOABHKHBIX
MHOTO3HAa4YHBIX OCOOCHHOCTEW, IMPOIOJDKAeM pac-
CMaTpUBAaTh CHCTEMY JBYX IH(D(hepeHIHATbHBIX YpaB-
HeHui [3]

122 _ 2
XT=4,-y +4-y+4, (i
o 2 '
yo= (b12y+boz)x +(b“y+b01)x+bmy+b00,
rae 4, i=0,2, — HOIMHOMSI 10 X C AHATIUTUYECKH-
MU TI0 ¢ ko3 urrienTamuy, b/.k, j=0,1 £=0,2 —
aHAJMTHYECKUE 10 ¢ HYHKIIHH,
Ay #0, [by| + by | # 0, (1.2)
Y TIpaBble YacTH HE SIBIISIOTCS OJHOBPEMEHHO MOJI-
HBIMH KBajpaTamu. 3amuck F # (0, 3mech u mamee
03HaJaer, 9To KoA((UIMEHTH MOJMHOMa F OJIHO-
BPEMEHHO He 00paIlaloTcs B HYJIb B HEKOTOPOH 00-
nactu D.

CorunacHo [2], nyist OTCYTCTBUS MHOTO3HAYHBIX
ocobenHocTel y pemennii cuctemsl (1.1) mpu ycio-
Busix (1.2), HeoOxoauMo TpeboBaTh

2 _
A —44,4,=0. (1.3)

Cornacuo [3], s toro, utooOsl auddepeHuu-
anpHas cuctema (1.1) ¢ aHATMTHYECKUMH IO { KO-
a¢ppunmentamu u ycnoBusamu (1.2) He umena MHO-
TO3HAYHBIX 0COOEHHOCTEH, HEOOXOMUMO ITOOBI OHA
UMela BUJT

n_ 2 2
X —(azzx +a21x+a20)y +
+ Yra.x va,x’ vax+ +
ApX TapX TadpX TapXxXtdy,)y
Fa, X"+ a X’ +a, X+ agx+
Ay X T Ay X" T ApX + 4y X+ Ay,

y/z =(b12y+b02)x2 +(b“y+b01)x+bloy+b00,

© Ieyesuy B.M., lllesuens /[.H., 2016
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u BemonHsuuch yenosus (1.3). anee, B [3] Obum
HalIeHbl HEOOXOMUMbIE M JOCTATOYHBIC YCIOBHS
OTCYTCTBUSI TIOIBWKHBIX MHOTO3HAYHBIX OCOOEHHO-
CTeH Ui ciydas a,, =a,, =0, a,, #0.

Hmeet mecTo criemyromias JemMma.

Jdemma. [[na mozo, umobwl ougpgepenyuans-
Has cucmema

" =C,x*+C, X’ +C,x* +C x+C,,
y?=D,x+D, x+D,,

20e C,=C,(y,t), D,=D(y,0), i=0,4, j=0,2,
NOAUHOMBL NO Y C AHATUMUYECKUMU NO t KOBPuyu-
enmamu, D, # 0, ne umera mnozosnaunwvix ocoben-

(1.4)

Hocmell, HeobXo00uUMo, ymoowlL: UIU
D} -4D,D, =0; (1.5)

(D)), D,—(D,), D, =0,
D, (D} -4D,D,) -
-2(D,), (D} —4D,D,) =0,
C,D; -C,D,D; —C,D,D; + (1.6)
+C,D}D, +2C,D,D,D, - C,D; =0,
2C,D; - C,D,D; —=2C,D,D; +
+C,D}D; +3C,D,D,D; —C,D; D, +
+2C,D;D; —-4C,D,D; D, +C,D; =0,
oD,

npu D} ~4D,D, #0, 0¢ (D,) =—. j=0.2.

Hoxaszamenvcmeo. Ilockomeky D, #0, TO U3

BTOpOTO ypaBHEeHHs cucTeMsl (1.4) Oymem uMeTh
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1 D A ,
v==3 g D DD DT (1)
u
’ 1 !
=35 .(((Dl)l +(D1)y ¥ )D2 —
2
~((2),+(2), ¥)D))-
D,) +(D,) '
—XM'\/DE —4D,D, +4D, y" + (1.8)
2D
+A - (Dlz —4D,D, ), +<D12 —4D,D, )y Y
4D2 '\/D12 _4D2Do +4D2 y'z
. 4((D,), +(D,), )5 +8D,yy"
+ .

B

4D,-\/D} —4D,D, +4D, y”
aD. aD. .
rme A2 =1, (Dj)t = at’ , (Dl.)y = 6yj , j=0,2.

IMoncraBnsas (1.7) u (1.8) cCOOTBETCTBEHHO B
NPaBYIO U JIEBYIO YaCTH MEPBOr0 YpaBHEHHS CHCTE-

Mbl (1.4), u monaras y =y, +£'Y, t=t, +&’1, pu

¢ =0 momyunMm ympomeHHOEe mupdepeHnnanbHOe
ypaBHEHUE
... D,(D}-4D,D, ) -2(D,),(D} -4D,D,)
YY+ > -
8D,

2
—A-/D}—4D,D -(D‘)fDZ_(Dz)fD‘J -
1 270

4D;

3/2

M(D} -4D,D,)
8D;
x(C,D3 = C,D,D; = C,D,D; +

+C,D} D, +2C,D,D,D, - C,D; ) +
. D} -4D,D,

Dy

(2¢,D5 -¢,D,D; - (1.9)

-2C,D,D: +C,D?D? +3C,D,D,D? —
~C,D; D, +2C,D; D; —4C,D,D; D, +C,D}'),
dy . d*Y

rue Y:—, Y= .
dt dt’

VuuteiBasg, uro D, #0, TO Ui OTCYTCTBUS

MHOT'O3HAYHBIX OCOOCHHOCTEU y pEIICHHN ypaBHE-
Hus (1.9), ¥, COOTBETCTBCHHO, y PEIICHUNA CHCTEMBI
(1.4), cormacHO [4], HEOOXOUMO YTOOBI BBHITIOIHS-
nock oo yenosue (1.5), mibo (1.6) mpu

D} —4D,D, # 0.

2 Heo0xoguMble W [0CTATOYHBIE YCJIOBHS
cBoiicTBa IlenseBe pis nuddepeHunanbHON cuc-
TeMbl BTOPOT'0 MOPSAKA

Paccmotpum cucremy nuddepeHnuaibHbEIX ypa-
BHEHUH

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

2

x? = <a22x2 +ay,x+ay, )y2 +
4 3 2
+<al4x +a,x" +a,x" +a,x+ alo))’+
4 )3 2
+ay, X"+ Ay X7 +aypX" +ag X+ ay,,
2 _ 2
yo= (b12y+b02 )x +(b11y +b,, )x+
+b,yy + by,
rae
ay, # 0, |b,| +|by,| # 0.
IMockonbky a,, #0, TO ¢ MOMOLIBIO AHAIUTHU-

YEeCKOM 3aMEHbl HEe3aBHUCHUMOW IEepeMEeHHOU, coxpa-
Hsl U1 KOOQQUIIMEHTOB NpexHHe 0003HAYeHUs,
CHCTEMY 3aIlHILIEM B BUJIE

x? = ()c2 +a21x+a20)y2 +
+(a14x4 +a,X +a,x +a,x+ am)y+
+a,x* + a7 +a, X +ay,x+ay,, 2.1
2 2
V' :(b12y+b02)x +(b11y+b01)x+
+by,y + by s
rae
|b1s| +[Bys| # 0. (2.2)
N3 (1.3) cnenyer a,, =0. Janee, yuuTsiBas

(2.2), u3 (2.1), OTHOCHUTENIFHO KOMIIOHEHTHI ) IIO-

CTPOMM ypaBHEHHE W BBEIEM MaJbIi MapaMeTp Mo
dopmynam y=Y, t=t,+¢et. I[Ipu €=0 nmomyuum
ynpoleHHoe an¢dpepeHnnaIbHoe ypaBHeHNE

2
14
{Y”——b” Y’zJ e CE)
2(bpY +by,) buY +hy,

e by, = by (L), by = by (1), ag = ay (1)
IIycts b, #0. Toraga B ynpouieHHOM ypaBHe-
2

-b
HUU (2.3) BBIIONHUM 3aMeHy Y O Bynem
12

HUMCTb

un — 2)\‘\]‘104 u;z
blz

rae }\.2 = 1, peuicHuss KOTOpOoro MMErOT MHOI'O3Hav-

>

Hble ocobenHoctu [1], ecnu ay, # 0. Takum obpa-
30M, a,, =0. IIpu stom ycinoBuu u3 (1.3) nomxyuum,
yro a;; =0, a,, =0. C yuerom HaliJeHHbIX yCI0BUI
B ypaBHEHHE OTHOCHTEJILHO KOMIIOHEHTHI } BBEJEM
Maiblii  mapamerp 1o dopmymam  y=¢ 'Y,
t=t,+¢’t. lpu &€=0 nOTYyYNM YyIpPOIIEHHOE
muddepeHnraTbHOe ypaBHEHHE
2YY"-Y"? -20Y’Y' =0,

rme A2 =1. Hcnonb3ys METO pPE30HAHCOB, HAHAEM,
4TO0 ¥ € {—1; %} CrenoBarenbHo, B ciydae by, # 0,

muddepenunansias cucrema (2.1) Tpu yCIOBHSX
(2.2) He obnanaer croiictBoMm Ilennese.
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Iycts b, =0 (cnenosarensro u3 (2.2) by, # 0).
Torpa ynpomenHoe ypasHenue (2.3) nmpumer BUI

a
" __ 04 1?2
Y'=A |[—Y",
02
rae A’ =1, peuleHHst KOTOPOTO UMEIOT MHOTO3HAY-
Hble ocobenHoctu [1], eciu a,, # 0. Takum obpa-

30M, YUUTBIBasl MOJIyYEHHbIC BBILIE YCJIOBUS U Tpe-
Oys BbInosHeHMs1 ycnoBus (1.3) mosmy4um, 4to Juis
OTCYTCTBUSI MHOTO3Ha4HBIX OCOOCHHOCTEH y pelie-
HU# cuctemsl (2.1) mpu ycnoBusx (2.2) HE0OXOIH-
MO, 4TOOBI CHCTEMa, C TOYHOCTHIO JI0 Iepeo0o3Ha-
yeHHs K03 PUIMEHTOB, MPHHUMAIIA OJJUH U3 BUIOB
2 2
x? =(xy+a,x+a,y+a,), 2.4)
1?2 2 . ’
Yo =byx +(b11y+b01 )x+b10y+b00,
2 2 2
x =(x +a2]x+a20)(y+a]2) ,

\ , (2.5)
Y =Dbyx +(b“y+b01)x+b10y+b00,

rae by, #0.

Paccmotpum cucremy (2.4). IlotpeboBaB BBI-
MOJIHEHHsI YCJIOBUH JIEMMBI C y4YE€TOM, YTO IIpaBbie
YacTH HE JOJDKHBI OBITh OJHOBPEMEHHO IOJHBIMU
KBajlpaTaMH, IOJyYHM, YTO B JJAHHOM Clly4ae HeT
middepeHMaNBHBIX cUCTeM 0e3 MHOTO3HAYHBIX
0COOEHHOCTEH.

Paccmorpum cucremy (2.5). IlorpeGoBaB BBI-
MOJIHEHHSI YCJIOBHUH JIEMMBI C y4YETOM, YTO IPaBbIe
YacTH HE JOJDKHBI OBITh OJHOBPEMEHHO MOJIHBIMH
KBaJ[paTaMH, MOJY4UM, YTO PACCMOTPEHUE CHCTEMBI
pacrnazaercs Ha J[Ba Cirydast:

x? = (x2 +a21x+a20)(y+a12 )2 ,
, (2.6)
y"? =by, (x+b01) )

rae by, #0;

x? = (x2 +K1x+K2)(y+a12 )2,
2.7
y"? =b, (xz +Kx+K, ),
e by, 20, K} —4K, #0.
Paccmotpum cuctemy (2.6). ITockonbKy ypaB-
HEHHE OTHOCHUTEIBHO KOMIIOHEHTHl ) UMEET BUJL

2 2
2a,y  a;

n y 2 '
V=M —=+—F=+—= V" +B () V' +B, (),
b02 bOZ b02

2
rae A" =1, B,, 3, — MHOrOUJIEHBI 10 } OJHO3HAY-

HO OIpPECIAIONIMEcs: Yyepe3 KO GUIIMESHTH CUCTE-
MBI, a by, # 0, To pemenust cucteMsI (2.6) He obma-

narT cBoiicTBoM IleHiese.
Paccmotpum cucremy (2.7). YpaBHeHHE OTHO-
CUTEITLHO KOMIIOHEHTBI ) HMMEET BH]T

(Zbozy” - b(gzy’)z =
= by, (v+a, ) (4(0') + by (K7 —4K,)).

CornacHo MeTOJly p€30HAHCOB, PELICHNE YPaBHEHUS
MOXHO MPEACTaBUTH (DOPMATBHBIM PSIIOM

50

% 2 3
y=7+al+a2t+a3t +(X.4I +...,

rae o, — AOJDKHO OBITH HpOPI3BOJ'ILHOI71 IIOCTOSAH-

HOW. DTO TpeOOBaHWE MPUBOAUT K HEOOXOAMMOCTH
BBINOJTHEHUSI PE30HAHCHOTO YCIIOBHS

a, =K, b, =He", (2.8)
rae K;, H#0, K — HEKOTOpBIE IOCTOSHHBIE.
YuuThIBas MOJy4YE€HHBIE YCIOBUS, U
Kl2 -4K, # 0,
3aKIIF0YaeM, YTO C IMOMOINBIO JIMHEHHOTO IMpeobpa-
30BaHUSI OTHOCUTENHHO 3aBUCHMBIX MEPEMEHHBIX U,

coxpaHss I KO3 GHUIIMEHTOB MPex)HUEe 0003HaYEC-
HUs, cuctema (2.7) mpuMeT BUJL
”?2 2
x“=yx(x-1),
P Kt( ) (2.9)
y?=He " x(x-1),
rae H #0.
IMycts K # 0. U3 (2.9) oTHOCHTETBHO KOMIIO-
HEHTBl X MOCTPOWM ypaBHEHHE
" 2x—-1

:mx’2 +Xx/ﬁx(x—l)exp(§j,

w
B KOTOPOM, BBIIIOJIHMUB 3aME€HY X = 1 , IOJIy4YUM

W” — (L_{_ijll _)\‘\/ﬁexp(%j w, (210)

w—1 2w

rme A*=1. C mOMOLIBIO AHATMTHIECKONW 3aMEHBI
. . Kt
HE3aBUCUMOU TEPEMEHHOU  exp 7 =z, ypaBHe-

nue (2.10) mpuBoUTCS K BUIY

wz( ! ljwz—ﬁ——“wﬁf, 2.11)
z K z

YacTHOTO ciiydas msitoro ypaBHenwusi [lennese. Co-
riacHo [1], pemenns ypasaenus (2.11), a, cnenosa-
TEJIEHO W KOMIIOHEHTa X CHUCTEMBI ypaBHeHHH (2.9),
HE UMEIOT MHOTO3HAYHBIX 0COOCHHOCTEH.

Haiee, u3 (2.9) OTHOCHTEIEHO KOMITIOHEHTHI )
ITOCTPOUM YpaBHCHUE

(2y"—Ky’)2 _ yz (4)/,2 +HeKt),
KOTOpPO€, C ITOMOIIBIO AHAIMUTUYECKON 3aMEHBI He3a-
N-H (Kt)
exp , Tpu-

< =

w—1 2w

BUCHUMON NEpEeMEHHON z =

MET BUJ
4
2 2 .2
P ==y (37 -1). (2.12)
Kz
Cornacuo [4], ypaBHeHue (2.12) cBoguTcs K 4acT-
HOMY cCily4aio TpeTbero ypaBHeHus Ilenmese. Cie-
JOBATENBbHO, pelIeHus ypaBHeHus (2.12), a Takke u
KOMIIOHEHTa ) CHCTEMBI YpaBHEHUH (2.9), He UMEIOT
MHOTO3HaYHBIX 0COOEHHOCTEH.
ITycte K=0. Torma u3 cuctems! (2.9) MoxxeM
2
2

dx y
3amucath | — | =<—. OTKyza noay4um, 4To
dy H

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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2

_ My
WH
rae C — mocTosiHHAs uHTerpuposanus, A° =1. Ioa-

ctaBuB (2.13) Bo BTOpoe ypaBHEHHE cHCTeMHI (2.9),
Oynem uMeTh

2 2
y'2=H(7‘y +CJ[” +c—1], (2.14)

x +C, (2.13)

2JH 2H

KOTOpoe sBisieTcs ypaBHeHHeM bpmo m Byke [1].
Iocnennee o03HAYaET, YTO PEIICHUS YpPaBHEHHS
(2.14) He WMEIOT MHOTO3HAYHBIX OCOOCHHOCTECH.
YyureBag (2.13), momxydaem, 4TO ¥ KOMIIOHEHTa )
obmamaer cBoiicTBoM Ilennene.

Takum o00Opa3oM, MOXKHO Cc(HOPMYJIUPOBATH
CIIE/TYOIIYIO TEOPEMY.

Teopema. /[1s mozo umobwvr ouppeperyuans-
Has cucmema (2.1) npu ycnosuu (2.2) obradara
ceoticmeom Ilennese, Heobxooumo u 00CMamoyHo,
4mo6bl OHA OPOOHO-TUHENIHBIM NPEObPA306AHUEM X,
Y U aHamumu4eckou 3aMEeHOU He3a8UCUMOU nepe-
MeHHOU t npugoounacs k eudy (2.9). Pewenus Ooan-
HOU CUCMEMbL 8 HEKOTOPLIX CILYYASIX GbIPANCAIOMCS
yepes peuleHuss Mpemve20 U NsAmo20 YPAaeHeHuil
Ilennese.
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Let G be a finite group and 6 ={c, |i €/} be a partition of the set of all primes PP, thatis, P =y,
all i#j. Let [Ico. We say that a subgroup A4 of G

6, and o,Nc, =D for

iel

is Il -subnormal in G if there is a subgroup chain

A=4,<4 <--<4, =G such that either 4, is normal in 4, or 4/(4_), is a o, -group for some o, eIl for all

i=1,...,t. In this paper, we discuss properties of I -subnormal subgroups and some other & -properties of finite groups. The

work continues the research in the papers [1]-[5].

Keywords: finite group, T1 -subnormal subgroup, the lattice of the T1 -subnormal subgroups, & -supersoluble group, CLT, -group.

1 General properties of I1; -subnormal sub-
groups
Throughout this paper, all groups are finite and
G always denotes a finite group.
In what follows,
c={c,|iel c{0}UN}
is some partition of the set of all primes P, that is,

P=v,,0, and o,nc,; = for all i#j; II is

iel
always supposed to be a subset of the set ¢ and
IT" = o \II. We also suppose that 0 € [ and 2 € g,
We fix some class § of o,-groups which is
closed under extensions, epimorphic images and sub-
groups and which also contains all soluble o, -groups;
and we say G is Il; -primary if G is an § -group
(thatis, Ge$) or G isa o,-group for some i # 0.
A subgroup A4 of G is called § -subnormal in G
in the sense of Kegel [6] or K -§ -subnormal in G
[7, 6.1.4] if there is a subgroup chain
A=A4, <4 <-<4 =G
such that either 4,_, is normal in 4, or 4,/(4,,),

belongs to § forall i=1,...,z.
In this paper we deal with the following gener-
alization of this concept.
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Definition 1.1. We say that a subgroup 4 of G
is: (i) Il; -subnormal in G if there is a subgroup chain

A=4, <A <-<4 =G
such that, for each i =1,...,¢, either 4, is normal in
4 or 4/(4,.,), isa Il; -primary; (ii) IT -subnor-
mal if A is Tl; -subnormal in G, where § is the
class of all &, -groups.

Example 1.2. Let C,, x C, be a non-abelian group
of order 203 and P be a simple F,(C,, xC,)-mo-
dule which is faithful for C,y xC,. Let

G =(Px(Cy 1 (7)) x 4,
where A4, is the alternating group of degree 5. Let
c={0,,0,,0,}, where o, =1{2,3,5}, and o, ={7,29}
and o, ={2,3,5,7,29}. Let I1={c,,0,}. Then a
subgroup H of G of order 4 is & -subnormal in G
but it is neither II-subnormal in G nor o -
subnormal in G, where &, is the class of all solu-
ble o, -groups. The subgroup C; is Il -subnormal

in G but it is clearly not subnormal in G.
Let n be an integer. Following [3], we write
o(n)={o, | o, Nn(n) = D};6(G) =o(| G |).
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We say that: n is a I1 -number if o(n) cIl; G isa
IT -group if | G| is a I1 -number.

Recall that 0" (G) denotes the subgroup of G
generated by all its IT’ -subgroups [4].

We say that G is I -perfect if G=G* and
0°(G)=G forall o, eIl such that i #0.

The results of this section collect the most im-
portant properties of Il; -subnormal subgroups.

Proposition 1.3 (Skiba [8]). Let 4, K and N
be subgroups of G. Suppose that A is Tl -subnor-

malin G and N is normal in G.
(1) AnK is g -subnormal in K .

(2) If K is a Ilg -subnormal subgroup of A,
then K is Il; -subnormal in G .

(3)If N<K and K/N is Tl; -subnormal in
G/ N, then K is Il; -subnormal in G .

(4) AN/ N is g -subnormal in G/ N.

(5) If K< A4 and A is Tl; -primary, then K
is 1 -subnormal in G.

(6) If A is T -perfect, then A is subnormal in G.

A subgroup H of G is called [4], [5]: a Hall
I1 -subgroup of G if |H| is a Il -number and

|G:H| is a Il'-number; a o -Hall subgroup of G
if H is a Hall IT -subgroup of G for some I1c G.
Proposition 1.4 (Skiba [8]). Let I1, cI1 and

A be a 11 -subnormal subgroup of G .
(1) If H #1 is a Hall 11, -subgroup of G and A

is not a I1, -group, then ANH #1 is a Hall 11, -sub-

group of A.
(2) If A is a I1,-Hall subgroup of G, then A

is normal in G.
B)If |G: A| is a I1, -number, then
0" (4)=0"(G).
4) If N is a I, -subgroup of G, then
N < N,(0™(A)).
B)If|G: A| is a T1' -number, then A is sub-
normal in G.
We will say that G is o -soluble if every

chief factor of G is o -primary.

Proposition 1.5 (Skiba [8]). Let A be a Tl -sub-
normal subgroup of G and let §, be the class of all
G5 -soluble 11 -groups.

(1) Let R be the product of some minimal
normal subgroups of G and R is not Il; -primary.
Suppose also that either |G : A| is a T1' -number or
G=AR, R is non-abelian and all composition

factors of R are isomorphic. Then R < N (A).
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(2) If R is a minimal normal subgroup of G,
then
N <N (4%).
(3) If a minimal normal subgroup R of G be-
longs to §, then

R< N, (A4%).
Proposition 1.6 (Skiba [8]). Let A be a Tl -sub-
normal subgroup of G. Suppose that A is T1; -prima-

ry. Then:
(DIf 4€, then A4<0, (G)NG,.

(2)If 4 isa o, -group, then A<0, (G).

Note that various special cases of Propositions
1.1, 1.2, 1.3 and 1.4 have already been used to solve
many questions [1]-[5]. As a first application of the
theory Il -subnormal subgroups in the given paper,

we obtained the following result which, in particular,
gives a positive answer to Question 4.10 in [4].
Theorem 1.7 (Skiba [8]). A subgroup H of G is

I1; -subnormal in G if and only if H is Tl -subnor-
mal in <H,x> forall xeG.

From Theorem 1.7 the following classical re-
sult can be obtained.

Corollary 1.8 (Wielandt). A subgroup H of G is
subnormal in G if and only if H is subnormal in

(H,x) forall xeG.
In concluding this section note that the various

special cases of Propositions 1.3—1.6 have been ap-
plied in the proofs of many results (See, for exam-

ple, [4], [8]).

2 The lattice of I -subnormal subgroups

Kegel proved [6] that the set of all § -subnor-
mal subgroups of G forms a sublattice of the lattice
L(G) of all subgroups of G.

In general, the following fact is true.

Theorem 2.1 (Skiba [8]). Suppose that a group
G of order p belongs to § for all peo,ell

Then the set of all Tl; -subnormal subgroups of G

forms a sublattice of the lattice L(G) of all sub-
groups of G.

In the case when I1=o0={{2},{3},..}, we get
from Theorem 2.1 the following classical result.

Corollary 2.2 (Wielandt). The set of all sub-
normal subgroups of G forms a sublattice of the
lattice of all subgroups of G.

The following special case of Theorem 2.1 was
proved in [4].

Corollary 2.2 (Skiba [4]). The set of all & -sub-
normal subgroups of G forms a sublattice of the
lattice of all subgroups of G.

We use Ly, (G), L;(G) and L,(G) to de-

note the lattices of all Il; -subnormal subgroups,
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IT -subnormal subgroups and of all subnormal sub-
groups of G, respectively.

A group G is called o -nilpotent [2] if G isa
direct product of some o -primary groups. We use
G™ to denote the o -nilpotent residual of G, that
is, the intersection of all normal subgroups N of G
with o -nilpotent quotient G/ N.

On the basis of Theorem 1.3 we prove also the
following results.

Theorem 2.3 (Skiba [8]). The following state-
ments are equivalent:

(I) The lattice L,(G) is modular.

(IT) The following conditions hold:

(@) If TS are Il -subnormal subgroups of
G, where T is normal in S and either S/T is
I1 -primary or S/T is a p-group (p a prime), then
L(S/T) is modular.

(b) (4,BY" <ANB for each A,BeL,(G)
such that A and B cover ANB and AN B is not
normal both in A and B.

(IIT) The following conditions hold.:

(¢) If T<S are Il -subnormal subgroups of
G, where T is normal in S and either S/T is
1 -primary or | S /T |= p* (p a prime), then L(S/T)
is modular.

(d) (4,B)" <ANB for each A,BeL,(G)
such that A and B cover ANB, AN B is not nor-
mal both in A and B and the indices | A:NANB |
and |B: AN B| are c -coprime.

In the case when IT=, we get from Theo-
rem 2.3 the following

Corollary 2.4 (See Zappa [9] or Theorem 9.2.3
in [10]). The following statements are equivalent:

) L, (G) is modular.

(i1) If T £ S are subnormal subgroups of G,
where T is normalin S and S/T is a p-group, p
a prime, then L(S/T) is modular.

() If T £ S are subnormal subgroups of G,
where T is normal in S and |S/T|=p’ (p a
prime), then L(S/T) is modular.

Recall that G is called o -soluble [4], [5] if
every chief factor H/K of G is o -primary. A set
l1eH of subgroups of G is said to be a complete
Hall TI -set of G if every member #1 of H is a
Hall o, -subgroup of G for some o, €Il and H
contains exact one Hall o, -subgroup of G for every

c, eI1No(G).
In view of Theorem B in [5], every o -soluble group
possesses a complete Hall o -set.

Theorem 2.5 (Skiba [8]). Suppose that G is
G -soluble. Then L_(G) is distributive if and only if all

members of complete Hall o -sets of G are cyclic.
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Corollary 2.6 (See Zappa [9] or Corollary 9.2.5
in [10]). Let G be soluble. Then L (G) is distributive
if and only if every Sylow subgroup of G is cyclic.

Modifying the concept of o -solubility in [4],
we say that G is o5 -soluble if every chief factor of
G is o; -primary.

Theorem 2.7 (Skiba [8]). Ln§ (G) is comple-
mented if and only if the following conditions hold:

(i) G=(AxBxC)xD, where ABC <Soc(G),

every minimal normal subgroup of G contained in
A is not Il; -primary, every minimal normal sub-

group of G contained in B is abelian Tl -primary

and every minimal normal subgroup of G contained
in D is non-abelian T1; -primary.

(i) D is a o4 -soluble 11 -group such that Cx D
is a Tl -subnormal subgroup of G and L, (Cx D)

is complemented.

Corollary 2.8 (See Curzio [12] or Theorem 9.2.7
in [10]). The following statements are equivalent:

@) L,,(G) is complemented.

(i1) G is a direct product of simple groups.

(i) Every minimal normal subgroup of G is a
direct factor of G.

In concluding this section we state the follow-
ing two open questions.

Question 2.9. Suppose that the lattice L(S/T)
is modular for all T1 -subnormal subgroups T < S
of G such that T is normal in S and either S/T
is Il -primary or S/T is a p-group (p a prime).
Does it true then that L (G) is modular?

Question 2.10. Suppose that the following two
conditions hold:

(@) If T<S are Il;-subnormal subgroups of
G, where T is normal in S and either S/T is
I1; -primary or S/T is a p-group (p a prime), then
L(S/T) is modular.

(b) (4.B)"" <ANB for each A,B<L, (G)
such that A and B cover ANB and AN B is not

normal both in A and B.
Does it true then that Lng (G) is modular?

3 On o -supersoluble groups and one gener-
alization of CLT-groups

The examples, some properties and applica-
tions of o -soluble and o -nilpotent groups were
given in [1]-[5]. In this section we discuss the fol-
lowing & -generalization of supersolubility.

Definition 3.1. We say that G is © -superso-

Iuble if every chief factor of G below G™ is cyclic,
and we use i to denote the class of all & -super-
soluble groups.
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It is clear that every o -supersoluble group is
G -soluble, and G is supersoluble iff G is o -super-
soluble, where & ={{2},{3},..} is the smallest parti-
tion of P.

Example 3.2. Let G = A, x B, where A; is the
alternating group of degree 5 and B=C,,xC, a
non-abelian group of order 203, and let

o ={{7},{29},{2,3,5},{2,3,5,7,29}'}.
Then G™ =C,,, so G is a o -supersoluble group
but it is neither soluble nor & -nilpotent.

A class 1€ § of groups is called: a formation if
for every group G, every homomorphic image of
G/G® belongs to §; a Fitting class if for every
group G, every normal subgroup of G; belongs to

$. A formation § is said to be: saturated if Ge§
whenever G/ ®(G) e §; hereditary if He§ whe-
never H<Gef.

The classes &, and 91, of all o -soluble
groups and of all o -nilpotent groups respectively
are hereditary saturated Fitting formations [1]. With
respect to the class £{_ we have

Theorem 3.3 (Guo, Skiba [22]). The class
is a hereditary formation and this formation is nei-
ther saturated nor a Fitting class.

The applications of & -supersoluble groups are
based on Theorem 3.3 and the following properties
of o -supersoluble groups.

Theorem 3.4 (Guo, Skiba [22]). G is © -super-
soluble if and only if the following assertions hold:

(1) G™ is nilpotent.

(2) G' is o -nilpotent.

(3) G*ND<D(G)NZ,(G).

In this theorem U is the class of all supersolu-
ble groups and G* denotes the supersoluble residual
of G. Z,(G) denotes the supersoluble hypercentre
of G, that is, the product of all normal subgroups N
of G such that every chief factor of G below N is
cyclic.

Recall that G is called a CLT-group iff it satis-
fies the following converse to Lagrange’s theorem:
for every divisor d of |G|, G has a subgroup of
order d. The CLT -group and some interesting sub-
classes of the class of all CLT -groups have been
studied by many authors (see Chapters 1, 3, 4 and 5
in [13] and the recent paper [14]-[18]).

Definition 3.5. (i) We say that Gis a CLT, -group
if G has a complete Hall o -set {LLH|,...,H,} such
that for all subgroups 4, < H,, G has a subgroup of
order | A4 |---| 4, ].

(if) We say that G is a generalized CLT, -group

if for all p, e 5, € 6(G), G has a subgroup of order
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pt--p" for each (m,...,n,) such that p/---p"
divides |G |.

Remark 3.6. (1) G is a CLT, -group if and only
if G has a complete Hall ¢ -set {I,H,,...,H,} such
that for every i and for every subgroup 4, of H,, G
has a subgroup E, of order |4, |G|, . Indeed, the

intersection £ =E N..NE, hasorder |E|= 4 |--:| 4 |
since (|G:E, ||G:E; [)=1 forall i+ j.

(ii) G is a generalized CLT, -group if and only
if for all p e o, € 6(G), G has a subgroup of order
p" |G|, foreachnsuchthat p" divides |G| (see (i)).

Note that G is a CLT-group iff Gisa CLT, -group,
where o ={{2},{3},..}. The group G in Example
1.21isa CLT, -group butitis nota CLT -group.

Example 3.7. (i) Every o -nilpotent group is a
CLT, -group, and the o -nilpotent groups can be

characterized as the groups having a complete Hall
c-set {,H,,...H,} such that G has a normal sub-

group of order |4, |---| 4, | for each set {4,,....4}
such that 4, is a normal subgroup of H,.

(i) Now let G be a & -soluble group and 4 be a
cyclic group of order | G|. We shaw that B=Gx 4
is a generalized CLT, -group. Let peo, € o(B)
and p" divides | B|=| G|’ . Let P be a Sylow p-sub-
group of G and | P|= p". Since G is o -soluble, it
has a o,-complement £ such that EP=PE by
Proposition 5.3 below. Let E, be the o,-comple-
ment of BA. First assume that n <m, and let B, be
the subgroup of 4 of order p". Then ExEPR isa
subgroup of G of order p" |G |,. Finally, if n>m

and P, is the subgroup of A of order p"™, then
PExE\P, is a subgroup of G of order p" |G |,.

Theorem 3.8 (Guo, Skiba [22]). Every CLT, -group
is ¢ -soluble.

Note that the group G = A4, xP, where 4, is
the alternating group of degree 4 and P a group of
order 5, is soluble but it is not a CLT -group, where

o ={{3,5,{3,5}'}.

The symmetric group S, of degree 4 is not su-
persoluble but it clearly is a CLT -group. Neverthe-
less, if G is of odd order and every homomorphic
image of G is a CLT -group, then G is supersolu-
ble (Humphreys [19]). On the other hand, the Ore-
Zappa theorem states (see [20], [21] or Theorem 4.1
in [13, Ch. 1] that G is supersoluble also in the case
when every subgroup of G is a CLT -group. With
respect to CLT, -groups we get the following fact.
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Theorem 3.9 (Guo, Skiba [22]). Let D =G
Suppose that G has a complete Hall o -set
{LH,,...H,} such that H, is supersoluble when-
ever H N"D=#1. Then G is & -supersoluble if and
only if every section of G is a CLT, -group.

