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PU3UKA

YIK 539.12.01

PEJIATUBUCTCKASA 3AJAYA O S-COCTOAHUAX PACCESAHUA
AJIAA CYIIEPITO3UI MU IBYX IIOTEHIIUAJIOB «0-CPEPA»

B.H. Kanmmaii, 10.A. I'pumneuxun

Tomenvckuii cocyoapemeennviii ynusepcumem um. @. Cropunsl, 'omens, Berapyce

RELATIVISTIC SCATTERING S-STATES PROBLEM
FOR SUPERPOSITION OF TWO POTENTIALS «3-SPHERE» TYPE

V.N. Kapshai, Yu.A. Grishechkin

F. Scorina Gomel State University, Gomel, Belarus

ITosry4eHbI TOYHBIE PENICHUS PEISATHBUCTCKUX IBYXYaCTUYHBIX YPaBHEHWH IUIS S-COCTOSHUM paccesHUsl B Cliydae O-IIOTEH-
LjMajga U CyNepro3HuIMy ABYX O-MOTeHUManoB. Ha OCHOBaHMM HaW/ICHHBIX BOJHOBBIX (DYHKI[Hil BHIYHCIICHBI aMILUIMTYbI pac-
cesHus U (asoBble cABUrH. IIponsBeeH aHaIN3 HOMYYEHHBIX BEIUYHH, B pe3yIbTaTe KOTOPOrO AOKA3aHO yCJIOBHE YHHTAPHO-
CTHU JUIsl aMIDIATY]] PACCesIHUS, HAHIEHbI yCJIOBHS OOpaIleHNs aMIUIMTYX B HyJb. [Ioka3aHo, 4TO HEPEeNSITHBUCTCKUH Hpesen
BCEX MOJIy4EeHHBIX PEISATHBUCTCKUX BBIPAXKEHUH AT pe3ysbTaThl, KOTOPbIE COBIAAIOT C COOTBETCTBYIONIMMHU BBIPAXKEHUSIMH,
HalileHHbIMH TIpHU perienun ypaBHenus Ilpénunrepa.

Knrouegvie cnosa: pensimusucmckoe 08yxuacmuiHoe ypasHenue, peiamusucmcKoe KoHueypayuonHoe npeocmasgienue, oeib-
Ma-nomenHyuan, amniumyoa paccesnus, S-mampuya, ¢hazoeviil cosue, yciosue yhumapHocmu, 3¢gexm Pamsayspa —
Tayucenoa.

Exact solutions of relativistic two-particle equations for scattering s-states are obtained in cases of the §-function potential and
superposition of two 3-function potentials. Scattering amplitudes and phase shifts are calculated on the basis of wave functions
found. The analysis of values obtained was carried out. As a result, the unitarity condition and vanishing conditions of scatter-
ing amplitudes are proved. It is shown that the non-relativistic limit of relativistic expressions obtained yields results which co-
incide with corresponding expressions which were found in the process of solving the Schrodinger equation.

Keywords: relativistic two-particle equation, relativistic configurational representation, delta-function potential, scattering

amplitude, S-matrix, phase shift, unitarity condition, Ramsauer — Townsend effect.

Beeoenue

VYpaBHEHHs KBa3UMOTEHLIUAIBHOTO TUIIA BIIEp-
BbIe OBUTH MOJYYCHBI B HMITYJIBCHOM MpPEICTaBIIe-
HUM B uHTerpaibHoi Qopme [1], [2]. [Tozxke atn
ypaBHEHUsI ObUTH CHOPMYJIMPOBAHbI B TaK Ha3bIBae-
MOM PENATUBUCTCKOM KOH(PHUIYPAMOHHOM TIpea-
crasienun (PKII) [3] B Buze pa3HOCTHBIX WIIM UHTE-
rpanbHbIX. Paktudecku PKII sBnsieTcs pensTuBuCT-
CKUM 0000LIeHHEM OOBIYHOTO  KOOPJMHATHOTO
NPEJCTaBICHNs KBAHTOBOM MeEXaHHKH. B TeueHme
nosroro Bpemenu B PKII paccmarpuBaiuch TOJIbKO
pa3HOCTHBIE yYpaBHEHUS. M JHIIL C yCTaHOBIEHHEM
sBHoro Buna ¢ynkuuit ['puna (PI') oxaszanoch Bo3-
MOKHBIM PacCMOTPEHHE MHTETPAIbHBIX ypaBHEHHI
B PKII [4], [5]. OcHOBHOII mpo0OiIeMoii, BO3HHKAO-
LIe NpU PELIEHUU Pa3HOCTHBIX ypAaBHEHUH, SIBIIS-
€TCsl HallU4Ke y MOJIy4aeMbIX PEUIeHUN MPOU3BONIb-
HOTO i-TIEPHOIUIECKOTO MHOXKHTEINS, ONpeAeCHHe
SIBHOTO BUJA KOTOPOrO U3 Pa3sHOCTHOIO YpaBHEHHS
HEBO3MOXXHO. B TO e Bpems pereHus WHTerpaib-
HBIX YPaBHEHHH HE MMEIOT 3TOr0 HEAOCTAaTKa U OIl-
penensroTcs OHO3HAYHO.

B nacrosmiee BpeMs M3BECTHO TOJBKO OYEHBb
HEeOOJIBIIIOE YHCIO TOYHBIX PEUICHUH WHTETPaTHHBIX
KBa3UNOTEHIIMAIBHBIX YypaBHEeHUIl. B 3Toll cBsA3n
MIPUBJIEKATEIHHON BO3MOXKHOCTBIO TOJIYYEHHUS TOY-
HBIX PELICHUH SBJISIETCS PACCMOTPEHUE J-ITOTEHIIA-
J0B U ux cynepno3zuuuii B PKII.

© Kanwarii B.H., I puweurkun FO.A., 2015

Tak Ha3bIBaeMble TOTEHIMANBl HYJIEBOIO pa-
Jyca TPUBJIICKAIOT OOJIBIIOE BHUMaHKHE (U3UKOB H
WCIIONIB3YIOTCSl B CaMBIX Pa3HBIX 3ajadax MOJIEKY-
JSPHOM, aTOMHOH 1 sinepHOd ¢u3uku [6]. C pa3Bu-
THEM MeTOIa W BBEICHHEM B pacCMOTpPEHHE 0000-
MIEHHBIX O-MOTEHIMAIIOB OBUI HaWAeH OOJIBIION
KJIaCC TOYHO PEIIAEMBIX 3a/[a4 KBAHTOBOWH MEXaHUKH.

Ksazunorenmuansusie ypasaeraus B PKII ¢ 6-
MOTEHLIMANIAMU JIOJITO€ BPEMsI HE NMPUBJIEKAIN BHU-
MaHUsl, MOCKOJIBbKY pEIIeHHEe Pa3HOCTHBIX IapLu-
IBHBIX YPaBHEHHUH C O-MOTEHIMAIaMHU NPEICTaBIs-
€T OuYeHb CIIOXKHYI0 npobiemy. Ho ¢ HaxoxaeHuem
s;BHOrO Buja @I MHTErpasbHBIX KBA3UIIOTEHINAIb-
HbeIx ypaBHeHuil B PKII cranma sicHa BO3MOXHOCTB
W3y4eHUs TakuxX MoTeHuuanoB. KoBapuaHTHbIE
JIByX4YaCTHUUYHbIe UHTErpasibHble ypaBHeHus B PKII ¢
O-TIOTeHIMANaMU paccMaTpuBaMch panee [7], [8],
HO TOJIBKO B OJJHOMEPHOM CIIydae.

B nanHOli paboTe HaWICHBI pEIICHHS TPeX-
MEpHBIX PEJATUBUCTCKUX JBYXYAaCTUYHBIX HHTE-
TPaJIbHBIX YpaBHEHUH U1 CepHUeCcKU-CUMMET-
puuHbIX BoJHOBBIX (yHKumi (BD) cocrosumii pac-
cesuust B PKII B ciydae d-moreHumana, OTIIMYHOTO
OT HyJI1 Ha HOBEPXHOCTH C(epbl U CYNEepHO3UINN
JIBYX TakMX NOTeHIHManoB. Ha ocHOBaHMU mOTy4eH-
HBIX PELICHUH BBIYMCICHBI NMaplHaibHble aMILUIUTY-
IbI paccestHus U (ha30BbIE CIBHIH.



B.H. Kanwaii, 10.A. 'puweuxun

1 Tounoe pewienue 06yxuacmuyHvIX ypasHe-
HUil ¢ d-nomenyuaIOm
Uuterpanbubie ypasHenus it BO v, (x,,7)
B PKII, onuchIBaOuUX S-COCTOSIHUS PACCESIHUSI CUC-
TEMBI IByX CKAJSPHBIX YaCTHI] OJUHAKOBOW MAacCHI
m, UMEIOT BU/ [4]
W, (7)) =sin(y, mr)+

t , , o (1.1)
+J‘G(j)(xq,r,r)V(r W, (g1,
0

TZle WHJAEKC j COOTBETCTBYET OJZHOMY M3 HYETBIPEX
BapUAaHTOB PESITUBHCTCKUX YPAaBHEHUH KBa3HIIO-
TeHmanpHoro Tuma [ 1]-[3]:

j=1 (j=3) — ypaBuenuto Jlorynosa — TaB-
xenmuaze (MOIUQUINPOBAHHOMY);

j=2 (j=4) — ypasuenuto KazpimeBckoro
(MOMpHULIUPOBAHHOMY).

B ypashennsix (1.1) Benuunna y, 20 — Gpict-
poTa, cBsI3aHHasI C SHEprHell ABYXYaCTHIHOW CHCTe-
Mbl 2E, kak 2E =2mchy, . r — Momyns paauyc-
sektopa B PKII, V' (r) —norenuman, G (x,,7,"") —
@I j-ro ypaBHEHHUS:

G(,,->(Xq,7”,r’) =

’ (12
=G, (-1 =G (ngsr 1,
rze [4], [5]
=i shl(m/2+iy, )ymr]
Gy (y51) = KD sh(rmr/2) (13)
G _(4m chy,)™ i shi(m+iy,)mr]
o (1) = ch(nmr/2) K?  sh(mmr)
_—i ch[(n/2+iy,)mr]
00D =5 hmr )
Gy (tys7) = —i_shin+ix,)mr]

*
K, sh(mwmr)

B dopmynax (1.3) ucnonb3oBaHbl 0003HAUESHUS

—2V,q " sin’ (x,ma)

O _ @ _ .
K, =K,” =msh2y,;
G _ g™ _
K, =K,” =2mshy,.
B manpnelimem HaM nmoHano0sTcsa acUMITOTUKH DI
(1.2)mpu r >
Gty =
) (1.4)
5
K‘I
PaccMmoTpuMm penieHust pelsiTHBUCTCKHUX YypaB-
HeHWH g coctostHui paccessHus (1.1) B ciydae
B3aMMOJICHCTBHS, MOJCITUPYEMOTO O-TTOTEHITHATIOM
V(r)=V,8(r—a), (1.5)

rae V, m a>0 — BemecTBeHHBIE KOHCTAHTHI. Ilo-

~

sin(xqmr')exp(ixqmr).

teHmmai (1.5) mokann3oBaH Ha TOBEPXHOCTH CQEpHI
KOHEYHOro panuyca a >0 (Ha «d-chepe»). BO mis
norernmana (1.5) umeror ciaexyromuii BUa:

Vi, (x,»7) =sin(y,mr)+
+V, A ), (x,)sin(x,ma)G ; (x,.7>a);
4 () =1=VG;, (- a.a)-

VYunteBasg (1.4), acumnroruku B® (1.6) mnpu
7 —> 00 MOXKHO IIPEACTABHUTH B BHJC

\y(/.)(xq, r)|Hw = sin(xqmr) +

+q f;,(x, ) expliy,ma),

(1.6)

=2V, sin’ (y,ma)
o) =, (1.7)
v qKq A(/’)(Xq)
rae  g=mshy, — pENATHBUCTCKHMH HMITYJIbC,

Jiy(X,) — PENATHBUCTCKAs aMILIMTY[a PacCesHus,

KOTOpasl OIpeJesieHa TaK K€, KaK U B HEpeJIATUBU-
CTCKOH TeopHuH — B Buze K03 HUIeHTa mpu pacce-
SHHOM BOJHE B acumnTotuke B®, pazneneHHoro Ha
umIyibe [9] (pensaTUBHCTCKas paccesiHHas BOJIHA
umeet Bug exp(iy, mr) [3]).

BelpaskeHust A1l aMIUTUTY]T PaccesHHs, COOT-

BETCTBYIOIIME 4YETHIPEM BapHaHTaM YpaBHEHWI,
MOTYT OBITH IIPEJICTABICHBI POPMYIaMHU

.f(])(Xq) =

K;l) +V, {sin(2xqma) cth(mma) — 2% +2isin? (xqma)}

; (1.8)

-2V,q " sin’ (x,ma)

f(z) (Xq) =

sh(y )sh? 2
K;z)+V{Sin(2xqma)cth(2nma)—)::— (x, sh” (nma2)

b

+2isin’
ch(nma) ' (xqma)}

-2V,q " sin’ (x,ma)

o ()= KO

q

+V, [sin(2xqma)th(nma) +2isin’ (xqma)} ’
-2V,q " sin’ (x,ma)

f(4)(Xq) =

3Has aMIUIUTY Ry paccesHust f; (X,), MOXHO

HOJy4uTh MHGOPMALUIO O paccesHuH yactun. Ha-
IpuMep, NaplUaIbHOE CEYEHUE PAcCEsHUS S-BOJIHBI

8

" K+, [sin(2y,ma) cth(2ama) —, 7+ 2isin’ (r,ma) |

Gy (X,) M mapumanbHas S-marpuua S, (x,) co-

OTBETCTBEHHO BBIPXKAIOTCS uYepe3 aMIUTUTYIy pac-
cessHus f; (),) COOTHOIIEHUAMU
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2
00(‘/')(Xq) = 475|f(j)(xq )| 5

S, =1+2iq f,,(x,)- (1.9)

HetpynHo BuzmeTs, uto aMmmuTyasl paccesHus (1.8)

YAOBIETBOPSIOT YCIOBHIO YHUTapHOCTH [3], KOTO-

poe MMeeT BHJ, aHAJOTUYHBIH HEPEIATHBUCTCKOMY

BhIpaXkeHuto [9]:
2

m £, (e) =4/, ) - (110)

W3 Bepakenuii (1.7) crnemyer, 4To yciIoBHE YHUTAPHO-
CTH SKBHBAJICHTHO clienyromeMy cBoiictey @I (1.2):

ImG,; (x,,a,b) = | (win

=—2sin(y,ma) sin(xqmb)/K;”) .

4V [1-V Re G, (x,a.0) ]sin’ (x,ma)

[MapruanbHble S-MaTpUIIBI MOTYT OBITH Tpel-
CTaBJIEHBI B CIIEAYIOLIEM BUIE:
4iV, sin’ (y,,ma) ~ (A(‘,-)(xq))
) -
Kq A(j)(xq) A(j)(xq)
U3 KOTOPBIX YHUTAPHOCTH S-MAaTpPHUIBI OYEBHIHA.

YHUTapHOCTh S-MaTpPHUIbl YUYUTHIBAETCA B CIEIyIO-
IIeM IpeACTaBICHUI

S(j) (Xq) = exp(Zi (I)(j) (Xq))’
Ha OCHOBE KOTOPOTO ompenesnseTcs (pa3oBblid CABHUT
¢;)(x,)- PasoBble cABUrM MOTYT OBITH HAalACHBI 110

¢dopmynam

S, )=1- ,(1.12)

te(24,,(x,)) =

Ha pucynke 1.1 mpuBeneHsl pe3ynbTaThl YHC-
JICHHBIX pacyéTOB CEYEHHU paccestHus U (a30BbIX
CIIBUTOB, HalifeHHbIX 11 m =1, a=5, V, =2 (Ho-
Mep KpPHBOW Ha BCEX PHUCYHKAax paBeH HHACKCY
YpaBHEHUS ).

W3 Beipakenwii (1.8) cenyet u Ha pucyHke 1.1
BUJIHO, 4TO G, (%,) —> 0 mpu y, — o, 4ro ecre-

CTBEHHO. BHIHO Takke, 4YTO CEYEHHUS pacCcesHus
MOTYT OBITh paBHBI HYJIO IPH HEKOTOPBIX KOHEY-
HBIX 3HAYCHHUSAX ObICTPOTHI ),. B HepemstuBuct-

CKOHM Teopun aHANOTHYHBIA 3(dekT oOpameHus B

HOJb TIApLIHUaJbHOTO CEYEHHs PACCESHUsS TPH KO-

HEYHBIX 3HAUSHUSX MMITyJIbca U3BECTEH Kak 3 dexT

Pam3ayspa — Tayncenga [9]. AMmuTyaa paccesHus

B Clly4ae O-IIOTEHIHMala paBHA HYJIO, €CIU BBIIOJI-

HSETCS OIMHAKOBOE ISl BCEX YPaBHEHHH YCIIOBHE
X,ma=mn, n =1,2,3,...

U3 3TOro0 yCNoBHUS CIEAyeT, YTO YUCIO HyJel Kax-
IO aMIUIUTYIbI PAacCesHUsSI OECKOHEYHO, U OHHU OT-
CTOSIT APYT OT Opyra Ha OXMHAKOBOM DPACCTOSHHH,
00paTHO MPONOPIHUOHAIBHOM IIPOM3BEACHHUIO pa-
Jyca «d-cepbl» 1 Macchl YaCTHIIBI.

U;:.
10 p

[as]
T

=
T
—

3

T 3
T
A

0.5 1 1.5 2 2.5

Xa

K [(1 —VyRe G(f)(ana,a))z B (ZVO Sinz(qua)/Kf(!n )2} |

(1.13)

2 Pewenue 6 cyuae cynepno3uyuu 08yx d-no-
meHyuanos

Haiiném pemenusi ypaBHEHMM 71 COCTOSIHUIA
paccesiavist (1.1) U BeIpOXEHHS T aMIUTHTY pacces-
HUS B CIIy4ae CYIEPIIO3UIMU ABYX O-TIOTCHIIUAIOB:

V(ry=Vo(r—a)+V,0(r-a,), 2.1)
rne V,,, @, — BCIIECTBEHHBIC IOCTOSHHBIE H
a, >a, >0. IlogcraBnsas (2.1) B ypasHenus (1.1),
moygnM B® B cnemyromem obmiem Bre:
W, (1, 7) = sin(,mr) +

2
OV, Gy T a) W (X, a)-
s=1

Conepxauwmecs B (2.2) Bennuuusl ¥/, (%,,9,)

2.2)

MOTYT OBITH HaiifeHbl. 11 uX onpeaeneHust Hy KHO
B3ATh BbIpakeHUA (2.2) B TOUKaxX ¥ =a, U r=a,. B

pe3yibrare OyIeT MoiydeHa CHCTeMa JIBYX JIMHEH-
HBIX anre0panveckux ypasHeHud st v/, (X,.4)s
¥ ,(X,»a,). Pemas o1y cucremy u HOACTaBISs pe-

menue B (2.2), MOMYyYNM CIEAYIOIINE BBIPAKCHUS
st BO:

3

5

[= F
on — on
[T
—_—— o ———
-
—

—

1.5 k

Pucynoxk 1.1 — Ceuenus paccesiHus (2) ¥ COOTBETCTBYOIIHE UM (ha3oBbie cauru (b)
JUIsl O-TIOTEHIIMANa KaK (YHKIIMU OBICTPOTHI
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I'puweurkun

\V(j)(xq: r)= Sin(qu”) +
T 2.3)

+—D> V.G (A7 a) A ()
A(,/')(Xq); 2 Ky

/i€ BBEJEHbLI 0003HaUCHHS
2
A(/') (xq) = H[l - V.s-G(j) (Xq A, A )] -
s=1
VLGl (2, aa,);
Ay, = sin(xqmal)[l -G, (x4 ,az)J +
+V, sin(y,ma, )G, (A, >4, a,);
Ay (X,) = sin(y,ma) [ 1-V,G ;) (1.4, |+
+V Sin(xqmal )G(_,-) (X«q , 0y, @,).

VYuuThIBas acUMIITOTHYECKOE MOBeaecHue Bd
(2.3) mpu r — oo, moMyuUM cruexyromue HopMyIIbl
JUISL aMIUTUTY/T PACCEsSTHUS:

O —

q '>_ x
qqu A ) (xq)
2
D VA, (n,)sin(r,ma,).
s=1

Bripaxenus (2.3), (2.4) mis KOHKPETHBIX j

2.4)

MMEIT JOBOJBHO rpomMo3axkuil Buz. Hampumep, B
ciyyae MoAu(UIMPOBAaHHOTO ypaBHeHus JloryHoBa-
TaBxemumse (j=3) aMIumATyma paccesHHs UMeEeT

bopmy

~ ___E+E

rae
F =V sinz(xqmal)x

{1+%th<nmaz)sm(2xqmaz>}+

q

. 14 .
+V, sin’ (x,ma,) {1 + K(]3) th(mma, ) sin(2y,,ma, ):l;
q
2
2 ©)
K‘I

sin(y,,ma, )sin(y,,ma,) %

x {sin(xqm(a2 —a, ))thM -

nm(a, + al)}
2

B

—sin(y,m(a, +a,))th

F=]]

2
s=1

q

V. .
{1 + K—(‘S) th(mma,)sin(2y ,ma, )} -

48 {th ”m(a; —a) sin(2y,m(a, —a,)) -

(&)

mm(a, +a,)

2
—th sin(2y,,m(a, +q, ))} ;

F= 2N, sin? (xqmal) _
4 KO
q

10

V,
F {1 + K_‘Z” th(nma,)sin(2y, ma, )} +

q
N 2V, sin’ (x,ma,)
K®
q

" .
{1 e L th(mma, ) sin(2y,,ma, )} +

q

A
(K,”)

><|:th mm(a, — a,)
2

sin(y,ma, ) sin(y,,ma, ) x

sin(y,m(a, —a,)) -

nm(a, +a,)

-th sin(y,m(a, +q, ))} .

AMruaty el (2.4) yIOBIETBOPSIOT YCIOBHIO YHH-
tapHoctH (1.10), KoTOpOE, Kak M B Ciydae OJHOTO
d-TIOTeHNMAaNa, SKBUBaJICHTHO cBoicTBY O (1.11).
Jns cynepro3unuu O-MOTEHINAIOB S-MaTpH-
usl S, (x,) u ¢asosele cnsuru ¢ (x,) TaKKe

MOTYT OBITh IIpeACTaBIeHbl B aHajtorndHou (1.12) n
(1.13) popme
Sy =1- [41'(1/1 sin(y,ma,)A, ) (x,) +

4, sin(r,ma)As, (1) /(KA ) (1) = 225)
(A(/)(Xq))*
Ay ,)
tan(2(|)(j) (Xq)) =
_ —2ReA (%) ImA; (x,) (2.6)
(Re Ag (Xq))z - (ImA(n v ))2 ’

rIe

2
ReA,(t,) = [][1-V.ReG,(x,.a,.a.) |-
s=1

2
Wy, [RCG(j)(Xq9a2’al):| 5
ImA; (x,) =2V, sinz(xqmal)x
x[1-V,Re G, (x,.0,,a,) | /K +

+2V, sinz(xqmaz)x
x| 1-V,ReG, (%, ,a,a,) K9 4
1 i Ky 4 q
4V, sin(y,ma,)sin(y, ma, ) x
XReG(j)(Xq’aZ’al)/K;j)«

Bepaxenns (2.3)~(2.6) 11 KOHKPETHBIX j MMe-
IOT JIOBOJIBHO T'POMO3JIKUM BUJ, TO3TOMY MBI HE TIpH-
BOJIUM HUX. Pe3ynpTaThl UHUCIEHHBIX pacuéToB cede-
HUA paccessHMs ¥ (a3oBBIX  CABHUTOB  JUIsl
j=1,2,3,4 npu m=1, a =3, a,=4, V=1,
V, = -1 mpommnrocTpupoBaHsl Ha pUCyHKe 2.1.

VYcnoBust obparieHust B HyJlb CEYEHHUH pacces-
HUS JJIs1 CYNEpPHO3UINN JBYX O-ITOTEHIMAJIOB MMe-
10T BH]
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ol

10 ¢

b)

=)

Pucynok 2.1 — Cedenus paccestHus (a, b) ¥ COOTBETCTBYIOIIHE UM (a30BbIe CABHUTH (C,d) IS CYTIepIIO3UIHA
ZIBYX O-TIOTEHITHATIOB KaK (PYHKIIH OBICTPOTHI

V, sin’ (y,,ma,) +V, sin®(x,ma,) +

+VV, [ 2sin(y,ma, ) sin(y,ma,)G, (1, a5.0,) —
) @7)
—sm (qual)G(j) (Xq sy, d,) =
—sin’ (x,ma,)G, (1, 4.a) ] = 0.
Hanpumep, mns j =3 ycnoBue (2.7) mpuHUMaer
dopmy
V, sin’(y,ma,)+V, sin’ (y,,ma,) +
W

3)
Kq

><|:th nm(a, —a,)
2

+

sin(y,,ma, ) sin(y,,ma, ) x

sin()(qm(a2 —al))—

nm(a, +a,)

—th sin(xqm(a2 +al))+

+th(mma, ) sin(y,,ma,) cos(y ,ma, ) +
+th(nma2)sin(xqmal)cos(xqmaz)} =0.

Ipu 7, — o BbIpaxeHus (2.7) obpaiaiores B
PpaBeHCTBO
V,sin’(y, ma,)+V, sin’(y,ma,) =0, (2.8)
13 KOTOPOTO CIIEIyeT:
1) npu V¥, <0 4ucno Hyneil amMmiauTya pac-
cesnus f; (%,) OecKkoHedHO;
2) mpu VWV, >0 ypasuenue (2.8) umeer Oec-

KOHEYHOE YHCIIO PEeIIeHHUH TOJIBKO, €C OTHOLLICHHE
a,/a, — paLMOHAIBHOE YHCIO; B IPOTHBHOM Cllydae

aAMIUTHTY/Ia PAacCEsSHUS IMEET KOHETHOE YHCIIO HYJIEH.

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

3 Hepenamueucmckuit npeoen
Omnpenenum Tenepb HEPENITUBUCTCKUI Tpees
MOJyYeHHBIX pe3ylbTaToB. B 3TOM mpezene moiry-
YeHHBIC I ToTeHImana «d-chepa» BD (1.6), am-
MTyAbl paccestHus (1.8) UMEIOT OAMHAKOBBIN IS
BCEX paccMaTpHBaeMbIX YpaBHEHUH BU
Jim ) (g 7) = Vi) (@57) =

m —0

 Vsinga)Gy(gra) O
=sin(gr) + - ,
q +V, sin(qa)exp(iga)
Jim, 1) (tg) = S0 () =
3 ~V, sin*(ga) (3.2)
q[q+V, sin(ga)exp(iga)]’
rae g =limmy, — HepeNATHBHCTCKUI HMITYJIbC,
X0

G (g,7,r") — nepensrusucrckas ®OI [9]. Hepens-

TUBHCTCKHUU TTpeJie] HaWACHHBIX VISl CYNEpIIO3HIINH
IByX «O-chep» BD (2.3) m amrumTyxn paccesHHs
(2.4) mns Bcex j MOXKET OBITH 3amucaH Kak

‘V(O)(q»r) =sin(gr) + x

A(O) (9)
x| V;sin(qa,)Gy, (q.7.a)+V; (sin(ga,) +  (3.3)

+1 /gsin(qa)sin(qa, —qa,)) G, (g.7.a,) ],
—sin(ga,) [

2
V. sin(ga,)+
qu(O) (9) Z

= (3.4)
+VV, [gsin(q a,)sin(q a, — qa, )}

f(O)(‘]) =

11
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rae

2
Ao (@) =1+1/q] ]V, exp(iga,)sin(qa,) + (3.5)
s=1 .
+VV, / q° exp(iqa, ) sin(qa, )sin(qa, — qa,).
®opmynst (3.1)—(3.5) coBmamawT ¢ BEIpAKCHUSIMH,
MOJYYEHHBIMU TNpU pelieHuu ypaBHeHus: pénun-
repa ¢ COOTBETCTBYIOIIUMH MTOTEHITHATIAMH.

3axniouenue

Takum 00pa3om, B JaHHOW paboTe HaiiIeHbBI
TOYHBIE PEIICHUSI PEIITUBUCTCKUX IBYXYaCTHUHBIX
MHTETPAIbHBIX YPABHEHUI B PEISATUBUCTCKOM KOH-
(urypanioHHOM NPEACTaBICHUH, OIMCHIBAFOIINX
S-COCTOSTHMM paccesHHs B Ciydae O-TIOTEHIHaa,
JIOKJIN30BAaHHOTO Ha c()epe KOHEYHOro pajumyca —
«d-chepe» M CYNEPIO3UINH JIBYX O-TIOTCHITHAIIOB.
Ha ocHOBaHMH TMOTYYEHHBIX PEIICHHWH BBHIYMCIICHBI
TapIaIbHbIE aMIUTUTY/Ibl PACCESIHMUS, CEUEHUs pac-
CestHMA, S-MaTpHIlB! U (Pa3oBble cABUTH. UHCIEHHO U
aHAJIUTHYECKU HCCIEJOBaHbl HEKOTOpHIE CBOWCTBA
MOTyYEHHBIX pE3YyJIbTaToOB, a HMEHHO: JI0Ka3aHO
YCIIOBUE JIByXYaCTUYHOW YHUTAPHOCTH JJIS aMILIHU-
TYJl paccesiHus; yCTAaHOBIICHO, YTO ATO YCJIOBHE IS
HaWJIEHHBIX aMIUIUTY/ PACCEsSHUs SBISAETCS CIIE/ICT-
BHEM TOXK/IECTBA, KOTOPOMY YIIOBJIETBOPSIFOT MHH-
MBI€ YaCTH PEIATUBUCTCKUX (QYHKIMH I'puHa; Haii-
JICHBI YCIIOBHS OOpaleHus] aMIUTUTY]] pacCesiHus B
HOJIb NPH KOHEYHBIX 3HAa4eHHWAX ObICTpoTHI. Hepe-
JSTUBUCTCKUHA TpEeleN TONYyYCHHBIX PE3yJIbTaTOB
COBIIA/Ia€T C COOTBETCTBYIOIIMMH BBIPAKECHHUIMH,
MOJTy4YEHHBIMH Ha OCHOBAaHHMHU PEILIEHUI ypaBHEHMs
Ipénuurepa ¢ 3-MOTEHIUATIOM U C CYNEPIIO3HIUeH
JIBYX O-TIOTEHIIMAJIOB.
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DOU3HUKA

YK 621.396

CO3JAHUE IIVTAHAPHBIX METAMATEPHAJIOB
HA OCHOBE Q-2JIEMEHTOB C OIITUMAJIbHBIMH TAPAMETPAMUAX
C IOMOIIBIO BAKYYMHO-IUIASMEHHBIX TEXHOJIOT UM

M.A. IToganos, U.B. Cemuenko, C.A. XaxomMoB

Tomensckuti eocyoapemeennviii yrusepcumem um. @. Cropunsl, I'omens, Berapyco

CREATING OF PLANAR METAMATERIALS
BASED ON Q-ELEMENTS WITH OPTIMAL PARAMETERS
BY USING THE VACUUM-PLASMA TECHNOLOGIES

ML.A. Podalov, I.V. Semchenko, S.A. Khakhomov

F. Scorina Gomel State University, Gomel, Belarus

Co3ziaHbl ¥ HCCIEOBAaHBI Q-CTPYKTYDBI C ONTHMAIIbHBIMH NapaMETPaMH, MOTy4eHHbIE C MOMOIIBIO MarHETPOHHOTO HaIIblIe-
HUs. MeTajutnyeckoe MOKphITHE B BUJE (2-3JIEMEHTOB HAaHOCUJIOCH Ha CJIOH mojuamuaa wim ¢proporiacta. Odpasisl ucciaeno-
BaHBI B 0€37X0BOI KaMmepe Kak IpeoOpaszosarenu nomsipuzanuy CBY nzmydenns. CTpyKTypsl Ha (TOPOILUIACTOBOH MOJIOXKKE
peoOpa3oBBIBAIIY NA/IAIOIILYIO JIMHEHHO MONSPU30BAHHYIO BOJIHY B OTPAXKEHHYIO SJUIUIITHYCCKU MOIAPH30BAHHYIO ¢ KO3hdu-
nueHToM sumntuyHoctd K = 0.53-0.57 na vactore 3.7 [T, a npu nmoauaMuIHON MOJUIOKKE — B BOJHY C KO3 (GUIMEHTOM
amwmmntuaHoctu K = 0.36-0.47 Ha Toii 5ke yacToTe.

Knrouesvie cnosa: MazHemponHoe pacnvlienue, dIIUNMuUYHoCms, NOJIUMEPHAL nOO}lO.’)ICK[l, Memamamepudi, Q-snemenm.

Creation and investigation of Q-structures with optimal parameters obtained by magnetron sputtering are described. A metallic
coating in the form of Q-elements was deposited on a layer of polyamide or polytetrafluorethylene. The samples were
investigated in the anechoic chamber as polarization transformers of microwave radiation. Structures on the polytetrafluorethyl-
ene substrate converted incident linearly polarized wave into the reflected elliptically polarized with the ellipticity coefficient
K =0.53-0.57 at a frequency of 3.7 GHz, while on the polyamide substrate — into a wave with the axial ratio K = 0.36-0.47 at

the same frequency.

Keywords: magnetron sputtering, ellipticity, polymer substrate, metamaterial, Q-element.

Beeoenue

K meramareprnanaM OTHOCAT TaKH€ HCKYCCT-
BEHHBIE CTPYKTYPHI, KOTOpPBIE 00JIaZaloT CBOWCTBA-
MU, HE BCTPEYAIOMIMMUCS Y IPUPOAHBIX MaTEPHAIOB
[1]-[6]. OObekTOoM MccnenoBaHus siBisieTcs: -3i1e-
MEHT KaK COocCTaBJjsolias MeramartepuaioB. Mckyc-
CTBEHHbIE Q2-CTPYKTYpHI HE SIBIISIOTCS KUPAJIbHBIMH,
HO 00JaJTal0T MATHUTOSJICKTPUICCKUMHU CBOHCTBAMU
[71-[11]. OcHOBHBIMH TpeIMETaMH HCCIEIOBaHUS
SBISIOTCS  KOA((OUIMEHT SJUTMITHYHOCTH BOJHEI,
OTpak€HHOHM OT 00pasla, HHTEHCUBHOCTh OTPAXKECH-
HOW W mpomeaniei BoH. OnTuMansHbIe TapaMeTPhI
Q-sneMeHTa OBUTM PAacCCUMTAHbI paHee C MOMOIIBIO
MOJIeNIel KBa3UCTALIMOHAPHOTO M TapMOHHYECKOTO
ToKa [9]. OnTUMaNbHOCTh TTAPaMETPOB O3HAYAET, YTO
B KaxIoM (2-371eMEHTE T0J ACHCTBHEM Iajaromieii
3JIEKTPOMArHUTHOM BOJIHBI MHAYLIUPYIOTCS OJUHAKO-
BO 3HAYUMBbIE BJIEKTPUUYECKUN JUMNOJIbHBIA MOMEHT U
MarHUTHBII MOMEHT. ODTH MOMEHTHI B HJCATEHOM
cllydae Jar0T OJUHAKOBBIM BKIA B OTPAXEHHYIO
BOJTHY, KOTOpasi MPHUOOPETaeT MUPKYISAPHYIO MOJSIPH-
3al{I0, B OTJIMYME OT NaJarouleld JUHEWHO MOJISpU-
30BaHHOW BOJHEL. B mpexHux padorax momoOHBIE
CTPYKTYpPHl CO3IaBajUCh IyTEM H3TOTOBICHUS
()-3JIeMEHTOB BPYYHYIO H3 IPOBOJIOKH C IIOMOIIBIO
mabJioHa C TIPEBAPUTENBHO PACCUMTAHHBIME Tapa-
METpaMH U TIOMEIIEHHUS 3THX (2-4acTHIl Ha TOIOKKY

© Iooanoe M.A., Cemuenxo U.B., Xaxomoe C.A., 2015

U3 TIeHoIDIacTa. B To e Bpems co3maHne MeTaMaTre-
pHAaJIOB MpeAroaraeT AOCTaTOYHO IIOTHOE Pacrio-
JIO’)KEHHUE JIEMEHTOB B IPOCTPAHCTBE, HA PacCTOS-
HUSX, CYIIECTBEHHO MEHBIIHX JTUHBI BOJIHBI 3JICK-
TpoMarHuTHoro monsd. Kpome Toro, kaislili sie-
MEHT, WIH «aToOM» MeTamarepuaia, JO0JDKeH o0iia-
JaTb PE30HAHCHBIMU CBOMCTBAMH. OTOr0 MOXKHO
JOOUTBCS, SCITU TPUOTU3UTH JUTHHY ()-3JIeMEHTa B
BBITSIHYTOM COCTOSIHUM K IIOJIOBUHE JUIMHBI BOJIHBI
AIeKTPOMarHuTHOTO Toist. [TosToMy co3maHue Me-
TamarepuaioB He Toiubko M1t CBY, HO u s Tepa-
TepIIOBOTO M MH(PAKPACHOTO IHANA30HOB IPEAIIO-
JlaraeT MMHHATIOpU3aLMI0 MX 3JIEMEHTOB. B a3roil
CBSI3M TEPCIEKTUBHBIM MPEACTABIIETCS HCIIOIB30-
BAaHME BaKyyMHO-IUIa3MEHHBIX TEXHOJIOTHH. B nan-
HOM CTaThe TaKHe TCXHOJIOTMHU, B 4HaCTHOCTHU, MarHe-
TPOHHOC PACIbIJICHUE, MNPHUMCHEHBI IJId CO3JaHUs
Q-CTpYKTyp Ha IMONMMEPHOW MOJJIOXKKE W3 MOJIH-
amua Wwim GToporuiacTa, 00JaJaroIUX CBOHCTBAMU
MeraMaTepuanoB. MeramaTepuanbl Ha OCHOBE OIl-
TUMaJbHBIX CHUPAIBHBIX 3JIEMEHTOB paHee Hccle-
JoBaHbI B [12]-[22].

1 Maznempounoe pacnoiienue

B pabote 1cnosb30Baoch MarHeTPOHHOE pac-
MbUICHHE, TP KOTOPOM OCHOBHBIM HMCTOYHHUKOM Ha-
rpeBa MOJUIOKKH SIBISIETCSI SHEPTHsl, BbLIeIsieMast Py
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TOPMOXXEHHM W KOHAEHCAIUH OCAXIAEMBIX aTOMOB
BEIL[ECTBa MHUIIICHH, B PE3yJIbTaTe Yero TemIeparypa
noytoxku He mpesbiaer 100-200°C. Oto gaet Bo3-
MO)KHOCTb HAIbUIATH IJICHKH Ha MOJJIOKKU W3 Mare-
pHUAJIOB ¢ MaJIOil TEPMOCTOMKOCTBIO. MarHeTpoHHbIE
pacibUTHTENbHBIE CHCTEMBI IIUPOKO HMCITONBb3YIOTCS B
TEXHOJIOTMSIX HAHECEHUsI MOKPBITUI BaKyyMHO-TIIA3-
MEHHBIMU MeTojamHu. [leificTBue MarHeTpoHHOM pac-
MBUINTEIFHOM CHCTEMBI OCHOBAHO Ha PacIbUICHUH
TIOBEPXHOCTH KaTOJa-MUIICHN YCKOPEHHBIMH HOHa-
MH, 00pa3yIOIMMHCS B IUIa3Me TICIOLIEro paspsaa B
CKPEIECHHBIX IEKTPUYECKOM U MATHUTHOM MOJISIX, U
(hopMHPOBaHUM TIOTOKOB aTOMOB Marepuaja MUILECHH
B HallpaBJEeHUH ITOBEPXHOCTH, HA KOTOPYIO OCAXKIAeT-
cs1 mokpeitHe [23].

J1J1s1 MarHeTpPOHHOTO HAITBUICHUS 00BEKTOB -T10-
JI0OHOH (hOpMBI Ha TOUIOKKH M3 TOJIMMEPOB ObLIa
H3rOTOBJIEHa Macka. Jlsi co3aHust Macku B IUIa-
ctrHe HepkaBeromeit ctamn 08X 18H10 Beipe3annch
otBepctus Q-00pa3Hoit popmel (pucyrku 1.1 u 1.2).

Pucynox 1.1 — IIponecc BeIpe3anHus 1azepom
YAG Macku U3 IUNITACTHHBI HEPXKaBEIOIeH cTaim
08X18H10

i~ : ! i ;_-_. -.' o

Pucynox 1.2 — UsroroneHHas Macka
¢ Q-CTpyKTypoit

Jlnst nmazepHOW pe3Ku MPHUMEHSUICS TBEPIO-
TenbHBIA nazep YAG co clenyromuMH XapaKTepu-
CTUKAMU: JUIMHOM BOJIHEI A = 1,064 MKM, MOIIIHOCTELIO
Pcp=50 Br, MakcuManbHOM 3HEprueil aa3epHOro
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nmryieca 790 Mk, pacxomumoctsio 0,8 MPax, gac-

toTtoit 50 I'l1 ¥ AUTENBHOCTHIO UMITYJIbca 1 Mcek.
Ha nomytoxky u3 ¢roporuiacta uin rnojvamuia
pacmeUIsIack MeIb depe3 MacKy, cofepkairyro 24
BhIpe3a Q-1monodHo# (opmel. Tocne ucnonp3oBaHus
MarHeTPOHHOI'O PACHbLIECHUS MOIYYEHbI JBE IJIOCKHE
JIByMEpHbIE aHU30TPOIHBIE PelIeTKH (PUCYHOK 1.3).
o 7 S

Pucynok 1.3 — M3roroBnenHble 00pa3ib!
¢ Q-CTpyKTypoOI:
a) Ha TIO/IOXKKe U3 (proporniacra;
0) Ha TIOTI0XKKE U3 MOJIMaMKIa

2 Dxcnepumenmanvnoe ucciedosanue

HccnenoBana sJIMOTHYHOCT BOJIH IIPU OTPaXKe-
HHUHU OT TOJyYEHHBIX 00pa3slioB, CXeMa JKCIIEpUMEHTa
HaMH paHee NoAPOoOHO ONMHUCKHIBATACH B paboTe [24].

CTpyKTypbl HCCIIEIOBAINCH B 0E39X0BOI Kamepe
B yacToTHOM wuHTepBane 2.5+3.8 ITu. Bekrop Ha-

MPSHDKEHHOCTH  AIIEKTPUYECKOro mnomst F  magaromeit
BOJIHBl HANpaBJECH BAOJL Iuled (Q-3eMeHTa, JMOo

MIEPIIEHINKYIIPHO TUiedamM. BomHOBOM BekTop k£ ma-
JIarolIel BOJIHBI HAMpaBJIeH MOJ yIIoM 45 TpagycoB K
TUIOCKOCTH PeIeTKH (pUcyHoK 2.1).

WzrorosneHns! aBa oOpasua, copeprkamniye {2-ame-
MEHTBI (PUCYHOK 2.2) cO CIeAYIOIIMMHU I1apameT-
pamu: r=6.6-10"m, L=0.05m, d=15510"m,
ly= 3.75-107° M, [= 3-107* M, TOE 7 — pailyC BUTKA,
L — nuvHA MOJIOCH HAIIBUICHUS, d — IIMPHHA MOJIOCH
HaIBUICHUS, /) — IJIMHA IIIe4a, [ — pacCTOsSHUE MEeX-
Ny TiedaMu B o0pasiie.

[TpoBenensl wuccnenoBanusi Kod(huIHeHTa
AJUIMIITUYHOCTH DJIEKTPOMAarHUTHOW BOJIHBI, OTpa-
JKEHHOHW OT 00pasua, B 3aBHCUMOCTH OT YaCTOTBI

Ipobremvr puszuxu, mamemamuxu u mexuuxu, Ne 2 (23), 2015
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najaroriero u3aydenus. KoahpuipeHt ammnTuaHo-
cti K OTpa’keHHOU BOJHBI BBIUUCIISUIA HETIOCPEICT-
BCHHO U3 HOHHpHSaLlPIOHHOﬁ }llflaI'paMMbI KakK OTHO-
HICHUC MHUHUMAJIBHOT'O U MAKCUMAJIBHOI'O 3Haqu1/1171
YPOBHSI CHTHAa, KOTOPBEIC ONPEICISUTH [0 HHIUKA-
TOopaM NpHUEMHHKA. B pe3ynbrare MpoBeNeHHBIX KC-
MIEPUMEHTOB B 0€33X0BOM Kamepe ObDIa IMOJy4eHa
3aBUCHIMOCTh KOX(QHUIIMCHTA IUHMITHYHOCTH K OT-
paKeHHOU BOJIHBI OT YaCTOTHI BOJTHBL

R B

Pucynok 2.1 — OpuenTanus Q-31€MEHTOB
B 00pasiie HCKYCCTBEHHOH Cpe/lbl OTHOCUTEIBHO
najaroliei BonHsl (1, 2 — u3nyyaromias u npueMHas
aHTEHHBI, 3 — o0pasell AByMEpHO! peIleTKH,
yrou najgeHus a=45°)
X 4

Gl

tmy
2y

[ ]
Y z
Pucynok 2.2 — Q-37€MeHT B I0JIe Maaromieii BOIHBI

B npouecce skcnepumMeHTa miedn 2-3neMeH-
TOB JIEKaJIU B TUIOCKOCTH TNajieHusi. bbu nccnenosa-
HBI J1Ba cilydast. B mepBoM cirydae xoneGaHusi BEKTopa
HaIpsDKEHHOCTH 3JIEKTPUYECKOTO IIOJIST HEePHEH IHKY-
JSIPHBI U1e9aM Q-37IEeMEHTOB (PUCYHOK 2.3).

Bo BTOpoM ciydae BEKTOp HAaNpsDKEHHOCTH
SIIEKTPUIECKOTO TIOJS TAAFOIIECH BOJIHBI OPHEHTHPO-
BaH MapaJUIeNBHO TuiedaM ()-31eMeHTa (PUCYHOK 2.4).

Kak BuanHo u3 rpadukoB, K03 dUIMEHT 3JUTHIT-
THYHOCTH Ha 4dactore 3.7 I'T'1 mocruraer 3HAYECHUHA
K=0.57 u K=0.53 (pucysku 2.3 u 2.4) npu pas-
JIMYHOM OpUEHTALMH BEKTOpa HAPSHKEHHOCTH JJIeK-
TpUUECKOro noust st proporuiacra. B ciywae mon-
JIOXKKHU M3 TIoJIMamMuia Ko3(Q(GHULIMEHT IUTUITUYHOCTH
JIOCTUTaeT MakcuMyMa Takke Ha yactore 3.7 I'Tu u
npuHuMaet 3HadeHust K = 0.36 u K = 0.47 (pucyHkn
23u24).
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Pucynok 2.4 — I"'padmk yacTOTHOI 3aBUCHMOCTH
KO3 GHUIHUEHTA AIUTUIITHIHOCTH SJIEKTPOMAarHUTHON
BOJIHBI, OTPaKEHHOM OT IBYMEPHOH PELIETKH,
oOpazoBanHOH 24 Q-3eMEeHTaMH

Hcnonp3oBaHne BaKyyMHO-IUIA3MEHHBIX TeX-
HOJIOTWH MarHeTpOHHOT'O PACIbUICHUS! METaJUIOB Ha
NOJUMEPHBIC TMOMJIOXKKU M3 MouaMuaa U QGropo-
Ilacta IO3BOJIMIIO CO3[aTh MeTamarepuaibl JUis
npeoOpazoBanusi mossipuzar CBY BonH. JlaHHBII
BHJ METaMaTepHAIIOB OOpa30BaH TOHKOW TUICHKOMN
MeTainia (Me[IH), pacIbIEHHOTO Ha MOJIMMEPHYIO IO/
JIOXKKY, TUIEHKa MMeeT Bup 24-X (Q-3JIEMEHTOB OIITH-
ManmbHOW (opmbl. MccrmemoBaHus, TMPOBENEHHBIE B
6e33x0BOI Kamepe JUIsl JIeKTpOMarHUTHEIX BojiH CBY
JIMAIa30Ha, II0Ka3aIy CIIOCOOHOCTh IBYMEPHBIX pellle-
TOK Ha OCHOBE MoJMaMuia u GTopoIruiacTa npeoopa-
30BBIBaTh MAJAIONIYI0 JIMHEHHO MOJSIPH30BAHHYIO
BOJIHY B OTPaXEHHYIO BOJHY C HAHOOJIBLIMM KO3(-
¢urpentom smmmntauHoctd K = 0.53-0.57 Ha yacto-
te 3.7 [T pu GTOpOIIIacTOBOM MOATIOKKE U B BOJI-
HY C HanOONbIIMM KO3(P(GUIIUESHTOM JILTUITHIHO-
ctu K=0.36-0.47 Ha 3TOH *ke 4acToTe MPH MOIH-
amMuIHOH moutokke. Omnumsa B Kod(dduienTax
SJUIMIITUYHOCTH OTPaXEHHOW BOJIHBI O0YCIIOBIICHBI
pa3IMYHON IUANIEKTPUYECKOH MPOHUIIAEMOCTHIO
MOJUIOKEK, TOCKOJIBKY y (ropomiacta € =2.1, a y
noiuamMunaa € = 4.
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3aknrouenue

JlaHHBI MeTOJ HAHECEHHs METaMaTepHUaJIoB Ha
MOJIMMEPHBIE TOJIOKKH 00JNafaeT psioM IpeuMy-
mECTB nepea ApyruMu METOAaMU IOJyUYCHUS METa-
MaTepUasioB: OTJIMYAETCS OTHOCHTENBHO BBICOKOH
TOYHOCTBIO B M3TOTOBJICHHS OOpPA3loB; BO3MOXKHO
MPOMBIIUICHHOE IPOU3BOJCTBO, T. K. TJIAHAPHOE pac-
TMIOJIOXKEHHE HJIEMEHTOB ITO3BOJISIET HAHOCHTD JIEMEH-
THI Ha OOJIBIINE TIOBEPXHOCTH, HE MEHSIS CYIECTBEH-
HO TIPOM3BOJCTBEHHBIM IMKJI, HAaHECEHHE IUICHOK
TpeOyeT 3HaYNTEIFHO MEHBIIET0 KOJIMYECTBA PACIIbI-
JIEMOI'0 MaTe€puaia, 4eM Ipu Apyrux Merogax H3ro-
TOBJICHHS.

ABTOpBI BBIpa)KalOT 0J1aroJapHOCTb COTPYAHH-
KaM MexIyHapoIHO# KHUTalHCKo-0enopycckon Hayd-
HOI1 1abopaTopyuy MO BaKyyMHO-IIJIa3MEHHBIM TEXHO-
JOTUSIM M HAY4HO-HCCIIEAOBATEIBCKON 1ab0opaTopuu
«DU3NKOXUMHSL U TEXHOJIOTMH MHKPO- M HaHOpa3-
MEpHBIX CHCTEM» [ OMENBCKOro TrocyaapCTBEHHOTO
yHuBepcureTa umeHn @pannucka Ckopuns! [nnun-
nosy JI.I'., ®enocenko H.H., CaBuenko O.B., a Tak-
ke Hanrowaesy C.B. 3a momols B H3rOTOBJICHUH
00pasIIoB.
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OU3UKA

YK 621.383.4
MHOI'OKPATHBIE OTPA’KEHUSA CBETA B ITPU3ME CBA3U

A.B. Corckuii, C.O. [Tapamkos

Moeunesckuii cocyoapcmeennutii ynugepcumem um. A.A. Kynewoea, Mozunes, Berapyco

MULTIPLE REFLECTIONS OF LIGHT IN THE PRISM COUPLER

A.B. Sotsky, S.O. Parashkov
A.A. Kuleshov Mogilev State University, Mogilev, Belarus

PaccmarpuBaeTcst mpobieMa MHOTOKPATHBIX OTPAXKEHUH CBETa B IIPU3ME CBSI3H IIPU BOJHOBOAHOH CHEKTPOCKONHH TOHKHX
IUICHOK. B pamkax JIBymMepHOM JyueBoi Mojenu chopMyJIMPOBaHbl aJTOPUTMEI pacyeTa TPAaeKTOPHU CBETOBOTO Jyda M OTpa-
KATEIPHOU CIHOCOOHOCTH TPEYrodbHOH HPH3MBI CBs3H. [IpeuiokeHsl M MPOMLIIOCTPUPOBAHBI pacdeTaMu KPHTEPHUH ONTHU-
MaJbHOTO BHIOOpA YITIOB U OCH BPAIIEHUS IPU3MBI CBS3H, IIPEIIOIaraloNiie CTaOMIN3aIMI0 TOUKH BBO/Ia H3Ty4eHHs B HCCIIe-
JIyeMYIO CIOHMCTYIO CPely U MUHUMU3AIHIO BIMSHMS JIydeH BBICIINX ITOPSIKOB Ha OTPaXKaTEeIbHYIO CIIOCOOHOCTD NIPU3MBI CBSI-
3u. [IpeacraBiieHbl MPUMEpPBI pelieHUs] 00paTHOIl 3a/1auk BOJIHOBOJHOW CIEKTPOCKOIUH JIBYXCIOHMHON CTPYKTYpPbl OKCHHUTPH-
Jla KpEMHMsSI Ha KPEMHHUEBOM TOTIOXKKE.

Knrouesvie cnosa: 06pamna}z 3a0a4a 60JIHOB0OHOI CNEeKmMpOCKONUU, MHO2OKpamubvle ompasicenus ceema 6 npusme ce:a3u, on-
mumusayusl npuU3IMvl Ce\A3U.

The problem of multiple reflections of light in the prism coupler at waveguide spectroscopy of thin films is investigated. With
the use of a 2D ray model, algorithms for computing the trajectory of a light beam in the triangular prism coupler and the prism
reflectivity are developed. Criteria for optimal choice of the prism angles and rotation axis are proposed and illustrated numeri-
cally. The criteria imply stabilization of the light insertion point into the layered medium under investigation and minimization
of influence of high-order rays to full reflectivity of the prism coupler. Examples of the waveguide spectroscopy inverse prob-
lem solution for a bi-layer structure of silicon oxinitride on a silicon substrate are presented.

Keywords: inverse problem of the waveguide spectroscopy, multiple reflections of light in the prism coupler, optimization of the

prism coupler.

Beeoenue

OpnHuM 13 3PPEKTUBHBIX METOJIOB OITHYECKO-
ro KOHTPOJIsS NapaMeTpOB TOHKHX IICHOK W CJIOH-
CTBIX CpeJ SIBISETCS BOJIHOBOJHASI CIEKTPOCKOIIHS
[1]. B naHHOM METOJE COYETAIOTCS TYHHEIbHOE
BO30Y)KIICHHE MOJ CIOUCTOH CTPYKTYPHI MOCPENCT-
BoM mipm3Mbl cBsizu ([1IC) m perucrparus mapamer-
POB OTPaXEHHOTO CBETOBOTO Mydka. llpm ykazaH-
HOM criocobe BO30OYKIEHHSI CTPYKTYPHI 30HIHPYIO-
IIee ONTHYECKOE M3JIyueHHEe IIPOHUKAET B HEE B BH-
Jle BOJJHOBOJHBIX MOJ U B3aUMOJEMCTBYET C HEH HA
HauOOINBIIEM [0 CPABHEHUIO C aJbTEPHATUBHBIMU
HU3MEPUTCIIbHBIMU CXEMaMU PACCTOSIHUU. OTHUM OII-
penensieTcss MakCUMaJbHas YyBCTBHTEIBHOCTH Me-
TOJa BOJIHOBOJHOHM CIIEKTPOCKONUHM K IapaMeTpam
CTPYKTYPBI.

[pu permenun oOpaTHON 32124 BOTHOBOIHON
CHeKTpockonnu wuHpopMarmsa 00 HcciexyeMon
CTPYKTYpE H3BJIEKAETCSI M3 paclpelelicHUs HHTCH-
CHUBHOCTH JIa3€pPHOTO IIy4Ka, oTpakeHHoro ot IIC.
CymiectByeT nBa criocoba u3MepeHus u 00paboTKu
JAHHOTO pactpeseneHus. B mepBoM n3 HUX ocyie-
CTBJIIETCS aHAU3 Pypbe-00pa3a OTPaKCHHOTO ITyY-
Ka, Ha0JI0JaeMOro B ()OKAIbHOM MJIOCKOCTHA 00BEK-
TuBa [1]. Bo BTOpoM, KOTOpBIM OTIMYAETCA MOBHI-
IIEHHOM CBETOCWJIOW, HCCIenyeTcs 3aBHCUMOCTb
oTpaxkaTenbHol ciocooHoctr [1C ot yria maaeHus
Iy4Ka Ha ee BXOJIHYIO rpaHb. [ u3MepeHust JaHHOH
3aBHCHMOCTH pa3padOTaHBl aBTOMATH3WPOBAHHAS
© Comckuii A.B., Ilapawrxos C.O., 2015
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ycTaHoBKa [2] u cepuiiHO BhIyckaemas Metricon
Corporation ycranoBka Model 2010/M Prism Cou-
pler. B Hacrosmieli craTbe aHAIM3UPYIOTCS MpoOIte-
MBI 00pabOTKH Pe3yJIbTaTOB M3MEPCHUH, XapaKTep-
HBIE JUISl BTOPOTO M3 OTMEYEHHBIX CIIOCO0O0B.

B muonepckux paboTax 1mo MeToxy BOIHOBOJ-
HOW cmekrpockonmu [3]-[5] ocHOBHOe BHHMaHHE
YACTSUIOCH PETUCTPAINH YTIIOBOTO TIOJIOKEHHS MHU-
HUMYMOB OTpaxarenbHoi crocobnoctu IIC, coor-
BETCTBYIOUINX PE30HAHCHOMY BO30YXIECHHIO BOJ-
HOBOJHBIX MOJI CTPYKTYpbl. Ilo 3TM MuHMMyMam
OIIPECISIINCh BELIECTBEHHBIE YacTH ITOCTOSIHHBIX
pacripoctpaHenust mMoA. Ilocienyroiiee BOCCTaHOB-
JICHHE T1apaMeTpoOB CTPYKTYPHl OCYIIECTBISUIOCH
ITyTeM YHCJICHHOTO PEIICHHS M3BECTHBIX JUCIIEPCH-
OHHBIX YpaBHCHHU JUIsI MOJ CTPYKTYphl. OIHAKO
TAaKOW TOIXOJ SABISETCA JOCTaTOYHO TPyOBIM, IIO-
CKONBKY B HEM HE YYUTHIBACTCS BO3MYIIAIOIICE
pmustane [1C Ha uccnemyemyro cpexy. Kpome toro,
OH He MO3BOJISIET OLEHUTH MOKA3aTeNIN IOTIIOIICHHUS
MaTepUAJIOB IJICHOK.

Bonee TounHas cxema oOpabOTKH OTpa)kaTellb-
Hoi crnocobHocTH IIC B OKpecTHOCTH ee MHHHUMY-
MOB ObuTa mpeaoxena B [2]. OHa MO3BOJISAET Ompe-
JIEJINTh KOMIIJIEKCHBIE IMOCTOSHHBIE PacCIpOoCTpaHe-
HUSL BOJHOBOIHBIX MOJA. [lapameTpsl CTPYKTYpHI
BOCCTaHABJIMBAIOTCSl B PE3YJbTaTe YMCIEHHOI'O pe-
[ICHUS CHCTEMBI JUCIICPCUOHHBIX YpaBHEHHH Ha
KOMIUIEKCHOM IIJIOCKOCTH. HemocrtaTtkamMu JTaHHOU
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CXEMBI SBIISIETCS €€ CIIOKHOCTB, a TAKXKe TO, YTO OHA
MPUMEHHMA K HCCIICIOBAHHUIO TOJIBKO MHOI'OMOJIO-
BBIX IUIAHAPHBIX CTPYKTYD.

B mnocnengnee BpeMsi monyuyui pa3BUTHE MOJ-
XO0Jl, B KOTOPOM OCYIIECTBISICTCS HEIOCPEACTBCH-
Hoe (0e3 oOparieHus K AUCIEePCHOHHBIM YpaBHEHH-
SIM) BOCCTAHOBJICHHE IapaMETPOB  IUIAHAPHOM
CTPYKTYPHI 3a c4eT 00pabOTKH YTIIOBOW 3aBHCHMO-
CTH OTpaxarenbHO# crmocobHoctn IIC metomom
HauMeHbIMX KBajapaTtoB [6]-[11]. Ilpu Takom mon-
X0Je KIIFOYEBYIO POJIb UTPAET KOPPEKTHOE TEOPETH-
4eCKOe OIMCcaHue oTpaxkaTesbHO# criocobHocTu I1C.

B MPEIOKCHHBIX 0 HACTOAUICTO BPEMCHH
Teopetndeckux mopensx IIC yuuTeIBamock TOJIBKO
OJTHOKpATHOE OTPaKEHUE CBeTa Ha Bcex rpamsax [1C
[6]-[11]. OgHako Ha mMpakTHKE OOBIYHO HCIONB3Y-
rotcs Beicokomnpenomwsronue [1C (B Bumumom nua-
Ma30HE WX MMOKa3aTelb MPEIIOMIICHUS OJTU30K K 2, a B
ommxaeM MK nmramazone oH MoxeT nocturath 3). B
TaKOM CHUTyallud MHOTOKpAaTHBIC BHYTPEHHHE OTpa-
JKeHHs cBeTa Ha rpansx [IC MoryTt 3aMeTHO MOBIH-
ATh Ha €€ MOJIHYI0 OTPaXKaTeIbHYI0 CII0OcOOHOCTH. B
pe3yibpTaTe Ha3BaHHBIE MOJENH MOTYT IPUBECTH K
omuOKaM IpH PeIICHHH 00paTHOM 3amadn 00 orpe-
JICIICHUH TTApaMEeTPOB CIIOUCTOM CTPYKTYPHI.

COOTBETCTBYIOIINE OTPAHUYCHUS aHAIH3HPY-
IOTCSl B Hacrosiei padore. B ee mepBoMm pasmerne
MPEJCTAaBICHEl AITOPUTMBEI pacyeTa TPACKTOPUU
ceeroBoro jyya B IIC u pacuera mojHON OTpaxa-
tenpHOM criocobHocTH [IC. Bo BTOpOoM pasuene uc-
cienoBaHbl Bompockl ontumusanuu [IC. Peus uper
0 mpolOiieMax CTaOMIM3allii TOYKH BBOZA H3ITyde-
HUSL B HCCIEAYEeMYIO0 IUIaHAPHYIO CTPYKTYpy H O
MUHHMU3AIUN BIASHUS MHOTOKPATHBIX OTPAKCHUN
cBeta Ha rpassax [IC Ha ee MOJTHYIO OTpakaTeIBHYIO
CHOCOOHOCTh. BBITIONHEHBI PACYEThI, WILIFOCTPH-
pyrouye BJIMAHUEC MHOTOKPATHBIX O’I'pa)KeHI/Iﬂ CBC€Ta
B [IC Ha pe3ynbraThl pemieHus oOpaTHOH 3amaun
BOJTHOBOJHOHM crekTpockonmuu # 3(deKkTuBHOCTH
HAMJICHHBIX ONITUMH3AIIMOHHBIX PEIICHUH.

1 Pacuem mpaexmopuu yua ¢ IIC

PaccMmoTpuM cxemy uM3MepeHUs YIJIOBOM 3aBU-
CUMOCTH OTpaxarenbHO# cmocobHocT [IC, mpex-
CTaBJICHHYIO Ha pucyHke 1.1 m amekBaTHyIO ycTa-
HoBke Model 2010/M Prism Coupler.

3necs TpeyrompHas [1C umeer pebpa (1), (2),
(3) urpanu 1, 2, 3. [IC u npuMbIKaroias K ee 00Ko-
BbIM T'paHsM | u 3 cpeaa MMEIOT MOKa3zaTelu Ipe-
JIOMJIEHHUS U TIOTJIOWenus n,, k, u n,, k,, coor-

a’
BETCTBEHHO, mpu4em k, <<n,, k, —0. I'panp 2

SBIIACTCS] OCHOBAHUEM NPU3MBbI, KOHTAaKTHPYIOLIUM C
UCCIIelyeMON CIIOUCTON CTPYKTypoil. VYrisl npu
ocHoBaHuu paBHbl 0, u 0,. Ilydox cera TE, 1ubo

TM nossipu3aluy OPOXOIUT CKBO3b BXOAHYIO TPAHb
Npu3MBl 1, OTpaskaeTcsi OT €e OCHOBAaHHMSA M CKBO3b
BBIXOIHYIO TpaHb MPU3MBlI 3 MONAJacT Ha IMPOTs-
eHHbIN QoTtonpueMHuk ®. HITpuxoBeIMH THHUS-
MH H300pa)X€HBI KOHTYpP NPHU3MBI U OCh My4YKa IpH

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

UCXOJIHOM TIOJIOKEHUH M3MEPHUTENILHON yCTaHOBKH.
B 3TOM MosnokeHnn och Iyyka OPTOTOHAIBHA BXO/I-
HOM IpaHH NpPU3MBbl U NEpeceKaeT OCHOBAHHUE TPH3-
MBI B TOUke c. JlaHHas Todka oOBeneHa KPYKKOM.
Ona HaxOAWTCS Ha PacCTOSHUU a OT pedpa MpU3MBbI
(1). B manpHeimemM TOUYKy MepecedeHns: OCH ITyUKa,
MIPOLIE/IIIET0 BXOHYIO I'PaHb MPU3MBI U OCHOBaHHS
Npu3MBbl MBI OyZeM Ha3blBaTh TOYKOM BBOJA W3IY-
YeHHUS B HCCIEAyeMylo CTpykTypy. Bpamenue I1C
BMECTE C MPWXKATOM K €e OCHOBaHMIO HCCIIEAyeMOM
CJIOUCTOM CpENoM OCYIIECTBISETCS BOKPYI OCH 7,
napamnensHoit ocu 0z. B xome aToro BpamieHus
(bMKCHPOBaHBI OCH IMyYKa, MaJafoniero Ha BXOAHYIO
rpasb IIC, doTonpueMHHK W cucTeMa KOOPIHHAT
Ox,y,z, B koTopoii ocb Ox, mapamieabHa OCHOBa-

HHUIO TIPH3MBI B €€ HCXOIHOM IIOJIOXKEHHH, a OCh
BpallleHus umeeT koopauHatel x; =0, y, =0. CIIC

JKECTKO CBs3aHA TOJABWKHAS CHUCTEMa KOOPIHMHAT
Oxyz, Ha4yaJo KOTOPOH COBIAJacT ¢ pedpOM MpHu3-

™Mbl (1) (pucynok 1.1). B naHHO# cucTeme och Bpa-
LIeHUst IpH ucxoHoM nonoxkernu 11C umeer xoop-
JuHaTtel X, =Ax, y, =Ay. Ilosopot IIC Ha yron
¢® (=0 CcoOTBETCTBYET HMCXOJHOMY IIOJIOKEHHUIO
yctaHoBkH, ¢ >0 mnpu Bpamenuu I1C mo uyacoBoii

CTpeNKe), B COOTBETCTBHH C 3aKOHOM HPETOMIICHUS
CHennnyca, CONPOBOXIAETCSd W3MEHEHHEM II0JIO-
KEHHS OCH CBETOBOTO ITy4yKa B IIPU3ME M Ha €e BEI-
xozxe. Ocp myuka u rpanu [IC B ee moBepHyTOM Ha
YTON ¢ TOJOXEHUH H300pakeHbl Ha pucyHke 1.1

CILIOIIHBIMH JIMHUSAMMU.

Pucynok 1.1 — Cxema BpamieHnst IprU3MbI CBS3H
TIPY U3MEPEHHH €€ OTPaKaTeIbHON CIIOCOOHOCTH
U COITyTCTBYIOIE CUCTEMbI KOOPIHUHAT

3amerum, 4To Ha pucynke 1.1 He paccmarpu-
BaeTCsl MHOTOKpaTHOE BHYTPEHHEE OTPaXKeHUE CBETa
Ha rpaHsx [IC. CooTBeTcTByIOUIMI aHaNW3 Mpea-
CTaBJICH HUXKE.

Hckomolt sIBseTCS TIONIHAs OTpakaTeIbHast

cioco6uocts [IC 1, = PP, 3nech P, — MOIHOCTH
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u3IyueHus, Boimesniero u3 I1C gepes ee BBIXOIHYIO
rpaHb U peructpupyemas ¢poronpueMuukom O, F,
— MOIIHOCTh CBETOBOTO ITydYKa, MaJarolero Ha
BxonHyto Tpanb IIC. B mampHeimem Ham moHaIO-

_ —1 _ -1
OsaTCs Takke BenuuuHBl M, = PP~ u M, =FF, .
3necs B, — cymMMapHas MOLIHOCTb U3JIy4YeHHs, OT-

pakeHHoro oT BXxomHO# rpanu [IC m BeIIIEnmIEro
yepe3 3Ty TpaHb B OKPYIKAroIIee IMPOCTPAHCTBO B
pe3ynbTate BHYTPEHHUX OTPAKCHUH W3ITyYeHUs B
IIC, P, — MOIIHOCTh M3Iy4eHus, Beimenmas u3 11C
yepe3 ee OCHOBAHHE.

s obcykImaeMpIX W3MEpeHHH XapaKTepHO
ycnoBue k,w>>1, rae k, =2mn/A — BOIHOBOE YHC-
JI0 BaKyyMa, W — paJlyC CBETOBOTO ITy4YKa, ITOCTY-
naromero Ha Bxox IIC. IIpm manHOM ycmoBuu pac-
4eT BeJIMYMH 1), M,, 1, MOXET OBbITb BHIIOJIHEH B
JIBYMEpHOM JiydeBoM mpuommkenun [10]. s co-
OTBETCTBYIOIINX BBIYHCICHUN MBI OyIE€M HCIOIB30-
BaTh cuctemy kKoopauHat 0xy (pucyHok 1.1).

PaccmoTpuM OTpa)keHHE CBETOBOTO Jyda OT
6okogoii rpanu [IC ¢ Homepom ;. [Tokazarernu mpe-

JIOMJICHHA Pa3AC/ICHHBIX I'PaHblO CpeA n, U n, MO-
ryT NpuHUMAaTb 3HAYCHUA }’lp, mbo n, B 3aBHUCH-

MOCTH OT TOTO, U3 KaKOH CpeJibl MajaeT Iy.

A

y

Pucynok 1.2 — OTpakeHne CBETOBOTO JIyda
ot 6okoBo# rparu [1C u BcrioMoraTensHbIe
CHCTEMBI KOOpAUHAT

IIycTh rpanb ONUCHIBAETCSl yPABHEHUEM
y=a;x+b, (1.1)
¥ COCTABIISICT YTOMI O, C OCBIO Ox. YpaBHeHue ma-
JIAIOLLEro JIy4da i UMeeT BUL
y=Ax+B,. (1.2)

JlaHHBIN JTy4 mepecekaeT IpaHb B TOYKE C KO-
OpAMHATaAMHA

20

X= x(()f) =—(B _bj)(A[ _aj)_la
y=y'=4x"+B, (1.3)
BBesieM COOCTBEHHYIO CHCTEMY KOODJHMHAT

rpanu 0x'y’ ¢ maganom B Touke (x\”, y{"") u ocero

0y', coBmamaromiell ¢ HOPMaJIbI0 n K TPaHd M Ha-
NPaBJICHHOW B CTOPOHY Cpe/bl, U3 KOTOpOW Majaer
nyd (pucyHok 1.2).

Koopauuatel m000if TOYKM B HCXOOHOM U
BHOBb BBCICHHOW CHCTEMaX KOODPIUHAT CBS3aHBI
mpeobpa3oBaHUsIME MTOBOpoTa [12]:

" W DY
x'=(x=x;")cosa, +(y—y,/ )sina,

o _ (1.4)
y'=(x-x)sino, +(y-y;)cosa,,

) — o e
x—-xy =x"cosa, —y'sina ,
’ ’ ’ (1.5)
y-y" =x'sina; +y'cosa,.
Cornacho (1.5), ypaBrenue (1.2) MoxeT OBITH 3aITH-
CaHO B BUJIE
V'=(4;,-a;,)(4,a,+ D7'x', (1.6)
rae a; =tga,. B coorsercreuu ¢ (1.6) u pucyHkom

1.2, TaHTeHC yriia majeHus Jyda Ha paccMaTpUBae-
MYIO TpaHb paBeH
-1

tgy =(4,a; +1)(4, —a;)". (1.7)
B (1.7) npennonaraercs, 4To IMOJOXUTEIbHBIE 3Ha-
YEHUs] Y COOTBETCTBYIOT MOBOPOTY JIyda i OTHOCH-
TenpHo ocu 0y 1o yacoBoi crpenke (prucyHok 1.2).

[MTockonbKy yroi mafeHus Jiyda Ha rpaHb OT-
JIMYAETCsl OT YIila OTPaKeHHUS JIyda 3HaKOM, ypaBHe-
HHUE OTPAKEHHOTO Jy4a 7 MMEeT BHUJ
’ -1 _r

yi==(4,-a;)(4,a;,+1)" x". (1.8)
[IpeoOpa3oBaHue 3TOT0 ypaBHEHHUS K CHCTEME KO-
opauHaT Ox)y oOCylLIeCTBISIETCSA IyTeM IOICTaHOB-
ku (1.4) B (1.8):

y=A4,x+B.. (1.9)
3nech
B Zaj—Al.+Al.ajz.
" 1424a,-a)
B B+ 2x(<)j>(Al. —a;)1 +2Al.a,.). (1.10)
1+2A,.aj —-a;

YpaBHeHHE MNPEJIOMIICHHOTO Jiyda { MOXET
ObITh HAilICHO aHaJIOrM4YHBIM OoOpa3oM. C yueToM
3akoHa CHemnuyca u npeoOpaszosanuii (1.4), (1.5)
9TO YpaBHEHUE MOXKET ObITh ITPEACTAaBICHO B (hopme

y=A4x+B, (1.11)
y =aj+711 i =_\/”zz+(”zz_"12)tg2Y
" l-a A’ t
a4, n gy
B, =yé'f)—A,xéj). (1.12)

VYpaBuenue (1.11) uMeeT cMbICH TOJIBKO TPHU BHI-
MOJIHEHUW HEPABEHCTBA

n +(n; —ni)tg’y >0, (1.13)

Ipo6remvr pusuxu, mamemamuku u mexuuxu, Ne 2 (23), 2015



MllOZDKpamllble ompasicenust ceema 6 npu3me CeA3u

O3HAYaIOIIEro, YTO OTPaKEHHE CBETAa HE SIBJISETCA
NOJHBIM BHyTpeHHMM. [lpu Hapymenun (1.13) mo-
aynpsimas (1.11) BeIpokIaeTcs B TOUKY C KOOPIU-
natamu x =x\", y=y{.

OtpaxarensHast  (p;) W MNpOIyCKarelbHas
(t;) cnocobroctn Gokosoit rpanu I1C (j =1, 1ubo

Jj =3) Moryt ObITh paccunTanbl o popmyiam [13]
p, =(1—pA, tgy)*(1+ p4, tgy)~,
T, =4pd, tgy(+pA,tgy)”,  (114)
e p=1u p=n'n" nns Bonn TE u TM nonsipu-
3alWu, COOTBETCTBEHHO. Bripaxenus (1.14) ompe-
nenensl npu BeimosxHeHuu (1.13). Ipu Hapymenun
(1.13) p, =1, 1, =0.

[Tpu paccMOTpeHHHU OTpaXKeHUsl Jy4a OT OCHO-
Bauus 11C ypasaenus (1.1)—(1.10) coxpanstor cuiy,
a oTpakaresbHas U MpOIyCcKaTellbHasl CIIOCOOHOCTH
p, U T, MOTYT OBITh HaliICHBI IPU IIOMOIIH PEKYp-

PEHTHBIX COOTHOILIEHUU.
JlefCTBUTENBHO, IIyCTh UCCIIENyEMasl CTPYKTY-
pa COCTOHMT M3 m OJHOPOJHBIX CJIOEB C IIOKa3aTe-

JISIMHA HpeHOMﬂeHI/IH U IIOTJIOIICHUS I’l(j) nu k(j) nu
TOJIIMHAMA d I Crou HaxXxoIATCS Ha IOIJIOXKKE C
IIOKa3aTeCJIIMUu HpeHOMHeHI/IH U TIOIJIOLIICHUSA I’lS nu

k.. Torga npu ucnons3zoBanuu TE BosH umeem [14]
. ’ . 2 )2
pZ :|(l\'/m+lkyp _\Vm+l)(l\|jn1+lkyp +\Vm+l) 1| (115)

3necs k,, =/n. —B,
B=-—n,tgy(+tg’ )™, (1.16)

Y — yroia nagenus Jiyua Ha ocHoBanue [1C. B yacT-

HOM Clly4ae, KOrja peub HAET 00 OTpakeHUH OT
ocHoBanus I1C nyda, mpoienmiero BXoAHy0 IpaHb
[1C, Boipaxkenue (1.16) MoxkeT OBITH HPUBENECHO K
BUJTY

B=B, =kk,' =

. 2 2 .2 .
=sin0,\/n, —n, sin” ¢ —n, cosO, sin ¢,

rie k., WUMEeT CMbICI Z — COCTaBISIOIIEH BOJIHOBO-

(1.17)

ro BEKTOpa JIy4a, NPOIIEeUIEro BXoany o rpans I1C.
Koad¢uuuentst v ,,, 1 ' | pacCUUTHIBAIOTCS 110

PEKYppEeHTHBIM (opMyJIaM
V0 =V cos(okd,)+ w'jc;l sin(o ;k,d ), (1.18)
V', =—Vy ;0;sin(c kyd )+ V', cos(c k,d ), (1.19)

v, =1 yj =i, (1.20)
o, =\e, B, & = k") o, = Je, B,
g, = (n, —ik ).

Jlms TM BOJH COOTHOIIEHHS, aHAJOTHIHBIC
(1.15), (1.18)—(1.20), umetor Bup [14]
p2 = |(l W m+1kyp - \U,mﬂn;z ) X

2

B

(1.21)
X(l \V m+lkyp + W’m+1”;2 )71
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Y, =V cos(o k,d ) +y' e 07 sin(o kyd ), (1.22)
Vo =y jcjs;l sin(6 ;k,d ;) + ', cos(c kyd ), (1.23)
v, =1, y =icg, . (1.24)
[MporyckarenbHast CIIOCOOHOCTH  OCHOBAHUS
I1C moxer ObITH OleHEeHa 1o dopmyne T, =1-p,,
BBITEKAOLIEH 13 3aKOHA COXPAHEHHUS SHEPTUH.
IMonHast oTpaxarenbHas crnocobHocts I1C Mo-
KeT ObITh Haii/leHa IyTeM PacCMOTpPEHHs MOCIIeO0-
BaTEJILHOTO OTPAKEHMS JIyda Ha IpaHsix npusmsl. B
9TOM clly4ae Jy4, IpOIUeNMINi BXOIHYIO TpaHb
TIPU3MBI, OTOK/IECTBISIETCS C JY4OM, NaJIal0IIUM Ha
OocHOBaHUE Mpu3Mbl. [IO0CKONBKY ypaBHEHMs JIyden
(1.2), (1.9) m (1.11) 3amaHBl B €IMHON CUCTEME KO-
opauHat Oxy, U1 yKasaHHBIX Jyded A, =A4,,

B, = B,. AHajlorn4HO, B XOJ€ IOCJIEI0BATENbHBIX
BHYTPCHHUX OTPAXKCHUH JTy4a Ha TPAHSIX IPU3MEI
Jyd, OTPaKEHHBIH OT TpEeABIAYyIIei TpaHH ¢ HOMe-
poM j', OTOXKIECTBISIETCS C Jy4OM, MaIaroIluM Ha
CIEIYIONLYI0 TpaHk ¢ HomMepoM j (j'# j). B pe-
synsrate A, =A,, B,=B,, rne A, u B, paccuu-
TeIBafoTCA O opmynam (1.10), B KOTOPEIX BMECTO

Jj ¢urypupyer j'. Homep j HaxoamTcs W3 yCio-

Bus 0<x{’ <L wu TtpeGoBanus, uToObl MOMYIb

|xé"' F—xy )| JIOCTHTa]l MHHAUMYMa OTHOCHTEJIBHO J.

B cucreme koopaunat Oxy mnapaMmerpsl rpa-
ueit [1C pukcupoBaHs:
a, =tgb,, b =0;
a,=0, b, =0
a, =asin® (acos®, —L)"', b, =—a,L, (1.25)
a Bpamienue [1C npuBomuT nuie K MoauduKayu
ypaBHeHHs dyda, najatomero Ha IIC. B coorserct-
BUM ¢ pucyHkoM 1.1, B cucreme xoopauHar Ox,y,
3TO YPAaBHEHUE UMEET BUL
v, =4, +B,, (1.26)
rue
A,=—(tg0,)”", B,=-4,(Ay+a—Ax). (1.27)
s npuBenenus ypaBHenus (1.26) x cucreme Ko-
opaunar Oxy ciemyer y4ecTb, 4TO B XOJ€ Bpalle-
Hus [1C xoopaunarel pedpa (1) (pucynok 1.1), pas-
uie x\) u y", U3MEHSIOTCA B COOTBETCTBHHM C BbI-
paXKCHUAMH

x" =—Axcos@+Aysing,

Py =—Axsing—Aycoso. (1.28)
3T0 03HAYaET, YTO MEPEXo]] OT CUCTEMbI KOOpAWHAT
0x,y, x cucreme 0xy ocyuiecTBiseTcs npeodpaso-
BaHMEM TPaHCJSILIMKM Havyajla KOOpOUHAT U npeodpa-
30BaHUCM IIOBOpOTa KOOPAMHATHBIX OCEHU Ha YIroJj
¢. Torma aranornuno (1.4) momygaem

x, =x" +xsin @+ ycos @,

¥, =y +xcosp—ysing. (1.29)
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[HoncranoBka (1.29) B (1.26) maer ypaBHeHHe
nafgarouiero ayya (1.2), roe
A,cos@—sin@
" cosp+ 4, sing’
A4x" -yD 4+ B
p=vt TH TR (1.30)
cos@+A,sing
3amerum, uyto u3 BeIpaxkerui (1.27) u (1.30)
MOJKHO JIETKO TMOJYYUTH COOTHOIICHHE MEXIy YT-
JIOM TafeHus BO30yKIAIOMIET0 Myyka Ha BXOIHYIO
rpans [IC y u yraom nosopora IIC ¢. JelicTBu-

TeNbHO, B cootBeTcTBHHM C (1.27) 1 (1.30)

—(tg8,)" 4, cos p—sin 1
4= gY, 0 ¢ ¢

coso—(tg6,) 'sing  tg(p-6)
IToncrapnas (1.31) B (1.7) u npuHuMast BO BHUMa-
uue (1.27), 3akarodaem, 94To

_ 126, +tg(e—6)
1-tg0, tg(9-9))
To ecTb, OCTpBIC YTIIBI Y U @ PaBHHEI (KaK yXKe OT-

(1.31)

=tg(p—06,+6,)=tgo.

MevaJioch, MOJOXKUTEIbHBIM CUUTACTCS YroJ Iaje-
HUS Iy9Ka Ha BXOXHYIO rpass [1C, oTcuntaHHbIi OT
BHEITHEH HOpMaJI K TPaHHU TI0 YaCOBOH CTPEJKE).
Bemuuunbl M,, 1M,, 1M, MOTYT OBITh paccuuTa-
HBI 110 popmynam
n
— 1 (k)
N, = lim » nf®, (1.32)
n—»0 -1
® —§ 5O & Hn® 1)@
N =0upr + (ni - )Tl T x
a1 (1.33)
*) @)
><exp(_kakODi )H pm .
Jj=1
3nech n — 4YUCIO TepeceueHuil JydoMm Kk -i
rpanu I1IC, §,, — cumBon Kponekepa, byrHkmms Xo-
Bucaiina H(x)=0 mpu x<0, H(x)=1 npu x>0,
[ — TIOPSAKOBBIA HOMEp IIPECEYEeHUs JIydoM K -i
rpanu I1C B mpouecce ero pacnpocTpaHeHHs] BHYTPH
IIC, D" — paccrosue, npoiieHHOE NMPH 3TOM

nydom, n) —1 — umcio oTpaxkeHuii JTyda Ha rpaHIx

I1C, mpomsomenmux 3a BpeMs oT ero Bxoxa B IIC

1o nauHoro mepeceuenus, p' wu 1V

— OoTpaxa-
TeNbHAas M MPOIyCKaTelbHAs CIIOCOOHOCTH i -H
rparu [1C, Ha KOTOPO JIyd HCIBITAN j -€ BHYTpPEH-

(0) (0)

HEC OTpaXCHUEC, P, n T — OTpaxarejibHasd "

MpOIyCKaTebHast CHOCOOHOCTH BXOoAHO# rpanu [1C
JUTSI JTy'a, TIA/IAI0IIETO Ha Hee U3 OKPY’KaroIIeH Cpeibl.

CoruacHo (1.32), mosmHast oTpakaTeiabHas CIo-
cobHocts IIC ompenensercs BceMu ydamu, Iepe-
CEeKaIOIMMU BbIXOJHYIO rpasb [IC (3TH Jyun MoryT
UCIIBITHIBATh JIN0O YacTHYHOE, JIMOO MOJHOE BHYT-
peHHee OTpakeHue Ha JaHHOU rpaHu). Jlyud u3 storo
MHO>KECTBa, COOTBETCTBYIOIUI HOMEPY i, Ha30BEM
JIyYOM [ -T'O IOPsIAKA.

3ameTnM, 4YTO, CTPOro rosops, 3anuch (1.32)
npennonaraet, 4to paccrosuus DY mpu Beex i
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MIPEBOCXOMAT JUIMHY KOTEPEHTHOCTH H3IIy4YCHHSI.
[IpakTHyeckn ke 3TO OrpaHHuEHHE HE CYIIECTBEH-
HO, T. K. JIyYH Pa3JIMYHbIX HOPSAKOB, BHIXOJSIIHE U3
[1C, npocTpaHCTBEHHO HE MEPEKPHIBAIOTCS (CM. pas-
nen 2). He Biusier OHO M Ha IIPEACTaBICHHOE B pa3-
Jene 2 peleHue 3agadu 00 ONTHMalbHOM BbIOOpE
yriaos IIC.

AHanutdeckoe cymmupoBanue psnoB (1.32)
3aTpyIHHUTENLHO. TeM He MeHee, MOCTPOCHHE Tpa-
exTopuu sy4ya B [IC U 0JHOBpEMEHHOE BBIYHCIICHHE
psinoB (1.32) MOryT OBITH BBITIOJIHEHBI YUCIEHHO Ha
OCHOBaHHMH IOJYYEHHBIX BbIlle cOoOTHOIIeHHH. Co-
OTBETCTBYIOIINE PE3YJIbTAaThl MPEJICTABIEHBI B Clie-
JYIOIIEM pasJielie.

2 Onmumuszauus I1C

OCHOBHOM NpPaKTUYECKUN HMHTEpEC MpeCTaB-
JISieT ONTHUMAaJIbHBIA BHIOOP YIJIOB NPH OCHOBaHWUH
I1C u pacnonoxxenus ocu Bpamenus [1C.

Kax wu3BecTHO, yronm 0, M IHMama3oH YIJIOB
Bpamenus IIC ¢, <@ <@, OIpeneystoTcs aAua-

M1a30HOM M3MEHEHUS TIOCTOSIHHBIX PACIPOCTPaHEHHS
MOJI HCCIEIYeMOH CTPYKTYpHI, WJIH HEPaBEHCTBOM
(Bo)usn <By < Byl [3). Tlyets B exomoM o-

JIO)KEHUH U3MEpUTENbHOH ycTaHoBku (9 =0) B, =
= EO =0.5[(By)min + (Bo)max J- Torma, cormacro (1.17),
0, = arcsin(Byn,"), (2.1

_ . i 2 a2 .
(pmin - arCS1n|:na ( np _BOmax sin 9] -

- (2.2)
_BOmax COsS e1 ) >
Q. = arcsin [n;l (,/n; —Bemn SINO, —
- (2.3)
_BOmin COSG]) :

Kputeprem onTUMalbHOTO BBIOOpA TOJIOXKE-
Hus ocu BpameHus 1IC, T1.e. mapamerpoB Ax

Ay, SABJIAETCSA yCIIOBUE€ MHUHHMYMa CABHUI'a TOYKH

BBOJIA HM3IIyYCHHUS B HCCIEAYEMYIO CTPYKTYpY MpH
Bpamernun [IC. Ero BeImoiHEeHHE HEOOXOOMMO IS
crabunm3aiun 3QQeKTHBHOCTH BBOJA W3Iy4eHHUS B
HCCIIeyeMyIo CTPYKTYpY B Iporiecce n3Mepenutii [3].

B macrosmiee BpeMsi ONTUMaTbHBIMU MTPHHATO
CUMTATh 3Ha4eHUsI Ax u Ay, omnpenenseMble B pe-

3yJIbTaTe TEOMETPUYECKHUX ITOCTPOEHHH, NpemIo-
JKEHHBIX B IIUPOKO IIUTHPYeMoii padote [3]. MoxkHO
I0Ka3aTh, 4TO (JOPMAILHO 3TH MOCTPOCHUS SKBHUBA-
JICHTHBI COOTHOILCHUSIM

Ay =1g0, (Ax—an;l), 2.4)

Ax =a[sin® 0, +cos0,(n cosb, +
1 e (2.5)
+sign(¢)sin 6, )]n;.

C mo3umuii kKe paccMaTpUBAEMOM TEOPHH

CABUI TOYKM BBojga mnpu BpameHuu IIC paBeH

(2) (2)

s=x,’ —a, TAe X, ompenemsercs mo Qopmyie
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(1.3), B xoropoit 4,=A4,, B,=B,, a 4, u B,

paccunThiBarorcst Ha ocHoBanuu (1.3), (1.7), (1.12),
(1.27)mpu j=1, A4,=4,, B,=B,. Ilocne npeod-

pa30BaHUH MOJIYyYaeM:

I\|n’n —sin® @
s= u —-a, (2.6)
sin @, sin @+ cos 0, /n,n,” —sin’ ¢
e

/= {acosel —2sin(%){Aycos(§—9])+

2.7
+Axsin (% -0, ﬂ} (cos@)™!

— paccrostaue ot pebpa (1) I1C mo Touku mepecede-
Hus nagatomero Ha [1C myda ¢ ee BXOJHOH TpaHBIO
(pucynoxk 1.1).

N3 (2.6) o4eBUAHO, YTO 0OECIEUYUTH CTPOTOE
paBeHctBo s(¢)=0 3a cuer BeIOOpa Ax u Ay He-

BO3MOXHO. TeM He MeHee, MO)KHO MAHUMU3HPOBAThH
|s(q))| 0 YKa3aHHBIM IIapaMeTpaM, HpeAroJiaras,

yto ¢ — 0. C aT0ii nenbio B psne Teitnopa

s(@)—[ﬁj <P+l(dzs) o+
do),, 2 de’ om0

ciepyer norpebosarb, 4todsl (ds/dg),_, =0. Co-

riacHo (2.6), mocienHee ypaBHEHHE YIOBIIETBOPS-
eTCsl TP yCIIOBUH

Ay =1tgb, (Ax—anan;1 . (2.8)
B cnywae, xorga cBeTOBOM IIy4OK IajaeT Ha
I1C u3 Bo3nyxa (n, —1) BbIpakenue (2.8) mepexo-

it B (2.4). Ograko B oTimume OT pemeHus (2.4),
(2.5) Ax B (2.8) Moxer ObITh MPOU3BOJIBHBIM. B

TaKOW CHTyalMHd €CTECTBEHHO BBIOpATh ONTHMAJIb-
HOe pelleHue Ha MHOXecTBe (2.8), OTBICKWBas MU-
HUMYM (YHKIIUU

Pmax

LAx)= [ s*(e)do.

Wnrerpan [ (Ax) JOIyCKaeT YMCIEHHOE MC-

cieoBanue. Jiist ero npoBeneHnsi KOHKPETU3UPYEeM
napametps [IC. 3nech u ganee OyaeM CUMTaTh, 4TO
A =0,6328mkm, n, =1, n,=1,9645, k, =0, (npu-

min = 155
Bo)wax =18, L =8000mKM, a=2000mkm. Torxa,
B cootserctBu ¢ (2.1)+2.3), 6, =57,13°, o,,, =—18,42°,
P =14,56".

I'padux ¢ynkuuu / (Ax) npuBeneH Ha pUCY-

3Ma U3 rajuiMii-rafonunueBoro rpasara) (f3,)

HOK 2.1. Kak BUIHO, OH IMeeT BBIPaKEHHBIN MUHH-
MyM, KOTOPOMY COOTBETCTBYIOT ONTHMAJIbHBIC
Ax=1261mMkM, Ay =379Mkm. [l cpaBHEHUs, B
npubmmkernn (2.4), (2.5) Ax=843mMkM, Ay =

= -271MKM.

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

O GeKTUBHOCTh MOJTYYEHHOTO PELICHHs WII-
JIIOCTPUPYET PUCYHOK 2.2, HA KOTOPOM COTIOCTaBIICHBI
3aBHCUMOCTH (), pAaCCUHUTAHHBIC TPH TPEX pas-
JIUYHBIX nosioxkeHusx ocu BpameHus 11C. Kpusas 0
COOTBETCTBYET YacTO MCHOJIB3YEMOH B SKCIEPHMEH-
TaXx KOH(HTypanuu, B KOTOpoi ochk Bpamenus [1C
COBMEII[EHA C TOYKOI BBOJAa W3JIy4eHHs B HCCIie-
ayemyro cTpykrypy npu ¢ =0. CormacHo pUCYHKY
2.2, Takast KOHQUTYpanus ¢ MO3UIMHA CTaOMIN3aIIH
TOYKH BBOJIa JAJICKO HEC OIITHMMaJIbHA. le/l HCIIO0JIb-
30BaHuM peuienus (2.4), (2.5) (kpusas 1) curyanus
yIydIIaeTcs, OHAKO Ha KpasxX AWana3oHa W3MEHe-
HUSL @ |s((p)| JIOCTUIaeT 3aMETHBIX 3HauyeHuu. B

qyacTHOCTH, S(9,;,)=86,7mkM. Haubonee cra-

OWJbHA TOYKA BBOJA NMPHU HANHJICHHOM HAMH peIe-
HUYW ONTUMH3AIMOHHON 3amaun (kpuBas 2). B man-

HoM ciryuae |s(¢)| <[s(¢,;,)
1., M’ - 2pao
40000 —

=15,8 MKMm.

30000

20000 —

10000

0 —T— 7T

1000 1100 1200 1300 1400 1500
AX, MM

Pucynok 2.1 — 3aBucumocts I (Ax) nius

ONTHUMH3AIMOHHOTO perieHus (2.8)
5, MKM

400 - 0
| / 2
0 —_ -
2 1
400 -
-800 — T T T 1
-20 -10 0 10 20
©, epao.

PucyHok 2.2 — 3aBHCHMOCTH CIBUTA TOYKH BBOAA
Jy4ya B HCCIIEAYEMYIO CTPYKTYpY OT yTia MOBOpOTa
I1C npu pa3nuyHbIX MOJOKEHUSIX OCH BPAIICHHUS
IIC. Kpusas 0 — Ax =2000MxM, Ay = 0MKM;

1 - Ax=843mxM, Ay =-27Imkm npu ¢ <0,
Ax=1771mxMm, Ay =1166MkM mpu ¢ >0,
2— Ax=1261mMrm, Ay =379MKM.
[lITpuxoBasi TMHUA — HYJIEBOW YPOBEHB S.
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Kak n3BecTHO, ycnex pelieHus oOpaTHBIX OIl-
THYECKHUX 337a4 OIpenesseTcsl MPOCTOTON aIropuT-
Ma 00pabOTKH 3KCIIEPUMEHTAIBHBIX JaHHBIX [15].
Hcxons w3 cooOpakeHWH NpeaenbHOH IPOCTOTHI
TaKoTO Poja alrOpHTMa, Yrol 0, eCTeCTBEHHO BBI-

6paT1> N3 KPUTCPpUA MHUHUMMU3ALUU BJIMAHHUA MHOT'O-
KpaTHBIX OTpaxkeHuil cBera BHyTpu [IC Ha m3me-
psemyio oTpaxatenbHyto crnocoonocts I[IC. Ilpu
TaKOM BBIOOpE CTAHOBUTCS ONPABIAHHOW MPOCTEH-
1asi MOJIENb OIMCAaHHs OTPaXKaTeNbHOM CHOCOOHO-
ctu [IC, B KOTOpOHl YUYUTHIBAIOTCS TOJBKO OJIHO-
KpaTHBIE OTpakeHHs cBeTa oT rpaneit [1C.

JIoTIOTHUTETFHEIM apTyYMEHTOM B TIOJIB3Y JIaH-
HOTO KpHUTEpHs SBISIETCS BO3MOXXHOCTH IIPEIBAPH-
TenpHOM KamuOpoBku [1C, ycrpaHsiomeld mpodiiemy
MOCTPOCHHMS ammapaTHod QyHKIMH (HOTONPHEMHNKA
C y4eTOM HM3MCHCHUS YIJOB M TOYCK MAJCHUS Ha
tdoronpuemnank Bexomsamux u3 [1C myueit pasmny-
HBIX NOPAAKOB B mporecce BpameHus [1C.

JleHCTBUTENIbHO, CUTHAJ, CHUMaeMbIid ¢ (oTo-
MPUEMHUKA TIPU HUCCIICAOBAHUH CIIOMCTOW CTPYKTY-
PBI, MOXKET OBITh IIPEACTaBICH B BHIE

J@ =B Hon @,  (29)

i=1
rae H,(¢) — anmapaTHas QyHKUMS (OTONPUEMHUKA
JUIsl TIaJaloIero Ha Hero jyda i -ro mopsnka. [lo-
CKOJIbKY JIy4M pa3JIMYHBIX MOPSAAKOB MagaloT Ha
(OTONPHUEMHUK MMOJ Pa3HBIMH yriaMH, (YHKLUH
H,(p) c pa3sHbIMH HOMEpaMH i, BOOOIEe rOBOPS, HE
copmagaoT. Ecou IIC He KOHTakTHpyeT ¢ mccie-
nyemoii ctpykrypoit (B (1.18), (1.19), (1.22), (1.23)
d, —>o, n"™ =n), 108 (2.9) 6ynyr durypupo-
Bath Apyrue QyHkumuu M (), KOTOpblE MBI 060-

snaunm uepes N (¢). Toraa (2.9) npumer Bux

J@=BY Hion®(@.  (2.10)

i=1
J1s MCKIIIOYEHHNs U3 PACCMOTPEHUS MOIIHOCTH F
COCTaBUM OTHOILIECHHE

0

> H (o) (¢)
Z(9)= J@) _ i . (2.11)

D WA

B mpuOmmkeHHN OJHOKPATHBIX OTPAKCHHUN
cBeta ot rpaneit [1C cymmbl B yucnuresne u 3Hame-
HaTeJe TpaBoi yacTu BhIpaxeHwus (2.11) comepxkar
TONBKO OJHO cilaraemMoe ¢ [ =1. Torma coriacHoO
(2.9), (2.10)

Z(@)=p (PP (@] (2.12)

(1)

P(@) u py” (@) — oTpankaTenbHbIe CTIOCOGHO-

rue p,
cti ocHoBauwus [1C mpu HAJIMYKUK M OTCYTCTBHH UC-
CJEeyEMOW CIOMCTOM Cpefbl, COOTBETCTBEHHO. Ilo-
CIICIHSISI U3 YKa3aHHBIX (DYHKIMHA JOMYyCKACT aHaJIH-
THYeCKUH pacdeT Ha ocHoBaHuU (1.14).

3aMeTHUM, YTO €CJIH BBINOJIHACTCS OOBIYHOE IS
BOJIHOBOJHOM CIIEKTPOCKONUHU ycloBue P, > n, [3]-
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[5], To yuutsBas (1.16), rne P=P,, 3axaoyaeM,

yro HepaBeHCTBO (1.13) mpu oTpakeHnum iyda oOT
ocHoBanus 1IC sBisseTcsi HapyIIeHHBIM. JTO O3Ha-

uaet, ato py”(0) =1, Z(9) =pY’ (¢).

U3 (2.12) cnexyer, 4TO B NPHOIMKEHUN OJIHO-
KpaTHOro oTpaxkeHus cera ot rpaseit I1C orpaxa-
TeNbHAs CHOCOOHOCTh ocHoBaHus [IC momyckaer
HETOCPEJCTBEHHOE ompeeneHue. [ 3toro Hano
u3MepuTh curiansl J(¢@) u J'(Q) u B3ATh UX OT-

HoweHue. [lociemyrolnee BOCCTAaHOBJIEGHHE Hapa-
METPOB HCCIEAYEeMOH CTPYKTYpbl METOJOM Hau-
MEHBIIMX KBAJpaTOB CBOAMTCA K MHHHMM3AIUH
neneBoit Gpynkuuu [10]

F(p,.p) =
() (b ) 2
:Z[pz Bo ) —p, By spla"'pl)] >
k=1

3nech p)

(2.13)

(BY) — skcnepuMeHTaTbHbIE TAHHBIE ISt

oTpakaTeNbHON crocoOHOCTH ocHoBaHus I1C, Haii-
nernble w3 (2.12) mpu N yrmax mosopota IIC

o=9, p,BY,p,...p,) — Teopernueckas Moseb

oTpakaTeNbHON criocoOHocTH ocHoBanus [1C, 3aBu-
csias OT mMapaMeTPOB UCCIIEyeMONH MHOTOCIONHOM
cTpykTypbl p;. Ilpu 3anucu (2.13) BmMecto yria ¢

HCIOJh30BaHa Ooyee ymoOHast ISl BRIKJIAIOK Iepe-
mennas B, (B ects B, mpu @ =9, cm. (1.17)).
JIyisi KOJTMYECTBEHHOTO Y4eTa MHOT'OKPATHBIX
oTpaxeHuit cBeta oT rpaneit [1C Hago Ucmoib30BaTh
obmree Beipaxkenue (2.11). C menbro UCKITIOYCHUS U3
(2.11) neusBecTHbIX QyHKIMH H,(¢) DpUMeM IpH-

OmmKkeHue, B KOTOPOM 3TH (YHKIUU HE 3aBHCAT OT
HOMepa Jiy4a i. TO MPUOIIKEHNE MOXKET ObITh OI-
paBOaHO NP HCIOIb30BAHMU (OTONPHEMHHUKA C
MaTHPOBAHHOH TOBEPXHOCTHIO, KaK 3TO UMEET Me-
cto B ycranoBke Model 2010/M Prism Coupler, nu-
00 TpU KCIHOJB30BAaHUU HMHTETpUpPYIOLIEH chephl
[16]. Torma (2.11) mpeobpasyercs K BUILY

Z(9) = (@M (@] (2.14)
rae M,;(@) ¥ M;(¢Q) — MoNHBIE OTPaXKATENBHBIC CIO-

cobnoctu IIC, koHTakTHpYyIOIIEH W HE KOHTAKTH-
pymolie ¢ ucciaeayeMoil cioucTtoil cpemoi, coot-
BETCTBEHHO.

B nanpHeinieM aisi MOJIEITUPOBAHMS SKCIIEPH-
MEHTa MBI OyZIeM HCIIOIb30BaTh B KadeCTBE JIEBOM
yact BbIpakeHus (2.12) ¢pynkuuo Z(¢), paccuu-

TaHHYIO Ha OCHOBaHuH (2.14).

BrusiHre MHOTOKpATHBIX OTpaKeHWI cBeTa Ha
oTpaxaTenbHyto crocobHocts [1C mpHu pasmiyHbIX
yriax npu3msl 0, WUTIOCTPUPYIOT pUCYHKH 2.3— 2.5

U Tabmuna 2.1. BeuucieHus! BHITIONIHEHBI HA OCHOBE
COOTHOIIEHHUH, NMOJYYEHHBIX B MPEIBbIAYIIEM pa3/e-
ne. PaccMotpeno Bo30yxaeHue BonHamu TE moms-
pu3au CTpykTypsl, otaeneHHoi ot IIC Bo3mym-
HBIM Oy(EepHBIM CII0EM U COCTOSILEH U3 IBYX CIIOEB
OKCHHHUTpPUAA KPEMHHUS C Pa3IMYHBIM MPOIEHTHBIM
COCTaBOM KHCIIOPOJa, TIOCIEA0BATENEHO HAHECEHHBIX

Ipo6remvr pusuxu, mamemamuku u mexuuxu, Ne 2 (23), 2015



MllOZOKpamllble ompasicenust ceema 6 npu3me CeA3u

Ha KPEMHHEBYIO NMOUI0KKY. [TapameTpel cTpyKTypsI

MMEIOT criefyroutue 3uauenus: m=3, n” =n =1,
K =k, =0
p, =d, =L1luxm, p, =d, =1mxnm,
=d, =0,1 mxm, =n" =1,542,
Ps 3 N (2.15)

ps=n? =18, p,=k" =3-10",
p,=k?=5-10"
IIpu pacyerax MCHOJIB30BaHbl HAJCHHBIC BBILIE 3HAYE-
HUA 0, Q> @ Y ONTHMANBHBIE AX =1261MKM,
Ay =379 MKM.

Ha pucynke 2.3 npencraBneHsl TpacKTOpUH JIy-
ya B 1ByX IIC ¢ oguHakoBeIMH yriaamu 6, = 57,13°,
HO pa3sIM4HBIMU yriaamMu 0,. YUTeHbl TpEeXKpaTHbIE
oTpakeHMsl Jiyua oT BeixoaHoi rpanu I1C. Tpaekro-
pUM OTHOCATCA K yray ¢ =—7,756", mpu koTopom

(a)

d;

d,

d,

NPOUCXOUT PE30HAHCHOE BO30YXKICHUE MEpBOU
BBICIIIEH MOJIbI UCCIIETyeMON CIOUCTON CTPYKTYPHI.
Jlunuu, nepecekaromue 6okoBbie Tpanu [1C u pac-
nosioxkeHHble BHe [IC MMEIOT cMmbIca nyuyeH, oTpa-
’KEHHOTO0 W BBILIENINUX U3 BXxoAgHou rpanu [IC u
Jy4deil, Belmeqmux u3 BeixogHoil rpanu I1C. B ciry-

qae 0, = 57,13" 3a BBIXOIHOI rpansio [IC nmerotcs
styuu 1, 2 u 3-ro nopsiIKoB, Torya Kak npu 0, = 77,6°
TaKoM JIyd Bcero oauH. D10 Jy4 1-ro mopsixa, mo-
CKOJIBKY Jy4M 2-TO U 3-TO HOPSIKOB MCIBITBIBAIOT
Ha BeIxogHoH rpanu IIC noaHoe BHyTpeHHee OTpa-

JKCHHE.
Ha pucynke 2.4 comocTaBiieHBI pPe3yIbTaTHI

pacuera ¢yHkuuu m,(¢) Bupa (1.32) mpu n=1
(omHOKpaTHOE oTpaxxeHus Jiyda Ha rpassx [IC) u
pu 1 —> 0.

(0)

d,
d,
d,

Pucynok 2.3 — Tpaekropuu nyua B [1C npu 0, = 57,13" (paBHoGepennas npusma) (a) u 0, = 77,6° (6).

l'opuzontansasie nuann o [1C — uccnexyemas CTpykTypa

LE

17 (a)

0,8 ] —ﬂ

0,6

0,4

02—

0 +———F————1—
1.4 1.5 1.6 1,7 1.8

By

1.9

0.8

0,4+

s
©)

0,6

By

Pucynok 2.4 — OtpaxarensHbie criocooHocTH [1C, KOHTAaKTHPYIOIIEH ¢ UCCTIeTyeMOM TBYXCIIOMHOM CTPYKTY PO
npu 0, =57,13° (a) u 0, =77,6"(6). CrtomHble KPUBBIE COOTBETCTBYIOT 71 > 3, IITPUXOBbIC KPUBBIE — 1 = |

(na pucynke 2.4 (0) CIUIOIIHAS U IITPUXOBask KPUBBIE B MacIiTabax pUCYHKA HE Pa3IHMYHMBbI)
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Buytpennioro cxoxumocts psinoB (1.32) wui-
moctpupyer Tabnuna 2.1. B Helt n — dmcno BHYT-
PEHHHX OTpaXeHWH Iyda OT BBIXOAHOH rpanu [IC
(3TO BepxHUII Ipeaen cyMMmsl 1,). BepxHumu mpe-
JedaMd CyMM T, M 1|, CIyXaT 4UCIa OTpa)KEHWUI
JMy4a OT BXOXHOU Tparu u ocHoBaHus I1C, mpownso-
HIEAINX 32 BpeMs oT Bxoja Jyuya B [IC o n-ro o1-
paxkeHus dy4a oT BeIxomHoW Tpamm IIC. Cymma
1M, +M, +1M; MO3BOJAET CyOUTh O CXOAUMOCTHU PSZIOB
mo OanaHCy MOITHOCTH W3nMydeHus (3HadeHnue 1,0 B
Tabuie o3Hauaet, yto 1-m, —m, —n, <0,5-107°).
3HaueHue d, =00 OTBEYaeT CUTyalHu, B KOTOPOH
IIC He KOHTaKTUPYET C UCCIEAYEMOM CTPYKTYPOH.

Tabnuma 2.1 — BrusHue 9ucia yYUTHIBAaEMbIX
OTpaXEHUI JTy4da OT BeIXoqHoH rpanu [1C Ha momHyI0

oTpakatenbHyio criocobnocts I1C pu ¢ = —7,756"

0, dy, mem | 1 n, n N, +n,
57,13 © 1 ]0,79594 | 0,90379
2 10,80520 | 0,99888
3 10,80530 | 0,99999
6 | 0,80531 1,0
0,1 1 ]0,75204 | 0,90909
2 10,76030 | 0,99900
3 10,76039 | 0,99999
6 | 0,76039 1,0
77,6 o 1 ]0,75743 | 0,86527
2 10,75743 | 097307
3 10,75743 | 0,99710
6 | 0,75784 1,0
0,1 1 [0,71565 | 0,87270
2 0,71565 | 0,95690
3 10,71565 | 0,99535
6 | 0,71605 1,0

CornacHo Tabmiuue 2.1, mo-CymecTBy CTOMpO-
IEHTHAs CXOAuMOCTh psimoB (1.32) mmeer Mmecro,
ecmu n>3. Mpu 0, =57,13° 3Hauenus m,, coor-
BeTCTBYIOImME n =1 U n >3, 3aMETHO OTIMYAIOTCS,
a mpu 0, =77,6° aHanoruuHbie T, MPAKTUYECKH
COBIIAJIAIOT.

Pucynku 2.3, 2.4 u Tabmumna 2.1 mo3BomsioT
3aKJIIOYUTD, YTO CYIIECTBYET ONTHMAIBHBIN BHIOOD
yria 0,, mpu KoTopoM 3((eKT MONTHOro BHYTpPEH-
HEro OTPaXEHHMs JIy4ed BBICIIMX TOPSAKOB Ha BbI-
xonHo# rpanu I1C nenaer onpaBIaHHBIM HCIIOJNIB30-
BaHHE MPUOIIKEHUS OIHOKPATHOTO OTPaKEHMs
ceeta oT rpaHei I1C. 3ameTuM, 4TO COOTBETCTBYIO-
muit yron 6, omimyaercs ot 0, T. €. oNTUMalbHas
I1C ne siBnsieTcst paBHOOEIPEHHOIA.

Bonee nmonnyro nHpoOpMaumio assi BeIOOpa or-
TUMaJIbHOTO yria 0, naer pucyHok 2.5. 3xech

Prmax

— [ (@) -1 (@)de

max min @

A_ns(ez) =
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— cpenHee mo auanasoHy yrina BpameHus [1C or-
KJIOHEHHE TIOJIHOH OTpa)kaTelbHOM CrocoOHOCTH
IIC ot orpaxarenbHoii crocodonoctu [IC, HaiineH-
HOW B MPHONMKCHAN OIHOKPATHOTO OTPAXKCHUS

nyua ot rpaneii [1C. ®ynkims 1 (¢) paccuuTbiBa-
ercst Ha ocHoBaHuu (1.33), a M,(¢) — HAa OCHOBaHUU
(1.32) npu n=3. Juanason (0,)., <6, <(0,)
olpeneNsieTcs U3 yCIOBHS, YTO JIyd IIEPBOrO HOPsI-
ka Ha Beixoge [1C moposkmaercss HENOCPEICTBEHHO

JTy4oM, MaJaouM Ha BXoaHyto rpass [IC. B coot-
BetctBuH ¢ (1.13), (1.25), (2.7) u pucynkamu 1.1, 1.2

(62 )min = max[(GZ )irllzn > (62 )5131:\ ]’
(0,) e =min[(0,)1. (0,001, (2.16)

n p

1

(0,)") =arccos| -~ |—arccos| —m |
n, n,

n Bomi

1

(0,)") =arccos| ——= |—arccos| —= |,
np np

/tg0
(0,16 = arerg) ——E0 |
’ L1 +tg?0, -1
CIV }’l; - Bémin tg 9l
(L - a)\/n; - B(z)min _LBOmin tg el
IToncrasnss B (2.16) HalicHHbIC BBIIIC 3HAYCHUS T1a-
pameTpos, nomyuaem: (0,),, =3584°, (0,),,, =80,32".

min max

(0,)?) =arctg

max

log,, An,
-1.2 A

-1.6 A

30 40 50 60 70 80 90
0,, epao.
Pucynok 2.5 — CpennHee 1o quanazoHy yria
BpameHus [1C oTkiioHeHHe MOTHOM O0Tpa)kaTenbHOM
cnocobHocTH [1C 0oT oTpakaTeIbHON CIIOCOOHOCTH
[1C, HaiineHHOH B MPUOJIMKEHUH OJHOKPATHOTO
oTpaxkeHus nyda Ha rpassx [1C. Crnomnas
u wtpuxosas kpusble — [IC B koHTakTe
U BHE KOHTAKTa C UCCIEAYEMON ABYXCIOMHON
CTPYKTYpOH, COOTBETCTBEHHO

[lITpuxoBas KpuBasi Ha pUCYHKE 2.5 UMeeT /1Ba
BRIDAKECHHBIX ~MuUHHMyMa 1pu 0, =45.6" wu

0, =77,6°. CmnommHas kpuas Ha pucyHke 2.5
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uMeeT OoJsiee CIOKHBIM BUA, HO U €€ MUHHMYMBI
HaOJI0Jal0TCsl B OKPECTHOCTH YKa3aHHBIX 3HAYCHUI.
Taxum 06pa3zoM, onTUMaNbHBIH BbIOOp yria 6, mo-
Jayduics ABy3HauyHbIM. O0a HalIEHHBIX MHHUMYMa
UMEIOT AHAIOTHYHYIO (PH3UYECKYI0 MPUPOAY, KOTO-
past o6cy’xaanach BhIIIE.

JI1s KONMM4YEeCTBEHHON OLICHKH BIIUSIHUS MHOTO-
KpaTHbIX oTpakeHuil cera B IIC Ha pemeHue 006-
paTHOM 3a1audl BOJIHOBOJHOM CHEKTPOCKOIMU MBI B

M (o
KauecTBe SKCIEPUMEHTAIbHBIX NaHHBIX P, (B, ) B
neneBoit GpyHkuu (2.13) MCmonp30BaId 3HAYCHUS
ZB"), paccunrtanmbie mo dopmyne (2.14), rme
nepeMeHHas ¢ 3aMeHeHa Ha [3,. Beluucnenus Bbl-

nonHensl ipu N =1000.
PucyHok 2.6 WUTIOCTPHUPYET BIMSHUC BBHIOOpPA
yria I1C 0, Ha TouHOCTH MOAenH (2.14).

CornacHo pucyHky 2.6, ontuMusaius yria 0,

JIaeT OIyTUMBIN 3P dekT. Hammyuriee cOOTBETCTBHE
3aBucumocteit Z(B,) u p,(B,) Habmonaercs mpu

0, =77,6". Kak cnenyer u3 pucynka 2.5, BbIGOp

0, =77,6" obecrieuMBaeT MUHMMMU3AIMIO BIUSHUS

MHOTOKpaTHbIX OTpakeHuil cBeta B [IC Ha monHyio
oTpaxkaTenbHyto crocodHocts [1C B curyanuu, xo-
raa [1C KOHTaKTHPYEeT C UCCIIeayeMON CTPYKTYPOH.

[TapameTpbl ONUCAaHHOW BBILIE CTPYKTYPHI,
BOCCTAHOBJICHHBIC B pe3ylbTaTe MHHUMH3AINN TPa-
JTUEHTHBIM METOJOM CEMHUIIapaMeTpPHUYEecKOl Iierne-
Boii pyHKImu (2.13), npuBeaeHs! B Tadiuie 2.2.

W3 cpaBHEeHUs TaHHBIX TaOIHIbI 2.2 C HCXOJ-
HBIMH T1apaMeTpaMH CTPYKTYpsl (2.15) MoxHO 3a-
KITIOYATh, YTO ONTHMHU3AIMA yrna 6, IpUBOIWT K

CYILECTBEHHOMY TIOBBIIICEHHIO TOYHOCTH BOCCTa-
HOBJICHHSl TIOKAa3aTelied IIOIJIOIICHUS CJIOEB, HO
NPaKTUYECKH HE CKa3bIBaeTCs Ha TOYHOCTH BOCCTa-
HOBJICHUSI TOJIIMH M IIOKa3aTesied MpeOMICHUS
CIIOEB, BCE TAaOJIMYHBIE 3HAYECHUsS KOTOPBIX BIIOJIHE
npuemsieMbl. JlaHHBIE OCOOEHHOCTH MOXKHO OOBsiC-
HHUTbH TE€M, YTO ITOKa3aTelld MPEJOMIICHHSI U TOJIIH-
HBI CJIOEB CTPYKTYPHI BIMSIOT TJIaBHBIM 00pa3oM Ha
KOOPIMHATHI [3, MUHUMYMOB (yHKOUH p,(B,), a

3aTyXaHHe MOJ CKa3bIBaeTCs Ha BEIWYMHE (QyHKIUM
P, (By) [2]-[5]. B To e Bpems, cOIIacHO PUCYHKY

2.6, MHOrOKpaTHble OTpaxxeHus csera BHyTpu IIC
CKa3bIBAIOTCS TTIABHBIM 00Pa30M Ha BEIMYHMHE JaH-
HOW (DyHKIMM M TPAKTUYECKH HE 3aTParuBaroT KO-
OpauHaT B, ee MUHUMYMOB.

3aknwuenue

B nBymepHOM IydeBoM mpuOmkeHnu cdop-
MYJIMPOBaHbI AITOPUTM pacueTa TPaeKTOPHH CBETO-
BBIX Jy4ed B TpeyroibHO# [IC u anropuT™ BBIYHC-
JeHHsT TONHOW oTpakaTensHON cnocobHocTH [IC.
[IpeanoxeHsl KpUTEPHH ONTHMAIBHOTO BbIOOpa
yroB IIC u ocu ee BpalleHUs: KOOPAMHATBI OCH
BPAILEHUs] HAXOAATCA M3 YCIOBHSA CTaOMIM3AIUU
TOYKM BBOJA CBETOBOTO Iy4dKa B MCCIIEAYyEMYIO
CJIONCTYIO CTPYKTYPY, a yribl [IC — u3 TpeboBanus
MUHHMMU3AIUH BIMSHUS JIy4eH BBICUIMX ITOPSIKOB

Z,p,

Z,p, Z,p, 1,2 Pz (5)
1,2 (a) 1,2 (©) |
SIS I e e SV S
0,8~ ‘\ 0,8 -\ 0,8 W
0,6- 0,6 0,6+
0,4 0,4 0,4-]
0,2+ 0,2 0,2+
0 v S B 1 0 — — 0 " — :
14 15 16 17 18 19 14 1,5 1.6 1,7 18 14 15 16 1,7 18

B(! B(' Bn

PucyHnok 2.6 — CpaBHEHHE MOJIETH OTpakaTeIbHOH criocoOHocTr ocHoBaHus [1C (2.14)
(cronTHBIE KPUBBIE) C TOYHOH GyHKIMEH p,(B,), paccunTaHHOIT Ha ocHoBaHKH (1.15),

(1.17)~(1.20) (tpuxoBsie kpuBbIe) ipu 0, =57,13° (a), 0, =45,6°(6), 0, =77,6"(8)

Tabnwma 2.2 — BoccraHoBIeHHE TapaMeTPOB ABYXCIOWHON CTPYKTYPHI TIPH PA3TUIHBIX
yrilax IpU3MsI CBs3U 0,

0, d,, mxm | dy, mxm | dy, mkm n, k, -10* n, k,-10°
57,13° | 1,0988 0,9995 0,1064 | 1,54205 | 1,399 | 1,80002 | 7,158
45,6° 1,0922 1,0001 0,1004 | 1,54223 | 2,857 | 1,80000 | 4,263
77,6° 1,1078 1,0001 0,0990 | 1,54172 | 3,239 | 1,80000 | 4,933
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Ha MOJIHYI0 OTpaxarenbHyto crocodnocts [1C. Dd-
(heKTHBHOCTH JaHHBIX KPUTEPUEB MOJATBEPIKICHA Ha
npuMepe pereHus: 00paTHOW 3a/jaud BOJHOBOIHOW
CIIEKTPOCKOIMU B Cllydae BO30YXIEHHSI MOCPENACT-
BoM [IC W3 ramnuii-ragonvHUEBOrO rpaHara ABYX-
CIOIHON MJIEHOYHOW CTPYKTYphl OKCHHUTpHUAA
KpPEMHHUSI Ha KPEMHHEBOH MOJIOXKKE.
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DOU3HUKA

PACHIEIIVIEHUE CBEPXKOPOTKOI'O UMIIYJIbCA
IIPU PE3OHAHCHOM OTPAKEHUHU OT TOHKOM IJIEHKA

[O.B. IOpeBuy, B.A. IOpeBny, E.B. Tumomenko

Moeunéeckuii cocyoapcmesennutii ynugepcumem um. A.A. Kynewoea, Mozunes, Berapyco

SUPERSHORT PULSE SPLITTING
UNDER RESONANT REFLECTION FROM A THIN FILM

Yu.V. Yurevich, V.A. Yurevich, E.V. Timoschenko
A.A. Kuleshov Mogilev State University, Mogilev, Belarus

Monenupyercst HeIMHeWHbIH THHAMHYeCKUH 3 deKT — pacieruieHue KOPOTKOro CBETOBOTO HMITYJIbCA, OTPAKaeMOro TOHKHM
ClI0eM IUIOTHOW Pe30HAHCHOH cpebl. DhPEeKT BO3HUKAET KaK Pe3yybTaT KOrePeHTHOrO B3aUMOCHCTBUS, pPa3BUBAIOIIEIOCS B
YCIOBUSX JMHAMUYHOU (ha30BOI MEpPecTPOMKH MOJIS JIA3epPHOTO MMITYJIbCa U MOJSIPU30BAHHOCTU CPEAbl TOHKOTO ciost. Pe-
maromuM (GakTopoM pa3BUTHS Ipoliecca pacuieIuieHHs sBisieTcst dGhekT (pa3oBoro cMemeHus, 00yCIOBICHHBIN BIHSHHEM
OJIMKHUX TUIIONBHBIX B3aMMO/ICHCTBHIT Ha KOHTYD JIMHUM HOTJIONICHUS.

Knrouesuvie cnosa: PE30HAHCHOe ompasiceHue umnyibCos, MmoHKue onmu4decxkue I’L’lé‘.HKu, OUNOIb-OUNOIbHOE 83AUMOOCCMmEBUE.

The nonlinear dynamic effect — splitting of the supershort optical pulse reflected by a dense resonant medium thin layer is
simulated. The effect arises as a result of the coherent interaction, developing in a dynamic phase adjustment of the laser pulse
field and the polarization of the medium of a thin layer. The decisive factor in the development of the splitting process is the
effect of the phase shift due to the influence of neighbor dipole interactions on the absorption line.

Keywords: pulse resonant reflection, thin optical films, dipole-dipolar interaction.

Beeoenue

BoHBI BBICOKOYACTOTHOTO 3JIEKTPOMATHUTHO-
ro mois crnocoOHBI 3(PPEeKTHBHO B3aMMOIEHCTBO-
BaTh C TOHKAMH B MacmTale JUTHHBI BOJHBI TUIEH-
KaMH akTHBHBIX cpen [1]-[4]. Jms xapakTepucTuk
OTpPaKEHHSI MPH TOM THIIMYHO HAJIWYHE HEIHWHEHl-
HBIX KOMIIOHEHTOB, JIOTIOJHUTEIBHBIX K (hpeHeeB-
CKHM, HallpuMep, — B 3Ha4eHUU d(HPEKTUBHOTO KO-
a¢¢umenTa oTpaxeHus cios. X BO3HHUKHOBEHHE
00YCIJIOBJIEHO BKJIAJIOM B JIMAJIEKTPUUECKYIO TIPOHU-
[[aEMOCTh COCTABJISIIOIMX ITOBEPXHOCTHOW pe30-
HAHCHOM MOJSPU30BAaHHOCTHU [5], UX HEPEIKO Ha3bl-
BalOT CBEPXU3ITYyYATCIFHBIMU. B yCIOBHSAX TUIOTHBIX
PE30HAHCHBIX cpell (ONTHYECKHX MaTephajioB ¢ OT-
HOCHTENIFHO BBICOKOW IUIOTHOCTHIO aKTHBHEIX ICH-
TPOB) HEMMHEWHOCTh YCHIIMBAETCS 32 CUET B3aMMHO-
TO BIHMSHUS ONMIDKHUX TOJCH DIIEMEHTApHBIX H3IIY-
gatenerd [6], [7]. B 4nMcino MmIOTHBIX pe30HAHCHBIX
Cpel BKIIOYAIOT HM3ydaeMble HBIHE KBAHTOBOPA3-
MEpHBIE TOIYIPOBOIHUKOBEIE CTPYKTYpHI [7], [8].
CyOMHKpOHHBIE 1 HAHOpPa3MEpHbIE TUIaHAPHbIE CHUC-
TEMBI TaKHX CJIOEB 06naua}0T BBIPAXKCHHBIM HEJIN-
HEHHBIM OTKJIMKOM B 9KCUTOHHOW OOJIACTH CIIEKTpa
U TEPCIECKTHBHBI U HCIOJIh30BAHUS B KadeCcTBE
JJIEMEHTOB B YCTPOMCTBAaX YIpPaBICHUS KOTCPEHT-
HBIMHU TIOTOKAMU H3ITyYCHHS.

B nHacrosmeit pabote nccienoBaHbl 0COOCHHOCTH
OTpaXeHUSI KOPOTKHUX ONTHYSCKUX MMITYIIHCOB TOHKHU-
MH IDIAaHAPHBIMH IUIEHKaMH IUIOTHBIX PE30HAHCHBIX
cpen. B cBs3M €O CIOKHOCTBIO TIOTOOHBIX TPAaHUIHBIX
3a7a4, W3y4YaeMbIX IS KpaifHe HeCTalMOHAPHBIX

© FOpesuu I0.B., Opesuu B.A., Tumowenko E.B., 2015

PEXUMOB B3aMMOJEUCTBUS, UCIOJIb30BAHbI PUEMBI
KOMITBIOTEPHOTO MOJEIUPOBAHUS, KOTOpPBIE MO3BO-
JSIOT OLICHUTH XapaKTep W CTENEHb H3MEHEHMS
(hopMBI OTPaKEHHOTO CBETOBOTO TOJIA. B3anmoneii-
CTBHUE IIOJISl C BELIECTBOM IUIEHKM pacCMaTpUBAETCS
B MIPUOJIMIKEHUH 0CO00 TOHKOTO CJIOsI, KOT/Ia B Kaye-
CTBE ypaBHEHHH CBS3M MOJeH (majaromero, oTpa-
’KEHHOI'O U JEHCTBYIOILLETO HA 3JI€MEHTapHbIE U3IY-
Jarenu, 00pa3yrolue WIEHKY) BO3MOXKHO MTPUMEHE-
HUE 3JIEKTPOJUHAMUYECKUX YCJIOBUM JJIA TOJIeHd Ha
rpanuue pazaena. Hapsay ¢ yuéTtom TUNAYHOW ISt
IUIOTHBIX PE30HAHCHBIX CpeJ HEIUHEWHOCTH, 00Y-
CJIOBJIEHHOW JMIIONb-TUIOJBHBIM B3aUMOIEHCTBU-
€M, HCII0JIb30BAHUE OCLUJUIATOPHON KBaHTOBOMEXa-
HUYECKOM MOJAENM IUHAMUYECKOW pPEaKLHH Cpelbl
Ha MMIIyJIbCHOE H3JIyYE€HUE XapaKTEpU3yeT OpUIH-
HaJIbHOCTb IIOCTABJICHHOM 3a/lauyd U pe3yJbTaToB €€
peLIeHus.