Now we consider some special classes of & -su-
persoluble CLT -groups.

We will say that a subgroup 4 of G is H_ -sub-
normally (respectively H_ -permutably, H_-nor-
mally) embedded in G if 4 is a ¢ -Hall subgroup
of some o -subnormal (respectively & -permutable
(see Definition 4.2 below), normal) subgroup of G.

In the special case, when o ={{2},{3},..}, the
definition of H_-normally embedded subgroups is

equivalent to the concept of Hall normally embedded
subgroups in [15], the definition of H_ -permutably

embedded subgroups is equivalent to the concept of
Hall S -quasinormally embedded subgroups in [18]

and the definition of H_-subnormally embedded
subgroups is equivalent to the concept of Hall sub-
normally embedded subgroups in [16].

Example 3.5 (i) is one of the motivations for
the following our observation.

Theorem 3.10 (Guo, Skiba [22]). Let

H={LH,..H}

be a complete Hall c-set of G, D=G" and
n=mn(D). Any two of the following conditions are
equivalent:

() Forall p € o, € 6(G), where p €, and each
natural number n such that p" divides |G|, G has

a H_-subnormally embedded subgroup of order
PGl

(i) For each set {4,,..., A}, where 4, is a nor-
mal subgroup of H, forall i =1,...,t, G hasa H_ -nor-
mally embedded subgroup of order | 4 |---| 4, |.

(iii) D is cyclic of square-free order and for
each ¢, €eo(D), |o,Nn(G)|=1.

In the case, when o ={{2},{3},..}, Theorem

3.10 covers Theorem 11 in [15], Theorem 2.7 in [16]
and Theorems 3.1 and 3.2 in [18].
Theorem 3.11 (Guo, Skiba [23]). Let
H={LH,...H}

be a complete Hall & -set of G and D =G". Then
any two of the following conditions are equivalent:
(i) G has an H_-permutably embedded sub-

group of order | A| for each subgroup A of G.

(1) D is cyclic of square-free order and
|o, "(G)|=1 for each o, € 5(D).

(iii) For each set {4,,..., 4}, where A is a
subgroup (respectively normal subgroup) of H, for
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all i=1,...,t, G has an H_-permutably embedded
(respectively H_-normally embedded) subgroup of
order | 4 |-+ 4, |.

Let § be a class of groups. A subgroup H of
G is said to be an § -covering subgroup of G [25,
VI, Definition 7.8] if H € § and for every subgroup
E of G suchthat H<FE and E/N €5 it follows
that £ = NH. We say that a subgroup H of G isa
o -Carter subgroup of G if H is an _-covering
subgroup of G, where 91_ is the class of all ¢ -nil-
potent groups.

A group G is said to have a Sylow tower if G
has a normal series 1=G, <G, <---<G_ <G, =G
such that for each i € {l,....t}, |G,/ G,_, | is the order
of some Sylow subgroup of G.

Let H/K be a chief factor of G. Then we say
that H/K is o -central [4] (in G) if the semidirect
product (H/K)»x(G/C,(H/K)) is o -primary.
Otherwise, we say that H /K is o -eccentric (in G).

We say that G is an HoE -group if G is a
group of the form G=DxM, where D=G" is a
o -Hall subgroup of G with |o(D)|=| n(D)| such
that D has a Sylow tower and every chief factor of G
below D is & -eccentric, M is a ¢ -Carter subgroup
of G and M acts irreducibly on every M-invariant
Sylow subgroup of D.

We do not still know the structure of the
groups G with an H_ -subnormally embedded sub-
group of order | A| for each subgroup 4 of G.
Nevertheless, the following fact is true.

Theorem 3.12 (Guo, Skiba [23]). Any two of
the following conditions are equivalent:

(1) Every subgroup of G is H_-subnormally
embedded in G.

(i1) Every o -subnormal subgroup H of G is
a HoE -group.

(iil) Every o -subnormal subgroup H of G is a
group of the form H = DxM, where D is a ¢ -Hall
subgroup of H with |o(D)|=|n(D)| and D has a
Sylow tower, M is & -nilpotent and M acts irreduci-
bly on every M-invariant Sylow subgroup of D.

Now, consider some corollaries of Theorems
3.11 and 3.13.

From Theorem 3.11 we get the following result.

Corollary 3.13 (Guo, Skiba [23]). Suppose that G
possesses a complete Hall c-set H={LH,,...H,}

such that H, is nilpotent for all i=1,...,t. Then G
has an H_-normally embedded subgroup of order
| H| for each subgroup H of G if and only if the
nilpotent residual D =G™ of G is cyclic of square-
free order and | (D) |=| (D) |.
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In the case when o ={{2},{3},..; we get from
Corollary 3.13 the following known result.

Corollary 3.14 (Ballester-Bolinches, Qiao [24]).
G has a Hall normally embedded subgroup of order
| H | for each subgroup H of G if and only if the nilpo-
tent residual G™ of G is cyclic of square-firee order.

On the basis of Theorems 3.11 and 3.12 the
following theorem are proved.

Theorem 3.15 (Guo, Skiba [23]). Any two of
the following conditions are equivalent:

(1) Every subgroup of G is H_-permutably
embedded in G.

(i) G=G™ xM is an HGE -group, where
G™ is a cyclic group of square-firee order.

(i) G=DxM, where D is a o -Hall cyclic sub-
group of G of square-free order with | 5(D) |=| n(D) |
and M is © -nilpotent

Theorem 3.16. (Guo, Skiba [23]). Any two of
the following conditions are equivalent:

(1) Every subgroup of G is H_-normally em-
bedded in G.

(i) G=G™ xM is an HGE -group, where

G™ is a cyclic group of square-free order and M
is a Dedekind group.

(iil) G=DxM, where D is a c-Hall cyclic
subgroup of G of square-free order with
|o(D) |=| n(D)| and M is a Dedekind group.

Corollary 3.17 (Li, Liu [16]). Every subgroup
of G is a Hall normally embedded subgroup of G if
and only if G=DxM, where D=G" is a cyclic
Hall subgroup of G of square-free order and M is a
Degekind group.

Corollary 3.18. Every subgroup of G is a Hall
S -quasinormally embedded subgroup G if and
only if G=DxM, where D=G" is a cyclic Hall
subgroup of G of square-free order and M is a
Carter subgroup of G.

In conclusion of this section, consider the fol-
lowing example.

Example 3.19. Let 5<p, <p,<---<p, be a

set of primes and p a prime such that either p > p,
or p divides p,—1 forall i=1..n Let 4 bea
group of order p and P a simple F, 4-module

which is faithful for 4. Let 4 =P x4 and
B=(((4 ~ Ay) AA)A-) A A

(see [25, p.50]). We can assume without loss of

generality that 4 <B for all i=1..,n Let

G = A, xB, where A, is the alternating group of
degree 5 and o is a partition of [P such that for some
different indices 1, j,i,,i, €/ we have peo,,
{2,3,5}gcj and p, €0, for all k=1,..,n. It is

clear that
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D=RBP,---P, =G
is a o -Hall subgroup of G and G = Dx(4x Ay).
We show that every subnormal subgroup H of G
satisfies the condition in Theorem 3.12. If H™ =1,

it is evident. Hence we can assume that H™° #1, so
A< H since every p'-subgroup of G is o -nilpo-
tent. But then H =(H N D)x(Ax(H N 4;)), where
HnND is a normal o -Hall subgroup of H and
M = Ax(H N 4,) is a o -nilpotent subgroup of H
which induces on every non-identity Sylow sub-
group of H "D a non-trivial irreducible group of
automorphisms. Therefore H”> =HAND and
|o(H™)|=| n(H™)|. It is also clear that M is a
o -Carter subgroup of H and every chief factor of
H below H™ is o -eccentric in H. Thus G sat-
isfies Condition (ii) in Theorem 3.12. Hence every
subgroup H of G is H_-subnormally embedded in
G. On the other hand, the subgroup DAC,, where
C, is a subgroup of order 2 of G, is not subnor-
mally embedded in G since C, is not a Sylow sub-
group of any subnormal subgroup of G.

Finally, if p divides p,—1 for all i=1...n,
then | P |=p, forall i=1,..,n, so G satisfies Con-

dition (ii) in Theorem 3.15 and hence satisfies the
condition in Theorem 3.11.

4 Finite groups whose n-maximal subgroups
are ¢ -subnormal

By the o -nilpotent length (denoted by [_(G))
of a & -soluble group G we mean the length of the
shortest normal chain of G with o -nilpotent factors.
If | 6(G) |=| ©(G) |, then we say that G is G -fiber.

Definition 4.1. 1f

M, <M,  <---<M <M,=0G,
where M, is a maximal subgroup of M,
i=1,2,..,n, then the chain M <M, , <---<M, is
said to be a maximal chain of G of length n and
M, is an n-maximal subgroup of G.

We say that G is a group of o -Spencer height
h,(G) =n if every maximal chain of G of length n
contains a proper G -subnormal entry and there ex-
ists at least one maximal chain of G of length n—1
which contains no any proper G -subnormal entry.
Note that #_(G)=1 if and only if G is o -nilpotent;
h,(G)=2 if and only if G is a o -fiber Schmidt

group with abelian Sylow subgroups (see Theorem
4.7 below).

The relationship between n-maximal subgroups
(where n>1) of a group G and the structure of G
was studied by many authors. One of the first re-
sults in this direction were obtained by Huppert [26].
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He proved that: if all 2-maximal subgroups of a
group G are normal, then G is supersoluble; if all 3-ma-
ximal subgroups of G are normal, then G is soluble
of rank »(G)<2. Mann described the structure of
the group G in which each n-maximal subgroup is
subnormal in the case when k£ <n-1, where k is
the number of distinct prime divisors of the order of
G [27]. He also proved that G is nilpotent if G is
soluble and k& >n. Deskins [28] and Spencer [29]
analyzed the group G in which every n-maximal
chain contains at least one proper subnormal sub-
group. Some resent researches in this line may see,
for example, [30]-[45]. In particular, Lutsenko and
Skiba [40] obtained a full description of groups with
subnormal second and third maximal subgroups;
further, in the paper [43], Guo, Andreeva and Skiba
described groups of Spencer height #(G) < 3.

In this section we discuss the groups with & -sub-
normal and & -permutable n-maximal subgroups, in
the sense of the following definition.

Definition 4.2. A subgroup H of G is said to be
G -quasinormal or o -permutable in G [4] if G
possesses a complete Hall o-set H such that
HA" = A"H for all members 4 €H and all x € G.

Note, in passing, that the o -permutable sub-
groups forms a subclass of the class of all & -sub-
normal subgroups of the group (see Theorem B in [4]).

Example 4.3. (i) Let p>g>r be primes,
where ¢ divides p—1 and r divides g—1. Let
oc={0,,0,}, where o, ={p,q} and o, ={p,q}"
Let H =0xR be a non-abelian group of order gr,
P asimple F H-module which is faithful for H,
and G=PxH. Then the subgroup QO is not sub-
normal in G butitis c -subnormal in G.

(i1) In the above group G, let o={oc,,0,},
where o, ={p,r} and o, ={p,r}. Then |P|> p.
Since g divides p—1, PQ is supersoluble. Hence
for some normal subgroup L of PQ, we have
1< L < P. Then for every Hall o,-subgroup V' of
G we have L<P<V, so QV =V =VQ. On the
other hand, for every Hall o, -subgroup Q" of G we
have Q" < PQ, so LO* =Q"L. Hence L is o -per-
mutable in G. It is also clear that L is not normal in
G, so LR # RL, which implies that L is not S-per-
mutable in G.

Our first observation is the following result.

Theorem 4.4 (Guo, Skiba [46]). (1) If
h, (G)<3, then G is o -soluble.

(i) If each 3-maximal subgroup of G is & -sub-
normal in G and G is not o -nilpotent, then G is
soluble.

Corollary 4.5 (Huppert [26]). If each 3-maxi-
mal subgroup of G is normal in G, then G is soluble.

Corollary 4.6 (Spencer [29]). If h(G) <3, then
G is soluble.

On the basis of Theorem 4.4, the following fact
is proved.
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Theorem 4.7 (Guo, Skiba [46]). Suppose that
G is not o -nilpotent. Then the following statements
are equivalent:

@ h,(G)=2.

(i) G is a o -fiber Schmidt group with abelian
Sylow subgroups.

(ii1) Every 2-maximal subgroup of G is sub-
normal in G.

For the general case we prove the following
Theorem 4.8 (Guo, Skiba [46]). Suppose that

G is & -soluble. Let c° be a partition of P such
that " < c. Then:

(1) 1,(G) < h,(G).

(ii) If either h (G)<|o(G)| or G is c°-soluble
and every n-maximal subgroup of G, where
n<|6’(G)|, is o -subnormal in G, then G is & -nil-
potent.

(iii) If n=h_(G) <|o(G)|, then every n-maxi-
mal subgroup of G is & -subnormalin G.

In this theorem c° <o means that for each
j€J thereis i €I suchthat o) co,.

Corollary 4.9 (Mann [27]). Suppose that G is a
soluble group and each n-maximal subgroup of G
is subnormal. If n <|n(G)|, then G is & -nilpotent.

Corollary 4.10 (Spencer [29]). Suppose that G
is a soluble group. Then:

1) 1(G) 2 h(G).

@) If h(G) <| (G)|, then G is o -nilpotent.

Theorem 4.11 (Guo, Skiba [46]). Suppose that
G is a soluble but not a o -nilpotent group. Let
{LH,,...,H,} be a complete Hall -set of G and
{B,...P} a Sylow basis of G. Then the following

are equivalent:

(1) Each n-maximal subgroup of G, where
n<|(G)|, is © -subnormal in G.

(i) G=DxM, where D=G" is a nilpotent
Hall subgroup of G, and the following hold:

(@) M is not & -subnormal in G, so some Sy-
low subgroup P, of M is not & -subnormal in G.
The subgroup F, is cyclic and it forms an irreduci-
ble pair with P, for all i>1, so P, is elementary
abelian. Moreover, if F, < H, and F, is not of prime
order, then {H,,...,H,} are normalin G.

(b) If G possesses at least two non-G -sub-
normal non-isomorphic Sylow subgroups, then all
non- G -subnormal Sylow subgroups are of prime
order.

(¢) If B is a o,-group and V, is the maximal
subgroup of B, then |G :N;(V})| is a o, -number.

Corollary 4.12 (Mann [27]). Suppose that G is
a soluble group and each n-maximal subgroup of
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G is subnormal. If n <|n(G)|, then G is one of the

following type:

(a) G is nilpotent.

(b) G=HN, where

(i) N is a normal abelian Hall subgroup, and
all Sylow subgroups of N are elementary abelian.

(i) H is a cyclic Hall subgroup, and | H | is
either a prime power or square-free number.

(i) (N | H ) =1.

(iv) If H, is a Sylow subgroup of H and N,

is a Sylow subgroup of N, then H, induces in N,

an irreducible automorphism group of order p or 1.
In the latter case, | N, | =q.

Conversely, a group of type (a) or (b) has each
n-maximal subgroup subnormal.

From Theorem 4.8 (iii) and Theorem 4.7 we
also get the following known result.

Corollary 4.13 (Spencer [29]). Suppose that G
is a soluble group. If G is not nilpotent and
hG) | n(G) |, then every Sylow subgroup of G is
either cyclic or elementary abelian. Furthermore if
there exist at least two non-normal non-isomorphic
Sylow subgroups of G, then all non-normal Sylow
subgroups of G are of prime order.

Recall that the rank r(G) of a soluble group G
is the maximal integer k such that G has a chief fac-
tor of order p*, for some prime p (see [25, p. 685]).

Our next observation is the following fact.

Theorem 4.14 (Guo, Skiba [46]). Suppose that
G is soluble and each n-maximal subgroup of G is
o -permutable in G. Suppose that G has a com-
plete Hall o -set H such that for every member H
of H we have r(H)<n—1. Then r(G)<n-1.

A subgroup H of G is called qusinormal or
permutable (S-quasinormal [47] or S-permutable,
respectively) if H4 = AH for every subgroup (every
Sylow subgroup, respectively) 4 of G.

Corollary 4.15. Suppose that G is a soluble
group and each n-maximal subgroup of G is S-per-
mutable in G. Then r(G)<n-—1.

Corollary 4.16 (Mann [27]). Suppose that G is
a soluble group and each n-maximal subgroup of G
is quasinormal. Then r(G)<n—1.

If G is not o -nilpotent and each 3-maximal or
each 2-maximal subgroup of G is ¢ -subnormal in G,
then G is soluble by Theorems 4.4 and 4.14. Hence
we get also from Theorem 4.14 the following facts.

Corollary 4.17. Suppose that each 3-maximal
subgroup of G is o -permutable in G. If G has a
complete Hall o -set H such that for every member
H of H we have r(H)<2, then G is soluble and
r(G)<2.

Corollary 4.18 (Agrawal [48]). If every 2-maxi-

mal subgroup of G is S-permutable in G, then G is
supersoluble.
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Corollary 4.19 (Huppert [26]). If every 3-ma-
ximal subgroup of G is normal in G, then G is solu-
ble of rank r(G) at most two.

5 Il -soluble and TII; -nilpotent groups

We say that a chief factor H/K of G is
I1; -central (in G) if the semidirect product

(H/K)x(G/C;(H/K))
is I1; -primary.

Definition 5.1. We say that G is: (i) I1; -soluble
if every chief factor of G is either a IT' -group or
I1; -primary; (ii) Il -nilpotent if every chief factor
of G is either a I1"-group or I1; -central (in G).

We use the symbols &, and 91y, to denote
the classes of all T1; -soluble groups and of all I1; -so-

luble groups, respectively.

The direct calculations show that the following
proposition is true.

Proposition 5.2. The class Gg, is closed under

taking direct products, homomorphic images and sub-
groups. Moreover, any extension of the &g, -group

by a &y, -group is a Sy, -group.

A set 1€ ’H of subgroups of G is said to be a
complete Hall Tl -set of G if every member =1 of
‘H is a Hall o, -subgroup of G for some o, eIl, 'H
contains exact one Hall o, -subgroup of G for every
o,€lINo(G) and H, €§ provided H, € H and
H, is a o,-group.

Proposition 5.3. Let G be Il;-soluble and
I =TT {n}, where n=U, .0, Then:

() |G : M| is either a T1' -number or Il -pri-
mary for every maximal subgroup M of G.

(ii) For every o, € o(G)NI1, G has a maximal
subgroup M such that |G: M | is a c,-number.

(iii) G has a complete Hall T1; -set {1,H,,.... H,}
such that {H,,...H,} is a Il -basis of G and for
each i# j every Sylow subgroup of H, G-permutes
with every Sylow subgroup of H ;.

@v) For any 11, cIl, G has a Hall I1,-sub-
group and every Hall 11, -subgroup of G G-permu-

tes with every Sylow subgroup of G.
(v) For any I1, c I the following hold: G has

a Hall 11, -subgroup E, every Il -subgroup of G
is contained in some conjugate of E and E G-per-
mutes with every Sylow subgroup of G.

Proof. (i) Suppose that |G:M | is not a

IT" -number and let H /M be a chief factor of G.
Then |G: M| divides |H /M|, so H/M_ is not
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a I1'-group. Hence H /M, is Tl -primary, so we
have (i).

(i) Let R be a minimal normal subgroup of
G. Then R is either a I1'-group or Il -primary.
By induction, for every

6, €c(G/R)NII,

G/R has a maximal subgroup M /R such that
[(G/R):(M/R)|=|G:M| is a o,-number. Hence
we need only to consider the case when R is a Hall
o, -subgroup of G, where o, € 6(G)NII. By the
Schur-Zassenhaus theorem, R has a complement U
in G. But then G has a maximal subgroup M such that
|G: M| divides |R|, so |G: M | is a o, -number.

(iii), (iv), (v) It is not difficult to show that
every Il -soluble group is IT" -soluble, so in view
of Theorems A and B in [5], it is snough to show
that if H e{H,,...,H,} and H is a 6 -group, then
HeS. Let

1=G, <G <-<G,_, <G, =G
be a chief series of G. Since G is Il -soluble, every
factor G, /G, is either a § -group or a o, -group.
In the former case H avoids G, /G, , and so
GNnH/G_ nH=G,/G_,.

In the second case H covers G, /G, ,, since H isa
Hall o,-group of G, and so G"H=G_ NH.
Therefore we have H € since the class § is
closed under extentions.

The proposition is proved.

The following two lemmas are well-known (see,
for example, Lemmas 3.27, 3.28 and 3.29 in [49]).

Lemma 5.4. Let R be an abelian minimal
normal subgroup of G such that G=RM for a
maximal subgroup M of G. Then

G/M, =Rx(G/C;(R)).

Lemma 5.5. If the chief factors H/K and
S/T of G are G-isomorphic, then
(H/K)Yx(G/C,(H/K)=(S/T)yx(G/C,(S/T)).

Lemma 5.6. Let H be a normal subgroup of
G. If H' HN®(G) is a Il -group, then H has a

Hall 11 -subgroup, say E, and E is normal in G .
Proof. Let D =0, (H). Then, since HN®(G)

is nilpotent, D is a Hall IT' -subgroup of H. Hence
by the Schur-Zassenhaus theorem, H has a Hall
IT -subgroup, say E. It is clear that H is T1'-soluble,
so any two Hall IT -subgroups of H are conjugate.
Therefore by the Frattini argument we have
G = HN, (E) = (E(H N ®(G)N,,(E) = Ny (E).
Thus E isnormal in G. The lemma is proved.
Proposition 5.7. Any two of the following con-
ditions are equivalent:
() G is Il -nilpotent.
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(i) G is Tlg-soluble and for every maximal
subgroup M of G we have either |G : M | is a T1' -num-
ber or M is Tl; -subnormal in G.

(ili) G has a normal Hall T1'-subgroup E
and G/ E is o -nilpotent.

(iv) G is Il;-soluble and G has a normal
Hall o,-subgroup for all o, € 6(G) NI

Proof. (i) = (ii) Let M be a maximal sub-
group of G such that |G : M | is not a IT' -number.
Assume that M, #1. It is clear that the hypothesis
holds for G/M,, so M /M, is o -subnormal in
G/ M, by induction. Hence M is & -subnormal in
G by Proposition 1.3(3). Now assume that M. =1.
By [50, A, 15.2], either G has a unique minimal
normal subgroup R or G has exactly two minimal
normal subgroups R and N and the following
hold: R and N are isomorphic non-abelian groups,
RNM =1=NnM and C,(R)=N. Since |G: M |
is not a IT'-number and clearly |G:M | divides
|R|, R and N are II; -central in G.

Let C=C,(R). Suppose that R is abelian.

Then C =R by [50] and so in this case we have
G=G/M;=Rx(G/C;(R)) €MNg,
by Lemma 5.4, which implies that G/ M ; is I1; -pri-
mary. But then M is I1; -subnormal in G by Proposi-
tion 1.3 (3). Similarly we can get that M is Tl -sub-
normal in G in the case when C =1. Finally, assume
that C = N. Then
Rx(G/C)=Rx(G/N)

is Il -primary, so M =G/ N is Il; -primary. But
then G/N=M =G/R is Il; -primary. It follows
that G is I1; -primary. Thus M is Il; -subnormal
in G.

Hence (i) = (ii).

(i) = (iii) Suppose this is false and let G be a
counterexample of minimal order. It is clear that G

is IT" -soluble, so G has a Hall T1' -subgroup H by
Proposition 5.3. Let R be a minimal normal sub-
group of G. It is clear that the hypothesis holds for
G/R, so HR is normal in G by the choice of G.

Hence we can assume that R£ H, so RNH =1
since G is o -soluble, that is, R is Il; -primary. If
G has a minimal normal subgroup N # R, then as
above we get that N is Il; -primary and HN is

normal in G and so
H=RHNNH=H(RNNH)=H(RNN)=H

is normal in G. Therefore R is the unique minimal

normal subgroup of G. Assume that R £ ®(G).

Ipo6remvr uzuxu, mamemamuru u mexnuxu, Ne 1 (26), 2016



On c-properties of finite groups 111

Then from Lemma 5.6 and the isomorphism
HR/R=H we getthat H isnormal in AR and so
H is a characteristic subgroup of normal subgroup
HR of G, which implies that A is normal in G.
Therefore we may assume that R £ ®(G). Let M
be a maximal subgroup of G such that G =RM.
Then |G:M | divides |R|, so |G: M| is not a
IT" -number. Therefore, since (i) = (i), M is T1; -sub-
normal in G. But M, =1 and so G is Il; -primary,
which implies that H =1.

Finally, we show that G/H is o -nilpotent.
We may assume without loss of generality that
H =1. Then every chief factor of G if o -central in
G and so G=H,x---xH,, where H={LLH,,...H,}
is a complete Hall o -set of G by [3]. But then G is
I1;; -nilpotent by Proposition 5.3. Hence (i) = (iii).

(i) = (iv) This is evident.

(iv) = (i) Let H/K be a chief factor of G.
Assume that H /K isnota I1'-group. Then H /K
is Il -primary since G is Il -soluble by hypothesis,
so H/K is a o,-group for some o, € o(G) NIL
By hypothesis, G has a normal Hall o, -subgroup E.

Moreover, Proposition 5.3 implies that G/Ee§
provided i=0. Therefore every chief factor of G
between E and G is Il; -central in G. Therefore

from the G-isomorphisms G/E=HE/KE=H /K
we get that H /K is Il; -central in G by Lemma

5.5. Therefore G is Il -nilpotent.

The proposition is proved.

In the case when § is the class of all &, -groups,
we get from Proposition 5.7 the following

Corollary 5.8. Any two of the following condi-
tions are equivalent:

(i) G is I1 -nilpotent.

(i) G is Il -soluble and for every maximal
subgroup M of G we have either |G:M| is a

I -number or M is 11 -subnormal in G.

(iii) G has a normal Hall T1' -subgroup E
and G/ E is © -nilpotent.

(iv) G has a normal Hall o}-subgroup for all

o, €o(G)NIL
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A subgroup H of a finite group G is said to be wide if each prime divisor of the order G divides the order H. We obtain the de-
scription of finite m-soluble groups with no wide maximal subgroups with m-number indices. We also investigate groups

with m-special subgroups.

Keywords: finite groups, m-soluble groups, nilpotent groups.

Introduction
All groups in this paper are finite. Let G be a
group. We use m(G) to denote the set of all prime

devisors of |G |. By | ©(G)| we denote a number of
different prime devisors of |G|. We also use

M < -G to denote that M is a maximal subgroup of G.
A subgroup H of a group G is said to be
wide if n(H)=mn(G). In soluble groups maximal

subgroups have primary indices. Therefore in solu-
ble groups a non-wide maximal subgroup is a Hall
subgroup. And conversely, every Hall maximal sub-
group of a soluble group is not wide. V.S. Monak-
hov [3], N.V. Maslova and D.O. Revin [4]-[5] in-
vestigated groups all whose maximal subgroups are
Hall subgroups. Simple groups with wide subgroups
were enumerated in [6]. Thus, the questions of
V.S. Monakhov in the Kourovka notebook [7] were
solved in full.

If a group G has no wide subgroups and
k=max,,_, |n(M)|, then G is called quasi- k -pri-
mary. A quasi-1-primary is also called quasiprimary,
and a quasi-2-primary group is also called quasibi-
primary group. The order of a nilpotent quasipri-
mary group is equal to pg, where p and ¢ are
different primes. The order of a nonnilpotent qua-
siprimary group is equal to p“gq, its Sylow p-sub-
group is a minimal normal subgroup, and a is the
minimal positive integer such that ¢ divides p* —1.
It is followed from Shmidt theorem [8] of groups
with nilpotent proper subgroups.

S.S. Levischenko [9] investigated quasibipri-
mary groups. He proved that a soluble quasibipri-
mary group G can be represented as the semidirect
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product [P]M of an elementary abelian Sylow
p-subgroup P and a quasibiprimary maximal sub-
group M of G [9, Theorem 3.1]. In a nonsoluble
quasibiprimary group G the Frattini subgroup
@®(G) is primary [9, Theorem 3.2], the factor group
G/ ®(G) is simple, and all such groups are enumer-
ated [9, Theorem 2.1].

Let 7 be a fixed set of primes. We consider the
class X(m) of all m-soluble groups G which have
no wide maximal subgroups with 7 -number indices:

X(m) = {G enS | (M) < n(G)|,
YM <-G,Tc(G:M)gn}.
Here 1S is the class of all ©-soluble groups.

In this paper we obtain the properties of the
class X(mw) and describe the structure of groups
from this class. Furthermore, we prove that the fac-
tor group of a m-soluble group by its hypercenter
belongs to X(m) under certain conditions.

1 Preliminaries

If n(m)cm, then a positive integer m is
called m-number. A group G is called m-group if
n(G)cn, and «' -group if n(G)< w'. A group is
called m-soluble if it has a subnormal series whose
factors are either soluble w-groups or «' -groups.

All unexplained notations and terminology are
standard. The reader is referred to [1], [2] if necessary.

The following properties of m-soluble groups
are well known [10].

Lemma 1.1. Let G be a w-soluble group. The
following assertions hold.

63



LL. Sokhor

(1) G is m, -soluble for every m, C m.

(2) In G there exist m-Hall and w' -Hall sub-
groups.

(3) In G there exist nU{r}-Hall subgroups
forevery rer.

(4) In G there exist q' -Hall subgroups for
every q €.

Recall that O,(G) and O_(G) are the unique

largest normal m-subgroup and the unique largest
normal 1’ -subgroup of a group G, respectively.

Lemma 1.2. Let G be a w-soluble group. The
following assertions hold.

(1) If N is a minimal normal subgroup of G,
then N is either an elementary abelian p-subgroup
for some pen ora w -subgroup, [3, Lemma 1].

(2) If M is a maximal subgroup of G, then ei-
ther |G : M |= p" for some p € n and positive inte-
ger m or i(G:M)c ', [3, Lemma 1].

(3) If tn(G)# D, then O (G/0.(G)) #1;
if ' "(G)# D, then O_(G/0,(G)) =1, [10].

Lemma 1.3. Let G be a n-soluble group. Then
for every ge nNn(G) in G there exists a maximal

subgroup M such that |G : M |=q" for some posi-
tive integer m.

Proof- By Lemma 1.1 (1), a group G is g-so-
luble, and so by Lemma 1.1 (2) in G there exists a
q' -Hall subgroup H. If M is a maximal subgroup

of G containing H, then |G: M |=¢q" for some
positive integer m. Lemma is proved.

We define the core of a subgroup H of a group

G by H, = _,x 'Hx. Clearly, H, is the largest
normal subgroup of G contained in H. A group is
called primitive if it has a maximal subgroup with
the trivial core.

Lemma 1.4 [1, Theorem 4.40].

(1) The Fitting subgroup of a primitive group is
either trivial or a minimal normal subgroup.

(2) A nontrivial nilpotent normal subgroup of a
primitive group coincides with the Fitting subgroup
and it is a minimal normal subgroup.

(3) The Frattini subgroup of a soluble primitive
nontrivial group is trivial and the Fitting subgroup
is a minimal normal subgroup.

A formation is a class of groups § with the
following two properties:

(1)if Ge§ and N <G, then G/ N €5;

(i) if N, and N, are normal subgroups of G
and G/N,,G/N, €%, then G/ N, NN, €§.

It is easy to prove the following result.
Lemma 1.5. Let § be a saturated formation

and G a group. If G¢§ but G/ N e§ for every
N <G, N#1, then G is primitive.
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By G, and G, we denote the w-Hall and
n' -Hall subgroups of G, respectively. In particular,
G, denotes a Sylow p-subgroup of G.

Lemma 1.6. Let G be a m-soluble group. If
every maximal subgroup with T -number index is
normal in G, then G =G _[G,] and G_ is nilpotent.
Conversely, if G=G [G
every maximal subgroup with T -number index is
normal in G.

Proof. By Theorem V1.9.3 [2], G is m-super-
soluble. By 91, we denote the formation of all nil-

] and G_ is nilpotent, then

T

potent m-group, & denotes the formation of all
n’ -group, and § =€ __ is their formation product.
Then § is a saturated formation and G €§ if and
onlyif G=G [G.].

Assume that every maximal subgroup with
m-number index is normal in G. If M <G and

n(G:M)cn, then M is normal in G. Therefore
|G:M|=pem

Now we prove G 5. Suppose that it is not
true. If X #1 is normal in G, then G/ X €§ by
induction. In view of Lemma 1.5, G is primitive
and ®(G)=0,(G)=1. Let N be a minimal nor-
mal subgroup of G. Then |N|=gemn and
G =[N]H, where H is a maximal subgroup with the
trivial core. By hypotheses, H is normal in G, a
contradiction.

Suppose that G =G,[G.] and G, is nilpotent.
If M is a maximal subgroup of G with 7 -number
index, then G, c M and M /G, is a maximal sub-

group of G/G, =G,. Hence M /G, is normal in
G/G, since G, is nilpotent, and so M is normal
in G. Lemma is proved.

2 Properties of the class X(m)

Lemma 2.1. (1) X(n) is a saturated homomorph.

2) If m, c =, then X(m) < X(m,).

B) If G € X((G)) and 1(G) =, then G € X(n).

(4) Let N be a normal ' -subgroup of m-so-
luble group G. Then GeX(n) if and only if
G/ N € X(m).

Proof. (1) Suppose that G € X(t) and N < G.
Let M /N be a maximal subgroup with = -number
index in G/ N. Then M is a maximal subgroup with
m-number index in G, and so | (M) |<|n(G)|. If
ren(G)\n(M), then

ren(N), ren(G/N)\n(M /N).

Hence |n(M/N)|<|n(G/N)| and G/N € X(n).
Thus, X(m) is a homomorph.
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Now we show that X(m) is a a saturated class.
Assume that G/ ®(G) € X(n) and let M be a maxi-

mal subgroup with m-number index in G. Then
M /®(G) is a maximal subgroup with w-number

index in G/ ®(G). By hypothesis, | n(M / D(G)) |<
<|(G/®(G))|. In view of [1, Theorem 4.33],
(G / D(G)) = n(G). Therefore
| (M) |=[ (M [ D(G)) |<
< (G /D(G)) = n(G)|, G € X(m).