1 Ocnognvle ypasnenus

PaccmarpuBaercss miaHapHas — pe30OHaHCHas
IEHKA TONIMHOMN [, 3HAYNTEIHHO MEHBIIEH JITHHEI
BOJIHBI CBETa A = 27¢/(0, HAXOAAMIAsICI HA TPaHUIIC
pa3zaena IByX JIMHEHHBIX onTuUdeckux cpex. [linot-
HOCTh aKTHUBHBIX IICHTPOB B IDIEHKE MPEAIOJIaract-
Csl OTHOCHUTEIBbHO BBICOKOH. PaccrosiHme Mexay
PE30HAHCHBIMU YAaCTHUIAMU TIPU STOM CUYUTACTCS
JOCTaTOYHBIM, YTOOBI HM30EKATh TEPEKPBITUS HUX
SJIEKTPOHHBIX OpOUTaNIel, TOTJa MOXXHO HE BBIXO-
JIUTH 32 PaMKH TPATUIIHOHHOTO OMHCAHUS B3aUMO-
JeicTBus moist co cpenoit [8]. B ciywae Hopmanb-
HOTO Na/ICHUS MJIOCKOBOIHOBOTO TOJIS Ha IUIEHKY C
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HEpPE30HAHCHBIM TIOKa3aTelieM INPEJIOMIICHUS 1) CO-

OTHOUIEHMsI Ul TOJEH ¢ y4€TOM IOBEPXHOCTHOM

MOJIAPU30BAHHOCTH BbIPAKAIOTCA B BUJIC:
_ 2 uNL - dp
T+l gD cdt’

n-l E + HVI @

n+l " g+ c drt

3neck E(f) — HaNpsHKEHHOCTH MPOLIEIIETO B CPeLy
nois, E(t) n E(f) — HanpsHKEHHOCTH BHEIIHETO UM-
MYJIBCHOTO TOJISI M OTPaKEHHOTO IUIEHKOW TOJIS CO-
OTBETCTBEHHO, |l — CPEIHUI IUIOJBHBI MOMEHT
aKTHUBHBIX LIEHTPOB, N — UX KOHIEHTpaiwms (Y4TeHO,
YTO MaKpocKoIlm4yeckass 00bEMHasE pe30HaHCHAs IM0-
JSPU30BaHHOCTH CBSi3aHA C BEPOSTHOCTHOW BEIH-
gnHOH p Tak: P(f) = uNp(f) ). Hanee OynoyT HCIOb-
30BaThCsl HOPMHPOBAHHBIC NIEPEMEHHbIEC HAIPSOKEH-
HOCTH:

(1.1)

E =

r

e(t)z%E(t),
()= o B

VYcnoBust cBasu moneit (1.1) momonHeHsl ocrmi-
JIITOPHBIMH YPAaBHEHUSIMH KBaHTOBOMEXAaHUYECKOM
MaTpPHULbI IWIOTHOCTH ISl BEPOSITHOCTHBIX MEPEMEH-
HBIX TOJIAPU30BAHHOCTH P U PA3HOCTH 3aCENIEHHO-
CTU 1 ypOBHEH pe3oHaHCHOro mepexoxaa. s pac-
cMaTpUBaeMOl B JajibHEHIlIEM CUTyallud C BO3JEH-
CTBUEM I10JI1 Ha aKTUBHBIE LIEHTPHI B CJI0€ yUYUThIBA-
€TCsl KOHEYHOCTh BpeMeH 17 u T, penakcauuu OT-
KJIMKa Cpelbl CJIOsl, IPU 3TOM BPEMsI pellaKcaluu
pPa3HOCTH 3aCENEHHOCTH 17 MOXKET 3HAUYUTEIbHO
MPEBBIIATh BpeMsi HeoOpaTUMOil (ha3oBoii perakca-
uuu 7,. Takke npeamnonaraercs, 4To AUHAMUKA JIO-
PEHTIIOBOM MONPABKH, KOTOPOH B NPUOIMKEHUH
CPEIIHETO TOJISl YYUTHIBACTCS BKJIA ONMKHHUX TIOJICH
JIUIIOJIEH B TOJISIPU3YyEMOCTh, OIpPEAENsieTCs] U3Me-
HEHUEM PE30HAHCHOW COCTaBJISIONIEH MOJISIPU30-
BaHHOCTH. CHCTeMa ypaBHEHUN, UCTIOJIB3YEMBIX IIPU
MOJICTUPOBAHUN OTPAKEHUS HMITYJIbCHOTO IIOJIs,
Oyzer UMeTh BUJ:

d’p 2 dp
— +——+ p (1+2yn)=—-2ne,
v 1, dt p (1+2m)
% +w=—2?(e+yp),
T T, T (12)
K dp
e(t)=¢,+———,
T, dt
e, (1)=- T]—_1ei Lxdp
2 T, dt

3nech M) — cpefHee 3HAuYeHHWEe COOCTBEHHOW YacTo-
TBI JICMEHTAPHBIX OCIILIATOPOB. B ciydae peso-
HAHCHOTO B3aUMOJICHCTBUS YYUTHIBACTCS, UTO HECY-
I11asi 4acToTa MOoJIsl UMITyJibca @ OJM3Ka K oy (B mpe-
Jiellax 4YacTOTHOM NIMPHHBI PE30HAHCA, OLCHUBACMOM
BenmmunHO# 2/7). B cucreme (1.2) HOpMHpOBaHBI
BpeMs ¥ TMapaMeTpbl pellakcaluud — T = M,
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Ti2 = 07}, @ TAKXKE ONpEETICHa BETMUNHA TI0Ka3a-
Tels PE30HAHCHOTO MTOTJIOIICHUS MIEHKH

K = WoNIT/ €, (n +1)hc 1 BBOJIUTCS HOPMHPOBAaH-

HBI KOI((QHUIMEHT B JIOPEHTLOBOW IONpPaBKE JUIs
JIOKaNBHOTO NOJIst: Y = WN/3 g,71 .

2 Pe3ynvmamul MoOenupoBanus

B pamMkax 4mHCIEHHOTO pemieHHs pa3HOCTHOTO
aHayora cucteMbl (1.2) MomenupoBaiach peakius
TOHKOTO CJIOSI Ha BHEIIHUM CHUTH&JI € HECyLIei
HOPMHUPOBAHHOM 4acTOTOM

Q=1+A (A= (00— ®)/my),
HpeﬂCTaBﬂeHHblﬁ 3aBUCUMOCTBIO
e,(1)= e, (t)exp(iQr).

Ero ammmTyna 3amaBanachk B BHIE THIEPOOIIYEC-
KOTO CEeKaHca!

2e,/ A
¢/(1)= for 28

exp(t/ At)+exp(—t/At)’

T.€. CHUTHal TPEICTaBIsUT COOOHW  ONTHYECKHMA
HMITYJIbC (PEMTOCEKYHIHOMN JITMTENILHOCTH, OIpeie-
nsseMoii 3HaueHneM At. EcrecTBEHHO OBLIO CUHTATH,
YTO MPHU OTCYTCTBUH 30HAMPYIOIIETO U3BHE MO (B
Ha4YaJIbHBII MOMEHT BPEMEHH) aHCaMOJIb aKTHBHBIX
LHCHTPOB, OOpa3yrolMx IUIEHKY, HAXOJUTCS B
OCHOBHOM cocTosiHuH, T. €. n (T =0)=1.0, a pe3o-
HaHCHAs NOJSIPU30BAHHOCTD OTCYTCTBYET —

dp
p(t=0)=0u —— (z=0)=0.
drt

Pemranace u3BectHas 3amada Komwm, 1O ecTh s
9TUX YCJIOBUU IIPU YUCICHHOM HMHTEIPUPOBAHUU
ypaBHeHHH (1.2), ompenensiack 3aBUCHMOCTH P(T),
a take e(t). Hampsok€HaHocTh TONs €,.(T) BbIpa-
)KaJjach Ha OCHOBE IIOJIy4YEHHOM 3aBUCHMOCTH, Clie-
Jlysl COOTHOIICHUSM JyIs 1101 B cucteme (1.2).

Ha pucynke 2.1 mpencraBieHsl pe3yJbTaThbl
pacuéra HOpPMHpOBaHHOH (Oe3pa3MepHON) Hamps-
KEHHOCTH TIOJNISl W3JIyYEHHS B OTPAXKEHHOM HM-
mynece. XapakTep TpaHCchOpMAIMd HMITYJIBECOB
OTCIIEKUBACTCS U HAPACTAIOIIETO psia 3HAYCHUN
TIOKa3aTelsl HEHACHILIEHHOrO IIOTJIOMICHUS K H
3HAUYECHUN HANPSHKEHHOCTH MPWIOKEHHOTO  IOJISt
ey/At (3mech xe Ha pucyHke 2.1, a mpezacraBieHa
(dopMa 30HIOWPYIOUIETO WMITYIbCa), BPEMEHHYIO
mKairy OpUio ymoOHO BBIOpaTh B NMHKOCEKYHAAX.
[Ipu BEIOOpPE TapaMeTPOB MOAETHPOBAHNUS, KOTOPHIC
HCTIONB30BANUCH sl onpejeneHus:  kod(huimeHToB
cuctemsl (1.2), MCXOIUIH, KaK MPaBUIIO, U3 TEX OIEHOK,
KOTOpBIC HM3BECTHBI, Hampumep, u3 paboTel [7], rme
paccMOTpeHbl CTPYKTYphl Ha ocHoBe [nGaAds/GaAs
wm  GalnNAsSb, HEIWHEHHO pearupyrime Ha
H3JIyYeHHe B SKCUTOHHOM oOnactu criekrpa. [Ipume-
HEHHE KBAaHTOBOW PE30HAHCHOW MOJEIHM B3aUMO-
JNEHCTBUS TpU aHalIW3e TUHAMHKHA KOTEPEHTHBIX
ONTHYECKUX SIBJIEHUI B HCIONb3YyEMbIX B JIA3€pHOU
(u3MKe MOJYNPOBOJHMKAX [ETANbHO OOOCHOBAHO,
Hanpumep, B [9]. MacmTab MomenupyeMoro sBie-
HUA 1O YPOBHIO CpeIHEH HalpsHKEHHOCTH €
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Pacu;enﬂenue CBEPXKOPOMKO20 UMNYIbCA NPU PE3OHAHCHOM OmMpasicenuu om MOHKOU NAEHKU

COOTBETCTBOBAJl PE30HAHCHOMY OTPAKECHHIO HM-
myJbca C NHMKOBOW WHTEHCHBHOCTBIO IIOps/Ka
10° Br/cm? cyOMUKPOHHOM TUIEHKOM TOMIIMHBL /, He
MpeBBIIIAIOMEH ~ 107 M; IUIOTHOCTh aKTHBHBIX
HEHTPOB N Ipenmnosarajgack B Ipeaeiax 1..410% M3 s
4acTOTa pe30HaHca ) M30paHa MPUMEPHO paBHOU
1.45-10" pag/c.

Pacu€rbl, pe3ysnbTaThl KOTOPBIX B KauecTBE
npuMepa NPUBEICHbI Ha BapuaHTaxX PHUCYHKa, I10-
3BOJIMJIM YCTaHOBHTH clienyrouiee. [Ipy HeBBICOKOM
HEHACBIIIEHHOM TIOTJIONIEHHH K (B ClTy4ae, eClii MpH-
HATB, uTO Y = 0) nedopmanus umIyibca He 0c000
BBIPDXKECHA, ACUMMETpPHUS OTPaXEHHOTO CHTHANA W
BO3HMKHOBEHHE «IPOBaja» BOJM3M NMHUKOBOH oOJa-
CTH UMIIyJbCa IMPOSIBISIETCS II0 MEpe pocTa
TIOTJIOLICHUS TIPUMEPHO TaK, KaK JIEMOHCTPUPYETCS
Ha pucyHok 2.1,6. Ho 3arem momoGHOTO poma
pa3lBOeHHE YTpauyMBaeT KOHTpacT (M 3Ta OcCo-
OCHHOCTH crocoOHa BOOOIIE MCYE3HYTh) MPH ailb-
HEWIIEM YBEJIMYEHUN K.

CyniecTBeHHOe H3MeHeHHe (hopMa OTpaKeH-
HOTO MMITyJIbca HMCHBITBIBAET B CIIydae OTCTPOHKH
HECYIIeH 4YacTOThl OT LEHTpa JIMHUM IOTJIOIICHUS
@y W Tpu BIUSIHUM dPdekra JIOKATBLHOrOo MO

(— 04 0.2

03 fue. .

(pucynok 2.1, 6-3). IMIynbsc «packanbIBaeTcs» Ha
JIBE aCHMMETPUYHBIE YaCTH C BBICOKUM KOHTPACTOM
(pucynok 2.1, 8, e, 0i1c,3). Dddext pacuierieHus
TOTJla ONTHMAJIEH, €r0 KOHTPACT MOXET OBbITh 0CO-
OEHHO 3aMETHBIM Ha BPEMEHHOH pa3BEPTKE WHTEH-
cuBHOCTH curHasia. COOTHOIICHHEM aMIUTUTY]] Yac-
Tell OTPaKEHHBIX HMITYJILCOB MOXKHO YIIPABIISATH,
Bapbupysl COOTHOLICHWS MEXIy IapamMeTpamu
BXOJIHOTO UMIyJbca M IUIEHKHU. Hapacranue BXon-
HOM aMIUIMTYZABI €y BEIET K YCIOKHEHHUIO KapTHUHBI
nedopmanuu (pucynok 2.1, e—3) — HanpsHKEHHOCTD
B TIMKE BTOPOTO M3 BO3HHUKIINX UMITYJILCOB OTHOCH-
TEJIHO BO3pacTaeT M Ha ero 3agHeMm ¢ponre dop-
Mupyercs Tpetuil BeiOpoc. [laibHeilmee yBenuue-
HUE BXOJHOM aMIUIMTYAbI, OJHAKO, NPUBOIMUT K
CHIKEHHIO KOHTPAcTa MOYJISIINH.

3aknrouenue

IIpruuHy paccMOTpeHHON CHIBHOHN nedopma-
OUU OTPAKEHHBIX TOHKHM CIIOEM IUIOTHOH pe3o-
HAHCHOM Cpefbl CBETOBBIX CHTHAIIOB CIIEAyeT
OOBSICHUTE OCOOEHHOCTSIMM HEITMHEHHON ITWHAMHKH
(a30BOro0 COOTHOILICHUsSI CBETOBOIO MOJS U PE30-
HAHCHOH TOJISIpM3allid B YCIOBUSX HYTAI[HOHHBIX
KoJie0aHHUH Pa3HOCTH 3aCCIEHHOCTH.

er

0 0.1 0.2 03 Inc

Pucynox 2.1 — ®opma oTpak€HHBIX TPaHUYHBIM HENUHEHHBIM CI0E€M HUMITYJIbCOB:
BXOJTHOM MMITYJIBC C aMILTUTYA0H orubaromieii eg /At = 0.25 (a—0), k = 1.4 (6, e-3), 1.1 (8),
1.2 (2), 1.5 (0), /A1 =0.2 (e), 0.27 (21c), 0.3 (3), v =0 (6), 0.3 (6-3), A= 0 (6), 0.05 (6-3);

n=3.6, I'=1.0-10%, 7= 5.0-10"¢, A= 1.3-10"m

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015
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HyraunoHHas nuHaMuKa THNWYHA AJISI KOTe-
PEHTHOT'O B3aHMO}1€ﬁCTBHH moja MW Cpelbl, Korjga
JJATCIIBHOCTE MMITYJIbCOB CpaBHUMa HWJIM MEHbLIC
BpeMeHu (a30BOW pesakcauuu cpeabl 1, U Cro-
coOHa IPOSIBUTHCS B OTPAKEHHOM TOHKHM aKTHB-
HBIM cioeM um3nydeHuu [4]. Hemunelnsnd 3¢ dekr
3aTATMBAHUS YaCTOThl IOJs, IEPBOHAYAIBHO OT-
CTPOEHHOTO OT PE30HAaHCAa B MpEAENax CHEKTPab-
HOM IIUPUHBI JIMHUH K €€ LIEHTPY, TaBHO M3BECTEH B
auTeparype. B xonae B3anMonencTBUs CBETOBOE I10-
Jie CUTHaJIa 110 YacTOTE HaCTPAUBACTCsl HA PE30HAHC,
MOTJIOMIEHNE B LIEHTPE JIMHUM MAaKCUMAaIbHO W IIPU
BBICOKOM MOHOIHOCTH BXOJHOT'O IIOJIA JJId HETO
xapakTepHo Hackimienue. [lepectpoiika ¢asbl mos-
PU30BAHHOCTH CJEAyeT 3a AMHAMHYHO CMeIlaro-
meiics u3-3a 3ddexra OMDKHUX TONEH auIoien
PE30HAHCHON YacTOTOHM, 3TO CMEILEHHE OIpeaels-
eTcs W3MEHEHHEM pa3HOCTH 3acenéHHoctH. O0a
mporiecca — IMepecTpoiika YacTOTHI TONS U Jperd
PE30HAHCHOM 4YacTOTHl JIMHUM XapaKTepU3YIOTCS
pa3IMYHBIMM BpEMEHaMH pejiakcanuu. M3-3a nuHa-
MUYHBIX OTKJIOHEHUH OT YCJIOBHM PE30HAHCHOIO I10-
TJIOIIEHUsI BO BPEMEHHOH 007acTH, COOTBETCTBY-
IOLEH IMKOBOM 4YacTU HMIIYJIbCA, BMECTO HAChI-
HI€EHUs W CHHWXXCHUS IIOTJIOIICHUS BO3MOXKHO €ro
pe3koe HapacTaHHe, B UTOTe OTPAXKEHHBIM HMITYJIbC
croco0eH pa3fAeIuThCs Ha JBE YacTH.

OCHOBHBIM pe3yJIbTaTOM pabOTHl  SIBISETCS
IpeJcKa3aHue BO3MOXKHOCTU PaCIIEIUICHHUsT KOpOT-
KOTO ONTHYECKOT0 UMITYJIbCA, OTPA’KaEMOr0 TOHKUM
CJIOEM IUIOTHOW PE30HAHCHOH cpeabl. SIBieHue xa-
PaKTEepHO ISl PEeKMMa KOTEPEHTHOTO B3anMOACH-
CTBHS CBETa C BEIECTBOM M BO3HHKAET KaK CIEH-
CTBHE HyTaIlHOHHBIX KOJeOaHWH pa3HOCTH HaCENEH-
HOCTEH, pa3BUBAIOLIMXCA B YCJIOBHAX BJIMSHUSA
OMVKHUX ITUIOJBHBIX B3aMMOJEHCTBUH Ha KOHTYP
JMHUM nornonieHust. D exT cuibHoi nedopmanuu
CBETOBOI'0 CHTHANa IPU PE30HAHCHOM OTPAXKEHUU
MOXHO HCIIOJIb30BaTh ISl TPOQUINPOBAHUS CBEPX-
KOPOTKHUX CBETOBBIX UMITYJIbCOB.
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MATEMATHKA

Ob J3-JOCTHXKUMBIX ITIOATPYIIITAX B I'PYIITIAX C OIEPATOPAMHM

P.B. bopoauu, M.B. Ceaskun, E.H. bopoanu

Tomenvckuti 2ocyoapemeennuiii ynusepcumem um. @. Cropunsi, I'omens, Berapycey

ON JI-ACCESSIBLE SUBGROUPS IN GROUPS WITH OPERATORS
R.V. Borodich, M.V. Selkin, E.N. Borodich

F. Scorina Gomel State University, Gomel, Belarus

B pabote n3ydaercs moBeeHHe I -HOCTHKUMBIX ITOATPYIIT B 0000IEHHO (DPATTHHUEBBIX PACILIHPEHUSIX.

Kniouegwie cnosa: maxcumanvhas nooepynna, popmayus, I -00CMUACUMA NOO2PYNNA, 2PYNNA ONepamopos.

The behavior of J -accessible subgroups in generalized Frattini extension is studied.

Keywords: maximal subgroup, formation, 3 -accessible subgroups, group of operators.

Beeoenue

Bce paccmaTtpuBaemble rpynnbsl KOHE4YHbI. Mc-
ClIeJIOBaHUE NePeceYeHU MaKCUMAIbHBIX MTOATPYTII
OTHOCHUTCSI K OJHOMY U3 KJIACCHYECKHX HaIpaBie-
HUU TEOpHUU KOHEUHBIX rpymnn. Hagano sToi Teopun
BoCcxouT K pabore @parrunu [1] 1885 roga. [Tomy-
YEeHHBbIE MM pEe3yJIbTaThl B IajJbHEHIEM pa3BHBa-
Jmch B paboTax Takux aBTOpoB, Kak JI.A. llemerkos
[2], M.B. Cenpkus [3], A. bamecrep-bomuamme [4],
A. betiremar u 1II. Cmut [5] w MHOTHX Opyrux
(cm. moHorpaduu [2], [3]).

B pa6ote /1. betimyemana u I11. Cmuta [5] 6611
MOCTaBIIeH cieayromuii Bompoc: «Ecom H cyOHop-
MalpHas rmoArpynma rpymmnsl G, coxpepxamas O (G),

T0 Oymer yu u3 cBepxpaspemmumocta H / O(G)

CJIeJIOBATh CBEPXPA3PEUIMMOCTh MOArPYyMIbl H ?»
Ora 3amada paccMaTpuBaiach B pabOTax MHOTHX
aBTopoB (cM. MoHorpaduro [3]). B mannoit pabdore
nmaéres oTBeT Ha Oonee obmuit Bompoc: «Ilycte I —
nokanbHas Qopmarmst, H — J-HOCTHXHMAs TOJ-
rpymma, B kKakoM cinydae u3 H / ®(G,A) € I Oyner

cneaoBaTh, uto H € 3 7»

1 Onpeodenenun u 0o603navenusn

Honrpynma H rpynmer G Ha3bIBaeTCs MPOHOP-
MaJIBHOW, eciii i Jrboro x € G moarpymmsl H
u H” comnpsbkeHbl Mex1y co0oit B < H,H”" >.

HanoMHMM, 4YTO KJIacCoOM TpPYNII Ha3bIBAIOT
BCSIKO€ MHOXKECTBO TPYIII, COjepxkallee BMECTE C
Ka)kJ0M cBoeil rpynmoi G U Bce TpyIIibl, U30Mopd-
Hele G.

Krnacc rpynm Ha3pIBarOT HACIEICTBEHHBIM, €C-
JI BMECTE ¢ KaXJI0H cBoel rpynmnoil G 0H cOnep:KUT
BCe MOoArpymmsl rpynmsl G.

Krnace rpynm 3 Ha3pIBaeTcs Gopmarieii, ecim
BBITTOJTHSIOTCS CIIETYFOIINE YCIIOBHS:

ecmu Ge3 u N <G, 10 G/ Ne J;

© Bopoouu P.B., Cenvxun M.B., bopoouu E.H., 2015

2)ecmu G/ Nie I u G/ Ne 3,10
G/NNNeST.

OtobOpaxenue f kmacca G BcexX TPYII B MHO-
JKECTBO KJIACCOB T'PYII HA3bIBAIOT 3KPAHOM, €CIIU
Juist 000 rpynmnbsl G BBITOJIHSIIOTCS CIIEAYIOIIHUE
YCIIOBUSL:

1) f(G) — dopmarus;
2) f(G)c f(G*)n f(Kerp) mns mobdoro ro-
Momoppmu3ma ¢ rpynmnsl G

3) fH=G.

OKpaH f Ha3bIBaIOT JIOKAIBHBIM, €CIIH JUISl JIIO-
00ro MPOCTOro YUCia p OH IIPUHUMAET OJMHAKOBBIC
3HAUYCHUA Ha BCCX HCCAWHUYHLIX p-Tpylrax ¢
f(G)= ﬂ f(p) nna moboii rpynmsl G.

pen(G)

®dopMmaruio I HaA3BIBAIOT JIOKAIBHOW, €CIH
OHa MMEET XOTs OBl OIMH JIOKAIBHBII 3KpaH.

IMycte 3 — memycras dopmarms. Torna mon-
rpynna A xoHeuHO# rpynmnsl G Ha3bIBaeTcd I —
HOCTHH(HMOPI, €CJIM UMCCTCA TaKas LCHb MOATPYIIIT

H=H cH c..cH, =G,
YTO AJIS K&KJ0ro i =1,2,...,n BBIIOJHAETCA OIHO U3

ycnosuil: 1) noarpynna H, , HopMaibHa B H;

i

2) J-xkopamukan Mmoarpynnsl H, copepkurcs B
H

.- Ecnu BBINONHAETCA TOJBKO YCIOBUE 2), TO
TaKylo MOATPYIIY Ha3bIBAIOT I -CyOHOPMaJILHOM.
[Tonatue I -AOCTIKUMON MOATPYNIIEI, BBE-
néunoe O. Keremem B pabote [6], O3BOIMIO CHUC-
TEeMaTH3UPOBaTh MHOTME 3aKOHOMEPHOCTH, CBS3aH-
HBbIE€ C HOPMAJIbHBIMU U CyOHOPMAaJIbHBIMU MOATPYII-
namH, a Takke ux o0oOmenusmMu. B nanHoi padorte
uaes I -JOCTHKHMMOW MOATPYMNIIBI HCIIONB3YETCS
JUIL  MCCIICIOBAHUSl TOBEIOCHUS HOPMAIbHBIX H
00001EHHO CyOHOPMAIBHBIX J -ITOATPYIII BO (paT-

TUHHUEBBIX PACIIUPEHUAX KOHECYHBIX I'PDYTIIL.
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Yepes M, 0003Ha4aIOT AApo moArpymmsl M
B rpymrie G (TO ecTh IepecedeHne BCeX MOATPYIIT
n3 G, CONpPSHKEHHBIX C MOATPYIon M ).

ITyct nansl rpynna G, MHOXeCTBO A U OTO-
opaxenue f: A+ End(G), tne End(G) — MHO-
JKECTBO Bcex sHaomopdusM rpymmsl G. Ioarpynma

M HazpiBaeTcsi A-IOMyCTUMOM, ecnmu M  BblIep-
JKMBaeT JIEHCTBUE BCEX ONEPATOPOB U3 A, TO €CTh

M® < M nnst moboro omnepatopa o € A.

HecnoxxHO 3aMeTHTB, YTO TaK Kak ONepaTopbl
JIEUCTBYIOT KaK COOTBETCTBYIOLIME WM OJHIOMOp-
(u3MBI, TO KaXKaask XapaKTepUCTUIECKast TIOATPYIIIIa
ABIIsETCA A-TOMyCTUMON UIL MPOU3BOJIBHOM TpyI-
TIBI OIIEPATOPOB.

0O603HaunM uepes @(G, A) mepecedeHue saep
BCEX MaKCUMaJbHBIX A-I0MYyCTUMBIX MTOATPYIIIL.

[ycts 3 — popmanus. Yepes D (G, A) o6o-
3HAYUM MOATPYMIY, PaBHYIO TIEPECCUCHHUIO SAEp
BCEX MaKCUMAJIBHBIX A-OMYCTHUMBIX ITOTPYIIIT TPYTI-
bl G, HE coiepKalIuX I -Kopaaukan rpynms! G.

B cnydae, xorga rpynma oneparopoB A eau-
Hi4Ha, To noarpymnsl (G, A) u D¥(G, A) cosmna-
JaroT cooTBeTcTBeHHO ¢ D(G) (moarpymma Ppar-

tiHA) U A (G) (Hmoarpyiia, paBHas TepeceueHHUIO
BCeX I -a0HOPMAaJIbHBIX MaKCHMAJIbHBIX IOJTPYIII
rpynmst G). Ceoiictea moarpynnsl AY(G), a Takxke
e BIMSHME Ha CTPOEHHWE TPYMIbI UL Pa3IMYHBIX
KJIaCCOB IPpyIn I JOCTaTOYHO XOPOIIIO U3Yy4eHHI [3].
B ciyudae orcyreTBus B rpymnne G yKazaHHBIX
HOArpymNI OyAeM Mojarath, YTO COOTBETCTBYIOIIHE
MepeceyeHus COBMANAIOT ¢ caMoi rpynmnoi G.
HeobxoanMo OTMETHTH, 4TO HE KaXKIash Mak-
CHMaJIbHas OATPYINa Oy/eT SBIATHCS MaKCUMaJlb-
HOW A-IOIyCTHMOW OTHOCHTENBHO HEKOTOPOU
TPYIIIBI OTIEPAaTOPOB A, a TAK)KE HE BCSKash MAKCHU-
MaJlbHas A-JOMyCTAMast TOATPYIIA TPYIITI SBIISET-
€51 MAKCHMAaJIbHOW NOAIPYIIION B ATOM K€ IrpyIIIe.
Ilpumep 1.1. Ilycms Q — epynna xeamepHuo-
Hog 8-20 nopsoka. Paccmompum G =[01Z,, Z, —
epynna onepamopog o Q. B epynne Q nooepynna
K nopsaoka 2 aensiemca MakcumanbHot OOnyCcmumon
OMHOCUMENbHO 2PYNNbl ONEpamopos Z,, HO He 5i6-
JISIeMCsl MAKCUMANbHOU nodepynnou epynnul Q.
Ilpumep 1.2. Paccmompum epynny
G =<a,b,c|la’*=b>=c’ =1,bc=ch,b" =c>.
Tozoa G =[G4, 20e G=<b>x<c> u

A=<a> — epynna onepamopog epynnvi G. Ilpo-
cmas nposepka nokasvieaem, umo 6 epynne G ecmo
MakcumanvHas A-oonycmumas nooepynna H =< bc >
nopsioka 3, Ho He 6ce noOcpynnvl Nopaoka 3, Ha-
npumep < b >, senrsromes A-donycmumvimu.

[Iycte ®(G,A) # G. OnpenenuM HOATPYIILY

F (G, A) rpynns! G crexyomuMy IBYMsI yCIOBUSMU:
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1) F(G,4) 2 ®(G, 4);
2) F(G,A)/ (G, A) = Soc(G | D(G, A)).
Ha moarpymmy F (G, A) MOXHO CMOTpETh Kak

Ha oboOmenue moarpynmnel durrunara F(G), Tem

6oJee, YTO OHA COXpAHSAET OCHOBHOE CBOMCTBO MOJ-
rpynnbsl OUTTHHTA pa3penuMon Tpynmbsl — COAep-
’KaTh CBOM LIEHTPAIN3aTOp.

2 BcnomozamensHhsle pezyibmamol

B nampHelimeM HaM MOHATOOSTCS CIIEAYIOIINE
pe3yibTathl 00 J -TOCTHIKUMBIX MOTPYIaX.

Jdemma 2.1 [3]. Ilycmv I — Henycmas Hacreo-
cmeennas gopmayus, H, K u N — nooepynnwvi epyn-
not G, npuuem nooepynna N nopmanvha 6 G. Toeda
CHpageougbl Ciedyroujie YmeeplicOeHUs.

1) ecru H — J-oocmuswcumas nooepynna
epynnot G, mo HNK — J-docmudsxcumas noo-
epynna epynnet K, a HN/N — J-docmudicumas
nooepynna epynnsi G/ N,

2) ectu H o N, mo nooepynna H 3 -oocmu-
ocuma 6 G mozoa u MoabkKo moz2od, Ko20d Noo-
epynna H/ N J-oocmuscuma ¢ G/ N,

3)ecu H — I -0ocmuodicumasn nodespynna epyn-
nvt G, mo H™ — cybruopmansnas nooepynna pynniG.

Jdemma 2.2. I[Iycmo epynna G umeem 2pynny
onepamopos A. Tocoa O(G) < O(G, A).

Jloxazamenvcmeo. IIpeanonokum, 4To

O(G) c (G, A).

Torma cymiecTByeT MaKCHUMalbHas A-TOIMyCTHMAas
noarpynna M, takas, uyto ®(G)z M. Tak kak
@O(G) sABmseTCA XapaKTEPUCTUIECKOH TOATPYIIIIOH,
10 ®(G) A-momyctuma. Tak Kak mpou3BeJeHHE
A-10TyCTUMBIX TTOATPYIII SBIISIETCS A-T0ITyCTUMBIM,
10 M®(G)=G. YuutsBasg, yto ®(G) COCTOWUT U3
HEoOPa3yIOMKX JIEMEHTOB, TOy4aeM, uto M = G.
[Nomy4eHHOE IPOTHBOPEUHE TOKA3HIBACT JIEMMY.

Jdemma 2.3. I[lycmo epynna G umeem zpynny
onepamopos A, maxyro, umo (|G|,|A])=1,
KcN<aG, K<1G u KcD(G,A). Toeoa cnpa-
6€0IUBBL CLEOYIOUUE YIMEEPIHCOCHUSL:

1) eciu N/ K m-3amxuyma, mou N T -3am-
KHyma;

2) F,(N/K)=F,(N)/K.

Hokazamenvcmso. Ilycte N/ K wumeer HOp-
MmanbHyto S -moarpymnmy H /K. Tak kak

K c ®(G,4), to K munsnotentHa. HerpynHo 3a-
METHUTh, 4YTO S -moarpymma R u3 K sBusercd
S -noarpynmnoii B H. Ilo teopeme Illypa-Ilaccen-
xay3a H cogepxur S, -moarpynmy S U JiroOble

JIBE€ TaKue MOATPYMIIbI conpskeHsl B H. Ilo nemme
@Opartuan G=N;(S)H. C yuérom TOro, uTO

H = SR, nomydaem, uto G = N,;(S)R. Tak xak §
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ects S, -moarpynna B N, a noarpynna N A-gomyc-
THMa, T0o S A-pomycruma. Torna moarpynna N (S)
A-nonmyctumMa M Ha OCHOBaHUU JeMmMbl 17.1 u3 [2]
ABIsieTCS aOHOPMAaNBHOW moArpymmoi rpynmsl G.
CrnenoBarensHo, N (S) comepkHUTCs B HEKOTOPOU
aOHOpPMaNbHONW MaKCUMAaIbHOW A-J0IyCTUMOM MO-
rpymme M w3 G. Ilostomy G =MR. Tak kak
RcO(G,4A)cM, o G=M. Tlomyunnu nporu-
Bopeune. CrenoBaTensHo, S HopMmaisHa B G.
Bropoe yTBepikaeHHE JIEMMBbI SIBISETCSA CIEN-
CTBHEM IIepBoro npu ©t = p'. Jlemma goka3aHa.

3 Ocnosnoit pesynomam

Teopema 3.1. Ilycmo epynna G umeem epynny
onepamopog A, maxyio, umo (|G|,|A])=1, T —
nokanvuas gopmayus, m=7(3I). Ecmu cybHop-
maneHas nooepynna H epynnet G codeparcum
0. (D(G,4) u H/ O (P(G,4) e, mo HeS.

Loxazamenvcmeo. CornacHo teopeme 4.3 rir. IV
[6] 3 conepxurca B E_ kiacce Bcex m-rpynmn. He
OrpaHHYMBas OOIIHOCTH, MOXXHO CYHTaTh, 4YTO
O(G, A) — n-rpymma. Takum obpazom, H — T -rpyt-
nau H/®(G,4)e3I. Tak kak H — cyOHOpMaiIb-

Has moArpymnmna rpynmnsl G U COTJIACHO JIeMMEI 2.3
F (G/D(G,4)) =F,(G)/ D(G, A), nonydyaem, 410

F,(H/®(G,4)=F,(H)/ ®(G, 4).
Tak kak H / ®(G, A) € I, 10, HCTIONB3YS IeMMy 2.3

u nemmy 4.5 u3 [2], momydaeM, 4To
(H/®(G,A)/ F,(H/P(G,A4) =
=H/®(G,A)/ F,(H)/ PG, 4)
HIF,(H)e f(p).
Tak Kak mocjeqHee CIPaBeAINBO VIS JTH000r0o
pen(H), o no nemme 4.5 u3 [2] noarpynna H

BxoauT B J. Teopema moka3aHa.

B cnyuae, xorma I cozmepxur Qopmanuio
HWIBIIOTEHTHBIX IpyNI, Toraa ©= P u teopema 3.1
naet orBeT Ha Bompoc: «Ecim H cyOHopManbHas

noxrpymmna rpymmsl G, Takas, uro H / D(G, A4) € T,
T0 H € 3».

Ecnu rpynma omepatopoB 4 eIWMHWYHA, TO
noarpynna  @®(G,A) coBmamaer ¢ MOATPYIION
Oparrnan @(G) u u3 Teopemst 3.1 moxydaem pe-
3ynbTat pabotsr [4].

3ameuanue. Ecnu noxanvnas gopmayus 3 ne
cooepocum Popmayuio HUTLNOMEHMHBIX 2PYAN, MO
oaxce 8 cnyuae eOUHUYHOU 2PYNNbl ONepamopos u3
moeo, umo H/®(G)e I ona cybnopmanvroi noo-
epynnol H, He 6cez0a cniedyem, umo H € 3. [leticm-
BUMENBHO, NYCTb 3 — HACBIYEHHAS hopmayus 6cex
p-epynn, p — npocmoe uucio. Paccmompum g # p

u nycmo G=Cp2><Cq2 — Yuxkauveckas epynna

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

nopsioka p*q’. Ecu H = Cl)2d5(G), mozoa H 4G

u H®(G)e3, no He 3.

Teopema 3.2. Ilycmob epynna G umeem epynny
onepamopos A, maxyo, yumo (|G|,|A|)=1, T —
aokanvuas gopmayusi. Ecnu N — cybnopmanvhas
nooepynna epynnot G u N/ NN®(G,4) 3. To-

20a N npedcmasuma 8 8ude npamozo npousseoeHus
N =N, xN,, MmHOdxMcUmenu Komopozo YOO6emeo-

PAIOM CeOYIOWUM YCTIOBUAM:

1) N, €3;

2) (N, N(I) =J;

3) N, c D(G, A).

Hokazamenvcmeo. Ilyctb D =N NO(G, A),
n=7(3). Ilo Teopeme 3.1 moarpynmna N mnpencta-
BuMa B Buge N =N, xN,, rame N, — XONIOBCKasd
n-noarpymna u3 N. Tak kak N, € @(G, 4), TO
N/DN,/D, €3, tae D, =N nN®G,A4). Ilycrs
pemn Tak xak N,/ D, €3, T0, UCHIONB3YS JIEMMY
2.3 u nemmy 4.5 u3 [2], monyyaem, 4To

(N, / D)/ F,(N,/ D)=

=N,/D,/F,(N,)/ DN,/ F,(N,) € f(p).

Tak kak mocienHee CIIPaBeIIMBO IS JFOOOTO
p € n(N,), 1o no nemme 4.5 u3 [2] noarpynna N,
BxogutT B J. Teopema nokasaHa.

Cneocmeue 3.2.1. Ilycmv epynna G umeem
epynny onepamopos A, maxyio, umo (|G |,| A])=1,
J — nokanvhas popmayus, codepaircawjas ece Hulb-
nomenmuvle epynnul. Ecau N — cyonopmanvhas noo-
epynna epynnet Gu N/ NNO(G,A) €T, mo Ne3J.

Teopema 3.3. C, (IF(G, A)) < F(G) ona wo-
oot epynnul G.

Jloxazamenvcmeo. llonoxum H = F (G, A),
C=C,;(H), F=F(G). Ecnu ©(G,4)#1, To pac-
cmatpuBaeM G/ ®(G,A), i1 KOTOpPOH Teopema
BepHa Mo MHAyKIuK. Torna
CD(G,A)/ D(G,A) c F/D(G, A) = F(G/D(G, 4)),
orkyra Cc F. PaccmorpuMm Temepb  ciydait
@O(G, A)=1. Beuny toro, uro moarpymmna durrura
F(G) coBmagaer c mepeceyeHHEM ILIEHTPAIU3aTo-
poB B G Bcex TiaBHBEIX (hakTopoB rpymmbl G, mo-
nydaeM, uto F < C.

[Ipennonoxum, yto C # F 1 pacCMOTPUM Ta-
Ko rnaBHbld Qaktop N/F rpynnel G, dYTO

N c C. Tak xak Soc(N) comepxwurcs B H, crneno-
BaTeNIbHO, OH LeHTpaiau3yeTcs noarpynmoi N. Ec-
m N#G, 10 mo manykmmu N = F(N) = F(G),
YTO HEBO3MOXHO. [lyctb N =G, 10 ecth, G/ F —

rnaBHblid akrop rpynnsl G. [To nemme 7.9 u3 [2] u
nemMMe 2.2
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G=LF,LnF=,FcH.
B paccmatpuBaemom ciyuae G = C. Iloatomy
G=LxF. Tak kak G/ F =L, to L nubo npocra,

nb0 eCTh MpsIMOe MPOM3BEJCHUE H30MOP(HBIX
npocteix rpymm. Tak xkak F # G, 10 L HeabeneBa

Y, HECJIOXKHO 3aMeTuTh, L = G'. 3Haunt, L sABIsAET-
€Sl MUHMMAaJIbHOM HOPMalbHOM MOATPYNIION TpyIIbI
G, 10 ectb L < H. Ho 3TO HEBO3MOKHO, Tak KaKk L

HeabOeneBa u G = C. Teopema nokasaHa.

Teopema 3.4. I[Iycmv 3 — HacnedcmeeHHas
noxkanvHas gopmayus u epynna G umeem 2pynny
onepamopos A, maxyio, umo (|G|,|A|)=1. Ecmu
H — 3-0ocmuswcumasn nodepynna epynnot G u
H/HN®O(G,A) eI, mo H npedcmasuma 6 ude
npamozo npouzeedenus H = H, x H,, muoocumenu
KOMOPO20 yO081emEOpsom Cledyiouum YCao8Uim:

1) H e3;

2) n(H,)Nn(3I) =

3) H, c O(G, 4).

Loxaszamenvcmeo. Tak kak noarpynna H 3 -1o-
cTwkuMa B G, TO OHa, 04eBUAHO, G -AOCTHKUMA B
G, tne n=n(3J). Beugy nmemmsr 2.1 moxrpymma
H®(G,A)/ D(G, A)

G/®(G,A). 3HaunT, Ha OCHOBaHMM paboThl [7]

G, -IOCTIDKMMa B TpyIE

UMEEM, YTO
HO(G,A4)/ D(G,4) c O (G/D(G, A)).

Iycte O, (G/D(G, A)) = K/ D(G, 4). 1o teo-
peme 3.2 momrpymma K mpencraBuMa B BUE
K=K, xK,, rne K, — n-rpynna, n(K,)Nn =,
K, c ©(G,A4). Ilyctb H, — XONIOBCKas T -MOJ-
rpymna rpymmst H, H, — XoJuloBckass 1’ -MOArpyI-
na rpynnsl H. OueBumno, H, cK,, H,cK,.
Hostomy H =H, xH,, npudem, H, — m-rpymnma,
n(H,)Nn=9C, H, cD(G,A).

IMokaxem, uro H, € 3. Ilpexnonoxum, 4TO

9TO HeBepHO W rpymma G SBISETCS KOHTpIpUMe-
pOM MHUHHMabHOrO nopsiaka. Tornga B G HalgeTcst
F -noctmwxumas monrpymnma 7, Takas, 4YTO U3
T/TND(G,A4A) eI caenyer pasenctBo I =1 xT,,
rae I, — n-rpynna, n(l,)Nn=0, T, < O(G,A),

HO moarpynmna 7, He NpuHAUISKHUT (opManuu J.

Cpenn Bcex TakWX MOATPYII BBHIOEPEM MOATPYIILY
H, umeromyto B G HaumeHblMi uHpexc. Oue-

BUIHO, uto H, #1. Ilostromy O _(G) # 1.
Ilycte N — MuHMMainbHasg HOpMajbHas IOJ-
rpynna rpynmnsl G. Tak xak
HO(G,A)N/D(G,A)N =
=HO(G,A) HD(G,A) nD(G, AN,
t0 HO(G,A)N / D(G, A)N € 3. C npyroii CTOPOHBHI,
H®(G,A)N/D(G,A)N = HN /| HN n®(G, A)N.
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[ostomy HN/HN N ®(G,A)Ne€J.
Tak kak ®(G,A)N/N c ®(G/ N, A), 10
(HN/N)/(HN/N)Nn®(G/N,A) 3.
Kpome Toro, Ha ocHoBaHuM Jemmsl 2.1 mog-
rpymmma HN/N J-poctmwxuma B rpynmne G/ N.
Temeppr BBHAY BBIOOpa Tpynmel G mMeeM
HN/Ne3J. Ecnu L — MuHUManbHas HOpMaibHas

noarpynmna rpymnsl G, oTaudHas oT N, TO aHaio-
TMYHO JOKasplBaeTcsi, uro H, L/LeJ. Otcroga
CJIE/Ty€T, YTO

H/LAN=H €3.
[pumm x TpoTHBOpPEYHIO.

Wrak, N — einHCTBEHHAas MUHMMaJIbHAsl HOP-

MaJlbHas noArpymnmna rpynmst G. 13

N cCcD(G,4A) N0, (G)
cienyet, yto N — abeseBa p-Tpymnmna Uit HEKOTOpo-
ro pen(3). Kpome toro, H,=1, H=H, u
HN/Ne3J. Ecom N He comepxurcs B H, TO
|G:HN |<|G: H|. Kpome Toro,

HN/HNN®(G,A) € 3.

3HaunT, BBUAY BBIOOpa moArpymnsl H umeeM, 4To

~

HN e 3. Tak xak ¢popmanusi I sBISETCS HACTCICT-
BeHHOH, To H € 3. CHOBa MpUIIUIM K MPOTUBOpE-
Yh10. 3HAYUT, B JaJIbHENIIEM nojlaraeM, uto N < H.

[IpennonoxuMm, ato H — coOCTBeHHAs MOA-
rpymna rpynnst HO,(G). Beuny nemmsr 2.1 noa-

rpymna H - 3 -poctkuma B rpynne HO, (G). lo-

9TOMY CYILIECTBYET TaKasl Lelb
H=H,cH c.cH, = HOP(G),

YTO JUIsl KKAOTo [ =1,2,...,7n BBINOJHSIETCS OJHO M3
ycnoBuii: 1) moxarpynma H, , HOopMmanbHa B H;
2) I -xopapukan noarpymmsl H, copepxurcas H, ,.

Mycte i €{1,2,...,n}, f— MaKCUMaIlbHbIA BHYT-
PEHHUM JOKaIBHBIN 9kpaH ¢opmarmu J. Eciu mox-
rpynmna H,, HopmanbHa B H,, TO, OYEBHIHO,
H/'” — nopmanbhas noarpynma rpymmnst H,. Tlo
teopeme 4.7 u3 [2] popmauus f(p) sBiseTcs Ha-
cnencteennoii. Tostomy H/\” < H/'”. 3nauwr,
noarpyrma H/\” wopmansha B rpynne H/”.

Mycts Teneps H; < H, . Tax kak

H,=H,_(0,(G)nH)),
TO
H,/(H,.)'""(0,(G)nH,) =
=H,_ /(H_ )" (O0,(G)NH, ).

Tostomy (H,)'” < (H,.)'"(0,(G)"H,).

Tak kax H/\” < H/'"”, 1o

(H,)'"(0,(G)nH,)=

, 3.1)
=(H_)'"(0,(G) " H,).
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[To nemme 4.5 u3 [2] ans moboro j €{0,1,2,...,n}
uMeeM

(H)'" /| (H,)* €0, (H,I(H,))
Tak kak dkpaH f SBISETCS BHYTPEHHHM MAaKCH-
MaJbHBIM, TO Ha OCHOBaHHH TeopeMbl 3.3 m3 [2]
f(p)=N,f(p). Orcrona cienyer, 4to

(H,)'" /[ (H,)* €O, (H,/(H,)).
Tak kaxk H,0,(G)/0,(G) e 3, 10
(H)cH,nO,(G).

Takum 06pazom,

(H,)'"" =(H )" (H,),
rae (H,)"" — xomnoBckast p' -moArpymma rpymmsr
(H ). Teneps u3 pasencrsa (3.1) ciemyer, 4to
xomnoekas  p'-nomrpynnma  (H,,)’”  rpymmsi
(H,,)’"” sBnsercs xommosckoil p’ -moarpymnmoi
rpynnst (H,)"”. 3uaunr,

(HY'P = (H, )" (H,)°
Tak kak (H,)> c H, ,, 1o (H,)’"” ¢ H, ,. Urax,

(H_)'" c(H)'" cH.
Orcrona crenyer, uro noarpynna (H, )" wop-
ManbHa B rpynme (H,)' .

Urak, moarpymma H’/”  cy6HOpMambHa B
rpynne HO,(G). Torna noarpynna

(H/N)f(p) =H'"N/N

SABIISICTCA CYOHOPMAINBHOW TOATPYIIONW TPYIIIIEI
(H/N)O,(G/N). Takkak H/N €3, 10

(H/N)Y'” <0, (H/N).
Us cyGuopmansuoctn (H/N)''" B HO,(G)/N
CJIE/Ty€T, YTO
(H/N)'" ¢ 0,(HO,(G)/N).
3HauuT,
(H/N)f(p)Op(G/N) cO0,,(HO,(G)/N).
Tax xak
HO,(G)/H'"0 (G) =
=H/HNH'"0,G)e f(p),
TO
(HO,(G)/N)/0,,(HO,(G)/ N) e f(p).
Hcnons3ya teopemy 4.1 u3 [2], momyuaem, 4yTo
BCe riaBHble (akropel rpymnel HO,(G)/ N, co-

nepxawuecs B8 O,(G)/ N, sBIAIOTCA I -LEHTpalb-
upivu. Tlostomy w3 HO,(G)/O,(G) € 3 cruenyer,
uro HO,(G)/ N e 3.

Ouesnano, noarpymma HO,(G) I -npoctu-

’kuma B rpynne G. Tak kak
|G:HO,(G)<|G: H |,

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

TO BBUAY BBIOOpa moarpymmnsl H wumeeMm, dTO
HO,(G) € 3. U3 nacnencrsensoctd popmaiuu I
cnenyet, uto H € J. [Ipumm k NpoTUBOPEUUIO.
Urak, O,(G)c H. Ilycth ¢ — ecTeCTBEHHBIA
romomopdusm rpynnel G Ha rpynmy G/ D(G, A4).

OTMeTnM, 9TO Tak Kak N — eIMHCTBEHHAs MWHH-
MaJlbHass HOpMalbHas moArpymma rpymmnsl G, ToO

D(G,4) < 0,(G). Ilyers S = d)’l(Op (G*)) — mon-
HbIA poo6pa3 noarpynmst O, (G®). Ha ocHoBanum
Teopembl 3.2 moxarpymma S TMpeacTaBUMa B BHAE
S=8®(G,4), rne S, — xomwioBcKas p'-mod-
rpynna rpymmnsl S. Teneps u3 Toro, uto N — €AMHCT-
BEHHas MUHHMMallbHas HOpPMajbHAas MOATpPYIIIa,
uMeeM OP(G“’) =1. Takum o0pazom, Bce abeneBbI
MHHUMAaJIbHbIE HOPMAJIbHBIE IOATPYHIBI TPYMIIBI
G* ABIAIOTCS p-rpyHIAMIL

[Tycts K — HeabemeBa MUHUMAaIbHAS HOPMaJlb-
Has noarpynna rpyrmsl G*. Ipeanonoxum, uto K
He TpuHamIekuT dopmaruu I, Torma K =K.
Taxk kak noarpynna H® J-goctwkuma B G*, To u3
paborst [8] K < N, (H). 3uaunr, K NH® — Hop-
MajlbHasi monarpynma rpynmnsl K W [I03TOMY
(KNH*) =KNH® Tak kak 3 — HaclelCTBEH-
Has dopmamus, To (K NH®)™ < (H*)". Teneps u3
H'e3 ciaenyer, uro KnNH ®=1. 3uauur,
KH*=KxH".

ITycte Teneps K € 3. Ilpeanonoxkum, uro K
He comepxurcas B H®. Tak xak moarpymma H°®
S -noctwkuma B H°K, To cymecTByeT Takas Iermb

H*=H,cH c..cH, =H,

YTO JJIg Kakaoro i =1,2,...,5 BBIIOJHICTCS OJHO U3
ycnosuil: 1) nmoarpynma /H,, HopMaisHa B H;
2) J-xopamukan MOATPYNIBl H, conepxkurca B
H,_,. B uactHocTH, M60 noarpynna H  HOpMaITL-
Ha B rpyrme H,, 6o (H,)” < H*.

Mycts (H,)” < H*. Takxak H'K /K € F, 10

~

(H’K)” c K. V3 nacnencTBeHHOCTH (opMaul
umeeM, uto (H,)” < K. Tak kax noarpynma H,
J-noctwxuma B H*K, 1o BBUY Nemmbl 2.1 (H,)®
— cybHOpMabHas moarpynma rpymmsl HPK. Oue-

BUAHO, mnoiarpynmna K TpeicraBuMa B BUAE
K=K x..xK , roe K, — usoMopdHble mpocTbie
rpymmel. Tak kak moarpymma K HeabeneBa, TO
(H,)" — npousBesieHre HEKOTOPLIX moarpymn K,
s i n3 {1,2,..,n}. He Hapymas oOmHocTu pac-
CYXXJEHUI, MO)KHO CUUTATH, YTO
(H) =K, x..xK,,
rae k <m.
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Ilycte L — MMHMMalbHasg HOpPMajbHas IOA-
rpymma rpynnel H, conepxamascs B (H,)". Tak
kak moarpymna L Heabenesa, 10 K =LxCy(L).
Ortcrozia, B 4aCTHOCTH, CIEIYET, 9YTO L — MUHUMAIIb-
Has HOpManbHas noarpynma rpymsl HPK. Tak kak
Lc H’, 10

HK = H*(LCy (L)) = H*C(L)= H*C,, (L).
IToaTomy

H'K/C,, (Ly=H*C,, (L)/C,, (L)=

=H'/H*NC,, (L)=H"/C,_,(L).

Tax xak H’ e 3, 10 H* /C, (L) e f(L). Ho
torma HK / C, (L) e f(L), 10 ectb, L — I -LeHT-
pabHBIA r1aBHEL (aktop Tpymmsl H°K. Tak kak
¢dopmanus f(L) HacneactBeHHa, TO L — F-leHT-
panbHblil r1aBHbIA (akTop rpynnsl H,. Otcioma u3
cTpoennss moarpynmel  (H,)®  crenyer, 4To BCe
H, -rnausie axtopel rpynmel  (H,)" I -ueHt-
panbHbl B H,. 3Hauut, noarpynna /4, IpuHaiIe-
#uT dopmanuu JI. Tax xak noarpymma H, F-pmo-
crwknma B H, K, anongrpynna H K = H 'K 3 -n0-
ctwxuma B G*, To H, — J-I0CTHXUMAas MOATPYT-
na rpymmsl G*. Tyers ¢~ (H,) — nonHslit mpoo6pas
noarpynnsl H,. Torma qu (H,) — J-pmoctwkuMas
noarpynna rpynnsl G, ¢ (H,)/®(G,A) eI n
|G:¢"(H,)|<|G:H|. Bauay BeIGOpa MOArpyMIIbI
H umeem, uto ¢ '(H,) e 3. Tak kak popmarus I
HacnencTBeHHa, To H € 3. Ilpuium K IpoTHBOPEYHIO.

Iycts Teneps noarpynna H® nopmansha B H.
He napymas oOniHOCTH paccyXISHUH, MOXKEM CUH-

Tate, yro H,/H ® _ mpocras rpymma. Ipemmono-
xum, uto (H,) H®. Torma
H =H'(H) =H"K, x..xK,).

Tak kak

H /H* =K x.xK, /K x.xK, "H®,
tous K €3 cnenyer, uro (H,)" < H*. Tpunwm k
MPOTUBOPEYHIO C MTPEATIOI0KEHHEM.

Buauut, (H,)” < H'. Kak nokasaHo Bbiie,

9TO MPUBOJUT K MPOTUBOPEYHIO C BBHIOOPOM MOJ-
rpynmsl H.
Wrak, ecmu K — MUHHManbHasi HOpManbHast MOJ-

rpymma rpynmsl G, To 6o K = K* u [K,H®]=1,
mmbo Ke3I u Kc H®. Ecu K =K°, 10, oue-
BuaHO, O, (H" c C.(K). Iycre K e3J. Torma
K < H*®. Tak Kak Bce MUHHMAaJbHbIE HOPMANIBHbIE

HOATPYIITE! TPYNITEl G SBISIOTCA JTHOO p-TpyIIIaMH,
60 pd-rpymamu, To u3 K < H® cHOBa momyda-

em, uro O, (HY c C_. (K). Taxum 06pazom,
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0,(H*) 2 C_,(Soc(G*)).

Tak kak ®(G*, ) =1, 10 Soc(G®)=F(G®, 4). Tlo
Teopeme 3.3
O,(H")c F(G*)=0,(H").
oy —
3uaunr, O,(H")=1.
Tak kak H® €3, To BBUIY nemmbl 4.5 [2] u3
yenosust f(p)=N,f(p) cnenyer, uro
H*10,(H") € f(p).
Tak kak OP(H“’) =1, To H'=H/®(G,A) e f(p).
crenyet, uto H € f(p). Tak xak 5kpaH [ sBISAET-
cs1 BHyTpeHHuM, T0 H® € 3. CHOBa MpUIIIH K TIpO-
THUBOpeunio. Teopema goKa3aHa.
Cneocmeue 3.4.1. Ilycmve 3 — Hacnedcmeen-
Hasl IOKAIbHAS POPMAYUsi, COOePICAudsl 6ce HUlb-

nomenmuvle epynnuvl, u epynna G umeem zpynny
onepamopos A, maxyto, ymo (|G|, A|)=1. Ecau
N — J-0ocmudxcumasn nooepynna epynnel G u
N/NN®(G,A) eI, mo NeS3.

Tak kak J-cyOHOpManbHBIE U CyOHOpPMAb-
HBIE TIOATPYIIIBI SBISIOTCS I -JIOCTHKUMBIMHU, TO B

KauyecTBe CJEACTBUSA U3 TeopeMbl 3.4 MOXKHO MOITy-
YUTh AHAJIOTUYHBIE YTBEPXKIEHUS s ITUX TOJ-

TpYIIL
Teopema 3.5. IIycmv 3 — HacneocmeeHHas

aokanvuas popmayus. Eciu H — I -0ocmudcumas
nooepynna zpynnet G u H/H D (G,A) €3, mo

H npedcmasuma 6 eude npsamozo npousgedeHus
H=H xH,, mHoxcumenu Komopozo yooe1emeo-

DPAIOM CReOVIOUWUM YCTIOGUAM:

1) H e

2) 7(H,) "1(3) = 2;

3) H, c ®(G, A).

Jloxazamenvcmeo. Tak kak

H/HAND>(G,A) €S,
10 HD>(G,A)/ D (G, A) € 3. Beuny teopemsr 3.1
u3 [9] umeeM, 9TO
D (G,A)/ ®(G, A) = Z,(G/ D(G, A)).

Iycte K /S — G-rmaBHBIA (akTOp TPYIIIBI
D*(G,A)/ ®(G, A). Torna on J-nenTpanes B G u
G/Cy(K/S)e f(p)
pen(K/S) wm moboro JOKaJbHOTO dKpaHa f

TO3TOMY st 1r000ro

¢opmarm J. Ecimm  f — MakCHMabHBIN BHYTpEH-
HUW JIOKJIBHBIA 9KpaH ¢opManuu I, TO COTJIACHO
teopeme 4.7 u3 [2] popmarust f(p) HacIEICTBEH-
Ha. 3HaYHT,

HDY(G,4)/C,. . (K/S)€ f(p).

Ortcroma cienyeT, 9To Bce TaBHBIE (haKTOPHI

rpynmsl  HDY (G, A)/ ®(G,A) T -LIeHTpanbHbL
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Hostomy HD™(G,A)/ ®(G,A) e 3. Tlo nemme 2.1
HD*(G,A) — J-moCTWXUMas TOATPYTa TPYMIbI
G. Torma Ha OCHOBaHMU TeopeMbl 3.4 MoArpymnmna
HD(G, A) npencrasuma B Bune HD™ (G, A)=T xT,,
rze
T e3, (T,)Nn(3I) =4,
T, c D(G, 4).

Tak kak Qopmanus I HacIeICTBEHHA, TO U
noarpymna H npexcrasuma B Buae H =H xH,,
rze

H €3, i(H,)Nnn(3I)=9, H, cD(G, 4).

Cneocmeue 3.5.1. Ilycmv 3 — HacneocmeeH-
HASL TOKATbHASL YOPMAayusl, coO0eprxcawas éce Hulb-
nomenmuvle epynnel. Ecnu N — J-oocmudicumas
noozpynna epynnot G u N/NND (G, A) €T, mo
Ned.

3aknrouenue

B pabore onmcano BiusiHEe 0000ILICHHOM MO/~
rpynnsl @paTTHHU HAa CTPOCHHE I -JOCTHKHUMBIX
MOJTPYIII B IPYIIIAX C ONepaTopamu.
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Hncmumym ungopmayuonnvix mexnonoauti COMSATS, A6bomabao, [lakucman

ON ORDERED ABEL-GRASSMANN’S GROUPOIDS

Wagqar Khan'”, Faisal Yousafzai', Asad Khan'

"University of Science and Technology of China, Hefei, China
2COMSATS Institute of Information Technology, Abbottabad, Pakistan

BBezeHo nowsitHe (m, n) -UACAIOB YIOpsiioYeHHbIX AG -rpymmonnoB u noiay4deHs! xapakrepusamuu (0,2) -uneanos u (1,2) -uzea-

10B ynopsigoueHHoro AG -rpynmnonja B TEpMHHAX JIEBBIX HJealoB. [1oka3aHo, 4To ynopsigodeHHsliit AG -rpymmouns S sBis-

ercs 0—(0,2) -OUIpocTsIM B TOM U TOJBKO B TOM ciydae, koraa S sBisiercs npaBbiM 0 -npocTeiM. PesynbraThl 1aHHON pado-

THI [O3BOJIAIOT PacIMPUTh KoHuenuuio AG -rpynmnounna 6e3 BBefeHHOro mopsiaka. [lomydeHsl XapakTepusalun BHYTpPEHHE-

PeryisipHOro ynopsiioueHHoro AG -rpymnnonaa B TepPMUHAX JICBBIX U [IPABBIX H/ICAJIOB.

Knrouegvie cnosa: ynopsoouennvie AG -epynnoudst, o6pamumoe ciesa moxicoecmeo, iesas eounuya, (m,n) -udea.

The concept of (m,n) -ideals in ordered AG -groupoids is introduced and the (0,2) -ideals and (1,2) -ideals of an ordered
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Introduction

The concept of a left almost semigroup (LA-se-
migroup) [3] was first introduced by M.A. Kazim
and M. Naseeruddin in 1972. In [1], the same struc-
ture is called a left invertive groupoid. P.V. Proti¢
and N. Stevanovi¢ called it an Abel-Grassmann’s
groupoid (\AG -groupoid) [10].

An AG -groupoid is a groupoid S satisfying
the left invertive law (ab)c=(chb)a for all
a,b,c € S. This left invertive law has been obtained
by introducing braces on the left of ternary commu-
tative law abc = cba. An AG -groupoid satisfies the
medial law (ab)(cd) = (ac)(bd) for all a,b,c,d € S.

Since AG -groupoids satisfy medial law, they belong
to the class of entropic groupoids which are also
called abelian quasigroups [12]. If an AG -groupoid
S contains a left identity, then it satisfies the para-
medial law (ab)(cd)=(dc)(ba) and the identity
a(bc) =b(ac) forall a,b,c,d €S [5].

An AG -groupoid is a useful algebraic struc-
ture, midway between a groupoid and a commuta-
tive semigroup. An .AG -groupoid is non-associative

and non-commutative in general, however, there is a
close relationship with semigroup as well as with

© Wagqar Khan, Faisal Yousafzai, Asad Khan, 2015
40

commutative structures. It has been investigated in
[5] that if an .AG -groupoid contains a right identity,
then it becomes a commutative semigroup. The con-
nection of a commutative inverse semigroup with an
AG -groupoid has been given by Yousafzai et al. in
[14] as, a commutative inverse semigroup (S, .) be-
comes an AG -groupoid (S, *) under a*b=ba'r"
for all a,b,r €S. The AG-groupoid S with left
identity becomes a semigroup under the binary op-
eration “o,” defined as, xo, y=(xe)y for all x,
yeS [15]. The AG -groupoid is the generalization
of a semigroup theory [5] and has vast applications
in collaboration with semigroups like other branches
of mathematics. Many interesting results on AG -grou-
poids have been investigated in [7], [8], [9].

If § is an AG-groupoid with product
-:S%x8— S, then ab-c¢ and (ab)c both denote the
product (a-b)-c.

Definition 0.1 [16]. An AG -groupoid (S,-)
together with a partial order < on S that is com-
patible with an AG -groupoid operation, meaning
that for x,y,z €S,

x<y=zx<zy and xz<yz,



On ordered Abel-Grassmann’s groupoids

is called an ordered AG -groupoid.
Let (S,-,<) be an ordered AG -groupoid. If 4
and B are nonempty subsets of S, we let
AB={xyeS|xe A yeBy}
and (A]={xeS|x<a for some ac 4}.
Definition 0.2 [16]. Let (S,-,<) be an ordered
AG -groupoid. A nonempty subset A of S is called
a left (resp. right) ideal of S if the followings hold:
(i) SAc A (resp. AS < A);
(ii) for xe A and y e S, y<x implies y € A.
Equivalently (SAl< A (vesp. (AS]1< A).
If A is both a left and a right ideal of S, then A

is called a two-sided ideal or an ideal of 'S.
A nonempty subset 4 of an ordered AG -grou-

poid (S,-,<) is called AG -subgroupoid of S if
xye A forall x,ye A.

It is clear to see that every left and right ideals
of an ordered .AG -groupoid is an .AG -subgroupoid.

Let (S,-,<) be an ordered .AG -groupoid and
let A and B be nonempty subsets of S, then the fol-

lowing was proved in [13]:

(i) Ac(4];

(i) If Ac B, then (4] < (B];

(iit) (A4](B] < (4B];

@) (4] =((4];

(i) ((4)(B]]=(4B].

Also for every left (resp. right) ideal T of S,
(T ] =T.

The concept of (m,n) -ideals in ordered semi-
groups were given by J. Sanborisoot and T. Chang-
phas in [11]. It’s natural to ask whether the concept
of (m,n) -ideals in ordered AG -groupoids is valid or
not? The aim of this paper is to deal with (m, ) -ideals
in ordered .AG -groupoids. We introduce the concept
of (m,n)-ideals in ordered .AG -groupoids as follows:

Definition 0.3. Let (S,-,<) be an ordered
AG -groupoid and let m,n be non-negative inte-
gers. An AG -subgroupoid A of S is called an
(m,n) -ideal of S if the followings hold:

(@) A4"S-A" c 4

(ii) for xe A and ye S, y<x implies y € A.

Here, A’ is defined as A°S-A" =SA" and
A"S- A’ = A4"S.

Equivalently an AG -subgroupoid A of S is
called an (m,n) -ideal of S if

(A"S- A" c A.

If m=n=1, then an (m,n) -ideal 4 of an or-

dered AG -groupoid (S,-,<) is called a bi-ideal of S.
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1 0-minimal (0,2)-bi-ideals in ordered
AG -groupoid

In this section, we study and generalize the
work of W. Jantanan and T. Changphas [2] by con-
verting it from an associative ordered structure in to
a non-associative ordered structure. We use the con-
cept of (m,n)-ideals and investigate (0,2) -ideals,

(1,2) -ideals and 0 -minimal (0,2) -ideals in ordered
AG -groupoids. All the results of this section can be
obtain for an AG -groupoid without order.

Defintion 1.1. If there is an element 0 of an or-
dered AG -groupoid (S,-,<) such that x-0=0-x=x
forall xe S, wecall 0 azeroelementof S.

Example 1.1. Let S ={a,b,c,d,e} with a left
identity d. Then the following multiplication table
and order shows that (S,-,<) is a unitary ordered

AG -groupoid with a zero element a.
labcde

alaaaaa
blaeece
claeebe
dlabcde
elaeecee

<={(a,a),(a,b),(c,c),(a,c),(d,d),(a,e),(e,e),(b,b)}.
If S is a unitary ordered .AG -groupoid, then it
is easy to see that (S°]=S, (S4°]=(4’S] and
Ac (S4A] VA< S. Note that every right ideal of a
unitary ordered .AG -groupoid S is a left ideal of §

but the converse is not true in general. Example 1.1
shows that there exists a subset {a,b,e} of S which

is a left ideal of S but not a right ideal of S. It is
easy to see that (S4] and (S4°] are the left and
right ideals of a unitary ordered AG -groupoid S.
Thus (S4°] is an ideal of a unitary ordered AG -grou-
poid S.

We characterize of (0,2)-ideals of an ordered
AG -groupoid in terms of left ideals as follows:

Lemma 1.1. Let (S,-,<) be a unitary ordered
AG -groupoid. Then A is a (0,2) -ideal of S if and
only if A is an ideal of some left ideal of S.

Proof. Let A bea (0,2) -ideal of S, then

((S4]- A]= (S4- 4] = (44-S]= (SA*] 4,
and

(A-(SA]]=(A-SA]=(S-AA4] = (SA’] c A.
Hence A is an ideal of a left ideal (SA] of S.

Conversely, assume that 4 is a left ideal of
some left ideal L of S, then

(SA°]=(A44-S1=(S4- Al c
c (SL-A]c ((SL]-A] < (LA] c 4,
and clearly 4 is an AG -subgroupoid of S, there-
fore 4 is a (0,2)-ideal of S.
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Corollary 1.1. Let (S,,<) be a unitary or-
dered AG -groupoid. Then A is a (0,2) -ideal of S

if and only if A is a left ideal of some left ideal of S.
Now we characterize the (0,2) -bi-ideals of an

ordered AG -groupoid in terms of right ideals as
follows:
Lemma 1.2. Let (S,-,<) be a unitary ordered

AG -groupoid. Then A is a (0,2)-bi-ideal of S if
and only if A is an ideal of some right ideal of S.
Proof- Let A bea (0,2) -bi-ideal of S, then
((SA*]- A]=(S4% - A] = (A*S - 4] =
= (US- A1 (4] c 4,
and
(A-(SA2T) = (4-54°] =
=(4-(S 1471 (A1 (S AL NN ((4-§* 4°]) =
=(A-S*A*]=(S8S- A4’ ] =
=(A’A-85]1=(S4- A1 (SA* ] c A.
Hence 4 is an ideal of some right ideal (S4°] of S.

Conversely, assume that A is an ideal of some
right ideal R of S, then

(847]=(4-S4] < ((4]-(S*)(A]] <
c((4-SA1]=(4-5’4]=
= (4-(4S)S]< (4-(RS)R] < (4-(RSDR]
c (4-(RS]]< (4R] c 4,
and (AS-A]c ((RS]-A]< (RA] < A, which shows
that 4 isa (0,2) -ideal of S.

The following result gives some characteriza-
tions of (1,2) -ideals of an ordered .AG -groupoid.

Theorem 1.1. Let (S,-,<) be a unitary ordered

AG -groupoid. Then the following statements are
equivalent.

(@) A isa (1,2)-ideal of S,
(ii) A is a left ideal of some bi-ideal of S,
(iii) A is a bi-ideal of some ideal of S,
(iv) A is a (0,2) -ideal of some right ideal of 'S,
(v) A is a left ideal of some (0,2) -ideal of S.
Proof. (i)=> (ii): Itis easy to see that (S4°-S]
is a bi-ideal of S. Let 4 be a (1,2)-ideal of S, then
(47 - S])A] < ((S4° - SS) A] =
= ((SS-A*S)4] < (((§?]- 4°S) 4] =
=((S-A’8)A]= ((4*-SS)A] < (A’S - 4] =
=(4S-4']c 4,
which shows that A is a left ideal of some bi-ideal
(S4%-S] of S.
(i) = (iii) : Let A be a left ideal of some bi-
ideal B of S and e be a left identity of S, then
(A-(SANA] S (4-SA4") 4] = ((S - 447) 4] =
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=e((S-44%)A] < (S1(S-44*) 4]
< ((S(S4- AA) A] =
=((S(44- AS))A]=((AA-S(AS))A4] =
=(((S(4S)- A)A) 4] = (A(SS)- ) D) A] <
< ((AS- A Al < ((BS-B)A) 4] <
c(B4-A]c 4,
which shows that 4 is a bi-ideal of an ideal (SA°] of S.
(iiif) = (iv) : Let A be a bi-ideal of some ideal
I of S, then
((SA*)- A7) = (SA> - A2 ] = (A - A4)S] =
=((4- A2 A)ST< ((4-((AD ADS] < (44-S]=
=(84-4]c ((ST]-S1< 1,
which shows that 4 is a (0,2) -ideal of a right ideal
(SA’] of S.

(iv)= (v): It is easy to see that (S4’] is a
(0,2) -ideal of S. Let 4 be a (0,2) -ideal of a right
ideal R of S, then

(A-(SA N < (ASS- £ )]
< (A(AL* - S)] < (A(SA- A4)S)]
=(A((44- 45)S)] = ((44)(4- 45)S)]
=((S- A(AS) A*] = ((4-S(AS)) 4]
C (RS]- A1 (RA’ ] 4,
which shows that 4 is a left ideal of a (0,2) -ideal
(SA4°] of S.
(v)=(i): Let A be a left ideal of a (0,2)-
ideal O of S, then
(AS- A1 < ((44-SS)A] < (SA4* - A]
c ((S0°]-A]c (04] c 4,
which shows that 4 is a (1,2)-ideal of S.

The following characterizes (1,2) -ideals in terms
of left and right ideals of an ordered .AG -groupoid.

Lemma 1.3. Let (S,-,<) be a unitary ordered

AG -groupoid and A be an idempotent subset of
S.Then A isa (1,2)-ideal of S if and only if there
exist a left ideal L and a right ideal R of S such
that (RLlc Ac RN L.

Proof. Assume that A4 is a (1,2)-ideal of §
such that 4 is idempotent.

Setting L=(SA] and R=(SA *], then
(RL]=((SA*]-(SA]]  (A*S - SA]  (A°S? - SA] =
=((S4-885)4*] =
=((SS-A4S) 4’1 < ((S(A44-88)) 4’| =
= ((S(SS - Ad) 4*]=
= ((S(A(SS - ) A*] < ((A(S - S4)4*]

c (4S- A*]c A.
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Itis clear that A< RN L.
Conversely, let R be a right ideal and L be a left
ideal of S such that (RL]< A < RN L, then

(AS-A2]= (A4S AA] < (RS)-(SLI] < (RL] < 4.
Definition 1.2. A (0,2)-ideal A of an ordered
AG -groupoid (S,-,<) with zero is said to be 0 -mi-
nimal if A# {0} and {0} is the only (0,2)-ideal of
S properly contained in A.
Remark 1.1. Assume that (S,-,<) is a unitary

ordered AG -groupoid with zero. Then it is easy to
see that every left (right) ideal of S is a (0,2) -ideal
of S. Hence if O is a 0-minimal (0,2) -ideal of S
and A is a left (right) ideal of S contained in O, then
either A={0} or A=0.

Lemma 1.4. Let (S,-,<) be a unitary ordered
AG -groupoid with zero. Assume that A is a 0-mini-
mal ideal of S and O is an AG -subgroupoid of A.
Then O is a (0,2)-ideal of S contained in A if
and only if 0> = {0} or O = A.

Proof. Let O be a (0,2) -ideal of S contained in
a 0-minimal ideal 4 of S. Then (SOz]gOgA.
Since (SO?] is an ideal of S, therefore by minima-
lity of 4, (SO*]1={0} or (SO*]=A. If (SO*]= 4,
then A=(SO’]c O and therefore O=A. Let
(SO*1= {0}, then

(0’S]c (0°S*]1= (8’01 (S0’ ]= {0} c O,

which shows that O’ is a right ideal of S, and
hence an ideal of S contained in A, therefore by
minimality of 4, we have O’ ={0} or O’ = 4.
Now if O = 4, then O = A.

Conversely, let O* = {0}, then

(SO’ (0°S]=({0}S]= {0} = (O]

Now if O = 4, then

(SO*] < (SS-00]  ((S4]-(SAllc 4= 0,
which shows that O is a (0,2)-ideal of § con-

tained in A4.
Corollary 1.2. Let (S,,<) be a unitary or-

dered AG -groupoid with zero. Assume that A is a
0 -minimal left ideal of S and O is an AG -sub-
groupoid of A. Then O is a (0,2)-ideal of S con-
tained in A if and only if O* = {0} or O = A.

Lemma 1.5. Let (S,-,<) be a unitary ordered
AG -groupoid with zero and O be a 0-minimal
(0,2) -ideal of S. Then O* ={0} or O is a 0-mi-
nimal right (left) ideal of S.

Proof- Let O be a 0-minimal (0,2)-ideal of
S, then
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(S(0*)’1<(SS-0°0* 1 c (0°0* -§]=(S0* - 0]
c ((50’1-0*1c (00*]c 07,
which shows that O* is a (0,2) -ideal of S contained
in O, therefore by minimality of O, O’ ={0} or
O’ = 0. Suppose that O* = O, then
(0S]1< (00-SS]1< (SO*]1c O,

which shows that O is a right ideal of S. Let R be
aright ideal of S contained in O, then

(R*S]=(RR-S1< ((RS]-S]c R.
Thus R is a (0,2)-ideal of S contained in O, and
again by minimality of O, R={0} or R=0.

The following Corollary follows from Lemma
1.2 and Corollary 1.2.
Corollary 1.3. Let (S,-,<) be a unitary ordered

AG -groupoid. Then O is a minimal (0,2) -ideal of S
if and only if O is a minimal left ideal of S.
Theorem 1.2. Let (S,-,<) be a unitary ordered

AG -groupoid. Then A is a minimal (2,1)-ideal of
S'if and only if A is a minimal bi-ideal of S.
Proof. Let A be a minimal (2,1)-ideal of S.
Then
(((A*S - AD*S)(A*S - AD] =
(A4S A)’ S)(A*S - A)] =
= (((A’S - A)(A’S - ANSHA*S - )] <
< (A4S - A)(AS - A)SNAS - D] =
= ((((4S - AS)(AA)S)(AS - A)] <
< (((A*S- AA)S)(AS - A)] <
C (((4S-A8)S)(AS - A)]
S (A7S-S)(AS- A<
c ((4S-S)(AS - A)] = ((4S - AS)(SA)] <
 (AS-SA]=(AS-SA*]=((S4*-S)A]
C((A*S-S)A] = ((SS- AA)A] = (A°S - 4],
and similarly we can show that (A°S-AJ
c(A°S-A]. Thus (A°S-A4] is a (2,1)-ideal of S
contained in A, therefore by minimality of A4,
(4’S-A]= A. Now
(4S- 4] = ((AS)(A’S - A)] =
=(((A*S- A)S)A]=((S4- A’S)A] =
=((4°(S4-8) Al (A*S - 4] = 4,

It follows that A4 is a bi-ideal of S. Suppose that there
exists a bi-ideal B of S contained in A4, then

(B’S-B]c(BS-B]lc B, so B is a (2,1)-ideal of
S contained in A4, therefore B = A.

Conversely, assume that 4 is a minimal bi-
ideal of S, then it is easy to see that 4 is a (2,1) -ide-

al of S. Let C be a (2,1)-ideal of S contained in
A, then
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(es-epsyes-cnlc
c(((C?S-C)S)C*S-O)] =
=((SC-C*S)(C*S-O)] =
=((SC*-CS)(C*S-O)] =
=((C(SC*-$)(C*S-O)] =
=((C*S-C)(SC*-8S)Cl
c (((C*S-C)(S-C*S)C <
c (((C*S-O)C*S)Cc
=((C*((C*S-0)8)Cl < (C*S - C1.

This shows that (C>S-C] is a bi-ideal of S, and by

minimality of 4, (C*>S-C]= A. Thus
A=(C*S-ClcC,
and therefore A4 is a minimal (2,1) -ideal of §.

Theorem 1.3. Let A be 0-minimal (0,2) -bi-
ideal of a unitary ordered AG -groupoid (S,-,<) with
zero. Then exactly one of the following cases occurs:

(i) A=({0,a}], a’ =0;

(i) for all a e A\{0}, (Sa’]=A.

Proof. Assume that 4 is a 0-minimal (0, 2) -bi-
ideal of S. Let ae A1{0}, then (Sa’]c A. Also
(Sa*] is a (0,2) -bi-ideal of S, therefore (Sa’]= {0}
or (Sa*]=A.

Let (Sa’]={0}. Since a’ € A, we have either
a*=a or a> =0 or a’ € A\{0,a}. If a’ =a, then
@’ =a’a=a, which is impossible because
a’ €(a’S]c (Sa*]1={0}. Let a® € A\{0,a}, we have

(S-({0,a’}{0,a’}]] c (8S-a’a’] =
=(Sa”-Sa’]= {0}  ({0,a’}],
and

((({0,a*}19)({0,a*} 11 < ({0,a’S} {0,a”} ] =

=(a’S-a’]c(Sa’]= {0} < ({0,a"}]
Therefore ({0,a’}] is a (0,2)-bi-ideal of S con-
tained in 4. We observe that ({0,a’}]# {0} and
({0,a’}]1# A. This is a contradiction to the fact that
A is a 0-minimal (0,2)-bi-ideal of S. Therefore
a’>=0 and A=({0,a}]. If (Sa’]#{0}, then
(Sa*]= 4.

Corollary 1.4. Let A be 0 -minimal (0,2) -bi-
ideal of a unitary ordered AG -groupoid (S,-,<)
with zero such that (A*]#0. Then A= (Sa’] for
every a € A\{0}.

Lemma 1.6. Let (S,-,<) be a unitary ordered

AG -groupoid. Then every right ideal of S is a
(0,2) -bi-ideal of S.
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Proof. Assume that A4 is a right ideal of S,
then
(S4*] < (44-8S]c ((AS]-(4S]] <
c (44] < (AS]c 4,(4S - A] c 4,
and clearly A4* < 4, therefore 4 is a (0,2)-bi-ideal of S.

The converse of Lemma 1.2 is not true in gen-
eral. Example 2.1 shows that there exists a (0,2) -bi-

ideal 4 ={a,c,e} of S which is not a right ideal of S.
Definition 1.3. An ordered AG -groupoid
(S,-,2) with zero is said to be 0-(0,2) -bisimple if
(S*1#1{0} and {0} is the only proper (0,2)-bi-
ideal of S.
Theorem 1.4. Let (S,-,<) be a unitary ordered

AG -groupoid with zero. Then (Sa*]=S for all
a e S\{0} if and only if S is 0-(0,2)-bisimple if
and only if S is right 0 -simple.

Proof. Assume that (Sa’]=S for every
aeS\{0}. Let 4 be a (0,2)-bi-ideal of S such
that 4 #{0}. Let a € 41{0}, then

S=(Sa’]c (SA4*]c A.
Therefore S = A. Since S =(Sa’]<(S*], we have
(S’]1=85#{0}.. Thus S is 0-(0,2)-bisimple. The

converse statement follows from Corollary 1.2.
Let R be aright ideal of 0 -(0,2) -bisimple S.

Then by Lemma 1.2, R is a (0,2)-bi-ideal of S
and so R={0} or R=S. Conversely, assume that
S is right O-simple. Let aeS1{0} , then
(Sa’1=S. Hence S is 0-(0,2) -bisimple.

Theorem 1.5. Let A be a 0 -minimal (0,2) -bi-
ideal of a unitary ordered AG -groupoid (S,-,<)
with zero. Then either (A°]=1{0} or A is right
0 -simple.

Proof. Assume that 4 is 0 -minimal (0,2) -bi-
ideal of S such that (4°]# {0}. Then by using Cor-
ollary 1.2, (Sa’]=A for every ae A\{0}. Since
a’ e A\{0} for every aecA\{0}, we have
a*=(a’) € A\{0} for every aeA\{0}. Let
a € A\{0}, then

((4a’1S-(4a’]]=(a’4-S(4a*)] =
=(((S-4a*))a* 1 < (S~ A)A)a’]
c ((44-8S)a* 1< ((S4°])-a’] < (4a’]),
and
(S(4a’1=(S(4a’]-(4a’])] =
=(S((a*4]-(a* AD] = (S(a’ (¢’ 4- A))] =
= ((aa)(S(a’4- )] = ((a*4- A)S)a’ ] <
c ((44-8S)a* 1 ((SA°]-a’]1 < (4a’],
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which shows that (4a’] is a (0,2) -bi-ideal of §
contained in 4. Hence (Aa’]={0} or (4a’]= A.
Since a'e(4a’] and a'eA41{0}, we get
(4a’]= A. Thus by using Theorem 1.2, 4 is right
0 -simple.

2 Ideals in intra-regular ordered AG -groupoid

Ideal theory plays a very important role in
studying and exploring the structural properties of
different algebraic structures. Here we study left
(right) ideals which usually allow us to characterize
an ordered AG -groupoid and play the role in an
ordered AG -groupoid which is played by normal
subgroups in ordered group theory and by ideals in
ordered ring theory.

Definition 2.1. An element a of an ordered
AG -groupoid (S,-,<) is called an intra-regular
element of S if there exist some x,y €S such that
a<xa’-y and S is called intra-regular if every
element of S is intra-regular or equivalently,
Ac (S47-S] for all AcS and ae(Sa*-S] for
all aeS.

Example 2.1. Let S ={a,b,c,d,e} be an or-
dered .AG -groupoid with the following multiplica-
tion table and order below.

<i={(a,a),(a,b),(c,c),(d,d),(e,e),(b,b)}.
By routine calculation, it is easy to verify that S is
intra-regular.

Definition 2.2. An ordered AG -groupoid
(S,-,2) is called left (resp. right) simple if it has no
proper left (resp. right) ideal and is called simple if
it has no proper ideal.

Theorem 2.1. The following conditions are equiva-
lent for a unitary ordered AG -groupoid (S,-,<):

(@) (aS]=S, for some aeS;

(i1) (Sa]=S, for some a € S,

(@ii) S is simple;

(iv) (AS]1=S=(S4], where A is any two-
sided ideal of S;

(v) S is intra-regular.

Proof. (i)= (ii): Let S be a unitary ordered
AG -groupoid and assume that (aS]=S holds for
some a € S. Since (aS] and (Sa] are the left ideals
of S, then (aS]=aS and (Sa]= Sa. Therefore

S =(SS]1=((aS]-S]1=(aS-S]=(SS-a]=(Sa].
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(@)=iii): Let S be a unitary ordered AG -grou-
poid such that (aS]1=S holds for some a € S. Sup-

pose that S is not left simple and let L be a proper
left ideal of S, then

(SLlcLcS=

=(SS]< (Sa-S]< ((SS-ea)S] =

= ((ae-SS)S] < ((ae-S)(SS)] =

= ((Se-a)(SS)] = ((SS)(a-Se)] =

= (a(SS-Se)] < (aS],

implies that s/ <at for some a,s,t€S and /e L.
Since s/ € L, therefore at € L, but at € (aS]. Thus
(aS1c L and therefore we have S=(aS]cL,
which implies that S =L, which contradicts the
given assumption. Thus S is left simple and simi-
larly we can show that S is right simple, which
shows that S is simple.

(iii)= (iv): Let S be a simple unitary or-
dered AG -groupoid and let 4 be any two-sided
ideal of S, then A=S. Therefore, we have
(AS1=(SS]=(84].

(iv) = (v) : Let S be a unitary ordered AG -grou-
poid such that (4S]=S =(S4] holds for any two-
sided ideal 4 of S. Since (a’S] is two-sided ideal
of S such that (a’S-S]=S=(S-a’S]. Let aeS,
then

aeS=(a’S-S]c((aa-SS)S]=
= ((SS-aa)S]c (Sa* - S],
that is @ <(xa’)y for some x,yeS. Thus S is
intra-regular

(v)=(i): Let S be a unitary intra-regular or-
dered AG -groupoid. Let a €S, then there exist
x,y €S suchthat a <(xa*)y. Thus

a<(xa’)y=(ex-aa)y = (aa-ex)y
=(y-ex)(aa) =a((y-ex)a) € aS,
which shows that S < (Sa] and (Sa]lc S is obvi-
ous. Thus (Sa]=S holds for some a € S.

Corollary 2.1. The following conditions are
equivalent for any unitary ordered AG -groupoid

(S,,9):

(@) (aS]1=S, for some a€S;

@ii) (Sa]=S, for some a € S;

(iii) S is right simple;

(iv) (AS]=S=(S4], where A is any right
ideal of S,

) S is fully regular.

Corollary 2.2. If (S,-,<) is a unitary ordered

AG -groupoid, then the following conditions are
equivalent:
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@) (Sal=S, for some a€S;

(i1) (aS]1=S, for some a€S.

Corollary 2.3. If (S,-,<) is a unitary ordered
AG -groupoid, then (eS]=S=(Se] holds for
ec S, where e is a left identity of S.

Corollary 2.4. The following conditions are equi-
valent for any unitary ordered AG -groupoid (S,-,<):

(i) S isintra-regular;

(i1) (Sal=S = (aS] for some a €8S.

Definition 2.3. A left (resp. right) ideal A of
an ordered AG -groupoid (S,-,<) is called semi-

prime if a € A implies a* € A.
Lemma 2.1. The following conditions are equiva-
lent for a unitary ordered AG -groupoid (S,-,<):

(i) S is intra-regular;

(ii) Every right ideal of S is semiprime.

Proof. (i)=(ii): Let T be a right ideal of a
unitary intra-regular ordered .AG -groupoid S. For
ae S there exist x,y €S such that a < xa”-y. Let
a* T, then

a<(ex-a’)y=(a’*-xe)y=(y-xe)a’ =
=a’(xe-y)eTS (TS| T,

which implies that 7' is semiprime.

Now (ii)=>(i): Since(a’S] is a right ideal of
a unitary ordered .AG -groupoid S containing a’ so
a € (a’*S]. Thus

ae(a’S]c(a’-SS1=(S-a’S1c (SS-a’S]=
=(Sa*-55]c (Sa* - S].

Hence § is intra-regular.

Corollary 2.5. The following conditions are equi-
valent for any unitary ordered AG -groupoid (S,-,<):

(i) S is intra-regular;
(ii) every ideal of S is semiprime.

Theorem 2.2. The following conditions are
equivalent for a unitary ordered AG -groupoid

(S,,9):

(i) S is intra-regular;

(if) LNR < (LR] for every semiprime right
ideal R and every left ideal L of S,

(iii) LNRc(LR-L] for every semiprime
right ideal R and every left ideal L of S.

Proof. (i)= (iii): Let S be a unitary intra-
regular ordered AG -groupoid and L, R be any left

and right ideals of S respectively such that
keLNR. Then there exist x,yeS such that

k < xk*-y. Thus
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k< (x~kk)y:(k-xk)y =
= (k) < (- )) )k =
= (y(xk2 -xy))k = (xk2 -y(xy))k =
= (x(kk)- ¥ ())k =
= (k(xk)-y(xy))k e((R-SL)S)L = (RL-S)L =
=LS-RL=LR-SLcC LR L,

which implies that LNRc (LR-L]. Also by

Lemma 1.3, R is semiprime.
(iti)= (ii): Let R and L be the left and right

ideals of S respectively and R be semiprime, then
LNAR=RNLc(RL-R]c
c(RL-S1< (RL-SS1=(SS-LR]
=(L(SS-R)]=(L(RS-S)l< (L-(RS]1< (LR].

(if)= (i): Since ae(Sa], which is a left
ideal of S, and a’ €(a’S], which is a semiprime
right ideal of S, therefore by given assumption
a e (a’S]. Thus

a e (Sa]n(a’S1c ((Sal-(a*S1l< (Sa-a’S]c
c (SS-a*S]=(Sa*-SS]< (Sa’ - S].
Hence S is intra-regular.

Lemma 2.2. The following conditions are
equivalent for a unitary ordered AG -groupoid
(S,,5):

(i) S is intra-regular;

(ii) every left ideal of S is idempotent.

Proof. It is simple. We omit the proof.
Theorem 2.3. The following conditions are equi-
valent for a unitary ordered AG -groupoid (S,-,<):

(i) S is intra-regular;

(ii) A= ((SA)’), where A is any left ideal of S.

Proof. (i) = (ii): Let A be a left ideal of a
unitary intra-regular ordered .AG -groupoid, then
(SA]c 4 and by Lemma 1.3, ((S4)’]=(S4]c 4.
Now A= (A44] < (S4]=((S4)*], which implies that
A=((547)

(ii) = (i): Let 4 be a left ideal of S, then
A=((SA)’ 1< (A4°], which implies that 4 is idem-
potent and by using Lemma 1.3, S is intra-regular.
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Introduction

All groups considered are finite. In 1939 H. Wie-
landt [1] showed that the set of all subnormal sub-
groups of a group G forms a sublattice of the lattice
of all subgroups of G. Now there are various gener-
alizations of the concept of subnormal subgroups. In
1969 T. Hawkes [2] introduced the definition of -
subnormal subgroup in the class of soluble groups.
In 1978 L.A. Shemetkov [3] extended the concept of
§ -subnormal subgroups to arbitrary finite groups.
He set up the problem at number 12 [3, p. 93]: in
which cases the set of all § -subnormal subgroups of
G forms a lattice?

Let X be a class of groups. The formation §
is called a lattice formation in X if the set of all
§ -subnormal subgroups forms a sublattice of the

lattice of all subgroups in every X -group.

Noted above the Shemetkov problem can be
formulated as follows:

Problem 1. Let X be a hereditary saturated
formation. Describe all saturated lattice formations
in X.

In the work [4] authors established hereditary
saturated lattice formations in class of all soluble
groups.

This result was extended for normally-here-
ditary saturated lattice formations in the work [5]. In
[5] also described hereditary saturated lattice forma-
tions in class of all groups.

In [6] authors investigated non-saturated he-
reditary lattice formations in class of all soluble
groups.
© Vasil’ev A.F., Khalimonchik I.N., 2015
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In [7], [8] the Problem 1 was solved in the
class M* for k >3 and in class NA respectively.

In [9] AF. Vasil ev and S.F. Kamornikov de-
veloped a general functor method of studing sub-
group lattices similar to the lattice of subnormal sub-
groups. They introduced the concept of NTL -func-
tor (natural transitive lattice subgroup functor) and
described all NTL -functors in the class of all solu-
ble groups. They showed that the NTL -functor in
the soluble universe is exactly the functor of all
§ -subnormal subgroups for some hereditary satu-
rated lattice formation §.

In [10] S.F. Kamornikov constructed a contin-
uum of many NTL -functors that do not correspond
to any hereditary lattice formations in the class of all
finite groups.

The above-noted results lead to the following
problem:

Problem 2. Let X be a hereditary saturated for-
mation. To describe all lattice subgroup functors in X.

In [7] the Problem 2 was solved in the class
N* for k>3.

In this paper Problem 1 and Problem 2 has
been solved in the class X = 91> of all metanilpotent
groups.

1 Preliminary results
All definitions, notations and results corre-
spond to [11], [12]. We denote by: S(G) the set of

all subgroups of group G; [K]H the semidirect
product of normal subgroup K and subgroup H;
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Z, the group of prime order p; 91 the class of all

nilpotent groups; & the class of all soluble groups;
M_ the class of all nilpotent w-groups; N* the

T

class of all metanilpotent groups; 91" the class of all
soluble groups nilpotent length of which does not
exceed a given positive integer n; P the set of all

prime numbers.

The class of groups is called a formation if it is
closed under factorgroups and subdirect products.
The formation is called hereditary if it is closed un-
der subgroups. The formation is called normally
hereditary if it is closed under normal subgroups.
The formation is called saturated if §=(G| if
N<aG,Nc®D(G), then G/Ne). Let h be a
function which associates with each prime p a class
h(p) of finite groups. Recall [12] % a local func-
tion if A(p) is a formation for all prime number p.
Let & be a local function, and let X be a local for-
mation. The #/ is called: integrated if h(p) = X for
all peP; fullif A(p) =N h(p) forall peP. The
uniquely determined full and integrated formation
function defining a local formation § was called
[12] the canonical local definition of .

Formation § is called Shemetkov formation in
class X if every minimal non-§ -group of X is
Schmidt group or group of prime order.

Definition 1.1 [13, p. 13]. Let X be a class of
groups. And let © be a function mapping each
group G e X into a some non-empty system 0(G)
of its subgroups. The map O is called a subgroup
X -functor (a subgroup functor in X)) if the follow-
ing condition is satisfied: (6(G))" =0(G*) for any
isomorphism ¢ of every group G € X.

Definition 1.2. Let X be a class of groups. A
subgroup functor 0 in X is called:

1) lowerlattice (briefly, L, -functor), if from
GeX, Ae€6(G) and BeO(G) always implies
AN B € 06(G),

2) upperlattice (briefly, L -functor), if from
GeX, Ae€6(G) and BeO(G) always implies
(A, B> € 0(G);

3) semilattice (briefly, L, -functor), if © is L, -func-
torin X and from GeX, A€06(G), Beb(G) and
AB = BA always implies AB € 6(G);

4) lattice (briefly, L -functor), if 0 is the L,
and L -functor in X at the same time.

Definition 1.3 [13, p. 14]. Let X be a homo-
morph. A subgroup X -functor © is called functor of
Skiba in X, if the following conditions for any
group Ge X and N <G are satisfied:
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1) H €0(G) then HN/ N € 6(G/ N);

2) H/ N €6(G/N) then H € 6(G).

Let H be a subgroup of G. Then
HnNO(G)={HNL|Le6(G)}.

Definition 1.4 [13, p. 15). Let X be a class of
groups. A subgroup X -functor 0 is called:

1) hereditary, if HNO(G)cO(H) for any
X -subgroup H of G e X;

2) transitive, if from S € O(H) and H € 0(G)NX,
it follows that S € 0(G) for any group G € X.

In this paper all considered subgroup functors
we assume as hereditary transitive subgroup functors
of Skiba in class of groups X. The example of such
subgroup functors is 0 =sn;, where § is a heredi-
tary formation and 0(G) =sn;(G) is the set of all
§ -subnormal subgroups for any group G.

Lemma 1.1. Let X be a hereditary saturated

formation and © be a subgroup functor in X. Let
Z,eX and 1€0(Z,). Then O(P)=S(P) for any

p-group P.

The proof is similar to lemma 3.2.1 [13].

Let X be a class of groups and 6 be a sub-
group X -functor. We denote by A, (0) the class

(GeX|1€6(G) and P e 6(G) for any Sylow sub-

group P from G).
Lemma 1.2. Let X be a hereditary formation
and © be a subgroup L,-functor in X. Then

A+ (0) is a hereditary formation.
Proof. Let GeA,(0) and N <G. Since
1€6(G), it follows that N/N e0(G/N). Let

H/N be a Sylow subgroup of G/N. There is a
Sylow subgroup P of group G such that
HN/N=PN/N. From P €6(G) and 1) definition
1.3 we obtain PN/ N =H /N €06(G/ N). Therefore
G/ N eA,(9).

Let N,N,<G and N, NN,=1. Assume
G/N,eA,(0), i=12. If P is Sylow subgroup of
G, then PN,/N,€0(G/N,;), i=12. From 2)
definition 1.3 we have PN, € 8(G), i=1,2. Since
0 is L, -functor,

PN, N PN, =P(N,"N,)=Peb(G).
From N,/N,€0(G/N,;) we conclude N, €0(G),
i=1,2. Then NN N, =1€6(G). Hence A,(B) is
a formation.

Let H be a subgroup of G. Suppose that P is
arbitrary Sylow subgroup of H. Then P < S where

S is some Sylow subgroup of G. Since S € 6(G)
and by hereditary of functor 0, we have
P=SNH e€0(H). From 1€ 6(G) we conclude that
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INH =1€0(H). Therefore A,(0) is a hereditary
formation.

Definition 1.5. Let X be a class of groups. The
set m(0) of all primes p for which 1€6(Z))
where Z, € X is called a characteristic of subgroup
X -functor 6.

Lemma 1.3. Let X be a hereditary saturated
formation and m is characteristic of subgroup
L, -functor in X. Then N, < A, (0).

Proof. Let pen. Bylemma 1.1, 6(P) = S(P)
for any p-subgroup P. Hence P e A,(0). Since
A, (0) is formation, we have 9 < A, (0).

Let 6 be a subgroup functor in class of groups
X. We will denote the class (G € X|0(G) =S(G))
by S, (0).

Lemma 1.4. Let X be a hereditary formation
of soluble groups and let © be a subgroup L,-func-
torin X. Then A,(0)=S,(0).

Proof. It is clear that S§,(0)c A,(0). Let
G € A,(0). Then P €6(G) for any Sylow subgroup
P of G. From 1€ 6(G) and by the properties of the
functor 6 we conclude 1=1"P € 6(P). By lemma
1.1 8(P)=S(P) for any Sylow subgroup P of G.
From the transitivity of 6 we obtain S(P) < 6(G)

for any Sylow subgroup P of G. Let H be any
subgroup. Since H is soluble, according to Hall’s
theorem (see [12]) there is Sylow basis F,---, P, in

H. Since H=FP---P, and 0 is L -functor we
have H € 6(G). Therefore G € S, (9).

Lemma 1.5 [13, p. 148]. Let 0 be a subgroup
L -functor. Then and only then G e S5(0) when
1€ 0(G) and P e0O(G) for any Sylow subgroup P
of G.

Lemma 1.6 [13, p. 148]. Let 0 be a subgroup
L -functor. Let G =[P]< A,B> where P is p-sub-

group, < A,B > is g-group, p,q is primes, p #q.
If PAe€ Ss(0) and PB e S5(0), then G € S5(0).

Definition 1.6. Formation § is called Fitting
formation in class of group X if the following con-
ditions are satisfied:

1) § is normally hereditary formation;

2)if G=4B where Ge X, 4<G, B<«G,
Ae§, Be§ then Ge§.

Lemma 1.7. Let X be a hereditary formation
of soluble groups and © be a subgroup L,-functor
in X. Then A, (0) is a Fitting formation in X.

Proof. By lemma 1.2 A,(0) is a hereditary
formation. Let G € X be a group of minimal order

50

such that G=MN, where M,N<G and
M,N e A,(0), but GeA,(0).

Since A, (0) is a formation, it follows that G
has the wunique minimal normal subgroup
D=G" Let P be an arbitrary Sylow subgroup
of G. By theorem 6.4 [12],

P=PAMN =(PAM)PAN),
where PNM and PN N are Sylow subgroups of
M and N respectively. Since M € A, (0), we have

PAMeb(M). From G/DeA,(0)=S,(0) we
conclude that M /De6(G/D).  Therefore
M € 6(G). By the transitivity of 6, PN M € 6(G).
Similarly, PN €6(G). Since 0 is L -functor in
X, it follows that P e 0(G). Hence Ge A, (0). A
contradiction. Therefore A, (0) is Fitting formation
in X.

Lemma 1.8. Let X =N’ and 0 be a subgroup
Ly-functor in X. If ReA,(0) be a p-closed
{p,q} -group of Schmidt and ®(R) =1, then A,(0)

contains all extensions of p-groups by cyclic g-groups.
Proof. By [3], there is the unique (up to iso-
morphism) p-closed {p,q}-group of Schmid

R=[N]Z, where N is the unique minimal normal
subgroup of R, ®(R)=1. Assume that R € A, (D).
Let us first prove that A, (0) contains all extensions
of p-groups by a group of prime order gq.

Let G=PZ, where P is p-group and P <G.
We use induction on | G| to prove G € A, (0).

Let Z,<G. Then G=PxZ,. From
R € A, () and from hereditary class A, (0) it follows
that {p,q} < (A, (0)). By lemma 1.3, 91_ < A, (0)
where m=m(A,(8)). Hence G e A,(0). Therefore
we assume that Z is not normal in G. Let K is
minimal normal subgroup of group G. Suppose that
K#P. It is clear that K< P and KZ #G. By
induction G/ K € A, (0). Therefore

KZ,/K €0(G/K)

and KZ €6(G). As |KZ, |<G| we have KZ €A (0).
Hence Z, €6(G). From G/PeA,(0) we obtain
that P/PeA,(0). So Pe6(G). Thus any Sylow
subgroup from G contains in 6(G). From P € 6(G)
and Z €06(G) it follows that 1=PNZ €06(G).
Therefore G € A, (0).

Suppose that K =P. Then G is a Schmid
group and ®(G)=1. Therefore G e A,(0). We

proved that any extension p-group by the group of
prime order g belongs to A, (6).

Ipo6remvr pusuxu, mamemamuku u mexuuxu, Ne 2 (23), 2015
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Let now G = PZq,, , where P is a p-group and
qu is a cyclic g-group of order ¢". We prove that

G €A, (0) by induction on n. By the above, for
n=1 the statement is true. Let n>1. Consider the
group E = Pwr(Z qwqu,,,1 ). By theorem 18.9A [12],

G is isomorphic to a subgroup from E. Note that
Z qwqu,,,1 = [B]Zq",,, where B is the base of wreath

Z,wrZ .. Denote by P’ the Sylow p-subgroup of
E. Then E :P*([B]anl). Since
E/P =[B)Z, €A(0),

it follows that P"an1 /P e A(0). Hence

P*Zq,H € 0(E). By induction P*Zq,,,l € A,(0). Then
Zq,i,1 eO(P*Zq,,,.) and P’ eB(P*Zq,,,. ). From the
transitivity of 0 we conclude that Zq,,,1 € 0(F) and
P’ €0(E).

Similarly P*B/ P" €0(E/ P"). Hence P'Be0(E).
Since B=Z, x---xZ,, by induction (case n=1), by
lemmas 1.6 and 1.4, it follows that P"B e A, (0).
Then Be6(P'B). By the transitivity of 6,

Be0O(G). Since 0 is L,-functor, we obtain
<B,Zq,1,1 >= [B]Zq,,,l €0(F). By lemmas 1.5 and

1.4, E e A,(B). Since A,(0) is a hereditary class,
it follows that G € A, (0).

Lemma 1.9 [14]. Let § be a hereditary local
formation, h be the canonical local function of §.
Let X be a hereditary local formation, x be the
canonical hereditary local function of X and
ScX. Then and only then formation § is a
Shemetkov formation in X when it’s canonical he-
reditary local x-function f

1) f(p)= Gn(f(p)) Nx(p) forany p e (%)
2) [(p)= forany pe ().

Lemma 1.10. Let X =0, If 0 is a subgroup
L, -functor in X, then A, () is a saturated formation.

Proof. Denote § =A,(0). Let group G be a
counterexample of minimal order. Then ®(G) =1
and G/ D(G)e§, but G¢§.

Let N be a minimal normal subgroup of G.
Then O(G)N/ N c ®(G/N). Since

G/N/O(G)N/N=G/D(G)N and G/D(G)eF
it follows that G/ N/ ®(G)N / N € §. By the choice

of G weget G/N e§.
If K is a minimal normal subgroup of G and
K #N, then G/K €. Since § is a formation, we
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have G/K NN =G e§. The contradiction. There-
fore G has the unique minimal normal subgroup
N, where N c ®(G) and N is a p-group for some

prime p. It is easy to show that the Fitting subgroup
F(G) is a p-group.

Let G, be a Sylow g-subgroup, where g # p.
From G € 0N*, we conclude that G,F(G) < G.

Consider the subgroup G, F(G). Since § is a
hereditary ~ formation, G, F(G)/N €. Since
N < ®(G), we conclude G, F(G)/D(G) €.

If G,F(G)eMN, then

G, € Cy piey (F(G) € C4(F(G)) = F(G).
The contradiction. Therefore G F(G) is a non-
nilpotent p-closed group. Note that G, F(G)/ N is a
non-nilpotent p-closed {p,q}-group. Formation §
is hereditary. There is p-closed {p,q}-group of
Schmidt R, ®(R)=1 and Re§. By lemmas 1.8
and 1.7 G F(G) e §. Since this result holds for any
Sylow subgroup of G, it follows that G is a product
of their normal ‘§ -subgroups. Since § is a Fitting
formation in 91°, we obtain G € §. The contradic-
tion. Therefore § is a saturated formation.

2 Main results
Theorem 2.1. Let O be a subgroup L-functor

in X =M. Then:
1) the class §=A,(0) is a hereditary satu-

rated Shemetkov formation in N’ and has the ca-
nonical local function f: f(p)=N,N_ . forany

pen(§); f(p)=D forany pen'(%);
2) 6(G) = sn,_,)(G) for any group G € X.
Theorem 2.2. Let § be a saturated formation,
§ = N°. Then statements are equivalent:
1) § is a lattice formation in N7;
2) § is a Shemetkov formation in N7;
3) § has the canonical local function f:
S (P) =N, N, s,y forany pen(§); f(p)=9D for
any p e w'(§).
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KOHEYHBIE I'PYIIIbI C S-HOPMAJIBHBIMH
MAKCHUMAJIBHBIMH ITOAT'PYIIIIAMMU

H.C. KoceHok

Benopycckuii mopaoso-sxonomuueckuu yHugepcumem nompebumensckoii koonepayuu, I'omens, benapyco

FINITE GROUPS WITH S-NORMAL MAXIMAL SUBGROUPS
N.S. Kosenok

Belarusian Trade and Economics University of Consumer Cooperatives, Gomel, Belarus

Hoarpynna H rpynnsl G Ha3pIBaeTcs S-HOpMalbHOM B G, ecnin G uMeeT Takyio cyOHopMaibHyto noarpymny 7, uto G=HT u
HNT S H..c. Ha ocHOBE 3TOr0 ONpeJieieHyIs OoJIy4eHbl HOBbIE KPUTEPHUH p-Pa3pellInMOCTH H Pa3peIIMMOCTH KOHEUHBIX TPYIIIL.

Kniouegwie cnosa: koneunas epynna, paspewumas epynna, MakcuMaibHds nooepynna, cyoHopmMansHas noo2pynna.

Subgroup H of G is called s-normal in G, if G has a subnormal subgroup 7 such that G = HT and HNT & H... New criteria for
the p-solvability and solvability of finite groups are obtained on the basis of this definition.

Keywords: finite group, solvable group, maximal subgroup, subnormal subgroup.

Beeoenue

IMonrpynmna M rpynnel G Ha3bIBaeTCd MaKCH-
MalibHOM, eciii M<G u B G HET TaKOW COOCTBEHHOM
noArpynisl 7, KOTopas coaep>KutT M coOCTBEHHBIM
obpazoM. Ilockonbky Bcskas KOHEYHasl HEeIUHHY-
Hasl Tpymna objaaeT MaKCUMaJIbHBIMH MOATPYIIIa-
MH, 3TO TOHATHE OCOOECHHO TOJIE3HO B TEOPHH KO-
HEYHBIX TPYINI W PE3yJIbTATHI, CBS3aHHBIC C H3yde-
HHEM CTPOCHHS TPYMIIBI B 3aBHCHMOCTH OT CBOMCTB
€¢ MaKCHMallbHbIX MOATPYHII, a TaKKe OT CBOMCTB
MaKCHMaJIbHbIX MOJTIPYIII HEKOTOPBIX €€ COOCTBEH-
HBIX IOATPYII, COCTaBHJIM BaXHOE HAIIPaBICHHE
COBPEMEHHOW TEOpHM TpyII, oborameHHoe O00Jb-
IIMM YHCJIOM TJIyOOKHX TEOPEM M COAEPIKATEIbHBIX
MPHUMEPOB.

MsHorue u3 HanboJee BaXKHBIX KJIACCOB KOHEY-
HBIX TPYNII MOTYT OBITH OXapaKTepH30BaHBI Ha OC-
HOBE CBOMCTB MX MaKCHUMallbHbIX mnoArpynm. Ha-
MIOMHHM, HarpyuMep, YTO KOHEYHas TPYIIa HIJIBIIO-
TEHTHA TOTJa ¥ TOJBKO TOT/A, KOTAa BCE €€ MAKCH-
MaJlbHbl€ HOATPYIIBl HOpMaibHbEL. COriIacHo 3Ha-
MEHUTOM Teopeme Xymmepra KOHEYHass Ipynina
CBEpXpa3pelirMa TOTAa U TOJIBKO TOT/a, KOTAa WH-
JIEKChl €€ MAaKCHUMAaJbHbIX MOATPYII — MPOCTHIE
gyucaa. CornacHo [1] koHeuHast rpynna G sBiseTcs
pa3penMMoil Toraa U TOJbKO TOT/AA, KOT/a s JIto-
00i1 ee MakcuMaJbHOW MOATPYNIBI M HMEET MECTO
|G:M| =|G:M|, (3necy |G:M|, — HOpMaIbHBIA WH-
Jexc M B G, KOTOPBIN COBNAAAET C MOPSIKOM I'IaB-
Horo (aktopa H / K, rne KE M u HEM). Otmernm,
YTO B JIEHCTBUTENBHOCTH, KaK 3TO ITOKAa3aHO B TEO-
pun QopMarnmii KOHEYHBIX TPYII, Bce Hamboiee
W3BECTHBIC KIACCHl KOHEYHBIX TPYIII, 3aMKHYTHIE
OTHOCHTENBHO (PATTHHUEBBIX PACHIMPEHUH CBOMX
TPy, MOTYT OBITH OXapaKTEpPHU30BaHbI 11O CBOMCT-
BaM MX MaKCHMaIbHBIX moarpym [2], [3].

© Kocenox H.C., 2015

CBolicTBa MaKCUMAaJIbHBIX MOATPYII JIE€XKaT U B
OCHOB€ MHOI'MX IIPU3HAKOB MNPUHAIJICIKHOCTH KO-
HEYHOH IpyIIbl TOMY WIA UHOMY Kiaccy. Hamowm-
HUM HEKOTOpbIe M3 HanboJjee M3BECTHBIX pe3yibTa-
TOB B 3TOM HarpasieHuH. CorjacHo HeomyOJIHMKo-
BaHHOMY pe3ynbrary ®. Xomma, KOHeYHas rpyrmna
paspemnnmMa, eciau WHACKC JIF000H ee MaKCHMaIbHOM
MTOTPYTIIEI SBJIETCS JINOO TPOCTBIM YHCIIOM, JTHOO
KBaJIpaTOM IIPOCTOTO ymcia [4, c. 267]. DTo BaxkHOE
HabmogeHne XoJia Aajo TOMYOK CEpUH TITyOOKHX
HCCIICIOBAHHH, CBA3AHHBIX C M3yYCHHEM KOHEYHBIX
TPyNI, Y KOTOPBIX HHIACKCH MAaKCHUMAaJBbHBIX IOA-
rpyIn 00Jajaf0T TeM WM UHBIM CBOWCTBOM. B aT0ii
CBSI3U CIIE/IyeT MpPEeXJe BCEro OTMETHTh MOHOIpa-
¢uro M.B. Cenpkuna [5], rie HaiiieHa CBSI3b MEXKIY
teopuel kinaccoB lllyHka u Teopueil MakCUMaIbHBIX
MIOATPYII C 33laHHBIMU MHAEKCAMH, a TaKxke pado-
Ty C.®. KamopHukoBa [6], rae ObUT0 BIepBEIE TaHO
ONACaHWe KOHEYHBIX TPYIII, Y KOTOPBIX HHICKCHI
BCEX MAKCHMAIBHBIX TIOATPYIII SIBISIOTCS JHOO
MPOCTBIMH YUCJIaMH, JMOO KBaJpaTaMH IPOCTHIX
guceln, u ctarbio E. I'puboBckoit u B.C. MonaxoBa
[7], tme OBIIO TONyYEHO OMHMCAHUE PA3PEIIUMBIX
KOHEYHBIX TPYINIl ¢ OrPAaHUYEHHBIMU IIPUMaPHBIMU
UHJICKCAMH MaKCHMaJbHBIX MOArpymi. B pabote
Tommncona [8] ObUIO JOKa3aHO, YTO KOHEYHAs IPyI-
na G sBISETCS pa3pelMOi U B Cilydae, KOrja oHa
00J1a1aeT MakCUMaJIbHOW HHMJIBIIOTEHTHON MOJATPYI-
1oi HeueTHoOro nopsiaka. B ganeueimem Suko [9] u
Heckunc [10] ycTaHOBHIM, YTO KOHEYHAs TpyIIa
paspemmnMa, ecid OHa o00JamaeT MaKCHMaIbHOM
HUWJIBIOTEHTHOW MOATrPYNION, Y KOTOPOIl CHUIIOBCKAsI
2-TIOATPYTIIAa IMEET KJIACC, HE PEBOCXOIALITIN 2.

Lenpio qaHHOHN pabOTHI SBISIETCS JaNbHEHIIee
N3Yy4YCHUE CTPOCHUA Tpylll B 3aBUCUMOCTU OT
CBOMCTB MX MaKCUMaJIbHbIX MOATPpYIIII.
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1 Hexomopule npedsapumeibHble C6€0CHUA

CumBosiom H g Oynem o0o03Ha4yaTh HanOOIb-
Iy CyOHOPMAJIbHYIO TMOATPYIIY KOHEUHOU TpyII-
sl G, conepxarnryrocs B H.

Onpedenenue. [looepynna H xoneurnoti epynnol
G Hnazvieaemcs s-nopmanvnou ¢ G eciu G umeem
maxyio cyornopmanvuyto nooepynny T, umo G = HT u

Crnemyrommas JieMMa O4eBHIHA.

Jdemma 1.1. [Iyemv G — Koweunaa zpymna, u
nycemo K< G, u K< H. Toeda H s-nopmanvna ¢ G,
ecu u moavko eciu H/ K s-nopmanona 6 G/ K.

Ilycte M — makcumalibHas MOATpyIIa KOHEY-
Holt rpynmbl G. Torma HOpManbHBIM HHAEKCOM [1]
3TOH MOATPYIIBI HA3BIBAIOT MOPSIOK TIIABHOTO (hak-
Topa H / M.

2 Kpumepuu p-pazpewtumocmu u pazpeuiu-
MOCHU KOHEYUHbIX ZPynn

Teopema 2.1. Ilycmo G — koneunas epynna u N
— HempueUaIbHAsi HOPMAIbHAS NOOSPYNNA 2PYNNbl
G. Toeda N p-paspewuma 6 mom u MoIbKO 8 MOM
cyuae, K020a Kaxicoas MAKCUMATbHASL NOOSPYnna
epynnel G, He codepxcawas N u uell HOPMATbHDIL
UHOEKC 0enumcs Ha p, s-Hopmaivha 6 G.

Loxkazamenvcmeo. [lpeanonoxum, 4ro Kaxaas
MaKcuMaibHasi moarpymmna M rpymnst G ¢ N¢ M u

Takasl, Yeil HOpMaJIbHBIN UHJIEKC JIEJUTCS Ha p, S-HOP-
MaibHa B G. [lycTh R — MUHUManbHasi HOpMaJlbHAs
nonrpymnmna rpynmnsl G. omycrum, ato M/ R — Mak-
cuMmaibpHas moarpymmna rpynmnsl G/ R Takas, 4TO
RN/R SZ M/ R, v TaKasi, 4eii HOpMaJIbHbBIH UHICKC B
G/ R nemutes Ha p. Torma M — MakcuManbHas TOA-
rpynna rpynnsl G Takas, 4ro N g M. Kpome Toro,

ecrt H/R/(M/R)g,g=(H/R)/(Mg/R) — rnas-
Hblit paktop B G/ R, T0 H/ M — rnaBHblii hakTop B
G. CrenoBaTenbHO, p ACTUT HOPMAIBHBIN HHICKC M
B G. [lo Hamemy npennonoxenuto, M s-HopMalibHa
B G, u cinenosarenbHO, M/ R s-HOpMmansHa B G/ R,
no siemme 1.1. 3HaumT, o uHAyKUMK, RN / R — p-pas-

peummas rpynna. Ecmu RN N=1, torma N =~ RN/ R
p-pazpemuma. CrenoBaTenpHO, KaKaas MUHUMAIb-
Hasi HOpMaJbHasl NOATpyMNIa rpynnsl G coaep>KuTcs
B N. TpuBuanbHble pacCyKICHUs TaKXKe IIOKa3blBa-
10T, 410 R = Soc(G) u RZ ®(G).

Jomyctum, uTo R HE ABISETCA p-pa3peliuMoin
rpynnoii. Torga p aenur |R| u ecnu E = Ng(P), tae
P — cunoBckas p-noArpymnna rpynmnslt R, To 10 apry-
MeHTy @parTian, MBI nMeeM, 9To G = RE. Tak kxak
R He aBnseTcd p-pa3pemuMoii rpynmoi, To £ # G.

Ilycte M — MakcuManbHasi NOATPYIINA TPYIIIIbI
G takas, yto E <M. Torna R Q Mu NSZ M. Tak kak

|R| coBnamaer ¢ HOpPMaJbHBIM HHAEKCOM M, TO p
JIeIUT HOpMaJibHBIA uHAeKe M. CrenoBareiabHo, Mo
HalleMy MpeAroIoKeHuto, M s-HopmanbHa B G.
Ilycte G, — cuioBckas p-HOArpyINna rpymnimbl
G Takad, uro P = R N G,.. Torna P HopmaneHa B G,
Moatomy G, & E, n noatomy p He genurt |G:M|.
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[Tycte T — cyOHOpMAaNbHAS MOATPYIIHA TPYIIIBI
G takag, uto TM=G u TN M<M s Tlpexne
MPEANoNIoKuM, 4to M g# 1, unu xe myctb A — Mu-
HUMaJIbHas CyOHOpMasbHas MOArpymnma rpymmsl G,
conepxamasics B M . SIcHO, uTO A — pocTas rpyn-

na. Jomyctum, uro A R. Torma A N R =1. Ho Tak

kak RE Ng(A) [3, c. 47], Ml umeeM RA =R x A.
Otcrona cnenyer, uto A < Co(R) = 1. D10 IpoTUBO-
peune mokasbiBaeT, uTo A  R. Tak kak R = Ax A,x

..x A, tne Aj=A,~=... =A,ectb npocTas HeabereBa
rpymma, u A cyOHOpManbHa B R, MBI uMeeM A € {4,
As,...,A,}. Illycts A = A,. Tax kax

A =A™ =4" =R
u A; < M, mb1 mmeem R < M, npotuBopeune. Cneno-

BarenbHO, M =1, u moatomy T M= 1. 310 mno-
KasbIBaeT, uto |G| = |T||M], 1. e. |T] = |G:M).

[Tycts A — MUHUMaNTBHAS CyOHOpMAaITbHAS TIOA-
rpymma rpymmsl G, comepxkamtascs B 7. Torma us
BBIIIIE CKa3aHHOTO, MBI 3HAeM, 4TO A = A; 11 HEKO-
Toporo i€ {1,2,...,t}.

Ilycts P — cunoBckas p-noarpynmna B 4;. To-
rna |P| =|P,|. CnenoparensHo, p neaut |A]. Ho
torna p penur |T| = |G:M|, nporuBopeune. Crneno-
BaTeNbHO, R — p-paspemmmas Ipymna, ¥ cieloBa-
TeJIbHO, N p-pa3peiuma.

Terreps npennonoxum, uto N G, u N — p-paz-
peummast rpynna. [lycte M — mMakcumalibHas MOJ-
rpynna rpynnsl G Takasg, 4yto N gZM U 4ed HOp-

MaJbHBIA UHAEKC aenutcs Ha p. U mycrs 1 = Ny<
N SN, < ..ENgSN,=N, e Ni/Ny (i =1,2,...0) —
riaBHbIA (akrop rpynnsl G. Mbl MOXeM BBIOpaTh
HHACKC [ TaKoOH, dYTO Ni¢_M u N.cM. Torma

N; M = G. PaccmotpuM ri1aBHbIe Gaktopsl N; Mg/ Mg
u N;/ N,. llepBorit u3z Hux G-uzomMopdeH ri1aBHOMY
tbaxropy N;/N; N Mg, nipu atom N;.; < N; " M. 3Ha-
uyut, Gaktopsl N; Mg/ Mg u N;/ N;.; n3omopdHbl 1
nostomy p nenut |N;/N,|. CnenoBatensHo, N;/N;
— abeneBa p-TpyIma.

Teneps sicho, uto NN MIM u Ny M <N,
[ostoMmy NN M & Mg & M ¢.

Teopema noka3zaHa.

Amnanornyao Teopeme 2.1. MoxeT OBITH JTOKa-
3aHa ClIeyIollas Teopema.

Teopema 2.2. Koneunas epynna G p-paspeuiu-
Ma mo20a u moJibKO moz2od, K020a Kaxcoas MAaKcu-
manvras nooepynna epynnel G, uell HOPMAIbHLLU
UHOEKC 0enumcesi Ha p, c1abo c-nopmaivha 6 G.

Cneocmeue 2.1 [11]. Koneunas epynna G pas-
pewuma moz20a u moabko moeoda, Ko2od Kajxicods
Maxcumanstas nooepynna epynnsl G c-nopmanwvha 6 G.

Cneocmeue 2.2 [12]. Koneunas epynna G pas-
pewiuma moz20a u moabko moe2dd, Ko2od Kadxicods
MakcumanbHas nooepynna epynnsl G c-Hopmanvha 6 G.

Teopema 2.3. Koneunasi spynna p-paspewuma 8
MOM U MOILKO 8 MOM CyHde, KO20d 8 Hell Cyuecmayem
P-paspeuumas MakCUMAIbHAsL NOOSPYNNA, KOMOPAs,
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Koneunvie Z2pynnsl ¢ S-HOPMATbHbIMU MAKCUMATbHbIMU noz)epynna/nu

aubo s-Hopmanvna 6 G, OO umeem HOPMANbHLIU
UHOEKC, He Oe/SIYUTICS HA P.

Jloxkazamenvcmeo. BBupy Teopembl 2.1, Ham
TOJIBKO HAaJI0 J10Ka3aTh JOCTaTOYHOCTD.

JlonmycTuMm, 4TO yTBEpKAeHHE HeBepHO, U G —
KOHTPIIpUMEP MHHUMaJbHOrO mopsiaka. [lycts R —
MHHUMaJIbHAsi HOpMallbHasl mojrpymma rpynms! G,
M — Takas p-pazpemmmasi MakcuManbHas B G mof-
rpymma, KoTopas 1100 s-HopManbHa B G, TH00 nMe-
€T HOpMaJIbHBII MHJEKC, HEe Aensmuiica Ha p. Ecnu
RZ M, 10 G/R=RM/R = M/R N M pazpemnma.
C npyroii ctoponsl, ecnu R < M, To M / R — takas p-
paspemmMasi MakcHUManbHas moarpynma B G/ R,
KoTopas jubo s-HopMmanmsHa B G/ R, mmubo mmeer
HOpManbHbIi MHACKC B G/ R, He pensumiics Ha p.
CrenosarenbHo, G/ R — p-pa3peninmas rpymmna o
BbIOOpY rpymmbl G. Ilostomy R — eAMHCTBEHHAs
MUHMMaJbHasg HOpMalbHas Mojrpymmna rpynisl G.
Tax kak M — paspewunmas rpynna, RZ M u R — He-

abeneBa rpymma, 9eil mopsaoK JENUTCS Ha p, TO 10
HaIlleMy TPeIIoIoKeHuo, M s-HopMmanbsHa B G.
[Iycte T — cyOHOpMaNbHAS MOATPYIINA TPYIIIHI
G Takas, uto G=TM un TN M <M ¢ SchHo, uTO
M =1 (cMm. nokazarenbcTBO TeopeMsl 2.1.) u, cie-
moBarenbHo, T N M=1. Ortcioga criemyer, d9TO
M| = |G:T]. ITycTth
l=Hy<H, <..<H,=
=I=01/<h=<..<T,=G 2.1)
— KOMITO3UIIMOHHEIH psix rpymmsl G. Torna
PaccmotpumMm cnepyromumii psn
1=ToNnM<TINnM<..<T, 1 NM<
<T,nM=M (2.2)
Slcno, uro Ty M < T, M ansg Beex i = 1,2,....m.
3amMeTuM, 4To
(T M) [ (To M)| [(Ton M(Ti M) ... x
x ‘(Tmm M)/(Tm—lm M)' = |M| = ‘GT| =
= ‘T]/ T()HTz/ T1| ‘Tm/ Tm_l‘.
Tak xak
(TNAM) [ (Tan M) = (TN M) [ (TNM) N T,y =
=TT M)/ Ty < Ti/ Thy,
(TN M) /| (T M)| <|T;/ Ti| st Beex i =1,2,...,m.

Crnenosarensro, (T;\ M) / (TN M) = T;/ T, ectb
mpocTas rpymma as Beex i = 1,2,...,m. DTo MoKa3bl-
BaeT, 4ro psax (2.2) ecTb KOMITO3WIIMOHHBIA PsII
rpynnsl M. I1o HameMy npeanosnoxxenuto, M — p-pas-
pemumast rpynmna. CneoBaTeNbHO, KaKIbIH GakTop
psna (2.2) nubo sBisiercst p'-rpynmoi, imdo oH ade-
JIeB U uUMeeT NMopsaok p. CrenoBaTenbHO, KaxIbIid
u3 ¢axropos 1,/ Ty, T,/ T, ... , T,,/ T,,.; — mub0 mpo-
cras p'-rpymnna, 1ubo rpynmna nopsaka p. Paccmot-
PHUM cIenyromuil KOMIO3ULIUOHHBIN paj rpynnsl G:
1 SA] SA[AQS ... < A]Azm A,.] SR =
:K()SKI <... SKr: G,

rae R=A4;x ... x A, — npsiMoe pa3noKeHUe IPYIIIbI
R B mpowmsBeneHNe M30MOP(HBIX MPOCTHIX TPYIIIL.
Beuny teopemsl Kopnana — ['enpaepa, CylecTBYIOT
WHJIEKCHI Iy, I,..., [, TAKUE, YTO
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Ay=Hy/ Hoa, A2/ A1= Hp/ Hpys. .,
R /A1A2...A,_1 = Hlt/ [_Iit-l-
CrenoBarensHo, |R| < |T| = |G:M|. Tak kak
G MR
|MNR]|
CrenosarenbHo, |R| = |T], u BcleACTBHE 3TOTO,
RN M=1. Ilpumensst Tenepb OCHOBHON pe3ynbTaT
pabors! [13], nomyuyaem, uro rpynma M He sIBIsieTCS
P-pa3zpemuMoii. ITO MPOTUBOPEUUT YCIOBUIO. Teo-
pema 1oKa3aHa.

, Mbl iMeeM |G:M| < |R)|.

3aknouenue

Ha ocHoBe ompeneneHus s-HOPMaJbHOW TO/-
IPYIIBI YCTAHOBJIEHBI HOBBIE KPUTEPUHU p-pa3pellu-
MOCTH U paSpeLHI/IMOCTI/I KOHCYHBIX I'pyHH.
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CRITERIA OF P-SUPERSOLUBILITY OF FINITE GROUPS

V.0. Lukyanenko, T.V. Tihonenko
P. Sukhoi Gomel State Technical University, Gomel, Belarus

Ilycts H — noarpynmna koHeuHoi rpynmsl G. Byem roBoputs, 4ro noarpymnna A t-kBasuHopMaibHOU B G, ecinu H nepecTaHo-
BOYHA C KaXJIOH cuIoBckoii moarpynmoit Q u3 G, takoit uto (|H], |Q]) =1 u (|H], |0%)) # 1. Joka3au cieyrommii pe3yibTar.
Iycts G = AT, rae A — xomnoBa n-noArpymmna rpynis! G u T — p-HUIBIOTEHTHAs MOATPYIIA A1 HEKOTOPOTO MPOCTOrO YHCIIA
p & m. Ilycts P — cunoBcKas p-noArpynna B 7' ¥ OpedroIokuM, 4To noarpynna A t-kpasuHopmansHa B G. [Ipeamnonoxum, 4To
cymecTByeT Takoe uncio p', uro 1 < p*< |P| u A nepecraHoBOUHA ¢ KaxI0H TOATPYNIOi M3 P OpsIKa p* U ¢ KaxI0i IUKIH-
4ecKoi moarpynmoii u3 P nopsizika 4 (ecim p¥=2 n P — neaGenena noarpymnma). Torxa rpynma G p-cBepXpasperinma.

Kniouegvie cnoga: t-k6a3unopmanivhas nodepynna, cuio8ckas nodepynnd, Xoani08a no02pynna, p-paspewumas spynnd,
D-ceepxpaspewumas 2pynna.

Let G be a finite group and H a subgroup of G. We say that H is 1-quasinormal in G if H permutes with all Sylow subgroups O
of G such that (|Q], |H|) = 1 and (| |, |Q°|) # 1. The main result here is the following: Let G = AT, where 4 is a Hall n-subgroup
of G and T is p-nilpotent for some prime p ¢ w, let P denote a Sylow p-subgroup of T and assume that 4 is t-quasinormal in G.
Suppose that there is a number p* such that 1 <p*<|P| and 4 permutes with every subgroup of P of order p* and with every cy-

clic subgroup of P of order 4 (if p*= 2 and P is non-abelian). Then G is p-supersoluble.

Keywords: t-quasinormal subgroup, Sylow subgroup, Hall subgroup, p-soluble group, p-supersoluble group.

Beeoenue

PaccmaTpuBaroTcst TOJIbKO KOHEYHbIE TPYIIIIBL.