(2) Suppose that G € X(n). Then G is m-solu-
ble, and in view of 1.1 (1) G is =, -soluble. If M is a
maximal subgroup of G such that n(G: M) cn, Cm,
then |n(M)|<|n(G)| since G eX(w). Conse-
quently, G € X(m;) and X(n) < X(m,).

(3) Assume that G e X(n(G)). Then G is
soluble and has no wide subgroups, that is, for every
maximal subgroup M of G we have

WG: M) cn(G) e, | (M) |<[n(G)].
Hence G € X(m).
(4) If G eX(m), then by assertion (1) G/ N € X(m)

for any normal subgroup N of G.
Conversely, let N be a normal «' -subgroup of
a m-soluble group G. Suppose that G ¢ X(w). Then

n(A4) =n(G) for some maximal subgroup 4 of G
such that n(G: A) c n. Since N is a n' -group, we
have N ¢ A. Now, A/ N is a maximal subgroup of
G/N and
|G:A|=|G/N:A/N|,n(G/N:A/N)c
By inductive hypothesis, G/ N € X(w), consequen-
tly, | m(A/ N)|# (G / N)|. Assume that
ren(G/N)\n(A/ N).
Then ren(G)=n(A4). Since remn(4) and
rem(A/ N), it follows that some Sylow r-subgroup
A, of 4 iscontained in N. As Nisa 7' -subgroup,
therefore r € ' Since n(G: 4) < n, we see that 4,
is a Sylow r-subgroup of G and ren(G/N), a
contradiction. Thus we conclude that G € X (n).

Lemma is proved.
Example 2.2. Let p and ¢ de different primes, n
be the least positive integer such that g devides

p" —1. There exists S:[Epn 10, where Ep,, is an

elementary abelian subgroup of order p”, |Q|=g.
In § all proper subgroups are primary. Therefore
SeX({p,q})- ltis clear that a cyclic group Z, of or-

der p belongs to X({p,q}). A group G=SxZ_ con-
tains a wide subgroup Ep,, xZ,. Hence G ¢ X({p,q})-

Since a formation is closed under direct products, we
obtain that X({p,q}) is not a formation.

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

Further note that if a maximal subgroup M of G
contains a Sylow p-subgroup, then M is normal in G.
Hence the order of the factor group G/ M, is equal

togand G/ M, € X({p,q}). If a maximal subgroup

H of G contains a Sylow g-subgroup, then H is not
normal in G and coincides with a Sylow g-subgroup.

Therefore H=0%xZ,, g€, and H; =Z, . Hen-
ce G/H, =S and G/H; eX({p,q}). It follows

that all primitive factor groups of G belong to

X({p,q}), but G&X({p,q}). Thus X({p,q}) is
not a Schunck class.

Lemma 2.3.

) If G € X(n), then O(G) is a ©' -group.

(2) GeX(n) ifand only if G/ D(G) € X(m).

3) If GeX(n) and O_.(G)=1, then F(G)
is a Hall subgroup and every Sylow subgroup of
F(G) is a minimal normal subgroup in G.

Proof. (1) Suppose that p € t(®(G))Nn. By
Lemma 1.3, in G there exists a maximal subgroup
M such that |G : M |= p*. Note that M is a Hall
subgroup in G since G € X(n), and so p ¢ ©(M).
But p e i(®(G)) < n(M). This contradiction shows
that ®(G) isa 7’ -group.

(2) Assume that G € X(n). Then by assertion
(1), ®(G) is a «' -group. Consequently, by Lemma
2.1(4), G/D(G) € X(n).

Conversely, let G/®(G)e X(n). Hence, in
view of Lemma 2.1 (1), G € X(n).

(3) By assertion (1), ®(G)=1. Let N be a
minimal normal subgroup of G. Then N is a p-sub-
group for some p € nNn(G). By [1, Theorem 3.20],

there exists a subgroup M such that G =[N]M. Note
that M is a maximal subgroup and ©(G: M) = {p}.
By hypothesis, (M) # n(G), therefore Misa p' -Hall
subgroup and N is a Sylow p-subgroup of G.

Lemma is proved.

Lemma 2.4. A soluble group G is quasi-k-pri-
mary if and only if G € X(n(G)) and | 1(G) |=k +1.

Proof. Suppose that a soluble group G is quasi-
k-primary. Then G has no wide maximal subgroups
and G e X(n(G)). We show that |n(G)|=k+1.
Since G is quasi-k-primary, it follows that for every
maximal subgroup H of G we have |n(H)|<k<
<|m(G)|, and there exists a maximal subgroup M
such that | t(M)|= k. In view of [1, Theorem 4.14],
maximal subgroups of a soluble group have primary
indices, and so |G:M |=p*, pen(G), aeN.
Since |G|=|M |-|G: M|, we have |n(G)[<k+]1.
Thus, | n(G)|=k+1.
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Conversely, assume that G e X(n(G)) and
| (G)|=k+1. Then G is w(G) -soluble, and so G

is soluble. Also, G has no wide maximal subgroups,
i. e., for every maximal subgroup M of G we have
| (M) |<| (G)|=k+1. Hence |t(M)|=k and G is
quasi-k-primary. Lemma is proved.

3 The structure of groups from the class X(7)

In m-soluble groups indices of maximal sub-
groups are primes from 7 or 1’ -numbers. It follows
that if a group belongs to the class X(m), then its

every maximal subgroup with w-number index is a
Hall subgroup. Such groups are described by
V.S. Monakhov [3].

Lemma 3.1. [3]. Let G be a m-soluble group.
The following assertions are equivalent.

(1) Chief m-factors of G are isomorphic to

Sylow subgroups.
(2) Every maximal subgroup with 7 -number

index is a Hall subgroup.

(3) The set of all maximal subgroups with T -num-
ber indices of G coincides with the set of all p-sup-
plements for all p .

(4) A Hall T -subgroup of every normal nd -sub-
group of G is a m-Hall subgroup of G.

Theorem 3.2. Let G be a m-soluble group,
tN(G)= < and O (G)#1l. Then GeX(n) if

and only if G =[G ,IM, where G, is a minimal nor-
mal Sylow p-subgroup of G for some p € n(O,(G)),
M is a maximal subgroup of G and M € X(m).
Proof. Assume that G € X(w). If H <G such
that n(G:H)cmn, then by Lemma 1.2 (2),
|G: H|=r" for some r et and positive integer o.
Since m(G)# n(H), it follows that » ¢ m(H) and

H is a r'-Hall subgroup. Therefore G satisfies
assertion (2) of Lemma 3.1. By Lemma 1.2 (1), there
exists a minimal normal p -subgroup N for some

p e n(0,(G)) since O (G)#1. In view of Lemma
3.1 (4), Nis a Sylow p-subgroup of G,i.e., N=G,.
By Lemma 1.3, there exists a maximal subgroup M
of G such that |G:M|=p“, aeN. Hence
G =[G,]M, and so by Lemma 2.1 (1), M € X(n).
Conversely, suppose that G =[G,]M, where
G, is a minimal normal Sylow p-subgroup of G for
some pemn(0,(G)), M is a maximal subgroup of
G and M € X(n). Let K be a maximal subgroup
of G with m-number index. Then by Lemma 1.2
(2), |G: K |=r" for some r € m and positive integer
a. If r=p, then G=G,K. Hence G,NK =1 and
M =K, and so | n(K)|= n(M) |<|(G)|. If r# p,
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then G, <K. Therefore K=[G,]M NK =
=[G,J(M NK), and so | n(K) |<| n(G) |. Otherwise

(M) =(G)\{p} = (K)\{p} = (M N K),
and this is a contradiction since M € X(m). Thus,
G € X(n). Theorem is proved.

Corollary 3.2.1. Let G be a m-soluble group
and tN(G)#D. Then G € X(n) if and only if

G10,(G)=[G,0,(G)/ 0,(GM | 0,(G),
where G,0,(G)/ O, (G) is a minimal normal Sylow
p-subgroup of G/0.(G), pen(O.(G/0,.(G))),
M is a maximal subgroup of G and M € X(m).

Proof. If O_(G)=1, then in view of Theorem

3.2 corollary is true.

Let O, (G)=#1. Then by Lemma 1.2 (3),

0.(G/0,.(G)) #1.

Suppose that G € X(n). In view of Lemma 2.1
4), G/0,.(G) € X(m). By Theorem 3.2,

G/0,(G)=[G,0,(G)/0,(G1M/0,(G),
where G,0,.(G)/O,(G) is a minimal normal Sylow
p-subgroup of G/0.(G), pen(O,(G/0,.(G)),
and M/0O,(G) is a maximal subgroup of
G/0.,(G), M/O.,(G)eX(m). Hence M is a
maximal subgroup of G and M € X(n) in view of

Lemma 2.1 (4).

Conversely, assume that G can be represented as
G/0,(G)=[G,0,(G)/ 0,(G)M /0,(G),
where G,0,.(G)/O,(G) is a minimal normal Sylow
p-subgroup of G/0.(G), pen(O.(G/0,.(G))),
M is a maximal subgroup of G and M € X(n).
Then M /O.(G) is a maximal subgroup of
G/0.,(G) and M/O,(G)eX(n) in view of
Lemma 2.1 (4). Consequently, by Theorem 3.2,
G/0,.(G) € X(m). Hence G € X(m) by Lemma 2.1

(4). Corollary is proved.

Corollary 3.2.2. A soluble group G is quasi-k-
primary if and only if G=[G,]M, where G, is a
minimal normal Sylow p-subgroup of G for some
pen(G), M is a maximal quasi-(k—1)-primary
subgroup of G.

Proof. Suppose that a soluble group G is quasi-
k-primary. Then in view of Lemma 24,
G € X(n(G)) and |n(G)|=k+1. By Theorem 3.2,

G =[N]M, where N is a minimal normal Sylow
p-subgroup of G for some p e n(G), M is a maxi-
mal subgroup of G and M e X(m(G)). Hence by
Lemma 2.1 (2), M € X(n(M)). Besides, |n(M)|=
=|(G)|—|n(N) |= k. Consequently, M is quasi-
(k —1) -primary by Lemma 2.4.
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Conversely, assume that a soluble group G can
be represented as G =[N]M, where N is a mini-

mal normal Sylow p-subgroup of G for some
pen(G), M is a maximal quasi-(k—1)-primary
subgroup of G. Then by Lemma 2.4, M € X(n(M))
and |nt(M)|=k. In view of Lemma 2.1 (3),
M € X(n(G)). Since |n(G)|=n(M)|+]|n(N)|=
=k+1, it follows that G is quasi-k-primary by
Lemma 2.4. Corollary is proved.

If we substitute £ =2 in Corollary 3.2.2, then
we obtain the result of S. S. Levischenko.

Corollary 3.2.3 [9, Theorem 3.1]. 4 soluble

quasibiprimary group G is equal to the semidirect
product [PIM of its elementary abelian Sylow p-sub-

group P and quasiprimary subgroup M, which is
also a maximal subgroup of G.

A group G is said to be m-special, if
G=G,xG_ and G, is nilpotent.

Let G be a nontrivial group,

2y(G)=1, Z,(G)=Z(G),
2,(6)/ 2,(G) = Z(GI Z,(G)), ...,
Z(G)/Z_(G)=Z(G/Z_(G)), ....
Then the subgroup ZDO(G)=U?:0 Z.(G) is called
the hypercenter of G.

Obviously, Z(G/Z (G)) =1.

Theorem 3.3. If every wide maximal subgroup
of a m-soluble group G with m-primary index is
n-special, then G/ Z,(G) € X(m).

Proof. Let G/Z_(G)g X(n), and write
G=G/ Z_(G). Then in G there exists a maximal
subgroup MzM/Zw(G) such that |5:M|g 7 and
n(ﬁ) = n(a). At the same time M is maximal in G
and n(M)=n(G). By hypothesis, M is m-special.
Andso M isalso 7 -special, that is, M=MxMx
and M. is nilpotent. By Lemma 1.2 (2),
|5:M|z p* for some pemn and positive integer
a. It follows that M, <M and M, is a proper

subgroup of 5p. Therefore Mp is normal in G.
Thus there exists a nontrivial element

xeM,nZ (5,,) such that it belongs to the center

of 5, a contradiction since Z(G/Z_(G))=1. Theo-
rem is proved.

Corollary 3.3.1. If every wide maximal subgroup
of a soluble group G is nilpotent, then G/Z _(G) is
quasi-k-primary, where k =| (G / Z_(G))| 1.

Proof. Suppose that every wide maximal sub-
group of a soluble group G is nilpotent. Then, sub-
stituting m=m(G) in Theorem 3.3, we obtain

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

G/Z (G)eX(n(G)). Hence by Lemma 2.4,
G/Z (G) is quasi-k-primary, where
k=n(G/Z,(G))|-1.
Corollary is proved.
A group G is m-decomposable if G =G, xG ..

Corollary 3.3.2. If every maximal subgroup of
a m-soluble group G is normal and m-decompo-

sable, then G_ is nilpotent and G/ Z_(G) € X(m).

Proof. Since every maximal subgroup of a
m-soluble group G is normal, it follows that
G=G,[G,] and G, is nilpotent by Lemma 1.6.
Hence since every maximal subgroup of G is 7 -de-
composable, it is m-special, and G/Z_(G) € X(n)
by Theorem 3.3. Corollary is proved.

REFERENCES

1. Monakhov, V.S. Introduction to the Theory
of Finite Groups and their Classes / V.S. Monakhov.
— Minsk: Vyshejshaja shkola, 2006. — 207 p.

2. Huppert, B. Endliche Gruppen I / B. Hup-
pert. — Berlin-Heidelberg-New York: Springer, 1967.
—796 p.

3. Monakhov, V.S. Finite m-solvable groups
whose maximal subgroups have the Hall property /
V.S. Monakhov // Math. Notes. — 2008. — Vol. 84 (3-4).
—P. 363-366.

4. Maslova, N.V. Nonabelian composition fac-
tors of a finite group whose all maximal subgroups
are hall / N.V. Maslova // Siberian Math. J. — 2012.
—Vol. 53 (5). — P. 853-861.

5. Maslova N.V. Finite groups whose maximal
subgroups have the hall property / N.V. Maslova,
D.O. Revin // Siberian Advances in Math. — 2013. —
Vol. 23 (3). — P. 196-209

6. Zhang, Q. Finite non-abelian simple groups
which contain a non-trivial semipermutable sub-
group / Q. Zhang, L. Wang // Algebra Colloquium. —
2005.—Vol. 12. - P. 301-307.

7. The Kourovka Notebook: Unsolved Prob-
lems in Group Theory // Institute of Mathematics,
Russian Academy of Sciences. — Novosibirsk, 2014.

8. Schmidt, O.Y. Groups all of whose sub-
groups are special / O.Y. Schmidt // Mat. Sb. — 1924.
—Vol 31 (3-4). - P. 366-372.

9. Lewischenko, S.S. Finite quasibiprimary
groups / S.S. Lewischenko // Groups defined by pro-
perties of group systems: collection of scientific pa-
pers. — Kiev: Inst. matem. AN USSR. — 1979. —
P. 83-97.

10. Chunihin, S.A. Subgroups of finite groups /
S.A. Chunihin. — Minsk: Nauka i Tehnika, 1964. —
168 p.

Hocmynuna 6 peoakyuro 16.01.16.

67



Ipo6remvr uzuxu, mamemamuru u mexnuxu, Ne 1 (26), 2016

YK 512.542

MATEMATHKA

KOHEYHBIE I'PYIIIbI C P-CYBHOPMAJIBHBIMHU INOATI'PYIIITAMU

B.H. Tworsauos', T.B. Tuxonenko*

1 .
Medicoynapoonwiii ynusepcumem « MUTCOy, I'omens

2 o z o

Tomenvckuii cocyoapemeennviil mexnuueckuti yuusepcumem um. I1.0. Cyxozo

FINITE GROUPS WITH P-SUBNORMAL SUBGROUPS

V.N. Tyutyanov', T.V. Tihonenko’

'Gomel Branch of International University « MITSO», Gomel
’P.O. Sukhoi Gomel State Technical University

YcTaHOBIIEHO CTpOEHHE KOHEUHOM rpynmsl G, y KOTOpOil equHuYHas noArpynmna He spigercst P -cyOHopmansol B G, HO P -cy6-
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Brenenne

B patote [1] JI.C. Kazapun onpenesni KOMIo-
3ULUOHHBIE (haKTOPhl KOHEYHOH TpYIIIBI, KOTOpas
UMEET LeNb MOAIPYHN C MPOCTHIMH HHIEKCAMH,
Ha4YMHAIOIIYIOCSA ¢ €AMHUYHON noAarpynnsl. JlaHHas
paboTa MOCITyKHjIa UCTOYHHKOM IOSIBJIICHHS LIEIOH
CepUHU MyONUKAIMA M0 NAHHOH TeMaTHKE, B KOTO-
PBIX HCCIIEIOBATIOCH CTPOEHHE KOHEYHOH TpyIBI C
3aJaHHBIMM CHUCTEMaMH THOATPYII, O0O0Iagaomux
LensMH C NpOCThIMU MHJAekcamu. [yt mccnenoBa-
HHS JAHHOW CUTyanuu B padote [2] ObUIO BBEAEHO
CJIEIyIOIee BaKHOE OIPEAEICHHE, KOTOPOE B Jallb-
HEHIIeM HEOAHOKPATHO 0000IIaJoch B pa3IUYHBIX
HAalpaBICHUSIX.

Onpedenenue. Ilooepynna H epynner G Haswi-
saemcs P -cyonopmansroii 8 G (0obo3uauaemcs ye-
pe3 H P-sn G), ecru ubo H= G, mbo cywecmay-
em yenv nodepynn H=Hyc Hic...cH,,cH,=G
maxas, umo |H; :H;.|| — npocmoe uucno ons 1106020
i=1,...n

B [2] mokazano, uTto rpynmna G, y KOTOpO# Bes-
Kasg cuiIoBckas moarpymma P -cyGHOpmansHa B G,
mucriepcuBHa 1o Ope. CTpoeHHe KOHEYHBIX TPYIII,
y KOTOpBIX Jro0ast MmpuMapHas OUKIMYEcKas IMOJ-
rpymma P -cyOHOpMansHa, moay4eHo B [3].

B Hacrosimield paboTe yCTaHOBJICHO CTpPOCHHE
KOHeuHOU rpymmnel G, y KOTOpOH €QUHHUYHAs MOJ-
rpyrna He sisercst [P -cyoHopmaibHoit B G, Ho [P -cy6-
HOpMallbHa BO BCSIKOH COOCTBEHHO# moxrpymre
rpymmsl G.

1 OOo3HaueHusi M mnpeaBapuTejbHbIe pe-
3yJbTaThI

Onpenenennst 1 0003HAUEHHsT CTAHIAPTHBI, UX
MOHO Haiitu B [4]. IIpuBeaeM HEKOTOpPbIE U3 HUX
U ymoOCTBa YTEHUS.
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m(G) — MHOXXECTBO BCEX MPOCTHIX JeTUTENeH
nopsiaka rpymnisl G;

Syl,(G) — MHOXXECTBO BCEX CHUIOBCKUX p-TIOA-
rpymn rpynns G;

H P -sn G—noarpynma H P -cyoropMansHa B G;

R" — npsiMoe MPOM3BEAEHUE A HK3EMIULIPOB
TpyTIL, I30MOPHHBIX R.

B pa6ore JI.C. Kazapuna [1] ycraHOBI€HO, YTO
ecnu B koHeunout rpynne G 1 P-sn G, torma G
AMEEeT TPOCThIe HeaOelleBbl KOMITO3UIIMOHHEIE (ak-
TOpel W3 ciexytomiero cmmcka: PSL;(3), PSLi(5),
PSLy(g), g> 3. B cineayroieit seMmme TPUBOTUTCS
yrouHenue pesyinbrara JI.C. Kasapuna.

Jdemma 1.1 [5]. Ilycmov G — npocmas Heabene-
6a epynna u 1 P-sn G, mozoa G e {SL3(3); SL;(5);
PSLy(7); PSLy(11); SLy(2"), 20e 2"+ 1 — npocmoe
yucno @epmay.

U3 nemwmst 3.1 [5] u nemmsl | cnexyer, 9to ec-
m 1 P-sn G, To KOMIIO3ULIMOHHBIE (aKTOPBI IPyII-
el G MO0 MpUHAUISKAT CIHCKY TPYIII JIeMMSI 1.1,
0o m3oMopHEI Z,, Te r — npocToe yrcio. Kiace
rpymn ¢ equHUYHON [P -cyOHOpManbHOW MOATPYTI-
noit Oyznem obo3naugartes R. O603HaumM T — MHO-
JKECTBO BCEX KOHEYHBIX rpynn G, y KOTOPBIX €Iu-
Hu4Has moxarpymma He [P -cybHOpManpHa B G, HO
P -cy6HOpMarbpHa B JTH000# COOCTBEHHON MOATPYII-
ne rpynmnsl G.

2 Jloka3aTeIbCTBO OCHOBHOTO pe3yJibTaTa

Jdemma 2.1. Ilycmo G — npocmas Heabenesa
epynna u GeX. Tozoa G € {Ag; Jy; Sz(2"), 20e r —
Hewemnoe npocmoe uucno; PSLy(r), 2de 3 < r — npo-
emoe uucno; PSLy(117), PSLy(7"), PSLy(5"), PSLy(2"),
PSLy(3"), 20e r — npocmoe uucio; PSL,(2*);
PSU;(3); PSU5(7); PSUs(q), eoe g +1 — npocmoe
uucno @epma; PSL;y(5); PSL3(7); PSL3(11)}.



Koneunvie epynnet ¢ P -cyonopmansuvimu nooepynnamu

Llokazamenvcmeo. PaccMOTpUM BCe BO3MOKHbBIE
CITyYau.

1.G=A,,n > 5.Tpynma As = PSL,(2*) e R n,
cieioBatensHo, As¢ €. Ioarpynmsl B Aq 1160 pas-
pemwnmMbl, 160 n3oMopdHBI  As € R. Tak  Kax
As2 R, 10 Age X. llpu n = 7 rpynmna G COACPKUT
NPOCTYIO 3HAKOIEpeMEeHHYI0 Hoarpymmy 4, € fR.
CnenosarensHo, G ¢ S.

2. G — cmopaguyecKas TpyIa WIA TpyIIa
Turca *Fy2)". WHpopMamms o [aHHBIX IpPyMIax
npuBenieHa B [6]. Y rpymmer J; Bce COOCTBEHHBIC
MOArPYMNIBl MO0 paspelumbl, JIMO0 H30MOPQHBI
PSLy(11)e R, mosromy J; € T. [dua ocraBmImXcs
TPYHIT YKaKeM HOATPYIIIB, KOTOPBIE HE COIepKaT-
csi B R, a 3HAUUT CaMU TPYIMIBI HE COAEp)Karcs B
T AMyy; Ae 2}, {My; Moy, (Mo A7}, {Mos; Moy},
{Mas; M3}, {Jo; PSUS(3)}, {HS; Mo}, {J5; PSL(19)},
{M*L; My}, {He; 383}, {Ru; Ag}, {Suz; A7}, {ON; Ji},
{C03; HS}, {COZ; MCL}, {Flzz, M12}, {HN, Al2},
{Ly; 241}, {Th; PSLy(19):2}, {Fiy; PSLy(17):2},
{Coy; Cos}, {Ju; 2" : Moy}, {Fij,; Fin}, {B; *Fu(2)},
(M;2B}, {*F.(2)'; PSLy(25)}.

3. G — rpynna JMeBcKoro tumna. Makcumalb-
HBIE MapaboJIMuecKue NOATPYIIBI Tpynnsl G Houy-
YaloTCs BBIYCPKMBAHWEM BEPIIMHBI B JHATpPaMMe
HemkuHa. [TosToMy ecnu mueBcKuid paHr rpymisl G
paBeH [, To WMeeTcs MaKcHMallbHas mapaboimde-
ckag moArpymnmna rpymnsl G ¢ KOMIO3HLIHOHHBIM
(axTopoM, nmeromuM sueBckuid panr [-1. Tak kak
JIMEBCKUH paHT y rpymnn u3 R He BbIIIE 2, TO JINEB-
CKHI paHr y Tpyni u3 ¥ He BbIIIE 3.

Ilycte cHauana nueBckuil paHr rpynnsl G pa-
BeH 1. PaccMoTpuM Bce BOBMOXKHBIE CITydau.

(1) G= Sz(q), tne g = 2*""'> 2. U3 [7] cnenyer,
YTO BCE€ MOATPYNIbI rpynmbl G mu00 pa3pernInMel,
1160 U30MOpdHBI Sz(s), TlIe ¢ CTh CTeNeHb YHCIA S.
Tak kak rpynmsl Cyn3yku He coiepkarcs B R, To
2n+1 sBRsieTcsl IPOCTHIM YUcIoM. Takum oOpaszom,
Sz(q)e X, ecnu g =27, rme p — HEYETHOE MPOCTOE
YHCIIO.

(2) G=2Gy(q), rae g =3"">3. U3 [8] creny-
€T, 4TO [EHTPAIN3ATOP MHBOJIOINH TpymITsl Pu n3o-
Mopder Z,x PSLy(g). Tak kak ¢=3"">3, 10
PSLy(q) ¢ R, asHaunt G¢ %.

(3) G= PSLy(q), rie ¢ = p'. VI3 Teopemsi 11.8.27
[9] cnenyer, uTo B G CymIeCTBYeT COOCTBECHHAS IO~
rpymma usomopouas PSL,(p™) mis Becex 1 S m < f
u m pemsero f. Ecim Ge €, to PSL,(p™) €fR.
Ecmu f=1, 10 G = PSLy(p) € X. Ecu f — mpoctoe
yucno, To noarpynna PSL,(p) € R. Takum obpazom,
B oToMm ciydae Ge {PSLy(1V), PSLy(7), PSLy(5),
PSLy(2'), PSLy(3)), rne f— npoctoe uncio} < X.

Iycts f=1It, tne /=2, t=2. B stoMm ciydae
noarpynmst PSLy(p') u PSLy(p") comepkarcst B fR.
T0 BO3MOXKHO Korma p =2 u 241, 2'+1 — mpocTie
uncia ®epma. CrenoBatensro, [ =2 >2, t=2">2
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uf=1t=2"" Ecmm f<2°, 10 f€ {4, 8, 16}. Tak KaK
2+ 1, 28+ 1, 2"+ 1 — npoctsie uncna, To Ge R,
9T0 HEBO3MOXKHO. IToatomy f = 32. Ecim f= 32, TO
2+ 1 nenurcs na 641. Tlostomy G = PSL,(2*%) ¢ R,
a Bce ee moArpymmsl copepxkarcs B R. CnemoBa-
TenbHO, PSL,(2*%) e X. Iycrs f>32. Torma f= 32k,
rae 2<k — creneup uncina 2 u G CONEPKUT MOJI-
rpynmny  msomopduyto PSL,(2*%) ¢ R, uro HeBos-
MOXHO.

(4) G= PSU;(q). Ilyctp cHayana g — He4eTHOE
yucno. U3 [10] cnenyer, uro G COAEPKUT MOATPYII-
ny H= PSLy(q). Ecrm Ge %, 1o He®R. Dr1o BO3-
MoxHO, korma He {PSLy(3), PSLy(5), PSLy(7),
PSLy(11)}. U3 [6] cnenyeT, 4TO BCE MOATPYIIBI B
PSU;(3) u PSU5(7) nexat B ‘R. 3mauut, PSU;(3),
PSU(T)e ®. T'pynnet PSU5(5) n PSU;(11) conmep-
xKat noarpynnsl A;¢ R u Ag¢ 98 COOTBETCTBEHHO
[6]. IToatomy PSU;5(5), PSU5(11) ¢ %.

[Tyctb g — yetHoe uncno. U3 [11] cnexyer, uro
G conepxut noarpymniy usomopduyr PSLy(g). Ec-
m Ge%, 10 PSLy(g)eR. DTO BO3MOXKHO KOrna
qg+1=r — npocroe umcno Depma. IlycTh
q +1=2%, tae k — neuerHoe uucno. B Hamem ciy-
yae k=r — mpocroe uucio. I'pynma G conepxut
noarpymiy PSU;(2™), ecnu k/m >3 — HederHOe
npocroe yucno [11]. Tak kak k mpocroe 4mcnio, To
m =1 u pazpemmmmast rpynma PSU;(2) € R. Tax kak
k# 3m, to G ue comepxur noarpynn PSU(2™).3
[11]. Kak cmemyer u3 [11], ocTanpHBIE OATPYIIITEI
rpymmel G paspemmMbl. Takum  oOpazowm,
PSUs(q)e %, ecnn g + 1 —npoctoe uncino Pepma.

IIycte G — rpynma mueBckoro panra 2. Pac-
CMOTPHM BCE BO3MOJKHBIE CITydaH.

(1) G=>Dy(g). W3 [12] crenyer, uto G coxep-
xuT oarpyniy G,(q) ¢ R. Takum obpazom, G ¢ <.

(2) G=*Fy(q), tne ¢ =2"> 2. U3 [12] cnenyer,
yto G comepxuT moarpymmy Sz(g) ¢ R, mosToMy
Geg .

(3) G= Gy(g). I'pymna G coaep>XuT NOATPYIIILY
Axq). Ecnu g #2, 10 A2(q) 2R n Ge X. llpug=2
G = G,(g) He sBIsAETCS NMPOCTOH HeabeneBoW rpyr-
no#t (G5(2)' = PSU;(3)).

(4) G=Qs(q)= PSpa(q), tae g =p". I'pynma
COZIEP)KUT MaKCUMAJBbHYIO NapaboiIMdecKylo MO-
TPyIy ¢ KOMIO3WIMOHHBIMU (hakTopamu PSL,(q).
Ecmu G € R, 10 PSLy(q) € R. Torma PSLy(q) < {PSL,(3)
— paspemumas rpymma; PSLy(5), PSLy(7), PSLy(11),
PSL,(2"), toe 2"+ 1 — mpocToe 4ucio}.

VYcranoBum korma GeZ. I'pymma PSps(3)=
= PSU42) comepxut moarpymmy Sq¢ R, mosToMy
PSps(3)¢ %. T'pynna PSp4(5) comepxuT noarpymniy
Ase R, nosromy PSps(5)¢ T. Ilycte G = PSpa(7).
Tak xak ¢ =7, To u3 [10] cnenyer, 9ato G COIEPKUT
monrpymmy  A;¢R m PSpy(7)¢%. Ecmm
G=PSpy(11), To 11 = —1(mod 12) u G comepxut
noarpynmy As 2¢ R. 3naunt PSps(11)e X. Ilycts
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G=PSp,2"), tme 2"+1 — mpocroe dYHCIO W
n=2>1. B srom cnyuae, oueBumHo, rpymma G
comepxut moarpynny H = PSps(2) u H'= Aq ¢ °R.
Iostomy G ¢ %.

(5) G= PSLs(q), tne g =p". I'pynma G coxep-
KHUT MaKCHMaJIbHYIO TapaOOIHMIECKyI0 TOATPYIILY C
KOMIIO3UITMOHHBIMU  akTopamu  PSLy(g). Ecmm
Ge %, 10 PSLy(gq) € R. Takum obpazom, G € {PSL;(3),
PSL5(5), PSLy(7), PSL;(11), PSL;(2"), toe 2"+ 1 —
npocroe umcino Depma}. I'pymma PSL;(3)efR, a
3HaunT PSL;(3)¢ . U3 [6] ciexyer, 4To BCe MOA-
rpynnbl rpynn PSL;(5), PSLi(7), PSLy(11) comep-
xarcsi B R. [losTomy 3TH rpynns! npuHaaiexar <.
[lycts G = PSL;(2"), tae 2"+ 1> 35 sBasercs mpo-
CTBIM YHCIIOM. B 3TOM ciydae n =2m > 2, Tak Kak
PSL;(2)eR. Ecniu m =1, 10 G= PSL;(4). U3 [6]
crenyet, 4To G COIEPKUT HOATPYIILY H30MOPHHYIO
AgzR. Tlostomy PSL;(4)¢ <. CrnenoBaTensHO,
m=>2un>4. Torma n=2¢t tne t>2 u rpynna G
conepxkut noarpymy PSL;(2") [11]. 3uauut, G ¢ T.

(6) G= PSUy(q). U3 [12] cnenyer, uto G co-
nepxut noarpymmny PSpy(q) G <.

(7) G= PSUs(q). I'pynma G conepXUT MakKCH-
MaJIBHYIO0 TapaboJIMYeCKyl0 HOArPYIITy ¢ KOMIIO3H-
oHHBIMU (hakTopamu PSUs(q). Eciu PSU;(g) € fR,
10 G= PSLs(2). U3 [6] cnenyet, uT0 G CONEPIKUT
noarpyniy PSU4(2) ¢ R, noatomy G ¢ %.

[Iycte nueBckuii panr rpynnsl G paseH 3. B
atom ciydae G € {PSps(q), PQ(q), PSUs(q), PSL(q),

PSL(q), Fu(q), PQg (q)}. Tpymmet PSpe(q) u PL2:(q)

Collep)KaT MAaKCHMaJbHYIO I1apa0oIMYecKylo MOJ-
TPYMITy ¢ KOMITO3UIIMOHHBIM (hakTopam PSps(q) ¢ R,
W, CIIeJJOBAaTENIFHO, HE COICPXKUTCS B ‘L. AHAIOTHY-
Ho, Tpymnna PSU,(g) uckiIrodaeTcs HaIUIUeM KOM-
nos3unuoHHoro Qakropa PSUs(q)¢ R. B rpymme
G= PSL4(g) nmeetcst mapabonmaecKkasi HOATPYyIIa ¢
KOMIIO3UITMOHHBIM ~ pakTopoM PSL;(g), moaTomy
G= PSL42) = Agn comepxur noarpymnmy A4; ¢ R.
3maunt, PSL42)¢ <. I'pynnma PQg (q) coaepxut
napaboIMYecKylo TOArPYNIy C KOMIIO3HLHOHHBIM
daxropom PSUs(q) &R u PQ (q)¢ <. Jlemma no-

Ka3aHa.

O6o3HaunM () — MHOXECTBO MPOCTHIX TPYIIII
U3 JIeMMHI 2.1.