Ilycte H — nmoarpynmna rpynnsl G. Torna a(G)
0003HaYaeT MHOXKECTBO BCEX MNPOCTHIX JAENUTEIeH
nopsimka |G|, H° — HOMapibHOE 3aMbIKaHHE TIOJI-
rpynnsl H B rpynne G, T. €. nepeceueHne BCexX HOp-
MaJIbHBIX moArpyni u3 G, colepiKamux HOATPYIIY
H. HanmomumnM, uto moarpynma 4 rpymnmnsl G Ha3bl-
BaeTCsl NEPECTAaHOBOYHOM C MOArpynmno B, ecnu
BbINIOJNIHSIETCS ycnoBue AB = BA. Iloarpynma H
rpymnbsl G Ha3eBaeTca 7((G)-mepecTaHOBOYHONW HIIH
7(G)-xBasuHOpMaNbHOH B G [1], ecnm moarpymma H
MEPECTAaHOBOYHA CO BCEMU CHIIOBCKHMH IOIATPYI-
namu rpymmns! G.

B nanHOW crathe MBI aHaIM3HPYEM CIEIyIo-
niee 06o6menne 7(G)-KBa3MHOPMAIBHOCTH: TO/1-
rpynna / t-xBazuHopManbHOU B G [2], ecnu H me-
PECTaHOBOYHA C Ka)KAOM CHJIOBCKOH moxarpynmoi Q
u3 G, Takoi, uro (|H], |Q)) =1 u (|H], |0°]) # 1. Oue-
BUAHO, 49TO Kaxnas m(G)-KBasMHOpMANIbHAS TIOA-
rpymma rpynnsl G t-kBasuHopMaibHa B G. [Tpumep
1.2 B [2] moka3pIBaeT, 9T0 0OpaTHOE YTBEPKACHUE B
o011eM cirydae He BEPHO.

CormacHo u3BectHO# Teopeme @. Xomma [3],
rpynna G paszpeninma, eciu Kakaas ee CHUIIOBCKas
noarpymnna P umeer pononHenue 7'B G, 1.e. PT=G
u PNT=1. Ilpumep anpTepHaTHUBHOM TIpyHmbl As
MOKa3bIBAET, YTO TAKOE YTBEPIKACHHE B OOLIEM CITy-
Yyae HE BEPHO, €CIIM PaccMaTpHBaTh TOJIBKO CHIIOB-
CKHE p-TIOATPYIIBI Ui HEKOTOPOro (pUKCHpOBaH-
HOT'O YHCTIa p.
© Jlykeanenko B.O., Tuxonenxo T.B., 2015
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Tem wve menee, b. Xymmepr [4] mokasan, 4To
€CIIi CHJIOBCKasl p-moarpynmna P rpynnsl G umeer
nononnenue T B G, |P|>p u T nepecraHOBOYHA C
KOKJOW MAaKCUMaJIbHOM noiarpynmnoud us P, torma
rpymna G p-pazpeminma. DTOT Pe3yJbTaT B OJHOM
HanpasneHun Obi1 yeuineH B.U. Cepruenko [5]. Oc-
HOBBIBAsICh Ha JIAHHOM pe3yJbTare, OH JI0Ka3all, 4To
€CII CWJIOBCKasi p-moarpynmna P rpymmsl G uMeer
nononuenue T B G, CyIIECTBYeT Takoe uncio p*, aro
1 < p*<|P| u T nepectanoBouHa CO BCEMH MOAIPYII-
namMu u3 P nopsaka pk u P sBisiercs abeneBoi
TpymIoi, eciun p*=2, torma rpymna G p-paspe-
muMa U ee p-JyinHa paBHseTcss 1. B pmampHelimem
M.T. BopoBukos [6] noka3ain, uro rpynna G B 3TOM
Cllydae TaKke sIBISeTcs p-cBepxpaspemmmoit. B. o,
K.II Ilam u A.H. Ckuba mokazanu [7], uto ecnu
G = AT, rae A — xonnoBa n-noArpynna rpynmnsl G, 7'
— HWIBIIOTEHTHAs! MOATpYyNIa U A IepecTaHOBOYHA
CO BCEMH CHJIOBCKUMM MOATrpynmnamu u3 7 1 co Bce-
MH MaKCHMaJbHBIMH TOATPYIIIAMH JIF000H CHIIOB-
ckoil moarpymnmel u3 7, torma rpynna G p-cBepx-
paspemMa Uit KaxI0ro TaKoro MpOCTOro 4Hcia
p € @, ut0 T CONEPKUT CUIIOBCKYIO p-noArpynmny P
¢ opsiikoM |P| > p.

B naHHOii pabore [o0Ka3aHO ~cleyroliee
0000IIIeHNE STHX Pe3yIbTaTOB.

Teopema 0.1. Ilycmov G = AT, 20e A — xonnosa
n-nodepynna epynnet G u T — p-nunvnomenmmnas
nOO2pYnna 015l HEKOMOPO20 NPOCMO20 YUCIA P & T.
Ilycmoe P — cunoeckas p-nooepynna ¢ T u npeono-
nocum, umo nooepynna A t-xkeazunopmanvha 8 G.



Kpumepuu p-ceepxpaspewiumocmu Koneunwix epynn

TIpeononodicum, umo cywecmayem makoe 4ucio p',
ymo 1<p'<|P| u A nepecmanosouna ¢ kaxcooii
nodepynnoii uz P nopsaoka p* u ¢ xascooti yuxnuue-
ckoii nodepynnoti uz P nopaoka 4 (ecnu p*=2 u P —
Heabenesa nooepynna). Toeoa epynna G p-ceepxpas-
pewuma.

W3 naHHOM TeopeMbl BBITEKAIOT CIIEIYIOIINE
CIIC/ICTBHSL.

Cneocmeue 0.1 [5, teopemsr 2 u 3]. Ilycmo
G = PA, 20e P — cunoeckas p-nodepynna epynnei G
u A — xonnosa p'-nooepynna ¢ G. Ilpeononosicum,
umo cywjecmeyem makoe wucno p*, umo 1 <p*< |P
u A nepecmanogouna co ecemu noozpynnamu u3 P
nopsoka p* u P seisemes abenesoii epynnoii, eciu
pF=2. Tozoa epynna G p-paspewuma u ee p-OnuHa
pasusemcs 1.

Cneocmeue 0.2 [6, Teopema). Ilycms G = PA,
20e P — cunosckaa p-nodepynna epynnet G u A —
xoanosa p'-nodepynna 6 G. Ilpeononoscum, umo
cywecmeyem maxoe uucio p*, umo 1 <p*< |P| u A
nepecmano8ouna co eécemu nooepynnamu uz P no-
pAodka pk u P sensemca abenesou epynnoil, ecau
P*=2, mozoa epynna G p-ceepxpaspewma.

Cneocmeue 0.3 [7, Teopema C). Ilycmo G = AT,
20e A — xonnosa n-nodepynna epynnei G u T — Hub-
nomenmmas nOOSPynna Oiisk HEKOMOPO2O NPOCMO20
yucia p € m. Eciu A nepecmanosouna co écemu
cunosckumu nooepynnamvu uz T u co écemu maxcu-
MATbHLIMU  NOOZPYNNAMU  JIHOOOU CUTOBCKOU HOO-
epynnvl uz T, moeda epynna G p-ceepxpaspeuiuma
07151 Kadxco0020 MAKo20 NPOCMO20 yucia p € w, umo T
codepoicum cunogckyro p-nooepynny P ¢ nopsokom
|P| > p.

Cneocmeue 0.4 [8, Teopema 4.6] Ilycmo
G = AT, 20e A — xonnosa m-nodepynna epynnot G, T
— HULLNOMENMHAsL NOOPYNna u A nepecmanosouna
co ecemu cunosckumu noozpynnamu uz T u co ecemu
MAKCUMATLHBIMU  NOOSPYNNAMU 000U  CUNOBCKOU
nooepynnei u3 T, mozoa epynna G p-ceepxpaspe-
WUMA 0151 KAAHCO020 MAKO20 NPOCMO20 YUCIA P € T,
umo T codepacum cunosckyio p-nooepynny P ¢ no-
psiokom |P| > p.

Cneocmeue 0.5 [9, Teopema 1.1]. Ilycmo
G = AT, 20e A — xonnosa n-nooepynna epynnvt G u T
— p-HULLNOMENMHAsE NOOSPYNNA Osi HEKOMOPO2o
npocmozo yucia p € w. [lycms P — cunoeckast p-noo-
epynna 6 T u npeononosicum, umo nooepynna A ne-
PECMAH0BOYHA CO 6CEMU CUTOBCKUMU NOOSPYNNAMU
uz T. Ilpeononodicum, umo cywecmeyem maxoe Yuc-
a0 p¥, umo 1 <p* <|P| u A nepecmanosouna ¢ xa-
arcoou noodepynnoii uz P nopaoka PX u ¢ kaxcooii
yukauveckou nodepynnoi uz P nopaoka 4 (ecau
P*=2 u P — neabenesa nooepynna). Tozda spynna G
P-ceepxpaspeuuma.

B kauectBe npunoxenust Teopemsl 0.1 MoxHO
JIOKa3aTh CJICAYIOUIUN pe3ysbTarT.

Teopema 0.2. I[Tycmo G = AT, 20e A — xonnosa
n-nooepynna epynnel G u T — p-ceepxpaspewiumast
nooepynna 0Jisi HeKOMoOpo20 NPOCHO20 YUCIA p € T.
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IIpeononoscum, umo nooepynna A T-K8azuHop-
manvha 6 G. Eciu A nepecmanogouyna c¢ Kaxicoou
MAKCUMATLHOU NOO02PYNNOU HEKOMOPOU CUNOBCKOU
p-nooepynnvt P uz T, mozoa epynna G p-ceepxpas-
pewiuma.

Kpurepun p-cBepxXpa3pemmMoCTH KOHEYHOH
TPYINBI C 3aJaHHBIMH OOOOLIEHHO IMEPecTaHOBOY-
HBIMHA TIOATPYIIIIAMH TAKXKE paCCMaTPUBAINCH B CTa-
The [10].

Omnpenenennss 1 0003HAUEHUSI CTAHIAPTHBI, UX
MOokHO Haiitu B [11]-[12].

1 Ilpedsapumenvhsie pe3yiomamasl

Jemma 1.1 [2, nemma 2.2]. Ilycmv H — Hop-
manoras nooepynna epynnet G. Toeda paxmop-
epynna EH | H t-xeéasunopmanvua ¢ G/ H ons no-
oot T-K8azuHOpMAILHOU nodepynnel E ¢ G maxou,
ymo (|H|, |[E])=1.

Jdemma 1.2 [9, nemma 2.1]. IIycmo N — sie-
MeHmaphas abeneéa  HOPMAIbHAL — P-HOOSPYNNA
epynnvl G 0151 HEKOMOPO20 NPOCHO20 YUcia p u A —
xoanosa p'-nodepynna 6 G. Ilpeononoscum, umo
cywecmeyem maxoe uucio p*, umo 1 <pF<|N| u 4
nepecmano8ouHa ¢ kaxcooil noozpynnou u3 N no-
paoka p'. Tozoa nexomopas maxcumanvuas noo-
epynna uz N nopmanvha 6 G.

Jdemma 1.3 [9, nemma 2.4]. Ilycmv G=AP —
p-paspewiumas epynna, 20e P — cunosckas p-noo-
epynna 6 G u A — xonnosa p'-nooepynna ¢ G. Ilpeo-
NOLOACUM, YMO CYUeCmEyem makoe Yucio p-, 4mo
1 <p*<p™'<|P| u A nepecmanosouna c xaxrcooi
noodzpynnoii us P nopaoka p* u ¢ kascooii yuxiuve-
ckoul nooepynnoui uz P nopaoka 4 (eciu pr=2upP-
neabenesa nooepynna). Toeoa [,(G) = 1.

Jdemma 1.4 [9, nemma 2.2]. Ilycmo § — nacwi-
wennas, hopmayus, cooepicaujast 6ce HUIbNOMEH-
muvle epynnot, u G — gpynna ¢ paspewumoim §-pa-
ouxanom P =G5, [Ipednonoscum, umo Kaxcoas
Makcumanvhas nooepynna epynnel G, He cooepaica-
was P, npunaonexcum §. Tozoa P sensemcs p-
2PYRROUL 0I5l HEKOMOPO20 NPocmozo yucia p. Kpome
moeo, eciu A — xonnosa p-nooepynna ¢ G u A nepe-
CMAHOBOYHA CO BCEMU YUKIULECKUMU NOOSPYNNAMU
u3 P npocmoco nopsoka u nopsaoxka 4 (eciu p=2 u
P — neabenesa nooepynna), mozoa |P | ®(P)| = p.

Jemma 1.5 [9, nemma 2.3]. Ilycms V — noo-
epynna nopsioka 4 epynnvt G u Q — xonnosa 2'-
nooepynna ¢ G maxas, umo VQ = QV. Tozoa cnpa-
6€0/1UBbL CEOVIOWUE YMBEPIHCOCHUSA.

(1) ecnu V=AxB, e0e |A| = |B| =2 u AQ = QA,
mozoa BQ = OB;

(2) ecnu V= <x> — yuxnuueckas epynna, mo-
20a <x>Q=Q<x>.

2 Jloxazamenbcmeo 0CHOBHBIX Pe3yibMAmos

Jloxazamenvcmeo meopemvr 0.1. Tlpemamono-
JKHM, 4TO YTBEPXKICHUE TEOPEMbl HEBEPHO, U MyCTh
rpynna G — KOHTPIPUMEP MUHUMAIBHOTO MOPS/IKA.
Pazo0bemM /10Ka3aTenbCTBO TEOPEMBbI Ha HECKOJIBKO
JTAIoB.
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(1) On(G) =1, 20e m = \ {p}.
Tpeanonokum, ato Y=0, (G)#1. Tokaxewm,

YTO YCJIOBHS TEOPEMBI BBINOJHSIOTCS Uisi (hakTop-
rpynnel - G /Y. [leiictBurensHo, YN P=1 wu
G/Y=(AY/YNT/Y), tne AY/ Y=A — xomnoBa
n-nioarpymnmna rpymmsl G/ Y, T/ Y — p-HUIBIOTEHTHA
u PY/ Y= P — cunosckas p-noarpynna B 7'/ Y. Beu-
Iy nemmsl 1.1, noarpynna AY / Y t-kBa3uHOpMasbHa
B haxrop-rpymme G /Y. Hycrs H /Y — no;[rpynna
prngI PY/Y raxas, uro |H /Y] =p* Torma
=[Y](H'NP), tne HNP — CI/IHOBCKaﬂ p-Tiof-
rpynna B H rakas, uro |[HN P| =p*. Cormacuo
npexmonoxenno, A(H N P)=(H N P)A. Cnegosa-
TeNbHO, moarpymnmna AY /Y nepecTtaHoBOYHA ¢ H/Y
B rpynne G /Y. Ecnm p*=2 u PY/Y — neaGenena
NOArpyMIa, Toraa noarpynna P Heabenesa, H, cO-
TJIACHO THIIOTE3€, MOATpyIna A MepecTaHOBOYHA C
KaX 10} MUKIN4ecKoil noarpynmnoi u3 P nopsnxa 4.
CrenoBarensHo, noarpynmna AY / Y nepecraHoBoyHa
C KaXIIOW IUKIMYECKON MOATPYIION (aKTOp-TpyII-
nel PY /Y mopsaka 4. Takum o0Opa3oMm, ycIoBHs
TEOPEMBI BEHITIONHSIOTCS i (paxtop-rpymmnsl G/ Y.
Hockonbky |G/ Y] < |G|, To dakrop-rpynna G/ Y
Pp-CBepXpas3pelnMa CoritacHo BBIOOpY rpymmsl G.
Otcrona crexyer, uro rpynmna G p-cBepxpa3perin-
Ma, npoTuBopeure. TakuM 00pa3oM, yTBEpKAEHHE
(1) BepHo.
(2) Ilooepynna A nepecmanogouna ¢ Kaxicoou
cunogckoul g-nooepynna epynnot G, 20e q € m'.
ITycte O — cunoBckas g-noArpynna rpynnst G
JUIl HEeKoToporo mpocroro uucia ¢ €n’. Ecmu
(4], 10°)#1, Torma mO YCIOBHMIO TEOPEMbI
AQ = QA. Tpennonoxum, uto (|4|, |Q°))=1. Tlo-
cxonbky G = AT, to Q°<T. Torna noarpymma Q°
p-HIIBIOTeHTHA. [10CKOIBKY Op,(QG) char 0, a Q°
— HopMampHasg moxarpynma rpymnsl G, TO

Op,(QG) <0, (G) =1 BBuay (1). CnemoBarenbHo,

0%= 0. Eciu g # p, TO MBI MOJTy4aeM IPOTHBOpPEUHE
BBuay (1). Iloatomy ¢ =p. CnemoBaTensHO, TOA-
rpynma Q =P HopManbHa B rpymmne G, U 3HAYUT
AQ = QA. Takum oOpa3omM, moarpymnna A mnepecta-
HOBOYHA C Ka)XJI0W CHJIOBCKOH g-MOATPYIION IpyI-
nel G, THe g € .

(3) 0,(G)=1.

Ipennonoxum, uro V= 0,(G) # 1. Ilokaxem,
YTO YCJIOBUSI TEOPEMBI BBIIOJHAIOTCS Ul (akTop-
rpymnsl - G/ V. JleicrButensHo, VN P=1 u
G/ V=UAVIVNTVIV), tne AVI/V=A/VNA —
XOJUIOBa m-moArpymma rpymmsl G/ V, moarpymma
TV/V=T/VNT p-aunenorestaa u PV/ V=P —
cuioBckas p-noarpymmna B TV / V. Ilyete Q/V —
CHIJIOBCKas g-moarpymma rpynnel G/ V, toe g en'.
Torna nns HeKOTOPOH CHIIOBCKOH g-moarpymnsl G,
rpymnsl G umeem Q = G, V. Beuay (2),

AVIMQI VYy=UAVIVNGV V)=
=@/ NAVIP),

creioBatelibHO moArpynna AV / V nepecraHoBoyHa
C KaXI0H CHIIOBCKOW g-noarpynmnoi rpynmsl G/ V,

58

rae g € n'. Takum oGpazom, moarpynma AV /V
T-KkBasuHOpManbsHa B G/ V. Kpome Toro, aHamornd-
HO Kak TMoka3aHo B myHKTe (1) momyuyaem, 4To mo-
rpynmna AV / V nepecTaHOBOYHA C KaX IO HOATPYII-
no# rpymnsl PV / V nopsiaka pk U C KaXJOW LUKIIU-
yecko moxrpynmoi w3 PV/V nopsaka 4 (eciu
p*=2 unonrpymma PV / V neaGenena). Takum oGpa-
30M, YCJIOBHSI TEOPEMBI BBINOJHSIOTCS ISt (aKTop-
rpymmel G/ V. Tockonbky |G/ V|<|G|, To dakTop-
rpymma G/ V p-cBepXpa3pemmma CoriacHO BEIOOpY
rpymnel G. OTo 03HadaeT, uro rpymmna G p-cBepx-
paspemnMa, mnpoTtusopeune. CrenoBaTenpHO, YT-
BepxaeHue (3) BepHoO.

@4 T1T="P

IIpennonoxum, uto 7 # P. Ilycts S — xonnoBa
p-noarpynna B 7. Ilockonbky 4 — X0JI0Ba T-MOJ-
rpymna rpynnsl G, TO Kaxasi CUIIOBCKasi MOArpYII-
na u3 A sBisiercs cuioBckoi noarpynmnoi B G. To-
raa [13, nemma 11.6] Bieuet, yto noarpymnmna 4 mne-
PECTaHOBOYHA C KaXKJOW CHUIOBCKOM g-TOATPYMION
rpymnsl 7, tae g € m. CriepoBarensHo, BBHAY (2),
noarpymmna 4 nepecTaHoBOYHa ¢ KaKI0M CHIIOBCKOM
monrpymmoi u3 7, moatomy AS = SA. CoriacHo yc-
JIOBHIO TeOpeMBI, moarpymnma S HopmansHa B 7. To-
rma S¢=8""=§"< 4S. D10 o3Hauaer, uTo O0A(G)#1,
yto npotuBopednt (3). Takum o6pazom, yTBepKe-
Hue (4) 1okazaHo.

(5) I'pynna G ne aersemcs npocmoti 2pynnoil.

[Mpeanonoxum, uro G — mpocras HeabeneBa
rpynmna. CorylacHO HPEeNoNIoKeHUI0, MoArpynna A
NepecTaHOBOYHA ¢ KaXJoW nmoarpymnnoi H u3 P Ta-
Koit, uto |H| = p*. Tlockonsky BBUIY (4), G = AP, TO
JUIA TIPOU3BOJIBHOTO 3JIeMeHTa x € G UMeeM X = fa,
rie te€ PuacAd. Torna H<P. CienoBareibHo,
AH'=H 'A, nostromy (AH')'=AH" — noarpynma
rpymmsl G. [lockonbKy p HE TPHHAMICKHUT T, TO
HN A=1. Takum obpa3om, rpymmna G HE ABIACTCA
mpocToit coriacHo [14, Teopema 3]. 3TO TpOTHBO-
pedne 3aBepIIaeT J0Ka3aTeabCTBO YTBEPKICHHS (5).

(6) |P| > p".

Ipemnonoxnm, aro |P| =p**'. Torma seuny [4,
Teopema 5], rpynna G — p-paspeumma. Ilycts L —
MHHUMaJIbHAs HOpMallbHasl mojrpynna rpynmsl G.
Torma L sBnserca p-rpynma BBuay (3), modTOMY
L < P. Ilokaxkem, uro akrop-rpynna G / L p-cBepx-
paspemnma. /[leWictBurensHo, ecau |P/L| <p, 310
oueBuaHo. C npyroii cropoHsl, ecmu [P/ L| > p, To-
IZla YCJIOBHSI TEOPEMBI BBIOJIHAIOTCS Ui (PaKTOp-
rpymmel G/ L. Takum obpazom, G /L p-cBepx-
paspemMa BBUAY BbIOOpa rpynmel G. fIcHO, 4WTO
|L| > p u L ue Bxoaut B noarpyniy @parrunu O(P).
Ilyctes V' — makcumanbHas NOATpymna rpynmnsl P
Takas, yro L He Bxomut B V. Torma AV = VA, no-
stomy D = V9= p™ = "< AV. Teneps u3 To0ro, 4ro
P=VL, V- makcumanbHas noarpynna B P u |L| # p,
nosydaeM, uro V N L # 1. CnenoBatensHo, D N L —
HeTpuBHaNbHas noAarpynmna B L u D N L HopMmanbHa
B rpymne G, YTO NPOTUBOPEYHT MHHUMAIBHOCTH
monrpymmel L. CremoBaTtensHO, yTBepkaeHHe (6)
BEPHO.
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(7) IN|<p* ons moboii munumansnoii Hop-
manvoti nodepynnvt N epynnvt G, komopas cooep-
orcumes 6 P.

[peanonoxum, urto p*< |N|. CremoBarensHo,
noarpynmna 4 mepecTaHOBOYHA C KaXXKJOW IOj-
rpymmoit H u3 N Takoii, uto |H| = p*. Torna seuay
aeMMbl 1.2 HEeKOTOpasi MaKkcUMalibHasi HOATPYIINa U3
N HOpManbHa B rpymne G, MpoTHBOpeuHne. Takum
o0pazom, yreepkaerue (7) moka3aHo.

(8) Ecriu N — cobcmeennas HOpMAanvhas noo-
epynna epynnot G, mozoa N p-paspewuma.

Beuay (3), uucio p aenut nopsgok |N|. Crep-
Ba mpeamnonoxuMm, uto 4 <N. Torma BBugy (4),
|G:N| = p® nas mexotoporo uncia a € N. Cienosa-
tenpHo, N=N,A4, rne N, = N N P — cunosckasd
p-noarpynna u3 N. Ilycte P, — MakcumasibHas moj-
rpynna u3 P rakas, uro N,< P;. Torna PI\N = P4 —
cobcrBeHHas noarpynna rpynnsl G. Beuny (6) yc-
JIOBUSI TEOPEMBI CIPABEUINBBI JUIsL HOATPYIIbI PiA.
Mockombky |P14| < |G|, T0 rpynna P4 p-cBepx-
paspemmMa coriacHo BeIOopy rpymmsl G. Otcroma
cienyer, yro noarpynmna N p-paspewmnMa. [Ipenmo-
JIOXKHM Telepb, 4TO MOArpynmna A He BXOAUT B N.
OueBngHo, uro N=(ANN)(P NN). Ilycrs
E=(4 N N)P u nycte H — noarpymnmna u3 P Takas,
yro AH = HA. Torna

AHN(ANNP=ANMANNPH=
=ANNYANPH=(ANNH=HANN).

OTO MOKa3bIBAET, YTO YCIOBUS TEOPEMBI BBI-
nonHsroTea A noarpynnsl E. Ecniu E = G, Toraa
A=ANANNP=ANN(ANP)=ANN, mnpo-
tuBopeune. CienoBaTenbHo, moarpynmna E p-csepx-
paspemmMa coriacHo BeIOopy rpymmsl G. Otcroma
cienyer, yto noarpynna N < E p-pa3pemuma.

9) k> 1.

[pennonoxum, uto k= 1. Beuny(5), G He sB-
nsiercst mpoctoit rpymmoi. Ilycts L =(4 N L)(P N L)
— MakCUMaJlbHas HOpPMallbHas HOATPYIIa TIPYIIIBI
G. Beuay (8), moarpynma L p-pa3zpemima u coriac-
HO (3), Lp=PNL+#1. Kpome TOro, mockombKy
BBUAY (3), O,(G) =1, Op(L) char L u L — HOpMaIb-
Has noarpynmna B G, 1o O,(L) = 1. Eciu noarpynna
L, muxmueckas win |L,| = p’, torma L(L)=1 co-
rimacuo [15, VI, Hilfssatz 6.10]. B nmpotuBHOM city-
4ae, MOCKOJIBKY k = 1, yCIOBHSA TEOpeMbl CIpaBell-
JWBBI 178 TOArpynmsl L, mostomy cHoBa [,(L) =1
cornacHo nemme 1.3. Tlockonsky O,(L) =1, To noj-
rpynmna L, HopmanbHa B L. Bonee TOro, nockombKy
L, — cunosckas noarpynmna B L, a cama noarpynmna L
HOpMaJlbHa B rpynne G, To noarpynna L, HopMalib-
Ha B G.

[Ipeanonoxum Teneps, 9to p = 2. Toraa BBUIY
(6), 2° < |P|. HockonbKy moxarpymma L He sBiuseTcs
2-HWJIBIIOTEHTHON TPYMIION, OHA SBJISIETCS 2-3aM-
kHyToil moarpynmoi Imuara [15, IV, Satz 5.4]
Buga K = [K;] K,, tne K> < L,. Jlna HekoToporo aie-
meHTa xeG nmeeM K) <4 u K' =[K,['K]. Ilo-

CKOJIbKY moarpymna L, HopManbHa B rpynne G, To
K; <L, <P. Tlyctb V — nukindeckas NOArpynmna B
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K, nopsnka 2 wnu nopsiaka 4 (eciu K, — Heabene-

Ba rpymma). Torma VA=AV cormacHo yCIOBHUIO T€O-
PpEeMBI, TO3TOMY

VANK; K, =(VANK)K, =
=V(ANK))K, =VK; =K V.
Takum obpasom, moarpynma K, mnepectaHo-
BOYHA C Ka)XAOW LMKINYECKOH moarpymmoi uz K;
nopsizika 2 U nopsinka 4 (ecmm K, — HeaeneBa TpyT-

na). U3 nemmsel 1.4 cnenyer, uto | K, / D(K7) |=2.

CrnenoBarensHo, |K,|=2. 3nHaunt, nmoxarpynma K
HWJIBIIOTEHTHA, YTO MPOTUBOPEYHT BBIOOPY K.

Takum o6pazom, p > 2. Ilycte N — MUHHMAaIIb-
Hasl HOpMaJlbHasi moArpymma rpynnsl G, conepika-
masicsi B L, u C= Cy(N). Torna |N| =p Beuay (7).
CnenmoBarenpHo, N <Z(P). IlpeamomoxxuMm, dYTO
C=G.Ilyctb a € A, z € N u X =<x> — Ipou3BOJIb-
Hasi IOArpymna u3 L, Takas, uto |[X] =p. Tornaz‘=z
U mockonbky X=L,N AX HopMmanbHa B AX, TO
x*=x" s wexoroporo umcia n € N. TToCKONBKY
z € Z(P), 10 |xz| = p. CnenoBarenbHo,

<xz>={x7|i=1,.p}
u (xz)'=xz"=x"z € <xz>, orkyma n=1. Takum
obpaszom, A/ C4(L,) nelcTByeT TpHUBHAILHO Ha
Qi(L,). CnenosarensHo, A / C4(L,) = 1 BBURY [16, 5,
Teopema 3.10], mosTomy
ANL<A=CyL,) < Co(Lp).

Cnenosarensno, L =L,(A N L) — HOpMaibHAas
Pp-HWIBNOTEHTHAs MoArpynna rpynnsl G, IpoTUBO-
peune. Takum obpasom, C # G. Beuny (8), moarpym-
na C p-paspemmma. [Tockonbky |N| = p, To dakTop-
rpymma G/ C muKiIndeckass ¥ Mbl 3aKJIIO9aeM, 4TO
rpymmna G p-pazpenmmMa. Torna coracHo emme 1.3
n BBuay (3) u (6), noarpymnmna P HOpManbHa B TpyH-
ne G. ITycts R = G¥, tne § — Hachimennas dopma-
oUsl BCeX p-cBepxpaspemuMbix rpymmn u © = O(R).
OueBugHo, uto R<P. Torma ycinoBHs TeOpeMBI
CIPABENJMBBl U1 KaXJAOW MAaKCUMAaJIBHOM IOA-
rpynmnsl M rpynnsl G, He cogepikamieid R. CnenoBa-
TENBHO, ToArpynmna M p-cBepxpa3peniMa CorjiacHO
BeIOOpY Tpynmsl G, nostomy |R / ®| = p BBUAY JIeM-
Mel 1.4. Torma [17, nemma 2.16] BuedeT, uTO
G/ ® € §. Ho torna R < @, cienosarensho, R = O,
mpotuBopeune. Takum obpaszom, k> 1.

(10) Ecnu P — neabenesa 2-epynna, moeoa k> 2.

[Mpeanonoxum, uyto k=2. TlockonbKy Mo~
rpymmna P HeabeneBa, TO OHa COJIEPIKUT TaKylo K-
nnyeckyto moarpymny H=<x>, uro |H|=4. Co-
TJIACHO TPEATIONI0KEHHIO, TOATpynma A mepecra-
HoBoyHa ¢ H. Torma A mepecTaHOBOYHA U C TOJ-
rpynmoit <x*> Beumy gemmst 1.5 (2). ITokaxem
TeTepb, 4To ecnu rpymmna G COOep)KUT TaKyro IMOJ-
rpymny V= BxC nopsiaka 4, uto |B| = 2 u noarpyn-
na A nepectaHOBOYHa C B, Torna 4 nepecraHoBOYHa
¢ noarpynnamu ¥V u C. JIedCTBUTENBHO, MTOCKOJIbKY
|V] =4, To monrpymma A nmepecranoBo4na ¢ V. Cie-
JOBaTeNbHO, A TepecTaHOBOYHa ¢ monrpymmoi C
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BBUAY JiemMMsl 1.5 (1). Takum obpa3om, moarpymma
A mepecTaHOBOYHA C HEKOTOPOW MOATpynmnou Z u3
neHTpa Z(P) mopsaka |Z| =2, mostoMy A mepecTa-
HOBOYHA C KaxJ0H moxrpymmod u3 P mopsaka 2
comacHo jiemMe 1.5 (1), uro nmpotuBopeuur (9).

(11) Ecniu N — munumanvHas HOpMAaibHas noo-
epynna epynnei G, komopas cooepdicumcs 6 P,
moz2da yciosus meopemvl cnpaseonugvl Ois (hax-
mop-epynnot G | N.

Beuxy (6), |P|>p""'. Kpome Toro, eciu mi6o
p>2u [N <p"wm p=2wu [N <2, to ycnosus
TEOpeMBbl cIipaBeIuBEl st (akTop-rpynmsl G/ N.
Iycts mu6o p > 2 u |N| = p*, mu6o p =2 u [N] € {2F,
21 Cormacro (9), k>1. IIpeamonoxum, 4TO
IN| = p*. Torma moarpyrma N He sSBISETCS [HK/THYC-
CKOU W, CIIeZIOBaTEeNbHO, KaKAash NOATPYIIa TPYIIbI
G, xoTOpasi ColepKUT N, Takke HE SBISIETCS IHK-
mmaeckoi. Ilyete N<K<P, toe |K:N]=p. Ilo-
CKOJIbKY noArpynna K He sBJISETCS LHUKINYECKOM,
TO OHa COAEPKUT MaKCUMAJIBHYIO OArpymiy F # N.
Torga noarpynna A mnepecraHoBoyHa ¢ K = FN,
MOCKOJIBbKY noAarpymnmna K siBisieTcss Mpou3BeIeHUEM
JBYX TOJTPYIII, epecTaHoBOYHbIX ¢ 4. Takum 00-
pasom, eciu p > 2 unu noarpymnna P/ N abenesa, To
YCIIOBUSI TEOPEMbI CIPAaBEATMBHI A (aKTop-
rpynnbel G/ N. Ilpeanonoxum tenepb, uto P/ N —
HeabeneBa 2-rpynmna. Torna moarpynma P HeaGene-
Ba, moaToMy k > 2 BBUAy (10). Ilycts NS K<V, rne
|V:N|=4 n |V:K|=2. Ilycts K| — MakcUMaybHas
noAarpynna u3 V rtakad, uro V=K,K. Ilpeamnomno-
KUM, yTo noAarpynna K; uuknnyeckas. Torga K; He
conepxut noarpynmny N, nostomy V= KN, oTKyaa
nony4daeM |N| =4 wu |[N|=2. Ho Torma k=2 win
k=1, npotuBopeune. CrenoBarenbHO, HMOATPYIA
K, He sBnserca mukianuecko. [loaTomy Kak moka-
3aHO BBIIIE MOATpyNna 4 nepecTaHoBo4Ha ¢ K; H,
cieioBateNibHO, 4 nepecraHoBovyHa ¢ V. Takum 00-
pa3oM, CHOBa IIOJy4aeM, YTO YCIIOBHSI TEOPEMBI
crnpaBeuuBbl Ui (daxrop-rpymmsl G/ N. Tpeamno-
noxum Tereps, uto |N| =p*". Ecmu |N| > 2, Torxa,
KakK MOKa3zaHo BhbIIE noarpymnmna AN / N nepecraHo-
BOYHA C KOXKION MUKINIECKOi noarpynmoit u3 P/ N
nopsiaka 2 u nopsiaka 4 (ecnu nonrpynna P/ N He-
abenesa). [Ipennonoxum Hakonen, 4to |[N|=2 u
noarpymma P/ N HeabeneBa. Torma moxarpynma P
HeaOeneBa u k = 2, uto npotuBopeunt (10). Cremo-
BaTeJbHO, yTBepkaeHue (11) nokasaHo.

3aknouumenvrHoe npomugopeuue.

Cornacro (3), (6) u nemme 1.3, P=0,(G).
Ilycte N — MuHUManbHasE HOpMallbHasl MOATrPYMIIA
rpynnbel G, KOTopas COIepXKUTCS B moArpymme P.
Torma BBuny (7), N < P. IlockonbpKy Kjacc Bcex
P-CBEPXpa3peIlUMbIX I'PYIII SBIAETCS HACBIIEHHON
¢opmanmeri, To, BBuay (11), moarpynma N He co-
nepxurcs B O(G) u N siBIseTcss eAMHCTBCHHOW MU-
HUMAaJbHOH HOPMAalbHON MOATpyHmon rpymmsl G.
IIycte M — makcumanbHas moAarpynma rpynmnsl G
Takas, uto G = [N] M. Torna

P=PNNM=NPNM).
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Hockonbky P = F(G) < Cg(N), nony4aem, 4To HOJ-
rpynna P N M HopmaneHa B G, noatomy P N M =1.
CnenoBatensHo, N = O,(G) = P. D10 npoTuBopeune
3aBepIIaeT JOKA3aTeIbCTBO TEOPEMBL.

Hcnons3yem teopemy 0.1 1ms mokaszatenbcTBa
Teopemsl 0.2.

Jlokazamenvcmeo meopemur 0.2. Tlpeamono-
JKUM, YTO yTBEP)KICHNE TEOPEMBI HEBEPHO, U ITyCTh
rpymmna G — KOHTPIPUMEpP MUHUMAIBHOTO TIOPSIIKA.
Pazo6pemM m0Ka3aTENBCTBO TEOPEMBI HAa HECKOJIBKO
JTAroB.

(1) O, (G)=1, 20e m=n"/{p} (ananocuuno

dokazamenvcmey ymeepoicoenusi (1) ¢ meopeme 0.1).

2) 0,(G)=1.

IMpeanonoxum, uto O,(G) # 1. Ilycte L — Mu-
HUMaJbHasi HOpMaJbHAs moAarpynna rpynmsl G, Ko-
Topas conepxutcs B O,(G). Torna L < P. Ilokakem,
gyTo ¢akrtop-rpymmna G/ L p-ceepxpaspentnma. Jleit-
CTBHUTENBHO, ecu |P/L| <p, To 310 oueBnaHo. C
IpyTO#l CTOpOHBI, eciu |[P/L|>p, Torma ycioBus
TEOpeMbl CIpaBeIuIuBbl Ui (akrop-rpynmnsl G/ L
BBUYy JiemMbl 1.1. Takum ob6pazom, G/ L p-cBepx-
paspelnma coryiacHO BbIOopy rpymmsl G. OueBun-
HO, uTo |L|>p w moarpynmna L He COAEpKHUTCS B
®(7). Ilycte V' — makcuManpHasg moxarpynma u3 T
takas, urto I =LV. [lockonpky mnoarpynmna 7T
p-cBepxpaspemuma, 1o |7:V] = p cormacuo [15, VI,
Satz 9.2(a)]. Torma L N V# 1 n noarpymma L NV
nopmanbHa B T. Ilycte V,= V' N P. Torpa noarpym-
na ¥, makcumainbHa B P. COrniacHO ycJIOBHIO Teope-
mbl, AV,=V,A, nostomy LN V=L NV,=LNAV,
HopmanbHa B AV,. CnenosarensHo, A < Ng(L N V).
Ortcrona caenyert, uro L N V — HeTpUBHaIbHAS TO-
rpynmna B L u L N V HopmaneHa B rpynmne G, 4To
NPOTUBOPEYUT MUHHMAIILHOMY BBIOOPY MOZATPYTITBI
L. CrnienoBaTenbHO, yTBepkIeHHE (2) T0Ka3aHo.

(3) Iooepynna A nepecmanogouna ¢ Kaxicoou
cunosckou g-nooepynnoti epynnet G, 20e q €.

ITycte O — cunoBckas g-noarpynmna rpynmnsl G
JUIL HEKOTOporo mpocTtoro uucna ¢ € n'. Ecim
(14],10°D # 1, Torma A0 = QA COrNacHo yCIOBHIO
Teopemsl. IIpemmonoxkum, uro (4|, |Q°]) = 1. Io-
ckonbky G =AT, To Q°<T. Torma noarpymma Q°
p-cBepxpaspermma. CrieoBaTenbHO, 00 0,,(QCO #1,
mi6o 0,(Q%) = 0, (Q°) # 1. Tockonsky O,(Q°) 1

O,,V(QG) — xapaKkTepucTHuecKne moarpymisi 8 O, To
MBI TIONy4aeM TnpotuBopeune BBuAy (1) mm (2).
Takum o6pa3om, yTBepxkaeHue (3) moka3aHo.

@) O,(G)=1 (ananocuuno ooxazamenbcmey
ymeepocoenus (3) 6 meopeme 0.1).

3akniouumenvroe npomugopeuue.

ITockoneky p € ', To AP = PA cornacao (3).
Torna BBumy Teopembl 0.1 umeem G # AP u noj-
rpymna AP p-cBepxpaspemmMa. [Ipennonoxum Te-
nepb, 4to O,(T) # 1. Ilycte O — cunoBcKas g-noj-
rpynna u3 T Takas, uto ¢ #p u Y= O,(T) # 1. Ecin
q € m, Torna [13, nemma 11.6] Bneuer, yTO MOA-
rpymnna A nepectaHoBouHa ¢ (). B npotusHOM ciy-
yae, AQ=(QA cormacHo (3). CnenoBaTenbHO,
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Y= Y¥"=¥'<40. D10 o3Hauaer, uto O,(G)# 1,
yrto npotuBopeunt (4). Takum obpasom, O,(T) =1u
BBuay [18, nemma 3.3], moarpynmna 7' cBepxpaspe-
mmMa. ClieZioBaTeNbHO, p — HAHOOJBINUN MPOCTON
Jenurtens nopsaka |7], mostomy noarpymmna P HOp-
ManbHa B 7. Takum oOpa3zom, PO=pPiT=pi< 4P,
nostomy moxrpymma PC p-ceepxpaspemmma. Ilo-
ckonbKy BBHAY (4), O,(G) =1, OP(PG) char P u
noxrpynma P° wopmameHa B rpymme G, TO
0,(P“)=1. Tornma BBUAY [7, memma 3.3], moarpymma
P” cBepxpaszpemmnma. Takum oOpazom, noarpymmna P
HOpManbHa B Tpynre G, 9To IpoTHUBOpEdHuT (2). 310
MPOTHBOPEUHE 3aBEPIIAET JOKA3aTEINECTBO TEOPEMBI.

Kak cnenctBue teopems! 0.2 MBI UMeeM cie-
IYIOIINH pe3ybTar.

Cneocmeue 2.1 [9, teopema 1.2]. Ilycmo
G = AT, 20e A — xonnosa n-nooepynna epynnvt G u T
— p-ceepxpaspewumas no02pynna Ol HeKOmopo2o
npocmoeo uucna p € . IIpeononosicum, ymo noo-
epynna A nepecmano8oYHA C KaAdNCOOU CUNOBCKOU
nooepynnoti u3 T u ¢ Kaxcoot MaKCUMaibHOU Noo-
2PYNNOU HeKOMOopol CUlO8CcKoll p-nodzpynnel P uz
T. Toeoa epynna G p-ceepxpaspeuwiuma.

Hoxaszamenvcmso. Ilycte G, — NpousBoJbHAsA
CHJIOBCKasl g-TIOArpyMIa rpynnsl G 1J1s1 HEKOTOPOTO
npoctoro yucia g € n'. Torma s HEKOTOpPOH CH-
noBckoi g-noarpymmnel Q u3 T umeem G,= O, rae
x € G. llockonmeky G=TA, To x=ta, tne t€ T u
a € A. Cnenosarensao, Q%= Q"= (0", nosromy
AG,= AQ"= A(Q"Y' = (AQ")' = (Q4) = 0'd = G,A.
Takum oOpazom, moxrpynmna 4 NnepecTaHOBOYHA C
KaX/10i cUIOBCKOM g-moarpynmod rpymmsl G, rae
q € '. CregoBaTenbHO, A T-KBasMHOpMaibHa B G,
nostomy rpynmna G p-cBepxpaspenmma CorjacHo
teopeme 0.2. CneacTBue 10Ka3aHo.
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ON PERIODIC SOLUTIONS OF RICCATI EQUATIONS
V.I. Mironenko

F. Scorina Gomel State University, Gomel, Belarus

Ha npumepe ypaBHeHUs! PUKkkaTH oIMcaH METOJ IIOCTPOeHHs AN(depeHINaNbHbIX YPaBHEHHH C 3aIaHHBIM YaCTHBIM PELICHHU-
€M, SKBHBAJICHTHBIX 33/JAHHOMY YPABHEHHIO B CMBICJIC COBIAJCHHUS OTPaXKAFOIUX (yHKI[HIL.

Kniouesnle cnosa: ougppepenyuanvhoe ypasnenue, ompaxcarowds (pyHKYust, NepuooutecKoe peuenue.

On the example of the Riccati equation the method of construction of differential equations with a given partial solution and the

same reflecting function as the given equation is described.

Keywords: differential equation, reflecting function, periodic solution.

Beeoenue

B paborte [1] m1s auddhepeHInanbHON CHCTEMBI
ﬂ=X(t,x), 0.1)
dt

rne teR, xeR", ¢ obmum pemienueM B (opme
Komu x = o(#;¢,,,), OBUIO BBEIEHO TOHSTHE OT-
paxaromeit Gynkuun F(¢,x). Otpaxatomas (yHK-
us onpeaensercs GopMynoit
F(t,x) = o(—t;1,x).
OCHOBHOE CBOWCTBO OTpakarouied (QyHKIUU
COCTOHWT B TOM, UTO JJISl JIFOOOTO pemeHns x(t) cuc-

F(t,x(1)) = x(-1).
Buaronmapst atomy 1u1st 2 -NepUOANYECKOM TIO ¢ CUC-
temsl (0.1) oroOpakenue [lyankape I1(x) 3a mepu-

TeMbl (0.1) BepHO TOXKIECTBO

on [-o,o] 3amaerca popmymnoit I1(x) = F(—m,x).
[Tostomy pemenue @(t;0,x,) cucremsl (0.1) Oyzer
2 -MIepHOTIUYECKIM TOTAa U TOJBKO TOTMA, KOrjaa
OHO TIPOJOJIKUMO Ha [—,®] U F(-m,X,) = X,.

Orobpaxenne Ilyankape mist cuctemst (0.1)
ompenensercs [2, c.280] depe3 oOmiee pemicHHe
9TOi cucTeMbl. [103TOMy co3maercsi BIEYaTICHHE,
yT0 (hopMymy IS BBHIMHCIEHUS oToOpakeHms Ily-
aHKape B SIBHOM BHUJIC MOXKHO MOJIYYHUTh TOJBKO TO-
raa, korpa cuctema (0.1) uHTErpUpYyeTCS XOTS OB B
KBajpaTypax. 9TO MHEHHE OIIMOOYHO, TaK KaK OTO-
Opaxenue Ilyankape MOXXHO HalTH dYepe3 oTpa-
)Karouryro GpyHKuuio 1o gopmyie

I(x) = F(-o,x),

a Juis OTpaXkaroleil GyHKIUH BEPHO

Ymeeporcoenue 0.1 [3, 4]. Jupgepenyupyemas
@yuxyus F(t,x) saersemcs ompadsicaroweii QyrKyu-
et cucmemst (0.1) moeda u monvko mozoa, koeda
ama Qynkyus aenaemcs peuwtenuem 3aoayu Kowu
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a—F+a—FX(t,x)+X(—t,F)=O,
ot Ox
F(0,x) = x. 0.2)
Permenue 3amaum (0.2) wHOTHA yHaeTcs HAWTH
naxe Tornaa, korma cucrema (0.1) He MoOXeT OBITh
MIPOMHTETPUPOBAaHA B KBajapaTypax. Takoil ciyuai,

HanpuMmep, HpeicTaBisercs Toraa, korma X (z,x)
HEYETHA IT0 ¢, T. €. korma X (—,x)+ X (¢,x)=0.
B arom cnyuae dyHkuust F(f,x) = x sBusiercs

pemienniem 3amaud (0.2) W, 3HAYUT, OTpa)karouieit
¢ynkueit cucrems! (0.1). Jpyrue ciyganm Haxox-
JCHUS OTpaKAIoUIeH (QYHKIMM YUTATENbh HAHIET B
[3], [4], a Takke B pabotax AnbceBud JI.A., Benb-
ckoro B.A. [5], Bapenukosoii E.B. [6], Bepecosu-
ga [LI1., Kactpumsr O.A., Matioposckoit C.B., Mu-
porenko B.B., Zhou Zhengxin u npyrux.

Bce cucremsr Buma (0.1), obmamaromime omHON
U TOM e oTpaxaroniedl (yHKIuei, o0pa3yroT Kiacce
SKBHUBAJICHTHOCTH, KOTOPBI BECh OIHCHIBAETCS CHC-
TeMaMH BUIa

-1 -1

o ()2 (O) e
dt ox ) ot Ox

rae R(¢,x) ects mobas HenpepblBHO A depeHIu-
pyemas Bektop-Gyukumsa F' =(F,,...,F,)" (3nech
T ecTb 3HAK TPAHCIOHUPOBAHHUA).
BasxHble TpUMEHEHUS HAXOIUT
Ymeepacoenue 0.2 [3,4]. Ilycmo A, (t,x),
i=1,2,3,..., — pewenus cucmemoi

OB L OB (4, x) - X0
ot Ox X

Toz0a eéce cucmemwl uoa

% = X(t,x)+20ck(l)Ak(f,x),
i=1

Alt,x)=0. (0.3



O nepuoouueckux pewenusx ypasuenus Pukkamu

20e a,(t) — HeuemHble HenpepuvleHble CKANAPHbIE

@yHKyUl, IKGUBATEHMHBL MeAHCOY COOOU U IKGUBA-
nenumuwl cucmeme (0.1).

B nanHOiT paboTe 3T0 yTBEp)KICHHE TPUMEHS-
eTCsl K U3YYCHHUIO ypaBHEeHUs PUKKaTH

% = a(t)x” +b(t)x +c(t), 0.4)

YTO CJIeJlyeT paccCMaTpUBaTh KaK MPUMEP UCIOIb30-
BaHUs yTBepkIeHHs 0.2 K YpaBHEHUSIM U CHCTEMaM
(0.1) ¢ moMMHOMUATEHOW OTHOCHUTEIHHO KOOPIUHAT
(ha30BOr0 BEKTOpA MPABOH YaCTHIO.

1 O noucke nepuoouueckux pewieHuil ypas-
Henusn Pukkamu
OtmertnM, 9To 3aMeHoU B ypaBHeHuu (0.4) me-

peMenHOl x Ha (x+x,), IZe X, €CTh KOpEHb
ypaBHEHHS

a(0)x* +b(0)x +¢(0) =0,
MBI Bcerna J00bEMCS TOTO, YTOOBI U ypaBHEHHMS
(0.4) semonusnock ycinoBue c¢(0)=0. Iloatomy
Janee Oy/leM CUMTaTh, YTO ITO YCIOBHE BCIOJY BbI-
TIOJTHSIETCS.

Teopema 1.1. I[lycmv ona ypasuenus (0.4)
@yukyuu my(t), m(t) u m,(t) Asnaromca peuie-
HUSIMU CUCTEMbL

m, +mc—bmy; =0,
m, +2m,c—2am, =0, (1.5)
m, +m,b—am, =0.
Toz0a 0nst HUX BLINOIHEHO COOMHOUIEHUE
m; —4m,m, = const, (1.6)
u 011 110001 HeuemHOU HenpepbleHou yHKyuu o(t)
ypasuenue

%= (a+am,)x’ +(b+oam)x+(c+am,) (1.7)

aksusanenmuo ypasueruio (0.4) @ cmvicie cognade-

HUSL OMPAXNCAIOWUX YHKYUIL.
Jlokazamenvcmeo. IlogcTaHOBKOU

A= mzx2 +mx+m,
B ypaBuenue (0.3), rme X(#,x) ecTp mpaBas 4acThb

ypaBuenus (0.4), yoexxnpaemcss B TOM, 4TO (QYHKIHS
A sBusiercs pemenueM ypaBHerus (0.4).
2
Jubdepenuupys BblpakeHue m, —4mm, U
ucronb3ys paseHcTsa (1.5), yoexxnaemest B TOM, 4TO
cootHomreHue (1.6) 3amaer mepBbIH MHTErpaj Cuc-
temsl (1.5). DTOT hakT M 3aBepIaeT 10Ka3aTeNbCTBO
TEOPEMBIL.
B ToMm citywae, korna ¢+ am, =0, ypaBHeHUE

(1.7) umeer myneBoe pemenne x(¢t)=0. IloaTomy
ecnmu  pemienne  x(¢;—®,0) 20 -IepPUOJUUECKOTO
ypaBHeHus (0.4) mpogomkuMo Ha [—m;®], TO OHO

2o -iepronnuHo. Cremyromas TeopeMa yKa3bIBaeT
YCIIOBMSI, TIPH KOTOPBIX OINMCAaHHAs CHUTyalusl BO3-
MOJKHA.
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Teopema 1.2. ITycmo 01 20 -nepuoouyeckozo
no t ypasnenus (0.4) cywecmsyem neuemuas
@yuxyua o = o(t), npu komopou pyHKyuu

bm, —m

m, =<, my =—2—"
c
doonpedensiomcs 00 HenpepwvleHo Oughgepenyupye-
2m, —4am
moix ma R ymiyuii, a k=m’+—"——" ne
o
3asucum om t.

Toeoa pewenue x = @(t;®,0) ypasuenus (0.4)
2m -nepuoouUtHo, eciu moabKo OHO NPOOOIHCUMO HA
ompesok [-,0].

Hoxazamenbcmeo TEOPEMBI COCTOHT B IIPOBEPKE
TOro (haKra, 4To IPH 33AaHHBIX YCIOBUSIX (DYHKIINU

m’ —k

m, = ———
4m,
obpasytot pemrenue cuctemsl (1.5). Iloatomy ypas-
Henue (0.4) S5KBUBaJICHTHO ypaBHEHUIO bepHyuun
¥ =(a—om,)x’ +(b—am)x

C HYJICBBIM PEHICHHEM. DTOMY HYJICBOMY PEHICHHUIO
U COOTBETCTBYET 2@ -NIEPHOANYECKOE pELICHHE

x =o(t;0,0) ypapaenus (0.4).

2 Ilocmpoenue ypaenenuii Puxxkamu, Kk xo-
MOpPbIM Yen1eco0dPa3n0 nPUMEHAMb PA3PAOOMaH-
HYI0 MemooOuKy

Jng  mocTpoeHHs KOHKPETHBIX IMPHUMEPOB
ypaBHeHUH (0.4), yAOBIETBOPSIOMIUX YCIOBHSIM
TEOPEMbI, MOXKHO ITOCTYIUTH CIECIYIOIINM 00pa3oMm:

1. BeiOupaeM He4eTHYIO HENpPEepBIBHYIO (YHK-

o o(?) u audpdepeHunpyemble GyHKIu m, (1) U
b(t) pou3BOIBHEIM 00pa30OM.

2. ®yHkuuio m,(¢) crpouM 1o Gopmyie

m,(t) = c, exp j (b(v)—a(t)m, (v))dr,

rae ¢, — Ipou3BOJIbHAS ITIOCTOSIHHAS.

3. Ctpoum ¢yHKIHIO
2
m; —k
m,(t) = ———,
(1) 4m,

rae k — MpoW3BOJIbHAS IIOCTOSHHAS.

4. Crpoum ¢yskuun c(f) =a()my(t) u
a(t) = i+ 2myc.

2m,

5. 3anuceiBaeM HyxHOe HaM ypaBHeHHe (0.4).

3aknrouenue
Jannass pabora mpejJiaraeT MeToj, I03BO-
JSIOMIMHA B ONPEICNEHHBIX  CIy4asX HaXOIUTh
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ABOUT INTEGRALS OF LINEAR NONAUTONOMOUS
MULTIDIMENSIONAL DIFFERENTIAL SYSTEMS
WHICH ARE INTEGRATED IN CLOSED FORM

A.F. Pranevich, P.B. Pauliuchyk
Y. Kupala Grodno State University, Grodno, Belarus

PaccMOTpeHBI TpH KJlacca BIIOJIHE Pa3pellVMBIX JIMHEHHBIX HEABTOHOMHBIX MHOTOMEPHBIX IH({EepeHInaIHbIX CHCTeM (Tpe-
yroJIbHBIE, AUArOHAM3yeMble H CHCTeMbl Jlammo-/{aHnIeBckoro) B KOMIUIEKCHOW o0iacTi. Pa3paboTaHbl perysipHble METOBI
[OCTPOCHHUS B SIBHOM BHJE HEPBBIX HMHTEIPANOB 3THX AnuddepeHnnansubx cucrteM. [IpuBeseHs! IpuMepbl, KOTOPbIE HILTIOCT-

PHPYIOT HOJy4eHHBIE Pe3yIbTaThL.

Knrwoueewie cnosa: cucmema ypasuenuii 8 nOIHbIX Oughpepenyuanax, nepswiii uHmezpai.

Three classes of completely solvable linear nonautonomous multidimensional differential systems (diagonalizable systems, tri-
angular systems, the Lappo-Danilevsky systems) are considered. The regular methods of building first integrals for these differ-
ential systems are developed. In addition, some examples are given to illustrate the obtained results.

Keywords: system of total differential equations, first integral.

Beeoenue
PaccMoTpyuM NHMHEHHYI0 HEaBTOHOMHYIO CHC-
TEMY YpaBHEHHIi B MOJIHBIX A depeHimanax

m

dw=Y (U,(2)w+g,(z))dz,,  (0.1)

=1
rae Toukn w u z u3 npocrpancte C" u C” coot-
BETCTBEHHO, BeKTOp dw = colon(dw,,....dw,), a
DIIEMEHTBI KBaJIPATHBIX MaTPHI]
Uz->U(z) VzeG
o n
nopska 7 M BEKTOpHBIX Qynkumnii g,G — C”,

j=1,m, ronomopdHB Ha OIHOCBS3HOI O00IaCTH

GcC".
Heomnopoxnoit cucreme (0.1) cOOTBETCTBYIOT
JMHEHHbIe TU(epeHranbHbIe ONepaTopbl
W, (z,w) =0, +(U,;(2)w+g,(2)0,

V(z,w)e GxC", j=1,m,
W JMHeWHas OJHOPOAHAs CHCTEMa ypaBHEHHH B
noiHeIX quddepeHnnanax

dw=Y"U,(z) wdz, 0.2)
j=1
¢ nuddepeHIaTbHBIME OTIepaTopaMu
T, (z,w) = 8_,} +U,(z) wo,,

V(z,w)e GxC",j :L_m.
B Hacrosmieil crarbe NaHO pelIeHHE 3a/auu
Hap0Oy o mocTpoeHHH MEepBBIX HHTETpanoB [1] mis

© Iponesuu A. ., Iasmouux I1.5., 2015

TpEX KIJIACCOB JIMHEMHBIX CUCTEM yYpaBHEHUH B IOJ-
HeIX muddepennmanax Bupa (0.1): TpeyrompHBIX,
JUaroHanu3yemsix u cucrem Jlammo-/laHuneBcKoro.
3anava pemraercs mpu ycimoBud, 4to cuctema (0.1)
SIBJISIETCS BIIOJIHE pa3permumoil Ha obmactn GxC”",
T.e. s cucteMbl (0.1) BBIMOTHSIOTCS YCIOBHA
®pobennyca [2, c. 41; 3, c. 43-44]
aleé(z)+U§(z) U,(2)=

= 6_,§Uj(z)+Uj(z) U.(z) Vzeg,
0,8.(2)+U,(2) g,(2) =
=0,8,()+U,(2) 2.(2)

VzeG, j=lLmE=1Lm.

Pabota sBnsieTcsi MpOJOHKEHHEM HCCIIeI0Ba-
HHI aBTOPOB CTaThH 110 MOCTPOCHUIO HHTETPAIbHBIX
0a31coB JMHEHHBIX AN PEPEHIINATBHBIX CHCTEM
[4]-[9]. TlompoOHsIit 0030p JHMTEpaTyphl M COBpE-
MEHHOE COCTOSIHHE TEOPHH MHTEIrPajioB NPHUBEICHBI
B MmoHOrpadusix B.B. Koszmora [10], B.H. 'op6y3oBa
[11] m A. Goriely [12]. C menpio OJHO3HAYHOTO
TOJIKOBAaHMS HCIIOJIB3YEMBIX B CTaThe IOHATHH, Cie-
Iysi B ocHOBHOM MoHorpaduu [11], chopmynupyem
OCHOBHBIE OTIPEIEIeHNs U I0JIOKEHHS TEOPUH HHTe-
rpajioB MHOTOMEPHBIX AN PepeHINaTbHBIX CUCTEM.

Tonomopdryro dyrkmmro WA — C HazoBem

(0.3)

nepgvim unmezpanom Ha odbmactu A < GxC" cuc-
TeMBI ypaBHEeHHH B MONHBIX Auddepennnanax (0.1),
eciu
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WW(z,w) =0 Y(z,w)eA, j=Lm.
COBOKYMHOCTh (PYHKIIMOHAIIBHO HE3aBUCHMBIX
Ha obmacthu A c GxC" mepBEIX WHTETPaIoB
W,:A—>C,l=1,..,k, cucrems! (0.1) Ha30BeM 6Oa-

3UCOM NepeblX unmezpanos Ha 00IacTH A CHUCTEMBI
(0.1), ecmm y »oTOM cHCTeMBl IO00W TEPBBIA
unrerpait ¥ : A — C M0OXXHO NpecTaBuTh B BHJIE
Y(z,w) = OW,(z,w),...W,(z,w)) V(z,w) €A,
rnie @ — Hekoropas roimoMopdHas (yHKIHIA Ha
MHOJKECTBE 3HAUCHUH (YHKLIUH
W:(z,w) > (W, (z,W),...W, (z,w)) V(z,w)eA.

Yucno k mpu 3TOM HA30BEM pasmepHocmbvio 6azuca
nepBbIx HHTErpanoB cucteMsl (0.1).

WHTterpanbHbid 06a3uc BIOJIHE pa3pelinMoi Ha
obnmactru GxC" cucremsr (0.1) cocroutr w3z n
(DYHKIIMOHAJIBHO HE3aBHCHMBIX IEPBBIX WHTErPajioB
[11, c. 28-34]. B ciyuae HEMOJHON Pa3pEIIUMOCTU
cucremsl (0.1) ¢ nepexrom r, 0 <r <n, ee Gazuc

NEPBBIX MHTETPANOB B OKPECTHOCTH JIIOOOH TOUKH
U3 00JacTH pa3pelIuMOCTH HMEET Pa3MEepPHOCTb
n—r [11,c. 53-59].

1 Tpeyzonvnvie cucmemut
[lycth y cucTeMbl ypaBHEHUH B TOJTHBIX TH(]-
¢epennmanax (0.1) marpuust kosdpduuuenros U,

j =Lm, SIBIAIOTCA BEPXHUMH TPEYTOIbHBIMH, T. €.
cucTeMa UMeeT BUJ

dw, = i(iuié(z)wé +gﬁ(z)szj, i=1n, (1.1)

J=L\ &=i

j
rge  ronomoppueie  pynkumn  u ;G —>C  wu

g ﬂ.G — C Takue, 4To Ha OQHOCBA3HON obOnactu G

BBITIONHAIOTCS ycnoBuss PpobeHunyca IONHON pas-
permmmmoctu (0.3).

Coruacho [13, c. 103], mobas TUHEHHAS BIOJI-
HE paspemmMas CHCTeMa YpaBHEHHWH B TIOJHBIX
mudpdepenmmanax (0.1) ¢ TOMOMIBIO YHHTapHOTO
npeoOpa3oBaHusi MOXKET OBITh MpUBE/IEHA K JIMHEH-
HOM TpeyronbHOM nuddepeHnnansHoi  cucreme
Buga (1.1).

[Tpu mocrpoenun MHTErpanbHOro Oasmca Tpe-
yroJibHOM cucteMsl (1.1) ucrnons3yercs

Teopema 1.1. Ilepsvivu unmezpanramu aunet-
HOU Mpey20NbHOU BNOJIHE PA3PEUUMOL CUCEMbL 8

noanwvlx oupgpepenyuanax (1.1) na oonacmu GxC"

6yoym ¢ynxyuu
W i(zw)—>w

o (2)-

ntl-t * n+l-t

-1 J— (1 2)
- A (W (zw)=B (2), T=Ln,
&=l )
20e cKanspHvle QYHKYUU

A z—>
3

=t

- ,[Zl { u‘i/1.+lf‘r,n+lf1+k (Z)\ll n+l-t+k (Z)Atfk,i. (Z)j X
j=

k=1
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><(Pn+l—r (Z)de,
g:l,'f_l,‘f:l,_n,
A(;c z—>LL=1Ln-1,

4,:z2>0VzegG,

T

B :z—> jz g/mkT (2)+
j=1

-1

+; ui+lft,n+lfr+§ (Z)wrﬁrlﬂ%i_ (Z)Brfi (Z)] x

n+l-t (Z)dZ/.,
¢ 1z exp(—jz ul (z)dzjj,
j=1

vz epr‘Z:uf1 (2)dz; VzeG,t =1,n.
=

x¢

Hoxazamenvcmeo IpoBeAEM METOOM MaTeMa-
traeckoi naaykimn. [lpu 1=1 momyyaem, 4ro

W :(z,w) > w,0,(2)-B(z)
V(t,x) e GxC"

OyZeT TNepBBIM HHTETPajoOM BIOJHE pPa3pelnInMon
TpeyronpHoU cucteMsl (1.1):

Qﬁle(z, w)=— uin (2)0, (2)w, +

! (2w g, (o, (2)-

0, [ S 8,0, (e, =0

ITycts dynxuuu W ,t=1¢€—1, aBasatorcs nep-
BeIMH HHTerpanamu cucteMsl (1.1). Torma mpoms-
BoaHble Jlu B cuiny cuctems! (1.1) ¢pynkuuu W, Ha

obmact GxC" paBHBI:

B W (z0)= 30 v ()
=1

ntl—g,n+l—e+§ n+l-e+&
e=E-1
><(1/Vn-¢-]—s-¢-§ (pn+]—s—f'; (Z) - ; Aa—é,k (Z) Wk (Z’ W) -

B (-4 W _(Gw, ()=0j=ln

CnepopatensHo, ¢ynkuua W :GxC" - C

OyzeT nepBeIM HHTErpasioM cucTeMsl (1.1).
YuureBas crocod moctpoeHust pyHkiwii (1.2),
MOITy9aeM, 9TO OHU OyIyT (YHKIIMOHAIEHO HE3aBH-
CHMBIMH TNIEPBBIMH HHTETpAJIaMU BIIOJIHE pa3pelIv-
Mmoif cuctemsl (1.1). Teopema nokazaHa.
3ameuanue 1.1. Ilpu 1oxa3aTeIsCTBE TEOPEMBI
1.1 ObwI0 yuTeHo, uto auddepenuuaibabie 1-dop-
MBI, CTOSIIIME TOJI 3HAKOM KPWUBOJIMHEWHOTO HHTE-

rpana B pyHKuusax A.,B, ¥ ¢, IpH BBINOIHECHUH

ycmouid (0.3) SBISIOTCS TOYHBIMU HA OJTHOCBSI3HOM
obnactu G.

Ilpumep 1.1. JluHeliHyI0 CHCTEMY B IOJIHBIX
muddepennuanax (0.2) ¢ MaTpuamMu

Ipo6remvr pusuxu, mamemamuku u mexuuxu, Ne 2 (23), 2015
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0o Lo we)

Uiz o %w;z(z)w;g(z)—u;}(z))

0 %<u52<z>—u;3<z)—u;3<z>)

TaKUMH, 4TO QYHKIUH uzji :G —> C ynoieTBopsoT
YCIIOBHSM TOJTHOH pa3peIiMOCTH
9., uy(z) = 9, ul(2), i=1,3,
0., i3(2) —uy; (2)uy (2) +
ity (2)iug; (2) + 1ty ()13 (2) =
= 0.1y (2) =, (D) (2) s (2 (2) +
+ul (2)uy,(z) VzeG, GeC?,
0,y (2) — upy (2)u}, (2) + 1, (2, (2) =
=0,y (2) ~ ) (2)uy (2) +upy (2 (2) Yz e,
0., 1, (2) =ty ()14, (2) + 1053 ()5, (2) =
=0, 13, (2) =ty (233 (2) +ugy (2 (2)  VzeEG,

C MOMOLIBIO OPTOTOHAJILHOT'O npeo6pa3OBaHH$1

2 V2
W=V, W, =— (1, = V), Wy =7(y2 +3)

2
MPUBOJMM K TPEYTOJIBHOMY BHIY

3 3 _
dy, = z u}i (2)y.dz, + Z ué (2)y.dz,, i=13.
=i g=i

Ucnone3ys teopemy 1.1 u obparHoe optoro-
HaJbHOE IIpeo0pa3oBaHHE CTPOMM HHTErPajIbHBIH

Gasic Ha omHOCBs3HON obmactn GxC® cucremsr
(0.2) ¢ matpunamu (1.3):

W (z,w) > g(”@ —w,)0,(2),

W, :(z,w) > %(Wz +w),(2) = A, ()W, (z,w),
Wy :(z,w) > wo(2) -

[0, @, (2w (2) 4y () +uly (v (2D)dz, +
+(u122 (2)v,(2)4,(2)+ u123 (2)w;(2))dzy )W, (2, w) +
+I 0, (2, (2)(wy, (2)dz, + 1, (2)dz, W, (2, W),

r/1e CKaISApHbIC (PYHKIHH
0,1z > exp(~[ul (2)dz, + 1 (2)dz, ),
iz (9,2 =13,
4,125 [0, ()1 (2)dz, + 134 (2)dz,) Yz G

2 /luazonanusyemoie cucmemoi
[Tycth y cucTeMbl ypaBHEHUH B TOJHBIX TH(]-
tdepenmmanax  (0.1) maTpuisl  KOIPPHUIUECHTOB

U,,j=1,m, 01HOBPEMECHHO IMaroHaIN3yeMbl C M0-

MOIIIBIO TTOCTOSIHHOM TPaHC(HOPMHUPYIOLIEH MaTpPHIIbI

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

2
2

%(u;; (2)+1udy(2) —uly(2)] ./ = 1.2, (13)

(), (2) +u};(2))

L)+l (@) (2)

[13, c. 61] u BemonasrOTCA ycnoBus PpobeHmyca
monHOU paspemumoctH (0.3). Torma mms moctpoe-
HUS WHTETPAIbHOrO 0a3uca AWAroHaIn3yeMoH cHc-
temsl (0.1) ucnons3yercs

Teopema 2.1 [7]. [lycmv v e C" ecmov obwuii
cobcmeennoiti - 6exmop  mampuy V, 1z —>V,(z)
Vz € G, mpancnoHupoBanHbiX K MAmMpuyam

U, :z>U(2)VzeG

COOMEEMCMBEHHO, KOMOPOMY  COOMEEmMCmEYIom
cobcmeentvie yHKyuu

Az (2)VzeG, j=Lm.
Tocoa nepevim uUHMe2PAIOM GNOJHE PA3PEUUUMOL
ouazonanuzyemoui cucmemut (0.1) 6yoem gpynxyus

W :(z,w) > vwo(z) —Ji Vg (2)p(z)dz;

V(z,w)e GxC",

20e HKCNOHEHYUANbHAS PYHKYUSL
P:z—> exp[—jij(z)dsz VzeG.
j=1

Ilpumep 2.1. JIj1s BIIOJIHE pa3penInMON CUCTe-
MBI YPaBHCHHUH B MOJIHBIX TU(PepeHImanax

dw, = ((2222 -Z)W —2(222 —z,) Wy)dz, +

+((4z,z, —z,) W, —2(2z,z, — 2,) W,)dz,,

dw, = ((Z§ —z)w _(222 —2z)) w,)dz, +

(22,2, —z,) W, = 2(2,2, — z,) W, )dz,
no obmum cobcTBeHHbIM BekTopaM V' =(1,—1) u
v? =(=1,2), KOTOpPHIM COOTBETCTBYIOT COOCTBEH-
Hble QyHKIUH
}"} (z,2,) > Z;a

A i(z,2,) > 22,2, V(z,,2,) e C?

A i(z,2,) >shz,
7‘2 :(z,z,) > chz, V(z,z,) € (Czy
ctpouM (Teopema 2.1) 6a3uc MEpPBBIX UHTETPATIOB
W, i (z,w) = (w, —w, ) exp(~z,23 ),

W, :(z,w) = 2w, —w,)exp(~z, —z,) V(z,w) € C*.

3 Cucmemot Jlanno-/lanunescxkozo
[Tycts y cucTeMbl ypaBHEHUI B TOJTHBIX IH(]-
¢epenmmanax (0.1) maTpursr k03¢ durmerToB

U, z> Y0, (U, VzeG, s, eN, (3.1)

k=1
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rae ronomopusie pynkumn o, G —>C, k=15,
JIMHEHHO HE3aBHCHMBI Ha obnacTu G MpU KaKIOM

UHIEeKce j =1,m, TOCTOSHHBIE MATPHUIIBI A-TO TO-
panka U, , k=1, j=1,m, nonapHo mnepecraHo-
BOYHBI, M BBITIOJHSIOTCS ycinoBus @pobdeHnyca mos-
Ho#t paspemmmocTH (0.3).

Cuctrema (0.1) mpu (3.1) sBusercss cucTeMoit
Jlarmo-/laannesckoro [3, c. 63], T. e. yIoBIeTBOPS-
eT TpeOOBaHMIO INEPECTaHOBOYHOCTH MAaTpPHUIBI KO-
3¢ PULUEHTOB CO CBOMM MHTerpasioM [14].

Yacmuvle unmezpanvi. JIuneiHas ogHOpOAHAs
dhyHKIHSA

pw—ovw YwelC", veC”, (3.2)

Oyzner gacTHBIM HHTerpajoM cuctemsl (0.2), ecnun u
TOJIBKO €CIIn

U, p(w) =1, (2)p(w)
V(z,w)e GxC", j :L_m,

rae gynkumn A, G —>C, =1,m. Dra cucrema

3.3)

TOXKACCTB pacClalacTCsa Ha J'II/IHCf/iHYIO CUCTEMY
Sa,(2)V, ~A(2)E |[v=0VzeG, j=Lm, (3.4)
k=1

rae E — enuHWYHAS MaTpHIa 7-TO TOPSIKa, a II0-
CTOSIHHbIE MATpPHLbl 7-TO TOPSAKA ij SIBJISIFOTCS

TPaHCIIOHUPOBAHHBIMK K MaTpuuam U, COOTBETCT-

BEHHO.

VYcnoBue nepecTaHOBOYHOCTH MATPUII OIIpesae-
JSIET CBSI3M MEXAy COOCTBEHHBIMH UYHCIAMH M 00-
LMMHA COOCTBEHHBIMM BeKTOpamu matpuu V, [15,
c. 203-207], Ha OCHOBaHMM KOTOPBIX JTOKa3bIBaEM
OCHOBOIIOJIATAOIIHE YISl TOCTPOSHHS NIEPBIX HHTE-
rpajioB 3aKOHOMEPHOCTH.

Jemma 3.1. Ilycmov v — 0bwuti cobcmeenHuwiii
6ekmop mampuy V, , KOmopomy coomeemcmsyiom

cobcmeennvle uucia A, k= I,_Sj, j= I,_m Tozoa
@yuxyus (3.2) 6ydem uyacmuviM UHMESPAIOM CUC-
memot (0.2) npu (3.1), a pynxyuu
Az Zk‘jkaﬂ((z) VzeG, j=1m.
k=1

Jloxkazamenvcmeo. Ecim v — oOmmid coOCT-

BCHHBIM BCKTOP MaTpuIll ij,

KOTOPOMY COOTBETCT-
BYIOT COOCTBEHHbIC uncna Ay, k=15, j=1m, 10
OH SIBJISIETCS] OOIMM COOCTBEHHBIM BEKTOPOM MAaTPHIL
S/
v, :z—)Z(xjk(z)ij Vz €@,
k=1
KOTOPOMY COOTBETCTBYIOT COOCTBEHHbBIC (PYHKITUH

Az h,0,(2) VzeG, j=Lm.
k=1

Torma v Oyner pemenueM cucteMsl (3.4), a 3HAYUT,
BeIMIONHSIETCS cucteMa ToxaectB (3.3). Cremona-
TeNbHO, JuHeiHas ¢yHkuus (3.2) ecTh YacTHBIHA

68

HWHTETpaJ CHCTeMbl B TONHBIX auddepeHmamax
(0.2) mpum (3.1). Jlemma nokazaHa.

B ciyyae HamuuMs KpaTHBIX 3JIEMEHTAapHBIX
Aenutenei y matpun ¥V, Oynem MCIONb30BaTh 110-

HATHE TpucoenrHeHHoro Bekropa [11, c. 252] u oc-
HOBBIBaThCS Ha JemMmax 3.2 u 3.3.

I[lyctb A, — COOCTBEHHOE YMCIIO MATPHLIBI

Voo Cedlyss, ), §edl,omy,
KOTOPOMY COOTBETCTBYIOT JJIEMEHTAPHBIN JIEJIUTENb
KPaTHOCTH » >2 U coOcTBeHHEIH BekTop Vv'. To-
ra [-blM NpucOeOUHeHHbIM BeKmMOpPOM MATPHUIIBI
V.., COOTBETCTBYIOLIMM COOCTBEHHOMY YHCIy A,
Ha30BeM BekTop V', [=1,5c—1, sBusommiica pe-
LIEHUEM JIMHENHON CUCTEMBI
Ve =y E)v' =1-v" (3.5)
Jemma 3.2. [Iycmb 8bInOAHAIOMCSL YCIOBUSL:
1) v° — 06wuii cobemesennwiii 6exmop mampuy
Vi, Komopomy coomeemcmeyiom cobcmeennble

yucia 7»/.,(, k :E, j :L_m;

2) V!, =1,3¢—1, — npucoedunennvie 6ekmopsi
mampuysl V., coomeemcmeyiowue cobcmeeniomy
YUCy Ay € DNEMEHMApHbIM Oerumenem Kpamuo-
cmu »x >2;

3) obwikHOBeHHAA Ouhghepenyuanvras cucme-

dw
Mma e =U, W He umeem nepevix unmezpanos
/4

ij, W zcjk‘Pl(w)

YweQl=1x-Lk=Ls, j=Lm (3.6)

(k#Cnpu j=8).
Toz0a umerom mecmo mokcoecmea
¥V, (w)=1 VweQ,

V(W) =0 VweQ, [=2,5x-1,
Y, (w)=p,, =const VweQ,
1217%_1’ k:LSj’ jzlam (k;ﬁCHpI/Ij:(i),

(3.7)

20e onepamopet ¢, (w)=U ,wo, YweC", a ¢ynx-

yuu ¥, : Q — C naxooamea uz cucmenmul
!

V=Y [H

S-1
8=1

I=1-1, Qc{w:v'w=0L.
Llokazamenvcmeo. OyHKUNOHATIBHYIO CUCTEMY
(3.8) BCcerzna MOXKHO pa3pelnTb OTHOCUTENbHO ‘W,

‘Ps(w)v"aw YweQ,

(3.8)

TaK Kak ee ompexenutens paBeH (V'w)* u orim-
YeH OT TOXIECTBEHHOI'O HyJIs1 Ha JIF000# obiactu
Qc {w:v'w=0). Jlokakem, uTo mns (yHKIuit
Y copasennuBel ToxzaecTBa (3.7).

Mycte j =&, k=C. Torna BepHOCTh TOXIECTB
(3.7) mpu =2 W s =3 TmpoBepsAETCS HETOCpPe-
CTBEHHO Ha OCHOBAaHUH CHCTEMBI TOXKICCTB
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0 0 n
L.vVw=A,vw YweC",
& & (3.9)

V' w=r VwtlvTw YweC", =1, -1,
KOTOpPBIE HEMOCPEICTBEHHO CIEIYIOT U3 JeMMHI 3.1
n cuctembl paBeHCTB (3.5). Jloka3aTenmbCTBO TOX-
nectB (3.7) mms ciaydas ¢ >3 MpOBEAEM METOIIOM
MaTeMaTHIECKOW WHTyKIIHH.

[IpennonoxuM, uro cucremMa ToxaectB (3.7)
HUMEeT MECTO MpH s = €. Toraa, Ha OCHOBAaHUH TO-

)knectBa (3.8) mpu s =g+1,/ =g, BBIUUCIUM JeH-
CTBHE OIEparopa ., Ha JMHEHHYI (YHKIMIO

w—oviw YweC", ¢ yderom toxnects (3.7) mpu
% =¢& U cucTeMbl TOxaecTB (3.9):

L VW= x‘x; [Z:i]‘l’ﬁ(w)vs’sw+

+(g—1)§ [‘;j]‘l’ﬁ(w)v”’s’lw+

+vs']w+vowxéc‘lfg(w) VweQ.
Ortcroza, B cuity cuctemsl (3.8) ipu /=¢—1 u
I =g, Toxnects (3.9) npu /=¢ u Toro, uto v'w
TOX/IECTBEHHO HE paBHA HYJIO0 Ha MPOCTPAHCTBE
C", nomywaem: ¢, ¥, (w)=0 Vwe Q.
CnenoBaTesibHO, TIPH > =€+1 cUcTEeMa TOX-
necTB (3.7) umeet mMecTo.

YuuThiBas, YTO y BIOJHE PAa3pEeLIUMON CHCTE-
Mol (0.2) mpu ycnoBuu (3.1) nuneitnbie quddepen-

LUAJIbHBIC OIHEPAaTOpsl ¥, kzl,sj, j=1m, mne-

PECTaHOBOYHBI, a JIMHEWHass OObIKHOBEHHast audde-

dw
peHLMaIbHAs CUCTEMA e =U, W HE UMeeT NepBhIX
Iz

uHTErpayoB Bua (3.6), molMydaeM, YTO TOXKAECTBA
(3.7) umeror mecto u npu £ # C. Jlemma noka3aHa.

Jlemma 3.3. Ilycmv Guinoansiomcs yciogus
snemmul 3.2. Toeoa na obracmu 0 umeem

!
Lvw=Y [;Jﬂﬂcs\’/isw
5=0

(u,‘ko = 7\{,‘1{3 Ky = F,,-k‘}ﬂ), (310)

k= l,sj, j=Lm,l=1,x-1
lokazamenvcmeo. 1lpu s =2 U3 CUCTEMBI
(3.8) monyuaem, urto v'w=¥,(wv'wWweQ. Or-

CI0J1a, UCTIONB3Ys iIeMMbI 3.1 u 3.2, umeem
L viw= ujkov‘w+ ujklvow
VweQ, k=1s,, j=1m.

CrenoBarenbHO, ToxxaecTBa (3.10) mpu sz = 2 BepHEI.
[Mycts TOXnecTBa (3.10) BBHITONHSAIOTCS TPU
» =¢. Torma usz (3.8) mpu s =¢+1 HaxomUM

£
£, e-1 -3
xjkV w= E [5—1}“1"5\/ w+
8=1

€ £=8
e-1 -3 £—0— _ .
+le (MJ‘I’S(W) EO[ , Jumv 'wok=1s,,j=1,
= =
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CrpynnupoBas BBIDXKCHHUS TIPA | ;5 U yIUTHI-

Bas (3.8) mpu s =¢+1, momyyaem
VW=
5=1

g-1 g1
+ [tl]umz [LSIJ\PH(W)V(HHW =
0

n
n=1

£ e-1
_ e-1 -3 e-1 e-T_
= [Sfl]u,-ks\’ w+ 2 ( . ]ijtv w=
5=1

o= =0

e-1 e-8
571] RV w+
=

3

€
8

Jpjkﬁvs’sw VweQ, k=1s,, j=1m.
3=0

Takum oOpaszom, mpu s =g+1 ToXIEecTBa
(3.10) cnpaBeanMBEL, a 3HAYHT, CHCTEMa TOXKIECCTB
(3.10) mumeer mecto TpH IHOOOM HATypaJbHOM
s 2 2. Jlemma gokasaHa.

Ilepsvie unmezpanwi. IlocTpoeHne MHTErpab-
HOTO 0a3muca OCHOBaHO Ha TeopeMax 3.1-3.3.

Teopema 3.1. Ilycms @vinonanAiomca yciogus
aemmul 3.1. Tozoa nepgvim unmezpaiom 6noxe pas-
pewumoui cucmemut (0.1) npu ycrosuu (3.1) 6ydem
dyHryus

W (z,w) > vwo(2)— [ 3" vg, (2)o(2)dz,

= (3.11)

V(z,w)e GxC",

20e HKCNOHEHYUANbHAS YHKYUSL

¢:z—>exp —jZijkajk(z)dzj VzeG. (3.12)

j=1 k=1

Hoxaszamenvcmeo. N3 Toxnects (0.3) cnenyer,

m S/
gro 1-popma ®:z —> z z A0, (2)dz, sBusercs
j=1 k=1
3aMKHYTOH Ha OJHOCBs3HOW obOnactu G. C yuerom
aTOro, Al riankoi aupdepeHunanbHOM 1-hopMel

0z Z Vg (2)p(z)dz; VzeG BHewHuil aud-

Jj=1

(bepenIman
do(z)= ()Y | 0. vg,(2) -
j=1 &=1

3 by (2)vg, (2) |dz, Adz, VzeEG.
k=1

Otcrona ¢ yuerom ycnoBuit ®pobennyca (0.3) u
TOTO, YTO
dzj Adz ;= 0,
dz, ndz, =~dz, ndz,, E=1,m,j=1m,
momydaeM, 4ro l-dopma o Oyzer 3aMKHYTOW Ha
obmactu G. Torga mo teopeme Ilyankape [11, c. 14]

I-dbopmMBr ©® W ® OyAyT TOYHBIMH Ha OTHOCBSI3HON
obnactn G, a 3HAYNT, KPUBOJIMHEHHBIC MHTETPAJIBI

Im " IG) B obnmactu G HE 3aBHUCST OT IyTH WHTET-

pUpOBaHMs.
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A.D. Ilponesuy, I1.5. Ilasniouux

Hcnone3ys nemmy 3.1 u to, uro 1-hopmbl ® U

® SABJIAIOTCA TOYHBIMH Ha OIHOCBSI3HOW 001acTh
G, BeraucnuM npomsBonHele Jlu ¢ynkouu (3.11) B

cmry cuctemsr (0.1):
W, W(z,w) = vwaz/ o(z)—

0., jzm: vg, (2)o(z)dz, +

+HDvw+g (20, vw)p(2) =0, j=1m.
CrnenosarensHo, ¢yskuus (3.11) Oyaer mnepBeIM
WHTETPAJIOM BIIOJIHE pa3pemInMoil TudQepeHnanb-
ot cuctembl (0.1) mpu ycmoBum (3.1). Teopema
JOKa3aHa.
Ilpumep 3.1. 115 cuctems! ypaBHeHuit Jlammo-
JanuneBckoro B nojiHbIX quddepeHnyanax
dw, =((2z,z, —asinz,)w, +3asin z;w, )dz, +
+((z] =1225 =5b(2z,))w, +6b(2z, )W, )dz,,
dw, = (-2asinz,w, +(4asin z, +2z,z,)w, )dz, +
+(=3bQ2z,)w, +(z} —12z; +4b(2z,))w, )dz,,
rne a u b yncna w3 nmonst C, ¢ pyHKIMSIMU
o, :(z,2z,) > asinz,
o, :(2,2,) > 2z,z,,
o, :(z,,z,) > b(2z,),
oy, :(z,2,) > 122} =62, V(z,z,) e C?,
OOIIMM BEIIECTBEHHBIM COOCTBEHHBIM BEKTOPOM
v' =(1,-1) marpun

R 1 T | (N (N Y
o -5 —3” o 2 0
e 4 2 fo 2

KOTOPBIM ~ COOTBETCTBYIOT ~COOCTBEHHBIE 4YHCIA
My =M, =LA, =-2,1,, =2, cTponm (Teopema
4 o
3.1) ma mpoctpanctBe C” mepBbIif HHTErpa
W :(z,w) = (w, —w,)exp(acosz, +
+b(2z,)—z}z, +3z;) V(z,w)e C*.
Teopema 3.2. Ilycmv GulNOAHAIOMCA YCA0GUS

aemmol 3.2. Toeoa nepgvimu unmezpanamu 6nOIHe
paspewimott  ouppepenyuanvroii cucmemot (0.1)

npu (3.1) 6yoym ¢hynxkyuu
W, (z,w) = v'wo(z) -
—le K (2, (z,w) = C,(2) (3.13)

V(z,w)e GxQ, [=0,c-1,
Qc{w:Vv'w=0,  dyuxyus
¢:G — C naxooumcs no popmyne (3.12), a

Kl iz IZUI]
=
-t

+z[g]uﬁ (K2 (z)]dz ,VzeG, 1= L l=1-1,

5=

20e obnacmo

M/,Z—T+] (Z) +
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C:z—> J‘i[v’gj (2)o(z)+

! JR—

+Z[1JH,~T(Z)C,T(z)jdzj VzeG, 1=0,—1,

T=1

Bz Zujk,ocjk (z) VzeG
k=1

(MW = pjk‘P,(w), k= l,s/.), j=Lm, 1 =0,5x-1
Jlokazamenbcmeo. MeTogoMm, aHaJOTHYHBIM
HCTIOJIb30BaHHOMY B TeopeMe 3.1, ycTaHaBnuBaeTcs,
410 1-hOopMBI CTOSIIIUE O] 3HAKOM KPHUBOJIMHCHHO-
ro uHTerpana B ¢GyHKOuIx K Ll u C, ABIAOTCA

TOYHBIMU Ha OJHOCBs3HOW obmactu G. Ilpu s =1
UMeeM yTBEpIKIeHue TeopeMsl 3.1.

Ilycts s =2. Torga B COOTBETCTBUU C TEOPE-
Moit 3.1 m memmoint 3.3 momydaem, 9TO (HYHKIHS
W,:GxQ — C 0Oyner nepBbIM HUHTEIPaIoOM CHCTE-

MeI (0.1) mpu (3.1):
m/‘VVl(zv w) = H,‘l(z)(VoW(P(Z)_Co (2)-

Wy (z,w) =0 Y (z,w) e GxQ, j=1,m.
[Ipennonoxxnm, urto ¢yakmun (3.13) npum
s =€ OynyT nepBeIMH uHTerpanamu cuctemsl (0.1)
nipu (3.1). Tornma, ucnons3ys nemmy 3.3, Ha obnacTH

GxQ mpu j=1,m nmeem

UUACAUED YT <z)((v“wcp(z) :

£=T

=2 K (W, (zw)=C, (Z)J .., W)j =0.

5=1
Ipu » =¢e+1 ¢pynkuus W, : GxQ — C amus-

eTcs TepBBIM HHTerpanoM cuctemsl (0.1).

Takum 00pa3oM, yUWTBIBas CIIOCOO MOCTpOe-
Hus yskmwmii (3.13), momydaem, 4to OoHHM OymyT
(YHKIMOHAJIBHO HE3aBUCUMBIMUA TIEPBBIMH HHTE-
rpaamu cuctemsl (0.1). Teopema noxa3zana.

[Tono6HO Teopeme 3.2 moka3bIBaeTCs

Teopema 3.3. Ilycmv 6blnoaHAIOMCA YCA0BUS
aemmol 3.2. Toeda nepsvimu unmezpaiamu nojiHe
paspeutumont cucmemwt (0.2) npu yenosuu (3.1) oy-

oym QhyHkyuu
W, :(z,w) > ‘I‘l(w)—jzz H 0 (2)dz,

J=1 k=1

V(z,w)e GxQ, I=1,—1.
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MATEMATHKA

O KOHEYHBIX I'PYIIITAX, B KOTOPBIX KAXKIAS ITOATPYIIITA
JIUBO §-CYBHOPMAUJIBHA, JIMBO §-ABHOPMAJIBHA

B.H. Cemenuyk, A.H. Cxuba

Tomensckuti 2ocyoapcemeennviti ynusepcumem um. @. Cropunsl, I'omens, berapyco

ON FINITE GROUPS IN WHICH EVERY SUBGROUP
IS EITHER §-SUBNORMAL OR §-ABNORMAL

V.N. Semenchuk, A.N. Skiba

F. Scorina Gomel State University, Gomel, Belarus

U3yyaercst cTpoeHHe KOHEYHBIX IPYIIN, Y KOTOPBIX Jit00ask COOCTBEHHAs HOArpyIa b0 § -cyOHOpMaibHa, b0 § -abHOp-

MaJlbHa, IJie § — HACBIICHHAs HaclencTBeHHas (popmars [llemerkoBa, cojepkaliias Bce HUIBIOTEHTHbIE IPyIIbl. B yacTHO-

CTH, TOJIYYEeHO ONKMCAHHE TAKMX IPYII B CIydasx, Koraa § — (popmaiusi BceX p-HHIBIOTEHTHBIX HJIM BCEX pP-PasioKUMBIX

rpymiL.

Kniouesvie cnosa: xoneunas epynna, § -cybnopmanshas nooepynna, § -aOHOpMAnbHASL NOOZPYANA, HACLIWEHHAS opmayus,

Gopmayus ¢ ycnosuem [llememrosa.

The structure of finite groups in which every proper subgroup is either § -subnormal or § -abnormal, where § is a saturated

hereditary formation with the Shemetkov property containing all nilpotent groups is studied. In particular, descriptions of these
groups in the cases when § is either the formation of all p-nilpotent groups or all p-decomposable groups were obtained.

Keywords: finite group, § -subnormal subgroup, § -abnormal subgroup, saturated formation, formation with the Shemetkov

property.

Beeoenue

PaccMaTpuBaloTCst TONBKO KOHEYHBIE TPYIIIIBL
B pabote [1] ®arTaun ommcan TPyIIbL, Y KOTOPBIX
nrobast coOCTBEHHasl MOArpymnmna Jubo HOopMaibHa,
aubo abHOpMaibHa. Pacmmpss STOT pe3yJbrar,
O6ept u bayman B pabote [2] knaccupuuupoBaiu
TPYIIIBI, Y KOTOPBIX J1f00ast coOCTBEHHAs! HOATpYIIa
0o cyOHOpMaIbHa, THOO aOHOpMAaITbHA.

B Teopum KJIaCCOB KOHEYHBIX TPYIII €CTECT-
BEHHBIMH OOOOMICHUSAMH TIOHATHH CYOHOpPMAIIbHO-
CTH ¥ aOHOPMAJILHOCTH SIBJISIOTCS, COOTBETCTBEHHO,
TOHATHS § -CyOHOPMaIBHOW MOATPYINEl U § -ab-
HOPMAJILHOM MOTPYIIIIBL.

B 1986 romy ®epcrep u B.H. Cemenuyk, co-
OTBETCTBEHHO B pabortax [3], [4], uccnemoBanmm
CTPOEHHE IPYII, Y KOTOPBIX BCE COOCTBEHHbBIE MOJI-
rpynmsl 160 § -CyOHOpMabHBI, JIH60 § -abHOP-
MmanbHBL B nocnencterm B.H. Cemenuyk u C.H. Illes-
4yyK B pabote [5] mccnenoBany rpymiibl, y KOTOPBIX
BCE MPUMApPHBIC TIOATPYIIBI b0 § -CyOGHOpMaITh-
HEL, 100 § -abHOpManbHBL. B pa6ore B.H. Cemen-
yyka 1 A.H. Cku6s1 [6] ObUIH ONHMCAHBI TPYIIIEL, Y
KOTOpBIX Kaxaas COOCTBEHHAas MOATpymnma Judo
$l -cyOHOpMaUTbHA, OO0 4l -aOHOpManbHa IS City-
yasi, korna 4 — dopmanust Bcex cBepxpa3pernMbIX
TPYIIIL.

JlanbHelmeMy pa3BUTHIO JTAHHOTO HarpasJie-
HUS TIOCBSILEHA M HacTOsIIas padoTa.

© Cemenyyk B.H., Cxuba A.H., 2015
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1 Ilpeosapumenshible céedenusn

HeobxonuMmelie ompeneneHuss U 0003HAYCHUS
MOXXHO HaiTH B [7]. HamoMHUM HEKOTOpBIE U3 HUX.
IIycts P — MHOXeECTBO BceX MpOCThIX uucen. Ecnu
pePuncP, o n'=P\nu p'=P\{p}.

m(G) — MHOXECTBO MPOCTBHIX JEIUTENEH MO-
psnka rpynmsl G.

®dopmarms § — KJlacc TPYII, 3aMKHYTBIX OT-
HOCHUTEIIEHO TOMOMOP(HBIX 00pa30B M IOATIPSIMBIX
MIPON3BEICHUH.

dopmManus § Ha3BIBAETCS HACICOCMEEHHOI,
€CITH OHA 3aMKHYTa OTHOCHUTEIBHO B3SATHS HOATPYIIIL.

®dopmarust § Ha3BIBACTCS HACLIUEHHOU, €CITH
OHa 3aMKHYTa OTHOCHUTEIHEHO (PpPATTHHHEBHIX pac-
IIPEHAH.

Ecin § — kmace rpynn u G — rpynma, to G°
— TIepeceueHre BCeX HOPMAJbHBIX moAarpynn N wu3
G rakux,yro G/ N €§.

Ilycts § — HexoTopas Hemycrtas (opmarims.
Hoarpynna H rpynnsl G Ha3bIBaeTCS:

1) § -cybropmanvhoil, eciii CymiecTByeT MakK-
CHUMaJbHAs ICTh

G=H,oH >.oH,=H

TaKasi, 4to JuIst oboro i > 1 noarpynma H, § -Hop-

ManbHa B H, ;

i



O KOHeuHbIX 2pynnax, 8 KOmopuix Kaxcoas noozpynna aubo § -cybnopmanvha, oo § -abnopmansha

2) § -abropmanvHoll, €CITH A TI000H MaKCH-
MaJbHOU 1Eenu
G=H,oH >.oDH,=H

noxrpymmna H, §-aOHopmansHa B H, | mis mo6o-

-1
roixl.

I'pynia Ha3bIBACTCS MUHUMATLHOU He § -epyn-
noti, ecad OHa HEe NPHHAIICKHUT §, HO BCce cobCT-
BEHHbIC TTOJTPYIIbI ee NpuHaIexar §. B yacTHO-
CTH, HEHWIBIIOTEHTHAs TPYIIa, y KOTOPOi Bce cO0-
CTBEHHBIE ITOATPYIIIBI HUIBIIOTCHTHBI, Ha3bIBACTCS
epynnou [lmuoma.

Baxxnyto posib B JaJIbHEHIINX HCCIEIOBAHUAX
ceirpanu hopmanuu co cBorictBoM IlleMeTkOBa, T. €.
¢bopmanmu §, I KOTOPBIX KaKaas MUHUMAIIbHAsS
He §-rpymma sBisercs nu6o rpymmoi IlIMunra,
0o Tpymmoi mpocTtoro mopsaka. Kak ciemyer u3
pa6ot Uto [8], C.A. Uynnxuna u U.K. Uynuxunoii
[9], mpumepamu ¢opmanuu co cBoiictBom Illemer-
KOBa SIBJISIIOTCA (OPMAIMU BCEX p-HUIBIOTCHTHBIX
M BCEX p-pa3inoKUMBIX I'PYIIIL.

2 OcHnosHble pe3ynvmamol

IMycte § — Hemycrast dopmanus. HerpynaHo
MoKazath, 4TO Jito0asi pa3pennMas MUHUMAaIbHAs HEe
§ -Tpynma ¢ emMHWYHOW mnoarpymnmoir MdpaTTHHH
SIBIISICTCS TPYIIIONW, Y KOTOPOH BCE COOCTBCHHBIC
noArpynmsl Jubo § -cyOHOpManbHbI, 1160 § -ab-
HOpMaJjibHbl. JlanbHelnas CBs3b TAKUX IPYyINIl Hai-
JIeHa B CIIEIyIOLIEN TeopeMe.

Teopema 2.1. Ilycmv § — nacviyennas Ha-
cedcmeennas opmayus, cooeprcauas 6ce Hullb-
nomenmuvle epynnul. Eciu m06as MuHuManvHas we
§ -epynna paspewuma, mo u 1obas spynna, He npu-
Haonedxcawas §, y Komopoii éce cobcmeenvie noo-
epynnol b0 § -cyoHOpMATbHYL, MO0 § -AOHOPMATb-
Hbl, MAK’CEe paA3PeUUMA.

Cneocmeue 2.1.1. I[lycmo § — popmayus écex
p-wunvnomenmuwvix epynn. Toeda mobas He p-Hulb-
HOMEHMHAs, 2PYnna, y KOMopou 6ce coOOCMmEeHHble
noozpynnvi 6o § -cyoHopmanshsl, mubo § -abrop-
MAnbHbl, pa3pemumda.

Cneocmeue 2.1.2. [lycmo § — popmayus écex
p-pasnodcumvlx epynn. Tozcoa nwbas ne p-pasno-
AHCUMASL 2pYNNA, Y KOMOPOU 8ce cobcmeeHHble noo-
epynnol aubo § -cybrnopmanvhel, aubo § -abHop-
ManbHbl, pa3peumumd.

Caeacrue 2.1.3 [6]. I[lycmb U — ¢opmayus
scex ceepxpaspewtumvix epynn. Toz2oa mobas epyn-
na, y Komopou 6ce cobcmeentvle nOOSPYnnvl aU60
S -cybrnopmanvusl, aubo A -abropmanvhel, paszpe-
wuma.

BaxxHyto posib B JaJIbHEHIINX HCCIEIOBAHUAX
ChIrpaja CleAyolas Teopema.

Teopema 2.2. [Iycmv § — nenycmas Hacnedcm-
6eHHAsl hopmayus, Yy KOMopol modas MUHUMATbHASL

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

He §-epynna paspewuma. Toeda crnedyowue ym-
BEPIICOEHUSL IKGUBATICHINHDL:

1) aro0bas epynna G, y Komopou 6ce cunoscKue
nooepynnel npunaonexcam § u § -cyonopmanvhol 6
G, npunaonexcum §;

2) n06ask MUHUMATbHAS He § -epynna sieasent-
csi aubo bunpumapnou p-3amxuymoi (p € n(G)),
AUOO NPUMAPHOTL 2PYNNOIL.

Cneocmeue 2.2.1 [10]. I[lyemv § — ¢hopmayus
6cex p-Hunbnomenmuvix epynn. Ipynna sensemcs
P-HUTNOMEHMHOU M020d U MOALKO mo20d, Ko20a y
Hee 6ce CUNOBCKUE NOOZPYNNbL § ~CYOHOPMATbHDL.

Cnencreue 2.2.2 [10]. Ilyemos § — popmayus
6cex p-paznosicumvlx epynn. I pynna sensemcst p-pas-
JIOHCUMOLL M020d U MOJILKO Mo20d, K020a y Hee ce
cuno8ckue nooepynnul § -CyOHOPMATbHUL.

CaencrBue 2.2.3. [ pynna sensiemcsi abenegoii
moz2da u MoabKo mozod, Ko20a 6ce ee CULOBCKUEe
noozpynnel abenesuvl u CyOHOPMALbHbL.

Teopema 2.3. Ilycmo § — HacvluyeHnas Ha-

cneocmeentan @opmayusn co ceovicmeom Lllemem-
K08a, Cooepicawas 6ce HUNLNOMEHMHbIE SPYNNb.
Ecnu 6 epynne G 6ce npumapuvie nooepynnut aubo

§ -cybropmansubl, 1bo § -abropmanvisl, mo ¢ G
6ce cobcmeerHble nod2pynnvl aubo § -cyOHoOpMaib-
Hol, b0 § -abropmanvivl.

Cneocmeue 2.3.1. I[lycmov § — popmayust scex
p-Hunenomenmuwix epynn. Ecau 6 epynne G ece
npumapHvie no02pynnel aubo § -CYOHOPMAbHDL,
6o § -abropmanvhl, mo ¢ G 6ce cobcmeenmwie noo-
epynnel b0 § -cyonopmanvhol, aubo §-abuop-
MATbHbI.

Cneocmeue 2.3.2. [lycmo § — popmayus écex
p-pasnosxcumvix epynn. Ecau 6 epynne G ece npu-
MapHvle nooepynnvl aubo § -cyOHopmanbHbl, AUOO
§ -abropmanvusl, mo ¢ G ece cobcmsenuvie noo-
epynnel b0 § -cyonopmanvhul, aubo §-abHop-
ManbHYL.

Teopema 2.4. Ilycmv § — Hacviwennas Ha-
creocmeenHas gopmayus co ceoticmeom Lllemem-
K08A, COOepAcawas 6ce HUNLNOMEHMHbIE ZSPYNNb.
Toeoa u moavko moeoa n0bdaAs cobcmeeHHAs NOO-
epynna epynnot G ¢§ b0 § -cybHopmanvha, au-
60 § -abnopmanvha, kocoa G umeem credyroujee
cmpoenue:

1) G — paspewumasn epynna,

2) G=G,~G,, 20¢ G, =G* €5, G, —yux-
auueckas nooepynna Kapmepa;

3) mobas maxcumanvhas nodepynna uz G,
Hopmanvha ¢ G.

Cneocmeue 2.4.1 [5]. Ilycme § — ¢popmayus
6cex p-HunbnomeHmuwlx epynn. Tozda u monvko
moeda mobas cobcmeennasi nooepynna epynnvl G,
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He npunalnexcawei §, aubo §-cybHopmanvbua,
aubo § -abnopmanvbua, Koz20a G=G,nG,, 2oe

q#p, G, — yuxmueckas nooepynna Kapmepa,

mobas. maxcumanvias nooepynna uz G, Hopmaioha
6 G, G,=G".

Cneocmeue 2.4.2. [lycmov § — popmayus écex
p-pasznoscumeix epynn. Toeda u moavko mozoa Jio-
bas cobcmeennas noospynna He p-pazioicumMou
epynnot G ubo § -cybHopmanvha, mbo § -abHop-
manvha, koeda G — paspeuwumas epynna 00Ho20 U3
Cedyrouux munos:

1) G=G,~\G,, 20e q#p, G

, — Yukmue-

ckas nooepynna Kapmepa, nobas maxcumanvras
el
nooepynna uz G, nopmanha 6 G, G, =G".

2) G=G, "G, 20e G, = G?%, G, — yuxuu-
yeckas nooepynna Kapmepa u mobas maxcumans-
Has nooepynna uz G, nopmaneha é G.

Ipumep. Ilycte H =S, u V — npoekTuBHas
obosouka TpuBManeHoro F[H]-monynsa. Ilycrs
E=[V]H. Torna ®(E)=R(V) n C,(V)=0,(H)
[11]. CnenoBatensao, E mmMeeT (paTTHHUEB IIaBHBINA
takrop K /L Ttakowt, uro |K/L|>3. Ilycts
G=E/L. Tornma G — 3-3amkuyTas {2,3} -rpymmna,
He siBystontasicst rpynnoi lmuara.
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O IIPUBOJIMMOCTH OITEPATOPOB B3BEIIEHHOW KOMITO3UIIUH
Teyoe C. Moaunaucem, Cepunb A. Jlo, Mycca O.A. Canem

Yuuseepcumem ¢ Jlaxape, [axap, Cenezan

ON REDUCIBILITY OF THE WEIGHTED COMPOSITION OPERATORS
Teube Cyrille Mbainaissem, Serine Alou Lo, Moussa Ould Ahmed Salem

University Cheikh Anta Diop de Dakar, Dakar, Senegal

PaccmarpuBaeTcsi BOIPOC O MPHBOJMMOCTH OIIEpaTopa B3BEIICHHOW KOMIIO3HIHMHU C MOMOLIBI0 1peobpa3oBanust JIsmyHoBa K
oreparopy ¢ Ko3()(GUIHEHTOM, HHBAPHAHTHBIM OTHOCUTEIIEHO OTOOPaKEeHHMsI, MOPOKIAIOLIEro oneparop. B ciyuae nepuoan-
4ECKOro OTOOpPaKCHHs OIMCAHBI TOMOJOTHYECKHE MPETISITCTBUS U IPUBOAUMOCTH. [ToiTydeH SBHBIH BHI COOTBETCTBYIOIIETO

npeobpasosanust JIsyHOBa.

Knroueswie cnosa: onepamop 636€UEHHO Komno3uyuu, npeoﬁpasoeauue ﬂﬂnyHOﬁd, uHoeKkc KOWM, npu@odu,wocmb, comonozu-

ueckoe ypasHenue.

The question under consideration is reduction of a weighted composition operator to an operator with invariant coefficient by
Liapunov transformation. Topological obstruction to be reducible is described in the case of periodic mapping generating opera-
tor. Explicit form of the corresponding Liapunov transformation is given.

Keywords: weighted composition operator, Liapunov transformation, Cauchy index, reducibility, homological equation.

Beeoenue
JIuneliHplil orpaHuYeHHBIH onepaTtop B, neu-
CTByIOIIM B 0aHaxoBOM mpocTpaHcTBe F(X)

(hyHKIMH Ha MHOXKECTBE X, HA3bIBACTCS onepamo-
POM 838eUleHHOU KOMNO3uyuu WU ONnepamopom
63seuennozo cosuea (OBC) , eciin OH MOXKET OBITh
NPE/ICTAaBIIEH B BUJC
Bu(x) = a(x)u(o(x)), x € X, (0.1)
rre o:X —> X ecTb HEKOTOpoe OTOOpaskeHue,
a(x) —3ananHas ¢ynkuus Ha X . OnepaTopsl BUIa
T u(x)=u(o(x)), x € X, (0.2)
Ha3bIBAIOT ONEPAMOpamy KOMNo3uyuu WUIN onepa-
mopamu cosuea.

Takue onepaTopel, a TaKKe MOPOKICHHBIE MU
orepaTopHbIe aNreOphl M CBSA3aHHBIC ¢ HUMH (DyHK-
[IUOHAEHBIC YPaBHEHUS MU3y4YallNCh MHOTUMH aBTO-
paMu B pa3iuuHbIX (PYHKIMOHAIBHBIX MPOCTPAHCT-
BaxX KaK CaMOCTOSTENFHBI OOBEKT U B CBS3U C pa3-
JUYHBIMU npuioxkeHusMu [11-[4], [6]-[11].

HccnenoBanue KOHKPETHOIO Kjlacca OINeparo-
POB TECHO CBSI3aHO C HCCIJIEIOBaHUEM OaHaXOBOM
anreOpsl, HOPOKAEHHOM TakuMu orneparopamu. [Ipu
9TOM KOMMYTAaTHUBHBIE aJreOpbl YCTPOECHBI CYIIECT-
BEHHO IIpOIIE, YTO IIOMOTaeT IPH HCCIEeIOBaHUN
COOTBETCTBYIOIIINX OMepaTopoB. PaccmarpruBaembie
orepaTopsl (C PUKCUPOBAHHBIM (L) MOPOXKIAIOT He-

KOMMYTaTHBHYIO0 OaHaxoBy anreOpy. Ho, ecnm or-
pPaHUYUTCS PACCMOTPEHUEM OIepaTopoB, kodddu-
[UEHTHl KOTOPBIX IOCTOSHHBI WJIA HMHBapPUAHTHEI
oTHOCUTENbHO caBura (a(o(x))=a(x)), TO COOT-
BETCTBYIOLIAs OIlepaTopHas anredpa KOMMYTaTUBHA.

[TosTOMY TIpeInCTaBiseT HHTEPEC BOMPOC O
CBEJICHMH HCCIICMOBAaHUS 3aJaHHOTO OIeparopa K
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PacCMOTPEHHIO JIDYrOro oreparopa, HMEIOIIEro
Oosiee «xopommmi» KOIQGHUIMEHT — IOCTOSHHBINA
WM UHBApUaHTHBIH.

[TomoOHBIE 3amaul paccMaTPUBAIHUCH TPU HC-
CIIeZIOBaHUM APYTHX BHIOB oreparopoB. Hampumep,
OTHUM W3 aHAJOTOB pacCMaTpUBAEMOM 3aJadd sB-
JIAeTCS 3ajJada O MmpuBeAeHUU IuddepeHImanTsHOTo
oreparopa ¢ 4aCTHBIMH NPOU3BOJHBIMH K KaHOHH-
YECKOMY BHIY.

Jpyroii aHanor U3BeCTEH B TEOPUH JIMHEHHBIX
cucreM an(depeHINaIbHbIX YPaBHEHUH BUIA

u(t) = A@u(?). 0.3)
[ycts matpuna-gynkuus D(¢) orpanuuena, oopa-
THMa U ee obpatHas D(f)”' Takike orpaHHYeHa U HX

NPOM3BOJIHBIE TAK)KE OrPaHUYEHBbI. 3aMEHa B CHCTe-
e (0.3) meusBecTHOM QyHKIMU Ha z(t) = D(t)u(t)
Ha3bIBACTCSI npeobpasosanuem JIanynosa cucTeMbl.

Jluneiinast cuctema (0.3) Ha3bIBaeTCs npu6o-
OuMoil, €CJIM CyIECTBYeT npeodpazoBanue JlsmyHo-
Ba, PUBOJSAIIEE 3Ty CUCTEMY K CUCTEME C IOCTOSH-
HBIM K03 durmenTom [5].

[To amamormm ¢ Teopueil muddepeHIHATEHBIX
ypaBHEHUU npeobpazosanuem Jlanynosa  Oynem
Ha3bIBaTh OOPAaTUMBIH omepaTtop D YMHOXKEHHUS Ha
HenpepbIBHYI0 ¢yHKunio d € C(X):

Du(x) =d(x)u(x).
OBC B 06yzneM HazbIBaTh npugoOUMbIM K one-

pamopy ¢ HOCMOSHHbIM KOd(puyuenmom, eciu
cymiecTByeT nmpeoOpazoBanue JIsSmyHOBa Takoe, 94TO

DBD™' =a,T,,a, € C. 0.4)
OBC B Oynem Ha3bIBaTh npugoOUMbIM K One-

pamopy ¢ UHBAPUAHMHBIM KOIPDuyuenmom, eciu
CYIIECTBYET npeoOpazoBanue JIAIryHOBa Takoe, 4TO
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DBD ™' = a,(x)T,, (0.5)

rie a,(o(x)) = a,(x).
C omepaTopHO#H TOUYKH 3pEHHUS 3TH OIpeere-
HMS O3HA4aloT, 4yro omeparop B =al, mnonoden

oneparopy a,I, ¢ MHBapMaHTHBIM MJIM IIOCTOSHHBIM

ko3¢ ¢unuentom. Kak yxe ormedanoch, 6GaHaxoBa
anreOpa, MOPOXKACHHAs TAKUMHU OIepaTopaMH B3Be-
[ICHHOTO CIBHTA, SBISIETCS KOMMYTATHBHOH, a B
cllydae, KOT/Ia OMepaTtopbl pacCMaTPUBAIOTCS B MPO-
crpanctBe L, (X,p), sBiusiercs C* — anrebpoit. Oto

MO3BOJISIET, HANpHMEp, MOIYYHUTh CIEKTPAIbHYIO
TeopeMy [UIsl IPUBOJUMBIX ONEPATOPOB B3BELIEHHO-
TO CJIBUTa.

B pabote paccMoTpeH BOmpoc O HMPUBOAMMO-
CTH JUISl ONIEpaTOPOB B3BEUICHHOT'O CABMIa C HEIpe-
PBIBHBIMH KO3 uIIMEeHTaM1, TOPOXKICHHBIX Helpe-
PBIBHBIMH TIEPUOJMYECKUMH OTOOPAKEHUSIMH KOM-
MaKTHOT'O OTJIEIMMOTO TOIOJIOTHYECKOTO MPOCTPaH-
ctBa X. Takue onepaTopsl AEMCTBYIOT B Kilaccuye-
CKUX OaHaxOBBIX NpOCTpaHCTBax (QyHKIWit Ha X —
npoctpancrsax L, (X,pu) u C(X). [ust nponssosis-

HBIX oToOpaxkernit oo crektp OBC 3aBucut ot pac-
cMarpuBaeMoro (yHKIMOHAJIBHOTO MPOCTPAHCTBA,
HO B cily4ae MNEPHOJUMYECKOr0 OTOOpakeHUS o
cnexTp OBC onmHaKoB BO BCEX yKa3aHHBIX KJIACCH-
YeCKHX NpOCTpaHCTBax. IlolydeHHbIe B CTaTbhe pe-
3yJIbTAThl TaKXKe CIPABEUIMBBI NPHU PacCMOTPEHHU
OIlepaTopoB B JOOOM OaHaXOBOM HPOCTPAHCTBE
¢yHKIMIA Ha X, B KOTOPOM 3TH OIEPaTopbl OTpaHu-
YEHBI.

1 @axkmopuzayus co cosuzom u zomonozuue-
CKoe ypasneHnue

[pexe Bcero 3aMeTUM, 4TO, B CHITy KOMIAKT-
HOCTH X, yCJIOBHE OOpaTMMOCTH OIeparopa YMHO-
JKCHUSI Ha HENPEepPbIBHYIO (DYHKIHUIO, BXOJSIIICE B
ornpezienieHue npeodpa3oBanus JIAmyHOBa, 3amuChl-
BaeTCs KaK ycioBue, uto d(x) # 0 mams Bcex x.

JIroboe npeobpazoBanue JlamyHoBa 1epeBOIUT
omeparop B3BemeHHoro ciasura (0.1) ¢ HempepsiB-
HBIM KO3((HUIMEHTOM B OIEPaTop B3BEIICHHOTO
capura (C IpYTUM HETPepHIBHBIM KOA(PPHUIINECHTOM):

4 5
d(a(x))
[TosToMy BOHpOC O MPHBOAMMOCTH OIEpaTopa K-

BUBAJICHTEH BOIMPOCY O IMPEACTABICHUU KOAPPHUIH-
SHTa d B BUJIE

DBD™ = DaT,D™" = a(x)

d(a(x))
d(x)

C TIOCTOSIHHBIM WJIM HWHBApUAHTHBIM 4. Taxoe

; (I.)

a(x) = a,(x)

OPEACTaBICHHE HA3bIBACTCS  (paxmopusayuei co
cosueom (QYHKIUU a. 3aMETHM, Y4TO €Cli (YyHKIHUS
d WHBapWaHTHas, TO NpH npeobpasoBanun JlsmyHo-
Ba oreparop nepexoqut B ceds. [loaToMy GyHKIus
d omnpeneneHa C TOYHOCTBIO [0 WHBapUaHTHOTO
MHOHTEJISL.
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[Moaxon, ocHOBaHHBIM Ha (haKTOPU3ALMHU CO
C/IBUTOM KO3 (HIMEHTa, IPUMEHSJICS B OCHOBHOM
IIPU PACCMOTPEHUH OINIEPATOPOB B3BEIIEHHOTO CBU-
ra Ha koHType [3], [4]. OTn paboThl CcBsA3aHHBI C UC-
CJIC/IOBAHUEM CHHTYJISIPHBIX MHTETPO-(pyHKIMOHAIB-
HBIX YpaBHEHMI Ha KOHType I, comepaliux CUH-

TYJSIPHBINA HHTErpanbHbIN onepaTop Komm

Su(z) = - | @da
M E—z

3amerum, uro omepatop SD—-DS sBusercs
KOMITaKTHBIM B ClTy4dae HeTpepbIBHOW QyHKIMH d |
HE SBISIETCS KOMIIAKTHBIM B Cilydae KyCOYHO-
HenpepbIBHON (yHKIMH. [loaToMy ycrmoBue Hempe-
PBIBHOCTH (YHKIMH d CYIIECTBEHHO B TEOPHH CHH-
TYJISPHBIX HHTErpO-(QyHKINOHAIBHBIX YPABHEHUI.

Bompoc o cymectBoBaHMM (hakTOpH3AIMK CO
CIBUTOM /I 3aJlaHHOW (PyHKIHMH TECHO CBSA3aH C
Pa3peluMOCTbI0  TOMOJIOTHUECKOTO  YpaBHEHHS,
COOTBETCTBYIOILETO 3alaHHOMY OToOpakeHuto. Tak
HaswiBatotest [2], [6], [7], [11] ¢yHxKuMOHamBHEIE
ypaBHEHUsI BUia

P(au(x)) = 9(x) = f(x). (1.2)
HeiictBuTensHo, mycth a(x) >0 mns Bcex x. O0o-
3HAYKUB

¢(x) = Ins(x),

g(x)=Ina(x),

&(x) =Ina,(x)
1 mpornorapudmupoBaB paBeHCTBO (1.1), momyuaem
Uit GYHKIIMKA (@ TOMOJIOTHYECKOE YPaBHCHHE

o(a(x)) = o(x) = g(x) = &(x).
JleBast YacTh TOMOJIOTHYECKOTO YpaBHEHUS
(1.2) nmeer sun (I, —I)e. IlosToMy ypaBHeHue

pa3penmmMo TOTAa W TONBKO TOTMA, KOTAa MpaBas
9acTh f MpHHAIICKUT 00pasy omepatopa I, —/. B

obuiem ciayuae obpas oneparopa 7, —/ HE3aMKHYT

W, CIIeZ0BaTebHO, HE CYIIECTBYET SBHBIX HEO0OXO-
MUMBIX M JOCTaTOYHBIX YCIOBHU Pa3pelIMMOCTH
TOMOJIOTHYECKOTO ypaBHeHHs. Kiraccudeckum mpu-
MEpPOM T'OMOJIOTHYECKOTO YpaBHEHHUSI, 00J1aIafoIero
«IUIOXUMM» CBOHCTBAMH, SIBISIETCSI ypaBHEHHE, CBSI-
3aHHOE C MPPALHOHAIBHBIM TOBOPOTOM OKPYIKHOCTH
[6], [7] . Eciu okpy>XHOCTH peann3oBaTh Kak eau-
HUYHYIO OKPY>KHOCTh Ha KOMITJIEKCHOM IJIOCKOCTH
S'={zeC:z]=1},
TO Takoe OTOOpa’keHHMe MAeHCTBYeT Mo QopMmyIe

a(Z) — e[Zf{h

z, TA€ h — MPPalHOHAIBEHOE YHCIIO.
[TaTonornyeckue cBOMCTBA COOTBETCTBYIOLIETO

TOMOJIOTHYECKOTO ypPaBHEHHS XOpPOIIO H3BECTHBI.

Hanpumep, B [7] nokazano, 4to ajst Jit000i (yHK-

LU, KOTOpasi He SIBJIETCS TIOJTMHOMOM OT z, CyIIe-
CTBYET TaKkoe€ /i, 4TO pelleHHE SBISETCS HEN3MepH-
Mol ¢yHkimeil. [TosToMy cymiecTBoBaHHE Hempe-
PBIBHOTO WJIM OTPaHHMYEHHOTO penieHus! (M COOTBET-
CTBEHHO, IPUBOJUMOCTb OIEPaTOPa, HOPOKAECHHOTO
HMppalOHAIbHBIM IOBOPOTOM, K OIEpaTtopy ¢
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HOCTOSIHHBIM KO3((HIIMEHTOM) SABIIETCS UCKIIOUU-
TENBHBIM CITydaeM; MHOXeCTBO K03(p(HIIHEeHTOB a,
JUTSl KOTOPBIX BO3MOXKHA (PAKTOPH3AIHSI CO CIBUIOM,
€CTh HEKOTOpOEe HE3aMKHYyTO€ IIOAMHOXECTBO B
C(X), xoTOpo€ HE OINHUCHIBACTCSA SBHO M CYIIECT-
BEHHO 3aBHCHUT OT apU(pMETHYECKUX CBOWCTB HMppa-
IMOHAJILHOTO Yncia /h.

Crnydail mepuoau4eckoro oToOpakeHHsl 31eCh
oco0blii: 00pa3 oneparopa I, —/ 3aMKHYT, FOMOJIO-
THYECKOE ypaBHEHHE HOPMAIBHO pa3pemMo u 0o-
Jee JIOCTYIHO Ui uccienoBanusi. B padore [11]
MOKA3aHO, YTO JTOT CIy4al €IMHCTBEHHBIW: €CIIU
oToOpakeHHEe O 00paTuMo, TO TOMOJIOTHYECKOE
ypaBHEHHE HOPMAJIFHO Pa3peInMo B IPOCTPAHCTBE
C(X) HenpepbBHBIX (YHKIHUH Ha KOMIIAKTHOM
MPOCTPAHCTBE TOTZA M TOJBKO TOTJa, KOrja OTO-
OpaskeHHE O SIBISIETCS] IEPUOIMIECCKUM.

HanoMHUM HEKOTOpbIE NOHSTHUS, CBA3aHHBIE CO
CBOMCTBOM IEPHOANYHOCTH OTOOPAKEHHUSI.

Iycts 0, (x) =x, o, (x) =o(a, (X)), k=12,...

OToOpaXkeHHue O Ha3bIBACTCS NEPUOOUUECKUM
C IepuoJoM m, €ClId O, =0, U O, #0, i
1<k<m.

Touka X Ha3bIBACTCS NEPUOOUYECKOU C Tie-
puozom p(x), ecinu o, (X)=x u o, (x)#x ans
1<k < p(x).

Ecnn oroOpakeHHe O MEPHOJMYECKOE C TIe-

pHOIOM M, TO KaXkJas TOUYKa X SIBJICTCS MEPHOAU-
YecKOW M uncio p(x) sBIsSETCS AenuTeneM m. 3a-

METHM, YTO IPU ITOM MOXKET OBbITh, 4TO p(X)<m

JUISL BCEX X.
Ilpumep 1.1. Ilyctp

X :{z =re™:0< rSl;tz%, ke {O,l,...,ll}}.

Kak MHOXXeCTBO Ha KOMIUIEKCHOMW IJIOCKOCTH, 3TO
MPOCTPAHCTBO COCTOMT U3 IIECTH OTPE3KOB JUINHBI
2, cepemuHBI KOTOPHIX ecTh Touka 0. OToOpakeHwme
o: X — X, 3aganHoe GopMmyIoit

2

-7
a(z)=1¢ 3, k=0,2,..,10,
-z, k=13,.,11,
SIBIISICTCS TIEPUOAMUYCCKIM C TIEPHOIOM 6, HO 371eCh
Touka () HenmoABIDKHAS (MMeeT mepuof 1), mepruo bl
OTIMYHBIX OT HYJIS TOYEK, COOTBETCTBYIOIIUX
YeTHBIM k, €cTh 3, TEepUONBl OTIMYHBIX OT HYJIA
TOYEK, COOTBETCTBYIOILINX HEYETHBIM K, €CTh 2 U HET
TOYEK C MePHOIOM 6.

Tononoruueckoe MpocTpaHcTBO X Ha3bIBAETCS
O-1PUBOOUMBIM, €CIT CYIIECTBYET pazOueHue X Ha
JIBa HEMYyCThIE 3aMKHYTBIE MOJMHOXeCTBA X' W
X", MHBapHaHTHBIC OTHOCUTEIBHO OTOOPAXKEHHUS O.
Tormonmornueckoe MPOCTPAaHCTBO X HAa3bIBacTCS Ol-
CBsA3HbIM, €CIIH TaKoe pa3dmeHne HEeBO3MOXKHO. 3a-
METHM, YTO O, -CBSI3HOE MPOCTPAHCTBO MOXKET OBITH
HECBSI3HBIM.

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

PaccmarpuBaemblii BOIPOC CBSA3aH TakkKe CO
CBOMCTBOM aJIr€0OpayHOCTH ONEpaTopa, BBEICHHBIM
¢on Heiimanom. Ecniu oToOpaxeHue o nepuoye-
CKOe, TO JII00O0H OrepaTop B3BEHIEHHOTO CIBHIA C
MOCTOSIHHBIM KOX((QHIUECHTOM SIBIISIETCSl anreOpau-
yeckuM. [1oaToMy HEOOXOANMBIM yCIOBHEM IPHBO-
JMIMOCTH K OTIEpaTopy C IMOCTOSTHHBIM KodddurmeH-
TOM SIBJISIETCS €70 aJreOpandHOCTb.

Jlunelinpii omepatop A Has3BIBaeTCS asieed-
pauyeckuMm, €Civ CyIeCTBYET MOIHMHOM

P(z)=Z+p, 2" +.+p, p, €C,
takoi, ato P(A) =0.

Takoii MOJIMHOM HaUMEHBLIEHN CTENIEHU Ha3bIBa-
eTCsI XapaKxmepucmuyeckum nOAUHOMOM OTIEpaTopa
obo3nauaerca Ch,(z). Kopuu Ch,(z) Ha3bBaroTCs

xXapaxmepucmuueckumu yuciamu oneparopa 4.

B xoHEYHOMEpPHOM NPOCTPaHCTBE JII000H orre-
parop sBmusiercst anreOpamdeckuMm. OH sIBIsieTCS
KOpHEM CBOETr0 XapaKTEPHCTHYECKOTO MHOTOUJIECHA
(treopema Tammnprona — Kemmm). YacTHbIME  CITy-
qasMH ~ aNreOpaldeckux —OINepaToOpoB  SIBISIOTCS

Hurbnomenmusie omnepatopel (A" =0), udemno-
2

menmuvie omepatopsl (A” = A), uneoromugHvle

onepatopsl (A° =1) u 0606wenHO UHBOTIOMUEHDIE

omeparopel (A" =1). Teopus anredOpanmyecKx

OIIepaToOpOB MOCTpOEHA, Hampumep, B [8]. YpasHe-
HHUA ¢ OOOOIIEHHO WHBOJIOTHBHBIMHU OllepaTopamu
u3yJanucs B [3].

YcnoBue anredpanyHOCTH OIepaTopa SBISETCS
JIOCTaTOYHO CHJIBHBIM M W3 JITeOpanyHOCTH BHITE-
KaeT psJ CBOWCTB, HE BBHIOJHEHHBIX VIS IMPOM3-
BOJIBHBIX OIIEPATOPOB, HO THIIMYHBIX VIS OIEpaTo-
POB B KOHEYHOMEpHBIX HpocTpaHcTBax. CHeKTp
anreOpanyeckoro omneparopa sBISETCS KOHEUHBIM
MHOKECTBOM M COBIIAJIa€T C MHOXKECTBOM XapakTe-
puctrueckux umcen. Ilpum sTom oOpa3 omeparopa
A—AIl 3aMKHYT TIpH JIOOOM CHEKTpaIIbHOM 3HaYe-
HUM A, YTO HE BBIINOJIHEHO ISl IPOU3BOJILHBIX Olle-
paTropoB, Y KOTOPBIX CIIEKTp SIBISETCS KOHEYHBIM
MHOKECTBOM.

HeoOxoaumble M JOCTaTOYHBIC YCIOBHS all-
reOpayHOCTH OIepaTopoB KoMmmo3unuu (6e3 Beco-
Boro koaddumnmenrta) Opum nomydenst B [9]. B pa-
6ote [10] ObUIH TTOMyYEHBI YCIOBHUS alreOpanvHO-
CTH Iy1si O0JIee CIIOXKHBIX ONEPaTOpPOB B3BEIICHHOTO
CIIBHTA M OIMCAHBI X XapaKTEePHUCTUYECKHE MOJIMHO-
mbl. Ham notpeGyercst ocHoBHOM pe3yabrar u3 [10].

O003HauNM

a,(x) = H a(at, (x)).

Teopema 1.1. [na onepamopa 636euteHH020
coguea B ¢ menpepwisnvim Ko3pDuyuenmom a
crnedyroujue yCuoeus IKEUBATICHMHDL:

1) cywecmgyem noiuHoMm

P(z)= Z +szI’1 +..+p,.p, €Crae p, #0,

maxoti, umo P(B) =0,

77



Teybe C. M6aunaucem, Cepunv A. Jlo, Mycca O.A. Canem

il) omobpasicenue . A€M NEPUOOUYECKUM
¢ nepuooom m, a(x)#0 0na ecex x u Qyukyus

a, (X) npunumaem KOHeUHOE MHONCECBO 3HAYCHUI.

Ilpu evinonHenuu yKazamHvix YCIOGUIl Xapax-
mepucmuyeckuti nonunom Chy(z) umeem 6uo

Chy(2) =[] (=0, (1.3)

20e n<m,n<l, A #0u ry #h;, npu k# j, m.e.
6ce XapakmepucmuyecKue Yyucia npocmule.