Teopema 2.2. Ilycmo rxoneunas epynna Ge %,
Toeoa G/ O(G)e QL

Jokazamenvcmeso. Ecu G — npoctast Heabele-
Ba IpyIa, To Teopema BepHa. [lycte N — HopMaiib-
Has noarpymnmna B G, a M — MakCUMarbHas TOATPYII-

na rpynnsl G. Ipeanonoxum, uto N ¢ M. Torzxa
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G=NM, tne NeR u M €R. Orciona cnexnyer,
yro 1 P-sn G. [Tocnenuee neBosmoxuo. CiemnoBa-
tenapbHO, N < M. Tak kak M — mpou3BOJIbHASI MaK-

cuManbHas moarpynma rpymnnsl G, o N < O(G).

OTcroza JIeTKo 3aKIo4nTh, uTo G / ®(G) e Q. Teo-
peMa JoKa3aHa.
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MATEMATHKA

MHOTI'OPEXXKUMHASA CETb MACCOBOTI'O OBCJIYKUBAHUA
CO CJIYUYAHHBIM BPEMEHEM ITPEBBIBAHUSI CUTHAJIOB

O.B. SIxyooBuu, IO.E. [lynoBckasi

Tomenvckutl cocyoapcmeennutii ynugepcumem um. @. Cxopubl

MULTIMODE QUEUEING NETWORK
WITH RANDOM STAYING TIME OF SIGNALS

0O.V. Yakubovich, Y.E. Dudovskaya

F. Scorina Gomel State University

Hccnenyercs Mozelb OTKPBITON CETH ¢ Pa3IMYHBIMH THIIAMH 3asiBOK U MHOTOPEXHMHBIMH CTpaTeTHsIMH o0cTyxuBanus. Kax-
B y3€J CeTH MOXKET paboTaTh B HECKOJBKUX PEKHMAax, OTBEYAIOLINX Pa3HOW CTemeHu ero pabotocnocobHoctu. Kpome 3as-
BOK B CETH LIUPKYJIHPYIOT CUTHAJIbI, H3MCHSIOIIME PEKUM paboThl y3ia. Bpems mpeObIBaHMS B KaXIOM y3/1€ CUTHAJIOB OIPaHHU-
YEHO CIIyJaifHOI BEMYNHON, NMEIOLIEH 0Ka3aTeIbHOE paclpeelicHIe. Y CTaHaBINBAIOTCSl yCIIOBHSI MyJIbTHIUINKATHBHOCTH U
AHAJMTHYECKUI BUJI CTAlIHIOHAPHOTO PACIIPEEIIEHHs BEPOSTHOCTEN COCTOSHUI UCCIIEeayeMON CEeTH.

Knrwouesvie cnosa: cemv maccosozo oﬁclzyofcueanuﬂ, pasiuynvle munsvl 3di160K, MHOCOPEHCUMHOe oﬁcﬂyofcueayue, CucHasl,

cmauuouapuoepacnpe()e‘ﬂeuue.

An open queueing network with different types of customers and multimode service strategies is considered. Every node can
operate in several modes corresponding to different degrees of its working capacity. There are signals in the network, which
change the number of operating mode. Staying time of signals in each node is the random value having exponential distribution.
The conditions of multiplicativity and an analytical view of stationary distribution of the network states probabilities are found.

Keywords: queueing network, different types of customers, multimode service, signals, stationary distribution.

BBenenne

Cetn MaccoBOro OOCITYKHBaHHS SBISIOTCS
aJIeKBaTHBIMH MaTeMaTHYECKUMH MOIETSIMH Pa3HO-
00pa3HbIX CIIy4ailHBIX MPOLECCOB B MH(OPMAIHOH-
HO-BBIYUCIUTEIBHBIX CETAX, CETIX Nepemayd TaH-
HbIX, CBA3U U MHOI'UX APYTIUX 061>e1<Tax, UMCHOIIUX
CEeTeBYIO0 CTPYKTypy. HaxoxaeHue craloHapHOTO
pacnopeaciacHus ABJIACTCA BaXHbIM 3TAIllOM B aHaJIU-
TUYECKUX UCCIICIOBAHUSAX CETE MaccoBOro 00CIIy-
JKUBAHUS.

CeTu ¢ MHOTOPEKHMHBIMH CTPATETUSIMH 00-
ciyxuBaHus [1] MO3BOISIOT MOAETHPOBATH CHUTYya-
IIUH, KOTJIa y3JIbI CETH MOTYT paboTaTb B HECKOJb-
KAX PEeXMMax, OTBEUAIOIIMX DPa3HOH CTENeHH HX
paborocioco6HOCTH. PeXUMBI, B KOTOPBIX MOTYT
paboTaTe Y35l CETH, NPOHYMEPOBAHBI, Ka)IbIiA
PSKHM OTJIMYAETCS CBOMM HaDOpOM NOKa3aTesew.
Hanpumep, npu nepexojie y3ia B pexuM ¢ OOJIbIIHM
HOMCPOM NPOU3BOAUTEIIBHOCTDL Yy3Jla YMCHBIIACTCH,
YXyAIIaeTCs MPOLECC 00CTYKUBAHUS, TIPH MIEPEXOC
y371a B PSKUM C MEHBIIUM HOMEPOM IMPOUCXOTUT
BOCCTAHOBJICHHC ITOKa3aTeliel Imporecca 00CITyKH-
BaHUS, yITy4YIIaeTcs Ka4eCTBO 0OCTyKHBaHUSI.

B pabore [2] uccnenoBaHa MOIENb CETH, B KO-
TOpPOH OTpaHWYCHHE Ha BpeMs MPEeOBIBAaHUS UMEIOT
OTpHIIATEIbHBIC 3aBKH PA3TUIHBIX THUIIOB.

B Hacrosmieii paboTe paccMaTpUBAacTCS MO-
JIeNTb OTKPBITON CETH, B KOTOPYIO MOCTYMAIOT ITyac-
COHOBCKHEC MOTOKHU pa3IMYHbIX THUIIOB 3asABOK W ITy-
ACCOHOBCKHMH MOTOK HMH(OPMAIIMOHHBIX CHI'HAJIOB.
CurHasisl QOPMHUPYIOT OTIACIBHYIO OYEePEIb U UMEIOT

© Axybosuu O.B., [[yoosckas FO.E., 2016

orpaHUYeHNE Ha BpeMs mpeObiBanus B y3ie. [locne
OKOHYaHHMsI BpPEMEHH IPeOBbIBaHUS CUTHAJ C Ompele-
JIEHHOH BEPOSTHOCTHIO MO0 YMEHBIIAET, TU00 yBe-
JMYHMBaET HOMEP pexXuMa paboThl y3ia.

1 U30.1upoBaHHbIi y3eJ1

Paccmorpum cucrtemy MaccoBoro o0cCiy»KHBa-
HUs, B KOTOpyro mocTtymaer M +1 He3aBHCHMBIX
ITyaCCOHOBCKHMX IIOTOKOB: M IIOTOKOB 3asBOK C
napameTrpamMu A ,A,,...,A,, IIPU ITOM A, €CThb
WHTEHCHBHOCTh MOCTYIUICHHS 3asBOK THNA U, H
MIOTOK CHTHAJIOB C IAPaMETPOM (.

3asBKa, MOCTYNUBIIAsL B CHUCTEMY, yBEIHIHBa-
eT JUIMHY O4Yepely 3asBOK COOTBETCTBYIOIIEIO THUIIA
B CHCTEME Ha eJJMHUILYy 1 TpeOyeT oOciyxuBaHus. B
CUCTCMC HaAXOoAUTCA M OKCIIOHCHIUAJIBHBIX IPH-
60poB, u-bIil IPHOOP OOCTYKMBAET 3aSBKH THIIA U.
Bpemena obcmyxnuBaHus 3asiBOK B CHCTEME HE3aBU-
CHMBI, HE 3aBHCAT OT IIPOIIECCOB MOCTYIUICHHS U LIS
3a8BOK THIA 4 HMEIOT IOKa3aTeNIbHOE pacmpesierne-

HHUE C [apaMeTpoM [, (u =1LM ) 3asBku 00cCITy-

JKUBAIOTCA B IOPAAKE MOCTYIIJICHHA.
Hpe,unonaraeTcsi, 4TO CHUCTEMA MOXKET HaAXO-

JUTBCS B OJTHOM W3 [ PEXHUMOB pabOTHI (l = O,r).
CurHaspl, TOCTYIAIOIIME B CHCTEMY, 00pa3yroT
OTZCNBHYIO OYepedb M He TPeOYIOT OOCITy)XKMBaHHS.

Kaxxnplii curHai, HaXOASIIMICS B CHCTEME, OCTaeTCs B
ouepeqy Cciay4yailHOe BpeMsi, UMEIONIEe MoKa3aTeabHOe
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T
pactipeziesiene ¢ mapamerpoMm t(m)=— i
m

m=>1, TIe m — YUCJIO CHTHAJOB B CHUCTEME, T —

HEKOTOpasA TIIOJIOKUTEIIbHAsA IIOCTOSHHAs. Ilocne
OKOHYaHUA BPEMEHU Hpe6BIBaHI/Iﬂ B CUCTEMC CUTHAJI

C BEpOSATHOCTHIO p  yMEHBINAET HOMEP pPEXHMa
pabOTHI CHCTEMBI M HE TPOU3BOJMT HUKAKHUX BO3-
JIEHCTBUH, eclu cucTeMa (QYHKIIMOHUPYET B PEIKUME
[ =0; WM ¢ BEpOATHOCTBIO p’ YBETMUMBAET HOMEP
pexxnma paboThl CHCTEMBI W HE TPOM3BOIUT HUKa-
KUX BO3IIEHCTBHH, eciiu cuctemMa (QyHKIMOHHPYET B
pexxume [ =r. Ilporecchl MOCTYIIICHUS, O0CITYKH-
BaHUS U NPeObIBAaHUA B CHCTEME HE3aBUCUMBI.
CocTosiHHEe paccMaTpUBaeMON CHCTEMBI Mac-
COBOTO OOCITy’)KUBaHHS B MOMCHT BPEMCHHU { Xapak-
TEPU3YETCS CITyYalHBIM BEKTOPOM
x(t) = (n(2), m(@), 1(1)) = (n (1),...., m,, (), m(2), (1)),
riae n,(f) — KOIUYECTBO 3asBOK THIIA U B CUCTEME B
MOMEHT BpeMeHH f, m(t) — KOJIMYECTBO CUTHAJIOB B
CHUCTeMe B MOMEHT BpeMeHHu f, [(f) — pexum, B
KOTOPOM paboTaeT CHCTeMa B MOMEHT BPEMEHH f.
Torma x(f) — OXHOPOIHBIN MapKOBCKHIA IIpoIece ¢
HENPEPHIBHBIM BpeMeHeM W (ha30BBIM IPOCTPAHCT-
BOM COCTOSIHUM

X :{x:(ﬁ,m,l) = (1yseosyy m, D),

n mZO,uzl,M,lz?}.

u?d
Cocrosiane cucrembl x = (0, ,0) 0003HAYNM

yepes 0.
HazoBem HyneBOW pexXHM OCHOBHEBIM PEKUMOM
paboTel. Bpemsi paboTBI CHUCTEMBI, HaXOJAIICHCS B

cocrostuun  x =(7,m,l), B pexume | (Z:O,r)
YIMeeT TI0Ka3aTeIbHOE PAcIpe/IeleHue, IPH 3TOM C

unrencusroctsio v(72,1) (v(7,1)>0) cucrema ne-
pexonut B (/+1) -blii pexum (l :M), a ¢ uH-
tencusHoctsio ¢(71,0) (@(7,1)>0) — B (1) -biid
pexuM (l = I,_r) [Nepexitouenue mpudopa ¢ 0JHOTO

peXrMa B IpYroi coxpaHseT oOlee 4uciio 3asBOK B
CHCTEME.

[Ipeanonoxum, 4to { px),xe X } — CTauuo-
HapHOE pacIpeesieHHe BEepPOATHOCTEH COCTOSTHMI
mporiecca x(¢). YpaBHEHHS PaBHOBECHsS LIS CTa-
LIMOHAPHBIX BEPOATHOCTEN UMEIOT CIEIYIOIINMA BUII:

M
p(x) Z(Q\‘u +uu[{n”¢0})+0)+11{m¢0} +

u=1

+v(m,DI,,,, + o)1,

M=

(kup(ﬁ—eu, m,l)I{,1 ot uup(r_z+eu,m,l))+

=
Il

72

+wp(ﬁ,m—l,l)1{ +’cp_p(}7,m+l,l+l)]{1#} +

m=0}
+ip’ p(a,m+1LI-DI, , +
+1p p(n,m+1, 1)1{1:0} +1p* p(n,m+1, Z)I{lzy} +
(L =1 p(,m, =), +
+o(, 1+ 1) p(,m, I +DI,,,,,,

x=({m,ml)e X.
30ech e, — €OMHWYHBIA BEKTOP pa3sMEpHOCTH
M ¢ eguHunen B u-oit mozunuy, 1, (x} — Xapakrepu-
{5

crudeckast (YHKIHs, MPUHUMAIOIAS 3HaueHue 1,
€CIIM X MCTHHHO, 0 — B IPOTHBHOM CITy4ae.
Jemma 1.1. JIns 0OpaTUMOCTH CUCTEMBI HEOO-
XO0OUMO U JOCTATOYHO BBITIOJIHCHUS yCJ'IOBl/Iﬁ
[v(nl,...,nM ,l—l)+(op+]><
x[(p(nl,...,nu -1...,n,,0)+ mp’] =

:[v(n],...,nu —1,...,nM,l—1)+0)p*]>< a
X[(p(nl,...,nM,l)+o>p’], '

n #0,u=1,M,1=1,r.

Teopema 1.1. Ilycte mns moboro u=1,M

BBINOJHSIOTCS ycloBusi ooparumoctu (1.1) u Hepa-
BEHCTBa

A ) _ _
L<1, —<1, sup [v(n,l)+(p(n,l):|:c<oo,
u, T (7@.1)ex
TOTIa MapKOBCKHUH Tporiecc x(¢) 3promudeH, a Qu-
HAJIBHOE CTAllMOHAPHOE pacIpelesieHIe BEpOsSTHO-
CTEN COCTOSIHUNA CUCTEMBI UMEET CIAEAYIOIIUN BUA:
p(ny,...,ny, ,ml)=
N (o) oL v(ﬁ,k—l)+cop+
= =] [l ——==——rO,

T k=1 (p(a,k)+(,0p_

p(O):]M‘[ 1=t (1—9jx

B, T
ro 1 \/(6,k—1)+mp+ )
=0 k-1 (p(6,k)+oop'

X

31ech Mpou3BeAeHuEe, B KOTOPOM BEPXHHUM HH-
JACKC MCHBIUIC HUKHETO IoJIaracM paBHBIM €IUHUIIC.

IIOKa?:aTeHbCTBO MMpOBOAUTCA  CTaHAAPTHBIM
00pa3oM: TOACTAaHOBKOHM CTaIMOHAPHBIX BEPOSTHO-
CTEIl B ypaBHEHMsI PaBHOBECHs. Y CIOBHUE BProjuy-
HOCTH HaxoJuTcs u3 TeopemMsl docrepa.

2 OTKpbITas ceTh

PaccMOTpHM OTKPBITYIO CETh, COCTOSIYIO U3 N
y3JIOB CO CTPYKTYpOii, onvcaHHO# Beime. B ceTpb
NOCTYNAIOT JIBa HE3aBUCHMBIX MPOCTEHIIUX MMOTOKA:
MIOTOK 3aBOK HHTEHCHMBHOCTH A M IIOTOK CHUTHAJIOB
WHTEHCUBHOCTH . 3aBKH MOTYT ObITh M THIIOB.

Kaxnas 3asiBka HE3aBUCHMO OT JIPYTHX 3asBOK
HAaIpaBJISIeTCs B i-bIH y3€J U CTAHOBUTCS 3asBKOM

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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THNIA U C BEPOSTHOCTBIO Py, (i =1L,N,u= 1,M).

N M
OueBUIHO, YTO ZZPO(M) =1

i=l u=l1

[Ipennonaraercst, 4To i-blif y3€Jl MOXET HaXo-

JWUTHCS. B OJHOM U3 [, PEXHMOB PabOTHI (ll. =0,r,
i=LN).

Kaxcz(mﬁ CUTHAJI HE3aBUCUMO OT APYI'UX CHTI-
HaJIOB HAIIpaBJIACTCA B i-BIf y3ei € BEPOATHOCTLIO

Go; (i:I,_N). OueBuHO, 4TO ZN:qu =1. CurHau,
i=1

MOCTYNUBILINK B y3€J, YBEJIMUUBACT JJIMHY O4epean
CHTHAJIOB B y3JIe€ Ha €JMHUILYy U He TpeOyeT oOciy-
s)kuBaHMA. Kaknplid CHUTHAI, HaXOOSAIIUKUCS B I-OM
y371e, OCTaercsi B OdYepend CIydailHoe BpeMms,
MMEIoLee TOKa3aTelIbHOE pacIpelielieHre ¢ mapa-

merpoMm T, (m;) =5 ans m, =21, rae m; — Konuye-
m[

CTBO CUTHAJIOB B i-OM Yy3Jle, T, — HEKOTOpas I10JIO-
J)KuTesbHast nmocrosHHas. [lociie okoHYaHUS BpEME-
HM [IpeOBIBaHUs B y3J1€ CHI'HAJl C BEPOSTHOCTBIO P,
YMCHBIIaeT HOMEP PEeKUMa pabOTHI i-TO y3JIa U HE
IIPOU3BOIUT HMKAKUX BO3ACHUCTBUH, €CIH Y3€ll
(dyHKIMOHMpPYET B pexume [, = 0; UM C BEPOSTHO-
CTBIO p, YBEJIMYMBAET HOMEpP PEXHMa PabOTHI i-ro
y3Jla U HE IPOU3BOJUT HUKAKUX BO3JEHCTBUN, €CIIU
y3en QyHKINOHUPYET B peXuMe [, =r7..

B xaxxnoMm y3ie Haxoautcsi M SKCIOHEHIHATb-
HBIX MPUOOPOB, u-bIil TPUOOP OOCITYKHUBAET 3asBKU
THNA u. 3assBKU OOCITY>)KUBAIOTCS B MOPSIKE TTOCTYII-
nenusi. BpemeHna o0ciy)KMBaHUS pa3iMndHBIX 3asBOK
HE3aBUCHMEI, HE 3aBUCST OT MpPOIlecca MOCTYIUICHUS
W Ul 3asBOK THIA U B i-OM Y3Ji€ UMEIOT I0Ka3a-
TENBHOE PACIPENENCHUE €  MApaMeTpoM W,

G=LN,u=1,M).
CocrosHHE CETH B MOMEHT BPEMEHH ! Xapak-
TepU3yeTcs BEKTOPOM

x(t) = ('xl ), xz(t)»---:xN(t)):
rae x,(¢) = (n(“) (e s 0y (@), M (D), 1 (t)) OITHCHI-

Ba€T COCTOSHHE [-TO y3lla B MOMCHT BPEMCHH f.
3nec n, (f) — uneno sasBok tvna u, m/(f) —

YHCIIO CUTHAJIOB, [, (f) — peuM, B KOTOPOM paboTa-
€T i-blif y3e1 B MOMEHT BpeMeHu f. IIpouecc x, ()
HUMEET [TPOCTPAHCTBO COCTOSHUIN
X, ={x, = (n(i,1)7""n(i,M)’mi7 L),
N> =012, u=1LM,1,=0,r}.

HazoBeMm HyJieBOl pexuM OCHOBHBIM PEKUMOM
pabothl. Bpemst paboThl y3ia, HAXOASALIErocst B CO-

270

crosuun X, =(7,,m,,l,), B pexume I, (l,.:0,r,.,

i=1L,N ) MMeeT MOKa3aTeNbHOe PACIIPEACICHHE, IIPH

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

stom ¢ murencusroctsio Vv, (7,1) (v, (7,1)>0)
i-blii  ysem mepexomur B ([ +1)-blii  pexum

(l,.:O,r,.—l), a ¢ MHTCHCHBHOCTBIO O, (71,,1;)

(¢,(7,1)>0) — B (I, —1)-b1it pexum (l,. :1,;;.).
Ilepekimouenne npuéopa ¢ OJHOTO PEKUMA B IpY-
roi coxpaHseT 00IIee YHCIIO 3a5BOK B Y3IIE.

Kasiast 3asBKa THIa u TIOCIE 3aBEPIIEHUS 00-
CITyXWBaHUS B i-OM y3Jl¢ HE3aBUCHMO OT JIPYTHX 3asl-
BOK MTHOBEHHO HATPABIISETCS B j-blii Y3€JI H CTAHO-

BUTCS 3asBKOI THIIA V C BEPOSTHOCTBIO P, ;) WIH
CHTHAIIOM € BEPOATHOCTBIO ¢, @ C BEPOSTHO-

CTBIO P, TIOKUIAET CETh.

N M
2 (P T D) T Priao =1

J=1 v=1
(i =LN,u= 1,M).
Bynem mpenmomarath, 4To MaTpuIla MapIIpyTH3a-

U HEIpUBOAMMA. Hpoueccm MOCTYIUICHUA U 00-
CJIy’)KUBaHHUsS B CETU HC3aBUCHUMBI.

VYpasuenus tTpadmka it i =1, N, u =1,M nme-
10T BUJL
N M
iy = Moy 20 20 P

Jj=1 v=I

N M
B =g+ D O it

Jj=1 v=1
Cucrema ypaBHCHI/Iﬁ Tpa(bI/IKa HUMECT CIOUHCT-

BEHHOE IOJI0KUTEIBHOE PEIICHHE (a(i,u),Bi, i=1N,

u=1,M ), YTO MOXKHO JI0OKa3aTh, MEPEHyMEPOBaB

COOTBETCTBYIOIINM 00pa3oM »JIEMEHTHl MAaTpHIIBI
BEpPOSITHOCTEN IepexonoB. B pesynbrare nomyyaem
CUCTEMy ypaBHEHHUH Tpaduka cetn J[KekcoHa, A
KOTOpPOH JIOKa3aHO CYIIECTBOBAaHWE EAWHCTBEHHOTO
MTOJIOKUTETBHOTO perteHus [3].

IMponecc x(f) — OMHOPOTHBIN MapKOBCKHI
MPOLECC C HEMPEPBIBHBIM BPEMEHEM U MPOCTPAHCT-
BOM COCTOSIHUH X =X, x X, x..xX,, roe X, —

1
HPOCTPAHCTBO COCTOSIHUH i-TO y3I1a.
Jemma 2.1. JIns 0OpaTHMOCTH H30JIMPOBAHHO-
ro y37la HEOoOXOJMMO M IOCTATOYHO BBITOJHEHHS
yCIOBUM

[V,.(n(,.’l),...,n(,.,M),li —1)+[3,p,.+]><
x[(pi (n(i’l),...,n(i’u) —1,...,n(i’M),ll.) +Bl.p[] =
= [V, gy sy = LBy L, =D+ B, [
><[q),.(n(,.)l),...,n(,.)M),l[)+[3[pr,
i ¢0,u:1,_M,ll. :rri,i:L_N.

ITycte {p(x), x € X} — crammoHapHOe pacrpe-

@.1)

JICTICHIE BEPOSTHOCTEH COCTOSHUM mporecca x(1).

73



O.B. Axybosuy, IO.E. J[yoosckas

VYpaBHEHUs] paBHOBECHS NSl CTAL[IOHAPHBIX

BCPOHTHOCTeﬁ HUMCIOT BUJ
N

N M
p(x) |:7" +to+ ZZ l”l'(i,u)[{n(m,#O} + Z T I(m,.¢0} +

i=1 u=1 i=1
N

+Z (Vi (n(i,l) e i ary o l; )[{4 wny T

i=1

T, (n([,l)"‘ MGy l; )[u‘m} ):l =

N M
= ZZ |:P(x - e(f,u))XPO([,“)]{nmmo) +

i=l u=l1

+P(X =€ 110) OG0l 0y + POXF €1 Iy Pliano +
+p(x+ €imy T e(i,M+2))Tipi_I{l;¢';} +
+
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NHPOPMATHUKA

OINTUMM3ALIUSA YIIPABJEHUS TPAHCIIOPTHOM CUCTEMOM PETHOHA

A.T. Jlanosoii

Hayuonansueiii mpancnopmmuoiii ynusepcumem, Kuee

OPTIMIZATION OF THE REGION'S TRANSPORT SYSTEM MANAGEMENT
A.T. Lanovyy

National Transport University, Kyiv

Hccnenyercs (pyHKIIMOHHPOBAaHUE CETH aBTOMOOMIIBHEIX JOPOr OOIIEro MOJIL30BAHMS KAaK 3JIEMEHTa TPAHCIOPTHON CHCTEMBI
VKpauHsI, IpUYEM KaK JIEMEHT CIOXKHOH CHCTEMbI CETh aBTOMOOHMJIBHBIX JOPOT MOXET PacCMaTPHBATHCS KAK TPAHCIIOPTHAs
cucTeMa BO BpeMs ee (DYHKIMOHHPOBAHUS, UMEET LIENbI0 00eCIeYeHHE YCIOBUH HENpEepbIBHOrO, 0E30MacHOro U ya00HOro
JIBHIKEHUSI TPAHCIIOPTHBIX IOTOKOB aBTOMOOWIBHBIMHU JIOPOTaMH OOLIEro MOJIb30BaHMS Y KpauHbl. JJIst TOCTIDKEHHS STOH e
HEeoOX0AMMa ONTUMH3ALHS YIIPABICHUS TPAHCIIOPTHOI CHCTEMOi PEerHoHa ¢ ONpeJieICcHHeM HEOOXOANMbIX KPUTEPUEB YIIPaB-
nenust. JlokazaHo, 4To HauboJIee MOTHO OTBEYaeT LEsiM (DYHKIHOHHPOBAHUS CETH aBTOMOOWMIBHBIX JOPOr Hokasarenb «IIpo-
H3BOAUTENBHOCTH PAaOOTHI aBTOMOOMIBHOM JOPOTW», KOTOPBIH SIBISIETCS MOKa3aTeneM 3G (EeKTHBHOCTH e¢ (yHKIMOHUPOBAHYS
B TOM, YTO HAaWIy4LIUM 0Opa3OM OIMCBHIBACT JBMKEHUE OOJNBIIMX IO 00BbEMaM TPAHCIIOPTHBIX HOTOKOB C JOCTATOYHO OOINIb-
UMM CKOPOCTSIMH IBIDKEHHS IIPU YCIOBHH 00€CHIeUeHHsT HE0OX0IMMOT0 ypOBHs O€30MaCHOCTH AOPOXKHOTO JBIKEHHMS. I 1aB-
HBIM IIPEUMYIIECTBOM 3TOTO MOKa3aTels SBISCTCS ydeT CKOPOCTHU JBIKEHUS TPAHCIIOPTHOTO NOTOKA HAPSAY € YUETOM €ro HH-
TeHCUBHOCTHU. J[0Ka3aHO, YTO TPAHCIIOPTHAs CHCTEMa PErMOHA SIBISAETCS YNpPaBIAEMOW, TaK KaK HPOLECCHI, KOTOpbIe B Heil
HPOUCXO/IAT, MOTYT OBITh ONTHMU3HPOBAHBI.

Knrouesvie cnosa: cemv agmomoOunbhblx 0opoe, GYHKYUOHUPOSAHUE, PA3GUMUE 8 YCIIOGUSX HENnpepbiGHo20, 0e30NaAcH020 U
V0001020 08UIICEHUS MPAHCROPMHBIX NOMOKOS, MPAHCROPMHAS CUCEMA PE2UOHA, YNpagieHue (YHKYUOHUPOBANUSL CemU d6-
MOMOOUTILHBIX D0PO2 00UWe20 NONb308AHUS.

The network of public roads as a part of the transport system of Ukraine is studied. As a part of a complex system of network of
roads it can be considered the transport system in operation, which aims at to ensure the conditions of continuous, safe and
convenient movement of traffic public roadways for the use in Ukraine. To achieve this goal it is necessary to get optimization
of the transport control system in the region with the necessary determination management of criteria. It is proved that the
indicator “Performance of the highway” fully meets the purpose of the highways network, which is a measure of the efficiency
of its operation that best describes the movement of large volumes of traffic with high enough speeds, provided that the required
level of road movement. The main advantage of this indicator is a consideration the speed of the traffic flow along the light
intensity. It is proved that the transport system of the region is controlled so that the processes that occur in it can be optimized.

Keywords: road network, operation, development and conditions continuous, safe and comfortable traffic flows regional
transport system, management functioning network of public roads.

Beenenne

OrpaHl4eHHOCTb TPHPOIHBIX, POU3BOJICTBEH-
HBIX U TPYAOBBIX PECYPCOB HE IO3BOJIIET IOCTHYb
UJICabHOTO COCTOSHUS KU3HEAEATEIFHOCTH O0LIe-
crBa. COBOKYIIHOCTb BCEX MAaTepUaJbHBIX IMO-
TpeOHOCTel dYenoBeyecTBa MPEBBILAECT IPOU3BOIH-
TENIbHBIE BO3MOXKHOCTH BCEX MMEIOLIUXCS PECYPCOB.
ITosToMy aOCONIOTHBIH MaTEpUANBHBIA JTOCTATOK
SIBJISIETCSA HEJNOCTHXKUMBIM. WTak, cylecTByeT mpo-
omemMa 3 (HEeKTUBHOrO HKCIOIB30BAHUS OrPAHUYCH-
HBIX PECYPCOB WM YNPABICHUS UMH C LEJIBI0 MaK-
CHMAJIGHOTO YJIOBJIETBOPEHHMS MaTEpPHAIbHBIX I10-
TpebHocTell obmectBa. Ilpy sToM aHanmu3 QyHK-
IIMOHUPOBAHUSI CETH aBTOMOOWJIBHBIX JOpPOT B
TPAHCIIOPTHOM cucTeMe YKpaWHB MOXET OOHa-
PYXHTh UX 3(p(PEeKTUBHOCTH HE TONBKO CO CTOPOHBI
YIy4IICHAS TOKa3aTesiell MAaTepHAIbHOTO IIPOH3-
BOJICTBA, HO M pELICHHE MHOTHX COLMAJIBHBIX BO-
MIPOCOB, BO3HHUKAOMMX B obmectBe. KopHu yka-
3aHHOTO KPOIOTCS B mpobiieme 3¢ GEKTHBHOIO HC-
MOJIb30BaHUS OTPaHUYEHHBIX pecypcos [1].

B crarbe uccnenyercsi caMo (yHKIMOHUPOBA-
HHE CETH aBTOMOOMJIBHBIX JIOPOT OOLIEro MOJIb30BaHMUsI

© Jlanosoit A.T., 2016

KaK DJIEMCHTa TPAHCHOPTHOW CHCTEMBI YKpaWHEI,
MPUYEM KaK JJIEMEHT CIIO)KHOW CHCTEMBI CETh aBTO-
MOOWJIBHBIX JIOPOT MOXET pacCMaTpUBAThCA Kak
TPaHCIIOPTHAs CHCTeMa BO BpeMsi ee (DyHKIHOHHUPO-
BaHMs, UMEET LETbI0 00eCcreueHne YCIOBUM Hempe-
PBIBHOCTH, 0€30IacHOCTH W yHoOCTBa ABIKCHHS
TPAHCIOPTHBIX MMOTOKOB aBTOMOOWJIBHBIMH TOpPOTa-
MU OOILEro MOJIb30BAHUS Y KPaMHBI.

1 Hpunuunst 3¢p¢eKTHBHOrO (PyHKIMOHUPO-
BAHUS M PA3BHTHS TPACHOPTHOI CHCTEMbI PErHOHA

AHanu3 MakpoypoBHS ()YHKIIMOHHUPOBAHHS CE-
TH aBTOMOOWJIBHBIX JOPOT OOIMIEro MmoJib30BaHus [2]
clellyeT OrpaHMYHBaTh I'PaHUIAMH OTACJBHBIX pe-
THOHOB YKpaWHbBI W3-32 pa3HOOOpa3us aAMHUHUCTpa-
TUBHBIX, YKOHOMHYECKUX W COIMANBHBIX (PaKTOpOB,
MPUCYIIUX OTHENBbHBIM 00JAcTsSM HAIlleil CTpaHbI, a
TaKKe HM3-32 (PAKTOPOB MPHPOIHO-KIMMATHUECKOTO
U JOPOKHO-TPAHCIIOPTHOTO XapakTepa. Jlamee pac-
CMOTPEHBI BOMPOCHI, KAacalolIUecs BO3MOXKHOCTU
yIOpaBIEeHUS TPAHCIOPTHOM CHCTeMOH «ABTOMO-
OWJIbHBIC JOPOTHM TOCYJAPCTBEHHOTO M MECTHOIO
3HaueHusi — HanuoHanpHBIE W MEXIyHApPOIHBIE
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TpancnopTabie TOTokm» (AJII'M — HMTII) umenno
Juisl pernoHa (00JacTH WK paiioHa).

IIpu onrtumuzanuy ynpasJIeHUs TPAHCIOPTHOMN
cucremoit pernona AJIII'M — HMTII (MukpoypoBeHb
aHaM3a (DYHKIMOHMPOBAHHUS CETH ABTOMOOWJIBHBIX
JIOpOT OOIIETO TOJIb30BAHMS) MOXKHO CTPEMHUTHCS K
JOCTWKEHHIO Pa3fMYHbIX Ienel (KpUTEepHEB OITH-
MIBHOCTH) U, B 3aBUCHMOCTH OT 3THX IIeJiell, paccmart-
PUBATh PA3IMYHbIE 331a4X PALMOHAIBHOTO YIIPABIICHHS
(hYHKIIMOHMPOBAHUEM JTOH TPAHCIIOPTHOW CHCTEMBI.
Ha aBTOMOOMIEHOM TpaHCIOPTE, BKIFOYAsI B 3TO HOHS-
THE CETh €ro MmyTed cooOmieHus (aBTOMOOMIBHEIC
JIOPOTH), BAXKHEHIIUMH CUMTAINCh Takue 3a1auu [3]:

— oOecreyeHHEe HAWMEHBIIIETO BPEMEHH COO00-
IIEHUS TIPY OTPaHUYEHHBIX U 3apaHee 33aJaHHBIX J0-
POXHBIX pacxojax;

— obecrieueHne 3aJaHHOrO (PacyeTHOTO0) BpeMe-
HH COOOIIEHHUS IIPU BO3MOXKHO HAaUMEHBIINX JTOPOXK-
HBIX pacxojax;

— oOecrieyeHe HAaWMEHBLIMX TPaHCIIOPTHBIX
pacxoloB TpH OTPAaHWIECHHOM (334aHHOM) YPOBHE
JIOPOKHBIX PAacXO0B;

— obecrieueHre HaMEHBIINX JOPOKHBIX PACXO0-
JIOB TIPH OTPaHWYICHHOM (33/IaHHOM) YPOBHE TpaHC-
MOPTHBIX PACcXOJIOB;

— obecrnieueHre MakCUMaJIbHO BO3MOYKHOTO YPOB-
Hsl 0€30IaCHOCTH JIBKEHHMS TIPU OTPaHUYEHHOM (3a-
JIAHHOM) YPOBHE JTOPO’KHO-IKCILTYaTalIMOHHbIX 3aTpaT;

— olecrieueHne 3alaHHOTO  (HEOOXOIMMOTrO)
YPOBHsI 0€30MaCHOCTH JBIDKEHHS NPH HaWMEHBIINX
BO3MOJKHBIX IOPOXKHO-IKCIUTYaTallIOHHBIX 3aTparax;

— JIOCTWXEHHE MHWHHMMyMa JOPOXKHO-3KCILTya-
TalMOHHBIX 3aTpaT MpH OOECHEYEHUH 3aJaHHOTO
o0BeMa MmepeBO30K (ABWKEHWS), 3aJJaHHOM CKOPOCTH
1 HEOOXOIMMOIi 0€30IIaCHOCTH ABUKEHNS,

— ofecrieyeHre MaKCHMAaJbHOM MPOITYCKHOW
CIIOCOOHOCTH JIOPOTH ITPU OTPaHUYEHHOM (33/IaHHOM)
YPOBHE JI0PO’KHO-IKCILTyaTaIl[MOHHBIX 3aTpar.

ITo cBoMM mapaMeTpaM TPaHCIIOPTHAS CHCTEMA
AJII'M — HMTII oTHOCUTCS K CHOXHBIM CHCTEMAM,
OCHOBHBIMH  XapaKTEPUCTHKaMHU (YHKIMOHHPOBa-
HUS KOTOPBIX SABIISIOTCS: TMOKa3aTenb 3(dekTuBHO-
CTH; YCTOWYMBOCTH, ITIOMEXO3aIUIICHHOCTh; Ha-
JeXHOCTh. Jlanee 1moj HaAeKHOCTBIO (YHKIIMOHH-
POBaHMS CHCTEMBI CIEIYET IIOHUMATh 00ECIedeHUE
HEO0XOIMMOTrO YPOBHS 0€30TacCHOCTH TOPOKHOTO
JBIDKCHUS, 110]] TOMEXO03aIHIIEHHOCTbI0 — o0ecrie-
YEHHUE YCIOBHMI HENPEPBIBHOIO [BHKEHUS, & IIOK
YCTOWYHMBOCTHIO — JOCTH)KEHHE HEOOXOJUMOU CKO-
POCTU ABHUKCHUS.

Wrak, nns ynpaBiieHHsT TPaHCHOPTHOM CHCTe-
Mot AJII'M — HMTII HyxHBIMU BISI€TCA UCCIEN0-
BaHME U Pa3pabOTKa CIEAYIONINX 3a/1a4:

— OIICHKA ¥ MPOTHO3MPOBAHNE MHTEHCHBHOCTH
JBIDKEHUS M COCTaBa TPAHCIIOPTHBIX ITOTOKOB,;

— OIIEHKA U NMPOTHO3MPOBAHUE CKOPOCTEH IBH-
JKEHUSI TPAHCTIOPTHBIX ITOTOKOB;

— OIIEHKA JOPOXKHBIX YCIIOBHH;

— OLIEHKA ¥ MPOTHO3MPOBAHUE YCIOBHU HETpe-
PBIBHOI'O IBUKCHUA,
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— OIICHKa M NPOTHO3MPOBaHME ypOBHEH 0Oe30-
MaCHOCTH ABUXCHUSA,

— OLIEHKA M NPOTHO3MPOBAHUE YCIOBHU y100-
HOT'O JIBHXXCHUA,

— OIICHKAa M TIPOrHO3MPOBAHME JIOPOXKHBIX pac-
XOJIOB HA YJIy4IlICHHUE YCIIOBUI IBHKCHUS;

— OLICHKAa W NIPOTHO3MPOBAHHUE IPOU3BOIUTEIIb-
HOCTH PabOThl aBTOMOOWIIEHBIX JOPOT;

— pa3paboTka cucTteMbl cOopa U mepepaboTKH
HH(OPMAIMY C LEJBI0 OLEHKH M HPOTHO3UPOBAHUS
pabotbl TpaHcmopTHOW cuctembl AJITM — HMTII
(3TOT BOMPOC BKIIFOYAET TAKXKe pa3padOTKy TeXHUUE-
CKHX CPEICTB JjIsi cOopa W mepepaboTku uHpopma-
wwii);

— opraHu3anus CUCTEMbI YIIPaBJICHUA C OLIeHKOﬁ
W TIPOTHO3MPOBAHMEM IIOKazaresell (hyHKIMOHHUpOBA-
Husl TpaHcnopTHOI cuctemsl AJII'M — HMTIL.

B kagectBe nokasarenst 3((heKTUBHOCTH TpaHC-
moptHO! cuctembl AJITM — HMTII nmomkeH OBITH
n30paH MakKCUMyM 00BEMa U CKOPOCTH JIBIKEHHUS, C
KOTOPBIMHU CHPABJIAETCSl CHCTEMa IPH YCIOBHH, UTO
YPOBHH 0€30IaCHOCTH M yA00CTBa IBIKCHUS HE HU-
XK€, a JIOPOXKHBIE PACXObl 0OECTICUUBAIOT JTOCTHXKE-
HUS NOKa3aTeneM 3()(GEKTHBHOCTH COOTBETCTBYIOMIEH
BCJIMYUHBI.

Wmes 3naueHnue mokazarenst dPQPEeKTHBHOCTH U
JIOITyCTHMBIE TIpEJIEIIbl CHYDKEHUs YPOBHS 3 dexTns-
HOCTH IIPU HEY/IOBJIETBOPHUTEIBHBIX YCIOBHUSIX (DYHK-
LMOHUPOBAHUSI CUCTEMBI (OTKa3, NPEMATCTBHSA U
T. II.), MOXHO TIPEIJIOKUTH 0DOCHOBaHHBIE TpeboBa-
HUA K HaJEeXHOCTH, YCTOWYMBOCTH, MOMEXO3allU-
IIEHHOCTH, KadecTBa YIPABICHUS, IPYIMX CBOWCTB
CHCTEMBI, a TaKKe BO3MOKHOTO PECYPCHOro obecrie-
4yeHus ee (PyHKIMOHUPOBAHMS.

Jnst pacueToB, CBS3aHHBIX C OIPEENICHUEM
TpeOOBaHUII K CIOKHBIM CHUCTEMaM, U, HETOCPE/CT-
BeHHo, k cucreme AJII'M —HMTII, neoOxomumo
UCIIOJIb30BaTh METO/IbI MaTEMaTHYECKOI0 MOJIEIHPO-
BaHus. [Ipn pacuere oT/ieNbHBIC HIIEMEHTHI CIIOXKHBIX
CHCTEM 3aMEHSIOTCS YIPOIIEHHBIMH SKBHUBAJICHTHBI-
MH cxemamu (anroputmamu). IlocTpoeHHast Takum
00pa3oM CTaTHCTHYECKass MOJENb MCHOJIB3YEeTCs JUIs
omnpeneneHus 3P (HEeKTHBHOCTH PA3INIHBIX BAPHAHTOB
CTPYKTYpHI U Habopa MapaMmeTpoB, a TaKKe BHIOOpa
ONTHMAJIBHOTO BapHAHTA.

Jns obecrieuenust 3pheKTUBHOTO (PyHKIIMOHUPO-
BaHMsI TPAHCIIOPTHOW cucTeMbl permoHa AJIIM —
HMTII Hy>xHOU sBJIE€TCSI OpraHU3alus ClIELUAIbHO-
TO OpraHa yrnpaBJ€HHsI — CIIy>KOBI 110 OLIEHKE M IpO-
THO3MPOBaHMIO TOKaszareneld (yHKIMOHHUPOBAHUS
9TOH CUCTEMBI.

ABTOMOOHJIbHBIE TOPOTH SIBIISIFOTCS IEPBUYHBIM
3JIEMEHTOM OJIaroycTpoicTBa, aKTUBHO BO3HHKAIOT HA
TEPPUTOPHSIX, KOTOPBIE BBOASTCS B IUIAHUPOBAHUE JIFO-
00ro pervoHa, He3aBUCHUMO OT CTEMEHH MX OOIIeH ap-
XHUTEKTYPHO-TTAHUPOBOYHOM TTOITOTOBKH.

CyIIecTBYIOT TEPPUTOPUH, HA KOTOPBIX CTPOSIT-
Csl aBTOMOOWMJIBHBIE JOPOTH, KOTOpBIE YK€ HMEIOT
KaKyl-TO ceTh J0por. Takas CylIeCTBYOLIasi CeTh
JIOpOT OrPaHUYMBAET MTPOEKTHYIO AeATeabHOCTh. [Ipu
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9TOM TPHUXOAUTCS OTPAaHWYMBATH OOJIACTH BO3MOXK-
HBIX BapHaHTOB WMH)KCHEPHO-IUIAHUPOBOYHBIX pellie-
HHUH, TIpHCrocabiuBas WX K CYNIECTBYIOIIEH CeTH
ABTOMOOMJIBHBIX JIOPOT, WM K€ MOJHOCTBIO MIIH Yac-
THYHO W3MEHATh OYEPK CETH, NPOKIAAbIBasi HOBBIE
JIOpPOTH ¥ MCTPeOIIsisl CTapble WM MepeBoJis UX B Ka-
TETOPUI0 ABTOMOOMJIBHBIX JIOPOT MECTHOTO 3HAUCHUSL.

Crnenyer mOAYepKHYTh, YTO ITOBBIIICHHE OOBeE-
MOB JIBIDKCHHS MPHUBOIUT K HEOOXOAWMOCTH YBEIH-
YEeHUS! IUPHUHBI MPOEIHKUX YaCTeH M TUIOTHOCTH CETH
aBTOMOOMJIBHBIX JIOPOT.

Ha xoHdurypanuro cetu aBTOMOOHIIBHBIX IOPOT
PETHOHA TaKXKe BIHAIOT:

— (YHKIMOHAIBHOE 30HHPOBAHUE TEPPUTOPHU
peruoHa;

— pa3MeIleHus] TPy3000pa3yIomuX U TPy30I0-
TJIOLIAIOUIUX ITYHKTOB B PETHOHE;

— HampaBJICHHE U MOIMHOCTH BHCITHHX W BHYT-
PEHHUX TPAHCIIOPTHBIX CBS3EH;

— XapakTep W pa3MCEHICHUS TYPHCTHYECKUX
MapIIPYTOB U 30H OT/IBIXA B PETHOHE;

— MPUPOAHO-KINMATHYECKHE, THIPOIOTUICCKUE
Y THIIPOTEOIOTHYECKHE YCIIOBHS PETHOHA;

— POJIb ¥ 30HA BIMSHUSA TOPOJOB-IIEHTPOB (IIPO-
MBIIIJICHHBIX, aJMHHHACTPATUBHBIX, KYJIBTYPHBIX),
00CITyKMBAIOIINX JKUTEJICH OTACIBHBIX O0JacTeil B
PErHOHaX, KOTOPbIE PACCMAaTPUBAIOTCSL.

dopmannzoBaHHas cxeMa aHanmu3a (QyHKIMOHH-
pOBaHUSI TPaHCIOPTHOM cucTeMbl permoHa AJII'M —
HMTII cknanpiBaeTcst U3 MATH YPOBHEU-IPUHIIMIIOB
aHaJm3a.

Iepsviii yposenv-npunyun «Obcmanoska, cio-
HCUBLUAACS UCTNOPUYECKU» — PACCMOTPEHHE COIH-
ATFHO-9KOHOMHUYECKUX YCIOBHI PErnOHOB, KOTOpHIC
HCTOPHYECKHU CIIOKHIIHCH:

— HaCeJICHHE PETHOHa, THIC. YellL;

— IDIOIIA/Ib PETHOHA, KB. KM;

— CpeAHUM paauyc yJaJeHHOCTH IPaHUILl peTHO-
Ha OT aBTOMOOWIBHBIX JOPOI TOCYJapCTBEHHOTO
3HAYCHHUS, KM;

— IUIOTHOCTh CETH JIOpor (OTIENBHO — rocyaapcr-
BEHHOTO ¥ MECTHOT'O 3HaU€HHsI) B PETHOHE, KM / KB. KM.

Bmopoii  yposenv-npunyun «SKonomuko-2eoe-
pagpuueckuily:

— pAacIoNIOKeHWE AaBTOMOOWIIBHBIX MarucTpa-
JIel OTHOCHUTENBEHO OCHOBHBIX I'PYy30- M MAaCCaKUPO-
00pa3ylommx, Trpy30- H MaCaKHUPOIOTIONIAFONTINX
TOYEK PETHOHA C YYETOM HX BIUSHUS Ha SKOHOMHUKY
PErHoHa U CTPaHBI;

— pa3MellleHre TOPOJIOB PErHoHa U o0ecIeueH-
HOCTh MX aBTOMOOMJIBLHBIM COOOIIIEHHUEM;

— MAaKpO3’KOHOMHUYECKUE TI0Ka3aTed pPEruo-
HOB, KOTOPHIE COEAMHSIOT aBTOMOOMIIbHBIE MarucT-
paii MexIy coOOi ¥ ¢ IpyrUMHU CTpaHaMU.

Tpemuui ypogenwv-npunyun «oposicno-mpamc-
NOPMHBILY:

— KOJIMYECTBO aBTOMOOHIIBHBIX JOPOT MECTHOTO
3HAUCHUs, TEPECEKAIONMX ABTOMOOMIIBbHBIE JIOPOTH
TOCYIapCTBEHHOTO 3HAYEHUS M WX YJAJICHHOCTD
ApyT OT Apyra,
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— HalpaBJIeHWE W MOIIHOCTH BHEIIHUX M BHYT-
PEHHUX TPaHCIIOPTHBIX CBA3EH;

— HaJIM4YUEC MapalICIbHBIX aBTOMO6l/IJ'I]>HI)IX H0-
POT TOCYAapCTBEHHOTO 3HAUCHUS.

Yemeepmulii ypoeenv-npunyun «Kpumepuans-
Holiy ((hakTopbl yIpasisieMble):

— ONpeZIeNeHNe CpeJHeH BETMYMHBI 30HBI BIIHS-
HUSI Pa3IUYHBIX MapIIpyTOB IBIKEHHS K CETH aBTO-
MOOWJIBHBIX IOPOT TOCYIAPCTBEHHOTO 3HAYCHHS;

— 00ecIIeueHHOCTh PA3INYHBIX YacTeil pernoHa
10 BpEMEHHU COOOIIICHUS;

— 00ecTeueHHOCTh HE0OX0IMMOTO YPOBHSI 0€30-
HaCHOCTH JIOPO’KHOTO JIBHXKEHUS;

— 00ecCIeYeHHOCTh HEOOXOMMOr0 YPOBHS Y100~
CTBA JIOPOYKHOTO JIBHKEHUS;

— omnpenenienne 3QPEKTUBHOCTH (HYHKIIMOHHPO-
BaHMsA TPAHCIOPTHOH cucteMsl peruoHa AJII'M —
HMTIL

Ilamwuii yposenv-npunyun «Ynpasnsaiowue 603-
Oeticmsusy:

— COBEpIICHCTBOBAHUE WH)KEHEPHO-TUTAHMPO-
BOUYHBIX PEHICHHII aBTOMOOWJIBHBIX JOpPOT, B TOM
YHCiIe: COBEPUICHCTBOBAHUE IapaMETPOB T'€OMETPH-
YECKHUX HJIEMEHTOB aBTOMOOWIBHBIX JOPOT, BKIIIO-
Jaromux YBCJIWYCHUEC paJuyCOB KPUBBIX B IIJIaHE,
YIIMPEHHs ITPOe3KE YacTh Ha OfHY I0JIOCY JBHKE-
HHs1, IPUBEICHHE B COOTBETCTBHE IadapUTOB MOCTOB
K LIMpUHE TpOe3Keld 4acTH aBTOMOOMJIBHBIX JIOpOT
Ha IO/IX0JIaX K MOCTaM M T. [.;

— TIOBBILICHUE TPaHCHOPTHO-IKCILTyaTaIMOH-
HOTO COCTOSIHUSI aBTOMOOMIJIBHBIX JOpPOT, B TOM HYHC-
Jie: COBEpIICHCTBOBAHUE TPAaHCIIOPTHO-IKCIDTyaTa-
LIMOHHBIX XapaKTEPUCTHUK MOKPBITHI MpOe3xkKeil yacTu
1 0004YMH aBTOMOOMJIBHBIX JOPOT, BKJIIOYas 000py-
JIOBaHUE TMOKPBITUN TPOE3KEeH YacTH IIEepOXOBATOM
MIOBEPXHOCTHOW 00paboTKOi, obecrieueHne HeoOXo-
JMMOT'0 PaBEHCTBA OKPBITHH, YKPEIUIEHNS] 000YHH U
KPOMKH ITPOE3Kei 4acTu U T. 1.;

— BHE/IPEHHE PaLlIOHAIBHBIX CXEM OpTraHN3aluH
JIOPOXKHOTO JBM)KEHUS, B TOM YHCIIE: COBEPIIEHCTBO-
BaHHe OOYCTpOICTBa aBTOMOOWIIBHBIX JIOPOT ITyTEM
YCTPOWCTBA JOPOKHON Pa3METKH, YCTAHOBKA JIOPOK-
HBIX 3HAKOB M TPAHCTIOPTHBIX U MEUIEXOIHBIX OrPaK-
JeHnil, 00OpyIOBaHHE MEPEXOJHO-CKOPOCTHBIX TIO-
JI0C, TUTOIIA0K JJIsI CTOSTHKA aBTOMOOMIIEH Y pHIo-
POXXHBIX COOPY>KEHHH TOPOXKHOTO CEepBHCA, IIOIIA-
JIOK OTJIbIXa, aBTOOYCHBIX OCTAHOBOK M aBTOIABUIIb-
OHOB, OCBELIEHHE JOPOT, CTPOUTENILCTBA IEHIEXO/-
HBIX JJOPOXKEK M T. I1.;

— BHEIPEHHWE UHTEIUIEKTYaIbHBIX TPAHCIOPTHBIX
CHCTEM Ha aBTOMOOWJBHBIX MAarucTpasix, a TaKkKe
CTPOUTEIILCTBO HOBBIX aBTOMOOWIIBHBIX JIOPOT.

[lepBBie TpH ypOBHS-IIPUHIIMITBI SBIITIOTCS HC-
XOOHBIMH JJIsI YETBEPTOTO W, OCOOCHHO, IISTOTO
YPOBHS-TIPUHIIAIIA aHAJHM3a CHUCTEMBI, KakK Ompere-
JSIOUMX 10 3QQexkTHBHOMY (QYHKIIMOHHUPOBAHUIO U
Pa3sBUTHIO  TPAHCHOPTHOM  CHCTEMBI  pPEruoHa
AII'M — HMTIIL.

Heo0xoaMMo OCTaHOBHUTBCS Ha JABYX HOCIHE-
HHUX YPOBHSX-NIPUHIUTIAX (OPMATU30BAHHON CXEMBI
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aHaimn3a (QyHKIHMOHUPOBAHUS TPAHCIIOPTHOM CHCTe-
Mbl pernona AJIJIM-HMTII. [lns dakTuyeckoro
000CHOBaHHUSI COBEPIICHCTBOBAHMS HHKCHEPHO-TLIA-
HUPOBOYHBIX PEIICHUHA aBTOMOOWJIBHBIX JOPOT U
PAIMOHANEHBIX CXEM OPTaHU3AIUH JOPOKHOTO JIBU-
JKCHHS WMH, HAIMOHAIBHBIX M MEXITyHApPOIHBIX
TPaHCIOPTHBIX TTOTOKOB, HEOOXOIMMO ITOJIE30BAThCS
NPUHIMIIOM 00ECHEYSHHOCTH Pa3HbIX PETHOHOB MO
BpPEMEHHU COOOIICHUS:

TALZF? < TA,ZZM?’

rae 7,5 — BPEMS [BIKEHHUSA C HMCIOJIB30BAHUEM

aBTOMO6I/U'H)HOI\/'I JA0pOTU roCyAapCTBEHHOI'O 3HAYCHUS.
HpI/I 9TOM ABHXCHHUE C MCIOJIb30BAHUEM aABTO-
MOOHIIBHOM JIOPOrM  TOCYIaPCTBEHHOIO 3HAYEHHs
HPEJIOJIAraeT ABMKEHUE HENOCPEACTBEHHO 110 Hell 1

OT/IEJIbHBIM IIObE31aM K HEll:
T Aanr3 = T, +T

AM >

roe T

" — BpeMs ABIDKEHHUS 110 HAIPABJICHUIO NIOABE3-
Jla K aBTOMOOWMJIBHOW TOPOTe TOCYAapCTBEHHOTO 3HA-

YCHUS, T 4p — BpeM: ABMKCHUS HEHOCPEACTBCHHO I10

ABTOMOOMJIEHOM JIOpOTe rOCYAapCTBEHHOTO 3HAUCHHS.
Omnyckasi TPOMEKYTOUHBIE pacyeTbl, MHHH-
MaJIbHO HE0OXOAMMasi CKOPOCTb JBM)KEHHUS 110 aBTO-
MOOHMIIBHOM HOpOTe TOCYAapCTBEHHOTO 3HAYEHHUS (IO
ABTOMArkcTpain), UCXOMAs M3 yKa3aHHBIX BHIIIE CO-
OTHOILECHUH, JOJDKHA OBITh
> VAHM3 (Ln +LAM)
AM — L s
ALIM3
HO HEe MEHEe 3apaHee 3a/JaHHON CKOPOCTH JIBIKEHHUS
B COOTBETCTBHM C TIOKasareneM 3((GeKTHBHOCTH
TpaHcHOopTHOH cuctemsl peruona AJII'M — HMTIIL.
Jis cymiecTByrOImMX aBTOMOOMIIBHBIX MAarmcT-
paieii oOpaTHBIM JEHCTBHEM MOXKHO HAaWTH 30HEI
paiiona (permoHa), TPAaHCHOPTHOE HCIIOIb30BaHNE
KOTOPBIX TATOTEET K HCIIONB30BAHHMIO aBTOMOOWIIb-
HOH JTIOPOTHY rOCyJapCTBEHHOTO 3HAUCHHUS:

L =V ﬂ_LA;M
! ! VA,ZZMB VAM

[Monb3ysich 3HaHWEM 30HBI TATOTEHHS K aBTO-
MOOWJIBHOW MarucTpajiy, MOKHO ONpENeTHTh HUX-
HUIl mpenen cpefHedl CKOPOCTH COEJUHEHHUS C HC-
HIOJIb30BAaHUEM CETH aBTOMOOMIBHBIX AOPOT TOCY-
JTApCTBEHHOT'O 3HAYCHMSI.

BelmeynomMsHyTsIM  KpUTEpusM (uepe3 IpH-
3HaHHWE 30HBI TSATOTEHUS! K aBTOMOOHMJILHOW Marwcr-
panu u BpeMs IBUXKEHUS 110 MapIIPYTy C €€ UCIIOJb-
30BaHNEM) POBEPSETCS YBA3KA PYHKIMOHUPOBAHUS
CETU JIOpPOT TOCYNapCTBEHHOI'0 3HAYEHHs C IIaHH-
POBOYHOM CTPYKTYpO#l perroHa M BJiHMsSHHE Ha €ro
TPaHCTIOPTHYIO 00ECIICUCHHOCTb.

Takum 00pa3zoM, YCIOBHO MOKHO IIpH paiioHH-
poBaHuu TiepuepUHHON CETH aBTOMOOWIBHBIX I0-
POT BBIIEIHUTH TPU 30HBI:

1) rme nBWXKEHHWE NPOUCXOTUT HETOCPENCT-
BEHHO 10 MOABE3AHOM 10pOore MECTHOTO 3HAYEHHUS C
BBIXOZIOM HAa aBTOMOOMJIBHYIO JOpOTY TOCyHapcT-
BEHHOTO 3HAYCHUS;
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2) rae HeoOXOAMMO YacCTh MYTH MPEOJIOJIETh 110
CeTH aBTOMOOWJIBHBIX JIOPOT MECTHOTO 3HA4YEeHUs K
BBIXO/1y Ha aBTOMOOMIIBHYIO JIOPOTY TOCYyIapCTBEH-
HOTO 3HaYEHUS;

3) TOe IBIDKEHHWE SBISIETCS PalOHAIBEHBIM
TOJIBKO I10 CETH IOPOT MECTHOTO 3HAUCHHSI.

ITocnennee Moker OBITH ONpENETIEHO IOCIE
pacuera Bcex BapHaHTOB JJIsl BOSMOXKHBIX HampasJie-
HUM JABMKEHHS C YUETOM TEPPUTOPUI pErHOHA, KOTO-
pbIE CIOXKUITHCE.

0065190 (10 paboram npod. CunbsiHoBa B.B.)
CUHTAIOT, YTO JIy4YIIMM 00pa3oM aBTOMOOMIIbHAS O~
pora GyHKIMOHHPYET, KOTJja CKOPOCTh H IJIOTHOCTh
JBIDKCHUS SIBIIIIOTCS ONTHUMAIBHBIMH W3 YCIIOBHUH
MaKCHMAJIFHOTO 00beMa ABWXKEHHS WIH, JPYTUMH
CIIOBaMH, TPOMYCKHO# crmocoOHocT moporu. [Ipu
9TOM PaCcCUHTHIBAIOT YPOBHHM YJ00CTBa, 3HAUECHHIO
Ka)XJJOTO M3 KOTOPBIX COOTBETCTBYIOT OIpE/IENICH-
HBIE JWana3oHbl TpeX Kod((HUIMEHTOB: 3arpyska
JBIKEHUEM, CKOPOCTH JBW)KEHHMS M HACBIIIECHUA
IBIDKeHUEeM. B pabote [4] 3Ta MeTomuKa MpoaHau-
3UpoBaHa WU, TakuM 00pa3oM, YCTAHOBJIEHO, 4YTO
OLICHKa YCJIOBMH IIBMKCHHSI CYIIECTBYIOIIMNMH KO-
3¢ PULIHEHTAMU HE MO3BOJISIET OMPEIEIUTh BO3MOXK-
HOCTH aBTOMOOWJIBHOW JOPOTH MO OOCIYXMBaHHIO
TPaHCIIOPTHBIX MOTOKOB, a TAKXKE BBIIBUThH HAIIMUHE
pe3epBa. DTOT METOA HE MOXET OBITh MCIIOJIE30BaH
JUISL yTIPAaBJICHUSI IBM)KEHHEM M TIOJyYCHHUS OLEHKH
YCJIOBUI JIB)KEHHSI B KOHKPETHBIH MOMEHT BpeMe-
Hu. Kpome Toro, HEMOHATHO, KaK COBEPIICHCTBOBA-
HHE YCJIOBUH JIBIKEHUS MOXKHO CBS3aTh C HE00XO-
JVUMBIM PECYpCHBIM OOECICUYCHNEM BBITOTHEHHS
JIOPOXKHBIX PaboT.

Taxoke cnemyer HOAYepKHYTh, 9TO TPH JOCTH-
KCHUM MaKCHUMaJbHOTO 3HAY€HHsT WHTEHCHBHOCTH
JBIDKCHHE TI0 JII0OOW JOpore CTAaHOBUTCS KOJIOH-
HBIM. BeposTHOCTH CMEHBI MOJOCHI MPU KOJIOHHOM
JBIDKCHUH OdYeHb Maya. OCTaHOBKAa KaKOrO-TO W3
TPaHCIIOPTHBIX CPEACTB (TIBITAETCSl TIEPECTPOUTHCS)
MIPHUBENIET K KPATKOBPEMEHHOMY 3aTOpY.

Jnst ananmuza 3¢ ¢GeKTHBHOCTH (QYyHKIMOHUPO-
BaHUS CETH aBTOMOOMIIBHBIX JOPOT OOIIETo MOJIb30-
BaHUsI HA MUKPOYPOBHE aHaTN3a (h)YHKIMOHUPOBAHHUS
TpaHCTIOPTHOW cucTeMbl peruoHa AJIIM — HMTIIL
SBIISICTCS HEOOXOIUMOW pa3paboTKa HOBOTO CHC-
TEMHOTO TOJIX0/Ia C OTpe/IeNICeHHEeM TTPOM3BOANTEIb-
HOCTH pabOThI KaXJ0i aBTOMOOMIIBHON JOPOTH Kak
TIPEANIPUATHS TI0 TIPEJOCTABICHUIO OOIECTBEHHBIX
yCIyT 1o 00eCTeYeHNI0 HepephIBHOTO, 6€30MacHO-
IO M yJJOOHOTO JIOPOXHOTO JABHUKECHHS.

2 DKOHOMHKO-MaTeMATHYeCKas MO/Je/]b OIl-
THMaJbHOTO YNpaBJeHHs TPAHCIOPTHON cHCTe-
moii AAITM -HMTII

[IpoBeneHHble HccaenOBaHUs MOKa3au [5], 4To
TpaucnoptHas cuctema AJ[I'M —HMTII sBnsercs
yIIpaBisieMOl, Tak KakK IPOLECCHl, KOTOpHIE B HEH
HPOUCXOJIAT, MOTYT OBITh ONTUMH3UPOBAHBL. JKOHO-
MHKO-MaTeMaTH4ecKasi MOJIeNb 3aJa4i ONTHMAIBEHO-
ro ympaBieHUs TpaHCHOpTHOW cuctemoit AJ[I'M —
HMTII umeer Bux;
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Onmumu3sayus ynpasienus mpaHcnopmuou CUCmemotl pecuoHa

I1(l,,) — max, (2.1)
V2V, N<N(@,,)
SL>SL, P(MR)> AC(MC),
rae 11(/,) — nNpou3BOAUTENBHOCTh PAOOTHI Y4acTKa

aBTOMOOMIIBHOM Aoporu JiuHOM [,; V' — cpenmss

CKOPOCTB JBHKEHHSI TPAHCIIOPTHOTO MOTOKA Ha y4a-
CTKE JIOpOTH JUIMHOU /,; V, — 3alaHHBIA ypOBEHb

3
CKOPOCTH JIBMDKEHMS TPAaHCHOPTHOrO MOTOKa; N —
UHTEHCUBHOCTb JIBMXKEHHS TPAaHCIOPTHOIO MOTOKA
Ha ydyacTtke poporu anmuHo# /,; N(q,,) — uHTeH-

CHBHOCTb JIBU)KEHHS, COOTBETCTBYIOILASI ONTUMAJIb-
HOHM IUIOTHOCTH TPAHCIIOPTHOTO MOTOKA, MCXOAS U3
YCIIOBUI JOCTH)KEHHsI OOLIECTBEHHO-3KOHOMHYEC-
KOt 3 (GeKTHBHOCTH pabOTHI TOpOTH; SL — ypOBEHB
6€30MaCHOCTH JIBIVKEHHS Ha ydacTke 10poru; SL —
MHHUMAaJIbHO HEOOXOIMMBIH YPOBEHb O€30I1aCHOCTH
JBIDKEHUS Ha ydacTke qoporu; P(MR) — TpaHcmopT-
Hasl IEHHOCTb JBIDKEHUS, COOTBETCTBYET IpEIeib-
HBIM OOIIECTBEHHBIM BBITOJAM Yepe3 COBEPLICHCT-
BOBAaHHE YCJOBHH IBMXEHUSI TPAHCIIOPTHBHIX IIOTO-
KOB 10 aBTOMOOWIBHOU gopore; AC — cpenHue 00-
mye OOIIeCTBEHHBIE PAcXO/bl Ha COBEPIICHCTBOBA-
HHE YCIIOBUIl ABMKEHHS TPAHCIIOPTHBIX ITOTOKOB MO
aBTOMOOWIBEHOH popore; MC — mpezaenbHble 001Ie-
CTBEHHBIE 3aTPAThl HA COBEPIICHCTBOBAHNE YCIOBHH
JIBIDKEHUS] TPAHCIIOPTHBIX TIOTOKOB 110 aBTOMOOMIIB-
HOM topore.

[IpencraBneHHast cucreMa yrnpaBleHUsS! JOCTa-
TOYHO OTPaKaeT 337ady ONTHMH3ALNH CHCTEMBI IS
OTIeJbHON oporu. B ciiydyae onTUMHU3ALMU CUCTE-
MBI ISl BCEH CEeTH aBTOMOOMIIBHBIX JOPOT OOIIero
MOJIb30BaHUSl MaTeMaTH4eckash Mojelb OynIeT BbI-
TJISAETH CIIOJKHEE!

ZZH — max, [1(/,) - max, (2.2)
J

I7ub 2 I/x’ Nub < N(qopl )7
SL, >SL, P(MR),, > AC,,(MC,,),
rae [, — ANMHA y4acTKa aBTOMOOMJIBHON JTOPOTH.