Ecnu, xpome moeo, npocmpancmeo X A61A-
emcs O-CA3HbIM, MO OJiA aneebpauyecko2o onepa-
mopa a, (x)=C =const u\] = C ans Bcex k.

Ilpu smom 6 obujem cnyuae He 6ce KOpHU cme-
nenu m u3 yucia C A6nAOMCA xapakmepucmuye-
CKUMU YUCTAMU.

2 IIpueodumsie onepamopvl 636eUieHHO20
coguza

Ces3p 3amaun (haKTOPU3AIMH C TOMOJIOTHYC-
CKMM ypaBHEHHEM Ul (YHKUWH, NPUHAMAIOLIHX
TIOJIOXKHTETIbHBIE 3HAaUCHHMS, TI0Ka3aHa BhIIIe. B ciry-
Yyae KOMIUIEKCHO-3HAYHbIX (YHKLUH IPU CBEACHUU
K TOMOJIOTUYECKOMY YPAaBHEHHMIO BO3HHUKAIOT [O-
TIOJIHUTETIbHBIE OCJIOKHEHUS, CBA3aHHBIC C TEM, YTO
norapu(M SBISIETCSI MHOTO3HAYHOM (DYHKIHEH.

Bynem roBoputh, 4TO cyujecmseyem nenpepuig-
Has gemes nozapudma GyHKUUU a(x), eciH Cylie-
CTBYeT HelpephiBHAS Ha X BeIECTBEHHO-3HAYHAS
(yHKIMS y Takas, 4To

Inja(x)|+i2my (x)

a(x)=e

Teopema 2.1. [Iycmov npocmpancmeo X s61s-
emcsl O-CBSI3HbIM, OMOOpAdCeHue 0. SGISemcs ne-
puoouveckum u a(x)#0 ona ecex x. Ecau cyue-
cmeyem HenpepvigHas Ha X eemeb nozapugma
Koapduyuenma a, mo onepamop al, npueooumcs
K onepamopy ¢ UHEAPUAHMHBIM KO3 Duyuenmom.

Ilpu smom onepamop npusooumcs Kk onepamo-
DY € NOCMOSHHBIM KO3 DUYUeHmom moaoa u moabvko
moeda, Ko2od OH AGIAEMCA An2eOPaUecKuM.

Jlokazamenvcmeo. PaccMOTpUM romosoruye-
CKOE€ YpaBHEHHE

o(a(x)) = p(x) = /(x), 2.1
rue
S (%) = g(x)=E&(x),
g(x)=/n|a(x)|+i2ny(x).
3nech g ecTh 3ajaHHas HENpepbIBHAs (QYHKLMA, a
¢ u &(x) — HeU3BeCTHbIC (PYHKIINH.
B cuity neproandHOCTH OTOOpakeHHST O OTe-
partop T, sBiserca anreOpaudecKUM M HMEET, CO-

rmacHo Teopeme 1.1, mpoctoii cnektp. I[loatomy
MPUMEHUMBI O0IINe METOAbI HCCIEeOBaHMs alreo-
paudeckux oneparopos [8].

Kpome Toro, 31€ch nMeeM paBeHCTBO 1" =1,
U3 KOTOPOTO CJIEYET, YTO 0TOOpakeHHe
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Z,3k>T! (22)
€CTh JIMHEIHOE TpeJICTaBIeHIe KOHEUYHOH IUKIIYe-
ckoil rpymnsl Z, B npocrpanctee C(X). Ilpume-
HEHHE TEOpUH TpeJcTaBieHuH Tpymnn [12] mo3Bois-
eT HOJIy4uTh OoJiee SBHBIC Pe3yJIbTaThl, YeM B CIIy-
Yyae TPON3BOJIbHBIX alreOpanyecKux OrepaTopoB.

3aMeTM, 4TO OOBIYHO paccMaTpHUBaIOTCS JIU-
HeWHbIE NPE/ICTaBICHUS TPYII B THIBOEPTOBBI ITPO-
cTpaHcTBa. Ho B cilyyae KOHEUHBIX I'PYIII OCHOBHBIE
(baxTHI TEOPHH MPEACTABICHUN UMEIOT YHCTO anreo-
paWdeckuii XapakTep M CIpaBeJIMBBI B CIydae
MIpeACTaBICHNI B OaHAXOBBI MPOCTPAHCTBA, B YACT-
HOCTH, JUIsl JIMHEHHBIX MPEICTaBICHUNA B MPOCTpPaH-
ctBe C(X).

KoneyHasi koMMyTaTuBHas rpynna 7, HMeEeT
M HENPUBOAMMBIX NPEACTABICHUH ©;, OTH Tpei-
CTaBJICHUsI OTHOMEPHBI U JICHCTBYIOT 10 (hopmyJie

Z, >k 0,(k)=0" 2.3)

rne o=e", j=0,.,m—1.

JIroboe nuHeiHOe MpecTaBIeHue ITpynnsl Z
pasnaraeTcsi 1Mo HENPUBOAUMBIM IPEACTABICHUSM.
OTO pa3sioKeHHE CTPOUTCS CIESAYIOIMINM O0pa3oM.
OnepaTopsl

1 m=1
— ~ki ik
P=—> T (2.4)
m o
ABJIAIOTCS OTPAaHUYCHHBIMU ITPOCKTOPAMU, IPU 3TOM

m—1
D P =I,PP =0nmk#
j=1
o (2.5)
T,=Y o'P.
j=0
[lepBoe u BTOpOE M3 ATHX PAaBEHCTB O3HAYAIOT, YTO
npoctpancTBo C(X) pasmaraercs B MPSIMyI0 CyMMY
3aMKHYTBIX BEKTOPHBIX MOANPOCTPAHCTB E, = ImP,,
a TIOCIJIe/IHee PaBEHCTBO O3HAYaeT, YTO Ha IOAIPO-
crpanctBe E; omeparop I, ACHCTBYCT KaK yMHO-
JKEHHUE Ha YMCII0 .
CremaeM erre OIHO 3aMedaHue. 34eCh UMEEM
T" =1, oTKyna ciefyer, 4To BCE XapaKTepucTHde-
CKHE YHCIIa SIBIIIOTCS KOPHAMH M3 | cremeHu m,
T.€. UMEIOT BUA . Ho MOXKeT OBbITb, 4TO HE BCE

yyucaa o SABNSAIOTCS XapaKTepucTHdeckumu. MHaue
TOBOPSI, CYILECTBYIOT MEPUOJHYECKUE OTOOpaKEeHHS
C TMEepHOAOM m, TaKHe, YTO XapaKTepUCTUUECKUI

IOJIMHOM JJIsA Ta HUMECT BU/J

14
Ch,(z) = H (z" =),
=1
P
rine m= H mj , a CTCIICHb XapaKTCPUCTHUYCCKOI'O
=l

P
IMoJItHOMa €CThb 4YHCJIO Zm/ <m. B atom cjydac
Jj=1
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IPOCKTOp P, HEHyJIeBOH TOrAa M TOIBKO TOI/a,

KOra ' SBIAETCS XapaKTEPHCTUYECKUM YHCIIOM
omepatopa T,.
OTto0paxeHne ¢ TAKUMH CBOWCTBAMH PacCMOT-

peHo B ipumepe 1.1. B aToM mpumepe oToOpakeHne
0. SIBJISIETCS TIEPHOJAMYCCKUM C MEPHOAOM m =0, a

XapaKTEPUCTUUYECKUM MMOJIMHOM €CTh IMOJIMHOM CTe-
rneHu 4

Chy (2) = (z+1)(* ~1),
XapakTepuCTHUecKHe uuciaa ectb o =1, o,
o =-1, 0, auncma ® U © He ABNAIOTCS XapaKTe-
PUCTHYECKMMU JIIsl pacCMaTpUBaeMoro omneparopa 7, .

C TOuKM 3peHUs] TEOPHM MNPEICTaBICHHH 3TO
3aMedaHHe 03HAuYaeT, YToO B OOLIEM Cllydae B pa3io-
JKEHUE TpejcTaBiieHus (2.2) BXOIIT HE BCE HEpH-
BOJUMBIC MIPCACTABICHUA.

Ho mpoctpancTtBo E, HETPUBHANBHO, TaK KaK
COJIEPKHUT TIOCTOSHHBIE; O3TOMY 4ucaIo o =1 Bee-
T71a SIBIISIETCS xapaKTepHcmquKHM 1 TIPOEKTOP

n=1Sn
m x—o
BCEI'/1a HEHYJIEBOM.

INomydeHHoe pa3nokeHHe NPEICTaBIECHHs MO-
3BOJISIET JIETalIbHO HCCIe0BaTh ypaBHeHue (2.1). U3
(2.5) nonydaem, 4to

m—1
T,-1=Y (& -1P,

J=1

m—1
Im(T, =I)=1Im| Y P, |=Im(I - B) = Ker F,.
Jj=1

Takum 06pa3om, paBEHCTBO

Bf=0 2.6)
SBJISIETCSI HEOOXOAMMBIM M JIOCTaTOYHBIM YCIIOBHEM
CYIIECTBOBAHMS PEUICHUS ypaBHEeHUS (2.1).

B paccmarpuBaeMOM TOMOJIOTHYECKOM YpaB-
HeHHMH TpaBas 4acth f(x)=g(x)—&(x) comepxur
Hem3BecTHYIO (yHKmmio & [loaTomy ycmoBme pas-
pemmuMocTi

Rf=Rg-RE=0 2.7)
paccMarpuBaeM Kak ypaBHEHHE OTHOCHUTEJIBHO
¢yakmun £, CymecTByeT MHOTO (QYHKIUH &, s

KOTOPBIX BBIITOJIHEHO 3TO paBeHCTBO. Ho Hac mHTe-
pecyer uHBapuantHas ¢yHkuus & U3 ycnoBus

unBapuantHoctu (7, & =¢&) cuenyer, uto FE=E;

no3ToMy u3 (2.7) OJHO3HAYHO HAXOAWTCS HHBAPH-
aHTHas (QYHKIUS

&(x) = (Rg)(x) = %mz ga;(x), (28

JUISl KOTOPO# BBITIOJHEHO YCIIOBHE Pa3peIIMMOCTH.
[Tpn cpenanHoM BBIOOpE (GYHKIMU & BBIOJIHEHO

YCIIOBHE Pa3pelInMoCTH ypaBHeHus (2.1), mpu 3Tom
pa3Hble pelICHUs] OTIMYAITCS Ha HWHBAPHAHTHYIO

Problems of Physics, Mathematics and Technics, Ne 2 (23), 2015

¢ynkuuro. [TosTomMy mist moctpoeHus: npeodpaszosa-
HUs JIAmyHOBa TOCTaTOYHO MOCTPOUTH OJIHO U3 pe-
meHuid. Takoe penieHre MOXKET ObITh 33/1aHO BbIpa-
KEHHEM

m—1

| 2 TS

k=0

B cuny I/IHBapI/IaHTHOCTI/I (‘I)YHKLII/II/I & momydaewm,

4qTo

m-1 m-1

z —kj Tk Z ol

k=0 k=
IToatomy

1 f —kj rk _
— > o0'T |g=
m -

(2.9)
55 e
my—o| j=1 o’
Teneps, nonoxus d(x)=e*" u a,(x)=e"",

13 TOMOJIOTHYECKOTO YPaBHEHHUS Moiy4daeM (akTo-
pHU3aIiio CO CIBUTOM KOd(pQHIIMEHTa ¢, 9TO U Tpe-
60BaJIOCH.

31ech BHINIOIHEHO PaBEHCTBO

ay ()" =[] alo, ().

Jj=0
KOTOpOE O3HauaeT, 4To QyHKIUS a,(x) ecTb Helpe-

PBIBHAsS BETBb KOPHA CTCIIEHU M U3 CI)yHKHI/II/I
m—1
[Tate, (x)).
Jj=0

OyHKIMA @, NMOCTOSHHA (U OLEepaTop NPUBO-

JUTCSL K OIIepaTopy C MOCTOSIHHBIM KO3 durmeH-
TOM), TOTJJa ¥ TOJIBKO TOT/a, KOraa

m—1

H a(o, (x)) = const.

j=0
CornacHo teopeme 1.1, 310 ecTh ycnoBue ai-
reOpandHOCTH oreparopa B.
O0603HaYMM

= (Dj -1

OTH 4Yuclia HE SBISIOTCS I1EJIbIMA M BBIpAKEHHE
a(o, (x))™ 3amaer MHOrosHaunywo ¢yHkuuo. ITpu
9TOM MOXET OKa3aThCs, 4TO Yy 3TOH (yHKUUH He
CyIIecTByeT BETBH, HempepbiBHOW Ha X. U3 (2.9)
ClellyeT 4YTo d TPENCTaBISIeTCs B BUIIE

d(x) =[] (o, (x))"

=0

IZie TOJ MpaBoil 4acTbiO MOHUMAETCsl OIHA W3 He-
MPEPHIBHBIX BETBEH COOTBETCTBYIOLIEH MHOIO3HAY-
HOW (PYHKIMH, CYIIIECTBOBAHNE KOTOPOH CIeIyeT u3
ycioBuil Teopemsl. Teopema nokazaHa.

Cneocmeue. Eciu omobpasicenue nepuoouue-
cKoe, mo 1000l 0nepamop 836eUeH020 co8uea npu-
gooumca k onepamopy a,I,, y xomopozo |a,(x)|

A6IAeMCs UHBAPUAHMHOU DYHKYUEU.
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Jloxasamenbcmeo. PaccMoTpuM romoJioruue-
CKO€ ypaBHEHUE

o(a(x)) = o(x) = f(x), (2.10)
rIe
S(x)=g(x)-&(x), g(x)=/In|a(x)|.

910 YpaBHCHHUEC pa3p€UInMO, €CJIM, KaK BbBIIIEC, B3SATh
1 m-1
&(x) = (Rg)(x) = ;z g(a;(x)).
j=0

o(x)

Torma ¢ysxkmms d(x) =e
OyeMyro (hakTOpH3aLHIO CO CABUTOM Kod(duImenTa a.

HIOPOXKIIAeT Tpe-

3 Tononozuueckue npenamcmeus O1s npu-
6o0umocmu

Hcnonp3oBanHoe B Teopeme 2.1 ycioBme cy-
IIECTBOBAHMUS HENPEPBHIBHOM BETBH Jorapudma He
sBIsieTCs HeoOXxoauMbiM. [lokakeM Ha mpumepe,
YTO 3TO YCJIOBUE CYLIECTBEHHO.

Hpumep 3.1. Tlycte X =S' u a(z) =z, 310
npUMep OTOOpaXKEHHUs, U3MEHSIOIIET0 OPUSHTAIIUIO
okpyxHoctd. st koaddunmenra a(z)=:z 3xech
BBIMONHEHO a(z)a(a(z)) =zz =1 u omepaTop

Bu(z) = zu(z))
SIBIISIETCSI aNreOpanyecKuM.

Ho mns xosdpdurmmenta a(z)=z HE cymect-
ByeT (hakropu3aius Buaa
d(z)
a(z) = a,(z) .
d(z)
[pensitctBremM ist (akTOpU3alUU 3/1€Ch SIBISETCS
nanekc Komm ind[a] HenpepeIBHON HEBBIPOXK-

3.1)

Jaromiencss pyHKIUM @, KOTOPBII ONpeesnseTcs: Kak
NpUpaIleHne apryMeHTa Nnpu o0Xoie KOHTypa, Je-
JeHHoe Ha 2m. B 3TOM mpumepe yclloBUE CYILECT-
BOBAHUsI HETIPEPHIBHOW BETBU Jiorapu(pma ecTb yc-
nosue ind[a]=0, mia yHkiwu a(z) =z 310 yCIio-
BHE HE BBIITOJIHEHO — uMeeM ind[a]=1.

[pennonoxum, urto BeIMOTHEHO (3.1), THE
¢byHkuus a,(z) MHBapHaHTHA:

a,(z) = a,(2).
W3 unBapuanTHOCTH (YHKUUM @,(z) CIEOyeT, 4To

ind[a,] = 0. Kpome Toro,

1
ind[d(z)] =ind | —— | =—ind[d(2)],
d(z)
OTKyZa CIEIyeT, 9YTO
. d(z) .
ind| a,(z) ==2ind[d].
d(z)
Takum oOpazom, mHAekc Komm mpaBodi wactu u3
(3.1) sBusercs derHpIM umcioMm. [losTomMy, ecmm
nnnexc Komm xosdduumenta a sBisercs HedeT-

HBIM YHCIIOM, (haKTopHU3alyss HEBO3MOXHA. B mpu-
BeJleHHOM mnpuMmepe ind[a]=1 u paBenctBo (3.1)

HCBO3MOXHO.
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B of6mem ciyd4ae BO3HUKAIOT aHAJIOTHYHBIC
NPENSTCTBUS [UIsl TPUBOUMOCTH orepaTopa. I1ycts
X ecTb IPOU3BOJILHOE KOMIIAKTHOE TIPOCTPAHCTBO U

v:[0,1]3t>y()e X
€CTh HeTpuBHANbHAas TeTiast B X (HempephIBHOE
otoOpaxenue, takoe, urto v(0)=y(l), HEromoron-
Hoe moctogHHOMY). Torma dynkums a(y(¢)) sBs-
€TCsI HENPEPBHIBHOW KOMIUIEKCHO-3HAYHOW (DyHKITH-
eit Ha [0,1], Takoit, uto a(y(0)) =a(y(l)). Ilpupa-
[ICHUE HETIPEPHIBHOW BETBU apryMeHTa 3ToW (hyHK-
mun Ha [0,1] kpaTHO 27, YTO MO3BOJISET ONpene-
JINTh TIOHATHE WHJAeKca Korm indy[a] Ha TETIe.

Takum oOpa3om, B 00IIEeM Cilydae MOXKET CYIIECT-
BOBaTh MHOT'O TOIOJOTHMYECKHMX WHBAPHUAHTOB (WH-
nexcel Kormm Ha Kaa0il HeTpUBHATBHOM NETIe), OT
KOTOPBIX 3aBHCHUT IIPUBOAUMOCTE OIIEPaTOpa.

4 Ycnoeusa npusodumocmu onepamopa, no-
DOXHCOCHHO20 cumMMempuell Keaopama
PaccmoTpuM neTtanpHO BOIPOC O MPETISITCTBH-
AX K TMPUBOAMMOCTH IJIsi KOHKPETHOI'O IpUMepa.
[lycte X ectb rpad, mpencraBisromuii codoi KBaj-
par Ha IJIOCKOCTHU C ABYMS CPEIHUMH JTUHHUSIMU:
X ={(x,x,):x, €{-1,0,1},
X € [_131]} U {(xlaxz) ‘X € [_Ll]a
x, € {-1,0,1}}.
[Moctpoum rpad Y, momydeHHbIH pa3pe3aHreM
rpadga X B BepumIMHaX KBaapaTa. ITO O3HAYAET, UTO
BMeCTO Kakmoit u3 BepmuH (+1,£1) paccmarpuBa-

em aBe Touku (+1,£1)", cumTas, 4To OJHA M3 ITUX

TOYEK MNPUHALIEKUT OJHOW CTOpOHE KBaIpaTa,
NPUMBIKAIOMEH K BEpIIMHE, a BTOpas TOYKa IIPH-
HaJUISKUT JIPYrOil CTOpPOHE KBajpara, MPUMbIKAIO-
mel K To ke BepunHe. ['pad ¥ Moxer ObITh pea-

JIN30BaH KaK MOJMHOXeCTBO B R’, cocrosmiee 3
IECTH OTPE3KOB:

Y ={(0,x,,0): x, e[-L1]}U
U{(x,,0,0): x, e[-1, 1]} U

U{(_lsxzaxz) “ X € [-113U

U{(szs_xz) ‘X € [—1, 1]}U

U{(xlﬁ_l’_xl) cx e[-L1]} U
U{(x,,1,x,): x, e[-L1]}.

Ipu Takoii peanuzanuu rpada nosydaem, uro

(£L+1)* = (Lt t) e?Y.

Br100p 3HAKOB 3[1€Ch CAEIaH TaK, YTOOBI IIpU 00XO0-
Jle CTOPOH KBajpara MPOTHB YacOBOW CTPENKH B
K&KJOM BepIIMHE MBI IIEPEXOJMIA OT TOYKH

(£1,+1)” k Touke (£1,£1)".

Oynkuus a € C(X) ecTrecTBeHHBIM 00pa3oM
3agaer Qynknuo  d(x,x,,x;) =a(x,,x,), Hempe-
PBIBHYIO Ha Y, IIpH 3TOM

a((xLxD)") =a((xL£1)").
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I'pad Y He comepXUT HETPUBHAILHBIX TMETEIb,
modTOMy y (QYHKIMH d Ha Y CYIIeCTByeT Herpe-
pBIBHAsI BETBH Jlorapu(ma, T. €. IMEETCs IPEICTaB-
JeHUe

a(x) = e, g(x) = (n]a(x)| +i2my(x),
npu 3ToM QyHKOUS \(X) HEmpepblBHA Ha Y, HO
MOJKeT OBITh pa3peIBHOH Ha X. Ho pa3HOCTB
x(@(ELED) =y ((EL D)) —y((#L 1))
SIBIISICTCS 1IEIBIM YKCIOM. Takum oOpasom, Iuis pac-
CMaTpUBaeMOro MpocTpaHcTBa X MOJydyaeM YeThIpe
naaekca Komm y(a;(x1,£1)), sBastonigecs TOmMoo-

THYCCKUMHU HWHBAPUAHTAMHU — 3TO CKAa4YKH (byHKI_lI/II/I
Y B COOTBETCTBYMOIIIHUX TOYKAX. HpI/IBOILI/IMOCTL

oreparopa 3aBHCHUT OT 3THUX TOIOJOTHYECKUX WHBA-
PHAHTOB, 3Ta 3aBUCHMOCTb JIJISl pa3HbIX OTOOpake-
HUM AMEET Pa3HbIA XapakTep.

Teopema 4.1. Ilycmbv o ecmv ompadiceHue

OMHOCUMENbHO OUALOHANU X, = X,, M. €.
a(xl’xz) = (x29x1)~

Onepamop B=al, na X npusodum K one-
pamopy ¢ UHBAPUAHMHBIM KOIDPuyueHmom mozoa
U MOALKO M020d, K020a GbINOTHEHbI MPU YCI06US

1) uucno y(a;(1,1)) sersemcs uemmnvim;

2) uucno y(a;(—1,-1)) asnaemcsa yvemnoim;

3 uucro  y(a;(-LD)+yx(a;(1,-1)) sensemcs
YeMHbIM.

Loxazamenvcmeo. 1lockonbky Ha Y cymect-
ByeT HENpepbIBHAs BETBb Jiorapudma (QyHKIMH da

Ha Y, s 9Toit yHKUMH, coriacHo Teopeme 2.1,
cymiecTByeT (haKTOPHU3AIHS CO CABUIOM:
i) = o) L), 4.1)
d(x)
3mech 0TOOpaXKeHHE O UMEET MEepUoJ 2, OmIeparop
T, 3ajaeT mpenacTaBICHUE IPyNIbl Z,. DTa rpynmna

MMEET TOJIBKO JIBa HENPUBOAMMBIX IPEICTABICHUS.
[TosTOMy, corsiacHO TPUBECHHBIM BhIliie GOpMyIiam,

do(x) =",
() = %[g(x) + g(a(a)] =

_ %W la(x) | +0n | a(a(x) 1+
4.2)

|
+12n5[\v(x)+w(a(x))],
WuBapnanTHas QyHKIUA @, Ha Y TOpoXaaeT

Ha X WHBapHAHTHYIO HENPEPHIBHYIO (YHKIIHIO
a,(x,,x,) = a(x,,x,,x;) TOrla 1 TOJIbKO TOrJa, KOraa

Gy (EL£1)") = a, (£1,£1)).

OTO yCOBHE BBINOJIHEHO TOTJa W TOJILKO TOTJA,
KOTJ1a CKa4OK (QyHKIHH

£ =%[W(X)+\v(0t(x))]

B KaXa0i u3 uerelpex Touek (+1,%=1) sBusercs
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nensiM yuciaoM. OOo3HauuM uepes K(é;(il,il))

ckauok pyHkuun B Touke (£1,+1).

Oynkuaus ¢ HempepbiBHa B Toukax (L,1) u
(-L-1, t.e.
(G D =x(E(-L-D)=0.

HeHOCpeﬂCTBeHH]ﬂe BBIYMCJICHUS ITIOKAa3bIBAKOT,
4qTo

k(G (-1,1) =& (1,-1) =
:%[x(a;(—l,l))—x(a;(l,—l))]-

Taxum O6p330M, YCJIOBUEM HEHIPEPBIBHOCTHU
beHKI_II/II/I a, SBJIACTCA YCTHOCTb YHCJIa

x(a;(=L1) —x(a;(L,-1)).
AHaJ’IOFI/IqHO, nMeemM
d(x)=e"™,

o(x) = —%[g(x) ~g(a(x)]=

- %[fn | a(x) | ~fn | a(a(x))[]+
1 4.3)
+i2nz[\p(x) =y (a(x))],

OyHKIMS d nopoxnaer Ha X HENPEPHIBHYIO
¢byHknmo d, ecnu

d((x1,+1)" =d((£1,£1)".
DTO yCOBHE BBINOJIHEHO TOTAAa M TOJBKO TOT/A,
koraa ckauok k(\;(£1,£1)) dynkuun

P = %[\v(x) ()]

B K&XI0H U3 Touek (+1,£1) sBIsIeTCS METbIM YHCIIOM.

HeHOCpCHCTBCHHHe BBIYHCJICHHUS IOKAa3bIBAIOT,
YTO OTH CKAa4YKH €CTh 4YHcJia:

k(5L 1) = %x(a;(l, D)

k(T (-1, -1)) = %x(a;(—l,—l));
K (L 1) = —k(F5 (1, 1)) =

= %[X(a; (=1.D)+x(a; (1, =1)].

Takum 00pa3oM, YCIIOBHEM HENPEPBIBHOCTH
byHKIME @, sBiaseTcs deTHOcTh umcen y(a;(1,1)),

x(a;(=1,-1) u y(a;(=1,1))+yx(a;(1,-1)). 3ameTnm,
gyro yncno y(a;(—1,1))+y(a;(1,—1)) getHo Torma m
TOJBKO TOTAa, Koraa 4etHo ¥ (a; (—1,1)) —x(a;(1,-1)).
Teopema noxaszana.

3amernm, 4Tto M3 Qopmyinsl (4.2) mosydaem,
YTO B pacCMaTPHBAEMOM IIpUMepe

1
a,(x) = [a(x)a(a(x))],
NpUYEM CYILIECTBOBAaHUE HENPEPHIBHOM Ha X BeET-
BH KBaJPaTHOTO KOPHS CJIemyeT W3 YCIOBUA 3)
TEOPEMBI.
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U3 popmyansl (4.3) ciaenyer, uto

1
i
dy(x) = [ﬂ} )
a(o(x))
npudeM yciaoBus 1)-3) u3 GopMyIHpPOBKH TEOPEMBI
€CTh YCJIOBHS CYILIECTBOBAHHS HENPEPHIBHOM Ha X
BETBU KOPHS YETBEPTHON CTETICHHU.

Cepuap Ammy Jlo BeIpakaeT OJaromapHOCTh
kadenpe ¢yHKIHOHaNBHOTO aHanmm3a BI'Y 3a BHH-
MaHHe BO BpeMs CTaXHPOBKH B benopycckom rocy-
JapCTBEHHOM YHHBEPCHUTETE, OJHUM U3 PE3yJIbTaTOB
KOTOPOH sIBJIsIeTCS JaHHasl paboTa.
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Introduction

The most classical example of the most typical
bounded Siegel domain is a bounded strictly pseu-
doconvex domain Q with smooth boundary in C”
is a unit ball B={z:|z|<1}. The basic facts of the

theory of analytic functions by each variable in
products of unit balls Bx..xB were developed
recently in [9], [10], [18]. It is natural to pose vari-
ous problems even in more general situations,
namely to consider various problems in products of
more general Siegel domains in C". It is a well-
known fact that products of bounded strictly pseu-
doconvex (2 domains in C" are again bounded and
pseudoconvex and the paper [20] was probably the
first one where interpolation properties of analytic
functions on such product domains Qx...xQ were
studied (see also recent paper [14] and references
there). Later various results in products of such
pseudoconvex domains appeared in literature (see,
for example, [21] and references there). The natural
question is to consider products of even more gen-
eral unbounded Siegel and bounded Siegel domains
in C" simultaneously (in very particular case it is a
simple polydisk). And the most general examples here
are general Siegel domains of the second type (direct
generalizations of bounded strictly pseudoconvex and
unbounded tubular domains over symmetric cones
simultaneously), namely Qx...xQ < C™. Note for
m =1 case these general Siegel domains of the sec-

ond type in C" were studied before (see, for example

© Shamoyan R.F., Kurilenko S.M., 2015

[1], [2], [16], [19], and [6] and various references
there). This paper is a continuation of a long series
of papers of the first author on traces in analytic
function spaces on product domains. The main goal
of this paper is to try to find complete analogues of
our previous sharp results on traces of analytic func-
tion spaces in a unit ball (and products of unit balls)
Bx..xB in C" in more general case of Siegel do-
mains of second type (and even in products of such
domains). Namely in this note we plan to extend our
sharp results on a trace operator in Bergman spaces
from [10]. In [10] it is given for the unit ball of C”
case. We intend to extend that result to the case of
general Siegel domains of the second type. See also
for related results on traces [7], [4], [11], [12], [18]
and references there. The base of all our proofs are
properties of Bergman projections in Siegel domains
of the second type given in [1]-[2] and in [16], [19].
The estimates of Bergman kernel and the Bergman
representation formula from [1]-[2] and [16], [19]
are also playing an important role in our proofs be-
low. Note in addition to the arguments we used in
this paper are very close to the arguments which
were used before in [4] and [7], [11] in less general
domains. Let us mention [13], [14], [17] where re-
cently some new sharp results on products of the
most typical bounded and unbounded Siegel do-
mains of the second type (bounded strictly pseu-
doconvex and tubular domains over symmetric
cones) were also obtained. We denote various con-
stants as usual by C or ¢ with indexes. We finally
mention also [12] where trace theorems in certain
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unusual domains were proved. We alert the reader
our exposition is sometimes sketchy. And the reason
here is that all our proofs have similarities with par-
allel assertions and proofs in simpler domains.

1 Notations, definitions and preliminaries

We first recall some basic facts on Siegel do-
mains of the second type and establish basic nota-
tions to formulate our main theorems in Siegel do-
mains of the second type and in products of such
Siegel domains. All facts we indicate below can be
seen in [1], [2], [3], [16] and [19]. Recall first the
explicit formula for the Bergman kernel function is
known for very few domains. The explicit forms and
zeros of the Bergman kernel function for Hartogs
domains and Hartogs type domains (Cartan-Hartogs
domains) were found only recently. On the other
hand in strictly pseudoconvex domains the principle
part of the Bergman kernel can be expressed explic-
itly by kernels closely related to the so-called Hen-
kin-Ramirez kernel (see, for example, [20], [3], [6],
[17] and references there). The Bergman kernel

b((t,1,).(15,1,))

for Siegel domain of the second type was computed
explicitly (see [1], [2], [3], [16], [19]). It is an inte-
gral via V" a convex homogeneous open irreducible
cone of rank / in R", a conjugate cone of V' cone
and which also contains no straight line and in that
integral the fixed Hermitian form from definition of
D Siegel domain(see below for definition) partici-
pates.(see for details of this [1], [2] and also an im-
portant paper [3]). This fact was heavily used in [1],
[2] in solutions of several classical problems in
Siegel domains of the second type. We will need
now some short, but more concrete review of certain
results from [1], [2] to make this exposition more
complete. To be more precise the authors in [1], [2]
showed that on homogeneous Siegel domain of type
2 under certain conditions on parameters the sub-
space of a weighted L” space on D for all positive
p consisting of holomorphic functions are repro-
duced by a concrete weighted Bergman kernel which
we just mentioned. They also obtain some standard

L” estimates for weighted Bergman projections in
this case. The proof relies on direct generalization of
the Plancherel-Gindikin formula for the Bergman

space A° (see [1], [2]). We remind the reader that
the Siegel domain of type 2 associated with the open
convex homogeneous irreducible cone V' of rank /
which contains no straight line, V' € R", anda V —
Hermitian homogeneous form F which act from
product of two C” into C” is a set of points (w,1)
from C™" so that the difference D of 3w and the
value of F on (t,7) is in ¥ cone. This domain is

affine homogeneous and we now should recall the
following expression for the Bergman kernel of
D =DV ,F).
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Let D be an affine-homogeneous Siegel domain of
type 2. Let dv(z) or (dv(z)) denote the Lebesgue

measure on D domain and let H(D) denote the
space of all holomorphic functions on D. The Berg-
man kernel is given by the following formula (see
[1]) for (t,,7,) e D and (t5,7,) €D

bl 5m)=|

!

. _(F(Tzsu ))Zdiq»
2i

and we put also for m e Nj,

LT

bm((Tl,Tz),(r3,r4)):( % _F(T2’T4)(2dq)mj,

(see [1], [2]), where two vectors ¢ =(g;) and
d =(d;) and in addition n=(n,), (here the i index
is running from 1 to /) are specified via n,,, where
these n,, numbers are dimensions of certain (R, ;)
and (C,;) subspaces of the certain canonical de-

composition of C"™" and R" via the V' cone from
definition of our D domain (see for some additional
details about this [1], [2], [16]). We will call this
family of triples parameters of a Siegel domain D of
the second type. They will constantly appear in all
our main theorems. As usual H(D) is endowed

with the topology of uniform convergence on com-
pact subsets of D.
The Bergman projection P of D is as usual the

orthogonal projection of Hilbert space L’(D,dv)
onto its subspace A4°(D) consisting of holomorphic
functions. Moreover it is known P is the integral
operator defined on Hilbert space L*(D,dv) by the
Bergman kernel b(z,{) which for our D domains
was computed for example in [3].

Let r be a real number, for example. We fix it.
Since D is homogeneous the { — B(L,£) function
does not vanish on D, we can set weighted L”
spaces as follows.

L' (D)=L (D,b” (6,0)dv(5)),0< p <o,

(see [1], [2]).

Let p be an arbitrary positive number. The
weighted Bergman space will be denoted as usual by

A”"(D), it is the analytic part of L”" (D), with
usual modification for p = case (see [1], [2]). We
also put A”° =A4”(D). The so-called weighted
Bergman projection P, is the orthogonal projection
of Hilbert space L**(D) onto A™°(D). These facts
can be found in [1], [2]. It is proved in [1], [2] that
there exists a real number g, <0 such that
A (D)=1{0} if £<g,; and that for e>¢,, P is
the integral operator defined on L**(D) by the

Ipo6remvr pusuxu, mamemamuku u mexuuxu, Ne 2 (23), 2015
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weighted Bergman kernel ¢,6'*°(,z). In all our
work we shall assume that € > ¢,.

The norm || ||W of A”" (D) with r > ¢, is de-
fined by

171, =([,1 F@ P b7 G2dvE) ', e 47 (D)
with usual modification for p = case. Let further
dvy = b*(z,z)dv(z), BeR, zeD.

We need some assertions (see [1], [2], [16]),
namely some basic facts on Bergman kernel and
Bergman projection in Siegel domains of the second
type. They will be partially used by us below in
proofs of our theorems. Some proofs of these pre-
liminaries are rather intricate [1], [2], [16]. We indi-
cate for readers in advance that some assertions be-
low involving integrals can be easily extended to m-
products of Siegel domains of second type by simple
application of “one variable” result m-times by each
variable separately. This procedure iswell- known in
much simpler case of polydisk (see, for example,
[4], [5D.

Lemma 1.1. Let h e L” (D). Take p > p,, for a

large fixed p,. Then the function
25 G(2) = [ B (2,0hQ)dv(E)
satisfies the estimate sup|G(z)|b™"(z,z) < C"h"w
zeD

and G € H(D).

The following lemma is a complete analogue
of the so-called Forelly-Rudin type estimate for our
Siegel domains of the second type.

Lemma 1.2. Let o. and € bein R', (C,v)e D.
Then we have

fD |6 (G V), (z2,u)) | b7 ((z,), (z,u))dv(z,u) <

n +2
ifand only if €. > ——— and
if yif e, 20d—q)
oc[—si>#, i=1..1
_2(2d_Q)i

The following lemma is another complete ana-
logue of the so-called Forelly-Rudin type estimates
for our Siegel domains of the second type (note
these type estimates are well-known in simpler do-
mains)

Lemma 1.3. Let o. and € bein R', (C,v)e D.

+2 .
Then for g, > T2 gnd o, =g >—" 0o,
2(2d - ), ~2(2d -q),

i=1,..,1
.[D |57 (Cv) (2,u)) | 57 ((2,u), (2,u))dv(z,u) =
=, b (G V), (Gv)).
The following lemma is a version of classical

reproducing Bergman formula for Bergman spaces
in Siegel domains of the second type.
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Lemma 1.4. Let r be a vector of R' such that
n,+2
>
2(2d - q)i
number such that

forall i=1,..,1 and a p is a real

n.

i

1Sp<mm{nl- —2<2d—q>,-<1+r,->}:q~.
Then for all € € R such that
+2 - .
e >t Pl Ny
22d-q);, p p
the following equality holds P.f = f, fe A"

We list in lemma 1.5 some other properties of
Bergman kernel. The last estimate in assertion below
is an embedding theorem. It relates the so-called
growth spaces with Bergman spaces. (see also the
complete analogue of this result in other simpler
domains in [11], [12] and in [4], [5]).

Lemma 1.5. Let aeR'; a,;>0 or o, =0,
j=L..,1. Then

B4 (&) () S b (GG V)

and
|6%((C,v)+(C V)i (zu) + (2 u')) [<
<e,b* (G ). (E,v)
for all (C,v),(C",V),(z,u),(z',u) in D. For all
fed™ (D), p>0

| [ [P < b (zu), )| f
for all (z,u) points taken from D.

P
p.r’

The following result is crucial for the proof of
our theorems. It concerns the boundedness of Berg-
man type projection in weighted Bergman spaces.
Note, this fact is classical in simpler domains and it
has also many applications in analytic function the-
ory (see [4], [S]).

Proposition 1.1. Let k and r be in R' such

n +2

that k,.>; and v, > ———, i=1,..,1L
(2d - q), 2(2d -q),

Then P, is bounded from L"" (D) into A”" (D) if
2n +2— -q).r.
max 41, n,+2-2(2d —q),r, <p<
=l | o +2-2(2d - q),k,

2n. +2-22d—-q).r,
<r111in{ " ( q)lr,}

i=l,..., l n

We denote below everywhere by p, and by p,
the right and the left end of the interval for p pa-
rameter which can be seen in proposition 1.1. The
following assertion is a base of proof of theorem 2.3.
It provides an integral representation for the so-
called analytic “growth space” on Siegel domains of
the second type.

Proposition 1.2. Let r and € be two vectors of

R such that
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n n,+2

g >—t > T 4
~2(2d - ), 2(2d - g),
Let G bein H(D) so that
"G o su£{| G(2)| b (z,2)} < 0.

Then PG =G.

The following result explains the structure of
functions from Bergman spaces on Siegel domains
of the second type. It is an extension of a classical
theorem on atomic decomposition of Bergman
spaces in the unit disk on a complex plane (see, for
example, [19] and references there).

Proposition 1.3. Let D c C" be a symmetric

€, i=1..,1

Siegel domain of type II, p e(i,lj, reR’;
2n+1

n +2
> —
2(2d - q)i
c=c(p,r) and c =c/(p,r) such that for every

Then there are two constants

f € A" (D) there exists an 1" sequence {\.} such that

I+r-a

f(2)= Zw: Xib“/p (z,z))b 7 (z,,z;)

where {z,} is a lattice in D and the following esti-
mate holds

el /I, < 2 rsals
where o is a special fixed vector depending on
p,r and parameters of Siegel domain (see for this
vector [19]).

V4

psr

>

2 Sharp theorems on traces in analytic spaces
of Bergman type on Siegel domains and on prod-
ucts of Siegel domains of the second type

The goal of this main section is to extend the
main result of [10], [18] on traces given there for
particular case of the unit ball to general homogene-
ous Siegel domains of the second type. We start,
however, with some interesting discussion related
with these issues. First we define and fix some prop-
erties of Bergman-type spaces on products of Siegel

domains of the second type A7 7" (D"),
m>1. These spaces in particular case of the unit
ball are closely related to Trace operator and multi-
functional analytic function spaces in higher dimen-
sion (see, for example, [9], [10], [18] and various
references there). More precisely we consider spaces
of all analytic functions (analytic by each variable
separately) f(z,...,z,) € H(Dx...xD). Then we
define for p, €(0,0), €, €R, ¢ >¢,, i=1...m

the following spaces on product domains. We define
first a subset of Locally integrable functions on D".

(Lpl,...,pm,sl‘...,em )(Dm) —

D.E -

= {locally integrable : || f

86

- (I(I(ID | f(Zl,...,zm) | b8 (Z1sZI)dV(zl))p2/p' y

D

1 py
xb ™" (z,,z, )dV(ZZ)D < oo}, meN,

and 47 = H(D")(\L"*(D™). Many general issues
related to various functional spaces on product do-
mains can be seen in [15]. Later this topic was de-
veloped by many authors (see, for example, for
some new analytic spaces on products domains [18]
and references there). Bergman-type mixed norm
spaces in products of Siegel domains of the second
type for min,(p,) >1, j=1,...,m are Banach spaces

and complete metric for other values of parameters.
Note for very particular case when D is C, (upper

half space) or when D is a unit disk on a complex
plane C and all p, =p for each j from 1 to m

these are well-known analytic Bergman type spaces
in a polydisk or polyhalspace (see [4], [5] and [18]).
A natural question is to try to understand the
structure of these new interesting spaces, and in par-
ticular to extend results obtained for m=1 in [1]-
[2] to this general m >1 case. In this paper we con-
sider only particular p, = p case, where j=1,...,m.

Our last theorems are sharp trace theorems for these
spaces for this particular case. In addition many
questions concerning various embedding between
such analytic Bergman type spaces with vector p
also arise naturally. We note also the study of these
type classes on product domains in most typical
Siegel domains (bounded or unbounded)bounded
strictly pseudoconvex domains or tubular domains
over symmetric cones or polyball was started in par-
ticular recently in papers of first author and coau-
thors (see [13], [14], [17]). We mention also [20]
and [21] for some results in this area. Some new
results about these spaces in particular case of a
polyball can be seen in [18].We will need the fol-
lowing simple observation. In some situations using
by each variable separately m-times the “one dimen-
sional result” we get a similar result but for
Dx...x D product domains. This observation can be
applied to various assertions we had above.

As an example we note easily that, for exam-
ple, based on last part of Lemma 1.5 we have.
(sup) [ f(z,0n2,) " %

z),

Xb_(Hrl)(Zlazl)"'bi(rmﬂ) (Zm’zm) S Ck (f) S

< cj...“f(zl,...,zm )" | | b(z,,z,) " dv(z)...dv(z,,)
D D j=1
where

C,(f)= sup j...j|f(zl,...,zk,zk+],...,zm)|"><
ZiewZkp D

[ m

H b(z;.z;) "

j=k+1

X

av(z,,)--.dv(z,)x
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X{ﬁ b(Zf’Z./)(M)J'
Since C, ()< &(N)<c||f] -

E=suwp [...[ {Sup Gk b“*wzk,zk)} x

ZisnZid p

where

X H b(zjazj)ir/ dv(zkﬂ)"'dv(zm)><

J=k+1
k=1 1)
—(1+r,
><| |b "(z,,2;).
j=1

Defining L7 and A”* it is natural also to con-
sider p, =co cases . For m =2 case these “norms”

will look like
supUIf (z2,)| (67 (z,2))dv(z, )J (b (2,,2,))

for A" or

[(sup | £(z,2) | (7 (2,20) " (7 (25, 2,))dw(z,)

D
for A7 . We define 47 (D™) using same ideas.

Next we can easily note that almost all lemmas
above can be extended to the product Dx..xD
case. For example, using Bergman reproducing for-
mula we discussed in lemmas above, namely the
P f =f equation by each variable separately we

will set the reproducing formula for A”"(D™)

spaces on product domains, if as Bergman kernel we
put m-products of one dimensional kernels (see the
same idea in [4], [5] for much simpler cases of the
unit disk and the unit polydisk). This simple obser-
vation is crucial for the proof of the theorem of this
note, namely for our sharp theorem on traces in
products of Siegel domains of the second type.

Below we present an embedding for analytic
Bergman type spaces on products of Siegel domains
of the second type as one more application of pro-
ductive idea we discussed. The study of these new
analytic spaces from various points is an interesting
and separate problem.

Lemma 2.1. We have the following estimate

[ j j |/ ez, (ﬁb"' (zi,zl.)jdv(zl)...dv(zm)j <
<[ flf Gz, [ﬁb (z[,zl.)jdv(zl)...dv(zm);

where p e (0,1);p, = ——t —1i=1,..,m.
p

The proof follows from estimate above and the
equality | £ 1=/ £|"”| f£I”, p<(0,1) and estimate of
1+a
lemma 1.5 | f(z)|<ch” (z,z)"f”pa for zeD,
f € H(D). Note for m=1 case this long estimate

can be seen in [2].
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The following theorem was proved in [1]. It
serves as a base for our proofs.

Theorem 2.1. Let p, and p, be fixed numbers
defined above. Let also r and k be two vectors be-
longing to R'. Let

k,>————— and r, >£, i=1-1
(2d -q), - 2(2d-9),
Let pe(l,©) and pe(p,,p), Then B is a

bounded operator on L”" (D), where
B f(&= ijl b (E2) (07" (2,2) | f(2) | dv(z),

and & is any point from D. It is a bounded Berg-

man projection with positive Bergman kernel, for
some positive constant C, .

Let us note this theorem can be easily extended
(for p =1 case) to the product of Siegel domains of

second type following standard procedure of adding
variables and remarks we did above.

This section is devoted to formulations and
proofs of all main results of this paper. As in previ-
ous cases of analytic functions in a unit disk,
polydisk, unit ball and upperhalfspace C, and in

case of spaces of harmonic functions in Euclidean
space [4], [7], [10], [11], [22] the role of the Berg-
man representation formula is crucial in these issues
and our proofs are heavily basedon it and some
lemmas we provided above and they are parallel to
cases we considered before [7], [10], [18]. The cru-
cial role is playing the expanded Bergman projection

T,, in this paper we always assume that B is large
B+1 .
enough and —— is a natural number.
m

It is known a variant of Bergman representa-
tion formula is available also in Bergman-type ana-
lytic function spaces in tubular domains over sym-
metric cones and this known fact (see [13]), is cru-
cial also in various trace problems in analytic func-
tion spaces in tubular domains (see [13] and various
references there). It is also used in all our proofs

below. We start from A4” case, where p>1 or
p =1 in homogeneous Siegel domains of the second
type then turn to 4" spaces in any Siegel domain of

the second type. Note in the first part of our theorem
the fact that the Siegel domain is homogeneous is
essential.

Theorem 2.2. Let f e A”(D"), where p=1
or p>1, veR", v,>v,, j=L..,m, for some
fixed large enough v, depending on parameters of

Siegel domain and p.
Then f(z,...,z)e A’ (D), where

—s=) (-v, -+l
j=1
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with related estimates for norms. And the reverse is
also true. For each function, g e A’ (D) there is a
function F € A?(D™), such that F(z,..,z) = g(z),
forall p>1.

Let in addition

(N2 = G | FONL T (2, )iy (),

mt=pB+1, z, eD, j=1,..,m, where C‘3 is a
Bergman constant.

Let also B>, for some fixed large enough
positive number B, depending on parameters of
Siegel domain. Then the T, Bergman-type integral
operator (expanded Bergman projection) is acting
as a bounded operator from A’ (D) into A?(D"),
where v=(v,,..,v,), forall v,>v,, j=1..m,
where v, is alarge enough number depending on
parameters of Siegel domain and p.

The proof of theorem 2.2.
During the proof of theorem 2.2 various restric-
tions on p appears, this restrictions can be removed

A7(D"™)

v =(Vv,,..,v, ), and for all Vi, V>V, j=L..,m,

if we consider spaces, where
where v, is a large enough number depending on
parameters of Siegel domain and p.

We follow the proof of the unit ball case (see
[10]) and actually repeat arguments from there for
this general case, using preliminaries of the previous
section.

First we show the second part of this theorem.
Let

IIS[f(Zl,...,Zm)] =
- Bjf(w){ﬁb’(z[,w)}lvﬁ(wx

mt =B +1); z,eD, j= 1,...,m;
B is large enough. Then (7,f)(z,....z) = f(2);
zeD, feA’; 1< p<g bylemma 1.4. We show
that 7, acts from (A7) to (4)), if B is large
enough.
This finishes the proof of one part our theorem.
For this we use lemma 1.3.
For 7, we have integral operator (expanded
Bergman projector).
First we have using Holder’s inequality twice
1 1
and lemma 1.3 for v, +v, =t;, —+—=1;
Y2
Y,pym—1-B>max 4;
Y, p—l+1—v, >max 4;
v, —T>max B,

where

88

_om+2
" 202d-q),’
n.

i

A[ =, izl,...,l, j=l,...,m.
-2(2d —q),

(j|f(w)|f[|b’(z‘,-,w)|dvﬁ(w)J <C(-J)=

- 6( JLronr TT15" G,m) dv,s<w)}

{IHH)W' (zj,w)|dvﬁ(w)j 2z, €D, j=1.,m.
D J=

P

J< c]‘[[ [ 701677z ,w)| de(w)] <

= él {Hbt(zb/‘szj)j3zj GD,j =1,...,m;

j=1
for m(ﬁ}:(yzplm)—ﬁ—l; and hence we have
p

now the following estimate

[ 1@z ) P 67 (252007 (2,2, ) %

Tzl
Jj=1

Z, =X, 40, =1,..m, z, e D. The last estimate

again follows directly from inequality of lemma 1.3
and Fubini’s theorem and some calculations based
on estimate

[ CRONETES | W R ERER)

<[T16"" (z,, w) | [ ] dv(z,) < C[b" (w,w)], we D.
j=1 j=1

The close inspection of conditions on parame-
ters based on elemental calculations easily shows
that such vy, and y, can be chosen if B and v, are
large enough. The proof of one part of theorem 1 is
now complete. To show the first assertion of theo-
rem 1 for p=1 or pe(p,,p,) separately we refer
the reader to [10] where parallel arguments in the
unit ball based on estimates for Bergman kernel can
be seen. Note in this case we must consider another
Bergman type operator operators following again the
proof of the unit ball case.

Let fed’(D"), 1<p<ow. We consider
p =1 case, refrying for p >1 to the unit ball case.

Let

(T.)zs02,) =

= CSJ.D ...ID S(w,.ow, ) x

><H b (z;,wpdv, (W)...dv, (w,),
j=l
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=g, +1, €, > €, Jj=L...m, where g, is large
enough.
Put z, =2z, j=1,.,m. Then we have by our
lemma on integral representation
(T.f)z)=f(z,....2),z€ D.
Note for p=1 now it is enough to integrate

both sides by Siegel domain D and then apply
Lemma 1.4 (as we did in the unit ball). We have then

||(7:5f)||A1(D) s C||f||Aj,(D"1);
where s = i(v/ +1)-1.
j=1
Since

Jo

m i
< (ID | 6" (z, w;) | b(z, z)(fv’fl)Wldv(z))m <
J=1

dv (2) <

15" Gw,)
j=1

< cH b(w/.,wf)fvjﬂf; w,eD, j=1..,m
j=1
Let p >1 now. We again follow unit ball case. Let
PRTEDICIED NI
Jj=1 J=1 J=1

()@ =[] 6z,,2,)" [ g

i &/ m
x(b(w, W) 6" (z,, wydv(w)

for some v, B;,, a,, j=L..,m depending on &.

j’
Then (Tg) maps for 1<g<§ and for some fixed
j=1.,m, AY(D) to

AI(D™) as it was shown above. Next fix

values of Y, By oaj,

(a,,B;,7,) so that T = (T)) and it is known (see
[16]) (A7) = A7 for pe(pyd), —+—=1, where
p q

Po = po(d;,n,m;). Thus (I.) maps (A47)(D") to
(A7 (D)) forall pe(p,,q). Thus the proof of theo-

rem 2.2 is finished.
Indeed put

(L)W =[..[ 821002, %

<[ 167" (z,, wdv, (z)...dv, (z,).
Jj=1

m

(Te)@) = {H (b(z;,2,)) " } [IGE

J=

m ~ ]+i(—]—vj)
<[ 16" (z,, wb(w,w) 7 dv(w),
Jj=1

B/_ze/+1, vV, >V, &> 8, j=1..,m.
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Theorem 2.3 follows directly from Bergman
reproducing formula provided in the previous sec-

tion for 4" spaces and some elementary estimates

like Holder inequality for m functions. We provide
detailed proof.

Theorem 2.3. Let feA (D"), veR",
v >v,, for some large enough positive v, . Then
f(z,...2) € AZ(D), where s= ZV/" And the re-
j=1
verse is also true. For each function ge A’ (D)
there is a function, FeA’(D"), such that
F(z,...,z) = g(z). Let in addition

(T3 /N2 = G | FONL T (2w (o0,

mt=B+1, z,e€D,j=1,..,m. Let also B>p, for
some fixed large enough positive B,.
Then the T, Bergman-type integral operator

(expanded Bergman projection) is a bounded opera-
tor acting from A7 (D) to A7 (D"),

m
V=(V,,..,V, ), V>V, §= Zvj,
j=1

for all large enough v,,.

Proof of theorem 2.3.

Note, using the obvious property of b°(z,z)
function we have one part of the theorem since we
have obviously that

sup| f(z,...,2) |[P*(z,2)] £

zeD

<sup...sup | f(z,...,2,) [ [67 (2, 2,)]... %

z€eD  z,eD
Xb"(z,,2,)T +t T, =11, > 1, j=1,..,m.
Let us show the reverse implication for this
theorem. For this we have to use two assertions
which we formulated above, namely lemma 1.3 and
proposition 1.2.
First we have that if

fed (Dys=)v,
j=1

and if
(T fNz,50052,) =

=G| f(W){H b’ (zj,w)}dv,xw),
D j=1
mt=B+1LB>P,z, €D, j=1...,m
then (7,/)(z,...,z) = f(z),z€ D by proposition 1.2
for all B,p>B,, B, is large enough, z €D,
j=1..,m.

Then we have that by Holder’s inequality for
m functions and Lemma 1.3

(T, /)N zp5e052,) [ [D7 (2,52, )b (z,,,2,)] <

89



R.F. Shamoyan, S.M. Kurilenko

<Gl [ [T G, (w>][ﬁbw<zj,zj)]g
<G (Ibﬁ*”’( w) [ (z,, W)|duva”><

ffi .-

forall B>, and v, >v,we D, j=1,...m

3

|bt(zj,w)|dvﬁ (w)}Hb (2,,2)

Hence we have
[T/ )z)502,) | Hb” (z2)) <
<G |71,

The proof of theorem 23 is complete now.

-»2; €D, j=1..
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TEXHHUKA

PACXOJAOMEPHASA ACY TEH3OMETPUYECKOI'O THUIIA
C ITPOITIOPIIUOHAJIBHO-AUCKPETHBIM AJI'OPUTMOM YIIPABJIEHUSA
HA KOHTPOJIJIEPE ADAM 5510TCP

FO.P. beiiTok, B.M. Pama3zanos, I'.I1. CeopoBckas, Q.. CagoBckas

I'poounenckuii cocyoapcmeennviii ynusepcumem um. A. Kynanet, I poono, benapyce

FLOW-MESURING ACS OF TENSOMETRIC TYPE
WITH PROPORTIONAL AND DISCRETE ALGORITHM OF MANAGEMENT
ON THE ADAM 5510TCP CONTROLER

Yu.R. Beytuk, V.M. Ramazanov, G.P. Sebrovskaya, O.1. Sadovskaya
Y. Kupala Grodno State University, Grodno, Belarus

Omnmcanbl o0JIacTH NMPMIOKEHHH allapaTHBIX MOJeNel hcciieqyeMoro Tuma. Llenplo mcciienoBaHUs SBISIETCS ONTHMU3ALVS
MPOU3BOIUTENLHOCTH M BPEMEHHBIX XapaKTEPHCTUK CHCTEM PacXoja ¢ yYeTOM HHTErpalMd pe3ylbTaTOB B COCTAB THIIOBOIO

BBIYUCIIUTEINIBHOTO SIpa PACXOJAOMEPHBIX CHCTEM C Web-I0CTyIOM.

Knrouegvie cnosa: ucmeuenue srcuokocmu npu nepemennom nanope, menzomempudeckas ACY pacxooom, nponopyuonanvio-
oduckpemnoe ynpasnenue, Qynkyus oopamnozo vi306a, IP-npomoxon, PC-coemecmumbiii Konmpoinep.

The application area of hardware models of the type studied is described. The purpose of this study is to optimize performance
and time characteristics of flow systems based on the integration of the results of the computational core flow model systems

with web-access.

Keywords: fluid outflow at variable pressure, strain gauge automated system flow control, proportional-digital control,

callback function, IP-protocol PC-compatible controller.

Beeoenue

ACY pacxoJ0M >XKUAKHX/CHIITyYHX MaTepHaioB
SBIISIETCSI BaYKHEHMIIIMM 3JIEMEHTOM BCEX COBPEMEH-
HBIX [1]-[3] npon3BOACTBEHHBIX JIMHUH 110 N3TOTOB-
JICHUIO BECOBOI NMPOAYKIMHU, KaK MPOMBIIIJIEHHOTO,
Tak W OBITOBOTO Ha3zHauyeHWs. JpamazoH BHJIOB Ta-
pUpYeMOil NPOLYKIUH BapbUPYETCS OT OTIIyCKae-
MBIX I'OpPIOYe-CMA304YHBIX MaTepUaloB, 10 (acoBKH
KOHIUTEPCKON mpoxyKuud. OCHOBHBIMH KOJIHYECT-
BEHHBIMHU [OKa3aTEJSIMA TaKUX CUCTEM SIBIISIOTCS:
MOTPEIIHOCTh  YCTAHOBKM  BBIXOJHOIO  Pacxo-
Jla/Macchl 1 BPEMEHH BBIITYCKa €AMHHIIBI POIYKIIUH
IpY yrpasisieMOM aOCOIOTHOM 3HAa4Y€HHH ee 00be-
ma/maccbl. Kpome Toro, o0brdHO TpeOyercst MHTe-
rpamus mporeccoB 00pabOTKM 3TUX TOKaszaTeleil B
CHCTEMBI OyXTalTepCKOr0 ydeTa U 3KOHOMHYIECKOTO
TUTAHUPOBAHUA C ucmonb3oBanuem cereir TCP/IP
Macirada npeanpusTys.

1 Hcnonviosanue anzopummoé nponopyuo-
HAIbHO-OUCKPEMHO020 YNPAGIEHUA O/ ROCHIpOe-
Hua pacxooomepuovix ACY

AnHanutuuecku paccMmarpuBaeMasl 3ajada OT-
HOCHTCSl K KJIaccy 3ajgad 00 HCTEYEHHH KHUAKOCTH
IIpY TIEPEMEHHOM HaIope ¥ MOXeT OBITh CBe/ieHa K
OIPENIEIEHUI0 BPEMEHU ONOPOXKHEHUS WM HAmoJ-
HEHUSI BCErO pe3epByapa WM HEKOTOPOH €ro 4acTH
B 3aBUCHMOCTH OT HAYaJbHOTO HAIlOJHEHHS, (op-
MBI, pa3MEpPOB COCYJa W HAMOJHHUTEIBHOTO OTBEp-
cTus.

B naHHOM ciydae MMeeT MecTO HEyCTaHOBHB-
mieecs IBU)KEHHE XHUIKOCTH, YTO JIEJIAeT HEelpHeM-
neMbIM 0oObrdHOE ypaBHeHue bepnysmu [4]. Tlosrto-
My TOJHOE BpeMs HAIlOJIHEHUS HEOOXOIMMO pasjie-
JUTh HAa OECKOHEYHO Mallble NMPOMEXYTKH, B Teue-
HHUE Ka)XJI0T0 M3 KOTOPBIX CUMTATh HAIOP MOCTOSH-
HBIM, a JBWKCHHE YCTAHOBHUBIIMMCS, T. €. HE3aBU-
CHMBIM OT BPEMEHH.

DNeMeHTapHbI 00beM JKuAKOCTH dV, mpo-
HmIeAneld yepe3 OTBEPCTHE IUIOLIAbI0 [ 32 OeckKo-
HEYHO MaJbli POMEXYTOK BPEMEHH df MOXHO OII-
peleNuTh ClIeTyIoINUM 00pa3oMm:

dV =Qdt = nf2gHdt, (1.1)
rzie H — BbICOTA )KUAKOCTU B COCYyZE ISl HEKOTOPO-
IO TIOJIOXKEHUSI €€ YPOBHs, KOTOPBII MOXHO HpH-
OMMKEHHO CYMTATh MOCTOSIHHBIM, [I — KO3 dUIm-

€HT pacxojia >KUAKOCTH, 3aBUCSIIMNA OT yucia Peil-
HoJbACa [5].

B nelicTBUTENBHOCTH, OJTHAKO, 33 3TO K€ Bpe-
MsI YPOBEHB JKHUAKOCTH B COCY[E C TOMEPEYHBIM Ce-
yeHneM F nomgauMercs Ha dH m 00beEM XKHUIKOCTH B
HeM u3MeHHTCs Ha BennumHy dW=FdH. Bcenenct-
BH€ HEPA3PBIBHOCTH JBWXEeHUS dV=dW, nin

W \2gH dt = FdH, (1.2)

OTKyz1a

=14 (1.3)

w\2gH
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IonmHoe Bpemsi ¢ HANIOJHEHUS MOJKHO OIPEIEIHUTh
B pe3yJIbTaTe HHTerpupoBaHus BeipaskeHust (1.3)

H,
j e fH FdH
0 o W2gH
rac H, H— FJ'Iy6I/IHa KHUIKOCTHU B KOHIIC HAITIOJIHCHUS.
[Ipunumas u=const, noxy4um

F "dn 2FJH,

WPV wi

Jis ompeneneHus BPEMEHH, HEOOXOIHMOTO
JUISl TIOHW)KEHHS YPOBHS JKUIKOCTH B COCYZI€ Ha He-
KOTOPYIO BeH4HnHYy OT H; 10 H, (yMEHBIIEHHUs Mac-
cbl/00bemMa), Oy/ieM HCXOJUTh M3 TOTrO XK€ YpaBHe-
Hud (1.5), uHTerpupys ero B npeaenax ot H, no H,

F f dH ZF(\/F]—\/Hj)
uf\/—g w\2g

ITpn HEOOXOJMMOCTH y4yeTa THUIIa HACAJKU Ha
moJlaue KUIKOCTH 3aj1ava nmoTpedyer ydera (akro-
POB YBCIMYCHHA pacxoda XUAKOCTH, IpHU 3HA4YU-
TCJIbHOM CHMXCHUHN CKOPOCTHU UCTCUCHUA.

BpeMsi 4acTUYHOrO HAIMOJIHEHHS MOXET ObITh
HalJIeHO KaK

(1.4)

(1.5)

. (1.6)

2F

f=——"—x

w\2g

i (1.7)
| | )

rae Hy— NOCTOSIHHBIN HAop MpU YCTaHOBUBLIEMCSI
JIBIDKEHUH TIPU PaCXOZe PABHOM IIPUTOKY
b )
0 2 >
(W) 2g
rie Oy — NIpOn3BOJUTENBHOCTD HACOCA.

Jisi mpaKkTUYecKOM peanu3aluy [oKa3arelis
ynpasieHus pacxoaoMm (1.8) ¢ BpeMeHHBIMU Xapak-
tepuctukamu (1.6), (1.7) MOXHO NpeIOKUTh 3Ta-
JIOHHYIO CTPYKTYPY CHCTEMBI, NPEJCTaBICHHYIO Ha
pucyHke 1.1.

YerpoiictBo ynpasnenus (YY), cpaBHUBas Te-
KyIllee ITOKa3aHHEe TEH30METPHUYECKOTO M3MEPHUTEIs
pacxoma (THUP) co 3HaueHHEM YCTaBKH, YIIPaBISET
MOMEHTAaMH BKIIFOUCHUS peTyIaTopoB pacxona (PP),

(1.8)

JOOMBasiChb  JTOCTMKCHUSI PABEHCTBA OSTHX IIOKa-
3aTeneil. PeryiupoBaHue napaMeTpoB pacxona BO3-
MOHO KaK B CTOpOHY X yBenuuenusi (PP+), tak n
B cTOpoHy ymeHbmeHusi (PP—). /IBa mHepumMoHHBIX
3BeHa (Af; U Aty) SMyNUpPYIOT 3aJepKKy Lenei u3-
MEpEHUSI U PEryJlupoBKU COOTBETCTBEHHO. B 3TOM
Cllydae SJIEMEHT, OCYLIECTBISIOIIMN B3aUMOAEUCT-
Bue YV c¢ BepxHuM ypoBHeM ACY, ymoOHO peanu-
30BaTh B BUjAE HezaBucumoro [P-y3na. Ha annmapar-
HOM YPOBHE BO3MOXHO 0ObequHeHue QpyHkuuii YY
u IP-y3na B 0luH 3JIEMEHT — KOHTPOJUIEp yIpaBJe-
Hust. Takoi mMoaxo/ MO3BOIUT YETKO OTAENUTH 000-
pyJOBaHHE YIpaBJIeHHs M opraHuzauuu web-moc-
Tyna OT yCTPOMCTB HM30BOM aBTOMATHKH, K KOTO-
PBIM OTHOCATCSA BCE€ OCTAJIbHBIC 3JIEMCHTBI 3TAJIOH-
HOM CTPYKTYpHI Ha pucyHke 1.1.