OCHOBHBIM IapaMeTpaM, BXOIAIINM B MOKa3a-
TeJb MPOWU3BOJUTEILHOCTH PadOTHl aBTOMOOWIIBHOM
JIOPOTH, SBJIAETCS CPSIHSS CKOPOCTD IBHXKEHHS U 00~
€M TPaHCIIOPTHOT'O MOTOKa (MHTEHCUBHOCTH JIOPOKHO-
ro nBmkeHus). [locienHue, B CBOIO ouepenp, SBISIOT-
csl QYHKUMSIMA TUIOTHOCTH JBHXKEHUsI. Takum oOpa-
30M, IJIOTHOCTb JBW)KCHUS SIBISIETCS MHTETPAIBHBIM
napaMeTpoM (DYHKIMOHHPOBAHMS aBTOMOOMJIBHOU
JIOPOTH, a €¢ BEJIMYMHA CYNIECTBEHHO 3aBUCHT OT
JIOPOXKHBIX YCJIOBUH M COCTaBa TPaHCHOPTHOIO MOTO-
ka. CrieoBaTeNnbHO, MoKazaTesb IPOU3BOIUTEIEHOCTH
JIOPOTH UMeET U3MEepHTEIlb: aBTOMOOMIIE-KHUIOMETPOB
B CyTKH (aBT.-kM /cCyT). llpemMmyIiecTBOM TaKoro
W3MEpHTEIIs SIBISIETCS TO, YTO €CIIM PaccMaTpuBaTh
NPOU3BOAUTENHHOCTh JOPOTH C MO3UIUH IOJIb30Ba-
TeNs. IOPOTH, TO MOXKHO YYHTBIBaTh €ro Kak CKO-
POCTb JIBIKEHHUST aBTOMOOWMIISI TIOJIb30BATEIIsl Ha pac-
CMaTpPHBAEMOM OTPE3Ke JOPOTH.
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Ecmu ke paccMaTpuBaTh 3TOT H3MEPHUTEIh C
MTO3UIMY JOPOKHOW OpTaHU3aIMH, KOTOpasi coaep-
JKHUT JIOPOTY, TO OH (M3MEPHUTENb) IEMOHCTPUPYET
HEOOXOAUMOCTh OOECIIEYCHHsI COOTBETCTBYIOICH
WHTCHCUBHOCTH HETIPEPBIBHOTO JIBMKCHHUS Ha ydYa-
CTKE JOpPOrW UIMHOM B OIMH KujomeTp. M3 sToro
CIIeZlyeT, YTO JAHHBIA M3MEPHUTEIh UMEET YHUBEP-
CaJIFHBIN XapaKTep, YTO IMO3BOJISIET MPUMEHSTH €ro
KaK TJIaBHBIA YHHMBEPCAJIbHBIN H3MepUTEnb 3ddek-
TUBHOCTH pabO0THI aBTOMOOHIIBHOI TOPOTH.

3akiiouenue

B mocnexyromux mcciuenoBaHUAX CIEAyeT pac-
CcMOTpeTh orpanmdeHus moxeneit (2.1) u (2.2) n ux
BIMsSHUE Ha 1eieByr ¢yHkuuio, roe P(MR) —
TPaHCIOPTHAsI LIEHHOCTh ABMXKEHUS; MR — npenens-
Hble OOIIECTBEHHBIE BHITOJbI OT COBEPILEHCTBOBA-
HUA ycinoBui aswxkenus; AC — cpenHue oouye ao-
PO’KHBIE PACXOAbI Ha COBEPIICHCTBOBAHUE YCIOBHUI
nBikeHus;; MC — npenenbHble JOPOKHBIE PacXo/Ibl
Ha COBEPIICHCTBOBAHHE YCIOBUH JBIDKCHHSA, a TaK-
K€ METOJIOJIOTHUECKUE OCHOBBI ONPEIEICHHS YPOB-
Hell Oe30macHOCTH ABIXKCHUS SL W ypoBHEH yno0-
CTBa JIBIDKEHUS C YIETOM 3aJaHHBIX 3HAYCHHUN CKO-
pOCTH IBMKEHHUS TPAHCTIOPTHOTO TIOTOKA.
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IpennoskeH cnoco® pecTPYKTypHU3alK MMHTAIMOHHBIX MOJENEH BEPOSTHOCTHBIX TEXHOJIOTHYECKHX IIPOLECCOB, HMEIOIIHX
YIPABISOLIYIO CUCTEMY, [UIS PELIEHUs MHOIOKPUTEPUAIbHBIX 3a/1a4 ONTUMU3ALMU CTPYKTYpPbl YIPaBICHUS PU aBTOMAaTH3a-
LMY IPOEKTHOTO MOIENHPOBAHMS HOBBIX TEXHOJOTHYECKHX 00BeKToB. [IpuBeneHo TeopeTHyeckoe 000CHOBaHUE criocoda pe-
CTPYKTYpU3aIL[HU U TEXHOJIOTUSI €0 IPUMEHEHHS Ha OCHOBE aJalTalliyl CTPYKTYpPbl HMUTAILIMOHHON MOJIENIHN CHCTEMEI yIIpaBIle-
HUS K YCJIOBHSM (DYHKIMOHHPOBAHMS TEXHOJIOIHYECKOro Iukia. OG0CHOBaHA BO3MOXKHOCTh HCIIONB30BAHUS IIPEUIOKEHHOTO
MOAXO0/a A7 OLEHKH KauecTBa MIPOEKTHOTO MOAEIHPOBAHMUS IIPU IIOCTPOCHUH ONTHMAIBHON CTPYKTYpPBI CUCTEMBI YIPABICHUS
TEXHOJIOTHYECKHUM ITHKJIOM IIPOU3BOJICTBA.

Knroueswie cnosa: asmomamuzayusi npoeKmHo20 Mobefmposauuﬂ, pecmpykmypuzayusi UMumayuonHHslx M(Jdeﬂeﬁ, ynpaeise-
Mble cucmembvl, MHOCOKpUumepuaivbHas 3adaua onmumusayuu.

The process of restructuring of simulation models of probabilistic technological processes with a control system for solving
multi-criteria optimization problems in the management structure of the automation of project modeling of new technological
facilities is offered. The theoretical substantiation of a way of restructuring and technology of its application on the basis of the
adaptation of the structure of the control system of a simulation model to the conditions of functioning of the technological
cycle are shown. The ability to use the proposed approach for assessing the quality of project simulation in constructing optimal
structure of the control system of the technological cycle of production is justified.

Keywords: automation of project simulation, restructuring simulation model, controlled systems, multi-criteria optimization

problem.

BBenenne

[pu rcciteTOBaHUM CITOKHBIX TEXHOJIOTTIECKUX
00BEKTOB YacTO NMPHUXOAUTCS CTAIKMBATBHCS C HEMO-
CTaTOYHOW pEe3yJIbTaTHBHOCTHIO H3BECTHBIX METO-
JIOB, B OCOOEHHOCTH, €CJIU JIeJI0 KacaeTrcs MPOeKTHU-
POBaHMsI, MPOEKTHOI'O MOJIEIMPOBAHHUS WM aHAJM3a
(hyHKIMOHMPOBAHUS, KOTAA CTPYKTypa TaKUX O0B-
eKTOB M3MEHSETCA B IpOIlecce MX HBOJIONHU. DTO
CBSI3aHO, B IIEPBYIO OUYepelb, C UX MHOTOOOpa3neM u
CJIO)KHOCTBIO TIPAKTHUECKUX 3a7a4, KOTOPEIC BO3HH-
KaloT YK€ Ha CTaJIMH1 IPOEKTHOTO MOJICIIMPOBAHHS, A
TaK)Ke MPH OLEHKE YPOBHs HAJIS)KHOCTH M Oe3omac-
HOCTH ITOTCHIMATHHO OMACHBIX CJIOXHBIX TEXHHYE-
ckux cuctem [1].

B 37001 CBSI3M SIBISICTCS aKTyalIbHOM pa3paboTKa
MOAXO0Ja K WCCIIEIOBAHUIO CIOXKHBIX CHCTEM Ha CTa-
JIH aBTOMATH3aLUH UX IIPOSKTHOT'O MOJIEIHPOBAHUS,
KOTOPBIN TIO3BOJISIT OBl YAUTHIBATE M3MEHEHHE CTPYK-
TYpHBIX CBSI3€H YIPABISIOUIEW CHCTEMBI NPU H3ME-
HEHHUH CTPYKTYPbI TEXHOJIOTHYECKOTO LIMKJIa BEPOSIT-
HOCTHOT'O TEXHOJIOTMYECKOTO ITPoIiecca NPOU3BOACTBA.

B ocHOBY Takoro momxoma MOXET OBITH IOJIO-
JKeHa IpoLeIypa MPOEKTHOTO MOAEIUPOBAHUS O0b-
€KTa UCCJICIOBAHMS, OTIAPAIOIIASCS Ha aIAITHPYEMYIO
CTPYKTYpY HMMHTAIMOHHOW MOIENH CHCTEMBI YIIpaB-
JICHUs, KOTOpast W3MEHseTcA B Tporiecce (yHKINOHH-
POBaHMA TEXHOJIOTMYECCKOI'O IHKJIa IMTPOU3BOACTBA IPHU
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PEeHICHM MHOT'OKpUTEPpHAJIbHBIX 3aJa4 OITUMH3a-
LMY YOPABJICHUS.

Kax wm3BecTHO, OCHOBHOUW 3amadeit dpdexTun-
HOTO YIPABICHUS TEXHOJIOTUYCCKUAM ITUKIOM MpO-
M3BOJCTBA SABJSETCS peajn3alys KOHKPETHOM IIo-
CJICJIOBATEIIFHOCTH YHUBEPCAIBHBIX YITPABIISFOIIIX
BO3JEHUCTBUH, MO3BOJIAIOIIKUX ONTHUMHM3UPOBATH BbI-
XOJTHBIC TTapaMeTPhl TEXHOJIIOTUIECKON CUCTEMBI ITPH
BO3MOKHBIX M3MEHEHHUSAX CTPYKTYpPBI TEXHOJOTHYE-
CKOr0 IUKJIa, KOTOPhIE MOTYT BO3HHKHYTH, HAIPH-
Mep, B YCIOBHSX HAINYHSA SJIEMEHTOB MMOTEHIIHAIb-
HO OINACHOIO MpOU3BOJICTBA [2], B paMKax pelliae-
MO MHOI'OKpUTEPHUAIBLHOM 3a1a4yl yIIPABIICHUS.

[IpoBomuMbIe B MOCHeaHEe BpeMs B 3TOH 00-
JIACTH MCCIICIOBAHMS TTOKA3BIBAIOT, YTO KAUYECTBEHHBIN
aHaM3 (DYHKIIMOHUPOBAHUS CUCTEM YIIPABJICHUS TIPE]i-
ronaraeT y4eT BIUSHHSA OrPOMHOTO 4rcia (hakTopos,
KOTOpBIE MPETEPIIEBAIOT U3MEHEHHS B MPOLIECCE Pealn-
3a1mK  (PYHKIMOHMPOBAHUS OOBEKTA FHICCIIENOBAHIIS,
YTO, KaK M3BECTHO, JIOCTUTAETCS CPEICTBAMU MOCTPOe-
HUSL IMHATAIMOHHBIX MOJIENIEH UCCIIEyEMBIX CHCTEM.

1 ABromMaTu3anusi NPOEKTHOr0 MOAEJIMPOBA-
HUS YNIPaBJisieMbIX CHCTEM M pellleHHe MHOTOKPH-
TepUaJIbHOM 3a1a4U ONTHUMHU3AIUHU YIIPaBJIeHUS

ABTOMaTH3alusl NPOEKTHOTO MOJAEIUPOBAHUS
YIOPAaBISIEMbIX CUCTEM peajU3yeTcs pPsIOM STaroB



Pecmpykmypumuuﬂ UMUMAYUOHHBIX Modenetl Ynpasusiemvlx cucmem npu asmomamusayu npoeKmmuoco Artodeﬂupoeauuﬂ

CO3JaHUs], UCHBITAHUSA M pEaNn3allii MMHUTAIMOH-
HOM Mojenu cuctembl ynpasienust (CY) TexHoio-
ru4eckuM mnpoueccom npoussoyctaa (TIIIT).

Ha smane 1 3amaercs texymas crpykrypa CY
TIIII. Buawane dopmupyercst Tabiauna napaMmeTpoB
PR.SOST; w co3naercs Tabiuia KOMMYTAlUHUH TIPO-

[IECCOB, B KOTOPOH BCE AJIEMEHTHI YHOPSIIOYEHBI 10
BO3pacTaHWI0O HOMEPOB. s oTOOpakeHHsT HalexX-
HOCTHBIX XapaKTepUCTHK 00OpYyIOBAaHMS 3aAI0TCA

HapaboTKu

CIEIYIOLIEe MaTpULbl: BPEMEHHU "QM

000pyIoBaHus; PYHKIIUI ”F] (r)" YCIIOBHOTO pac-

4
npeneieHnss BPEMEHH INpeObIBaHUS TEXHOJIOIHYe-
CKOT0 TIpollecca B TEKYIIMX COCTOSHHUSAX; (QYHKUIUH
F,;(C) yCcnoBHOro pacnpereseHns CTOUMOCTH Bbl-

INOJHCHHUA TCXHOJIOIHMYCCKUX onepauuﬁ; BEPOATHO-

P

cret (P, .

| BO3HMKHOBEHHS aBapuii Ha 00OpyIOBa-

HHMU HOMEpa k B j-M COCTOSIHUM; BpEMEHU "ij (Tpo )”

0e30TKa3HON PaboThl k-ro ycrpoiicTBa 00OpyHOBa-

HYS; JUIMHBI HHTEPBaja ||ﬂ (T10 )” BOCCTaHOBIEHUA

;
paboTocrocoOHOCTH 000pyIOBaHHs C HOMEpPOM K;

UHTEPBATIOB BPEMEHH ”1’75 (t AV)" JIMKBHJIAIMK aBa-

i
PUIHON CUTyalluM Ha YCTPOMCTBE B j-M COCTOSIHUM
TEXHOJIOTUYECKOT0 IIMKJIA IIPOU3BO/ICTBA.

Ha smane 2 opranmusyeTcs HaTypHBIH SKCIIe-
PUMEHT JJIsl TIOJTyYeHHs] MCXOJHOW MH(pOpPMAIMU H
MocJenyIomeil NpoBepKH aJeKBaTHOCTH HMMTAIlH-
OHHOM Mozenu TeKylled CTPYKTypbl YHpaBIeHUS
peaJIbHOMY TEXHOJIOTHYECKOMY HpOLEecCy MpOu3-
BOoACTBa. [l Tex mapamerpoB, KOTOpPBIE CIOXKHO
MOJYYUTh B HATYPHOM 3KCIIEPHMEHTE, HCIOIb3YIOT-
Csl OKCHEPTHBIC OIEHKNM HMX 3HaueHHH. OCHOBHYIO
TPYZHOCTh B TOATOTOBKE HCXOAHOW HWH(opManuw
TIPEICTABISAET ONPEAETICHIE BEPOSITHOCTHRIX Xapak-
TEPUCTUK PR.SOSZ].. B cnyuasx, xorjga He ynaetcst

HAWTH aHATUTHYCCKUIA BHJ VIS amlpPOKCUMHPYIO-
X (QYHKIUH pacrpenesieHus], UCTIONb3YeTCsl Tao-
mnyHas (opMa WX TPEACTABICHUS, KOTOpas CTaH-
JApTU30BaHa JIIs BCEX THUIIOB MApaMETPOB.

Ha amane 3 ocymiectBinsieTcs: 3anuch napaMmer-
pos PR.SOST, B 6asy nauHbix BDM HMHATALMOH-

HOM Mogzenu cuctemsbl ynpasieHus. [Ipu kaxnoi
3aMycy 3HAYeHUH MapamMeTpoB MPOUCXOAMUT UX Ipe-
o0pa3oBaHe BO BHYTPEHHEE IpE/CTaBIICHHUE, KOH-
TPOJIb KOPPEKTHOCTH BBOAMMBIX 3HAUCHUH W BBIBOJ
pe3yIbTaTOB KOHTPOJISL JUIS YCTpaHEHHs OUIMOOK B
omucanuu crpyktypsl TIIII. BsaumoneiictBue c¢
TIOJTb30BATENIEM OCYILECTBISIETCS ITyTEM peann3alin
JIMAJIOTa B PEXUME «BOIPOC-OTBETY.

Ha smane 4 tabnuupl kommytauuu PR.SOST;

¢ PRUZEL, mpoBepsIOTCs HA COOTBETCTBHE BXOJIOB

M BBIXO/IOB MaTeMaTHYECKUX MOjIeNiell KOMIIOHEHTOB
CTPYKTYypHI ympasieHus. Jlroboe nybnupoBaHue WH-
(opmanmm (uKcupyercsi ¢ BbIIaueil COOTBETCTBYIO-
IIero cooOIIeH s Ha SKpaH MOHUTOpA. [To okoH"aHH
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stana 4 BeIIAETCA CTPYKTypa TabJiHI[ KOMMYTAlUH,
B KOTOPOW OTCYTCTBYIOT CHHTaKCHYECKHE OINHUOKU
OTIMCaHMS MOJIEIH.

Ha omane 5 npoucxomuT umHULMANIU3aLUA MU
Bepudukanus 0a30BOTO BapHaHTa WMHUTALMOHHON
mogenu (MM) cucremsl ynpasienus. 3amaéresi Ha-
YaJlbHBIA COCTAaB PECYpPCOB, MAaTE€PHAIOB, HCIOIHH-
teneid n obopynosanus TIII, ykassBatoTcst ycio-
BUSL OKOHUYAHMSI UMHTAIIUH, YHUCIIO peau3aliii mpo-
ueaypsl MonTe-Kapno, mpoBoauTCS HavadbHBINA
3alyCK MMUTalMKU 0a30BOTO0 BapHaHTa UMHTALMOH-
HOM MOJIEJIH.

Ha smane 6 ocymecTBusieTcs HCOIBITAHUE U UC-
cllefoBaHue MMUTAUOHHON Monenu. lllaru maHHO-
rO dTana CTaHJapTU3UPOBAHBI HA OCHOBE M3BECTHBIX
MeToauK ucnbeltanuss UM cnoXHBIX cHCTEM: BHAaYa-
Je oueHuBaercsi olnOka mmutanuu (€%), npen-

CTaBIAIOMIAsA COOOH MaKCHMAIbHBINA IPOLIEHT OIIH-
00K OTKJIMIKOB MOJEJH;, OIPEICIICTCS JTUHA TIepe-
xonHoro mnepuoga umuramuu (7Tg), oO3Hayamoomas

MaKCHMaJIbHOE BPEMs CTaOWIM3aI[H TOTO OTKIIHMKA
MOJIENH, KOTOPBIN MO3XKE BCEX OCTAIbHBIX HEPEXo-
JUT B yCTaHOBHBIIEecd cocTosiHHe. Creayrounmm
[1arOM HCIIBITAaHUH SIBJISIETCS IPOBEPKA «IYyBCTBHU-
TEJBHOCTHY» OTKJIMKOB K M3MEHEHHUSIM IapaMeTpoB
MozenupoBaHus. Kaxnas cocraBisiiolmas BEKTOpa
napaMeTpoB Mogenu (X, ) u3MeHseTcs B JUala3oHe

0T MHHAMaNBHOTO (X, ) 10 MakcuMmanbHOro (X))

3HAUYCHUI, a OCTAIbHBIC KOMIIOHEHTBI BEKTOpa Ma-
paMeTpoB X, yCTaHAaBIMBAIOTCS B CEpPEeANHE UHTEP-

Bana (X!). OnpejenseTcs IpUpalieHue KOMIOHEH-
TOB BEKTOpa OTKIMKOB AY, % u mposepsercs UX

YyBCTBUTEIBHOCTh K BapHalUsIM BEKTOpa Mapamer-
pos. Eciu npupaiienue oTkINKOB MeHblIe €%, TO

CUHTAIOT YTO UMUTAIMOHHAS MOJENb HE «IyBCTBH-
TeJbHa» K BapHalMsAM BEKTOpa IapamerpoB. Te ma-
paMeTpbl X,, KOTOpbIE OKa3aliCh HE «4YyBCTBH-

ro
TENBHBIMI», MOKHO B JaJIbHEHIIEM HCCIIEI0BAHUN
ucKIounTh. IlocienHuM Iarom 3Tama HCHBITaHMS
ABJISIETCS] IPOBEPKA aJICKBATHOCTH MOJENU: CPABHU-
BAaIOTCS CPEAHHE 3HAYEHHS OTKIMKOB MOJENH C Ia-
paMeTpaMu peanbHOM cUCTEMBI ymnpasieHus. [Ipu
STOM HCIIOJIB3YETCS METOAUKA IPOBEPKU aJEeKBaT-
HOCTH, OCHOBAaHHAasl Ha THIOTE3€ O OJIM30CTH Cpefl-
HHUX 3HAYeHUH /-TO OTKIIMKAa UMUTAIMOHHOW MoJie-
JI1 U peaJbHOro TEXHOJIOTHYECKOro Mpoliecca Mmpo-
H3BOJICTBA, KOTOPasi MPOBEPSAETCS C MOMOIIBIO KpH-
tepus CThIOZCHTA.

Ha amane 7 opranusyercsi cepusi MHOTOIIPO-
TOHHBIX HMMHTAIMOHHBIX 3KCHEPHMEHTOB COTJIACHO
npouenype Monre-Kapio, B KOTOpoil Kaxablil UMHU-
TannoHHBIN 3KcriepuMment (MD) mpencrasnser [-1o
peanu3anyio MMHUTalMOHHOM Mozenu. IIpu 3aBep-
meHny N TIPOrOHOB MMHUTAIIMOHHOW MOJIeH B 0ase
JaHHBIX OynyT chOPMHUPOBAHBI BBIOOPKH CTATHCTHK
I-x peammszauuii. [locne mpoBeneHust N ONBITOB Ha
MMHTAIlMOHHON MOJENIN W3 CTaTUCTUK HMUTALUU
BBIYHMCIISTFOTCS] OTKITMKH MOZEIIH.

81



B.C. Cmopooun, A.B. Knumenko, E.H. Cykau, O.A. [Llumuux

Ha omane 8§ ¢ mnoOMOIIBIO MOACUCTEMBI
PS.OBRABOT w3 BBIOOPOK, XpaHSIIUXCSA B 0aze
MAHHBIX, (QOpMHUPYIOTCS TpadWKd W IHATPAMMEL,
OTIPEICTISIIOTCSl MAaTEMaTHIECKUE OXKUIAHHUA W JIUC-
MEepCUN OTKJIMKOB MMHTAIMu. OTKINKAaMH HMHTa-
LIHOHHOW MOJENH SBJISIFOTCSI YCPEAHEHHBIE TI0 BCEM
peanuzanysM BpeMsi U CTOMMOCTh HaXOXKICHUsI CHC-
TEMBI yNpPAaBJICHUSI TEXHOJOTHYECKHM IPOIIECCOM B
J-X COCTOSIHUAX

o 1< o 1<
T :N;TI/; C/:N/Z:;Cl/

a Tarxke oOIIHe 3HAYCHUST BPEMEHH BOCCTAHOBJICHUS
Y JINKBUJALAN aBapHil B IPOIIECCE €TO PeaTn3alui

1 & 1 &
TV():W;TVO//'; TAV:ﬁ;TAV/j'

Llens MMHUTAIMKA COCTOUT B MUHHMHU3ALMH 3Ha-
4eHunii komnonentos Bexktopa (T, C, T,,, T,,), npu

KOTOpPOH JIy4IIMM NpHU3HAETCS BapUaHT OpraHu3a-
UM CTPYKTYPHl YIIPABIEHHUS TEXHOJIOTHYECKHM
IUKJIOM, JocTaBistomuii MuaumyM ¥ 3HaueHuro
nenesoro ¢ynkuuonana ¥ (7,C,T,,.7,,):

Y, =min¥(7,C,1,,,T,).

[Mocne ycpenHeHus: pe3ysibTaTOB WMHTALUU B
COOTBETCTBUU C mpolienypoit metoga Mounte-Kapmo
B BHJE TpaduKoB U quarpaMM (OpMHUPYIOTCSI UHTE-
TpaJIbHBIE CTATUCTUKH UMHTAIINH.

C nomousto noacucremsl PSVIZUAL rpadu-
KU 1 AMarpaMMBbl BBIIAIOTCS Ha T1€4aTh.

Ha smane 9 puarpammbl HCHOIB30BaHUS pe-
CYPCOB COITIOCTAaBIISIIOTCS B €JMHOM MaclITade n3Me-
HEeHUsI MoJieNTbHOro BpeMeHu. [lo atum rpadukam n
BPEMEHHBIM JHiarpaMMaM OIPEAEISIOTCS Jnaraso-
HBI pacxoga pecypcoB TIIII mpu peanusanuu Texy-
LEeHd CTPYKTYypbl CUCTEMBI ympaBieHus. Pe3ynbra-
TOM COTOCTaBJIEHHS SBISIETCSI OTOpAaKOBKAa TEX pe-
JKFMOB YTIPaBIICHUS, KOTOpPBIE TPEOYIOT MHOTO pe-
CYpCOB JJIs1 CBOEH pean3aluu.

Haxonen, na smane 10, ¢ MOMOIIBIO MOICHC-
Tembl PS.RESHEN aHanu3upyOTCsl BapUaHTHI Op-
TaHW3AIWUU CTPYKTYPHl YIPaBICHUS TEXHOJIOTHYE-
CKUM IIMKJIOM ISl IPUHSATHS 000CHOBAaHHOTO perie-
HUS TIPY peaTn3aliii COOTBETCTBYIOUINX 3a/ad Mpo-
€KTHOT'0 MOJIETTMPOBAaHUSI.

2 PecTpykTypu3anusi HMHTAIIHOHHBIX MOJie-
Jieil ynpasJisieMbIX cHCTeM

B ocHOBy omucaHus MaTeMaTH4ecKOro amma-
parta, UCIONb3YeMOro MpPU PECTPYKTYpPH3aLUU UMH-
Tal[IOHHBIX MOJAENEH YIpaBIIEeMOM CHUCTEMBI, IO-
JI0KE€Ha BO3MOXKHOCTh BO3HHKHOBEHUSI OTKa30B 000-
PYIOBaHMS TpPH BBINOJIHEHWH arperaTtoB-MMHTATO-
POB TEXHOJIOTHYIECKHX OIEpalyii, 9TO CTaBUT HKC-
TIepTa-TEXHOJIOTa Iepel HeOOXOANMOCTBIO Ha CTaIuH
MPOEKTUPOBAHUS MPEILYCMOTPETh BBIXOJ U3 COCTOSI-
HUM, BO3HMKIIMX IIOClE peanu3anuu asapuu. Ha
9TOT Clly4aid B UMUTALIMOHHOW MOJEJH NpeaycMar-
PHUBAIOTCS «PE3EPBHBIE» LIENOYKU TEXHOJIOTHUECKUX
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onepauut AMTXO,

ij b
TOJIBKO IIPpU MOABJICHHUU aBapHﬁ. HepCKHIO‘IEHI/Ie Ha
«PE3CPBHYIO» BETBb PCAJINIYCTCA 3a CUET UCIIOJIB30-

Voslls dop-
MHPYEMOH 3KCIEPTOM-TEXHOJIOTOM [0 HaYaua MMH-
tari. CTpoKaMH 3TOW MaTpHIEI (77) SABISIOTCS HO-
mepa arperatoB  AMTXO,; Ha BXoje arperara-

KOTOpBIE aKTUBU3HPYIOTCS

BaHUs OyJIEBOIl MaTpHIBI KOMMYTAlllH

coowitusa ASOB;, a cronduamiu (S) SBIAIOTCA HOME-
pa pesepsHbIx AMTXO, Ha Boixone ASOB;, xoto-

pble HEOOXOMMO MHUIMHUPOBATH B MMOCTABAPUHHOMN
curyaiun. [1oJo0HOE «TEXHOIOTHYECKOe pe3epBH-
pOBaHHe» SIBISIETCS AWHAMUYECKHM PETYJIATOPOM
NOCTaBapuitHON CUTYyaIlM, BO3HUKIIEH IpU peasu-
3alM TEKYIIEH CTPYKTYypBl CHCTEMBI YIIPaBICHUS
MOJIETTPYEMBIM OOBEKTOM.

Hpyrum crocoboM HemomymeHus aBapuii 000-
pPYIOBaHMS SBISETCS aBTOMATHUYECKHUI IEPEXOox Ha
pe3epBHBIE yCTPOWCTBA, KOTAA XOTSA OBl AJISI OJTHOTO
U3 yCTpo#cTB 0o0OpyAoBaHus (akTHYecKas «Hapa-
00TKa» INPEBBIIIAET MOPOTOBbIE 3HAUCHUS M3 MHO-

KECTBa {I'I’ldr}. DJIEeMEHTBI J3TOr0 MHOXKECTBA

{ind,} mocrynaror B moxcucremy PS.OPEREX,

KOTOpasi IpoBepsieT OJIM30CTh K IOPOTOBOMY 3Haue-
HUIO HapaOOTKM BCEX YCTPOHCTB 00OpYIOBaHMS.
[Ipn noctmxeHnn GIN30CTH K MOPOTOBHIM 3HAYECHU-
SIM Y HECKOJBKHX YCTPOHCTB (pOPMHPYIOTCS aBTO-
MaTHYeCKHE BO3/CHCTBUS Ha CHUCTEMY YIIPABICHHA
HUM: rpynmnoBoil mepexol Ha pe3epBUPOBAHUE TEX
YCTPOMCTB, y KOTOPHIX HapaOOTKa OJM3Ka K KPUTH-

deckoil (a,); mepexon Ha OOLIYI0 HNPOQHIAKTHKY

00opyoBaHust n3-3a Hed(P(HEKTHBHOCTH IPYIIIIOBOTO
pe3epBUPOBaHMST WIIM HEXBAaTKH PE3EPBHBIX YCT-

poiicTB (a, ); JOMyCKAaeTes BO3MOXKHOCTb aBAPHH B

TCX ClIy4dasiX, Korja Iponecc npous3BOACTBA OCTa-
HAaBJIMBAThb HCJIb34d, U COCTOSAHHUA WHIAUKATOPOB UI-

Hopupytorcst ().
IMoncucrema PS.ANALEX wucnonbs3yeT cTaTH-
cruky umuTaumii {ST,} ¥ MHOXCCTBO OTKIHMKOB

MOJIEIU {Yo f}. Otxnukamu ¥, ; SBILIIOTCS yCpes-

HEHHBIC 10 quciy peaﬂnsaunﬁ N ux HUHTCTPAJIbHBIC
3HA4YCHUA OJId h-ro BapuaHTa praBJ’IHeMOﬁ npous-
BO,Z[CTBGHHOI‘/JI CUCTEMBI: KPUTHYECKOC BPEMSA BBI-

nonuennst (7T, ) TEXHOIOTHYECKOro LHKIA MPOH3-

BOACTBA, CTOUMOCTb €TI0 pcainu3aliun (CM), HUHTC-

TpaJlbHBIM PacxoJl MaTepHaIOB M KOMIUIEKTYIOIINX
u3nenuit  (mt,,), KONMYECTBO HCIIOIb30BAHHBIX

pecypcoB r-ro Homepa (Vy,,), CymMapHas cTOM-
MocTh JMKBHauun aBapuii (C,, ), obume norepu

BPEMEHHU Ha MPOPUIAKTUKY (TOPh). WuTterpansHeie

OTKJIMK{ MOJIENIN COCTaBIIIIOT MHOTOMEPHBIH BEKTOP
OTKIIUKOB V,,, BapuaHTa CTPYKTYPbl CUCTEMBI

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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yIpaBJIeHUs,, Y KOTOPOr0 BCE KOMIIOHEHTHI MOJJIe-
JKaT MHUHUMH3AIMK, HO MMEIOT Pa3IMYHYI0 pa3Mep-
HOCTh W JWana3oHbl U3MeHeHus. J{iis cpaBHEeHUs Ba-
PHAHTOB CTPYKTYPBI OCYIIECTBIISIETCS «CBEPTKa» 3TO-
T'O BEKTOpPA K CKAJLIPHOMY IIOKa3aTemo W, crmocobom

BECOBBIX KOI((UIMEHTOB BaKHOCTH (Z/ﬁi =1

0<3, < 1) OTKJINKOB C HOMepoM j. Bapuanram op-

TaHU3ALUU CTPYKTYpPHl YNpaBlIsieMON NPOU3BOACT-
BEHHOW CHCTEMBI COOTBETCTBYIOT 3HAUCHHUS BEKTOPA

napameTpoB {XO jh} U TIOCTOSHHBIX T1apaMeTpoB
umMuTalH MHOXKecTBa {G,}. OOLiee KOIMYECTBO
BapHaHTOB N, (h :I,KO) ONPENEIIETCA CTPAaTErn-

el U3MEHEHUS KaXI0r0 YPOBHS MapaMeTpOB.

Br100p OnNTHMaNBHOW CTpaTEerHy OCYIIECTRIIS-
€TCSl Ha OCHOBE KJIACCUYECKUX METOJOB IJIaHUPOBA-
HUS DKCTIEPUMEHTOB. PellieHneM 3aaun mocTpoeHus
ONTUMAIIFHOTO BapHaHTa OPTaHU3AIlUH CTPYKTYPHI
CHUCTEMBI YTIPABIICHUSI TEXHOJOTHYECKUM LHKIOM
MIPOM3BOJICTBA SIBISIETCSI MHHHMAIIFHOE 3HAYCHHE
WV, 1o BceMy MHOXKECTBY BapUAHTOB C HOMEPOM /1.

3 JlunaMuyeckasi MUMHTAIUSI IPU AaBTOMATH-
3alldM  TMPOEKTHOr0 MOJEJHMPOBAHUS CHCTEM
ynpasJieHust

JlnHamrgeckass IMUTALNS TIPA aBTOMATH3ALIUH
MPOEKTHOTO MOJIENTMPOBAHMSA CHCTEM YIIPABIICHUS
OCYIIECTBIISICTCS HA OCHOBE IOCTPOCHUSI KOMITOHEH-
TOB JAMHAMMYECKOM MMUTALMOHHOM MOJENH, NpHU
KOTOPOM MCXOJIHAsA CTPYKTYpa YIPaBICHUS TEXHOJIO-
TMYECKUM OOBEKTOM TPECTABIIACTCS KOHCYHBIM Ha-
00pOM B3aMMOCBSI3aHHBIX MaTEMAaTHYCCKUX MOJIEIICH.

CBs13b MEXKIY KOMIIOHEHTAMHU MaTeMaTUYECKUX
MOJIeNIel CUCTEMBI YIIPaBJI€HUS OCYIIECTBISIETCS T1O0-
CpEICTBOM CHUHXPOHM3AIMM B3aUMOJAEHUCTBUS arpe-
raTOB-UIMUTATOPOB, BXOSIIUX B COCTaB KOMIIOHEH-
TOB-MOJieNel. [ moCTpoeHHs] KOMIIOHEHTOB JIMHA-
MHYECKON MMHUTALIMOHHOM MOJENU CHCTEMBI yIpaB-
JICHUSI UCIIOJIB3YETCsl arperaTHasl CUCTeMa aBTOMAaTH-
3alUM MOJAEIHMPOBAHUS, PEATU3YIOIIas arperaTHbINA
CII0C00 MMMTALIMH CJIOXKHBIX CHCTEM, B CBS3U C YEM
HCIIOJIb3YETCS 1I€CTh THUIOB arperaToB-uMUTATOPOB:

ATOF, — arperaTbl-UMATATOPbI  BBIIIOTHCHHUS

TEXHOJIOTUUECKHX OTIEPaIHii;

ASOB, — arperaTbl-UIMHTaTOPbI CBEPLICHHUS i-TO
COOBITHS B Hpoliecce MMHUTaUUM (HYHKIMOHHPOBA-
HUSI CUCTEMBI yIIPaBJICHHS;

AOBIN, — arperaTbl-UMUTaTOpbl (YHKLIUOHU-
poBaHUs 00OPYIOBaHUS;

AKAN, nm AOBOP. — arperarbl-MMUTaTOpPbI
COBMECTHOI'0 UCIIOJIb30BaHUs 000pYyAOBaHUA OOlLIe-
TO TTOJIB30BAHUS C TIOMOIIBIO BEIJIENICHHBIX KaHAJIOB;

APROC, — npouenypbl-UMUTaToOpbl C HOMe-

poM k NHKBUAAIMHM aBapUHHOW CHUTyallid NPH BHI-
MOJTHEHUH UMUTAIIMOHHOM MOJIENH.

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

Arperarsl-umuratopsl  AMTXO, mnpencras-

JISTFOT COOOM YETHIPEXITOIIOCHBIC arperaTthl, KOTOPHIE
HMUTUPYIOT BBIMOJIHEHUE TEXHOJIOTUYECKOUN orepa-
LIUH MTXO,./.. B pexxume npsiMmoit UMUTAIIMKM CUTHAT

npuxoaut ot arperata ASOB,, KOTOpBIHA IO COOT-
BETCTBYIOUIMM (PYHKIUSIM pacupenesieHuss (opMu-

pyeT 3HayeHHS MapaMeTpoB arperata (T,; c

ij ijl>

W, ts Amt,}s {koy}) B [-oft peannsaunmn umura-
IIUOHHOW MOJIENTU CUCTEMBI YIPaBJCHHUS. 3aTeM Kax-
Iplid arperat AT OP,.j onpenessieT UHIMBUAYaIbHbIE

3aMpockl Ha Pecypchl U 000pyJ0BaHHE B BUJE CIIH-
ckoB 3ampoco (SPINRS,; SPOBR,; SPISF,).

Janee mpoucxonuT obOpaleHHe K CHCTEME paclpe-
JIETICHUs] PecypcoB, KOTOpasl BBIAENSAET TpeOyemble
pecypcesl Ha Bpemst umuranun MTXO, .

Arperatel ASOB, SBIAIOTCS MHOTONOJIOCHBI-

MH C pa3JIM4HBIM YHCIIOM BXOJOB U BBIXOIOB. BbI-
xonsl y ASOB; MOryT ObITh OAMHOYHBIMHU U «KYC-
TOBBIMI». M3 «KyCTOBBIX» BBIXOJOB arperara (op-
MHUPYIOTCSI CUTHAJIBI JIBYX THUIIOB: NEHCTBHTEIBHBIA
Sg,, PpasbIIpPbIBAEMBII 10 BEKTOPY BEPOSTHOCTEH

{Py} m (k—1) duxtnBHBIX curHanos Sg,. Brixo-

sl ASOB, HyMepyroTcs,, IO3TOMY NPH aJpecaliy

CUTHAJIA YKa3bIBACTCS HOMEpP COOBITHS [ U HOMEP
BXO/Ja 7 B arperar ASOB}.. Tonbko HEHCTBUTEND-

HbIE CUTHAJBl Sg,, MOCTYNAIOLIME B PEKUME IPAMON
umuTalmn Ha Bxox ATOF,, iHULMHPYIOT ero paboty

TI0 M3JIOKEHHOMY aJIropuTMy. OUKTUBHbBIE CHTHAIIBI
Sg, obxomsr anroput™ BbimonHenus ATOF,. Ilpu

aToM y arperatoB ASOB , HCIOJIb3YCTCsL CIIe OJUH

THI BBIXOJHBIX «KYCTOBBIX» CUTHAJIOB, HA3bIBAEMBIX
PE3EPBHBIMH BBIXOJAMH ASOBJ,. C ¥UX TOMOILBIO

peanm3yercsi TaKk Ha3bIBAEMOE «TEXHOJIOTHYECKOE
Ppe3epBUPOBAHHUEY.

Takum 00pa3oM, Ha CTagud aBTOMATH3ALUH
MPOEKTHOTO MOJEIHPOBAHHS CHCTEM YIIPaBICHUS
9KCIIEPT-TEXHOIOI UMEEeT BO3MOXKHOCTh AWHAMHYE-
CKOTO PEryJHpOBaHHs BBINOJHEHHUS MHOXKECTBA
{ATOF,} B 3aBHCHMOCTH OT TCKYIUCH CTPYKTYpbI

CHCTEMBl YIIpaBJIEHHUs C TIOMOLIbI0 KOMOHMHAIMH
Pa3MYHBIX THIIOB KYCTOBBIX BBIXOJIOB M 3aJaHUs
COOTBETCTBYIOIIEr0 KOJIMUECTBA UX PA3BETBIICHUM.
OxoHYaTEeTbHBI BAPHAHT ONTHMHU3AINN CTPYKTYPHI
CHCTEMBI YIPaBJICHHSI MPUHUMAETCSI HA OCHOBE aHa-
JM3a CTATHCTUYECKON WH(pOpMamuu, cOOpaHHOW B
npornecce GpyHKIMOHUPOBAHUS AMHAMUYECKOH UMH-
TAILlMOHHOMN MOJIEIIH.

3akaouenue

MHOTrOYHCIIEHHBIE TONBITKA YHU(DUKALUKN CHC-
TEMHOTO MOJAX0/1a PU PEUICHUH KOHKPETHBIX 3a/1a4
NPHUBEIIM K HEOOXOJUMOCTH HCIIOIB30BaHUS IPO-
HeAYpPHl PECTPYKTYPHU3AlMU MOJEIeH B oOnactu
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UMUTAIMH U aHanu3a (QyHKIMOHUPOBAHUS CIIOX-
HBIX TEXHHYECKUX CHCTEM, IPEJCTABICHHBIX B Ka-
YecTBE MHOTONMapaMeTpUYecKuX OOBEKTOB KOHEY-
HBIM MHOXECTBOM MAaTE€MaTHYECKUX MOJAEIEH, Kax-
Jas U3 KOTOPBIX OTpakaeT KOHKPETHYIO TPYIHITy
cBoMcTB HcxoaHou cucremst [3]. IIpu atom coxpa-
HSETCSI BO3MOXKHOCTH BBIAEINTH KIIACCHI CIIOJKHBIX
TEXHHYECKHX CHCTEM CO CHEeNM(HIECKUMH CBOMCT-
BaMM, Ha OCHOBAaHMH KOTOPBIX pPa3padaThIBAIOTCS
METOJI0JIOTUYECKHE MPHHIUIBI TOCTPOCHUSI UMHTa-
LIMOHHBIX MOJieNiell, KOTOpblE XapaKTepU3yrTCs
€IUHOM MaTEeMaTUYECKONM TEPMUHOJIOTHMEH U MOTYT
OBITH JOCTYNHBI CIEHHAINCTaM Pa3JIUYHBIX IPe-
METHBIX 00JacTeil.

B kadecTBe MHCTpyMEHTa Ul pealn3aluy Mo-
JOOHOTO ITOX0/Ja UCIOJIB3YIOTCSI METO/] TIOIIAroBOH
PECTPYKTYpH3allM UMHUTAIMOHHBIX MOJENeil U au-
HaMU4ecKasi MMHUTALUs (YHKIIMOHUPOBAHUS CIIOXK-
HBIX TEXHHYECKHX 00BEKTOB [4], HA OCHOBE KOTO-
PBIX OCYIIECTBISIETCS CHHTE3 ONTHMAIBHOM CTPYK-
Typbl YOPAaBICHUS CIOXKHOM TEXHUYECKOW CHCTEMBI
B COOTBETCTBHUHU C PELIAEMON MHOIOKpUTEPHAIbHOU
3amaveil onTUMH3aIKH ee QYHKINOHUPOBAHHUS.

B paGote mpenioxeH HOBBIM MOAXOM K Hccie-
JIOBAHUIO YIIPABIISIEMBIX CUCTEM IPU aBTOMATU3AIIH
UX TPOEKTHOTO MOJIEIIMPOBAHMS, OCHOBAaHHBIH Ha
aJanTaluu CTPYKTYphl MMUTAIMOHHOM MOJIENH CHC-
TEMBI YNPaBJICHUS K YCIOBHAM (YHKIMOHUPOBAHUS
TEXHOJIOTUYECKOr0 IMKJIA MPOU3BOACTBA, KOTOPBIHA
UCTIONB3YeTCs /ISl PELIEHHsT MHOTOKPUTEPUAbHBIX
3a7a4 ONTUMM3ALNN CTPYKTYPBI yIIPABICHHUS.

O6ocHOBaHa BO3MOKHOCTH  HCIOJIB30BAHUS
JAHHOTO METOJa ISl OLEHKU KauecTBa MPOEKTHOTO
MOJICTIMPOBaHUSI TPU TOCTPOCHUH ONTUMAJIbHON
CTPYKTYPBI CUCTEMBI YIIPABJIECHHS TEXHOIOTHUECKUM
IIUKJIOM IIPOU3BOJICTBA Ha OCHOBE DPECTPYKTYypH3a-
[IMM UMHUTALMOHHBIX MOJIENIEH BEPOSTHOCTHBIX TEX-
HOJIOTHUECKUX CHCTEM.

HoBu3Ha naHHOTO 1MOJIX0/1a COCTOMT B aJiarnTa-
MM TEKyIIeH CTPYKTypbl MMHTAIMOHHOW MOJEH
CHCTEMBI YIpaBJIeHHs K yCIOBUAM (pyHKIIMOHMPOBA-
HHUS BEPOSTHOCTHOTO TEXHOJIOTMYECKOTO MpoIecca
MPOM3BO/ICTBA NPH PELICHMH MHOTOKPUTEPHATIBHBIX
3a7a4 ONTHMH3ALMN CTPYKTYpBI ynpasieHus. IIpen-
JIOKEHHBIH METOJ TO3BOJISAET BBILACIUTH KJIACCHI
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YIPABIAEMBIX CHCTEM CO CIICHA(PUICCKUMH CBOUCT-
BaMHM, KOTOpbIE XapaKTEPHU3YIOTCS €IMHONW MaTeMa-
THYECKON TEPMHMHOJOIMHA U MOTYT MMETh CIUHbIE
KPHUTEPUH OIICHKU Ka4eCTBa MPOEKTHOTO MOJIEIUPO-
BaHMS JUISI CHEIUATMCTOB Pa3IMYHBIX MPEIMETHBIX
o0JacTei.

BbigenieHre KI1acCoB YIPaBIISIEMbIX CHCTEM CO
CTICIIM(UIECKIMH CBOMCTBAMH TA€T BO3MOKHOCTH
pa3paboTKh METOMOJOTHUECKAX TPHHIMIIOB  TI0-
CTPOCHHS CHCTEM YIPABJICHHS HA CTAAWH UX TPO-
eKTHOTO MOJICITMPOBAHHS, a TAK)KE OCHOBAHHs pac-
CUMTHIBATHL HAa CO3JaHUE HEOOXOIMMOW 0a3bl 3HA-
HU, MO3BOJISIONIEN paboTaTh C yIPaBIsSeMbIMH CHUC-
TeMaMHU JIFOOOU CTEIEHU CI0KHOCTU BHE 3aBUCHUMO-
CTH OT MX (PM3MYECKOU CYIIHOCTH U paMoK (opma-
JIA3ALUY.
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I'EHEPATOP HCEBI[OCJIYEIAFIH])IX K/IFOYEBBIX HOCJIEI[OBATEJIEHOCTEI‘/'I
HA OCHOBE TPOUCTBEHHBIX HABOPOB BEHT-®YHKIIMU
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PSEUDO-RANDOM KEY SEQUENCE GENERATOR
BASED ON TRIPLE SETS OF BENT-FUNCTIONS

A.V. Sokolov', O.N. Zhdanov?, N.A. Barabanov'

'Odessa National Polytechnic University
’M.F. Reshetnev Siberian State Aerospace University, Krasnoyarsk

Ilpemaraercst cxemMa reHepaTopa IICEBOCITy aiHBIX KIIFOYEBBIX OCIEI0BATEIPHOCTEH HA OCHOBE MaTEMATHYECKOrO arapara
MHOTI'O3HAYHOH JIOTMKH U TPOICTBEHHBIX HaOOpOB OeHT-(yHKIM. PazpaboTaHHBIN reHepaTtop obiagaeT BHICOKUM YPOBHEM
KPHUNTOrpapuyecKoro M CTOXaCTUYECKOr0 KAaueCTBA M MOXKET OBITh HCIIONB30BAH B COBPEMEHHBIX TEJICKOMMYHHKAIIHOHHBIX
cucremax. [locTpoeH u kinaccuuUMpoBaH MONHBIN Kiace 3-OeHT-Tocaen0BaTebHOCTe. BBe€HO MOHATHE TPOUYHOU anreo-
pandecKoil HopMaJIbHOH (HOPMBI, pa3paboTaH OBICTPBIH METON €€ HaXOXKIACHUSL.

Knroueswie cnosa: cenepamop Kiro4eevblx }’lOCfleéO&’[lmGJleOC}ﬂe‘l;, MHO203HAYHAA J102UKA, 6eHm-d)yHK14u}z, aneopumm nomovHo-

20 wupposanus.

The scheme of multi-valued pseudorandom key sequence generator based on the triple sets of bent-functions is proposed. Designed
generator has a high level of cryptographic and stochastic quality and can be used in modern telecommunication systems. The
full class of 3-bent-sequences is constructed and classified. The concept of the ternary algebraic normal form is introduced and

the fast method for its finding is developed.

Keywords: key sequences generator, multi-valued logic, bent-function, stream encryption algorithm.

Brenenne

ba30BbIM KOMIIOHEHTOM COBPEMEHHBIX ajro-
putMoB noroyHoro mudposanus (AIIIL) seustorcs
FEHEepaToOphl IICEBAOCIYYalHbIX KIIIOUEBBIX IIOCIE-
nosarensHocteil (I'TIKII), koTopble BO MHOTOM OI-
penessioT ux ObICTpoJeicTBIEe W KpunTorpadude-
cKyto ycroitunBoctb. Pazpaborke I'TIKII nmocBsieHo
Oosipiioe kosmuecTBo pador. Ha namr B3rsin, on-
HUM K3 Haubojee MEepPCIEeKTHBHBIX HaIpaBICHUN
spigerca nocrpoenue I'TIKIT Ha ocHOBE coBepiLeH-
HBIX ayreOpandeckux KOoHCTpyKiwi [1]. Mcnmoms3o-
BaHME COBEPILIEHHBIX aNreOpandecKnx KOHCTPYKIUH
MO3BOJISIET JOOUTHCS HE TOJBKO ONTHMAIbHBIX CTO-
xactuuyeckux cpoicTB I'TIKII, HO u momyuuTh XO-
polre Kpunrorpaguyeckue CBOWCTBa TeHEPaToOPOB.

Haubonee ynoOHBIMH COBEpLICHHBIMH ajre0-
paudecKuMH KOHCTPYKLMSIMH JUIS  TIOCTPOCHUS
I'TIKIT siBnsitoTest OeHT-GyHKIMU (MX TAOJIHUIBI HC-
THHHOCTH — OCHT-TIOCIICIOBATEIBHOCTH), YTO 00Y-
CJIABJINBAETCSl MX MaKCHMaJbHBIM, Cpelu OyJeBBIX
(hyHKOHH, ymameHHeM OT MHOXKecTBa ad(UHHBIX
(yHKIMHA, paBHOMEPHBIM CHEKTPOM aMILTUTY[ IIpe-
obpazoBanust Yomma — Anamapa. Cxema ['TIKII na
OCHOBE MHOXECTBa OCHT-(DYHKLMH NpeaIokeHa B
pabote [1], TeM He MeHee, UCCIICOBAHHS, TPOBE-
JleHHble B [2], moka3zanu e€ HECOBEPIICHCTBO B
CMBICIIE CTOXaCTHYECKHX CBOWCTB, B pe3yJbTare
gero Oputa mpemmokeHa cxema [TIKIT ma ocHoBe

© Coxonog A.B., Koanos O.H., Bapabanos H.A.,2016

OyalbHBIX Tap OeHT-QyHKIMHA, KOTopas yIOBIETBO-
psAeT BceM 0a30BBIM CTOXaCTUYECKMM TectaM [3].
Vkazannas cxema ['TIKII noxyuuna cBoe aanbHEH-
mee pa3BuTHE B pabote [4], Omaromapst KOTOpoOi
yJAJIOCh CYIIECTBEHHO MHOBBICUTH OBICTpOjEiiCTBHE
JTAHHOM CXEMBI IIPH COXPAHEHUH CTOXACTHYECKHX H
KpUNTOrpaguIecKux CBOHCTB TEHEPHPYEMBIX €10
MIOCIIE0BATEIBHOCTEN.

Xoporio u3BecTHbl 3(PQEKTUBHBIE TPUIIONKE-
HUsI (QYHKIMH MHOTO3HA4YHOW JIOTMKM JUIA paspa-
OOTKM M TIPAKTHYECKON pean3aliii CXEM 3aIIHThI
uHpopmanum.

Lenvio nacmosweli pabomul A6718eMCs NOCMPO-
enue T'TIKII na ocHoge mpouunsix GeHmM-nociedo-
samenvrocmelti (3-benm-nociedosamenvHocmeli).

AJITOPUTM TOTOYHOTO MIM(POBAHUS MPENCTaB-
nsieT co0oii Habop U3 mecTH 00BEKTOB, a IMEHHO [5]:

[X ={x).K ={k}.Y ={y}.E D, A,
rae X — BEKTOp KOOPAUHAT X, OTKPBITOIO TEKCTa;
K — Bexkrop xoopauHaT Kiawo4a k;; Y — BEKTOp
KoopAuHaT y, mudporexcra; £ — MHOXKECTBO IIpa-
BUJI 3amndpoBanus; D — MHOXECTBO IMPaBUII pac-
urndpoanms; A — anaBuT, Hax KOTOPEIM HIPOHC-
XOJIUT TpeoOpa3oBaHueE.

bazoBsrit npunImn padoTsl coBpemeHHbIX AT
MOXKET OBITh CBEJEH K CJICAYIOIINM YPaBHEHUSIM
3amm(poBaHust U pacuuHpPoOBaHUSL
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y,=x,®z;

i i

q

X =V ?(_Z;);

i=1,L,

rae z, — KIO4YeBas IOCJICAOBATCIIBHOCTb, I'CHEPHU-

pyemas I'TIKII Ha ocHoBe kmoua K; ¢ — Moll-

HOCTh TNpuMeHsemoro andasura A4; L — miuHa
HCXOIHOTO cooOleHus; @ — omepanus CIOKCHUS
q

0 MOJIYJIIO g.
HaubGonee ynorpeOutenbHbIM siBisieTcs: anda-

BuT A ={0,1}, T. e. nonaralT g =2, TeM He MeHee,

pasBuTHE crcTeM 00pabOTKH M mepenadn Hdopma-
LMY, B YACTHOCTH, CUCTEM paguocBs3u [6], onpene-
JSI€T aKTyalbHOCTh W JPYTUX 3HAYCHHUH ¢ Ui IMo-
ctpoerust AITII u I'TIKTI. B Hacrosimeit paboTe Mbl
noyiaraem ¢q = 3.

s cmydas g =2 OOWENPUHATON CXEMOH

I'TIKIT siBnsieTcst cxema, ocHOBaHHasi Ha Perucrpax
Cngura c Jluneitnoit O6patHoii Csizpro (PCJIOC) u
MOCTIETYIONIET0 HEJIHMHEHHOTO MpeoOpa3oBaHusl, Mo-
3BOJISIOIIETO JOCTHYb BBICOKOTO YPOBHS KPHITO-
rpaduvecKoi CTOHKOCTH, TIOKa3aHHAs Ha pucyHke 0.1.

— PCJIOC, |—>
JI +—{ PCIOC, Henuneiinoe Zi

npeoOpa3oBaHHe

— PCJIOC, '—»

Pucynox 0.1 — Cxema I'TIKII Ha ocnoBe PCJIOC

B cxeme, npemioxenHoit B [2], mpu pabote
HaJ ABoMuHEM andasurom {0,1} B kayecTse Heu-

HEeWHOro MmpeoOpa3oBaHus NPUMEHSIOTCS TaKHE CO-
BEpIICHHbIC areOpanvecKue KOHCTPYKIUH, KaK JIy-
aJbHbIE Mapbl OCHT-TIOCIIEI0BATEILHOCTEH.

Onpeoenenue 0.1 [7]. bunapnas nocnenoBa-
TEJILHOCTh

B :[bo’b]’...’bi’...’bN_]]’
ammsl N=2"", meN, rae kodpduuuenTs
b, € {£1}, Ha3bIBaeTCs OEHT-NIOCIIENOBATEILHOCTBIO,
€CIIM OHa MMEET PaBHOMEPHBIH 10 MOJYJIIO CIIEKTP
VYonma — Agamapa, KOTOpBIH NpeACTaBUM B MaT-
pu4HOH hopme
W, (0)|=|B- 4y| = const, (0.1)

o=0,N-1,

rae A, —Marpuna Yomnma — Anamapa nopsaka N.

PerynspHblit MeTon cuHTe3a OEHT-TOCIIEIoBa-
TenpHOCTEH mmuHbEl N =16 paspabortan B [§], B TO
BpeMs. KaK METOJ] CHHTe3a OEHT-IIOCIICIOBATEb-
Hoctel mumHbl N = 64 paspabotan B [9]. bent-mo-
CJIE/IOBATENILHOCTH OOJBIIUX JJIMH MOTYT OBITh I10-
JY4EeHBI C TIOMOMIBIO TaKUX PEKYPPEHTHBIX KOHCT-
pyKuuil, Kak KOHCTpyKuusi Maiiopana — Mak®ap-
nanaa [7].
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Onpeodenenue 0.2. JlyansHoli mapoii 6eHT-1I0CITE-
JIOBaTEJIbHOCTEW Ha3bIBAETCSl TaKOW HaOOp U3 JBYX
OeHT-nocnenoBaTenbHocTed B, B,, KOHKaTeHaLusd

TabJNI MCTHHHOCTH KOTODPBIX [BI,BZ] SIBIISICTCS

cOaJaHCHPOBAHHOIA, T. €.
K'=K"=N.

Kak mnoka3pIBalOT HCCIIEZOBAHUS, IPOBEICH-
Hble B paborte [2], IMEHHO NMPUMEHEHHE TyajbHBIX
map OEHT-TIOCIIeIOBATENLHOCTEN MTO3BOJISIET JOOUTh-
Cs HAWJTy4YlINX CTOXACTUYCCKUX MU KpMnTorpa(bnqe—
ckux cBoiicts ['TIKII.

Pazpabotka I'TIKII mist cirygass g =3 tpebyer

BBEJICHUS HOBBIX BHJIOB OEHT-TI0CIIEI0BATENEHOCTEH.

OTMETHM, YTO CBOMCTBA OEHT-IIOCIEN0BATEIIb-
HOCTH 3aBHCAT OT BBIOPAHHOTO OPTOTOHAJIBHOTO
Oasuca. B ompenenenrn 0.1 wmcmomb3yercss oproro-
HaJIbHOE TIpeoOpa3oBanue Youa — Agamapa. B cBoro
odepenb, KaKaasi CTpOKa MaTpHULbl AZjamapa sIBIsieT-
Csl KOZIOBBIM CIJIOBOM JIMHEHHOTrO KOJa, a, CJIe/IOBa-
TENIbHO, TMOCTOSIHHBIC 3HAYCHUS TpaHc(hopMaHT Yoll-
nra — Ajxamapa Tojjpa3yMeBarT, 4To OysieBa (yHK-
LS BKIIIOYAET B Ce0sl paBHBIE KBAHTBHI KXKIOH M3
JMUHEHHBIX (QYHKOMA. DTO CBOHCTBO OIpeaeiser
HaWIy4llylo KpUNTOrpapuyecKyro CTOHKOCTh OCHT-
MIOCIIE0BATEIFHOCTEH Cpey BCEro MHOXKECTBA Oy-
TIeBBIX (DYHKITHH.

Jlnist pacripocTpaHEHUs] OMMCAHHBIX KOHCTPYK-
LU Ha citydail g =3 HaM HOHaJ00sTCs CIeayIoHe

TIOHSATHS.

Onpeoenenue 0.3 [10]. OyHKIMEH g-3HAUHOM
JIOTUKH (nayiee g-QyHKIUSA) k IEPEMCHHBIX Ha3bIBa-
eTcst OTOOpaKkeHue

{0,1,2,.,g—1}" >{0,1,2,...,4 ~1}.
[Ipu ¢ =2 monyyaeMm OyieBH QyHKIHU.

B wactHOCTH, (DYHKIMSA TPEX3HAYHOH JIOTHKA
(3-pyHKIHSN) — 5TO OTOOpAKEHHE

v, ={0,1,2}" -{0,1,2},

T. €. TIPaBWJIO, OJHO3HAYHO COIIOCTABJISIOIIEE BEK-
TOpy W3 k KOOpOWHAT, MPHUHUMAIOMINX 3HAYCHHS
0, 1, 2 3nayenne 0, 1 nau 2.

Tax >xe, kak U OyneBsl QyHKIUH, 3-QyHKIUN
MOXHO 33JlaTh aHAJIWTHUYECKH, B BHJIE BEKTOpa, B
BuJe TaOauupl. BaxkHeiel 3agauei sBIsSETCS OIl-
penesicHue anreOpandeckoil HOPMabHON (OPMBI
(AH®) 3-dynkumii.

Ilycte 3-pyHKIUS OBYX MEpPEeMEHHBIX 3ajaHa
tabmumed. [ns Haxoxnenus AH® nanno#t (yHK-
LIMH 3aIUIIEM ITOJIMHOM:

S 0x,%,) = @y +ag X, +apx,” +
X, +a,,X,X, +a,x,x,’ + 0.2)
% +ayx X, +a,x’x,,
e a; € {0,1,2} — HMCKOMBIE KOd(hduIMEHTHI, @,
HMEIOT JBOIHYI0 MHIEKCALMIO: I0KA3aTellb CTCIICHU
MEPBOIl NEPEMEHHOM, NMOKa3aTeslb CTENEHU BTOPOM
nepemeHHoil. Hampumep, «,, — 310 K03ddunueHt
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IpyU IPOU3BEICHUM IIEPBOH CTENEHH X, U BTOPOi
CTEIEeHH X,.
Hust moncka Kod3(pHULUHMEHTOB a; COCTABUM CO-

OTBETCTBYIOIIYIO CHUCTeMy ypaBHeHuW#. i sToro
nozactaBisieM B (0.2) 3HaYeHHs NEPEMEHHBIX W TIPH-
paBHMBaEM 3aJJaHHBIM 3HAUCHUSIM MHOTOWICHA. Perie-
HHE CUCTEMBI MOYKHO 3amucars B Buae Taomuiet 0.1.

Tabmuma 0.1 — Pemenue cucteMbl

Jo Jo Jo So Su So Su Su So
4| 1 0 0 0 0 0 0 0 0
a | 0 -1 1 0 0 0 0 0
an | -1 -1 -1 0 0 0 0 0
aw| 0 0 0 -1 0 0 1 0 0
a,] 0 0 0 0 1 -1 0 -1 1
a,| 0 0 0 11 -1 -1 -1
ay|-1 0 0 -1 0 0 -1 0 0
ay| 0 1 -1 0 1 -1 0 1 -1
ay 11 1 1 1 1 1 1

Ipumep. Ilycts k =2, x = (x,,x,) €V,, 3-pyHk-
1usl 3aj1aHa TabIuIeld HCTHHHOCTH

S(x)
0

=
Re

NN == =O] OO
N =] O —=]| O[N] =[O
—| = DN OO N = | =

BektopHoe 3amanue 3TOH (QyHKIMH C TIOMO-
IpI0 TAONMUIBI UCTUHHOCTH: f(X) = {01 112021 1}.

ITo tabmure 0.1 cpa3y ompenenseM K03QOUITHECHTHI
AH® s Hamrero mpumepa:

T
_| Qo Yo G Gyp Gy G Gy Gy 4y
v 0 0 1 1 2 2 o 2 0

Takum 00pa3oM, C y4eTOM HalJeHHBIX KOI(-
¢unmenToB MoxkeMm 3ammucate AH® wmccnemyemont
3-¢byHKuun:

D(x,,x,) =X, + x5 +2x,%, +2X,X5 +2x/X,.
[IpoBenem mpoBepky:
®(0,0)=0; ©(0,1) =1,
®(0,2) =1, ®(1,0) =1,
O(1,1)=2; P(1,2) =0;

Problems of Physics, Mathematics and Technics, Ne 1 (26), 2016

O(2,0)=2;D(2,1)=1;
®(2,2)=1,
YTO TOATBEPXKIACT MPABWILHOCTh BBIYMCICHHOM
AHO®.

OTMeTHM, YTO HCCIIEIOBaHHE OCOOEHHOCTEH
CTPYKTYpPHl HAWJCHHON MaTpHIbl IMpeoOpa3oBaHUs,
a Taxke BO3MOXKHOCTEH e€ 0000IIeH s A APYTOro
KOJIMYeCTBa TIEPEMECHHBIX 3-(QYHKIUH SBIAETCA
BAKHOM 3a/1a4eil, KOTOpasi BCe €IlIe OKUAAET CBOETO
pelIeHus.

1 TponuHbie 6EHT-OCIEA0BATEIBLHOCTH
OCHOBBIBasiCh Ha TOHATHH alreOpandecKoi
HOpPMaJIbHOM (opMBbl  3-QYHKIHH, MOXEM Terepb
ornpenenuts 3-apGUHHBIA KO MO aHAJIOTHU C JIBO-
WYHBIM apHUHHBIM KOJIOM.
Onpeoenenue 1.1. Aggunnoti HazpiBaeTcs
q-OYyHKIMS aHATUTHYIECKOTO BHIA
O(Xgo-- Xy ) =
=a,x,+ax, +...+a, x, ,+b(modq) =
k-1
=Y ax, +b(modg),
i=0
rne a,,d,,...a, ,be {0,1,...,(] —1}; X, MOXET IpHu-
HuMmaTth 3Hauenue 0, 1,..., g —1.

EnuHCTBEHHBIM OTJIMYHMEM OOIIEro aHAUTH-
yeckoro Buaa ap@uHHBIX (QYHKIUA OT JHMHEHHBIX
SBJISIETCSL HaJM4YKMe CBOOOIHOTO wiieHa b, pu 3TOM
eciu b =0, To QyHKIWMS SABJISETCS JUHCHHON. MHO-
XKecTBO BceX apuHHBIX (YHKIMHA OT k mepeMeH-
HBIX 0003HaUUM 4, .

Hanpuwmep, ni1s cinygast k =2 MoryT OBITh BBI-
mMcanbl Bce apGuHEBIe HYHKIINN

000000000 111111111 222222222
012012012 120120120 201201201
021021021 102102102 210210210
000111222 111222000 222000111
A, =41012120201 120201012 201012120 .
021102210 102210021 210021102
000222111 111000222 222111000
012201120 120012201 201120012
021210102 102021210 210102021

[lo aHamormy ¢ ABOWYHBIM CIIydacM, Ha OCHOBE
nvHelHo! yactu adduHHOTO KOoja 4, ¥ OTOOpaXKeHuUs
0",

j120°
1>e’ ™,

7240° - j120°

2>e =e R
rae j=+/—1, IOCTpOUM OpPTOTOHAIBFHYIO MAaTpPHILY,

KaXKIast CTPOKa KOTOPOM TpeacTaBisieT codor (hyHK-
uuro Bunenkuna — Kpecrencona, o6oOiienne mart-
puIsl Anamapa Ha TpeX3HaYHbIN CiTyJaii:
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e/’ 0° e/’ 0° e/’ 0° ej 0°
jo° ej120° ej240“ jo°
ej()" e/z4o° e,/lz()“ e/'O"
j0° ej0° ejO" j120°
V = ejo“ eleO“ e,'240° j120°
j0° ej240° ej120° e j120°
ejO“ ejO“ ejO" ej240°
e jo° e j120° e j240° ej240"
j0° i240° j120° 1240°
e’ e’ e’ e’

Onpeoenenue 1.2 [11]. TpordHas nocneaoBaresb-
Hocte H =[hy, b, b, h, ] nmmer N =3"",

meN, tae xodpduIMeHTH e{e’o , e e/ },

Ha3BIBAaETCs 3-0€HT-TI0CIEN0BATENBHOCTRLIO, €CIIH OHA
MMeEEeT paBHOMEPHBII 10 MOJYJIO CIEKTp BuneHku-
Ha — KpecTeHcoHa, KOTOpBIN MpeAcTaBUM B MaT-
puuHo# popme

Q,(w)=|H -Vy|=const, ®=0,N-1, (1.1)
rae V, — marpuna Bunenkuna — KpecteHcoHa mo-

panka N.

Pe3ynbTaThl BEIYMCIUTENBHBIX 3KCIIEPUMEHTOB
TaKOBBI: CyIIECTBYeT 486 ONTUMAIBFHBIX ITOCIIEAO0BA-
TesapHOCTEN mmHbl N = 3% = 9, YIOBIETBOPSIOIINX
cBoiictBy (1.1), sBistommxcst  3-GeHT-TIoCiIen0Ba-
TENIFHOCTSIMH OTHOCHTENBHO TpeoOpa3oBanusi Bu-
nenkuHa — Kpecrencona [12].

[TonpoOHbI aHaIM3 MOIHOTO Kilacca JAHHBIX
ONTHMAIBHBIX  ITOCIEIOBATEINbHOCTEH  MO3BOJIMII
MPOBECTH WX KIacCH(UKAIMIO: OHM MOTYT OBITH
pa3zeneHsl Ha MeCTh MOIMHOKECTB

KO Kl KZ ("]z)
1 4 4 (54)
2 2 5 (108
2 5 2 (108) (1.2)
4 1 4 (59,
4 4 1 (54
5 2 2 (108,
rne K,,K,,K, — xonuuectso 0, 1, 2 B Tpou4HOMH
MOCJIEIOBATENIbHOCTH COOTBETCTBEHHO, C Y4YETOM
OJTHO3HAYHOTO 0TOOPaKEHHS
0— e 11— e/ ,2 > /M0 = o1 ;

J. — KOIUYIECTBO HOCHCZ[OBaTeJILHOCTCﬁ C 3aﬂaHHOI>i

i
CTPYKTYpOIl.

Onpeodenenue 1.3. Habop u3 tpex 3-OeHT-II0-
CJIEIOBATEIbHOCTEN  HA3bIBAETCS  TPOMCTBEHHBIM
HaboOpOM, eci KOHKaTeHANUs ero TabJwIl HCTHHHO-
CTH SIBJISIETCS] COAITAHCUPOBAHHOI, T. €.

K'=K'=K".
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ej o
e j120°
e j240°
e j120°
e j240°
ej o
e j240°
ej o

j120°
el

ej o ej o ej o ej 0]
ej240° j0° ej120“ ej240°
ej]20° ejO" ej240° e,,‘lzo"

e j120° e j240° e j240° e j240°

e/’O" e;‘240° e/O" e,'120°
ej240° ej240" ej120" ejo"
ej240" ej120" ej120° ej120°
e j120° e j120° ej240° e jo°
ejO° ej120" ejO" ej240°

Amnamu3 (1.2) npuBOANT K BBIBOAY, YTO TPOM-
CTBEHHBIH Ha00p 3-0€HT-TIOCIIEOBATENFHOCTEH MO-
JKeT OBITh COCTAaBIICH ABYMS Pa3MUIHBIMU CHOCOOa-
MH, Ha OCHOBE MHOXKECTBA CTPYKTYP

{{1,4.4},{4.1,4}.{4,4.1}}
n {{5,2,2}.{2,5,2}.{2,2,5}}.

2 T'TIKII Ha ocHOBe TPOICTBEHHBIX HA0OPOB
OeHT-nocJIe0BaTeIbHOCTEH

IIpenmaraercst cxema I'TIKII, ocHOBaHHas Ha
CBOMCTBaX IMOJIHOTO Kjacca 3-O€HT-IIOCIEI0BATED-
HOCTEH, pa3lelIeHHOTO Ha 2 THIAa TPOMCTBEHHBIX
HabopoB (pucyHOK 2.1).

Cxewma I'TIKII Ha ocHOBE TPOHCTBEHHBIX Ha0O-
poB 3-OeHT-TIoCIIe10BaTEIBHOCTEHN, MTpeACTaBIeHHAs
Ha pucyHKe 2.1, COCTOMT W3 JBYX TPOWYHBIX
3PCJIOC, koTOpblE T'€eHEPUPYIOT BXOIHBIE 3HAUCHUS
Juist 3-O€HT-TIOCIIeIOBATENILHOCTH, @ TaKKe OJHOTO
3PCJIOC, kOTOpbIif MPOM3BOAWUT BBHIOOP 3-O€HT-
MIOCIIEA0BATEIFHOCTH BHYTPH TPOMCTBEHHOTO HA0O-
pa. Cxema coxmepxut oaux aponunsii PCJIOC, ko-
TOPBIH Ha Ka)KIOM TaKTe IMPOU3BOJHUT BBIOOP OJJHOTO
U3 IBYX BO3MOKHBIX TPOHCTBEHHBIX HAOOPOB (1.2).

Crpyktypsl cootBercTByromux PCJIOC moi-
HOCTBIO OIPEAENIAIOTCS] HENPUBOAUMBIMH TIEPBOOO-
pasHpIMM TONMHOMaMu. /[yt JABOMYHOTO Ciryvast
HETPHUBOJIMMBIE MEPBOOOPa3HbIE MOJTMHOMBI MOKHO
Haiitu B [13], Torga kak nojHble MHOXKECTBA HETIPU-
BOAUMBIX W W mepBOOOpa3HBIX HEMPUBOAUMBIX V'
monmuHOMOB crenieHeit deg(p(x)) =2,3,...,7 mpuse-

IeHbl B Tabnmre 2.1, KUPHBIM MIPUQPTOM BEIIEICHBI
epBOOOPA3HEIE TTOTMHOMBI.

PaccmoTpum Gonee moapoOHO NMPUHIWIBL pa-
60T1s! pazpadoranHoro I'TIKII mosicuas ux KOHKpeT-
HbIM TmipuMepoM. IlycTs 3amaHbBl 2 TpPOMCTBEHHBIX
HaOopa 3-0eHT-M0CIIeI0BaTENILHOCTEM

BO, =[011122122];  [B®, =[002122212];
B®, =[001022202]; | Bd, =[001112112];
B®, =[001001112]; | B®, =[000012021],

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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3PCJIOC, PCJIOC,

3PCIIOC,
| 3PCIIOC, |

77
b
7 —

B, || BD, || Bds Bd, | | Bds || B

E

Pucynok 2.1 — T'TIKII Ha ocHOBE TpoiiCTBEHHBIX HAOOPOB 3-0EHT-II0CIIE0BATENEHOCTEH

Ta6numa 2.1 — HenpuBoauMsle 1 mepBooOpasHble MOTHHOMEI B ronsax amya GF(3Y)

Mone | |w|||y] w,v
GF(9) 312 10, 14,17
GFQ27) | 8 | 4 34, 35, 38,41, 43, 46, 49, 53
GF@81) |18 | 8 86, 89,92, 94,97, 101, 110, 115, 118, 121, 125, 134, 137, 139, 145, 149, 151, 158
GF(243) | 48 | 22| 250, 251, 257, 265, 274, 275, 281, 287, 289, 295, 307, 311, 314, 317, 319, 322, 326, 329,
331, 334, 337, 341, 355, 367, 373, 374, 379, 386, 389, 391, 397, 398, 406, 409, 413, 425,
428, 430, 437, 445, 446, 458, 461, 466, 469, 470, 478, 482
GF(729) | 116 |48 | 734,737, 742,745,748, 761, 763, 766, 773, 781, 787,791, 793, 797, 805, 829, 833, 836,
838, 841, 845, 854, 865, 869, 871, 878, 892, 901, 905, 908, 925, 929, 932, 934, 949, 956,
958,962, 974, 977, 985, 1001, 1003, 1009, 1013, 1022, 1027, 1039, 1042, 1045, 1046,
1054, 1057, 1070, 1073, 1078, 1085, 1087, 1093, 1094, 1106, 1111, 1126, 1133, 1145,
1150, 1160, 1166, 1172, 1178, 1184, 1186, 1189, 1190, 1205, 1208, 1213, 1217, 1223,
1231, 1243, 1255, 1258, 1261, 1262, 1271, 1276, 1279, 1286, 1295, 1297, 1303, 1310,
1316, 1318, 1330, 1342, 1346, 1354, 1358, 1366, 1367, 1373, 1388, 1390, 1400, 1405,
1406, 1418, 1424, 1426, 1439, 1442, 1445, 1453, 1457
GF(2187)|312(156|2198, 2203, 2206, 2213, 2218, 2219, 2225, 2227, 2233, 2237, 2255, 2258, 2263, 2266, 2285,

2294, 2297, 2305, 2317, 2323, 2330, 2335, 2342, 2365, 2374, 2377, 2390, 2396, 2405, 2410,
2413, 2426, 2434, 2435, 2441, 2447, 2449, 2455, 2467, 2471, 2477, 2479, 2495, 2503, 2519,
2521, 2533, 2539, 2549, 2554, 2557, 2567, 2570, 2572, 2578, 2582, 2599, 2606, 2612, 2621,
2630, 2638, 2645, 2647, 2650, 2654, 2669, 2671, 2674, 2675, 2683, 2687, 2693, 2695, 2707,
2708, 2716, 2726, 2731, 2732, 27585, 2770, 2774, 2791, 2794, 2798, 2806, 2812, 2816, 2818,
2822, 2831, 2837, 2845, 2861, 2879, 2882, 2885, 2887, 2894, 2896, 2902, 2909, 2911, 2926,
2942, 2951, 2957, 2965, 2975, 2978, 2986, 2990, 2998, 3005, 3013, 3022, 3037, 3044, 3053,
3062, 3074, 3085, 3086, 3089, 3092, 3097, 3104, 3118, 3122, 3124, 3128, 3142, 3149, 3154,
3157, 3161, 3167, 3175, 3182, 3191, 3194, 3197, 3199, 3202, 3215, 3226, 3239, 3241, 3245,
3253, 3254, 3262, 3266, 3271, 3274, 3286, 3293, 3298, 3319, 3332, 3334, 3338, 3344, 3346,
3349, 3358, 3368, 3382, 3389, 3394, 3401, 3421, 3422, 3434, 3436, 3439, 3442, 3454, 3455,
3458, 3472, 3478, 3479, 3485, 3487, 3490, 3493, 3511, 3518, 3527, 3533, 3535, 3542, 3551,
3557, 3565, 3578, 3586, 3599, 3602, 3605, 3607, 3622, 3629, 3635, 3637, 3643, 3661, 3665,
3679, 3686, 3694, 3703, 3706, 3709, 3725, 3733, 3734, 3737, 3742, 3745, 3748, 3764, 3766,
3776, 3778, 3794, 3797, 3800, 3805, 3809, 3814, 3824, 3833, 3844, 3857, 3862, 3874, 3880,
3889, 3895, 3901, 3914, 3919, 3922, 3934, 3938, 3941, 3943, 3958, 3965, 3982, 3986, 3988,
3992, 3994, 3998, 4006, 4016, 4031, 4034, 4039, 4045, 4052, 4054, 4064, 4066, 4072, 4073,
4082, 4085, 4088, 4093, 4109, 4121, 4141, 4142, 4162, 4166, 4174, 4175, 4178, 4181, 4186,
4198, 4199, 4211, 4214, 4226, 4234, 4246, 4258, 4261, 4265, 4271, 4277, 4283, 4285, 4291,
4294, 4298, 4301, 4313, 4322, 4327, 4333, 4337, 4345, 4351, 4357, 4369
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Pucynok 2.2 — 3PCJIOC Ha ocHOBe niepBooGpasHoro moiuHoma f,(p) =p’ +p° +2p+1

a Taxke BHIOpaHBI EpBOOOpPA3HBIE OINHOMBI (Ta0-
muma 2.1), ompenensiomue CTPYKTYpBl COOTBETCT-
Bytomux PCJIOC (f,, ) u3PCJIOC (f,)
fip)=2203,,=p +p* +2p+1;
f(p)=734,=p° +p+2;
fi(P)=307,,=p’ +2p  +p +1;

14
fbin (p ) = p + 19
" UX UCXOOHBIC COCTOSAHHUA

B, = {1111111},B, = {111111},
2.1)
By ={11111},p, = {I1111111111111}.

Ha ocHOBe KaXIOrO MOJMHOMAa MOET OBITh
moctpoeHa cxema PCJIOC, kak 3To mokas3aHo B [6].
Hauansasie ycmosust PCJIOC mpencraBisiror co0oit
JJIEMEHT KitoueBod nHpopmanuu. Hampumep, cxe-
ma 3PCJIOC, ocHOBaHHas Ha MOJIMHOME

L)y =p’+p’ +2p+1,
MpUBEJEHA Ha PUCYHKE 2.2.

VYuauteiBas ucxoansie cocrosiure PCJIOC (2.1),
TeHEpUPYEMBIE TI0CIEIOBATENbHOCTH OyIyT HMETh
(1% 0111212 8:3701

& = {1 1111112222212111200...

&, :{11111100000100002100..
& = {l 1111220200200102222..
§4={11111111111111111000... .

PaccmoTpuMm mpomecc TeHepalMu IIEPBOTO
TpPHUTa KIIIOYEBON TOCienoBaTeabHOCTH. OCHOBEIBA-
ACh Ha pUCyHKe 2.1 OUT mociIenoBaTeNbHOCTH &,

[ R

OTIpeZiesIsieT HaM BBIOOp TPOMCTBEHHOrO Habopa, U
MIOCKOJIBKY OH paBeH 1, TO HCIOJBb3yeTcsl TPOWCT-
BeHHbIH Habop 1. Tpur nocnenosarenbHOCTH &,
ompeziensieT  BbIOOp  3-OCHT-IOCIIEN0BATENILHOCTH
BHYTPH TPOMCTBEHHOro HabOpa, W IOCKONBKY, B
HallleM cilydae, OH TakXe paBeH 1, BeIOMpaeTcs
3-0enr-nocnenosatenbHocts b®,. Tputsl nocneno-

BaTeNbHOCTEH & U &, SABIAIOTCS apryMeHTaMu

3-0¢HT-(YHKIIUU WA, COOTBETCTBEHHO, OMPEICIIs-
IOT KOHKPETHYIO KOOPJIUHATY TaOIHIIEI HCTHHHOCTU
3-0CHT-TIOCIIEIOBATEIFHOCTH, KOTOpasi MOACTCs Ha
BBIXOJ] cxeMbl. B HameM ciydae 310 11, =4 Kkoop-
nuHaTa (Hymepauus HadmHaercss ¢ 0) 3-OeHrt-
MOCJICIOBATENIFHOCTY 1 TIo3TOMy Y = 1.... TloBTOpSIA
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MofoOHbIE PAaCYeThl, BBIYUCISEM ITOCIEAYIOIINE
3JIEMEHTHI PE3yAbTUPYIOIIEH KIIIOUEBOM MOCIe10Ba-

TensHocTH ¥ ={11111102022212112100...}.

Pe3ynbTaThl MPOBEIEHHOTO aHAIU3a CTOXACTHU-
yeckux xapakrepucTtk [3] mpeanoxennoro ['TIKII
IS IUTMHBI TaMMBl 3 GUT IpecTaBIeHsl B TabH-
1e 2.2, rae 3HaK «+» 03Ha4daeT, YTo AaHHBIA KpuUTe-
PHii BBITIOJIHSETCS, & 3HAK «—» — HE BBIIOJIHSIETCSI.

Tabnuua 2.2 — CToXacTHYECKUE XapaKTepHCTH-
ku npeioxeHHoro I'TIKIT

Ne K [IpennoxxeHHbIi
i pUTEpUN KadecTBa TIKIT
1 |CbanaHcHpOBaHHOCTb 177402/177114/
176925
2 CirydaliHbI BHEUTHUM BUJL n
CUTHAJIa
3 PaBHOMEpHOE pacnpenene- n
HHE THCTOTPaMMEI
4 CrnygaiiHoe pacIpeneneHue n
Ha TUTOCKOCTH
5 [2-X rpaMMHOE pacnpe/ieTIeHIe +
6 3-x rpaMMHOE pacnpe/ieTIeHIe +
7 A-X rpaMMHOE pacnpe/ieTIeHIe +
8 IMOHOTOHHOCTB +
9 VluHeiHas CI0XKHOCTH +
MakcuMabHBIH 00KOBOM
10 merectok 6mroBort AKD 0,0092
11 |CnexTpanbHBIHA TECT +
12 (Ctonka kHuUT [14] +

AHanu3 JaHHBIX TaOIUIBI 2.2 TOKA3BIBAET, UTO
paspaborannbiii ['TIKIT cooTBercTByeT 0a30BbIM
CTOXAaCTHYECKUM TeCTaM, INpeIoKeHHBIM B [3], a
Takke Tecty «CTomnka kHu» [14].

Onpenenum 4ucio ypoBHeW 3amuThl [15] pas-
padotannoro I'TIKIT mis Hamero mpumepa. Havans-
Hoe 3HaueHHe 3PCJIOC, Moxer ObIThb BBIOpaHO

3" ~1=2186 cnocobamu, 3PCJIOC, — 3° —1=728
cniocobamu, 3PCJIOC, — 3’ —1=242 cnocobamu,

Torna kak asomdnoro PCJIOC, — 2" -1=16383

criocobamu. Illects 3-OeHT-TIOCIENOBATEILHOCTEN
W3 TIOJHOTO MHOXECTBA MOTYT OBITh BBIOPAHBI

108° -54° ~1.07-10" cnoco6amu. Takum oGpazom,

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 1 (26), 2016
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YHUCIIO YPOBHEH 3aIlUTHl pacCMaTPHUBAEMOTro B Kaue-
ctBe nmpumepa ['TIKIT onpenensercs kak

¥ =1.07-10"-2186-728-242-16383 ~ 6.75-10%,
TOr/ia Kak JuMHa Kiroua pasna |K|=[log, ¥']=86
ouT unm |K| = flog3 ‘I’_| =55 Tpurt.

Yucio ypoBHEHN 3alUTHI ABISETCS JIETKO Mac-
MTabUPyeMBIM 3a CUET MPUMEHEHHs OONBIINX CTe-
neHer monmmHoMoB it PCJIOC winu 00apIIuX JUIMH
3-6enr-nocnenosarensHocreil. Ilocennee, HECOMHEH-
HO, TpeOyeT AeTANFHOTO U3yYeHHS KIacCOB 3-O€HT-
MOCIIENOBATENLHOCTENH OONBIINX JIUH, YTO MOXKET
CTaTh MPEAMETOM JaTbHEUIIINX HCCIICIOBAHUIA.

3aki0ueHue

OTMEeTHM OCHOBHBIE PE3YNIBTATHI IPOBEIEHHBIX
UCCIIEI0OBAHHUI:

1. Paspabotan tpomunsni I'TIKII Ha ocHOBe
TPOMCTBEHHBIX HAOOPOB 3-OEHT-NOCIIENO0BATENHHO-
cTel, 00110l BBICOKUM YPOBHEM CTOXaCTHYe-
CKOTO M KpHUNTOrpadpuvyecKkoro KayecTBa, KOTOPBIH
MOXKET OBITH HCTIOIB30BaH KaK B COBPEMEHHBIX ¢-MY-
HBIX TEJIEKOMMYHUKAIIMOHHBIX CHCTEMaX, Tak U B
KpHITorpadguiecknx npuiokeHHsx. B gacTHOCTH,
MIEPCIIEKTUBHBIM M OoJiee MPaKTHYHBIM, B CpaBHE-
HUH C ABOMYHBIM, SBJISETCS IPIMEHEHHE TPOMYHOTO
BapHaHTa PacCMOTpeHHBIX KoHCTpykuuii B JPEG un
MPEG.

2. Haiinen mosHbIi Ki1acc 3-0€HT-IIOCIIENOBA-
TENBHOCTEH M TpOBEJECHAa ero Kilaccuukamus Ha
TPOMCTBEHHBIE HA0OPHI 10 KPUTEPHIO PaA3IUYHBIX
BECOBBIX CTPYKTYP.

3. JlanbHeliee pa3BUTHE MOIYYUT METOA HAaXo-
xnennss AH® normdecknx (yHKIMHA, B paMKax 4ero
pazpaboran anroput™ HaxoxaeHuss AH® 3-dynxnmid,
KOTOpPBIH MOKET OBITh HCIOJIB30BaH NPH PEUICHUH
MHOTHX HPHUKJIAJHBIX 33/1a4.
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IMPABHUJIA JJISA ABTOPOB

Crarbsi, HanpaBiisieMasi B PEAaKLHI0 JKypHasa
«I[Ipobnembl (U3MKK, MaTEeMaTHKH W TEXHHKH»,
JIOJDKHA!

— COOTBETCTBOBATH NMPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM ITPOM3BEICHUEM,
KOTOpOE€ He IPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
He myOnmKoBanoch paHee B oboveme Oosee 25% B
JIPYTHX TEYaTHBIX W (MJIM) IEKTPOHHBIX M3IaHMX,
KpoMe IyOJHMKAaWU TIPEeTpuHTa (PYKOIHCH) CTaThU
aBTOPOB (COaBTOPOB) Ha COOCTBEHHOM CalTe;

— colepKaTh BCE IPEAYCMOTPEHHBIC IEWUCT-
BYIOLIMM 33aKOHOJIATEIbCTBOM CCHUIKM Ha LUTHpPYe-
MBIX aBTOPOB U HWCTOYHHUKHU OHy6HI/IKOBaHI/I)I 3auM-
CTBOBaHHBIX MaTepHaJOB, aBTOPOM (COaBTOPaMH)
JIOJDKHBI OBITH ITOJIy4eHBI BCE HEOOXOAMMBIE pa3pe-
IIEHUs Ha HCIIOJIb30BaHHE B CTaThbe MaTEpPHAJIOB,
npaBooOanarteneM (JIIMH) KOTOPHIX aBTOp (COaBTO-
pHBI) He sBIIAETCS (FOTCH).

CraTbsl HE JOJDKHA COAEPXKAaTh MaTepHaibl, HE
MOZJIEKAIE OITyOIIMKOBAaHHUIO B OTKPBITON TEYaTH,
B COOTBETCTBMU C ACHCTBYIOUIMMH 3aKOHOAATEIb-
HBIMHU akTamu PecrryOnmku benapyce.

CraThs MpEaCTaBIseTCS Ha PycCKOM, Oernopyc-
CKOM MJIM aHTJIMHCKOM SI3BIKax B ABYX 3K3CeMILIApax
Ha Oenoii Oymare popmara A4 ¢ IpOHYMEpOBaHHBI-
MU cTpaHuniaMu. OJZHOBPEMEHHO B PEIAaKIMIO Ha-
MpaBIsieTCs JIEKTPOHHBIN BapuaHT ctarbu Ha CD,
WIH IO 3JICKTPOHHOM mouTe (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKM CTaThbH MOXKHO HCIOJIB30BaTh
pemaktop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce moms —
2 cMm, wm cucremy LaTeX c ommueii 12 pt B cran-
JIapTHOM CcTWJIe article Oe3 mepeomnpeneneHus: cTaH-
naptHeix ctuneit LaTeX'a u BBeaeHUS COOCTBEHHBIX
KoMaH[ (Bce monsd — 2 cM).

B neBoM BepxHEM yIUly IEPBOH CTpaHULIbI CTa-
Tbu cTaBuTcs uHAekc Y /K, Huxke mo ueHTpy Ha
PYCCKOM M aHTJIMHCKOM S3bIKax: Ha3BaHHE CTaThbU
MIPONKCHBIMKA OyKBaMH, MHULMANBI U (pamuius as-
TOpa (aBTOpPOB), Ha3BaHUE OPTraHHU3ALMH, B KOTOPOH
oH (oHHU) paboraer, anHOTaIUA (10 10 cTpOK) U Te-
pEUYCHB KIIIOYEBBIX CIIOB.

Cratbsl, KaK IPaBUIIO, JOJDKHA COJCPKATh: BBE-
JICHHE, OCHOBHYO YacTh, 3aKIIFOUCHHUE U JINTEPATYPy.

HasBanue cTaTey JOIKHO OTpa)kaTh OCHOBHYIO
UJICI0 MCCIIEI0BAHUSI, OBITh KPATKHM.

Bo BBenenun naercs Kpatkuii 0030p JuTepa-
TYypbl, 000CHOBBIBAETCS LieJIb pabOThI U, €ciii HeoO-
XO0AMUMO, OTpaXaC€TCA CBA3b C HAYYHBIMH U ITPAKTU-
YeCKUMH HarpapieHusIMHA. O0s3aTeNbHBIMU  SIBJISI-
IOTCSL CCBUIKM Ha paboThl IPYyruX aBTOPOB, IyOIH-
Kaliy TOCIEAHNX JIET B O0JAacTH MCCIIEAOBAaHUS,
BKITIOYAas 3apyOeKHBIE.

OCHOBHas 4acTh JOJDKHA COJEP)KaTh OMHMCAHNE
METOJIMKH, 00BEKTOB MCCIEIOBAHHSA C TOUKH 3PEHMS
X HaydHOW HOBH3HbL. OHa MOXET JEIMThCA Ha
nmojpasfenbl (C Pa3bsACHSIIONMMHU 3aroJIOBKAMH) H
collepaTh aHAIU3 IyOJMKAIUi, OTHOCSIIUXCA K
COJIEPKaHHUIO IAHHBIX MOJIPA3/EIIOB.
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DopMyJIbl, PUCYHKH, TaOJIHULBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabmuua 2.1. Hymepauuu mnojyiexaT TOJIBKO Te
(dopMyJIBl, Ha KOTOpblE MMEIOTCS cChUIkM. Homep
(OpMyJIBI TIPIKMMAETCSI K MIPaBOMY Kparo CTpaHH-
e, a cama (opMmysia LEeHTpUpyeTca. PucyHku u
TaOJIMIBI PACIIONATAIOTCSl HEIIOCPEACTBEHHO B TEK-
cre. Pasmep puCYHKOB ¥ rpaKOB HE JOJDKEH IIpe-
Boimare 10x15 cm. IlomyronoBeie  Qotorpadun
JOJDKHBI UMETh KOHTPAcTHOe m3o0paxeHue. [loro-
peHHe OJHUX W TeX K€ JaHHBIX B Tabnuumax M pH-
CYHKax He JIOITyCKaeTcs.

Kaxmas Tabauna J0JDKHA MMETh 3arojoBOK, B
Hell 00s3aTeNbHO YKa3bIBAIOTCSI SIUHMIBI H3Mepe-
HUA paCcCMAaTPpUBACMbIX BCJIMYMH. PaSMepHOCTL BCEX
BCJIMYHUH JOJIKHA COOTBETCTBOBATH Me)K[lyHapOIl-
HoOW cucteme emuani m3mepennit (CH). He momyc-
KaeTcs COKpalleHHE CJIOB, KpoMe OOIIECHpPHHSATHIX
(T.e, U T I.,UT.IL).

B 3akimoueHny B :kaToM BUIE (OPMYITUPYIOTCS
TIOJIyYeHHBIE PEe3yJIbTaThl, X HOBH3HA, IIPEHMYILECT-
Ba ¥ BO3MOYKHOCTH PAKTHYECKOT'0 UCIIOJIb30BAHUS.

CHHCOK JIUTepaTypsl HOJDKEH COIep)KaTh IOJI-
Hble OubaHorpaduueckue manHsie. OH COCTaBIIACT-
Csl B TIOPSIIKE YIOMUHAHUS CCBUIOK B TekcTe. Cehli-
KU Ha HEOIyOJHUKOBAHHBIC PA0OTHI HE IOMYCKAOTCS.
CchUIKH [AIOTCSl B OPUTMHANBHOM TPAaHCIUTEPAIUH.
[NopsinkoBble HOMEpa CCHUIOK IO TEKCTy YKa3bIBa-
I0TCSI B KBa/IpaTHBIX CKOOKax (Hampumep, [1], [2]).

Crarbsi moJanMchIBaeTcsi BceMH aBTopamu. K
CTaTbe MPUJIAratoTCs:

— COIPOBOAMTENEHOE ITMCBMO OpPraHW3aLyH, B
KOTOpOH BBINIONIHEHa paboTa ¢ mpockboit 00 omyo-
JIMKOBaHMHY;

— cBefieHus 00 aBTOpax;

— OKCIIEPTHOE 3aKIIOYEHHE O BO3MOXHOCTH
OHy6HI/lKOBaHI/IH CTaThu B OTKprTOfl IcyaTu,

— JIOTOBOp O Tepejaye aBTOPCKOro mpasa (B
JIBYX 9K3eMILIsApax).

CaeneHust 00 aBTOpax IMPEACTABIISIIOTCS HA OT-
JIeTIbHOM CTpaHMLe U conepkar: (pammimio, uMs, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTEIICHb, 3BaHUE,
MeCTO paboTHl M 3aHMMAEMYIO IIOJDKHOCTb, CIIelda-
JIFCTOM B KaKod OONAcTH SIBISETCSI aBTOP, MOYTOBEIHA
WHJIEKC W TOYHBIA ajpec A Hepenucky, TenedoHb
(cmy>xeOHBI WM JOMAITHHIN), aapec 3JIeKTPOHHOU
noutsl. Ciemyer yka3aTb aBTopa, ¢ KOTOPbIM HY)KHO
BECTH IEPENNCKY U HalpapJieHHe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBiieHHas paboTa ((husrka, MaTeMaTHKa,
TEXHUKA).

[MocTynuBIIas B peJakuuio CTaTbs HalpaBils-
eTcsl Ha pelieH3upoBaHue. B ciaydae e€ oTKIIOHEHHMs
penakiys cooOIIaeT aBTOPY PEIICHHE PEeIKOJUICTUI
U 3aKIIOYCHUE PELEeH3EHTa, PYKONHCh aBTOPY HE
Bo3Bpamiaercs. Pemenne o nopaboTke craTbd He
O3HayaeT, YTO OHA MpUHATA K redaru. [locie nopa-
OOTKHM CTaThsi BHOBb PacCMaTpUBAETCS PELEH3EHTOM
U pENAKIIMOHHON KOJUIETUEH.



Penakuys octaBiseT 3a co00i MpaBo MPOU3BO-
JIUTh PEelaKIMOHHBIC U3MEHEHUS M COKPAIICHHUs, HE
HCKa)KaIOI[1e OCHOBHOE COZIEP)KaHHE CTaThU.

CTaT])l/I, HE OTBCHAIOIUEC NEPECUNCIICHHBIM TpE-
0OBaHUSIM, K DPAacCMOTPEHHIO HE MPHUHUMAIOTCA MU
BO3BpaIaroTcsl aBropam. JlaToil mosmyueHust pyko-
MIMCH CUMTAETCS JIEHb IMOJYYeHHs pelaKkuueid OKOH-
YaTeIbHOTO BapHaHTA.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEIAKIINIO Y)K€ paHee OITyOJMKOBAaHHBIX CTaTeH WM
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHUIMH.

Penmakimst mpenocTaBiseT IpaBo MePBOOYEPEIHO-
TO OIyOJMKOBaHMA CTaTell JIMIaM, OCYILIECTBISIOIM
TMOCTIEBY30BCKOE 00yueHUe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBEpIUCHUS OOy4YEHHsL.
[Inara 3a omyOMKOBaHUE cTaTel HE B3UMAETCSI.

Bcro KOppecrnoHJIeHIMI0 CleyeT HalpaBisiTh
MPOCTHIMHU WJIM 3aKa3HBIMH MUChMaMu (OaHIepodsi-
MH) Ha aJpec PeAaKinu.

O06pa3err oopMIIeHHS CTaThbH, CBEJCHHUI 00 aB-
TOpax, SKCIIEPTHOTO 3aKJIFOUEHUsI U TEKCT JIOTOBOPa O
repesiade aBTOPCKOTrO IpaBa pa3MeIeHbl HA calTe
XKypHaia 1o aapecy http://pfmt.gsu.by.

JKypHam BKIIOYEH B Karajior IMeYaTHBIX
cpenctB MaccoBoi mH(popMmarm Pecyomiku Bena-
pycb. Uanekc xypraana: 01395 (ans mHIUBUAYaTH-
HBIX moanmucuukoB), 013952 (mma mpeampustuit u
OopraHu3aIui).
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GUIDELINES FOR AUTHORS

In order for papers submitted to be published in
the journal “Problems of Physics, Mathematics and
Technics” the following rules should be taken into
account:

— the paper should be in agreement with the
type of the journal;

— the paper should be an original work, it
should not have been submitted for consideration or
previously published in the bulk over 25% in an-
other scientific edition and (or) electronic publica-
tions with the exception of preprint publication
(manuscript) of the paper of the authors (coauthors)
on their own website;

— the paper should contain all statutory refer-
ences to the cited authors and published sources of
the borrowed material. The author (coauthors) must
obtain all the necessary permissions for the use of
materials in the article, in the event that he is (they
are) not their right holder (right holders).

The paper should not contain the materials
suppressed for publication in the press in accordance
with the laws of the Republic of Belarus.

Contents of a paper should be written in line
with the scope of the journal. The paper should be
written in Russian, Belarusian and English, edited
thoroughly and submitted in two copies to the Edito-
rial Office. The manuscript should be printed on A4
white paper with all pages numbered. In addition,
the authors must submit the electronic version
of their manuscript either on a CD or by e-mail
(e-mail: pfmt@gsu.by).

To prepare a paper it is possible to use MS
Word for Windows (2000/2003), Times New Roman
type, 14 pt. All margins are 2 cm. The author may
also use 12 pt LaTeX in standard style article with-
out redefinition of the margins and introduction of
the author’s commands.

Index UDC is sited in the left corner of the first
page. The title of the paper in capital letters is fol-
lowed by the name(s) of the author(s), authors' af-
filiations and full postal addresses next to which are
an abstract of no more than ten lines and keywords.
Relevant keywords should be placed just after the
Abstract.

A paper, as a rule, should include Introduction,
Body Text, Conclusion and Literature. The title of
the paper must be concise. It describes the main idea
of your research.

In the Introduction the author gives a brief re-
view of literature, his grounds and specific objec-
tives, he describes links with scientific and practical
branches. All background information such as refer-
ence to the papers of others authors and some
previous publications (including foreign ones) in the
field of investigation is necessary.

The main part should contain description of the
techniques used and objects of investigation within a
large scientific framework. This part may be divided
into subsection (with explanatory headings). It provides
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the readers with the analysis of the publications on
the problem described in these subsections.

Formulas, figures and tables should be sequen-
tially numbered in the framework of the section, for
example: (1.1), (2.3), figure 1.1, table 2.1. The author
should number only the formulas with appropriate
references. The formula number is placed on the right
side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in SI units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i.e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e.g. [1], [2]).

The paper should be signed by all authors.

The following documents should be attached to
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— covering letter of the organization in which
the work was done with a request for publication;

— information about the authors;

— expert opinion on the possibility of publish-
ing an article in the press;

— treaty on the transfer of the copyright (two
copies).

The authors should provide the following in-
formation on a separate sheet: surname, first name,
patronymic, science degree, rank and correct postal
address for correspondence, organization or com-
pany name and position, title, research field, home
or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.



Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year

of the completion of a course. Publication of the
paper is free of charge.

Samples of the preparation of an article, infor-
mation about the authors, expert opinion and the text
of the treaty on the transfer of the copyright are
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catalogue of the Republic of Belarus. Index: 01395
(for personal subscribers), 013952 (for enterprises
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