2 Tunosvie cmpykmypol  annapamusix
cpeocme opzanuzauyuu Web-oocmyna K o06opyoo-
eanu10 Hu3060i agmomamuku ACY

Ha ceromusmHuii neHbp CTaHOApTOM  «Jie-
(daxkTo» CTa’IO0 HAJIMYME Yy MPOMBIIUICHHBIX KOH-
TPOJUIEPOB THUOO BCTPOCHHBIX MOPTOB, OO BHEI-
HUX CpelncTB mojyiepxku [P-nmpotokona. 3To OTHO-
CUTCS KaK K KOHTpOJUIEpaM, DPEIIArOIIUM 3aaqu
cOopa MaHHBIX W YIIPABJICHHUS, TAK U KOHTPOJUIEpaM,
Ha 0a3ze KOTOPBIX CO3JAI0TCsl Pa3IMuHOIO poja cre-
[UAM3APOBAHHEIC CUCTEMBI: HAIPUMEP, CUCTEMBI
TeJeMeXaHUKU. BONBITMHCTBO MOoIenell KOHTPOJLIe-
poB mMmeroT BcrpoeHHble Ethernet-mopthl, ams oc-
TAJNBHBIX )K€ CYIIECTBYIOT OTACIBHEIC TOTIOIHUTEIh-
HbIe KOMMYHHKAIIMOHHBIE MOJYJIH, BBHITIOIHSIOLINE
poab Ethernet-miro3oB. YuuThiBas BechbMa IIUPO-
Kyl0 HOMEHKJIATYypy BBITyCKa€MBIX aIlapaTHBIX
CPEICTB, HIDKE TPEIJIOKEHB BApHAHTHI THUIOBBIX
CTPYKTYD, 0OCCIICUHBAIOIIIE PEIICHUE TAKKUX 3a/1a4.

OTHOCHUTENBHO MPOCTOM CIoco0, He Tpedyro-
M BCTIOMOTATENIbHBIX YCTPOMCTB JyIsl mpeoOpa-
30BaHUS Pa3IMYHBIX MMPOTOKOJIOB MEePeIavn TaHHBIX
B CETEBOH MPOTOKOJI, MIPEJICTaBICH Ha pUCyHKe 2.1.

Croco6 peanmu3yercss IpU YCIOBUHU, YTO BCE
YCTPOHCTBA HWMEIOT BCTPOCHHBIE HHTEp(hEHCh ¢
monaepxxkkoit TCP/IP. B aToMm ciydae KOHTpoJiep
yrpaBieHus uMmeeT KoHpurypupyemsiii [P-agpec u
HaOop OMONIMOTEUHBIX (BYHKIMH Uil pabOThI C HUM.

v

PP(+) PP(-) At,
y

v L 2 ¢ 4
T

OGbexT pacxona a ey vy ¢ IP yzen @TCP/IP

B

v : 4

THP _— At,

Pucynok 1.1 — Oranonnas cTpykrypa pacxomgomepHoit ACY TEH30METPHIECKOro THIIA
C IPONMOPHUUOHAIBHO-AUCKPETHBIM YIIPABJICHUECM U Web-HOCTyHOM
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TCP/IP TCP/IP

8 §3

—
PC-coBmecTHMBIH |
KOHTpOJUTEP I §r

I

|

I

ADAM 5510TCP .
CemeticTBO I
ADAM 4000 |

1

| VYerpoiictBa 1 000pyI0BaHHE HU30BOW aBTOMATHKH

AM
ADAM 4015

Monynu

Pucynok 2.1 — Ctpykrypa IP-y3m1a ¢
HETIOCPENICTBEHHBIM Web-10CTyIIoM
U UCTIOJIb30BaHHEM KOHTPOJIIIEPOB
cemeticte ADAM 5000, 4000

JIByHampaBiIcHHBIA OOMEH IaHHBIMH C 00OpYJO-
BaHHMEM OCYIIECTBIISIETCS Yepe3 Habop NepeMEeHHBIX,
JOCTYIHBIX 3a CYET MCIIOJIb30BaHUSI BCTPOCHHBIX
CPEICTB BBICOKOYPOBHEBBIX cpen pa3paboTku Web-
MPWIOKEHUH AUCIIETYepCKOro ypoBHA. Kak BHIHO
W3 pucyHKa 2.1, Ha ammapaTHOM YpOBHE TaKOM
JOCTYI OOECIe4YMBACTCsl MPOU3BOIUTENEM Kak IS
OTIENBHBIX MOAyJIel BBoma-BeiBoaa (cepun ADAM
4000), Tak w a1 MOAYyJeH, BXOISIINX B COCTaB
koHTposuiepa (cepun ADAM 5000).

B Tex ciywasx, koraa KOHTPOJUIED WM 00-
CITy)KHMBatoliee 000pyI0BaHNe HU30BOI aBTOMaTHKU
He umeror Web-unrepdeiica, u B TO ke Bpems Tpe-
Oyercst ux noakmouenne B JIBC mpennpustus, ne-
JIecooOpa3HO  WCIIONB30BAaTh — alllapaTHBIE — IPeod-
pazoBarern mHTepdeiicoB (ADAM 4570). Ha pucynke
2.2 mpuBeneHa cxema IOJO0HOTO TTOAKIIOYECHHUS.

TCP/IP

Joctyn kK 000pyI0BaHUIO OCYIIECTBIIAETCS IIPO-
IrpPaMMHBIM 00ECIIEYEHHUEM UCIIETUYEPCKOTO YPOBHS,
UCTONB3Ysl TEXHONOTHI0 BHUpTyanbHbIX COM-nop-
ToB. [Ipu aTOoM TpeOyercsi mpeaBapuTelbHAs HHC-
Tayusius map-ytwimTel Ha 1K BepxHero ypoBHS,
obecrnieunBaroniell npeodpasosanue IP-aagpeca KOHT-
posuiepa/obopyoBaHusl B BBIOMPAEMBIA  I10JIH30-
BarteneM HoMmep BupTyansHOro COM-mopTa Ha Juc-
meTaepckoii host-mammae. EQMHCTBEHHBIM OTpaHU-
YeHHEeM TOJ00HON TEXHOJIOTUW SIBIIsETCS TpeOoBa-
HUE HAJIMYKs anmnapaTHbiXx uHTepdeiicoB RS232/422
/485 Ha KOHTpOJUIEpe/000PYIOBAHHH.

B ciiydae Hanuuusi pa3BeTBICHHOM CETH KOHT-
pOJIEPOB U OOCIYKMBAIOIIUX YCTPOMCTB HHU30BOM
ABTOMATHKH, JIMOO 3HAYNTEIHHOTO KOJIMYEeCTBa pa3-
HOPOJIHOTO YIPaBJISIEMOT0/U3MEPUTEIBHOTO 000py-
JIOBaHHMs, CTAHOBHTCS 1€JIECOOOPAa3HBIM HCHOJIB30-
BaHHE KOMMYHHUKALMOHHBIX KOHTPOJUIEPOB, BBIIOJ-
HAIOIIUX POJIb MHTEJJIEKTYalbHBIX HHTEP(HEHCHBIX
muito30B. Ha pucyske 2.3 mpuBeneHa mnogoOHas
CTPYKTYpa, B KOTOPOI B KAUECTBE IILTI03a MCIIONB3YETCS
KOMMYHUKAIMOHHbIN koHTpoiuiep ADAM 6500 co
BcrpoeHHoit OC tuma WinCE, xonpurypupyemsm
[P-anpecom, BcTpoeHHO# html-cTpanuneir u Habo-
pom unTepdeticoB RS232/422/485.

ITono6Hast opraHu3aIys Ha annapaTHOM ypOB-
HE IPUBOAUT K TOMY, YTO CHUTHAJIBI IepH(epuitHOro
000pyIOBaHMS CTAHOBATCS «IPO3PAYHBIMI» H JI0-
CTYNHBIMH CPEJICTBAMM, KaK CTaHAApPTHBIX Opay3epos,
Tak u crnenuanuzupoBaHHbix SCADA-makeTosB.
Hammame OC B cocTaBe KOMMYHHUKAITHOHHOTO KOHT-
poJuiepa Mo3BOJISIET Pa3MECTUTh BBICOKOYPOBHEBYIO
JIOTUKY YHOpaBJICHUA W JUCHIETYCpHU3AllUM HAa HEM, a
Ha KOHTPOJUICPbL HHM30BOM aBTOMATUKH BO3JIOJKHTh

[peobpazoBarens
uHTep elicoB
ADAM 4570

RS232/TCP

PC-coBmecTuMbIN
KOHTPOILIIEp
ADAM 5510M

|
Monym
BBOJ1a/B BIBOJIA

T 113

PC-coBmMecTuMBIi
KOHTP OILJIep
ADAM 5510M

|
Moy m
B BOJ1a/BBIBO JIa

f 11

VYerpoiicTBa 1 000pyI0BaHNE HU30BOW aBTOMATHK U

Pucynok 2.2 — Ucnonp3oBaHue peodpa3oBatens HHTepHeiicoB
ADAM 4570 mgns opraamzanuu [P-y3ma
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TCP/IP

KommyHHKarimoHHEIH ko HTp oiep ADAM 6500

RS 485 RS 422

RS 232

PC-coBmecTnmbIii PC-coBMeCTUMBIii PC-coBMecTuMEIit
KOHTpOJUIEp KOHTpOJLIEP KOHTPOIJIEp
ADAM 5510M ADAM 5510M ADAM 5510M
) Mo;Lme ) ) MOI.[yJ'H/I ) ) MO).I[yIH/I )

BBO/1a/BBIBOIA BBOJIa/BBIBOA BBOJIA/BBIBOIA

PI8T 1188 137

VYerpoiicTa 1 000 py/I0BaHKHE HI30B Oif aBTOMATHK I

Pucynok 2.3 — Ctpykrypa oprarmzanuu [P-y3na mis nepapxudeckoit ACY

3aayn cOOpa NaHHBIX M MCKIIOYMTENIHHO JHCKPET-
HOT0/aHaNoroBoro ymnpasieHus. Vcronb3oBaHue
KOMMYHUKAIIMOHHBIX KOHTPOJUIEPOB OCOOEHHO aK-
TyallbHO B CIydYasiX, KOTJa CeTh MPeIIpUATHS
XapaKkTepu3yercsi BCEMH TpeMsl THIAMU HHTep-
(eticoB, kak cereBbix RS422/485, Tak um coemm-
Hernid tuna P2P. TlpumepoM momoOHBIX cHcTeM Ha
npaktuke aBIstoTes ACY TermocHaOKeHHeM | To-
psSIrM BOZOCHAaO)KeHHeM, Koraa B 485 ceTw BKIIIO-
HaroTcd JBa WIM Ooiee peryisropa, a IpUOOpHI
KOMMEPYECKOro ydera (CUETUYMKH) JAOCTYIHBI TONb-
Ko 1o unrepdeiicy RS232.

Takum o00pa3oM, (akTHHECKH BCE MHOT000-
pasue anmaparHbIX CpezCTB, ooecrneunBaromux 8 ACY
TII monmyuenune web-nocTyna Kk 060pyJOBaHHIO HU-
30BOH aBTOMATHKH, YKJIAAbIBAIOTCSI B TPU HOCTa-
TOYHO oOImMe CTpyKTypbl. st BbIOOpa omHOW M3
HUX MOXHO UCIIONb30BaTh HA0Op CIEAYIOIINX
KPHUTEPHUEB:

— MHUHHMYM amnapaTHbIX CPEACTB AJS TOJTy-
YyeHHusa nocTymna mpu ucnonb3oBaHun SCADA-cuc-
TeM, texHosmornd OPC um cpeacTB cTaHAapTHBIX
6pay3epoB (pucyHoxk 2.1);

— obecrieueHHe MUHUMAIILHOM CTOMMOCTH JKC-
TUTyaTalul CUCTEMBI (PUCYHOK 2.2);

— HanM4Me pa3BETBIECHHOW CeTH M pa3Ho-
poIHOTO 000pYIOBaHUS MPU HEOOXOIUMOCTH 0bec-
MEYeHHs1 JIOCTyNa K CpeJCcTBaM HH30BOH aBTOMa-
TUKH (PUCYHOK 2.3).

3 Annapamunasn moodenp pacxooomepnoii ACY
MeH30MempuUecKoz0 munda

Ha pucynke 3.1 mpuBeneH mpumep ammapar-
HOW CTPYKTYphl CHCTEMBI YIIPABICHHUS PACXOAO0M,
ucnonb3ytoiieit koutposuiep ADAM 5510TCP.

94

HarormrermsHast eMrocTs

v v ¢
Pacxonomepnas H
eMKOCTh

5017 I 5050 I s0s0 | RS 232

ADAM 5510TCP @

~=

| 3COM 3226 |

TCP/

Pucynok 3.1 — AnmaparHast cTpykTypa
pacxonomepHoii ACY TEH30METPHUIECKOTO THTIA
Ha kKoHTpoymepe ADAM 5510TCP

Marepuan, pacxol KOTOPOTO  IOJUICKUT
YIIPaBJICHUIO, COJEP)KUTCSA B HAKOIHUTEILHOH €MKO-
cTy. BennuuHoil pacxoga ympaBiisllOT J1Ba KJIalaHa:
kmanaH rpyboro pacxoma (KI') m kmamaH TOYHOTO
pacxona (KT), mMeromue pazimyHOe CEYEHHE TPO-
IIyCKHOTO OTBEpPCTHA. JlMaMeTpsl CEUeHUs MOTyT
obecreunBaTh (UKCHPOBAHHBIH AWANa3oH pacxona
ot 0,1 r/c 1o 100 r/c. B xauecTBe KIanaHOB HCIIO/Ib-
30BaHbl AJIEKTPOKJIANAHbI-PACHIPEACIUTEIN MOJCIIH
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[1-P23/2,5-112 YXJI4 (TY2-053-1612), noaxiio-
YCHHBIC K BbIXOJaM MOZ[yJ'leﬁ JUCKPETHOT'O BBOJa-
BeiBoIa ADAM 5050. CymmapHas 3a7iepxka nepe-
KIIKOUYCHUA, Oolpeacidromancs WHEPUUOHHOCTHIO
caMuX KJIallaHOB M TOYHOCTHIO TaliMEpPOB KOHTPOJI-
nepa, cocraBisier 60 mc. Macca MaTepuana, nocry-
MHUBIIETO B PAacXOJOMEPHYIO €MKOCTb, M3MepseTcs
TeH30MeTpHudeckuM n3MepureneM pacxona (THP). B
kauectBe THUP wucnonb3yercs camoycCTaHaBIMBaIO-
IMHCA CTaJbHOM TEH30METPUUECKUH JAaT4dUK THIa
DSBI1-10K co BcTpoenHbsM ycuimreneM. Ilpu He-
00X0TMMOCTH, U3MEHEHHE KOAPPUIIEHTA YCUIICHNUS
9TOr0 YCHJIMTEJNsl MO3BOJIsieT (popMHUpOBATH HANpsi-
>kenue Ha Bxonae AIIIl monyns aHamoroBoro BBOAA
ADAM 5017, paBHOEe OOBEMHOMY pPacXoay Mare-
pHuana c y4eToM €ro IUIOTHOCTH. Pe3ynpTHpyromas
3aJep)kka M3MepeHus cocrtasisier 10 mMc mpu mo-
rpemHocTy He Oonee 0,01 r. YmpasieHue KianaHa-
MH ocymiecTBisgercss B cooTBerctBue ¢ (1.8) m
TTO3BOJISICT OCYIIECTBIIATH MPOTOPIHOHATHHO-TUCK-
pETHOE yBENMUYEHHE pacxoia C 3aJaHHOW TOYHO-
CThI0. MakcuManbHas WHCTPYMEHTAJIbHAS MOTPEII-
HOCTh pacxojia, JOCTHTaeMas IpU TaKoM ciocobe
ynpaBieHusi, He npesbimaer 1% ot pacxoma KT.
JanbHeilee cHIKEHHE NOTPENIHOCTH OOecIeurBa-
ercs anektpoHacocoM H tuna YTRO-TE, umeromem
(ukcupoBanHylo  npousBoauTenbHocTh 20 r/c,
MHEPLMOHHOCTh MepexioyeHns He Oosee 0,2 ¢ ¢
coOCTBeHHOW TmorpemHocTeo He Oomee 0,05 r/c.

Hacoc mo3BonseT cHU3UTH aOCONIOTHOE 3HAYEHHE
pacxona B cCily4asx MepeperyJupoBaHHsI €ro CyM-
MapHOﬁ BCJIMYMHBI LUCTIIMU KJIAIIAHOB MPsMOTO pac-
xoma. B aroM cimyuae KOMOMHHpYS yTpaBlieHHE
wianadamu KT u KT' ¢ nocnenyromum BKIOYEHHEM
Hacoca Ha Bpems (1.6), (1.7), ynaercs CHU3UTH Mak-
cUMasbHyI0 TorpentHocts 10 0,3% mpu duxcupo-
BaHHOM BpeMeHHU padoTel ACY W 3aJaHHBIX MTOKa3a-
TENsX pacxoja.

Annaparubiit popmar opranuzauuu [P-y3na mis
web-gocTyna Kk 00OpyIOBaHUIO CHCTEMBI COOTBET-
CTBYET PUCYHKY 2.1 W MCIIONB3yeT BCTPOCHHBIA MH-
tepgeiic Ethernet 10/100Base-T xonTposnepa. Un-
Terpays B AMCHETYEPCKUIl YpPOBEHb MaciuTada
NPEeANpPUSTHS PEATM30BaHa C UCIIOJIb30BaHHEM YII-
paBisieMoro kommytatopa 3COM 3226 u mepco-
HaJILHOTO KOMITBIOTEpA.

[TpenBapuTensHO Hepe HadaloM paboThl KOH-
TpoJiep HeoOXoauMo CKOHGUTYpUpoBaTh. st 3T0-
ro ucrons3yercs uaTepdeiic RS232 korTposepa u
yramura ADAM 5510 SeriesUtility (pucynox 3.2).
Jnst KOHTpoJIepa YCTaHABIMBAIOTCA BCEe HEOOXO-
JIMMble cTratuueckue mnapamerpsl I[P coenuHenus:
azipeca KOHTpOJIIEPA, OCHOBHOTO MIII03a U MPEIo-
gutaemoro DNS cepepa B coctase JIBC npennpu-
ATUS. B cjlydgya€ HMCHOJIb30BaHHsA  BCTPOCHHBIX
HTTP/FTP cepBepoB MOXHO Takke CKOHGUTYPUPO-
BaTh MapaMeTPBI I0CTyIIa K HUM: MMEHa, IapoJy,

AT ADAS- 5510 Series Uty (Ver 1.31] =12 x|
| Local Systany | ADAN 510 Senes
ool M e e ]| el e = e B | EEE
M rcnnsrep :I j
Hame | Se=] Tipe | Medilied Name [ See] Tjp= | Medied |
B Deicr 3514 L= 15 ICONF Mankac s, 20MOVO9MS5EO1-00
‘e [oransrei gic Maxansre, _JWEERDOT Maneac . 2000/CEMSED.00
& (D pewamea D) Ch-amens. =jasa ExE KB Mowscwer. 2020326 70200
2 Ditis aeyes Nanrace. 0992200121954 ’ B ALTORUN BAT 1K Maremein . 200000345 60200
o - Nankace. | pe e : — " 2000V 5 0200
L Maalu_-lu’tmiigurd:m x| G L
o e R e 2012/03/29 50000
i oy : 2012081 30300
& Slaic|P (~ DHCP I~ Dibtain DHS ackbess automatically Egg"gTEé;'tg
2000031 5 B2
Addms 12 [i8a 11 | PmayDNS 255 Jo [0 Jo P .
Gavwa |8 [ [=5 =5
Update
FTPEHTTP Corfiguration
FTR HTTP
n [ACAMES1OTCR o [ACAMSS10TCR
Passwced | EHHHHNSERY Paggwond |FHIHTRSERE
Fightz |7 Change Di Rightz |5 GelFiles
5 byt ob 72 biytas f
| = — ¥ Crast/Diel Dt ¥ Posl Files S 3
112 -1 -1 -
2 12 -1 -1 F Wine Fle & Usal
< 8 b B - [ FexdFia
4 12°-1 -1 )
5 12 -1 -1 Upclate
6 12 -1 -1
T 12 -1 =1 System Irslighaalion
@sLorl -1 -1 -1 ¥ Spster W HTTFFTF Server & FTF Server [ HTTF Serve Ga
@5LOTZ 9% -1 -1 :
@SLOoTE -1 -1 -1
ESLOTI 16 16 -1
@groTd -1 -1 -1
AADAMS 5 10MIOCFG-END -1 -1 -1
@inypen| 4 & ) |l Adamssio B~ o2

Pucynok 3.2 — UaTepdeiic kordurypanuu korrpomepa ADAM 5510TCP
¢ ucrons3oBaareM yTiiuTel ADAM 5510 SeriesUtility
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npaBa Ha orepanuu ¢ Qaitnamu U T. 1. C TOMOIIBI0
YTHIUTEI OCYIIECTBISICTCS TaKXKE MPOTrpaMMHUpPOBa-
HHUE KOHTPOJLICpPA, B 3TOM ClIydae OHA MPEIOCTaBIIS-
eT craHmapTHbie (aitioBbie Bo3MOxHOCTH Com-
mander 0060j1049ek. B aBTOHOMHOM peXHUME WU pe-
kume web ympasnenusi, 232-oi uHTEphEic MOKET
OBITH OTKJIIOYEH.

4 Ob6obwennviit anzopumm QyHKyuoHUpoea-
Husn koumpoanepa ACY

Ha anroputmuueckoM YpoBHE NpOrpamMMHOE
obecrnieuenne koHTposuiepa ACY perraer aBe oc-
HOBHBIE 3a7a4H:

— MPONOPUHUOHATBHO-TUCKPETHOE YIIPaBICHHUE
HCTIOTHATENFHBIMU YCTPOHCTBAMH B COOTBETCTBHE C
aNropuTMaMHu, TpeuIokeHHBIME B (1.6—-1.8);

— coszganue u noxaepkky HTTP-cepsepa c
obecrieuennem Qynkunonuposanus [P-ysma u dop-
MHPOBaHHEM JIMHAMHYECKH yIpaBisieMoil html-ctpa-
HHIIBL.

Peanuzaius anropuTMoB HM3MepeHUs (A1 Mo-
nynst ADAM 5017) u ympasneHus (I MOZYNA
ADAM 5050) 6a3upyercsi Ha HCIIOIB30BAHUN CTaH-
IapTHBIX 6mbimotexk stdio.h, io.h, process.h, stdlib.h,
string.h, 5510drv.h, npemocraBnmsieMbIX cpegaMu
paspabotku u mpousBogutenem [6]. Ha 3toii ctamuu
OCYIIECTBIISICTCS] KOHPUI'YPUPOBaHUE MOMIYJICH BBO-
Jla-BbIBOJIa, (POPMHUPOBAHNE MAaCCHBOB NEPEMEHHBIX,
OTBEYAOLIUX 33 IpueM-nepenady aanueix or HTTP
cepBepa, M3MEpEeHUe TEKYyIIero pacxoia M reHepa-
1Sl BPEMEHHBIX WHTEPBAJIOB BKJIIOYCHHS-BBIKITIOYE-
HUS KJIAIIaHOB IpyOOTO M TOYHOTO pacxonoB. Besme
Jlarree yKazaHHBIE allTOPUTMBI OyIyT MCIIOIh30BaTh-
Cs B KayecTBE BBHI3BIBAEMBIX IPOLEAYpP B TEIE OC-
HOBHOTO ajroputma padoTsl ACY.

Anroput™M co3panus u nopaepxkku HTTP-
cepBepa OCHOBaH Ha HCIIOJB30BaHUU IPEIOCTAB-
JsieMoro mpowusBoautereM [6] BcTpoenHoro Web-
cepBepa st koHTpoiuiepa ADAM  5510TCP
(httpFtpd.exe) u cpencts CGI untepdeiica mis ero
B3aMMOJICHCTBHA C McHOMHsIeMbIM MoyiieM (ASU.exe)
— ¢ omHOU cTopoHbI, W html-npencras-nenuem (in-
dex.html), mepemaBaemeiM Opay3epy— ¢ IpyTOii.
CxeMa Takoro B3aMMOJICUCTBHS TpPHBEJCHA HA pH-
cyHke 4.1 u, KpoMe yKa3aHHBIX KOMIIOHEHTOB, CO-
JEpKUT TOJBbKO (pailnbl KOH(UTypaluu CceTH
(socket.cfg u socket.upw).

B sToMm ciyuae ncnonHsiemsrii aiin ASU.exe,
yIOpaBiIsieT KOHTPOJUIEPOM Ha OCHOBAaHUH JaHHBIX,
MOJy4YCHHBIX OT web-cepBepa. B cBoro ouepens cep-
Bep MPUHUMAeT KOMAaHJBI YIIPaBICHUS, BBOAUMBIC
Ha html-cTpanune B okHe Opay3epa, WM BBIBOJHUT
Ha HEE COCTOSHUS BBIOPAHHBIX IMEPEMEHHBIX, MOITY-
gaembIx oT moxynsa ASU.exe. IlporpamMmmHOe B3au-
MOJIECTBUE Web-cepBepa M HCIIOJHSIEMOW Ipo-
rpaMMBbl 00eCIeYrBaeTCsl MOAKIIOYAEMO B €€ TeJo
oubmuorexkoit CGI_Lib. Ipu 3TOM cepBepHOE SApO
httpFtpd.exe 3amyckaercst mogynem ASU.exe u pa-
00TaeT B pe3UAECHTHOM pEeKUME (B CHITy OJHO3a1ad-
Hoctu MS-DOS, ycTaHOBJIEHHOW Ha KOHTpOJUIEpe
ADAM 5510TCP).
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socket.cfg
socket.upw

Hittpktpd.exe Index html

Pucynok 4.1 — Cxema B3auMoeicTBUs
IPOrpaMMHBIX CPEACTB
IP-y3na Ha xonTposepe ADAM 5510TCP

Kondurypannonnsie (ailibl COKETOB comep-
Kat mapametpsl [P coenuHeHus, mapom/mpasa 10C-
TyTIa MTOJIb30BaTEIeH K COOTBETCTBYIOLINM TUPEKTO-
pusiM, ¢aiiaM U omepanusM C HUMH B TEKCTOBOM
¢dopmare. Daiin npexacrasienus (index.html) pas-
meniedH Ha FLASH nucke koHTposuiepa U niepeaaeT-
csi mporpammoii Web-cepBepa IMoJb30BaTeNio0 IMpu
BbIOOpe [P-anpeca koHTpoIepa B OKHE Opay3epa. B
npocreieM ciaydae (aia co3maercst CTaHAapTHHI-
MU cpeacTBaMu html-pasMeTKH M COIEPKUT OOHY
(dopMy C deMeHTaMH YIIpaBJIeHHs. M BbIBOjA. Olle-
MEHTBI yIpaBICHUS O00ECTIEYMBAIOT BO3MOXKHOCTD
yIOpaBIeHUS KJIAallaHAMH Pacxoja, HCIOJIB3yS Ter
inputtype="button" co BCTPOCHHBIM 00PaOOTUHKOM
HaxxaTus B Teno nporpammbl ASU.exe. /[ BeIBoga
HCHOJIB3yeTCsl Ter output, onpeAemsromuil 06JacTh
CTpaHUIlbl, B KOTOPYIO OCYIIECTBJIACTCA BbIBOJ JaH-
HBIX 00 M3MEpEeHHOW BEJIMYHMHE TEKYLIEero pacxoja
Mmarepuara.

CBsI3b MEXIY DPE3WIECHTHO 3aIlyIIEHHBIM Cep-
BEPOM U HCHOJHSAEMBIM MOJIYJIEM OCYILECTBISIETCS
MOCPEACTBOM  HCIIOJB30BAaHUS B Tele MOIYJIA
ASU.exe ¢ynknuii obopataoro BrizoBa (CallBack-
Function). Web-cepBep pearupyer Ha COOBITHS,
mpoucxonmdmue Ha html-cTpanuile, W BBI3BIBACT
(GyHKLHMIO 0OpaTHOTO BBI30BA B HCIOJHIEMOM MpO-
rpamme. Ilocrie BEITIONMHEHUST OHA TIEPEIacT, IPUHATEHIC
¢ html-cTpanuuel, gaHHbIE BHyTpeHHEMY 00paboT-
yuky moayns ASU.exe u BO3Bpalaer 3HaueHHeE,
KOTOpOE MOXKET 03HayaTh, YTO OHA €llle 3aHsTa 00-
pabOTKOW NPHUHATHIX CEPBEPOM JAHHBIX, YCIELIHO
BEITIOJTHWIA 00pa0OTKy ATHX JaHHBIX HJIH 3aBEPIIH-
na paboty c omunokoii. [Tomyuns nanuele, ASU.exe
0o0pabaTbIBacT UX U BBITIOJTHSIECT HEOOXOIUMEBIC NCHi-
CTBHSI Ha KOHTPOJIJIEpE, BO3BpAIIasi CEPBEPY COCTOSI-
HUSl BHYTPEHHHX TepeMeHHBIX. CepBep ke B CBOIO
ouepeqb TeHEPHPYET COOTBETCTBYIOINE N3MEHEHHUS
Ha html-ctpanune Opaysepa, Gpopmupys ee 0OHOB-
neHHbId html-koz.
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Ha pucynke 4.2 npuBenena o6o0mienHas 6J0k-
cXeMa alropuT™Ma (QYHKIMOHUPOBAHUS IPOTrPaMM-
MHOrO obecrniedeHusi Koutpoiiepa ADAM 5510TCP,
ynpasisoniero renzomerpuyeckoir ACY. Pacemor-
PUM €€ OCHOBHBIE COCTAaBIISIIOIINE C Y4E€TOM paspa-
OOTKHM MCXOIHOTO KOJA ISl PEKOMEH/IyeMOro Mpo-
u3BoautereM kommwisstopa BorlandTurbo C++ 3.0:

— paboTa mporpaMMbl HAaUYWHAETCS C BBIIOJ-
HEHHUS MHCTPYKIUH Tenma (QyHKIuM main(), B KOTO-
pom peructpupyercst html-crpanuna u 3anpemniaercs
JIOCTYI K HEM IIOCTOPOHHUX M0JIb30BaTENCH;

— BBIONHAETCA (DyHKIHMA OOpPaTHOTO BBI30BA
Callback(), BeI3bIBacMasi CEpBEPOM IIPHU JHOOBIX CO-
ObITHsIX Ha html-cTpanuie. OyHKIuUsA, MyTeM B3au-
MmogeiictBus ¢ httpFtpd.exe peanusyer ciemyroriue
oTeparyu:

— mpueM JIaHHBIX ¢ html-cTpanuuku u mepe-
3aIMCh UX B (bai'm data.txt. B xauecTBe HaHHBIX MO-
TYT BBICTYyNaTh BeIWYWHBI mHTEpBanoB (1.6), (1.7)
pabotsl xiranmanoB KI', KT u macoca H Ha pucyHke
3.1 u Tpebyemoe 3HaueHme pacxoxa (1.8). Dro pea-
mm3yercst ¢ momomeio ¢yHkmum HttpGetData() u
MO3BOJISIET OTCIIEANTh JAaHHBIE ¢ http-cepBepa, B KO-
TOPBIX XPaHUTCS MH(POPMAII O JEHCTBUSAX omepa-
TOpa MO YHpaBJIeHHIO cucTeMol Ha html-cTpanuue;

— (opmupoBaHHE TEKCTOBOro oOpaza MpUHS-
Toii html-cTpanunsl B BuIE TekcToBOro (haiina
index.txt, comep>XxuMoe KOTOPOTO IEePENHChIBACTCS B
crpokoBblif MaccuB Re Htm Content(), siBistrommii-
sl mapaMeTpoM (DYHKIIMH, OTCHUIAIONICH JaHHBIC Ha

cepsep. Tak dopmupyercst cratudeckas (HEM3MEH-
Has) 4acTh html-cTpaHulpl, B KOTOPYIO B MOCIEACT-
BUE JO0aBISIIOTCS IUHAMHU4Yeckue (OOHOBIISIEMBIE)
aTpuOyTHI TIepe]] OTIPaBKOi Ha cepBep. B wacTHOM
cllydae 3TO MOJKET OBITh MTHOBEHHOE H3MEpPEHHOE
3Ha4YeHHE Pacxoa;

— B (aiie data.txt xpanurcs uHpopManus o
BBEJICHHBIX Ha html-cTpaHuIe mapamerpax u ycTaB-
Kax pacxoza. M3-3a Toro, 4To IpH KaXIOM HaXKaTHU
kHonku Ha html-crpanuue ¢ynkims Callback() BbI-
3bIBACTCSl ABTOMATHYECKH, IPOMCXOJUT MHHULHAIIH-
3alMs  BCEX IIEPEMEHHBIX B 3TOH (yHKIHMH, YTO
ACIaCT HEBO3MOXKXHBIM XPAaHCHUC B HUX BBCACHHLIX
napameTpoB. IToatomy wuHbOpMAIMS O ACUCTBHSIX
olepaTopa COXPAHSETCs B CO3JaHHOM CIICLHAaIbHO
Jutst 910 1enmu daiine data.txt (06001meHHbIH GopmaT
3ammcu «coobiTue — cuMBOIY). I[locuMBoNIBHOE UTe-
HHE 3TOro (aiina ¢ COOTBETCTBYIOIINM JI€KOMPOBa-
HUEM U BbI30BOM QyHKImi Set5050, Get Data 5017
peanu3yeT TeH30METPUYECKOe H3MEPEHUE PAcXo/ia 1
MPONIOPLIHOHAIBHO-AUCKPETHOE YIIPaBJICHHE KIlara-
HaMHU B COOTBETCTBUE C BhIpakeHusmu (1.6), (1.7);

— nobapnenue Ha html-cTpaHuily BeTHMYHHBI
n3MepeHHoro pacxona (1.8) myTém 3ammcu cooTBeT-
cTBytomiero tera B maccuB Re Htm Content ¢ oT-
CBUIKOW €ro CepBepy C HCIOJIb30BaHHEM (DYHKIIMU
HttpSendData. Ha ocHOBaHMM MOJTy4eHHBIX JaHHBIX
cepBep Qopmupyer oOHOBIeHHYyIO html-cTpanumy,
KOTOpasi OTIIpaBisieTcs Opaysepy;

Peructpauus HTML-cTpanuiibl, periaMeHTanus 10cTymna
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HET

httpFtpd.exe oOHapyxun akTuBHOCTE Ha html cTpanuIe

OO0 paboTIHKN OIIHOOK

v T

yIIpaBJICHHE M3mepenne
Set5050 Get Data_5017

PucyHok 4.2 — briiok-cxema 000011eHHOTO ajnroputMa (hyHKIIHOHUPOBAHHUS

Boisos dynxuun CallBack() f=——jpi paoTsI ¢ (hafinam
dopmuposanne daiina * ' I a
data.txt — i 3
(HttpGetData) HitpFtpd.cxe index.html g
JlexonupoBaHue NaHHBIX U ®opmuposanne 00pasa HttpSendData (Re_Htm_Content)
n3MepeHue pacxoma/ TIPECTaBICHUS
yIpaBJCHUE KIaaHaMH B index.txt +
cooTBeTCTBHUE C (6-8)
®DopMupoBaHUE THHAMHUYECKOIO MacCHBa
t napamerpoB html-ctpannisr Re Htm Content
OOHOBIICHHE

TeH3omeTprdeckoit ACY
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— P BO3HMKHOBEHHMH OIIMOOK IpHeMa, dYTe-
HUS WM JEKOAWPOBAHUS IMPOMCXOAUT BBHIXOZ W3
¢ynkuun Callback() ¢ nepenaueii ynpapieHus npo-
rpaMmMe cepBepa.

3aknrouenue

B pabore moka3zaHo, YTO HCIOJIB30BaHUE IPO-
MOPLINOHATBLHO-UCKPETHOTO JITOPUTMa  yTIpaBJie-
HUS TpuOOpaMu pacxoja JKHIKMX MaTepHajoB I10-
3BOJIIET MHUHHMH3UPOBATh BPEMEHHBIE 3aTpaThl Ha
JOCTHXKEHHE (PUKCHPOBAHHBIX YPOBHEH HamoJHe-
Hus. Peann3oBaHa 3TanoHHas CTPYKTypa TEH30MeET-
puueckoit ACY, obecrnieunBaromasi penieHue 3ajaad
HamoJHeHus (pacxona) >KUIKUX MaTepuanoB C 3a-
JaHHBIMU BPEMCHHBIMU XapPAKTCPUCTUKAMU 3a CUCT
CHIDKEHUSI BIIMSHMS anmapaTHBIX CHCTEMaTHYeCKUX
MOTPEIIHOCTEH Ha XapaKTEpPUCTUKU KOHTYpPOB pery-
TupoBaHusl. JlaHHBIH METO] MOXKET OBITh MCIIOJIb30-
BaH I IOCcTpoeHus1 TeH3oMeTpudeckux ACY pac-
xomoMm ¢ web-noctymnoM. IlpemioskeHHast B CTaThe
CTPYKTYpa TO3BOJIAET MONYYHTh (DYHKIHOHAIBHO-
3aKOHYEHHOE TEXHOJOTUYECKOE PEIIEHUE ISl BCETO
KOMIUIEKCa 3a/a4, TPAJUIHMOHHO BO3JIaracMbIX Ha
ACY: ot cbopa maHHBIX (M3MEpPEHUE TEXHOJIOTHYE-
CKUX IapaMeTpOB), YHpaBlieHUs (peaju3aiusi ajuro-
PUTMOB), BBIYMCICHUS (TTapaMeTpbl U YCTAaBKH), JIO
KOMMYHHUKAIMOHHBIX (110 BhIOpaHHOMY WHTep(eii-
Cy) 3a cyeT UCroib30BaHHus PC-cCOBMECTHMBIX KOH-
TPOJUIEPOB.
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DETECTOR FOR INVESTIGATION
MULTICOMPONENT LIQUID-DISPERSED SYSTEMS

V.A. Goldade'?, I.V. Shalamov’, E.A. Tsvetkova', T.V. Rjabchenko’

'F. Scorina Gomel State University, Gomel, Belarus
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PaccMoTpeHBl KOHCTPYKTHBHBIE OCOOCHHOCTU KOHYCHOTO JAaTYHKa, IPEIHA3HAYEHHOTO IS HCCICIOBAaHUS MHOIOKOMIIOHEHT-
HBIX JKHJKOJHICIIEPCHBIX CHCTEM JIEKTPO(MH3UIECKIM MeTo1oM. Mcnonbp30BaHue [aTduKa HO3BOMIIET H3ydaTh CTPOCHHE TaKUX
CHCTEM B JIaAOOPaTOPHBIX U IPOMBIIUIEHHBIX YCIOBHSAX, @ TAKKe OCYHIECTBIISTh KOHTPOJIb COCTaBa JBYX- U MHOIOKOMIIOHEHT-
HBIX XKUJIKHX Cpell, HaIpuMep, OHOIOTHYeCKHX JKHIKOCTEH, OypOBBIX PacTBOPOB, PACTBOPOB MONUMEPOB. JlaTUHK XapaKTepu-
3yeTcsl BEICOKOH CTPYKTYPHOIl YyBCTBUTEIBHOCTBIO M TOYHOCTHIO M3MEPEHHUI TOKA JIETONAPU3ALUN U IPOU3BOAHBIX OT HETO
(DU3MKO-XMMHYECKUX aPaMETPOB.

Kntouegvie cnosa: oamuyux, cmpykmypHas 4yeCmeumenbHOCHb, UsMepUmenbHulll 91eKmpoo, MoK OenoiApu3ayuLl, HeuoKoouc-
nepcuas cucmema.

Design philosophy of conical detector is considered. It is intended for investigation of multicomponent liquid-dispersed systems
using the complex electrophysical method. Utilization of the detector allows studing the constitution of such systems in labora-
tory and industrial conditions as well as to control the composition of bi- and multicomponent liquid systems, for example bio-
logical liquids, drilling fluids and polymer solutions. The detector is characterized by high structural perceptibility, measure-
ment accuracy of depolarization current and its derivatives such as physico-chemical parameters.

Keywords: structural perceptibility, measuring electrode, depolarization current, multicomponent liquid-dispersed systems.

Beeoenue

JKuakoaucrepcHble CHCTEMBI, HapUMeEp, I0-
JUMEpHbIE Trenu, OypoBBIE PAacTBOPHI, Pa3IMYHbIC
Omonornyeckne >XKUAKOCTH COAEPKAT IHCIEPCHBIC
KOMITOHEHTBI, KOTOpBIE II0-pa3HOMY BeayT cedst B
JJIEKTPUYECKOM TI0JIe: MPOMCXOIUT OPHEHTAHS
JTUIONBHBIX MOJEKYN, Pa3sHONOJSIPHO 3apsKEHHBIX
YacTUI] M HaJMOJEKYJIPHBIX 00pa3oBaHWi, KBa3u-
JIMIIOJIE; TepeMellIeHHe Ha MakKpopaccTosHus (u-
3MYECKUX HOCHTENel 3apsma. B pesynsrate B 00-
pasie TOSBIAETCS aCHMMETPHS B pacIpelesieHIH
3apsHKCHHBIX YaCTHIl, U OH moisipusyercs. [locie
CHATHS TOJSIPU3YIOWIETO IOJSI HCCIIeAyeMbIil oOpa-
3€Il pellakCUpPyeT K IMepBOHAYAIHHOMY PaBHOBECHO-
My COCTOSIHHIO, OT/JaBasi HAKOIUICHHYIO dHepruro. B
TEUEHHE BPEMEHM peJIaKCaluy MOJISIPU3aLHOHHOTO
3apsJia [0 BHEIIHEH 3JIEKTPUUECKON LIEMU T€YET TOK
JIETIOJISIPU3AIIAY, CHJIa U KHHETHKA CHIKCHUS KOTO-
POTO MONHOCTBIO OMPEENAIOTCS COCTaBOM M CTPYK-
Typoil mucriepcHoi cuctemsl [1]. CymecTBoBaHme
TOKA JIETOJISIPU3AIMKA 03HAYACT COXPAaHCHHE B Teue-
HHE HEKOTOPOro BPEMEHHU IOJSIPU30BAHHOTO CO-
CTOSIHUS KHUJIKOJUCIIEPCHON CHUCTEMBI M COOTBETCT-
BYET IPOSBICHUIO €10 KBAa3MAJICKTPETHOTO 3(ddekra
[2]-[4]. [na OLEHKH TaKoro MOJSPU30BAaHHOTO

© lonvoaoe B.A., lllanamos U.B., [[éemrosa E.A., Psbuenxo T.B., 2015

COCTOSIHUSI JKHUAKOAWCIIEPCHBIX CHUCTEM TpedyeTcs
BBICOKAst TOYHOCTh U3MEPEHUI.

B mabopaTopusx ¥ MPOMBIIUICHHBIX yCIOBHIX
JUISL U3YYEHUsI CTPOCHUS, ONPENCICHNS U KOHTPOJIS
COCTaBa JIByX- U MHOTOKOMIIOHEHTHBIX >KUAKOJMC-
TIEPCHBIX CHCTEM M HCCIIEJOBAHMSA MPOTEKAIOIINX B
HHUX TIPOIECCOB OOBIYHO MPHUMEHSIOT (QHU3UKO-
XUMHMYECKUH aHaIn3, 3aKJII0YaIoNIuiica B H3Mepe-
HUM UX 3JEKTPOPHU3NIECKUX CBOMCTB, B YaCTHOCTH,
METOJl M30TEPMHUYECKON JETOSIPH3ALUH C HCTIONb-
30BaHUEM JATYMKOB PA3IMYHBIX KOHCTPYKUHMH. Oc-
HOBHBIM TpeOOBaHMEM K JaTYMKaM TaKoro THIIa
SIBIISIETCS] BBICOKAsA CTPYKTYPHAsl UyBCTBHTEIBHOCTB,
T. €. CIIOCOOHOCTb PErHCTPHPOBATh U3MEHEHUS MPO-
CTPAaHCTBEHHLIX CTPYKTYpP ITOJSIPU30BAHHBIX MOJIE-
KyJ CIIO)KHOTO COCTaBa IMyTEM U3MEPEHHs TOKa Je-
MOJSIpU3aniy. B pasHBIX THUMAxX XUIKUX Cpell MHO-
TOKOMIIOHEHTHOTO COCTaBa ()OPMHUPYIOTCS Pas3iny-
HBIC BBl TOJIIPU3ALMOHHBIX CTPYKTYp M pejaKca-
LMOHHBIX MEXaHW3MOB, B CHJIy 4YETo OOecCledeHHe
BBICOKOW CTPYKTYPHOH 4yBCTBUTEIBHOCTH JOCTUTAET-
Csl SKCIIEPHMEHTAIBHBIM MOAOOPOM KOHCTPYKTHBHBIX
rapamMeTpoB JaT4nKa Ul KOHKPETHOTO BHJIA KH[-
KOW WJIM KUAKOIUCIEPCHOMN Cpeabl.
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Ha npaktuke mis uCCIeNOBaHMs KUIKOCTEH
UCTIONB3YIOT CTaHAAPTHBIA JMaT4uk [5], KOTOpHIH
COJIEPXKUT KOPIYC, BA METAJUIMYECKHUX 3JIEKTPOJa,
pacIojIoKeHHbIX Ha (PUKCHPOBAHHOM pPACCTOSIHUM
JpYT OT Jpyra, pUYeM KaXKAbli U3 3JEKTPOJIOB TO-
KPBIT JIEKTPON3OJSIIMOHHBIM MaTEpPHAIOM U MMEET
YyBCTBUTEJILHYIO YacTh B BHE METAIIMYECKON IO-
BepxHOCTH. Takoi maTduk odeHb dPPEKTHUBEH IS
WCCJIEZIOBAaHNS OJHOKOMIIOHEHTHBIX cHcTeM. Ha-
npuMmep, B paborax [6] u [7] mis UCCleqoBaHUS
OMOIOTMYECKUX KUAKOCTEH METOAOM H30TepMHUE-
CKOW IENOJSIPU3aLUN HUCIONb3YIOT OAaT4YHK, COZIEp-
JKaIuil TUIocKomapaieNnbHble AeKTpoasl. OnHako,
HCTIONB30BaHUE MIOCKOMNAPAUIEIBHOTO 1aTYMKa IpU
KOHTPOJIE PACCTOSHHS MEXIY 3JEKTPOJaMHU IO HO-
HUycy [8] He obecneynBaeT BBICOKYIO OII€PATHB-
HOCTh TIPH NPaKTHYECKOH padore B 1abOpaTOpHBIX
YCIIOBUSIX.

B cuiy sToro mcmonb3oBaHHE B IKCIIEPUMEH-
Tax JaTduKa C IUIOCKONApaIEIbHBIMU 3JIEKTPOa-
MH HE O00ECHeUYMBAET IOCTATOYHYIO CTPYKTYpPHYIO
YyBCTBUTEIIBHOCTh M BBICOKYIO TOYHOCTH H3Mepe-
HUH NIPU UCCIENOBAaHUU XHUIKHX CpPEX Pa3IHuHbIX
BUJIOB, @ TaKkK€ MHOTOKOMIIOHEHTHBIX CpEJl HU3Me-
HSIOIErocsi cocraBa. B cBsi3u ¢ 3THM, pa3paboTka
KOHCTPYKLIMHM JIaTYMKa JISl MCCIICTOBAHUS JKHKUX
Cpel METOJOM H30TEepPMUYECKOH JIenosspu3anuu
0CTaeTCsl aKTyaJIbHO Mpo0IeMOoH.

1 Memoouxa 3xcnepumenma

B osKkcmepuMeHTax WCIONB30BATA KOMIBIOTE-
pusupoBanHblii Komroieke AJ[C-1 (ananm3arop muc-
nepcHbiX cuctem) [9]-[10]. Ilpuammn npeWcTBUS
aHaAIM3aToOpa COCTOWUT B HAJIOKEHHH 3JIEKTpOMAr-
HUTHOTO BO3MYIICHHUS Ha >KUIKOTUCIIEPCHYIO CHC-
TEMY, Haxo[sIIyIoCcs B 3aMKHYTOM oObeMe, C To-
creayoomieil perucrtpauuei ee otkiuka. g peru-
ctpanuu otkiuka cucteMbl B AJIC-1 ucnonb3oBan
MIPUMEHSIEMBIA TSI KOHTPOJISL KHUIKOIAMCIEPCHBIX
CHCTEM METOJl HM30TEPMUYECKON JEHoJIsIpru3aliin
(UTH). Cxema U3MEPHUTENBEHOW yCTAaHOBKH MPUOOpa
npeacTaBiieHa Ha pucyHke 1.1.

B pabotax [11]-[13] skcriepuMeHTaIBHO TTOKA-
3aHO, YTO >KUIKOIUCIIEPCHBIE CUCTEMBI C BHIPa)KEH-
HOM CTPYKTYpOW reneil MMeroT Ha Jjorapupmude-
CKOM 3aBHCHMOCTH TOKa IETIONIAPH3AINN OT BpeMe-
HU HECKOJIPKO OTYETIMBO BBIPAKEHHBIX JIMHEHHBIX
YYacTKOB. DTO O3Ha4aeT, YTO B OOLIEM Ipolecce
peNaKcaliOHHOTO pa3psilia dJIEKTPHUUYECKU TOJISIPH-
30BaHHOW CHCTEMBI B OT/EJbHbIE WHTEPBaJIbl Bpe-
MEHH IpeolIafaeT penakcanus 3apsioB, JOKaIn30-
BaHHBIX HA YaCTHIAX Pa3IMYHOU MPHUPOJIBI HITH pa3-
Mepa [2]. ['paduueckn 3TO mpencTaBisgeTcs B BUAC
JIOMaHOU JTMHWUH, U3THOBL, IPSIMOIMHEHHBIE YYaCTKH
W YTl HAKIIOHA KOTOPOW COOTBETCTBYIOT ITOJISPH-
3alMM KOMIIOHEHTOB AUCIIEPCHON CHCTEMBI.

Jl71s OBBIIIEHUS] CTPYKTYPHON YyBCTBUTEIIBHO-
CTH JIaTYMKa, TOBBIIICHUS TOYHOCTH, JOCTOBEPHOCTH
u3MepeHuil u ynodcrBa paboThl B J1a0OpaTOPHBIX
YCIIOBUSX TIPH MOAOOPE KOHCTPYKTHUBHBIX [1APaAMETPOB
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JIaTYUKa JUI KOHKPETHOTO BHIA MCCIEIyeMOH XKu-
KOM cpezibl paspaboTaH [aT4MK, CXeMa KOTOPOTO

mpeJicTaBjieHa Ha pucyHke 1.2.
7
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Pucynok 1.1 — bnok-cxema 3KkcriepuMeHTaIbHOM
YCTaHOBKH ISl IPOBEICHNS H30TEPMUIECKON JIETI0-
nspu3anun. | — uccieayemMslit obpaser;

2 —anexrponsl; 3 — AJIC-1; 4 — HarpeBarenb;

5 — UCTOYHHUK IMUTAHUSA JJIA HarpeBatTelis;

6 — TepMOCTaTHPOBAaHHAs U3MEPHUTENIbHAS KaMepa;
7 — MUKpOMETPUYECKUN BUHT;

8 — BonbTM™METP; 9 — TepMonapa

(%)

b

Pucynok 1.2 — KoHycHBIN JaTuuK
JIJISL UCCCAOBAHUS JKUIKOCTEH:

1, 2 — smeKxTponbl, 3 — HCcleayeMast KUIKOCTD;
Ry 1 R, — HauMeHb1IKE pafinyChl MIEKTPOLIOB,
h v H — pa3Mepsl SJIEKTPOJIOB TI0 OCH,

d — MEX3TIEKTPOTHOE PACCTOSTHIE

JlaTunk comep>KUT ABa M3MEPHUTENBHBIX 3J€K-
tpona (/ u 2) B popMe MOJIBIX YCEUEHHBIX KOHYCOB.
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Onexrpon / (MOIBWKHBIA BHYTPEHHHH) MOXKET Iie-
pemeraTbes 10 OJHOM OCH C Hapy>KHBIM JIIEKTPO-
JIoM 2 6e3 U3MEHEHUs YPOBHS HCCIIElyeMOH JKUIKO-
ctu 3. IlockonbKy yrois a npu BepiinHe o0OuX KO-
HYCOB OJIMHAKOB, TO 00Opa3yolue a U b KOHYCOB
COXpaHSIOT MapaUIeNIbHOCTh IIPH  TEPEMENICHUN
BHYTPEHHETO 3JIEKTPO/Ia, M IIPHU ITOM HE U3MEHSIETCS
TUIOIIAb YIEKTPUIECKOTO KOHTAKTa U3MEPHUTEIIEHO-
ro o0beMa C AIIEKTPOAaMH, HO U3MEHSETCS PacCTos-
HHe d Mexny anekTpopamu. Ilpu yciaoBum manoctu
OTHOMIEHHS d / h 3MEKTPUIECKOE TI0JIe MOKHO OITH-
carb (opMmynamu AJsl IUIOCKOINAPAJUIETBHOTO KOH-
neHcatopa [9], [14], npu 3TOM U3MEHseTCsl TOJIIMHA
MEX3JIEKTPOIHOTO 3a30pa, a caM MEXDIEKTPOIHBIN
3a30p coxpansier (opMy Tenia BpaiieHus, o0paso-
BAHHOTO JBYMSI ITApaUIeIIbHBIMI O0Pa3yIOLIMH a U b.

B kauecTBe mCCIEmTyeMbIX >KHIKOIUCIIEPCHBIX
CHCTEM HCIIOJIE30BAIIH:

1) OypoBOH pacTBOp CIEIYIOIEro CocTaBa:
20 mac.y. rumaHa, 1 Mac.4. MEIHOro KyIopoca,
4 mac.4. rmHbl, 20 Mac.4. ruactudukaropa (Cuiib-
BuT), 100 Mac.4. BoJibI;

2) CBIBOPOTKY KPOBH UEJIOBEKA.

B mccnemyeMbIx KUIKOCTSX MPH HX 3JIEKTPH-
YECKOW TIOJSIPU3AaldN BO3HUKAET MPOCTPAHCTBEH-
HBIH 3aps, BENWYMHA KOTOPOTO OIpeAesseTcs
CTPYKTYPOH M COCTaBOM JKHJIKOCTH, a TaKKe 3aBH-
CHT OT ITapaMeTPOB IOJISIPU3YIOLIET0 3JIEKTPHIECKO-
ro mojs. [IJI0THOCTE M OJHOPOJHOCTH 3JIEKTpUYE-
CKOT'O MOJIS ONpenessieTcss pa3mepamMud U (opmoi
QJICKTPOAOB, WX B3aUMHBIM PACIIOJIOKCHUEM. He-
MPaBWIBHBIN BLIOOP MOCIETHUX CIIOCOOEH WHUITHH-
pOBaTh B XKHUIKOH cpele MpOIecChl, OrpaHMYNBAIO-
mwme (GOpPMHPOBAaHUE IPOCTPAHCTBEHHOTO 3apsna,
TIPUBOISIINE K €ro YCKOPEHHOH pellaKkCallid, YTO
MPEISATCTBYET PETHCTPAllUN U TPaBUIBHON HHTEp-
NPEeTaLN Pe3yIbTaTOB HU3MEPEHHH.

2 Pe3ynomamul uccnedo6anus u oocyryxcoenue

Perucrpamuss TOka Jemoispu3alvM, BO3HH-
KaIOILIETO B CBSI3U C PEIaKCaluel MpOCTPaHCTBEHHO-
TO 3apsi/a, MO3BOJISIET ONPENETUTh HHANBUIYaIbHbIC
CTPYKTYPHBIE TPU3HAKU JKUIKOIUCIIEPCHOI Cpempl,
€e COCTaB, a TaKkKe MX HM3MEHEHHS, YTO SIBJISETCS
OCHOBOM JUISl OLIEHKH NPOM3BOAHBIX (PH3MKO-XHMHU-
YeCKHX, OMOJIOTHUECKUX U MHBIX CBOUCTB.

B pesynbrare npoBeJeHHBIX HUCCIIEIOBAaHUI 1O
U3yUEHHUIO BIUSHHUS pPa3MEpOB MEXIIEKTPOIHOIO
3a30pa Ha XapaKTEPUCTUKU JATYNKA YCTAaHOBJIEHA
3aBUCHMOCTh CTPYKTYPHON YyBCTBUTEIBHOCTH OT
OTHOIIEHNS IUTMHBI MEHBIIEro 3JIEeKTpoja /i K IIu-
puHe 3a30pa d (WK TO-WHOMY — PAcCTOSTHUS MEXKITY
YyBCTBUTEIBHBIMU YacTSIMH 3JIEKTPOIOB) U OIpese-
JICHBl OINTHMAJIBHBIE 3HAUEHMs JTOTO IIapaMmeTpa
(h/d), mpu KOTOPBIX CTPYKTypHas YyBCTBUTEIb-
HOCTh M TOYHOCTH JOCTHUIAIOT BBICOKHUX 3HAUCHMM:
OTHOILIEHHE JUTMHBI MEHBIIETO 3JIEKTPOoJia K IMIUPHUHE
3a30pa HE NPEBBIIAET AECSITH, HO HE MEHbIIE MIec-
™, T.€. 6 <h/d<10.

Humxe npencraBneHsl pe3yiabTaThl 3KCIEPH-
MEHTAJILHBIX MCCIICI0OBAHUH 110 BIUSHUIO ITapaMeTpa
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h / d Ha CTPYKTYpHYIO 4yBCTBUTEIBHOCTh TIPH M3Me-
PEHUSAX TOKA JENOJSPU3ALMU JJIsl IBYX PazIMYHBIX
KHUJKOCTEH — OypOBOTO pacTBOpa U CHIBOPOTKU KpO-
BU YeJIOBEKA.

Ha pucynke 2.1 npuBeaeHbl 3aBUCUMOCTH JIO-
rapudMa OTHOIIEHMS TEKYILEro 3HAYEeHHs TOKa Jie-
nossipu3anny / (f) K ero HadalnbHOMY 3Ha4yeHUIo [
OoT BpeMeHH f, T.e. In[/(f)/ 1], monydeHHBIE TpU
HcclleoBaHNH OypoBoro pactBopa. Kpuast / coot-
BETCTBYET KOHCTPYKLHUH JaTYMKA C COOTHOLIEHUEM
h/d="7,xpuBas 2—h/d =06, xpusas 3 —h/d=10.
Ha pucyHke moka3aHbl TakKe CPaBHHUTEIIBHBIE pe-
3ynbTarhl u3MepeHuit In(// 1)) s KOHCTPYKUMiA
JIATYNKOB, OTIIMYAIOLIMXCSl OTHOLIEHUEM /1 / d, T1ie KpH-
Bast 4 cooTBeTCTBYET /i / d =15, kpuBast 5 —h / d = 13.

tc

\\7
3 5
4,5
1n(ZTy)
Pucynok 2.1 — Pesynbrats! nccineoBanus 0ypoBoro
pacTBOpa KOHYCHBIM JaTYUKOM
C pa3IMYHBIM COOTHOIICHUEM /1 / d:
1-7,2-6,3-10,4-5,5-13

Kak BumHo w3 pucynka 2.1, xpusple [/ — 3
UMEIOT XapaKTEePHO BBIPAKEHHBIE TOUKU Iepeceye-
HUS TPSIMOJIMHEHHBIX OTPE3KOB Pa3HOI'0 HAKJIOHA, a
TaK)X€ TOPU3OHTANbHBIE OTPE3KH (y4acTKH), CBHUJIE-
TEJILCTBYIOLIME 00 M3MEHEHHUSIX CTPYKTYPBI JKUIKO-
cTH (T. €. JaTYNKH YyBCTBHTCIBHBI K W3MCHCHUSM
CTPYKTYpHI). KpuBbie 4 1 5 He UMEIOT TOPU3OHTAIIb-
HBIX YYaCTKOB, YTO CBHICTENBCTBYET O HEIOCTATOU-
HOM CTPYKTYPHOM UyBCTBUTEJIIBHOCTH IATYUKOB C
TaKAM COOTHOIIIEHHEM /i / d, T. €. OHH HE TTO3BOJISIOT
C JIOCTaTOYHOW TOYHOCTHIO MACHTU(UIIMPOBATH H3-
MEpPEHUS CTPYKTYPHI KHUIKOIUCTIEPCHON CHCTEMEI.

Ha pucynke 2.2 mnpuBeneHa 3aBHCHMOCTH
In(// 1)) or BpeMeHHU HeNONsIpU3alHUU ¢ CHIBOPOTKH
KPOBH YeJIOBEKa, W3MEpPEHHasi KOHYCHBIM JaTYMKOM
C pa3IMYHBIM COOTHOILEHUEM /i / d. V31ioM Ha Kpu-
BOH / cBHIETENLCTBYET 00 M3MEHEHUHM MEXaHWU3Ma
TOJISIPU3ALIUH, T.€. O TEPECTPOHKE CTPYKTYpPBI KH[-
KOCTH, B TO BpeMs KakK IUIaBHBIA XOJ| M3MEHCHHS
3aBHCHMOCTH 2 HE TMO3BOJIET CYIOUTH O CTPYKTYp-
HBIX TIEPECTPOIKaxX B CHIBOPOTKE KPOBH.

Takum oOpa3oM, mpu BBHIOOpPE pa3MepoB JaaT-
YHMKa U3 YKa3aHHOTO MHTEpBaJia COOTHOIUeHUH /i / d
obecrieunBaeTcsi HEOOXOAMMasi M JOCTATOYHO BEICO-
Kasi CTPYKTypHasi YyBCTBUTEIBHOCTD IS JTFOOBIX TH-
OB M BUJAOB NOJAPU3OBAHHBIX KUAKOAMUCIEPCHBIX
CHCTEM, YTO O0ECHEYMBAET BO3MOXKHOCTH TOYHOTO
M3MEpEeHNsI B HAX TOKa JCTIONSPH3aliH U TIPOM3BOAHBIX

101



B.A. I'onvoaoe, U.B. llanamos, E.A. [Jeemkosa, T.B. Psabuenxo

OT Hero (pU3UKO-XMMHYECKHX CBOWUCTB. biaromaps
9TOMY, OJUH U TOT K€ JaTYUK MOXKCT 6I)ITb UCIIOJIb-
30BaH U1 UCCICAOBAaHUA pa3IMYHbIX ABYX- U MHO-
TOKOMITOHCHTHBIX XUAKOJUCIICPCHBIX CUCTEM.

-4,5
In(ZTy)
Pucynok 2.2 — Pe3ynbTaThl UCCIIEIOBAHUS
CBIBOPOTKHU KPOBH KOHYCHBIM JaTYHKOM
¢ cooTHomenuem h /d: 1 —6,2 —30

Ecnu pazmepsl MeX3JIEKTPOJHOTO 3a30pa Ta-
KOBBI, YTO OTHOILCHUS JUTMHBI MEHBILETO AJIEKTPoIa
K IIUPHHE 3a30pa MEXIY DJICKTPOJaMH MEHbIIe 6
w 6omnpmme 10 (A /d<6 wmm h/d >10), To cTpyK-
TypHasi YyBCTBUTEJIBHOCTb I OOJBIIMHCTBA XKUA-
KOJUCIIEPCHBIX CHCTEM CTAHOBHTCS HEYHOBJIETBO-
PHUTEIBHON, YTO OTrPAaHWYMBAET BO3MOXKHOCTH TOY-
HBIX U JIOCTOBEPHBIX M3MEPEHHH TOKa Jerojspu3a-
MM B TAKUX CHCTEMaX.

3aknrouenue

Hcnonp3oBaHre KOHYCHOTO JaT4YMKa JaeT 3Ha-
YHUTEJIbHOE IMOBBIIICHHE KadecTBa H3MEPeHWH 3a
CYeT IUIABHOTO M3MEHEeHHs pabodero 3a3opa, odec-
NICYMBAIOLIEr0 BHICOKYIO TOYHOCTh U3MEPEHHH, 0CO-
O€HHO P IPUMEHEHNH MUKPOMETPUYECKUX BUHTOB.

B oTnmume oT gaTdMka C IUIOCKOIApalieNb-
HBIMU 3JIEKTPOAAMHM, KOHYCHBIH JaTYMK IO3BOJSET
00€ecIeunTh BBICOKYIO CTPYKTYPHYIO YYBCTBUTEIb-
HOCTb U TOYHOCTb H3MepeHHI>lI TOKa ACTIOJIApu3alin
" MPOU3BOAHBIX OT HETO (l)I/I3I/IKO-XI/lMI/I'-IeCKI/lX na-
pameTrpoB. Bpicokast CTpyKTypHasi 4YyBCTBHUTENb-
HOCTh M TOYHOCTb M3MEPEHUI MO3BOJISIOT HCIIOJb-
30BaTh JAaT4MK JUIl KOHTPOJS COCTOSIHHSI JKHJAKO-
JHCIIEPCHBIX Cpell KaKk CTaOWIBHOTO, TaKk U Hepe-
MEHHOI'0 COCTaBa W I MCCIICNOBaHUS IMPOTEKAIO-
IIMX B HUX HPOLIECCOB.
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IMPABHUJIA JJISA ABTOPOB
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— COOTBETCTBOBATH NMPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM ITPOM3BEICHUEM,
KOTOpOE€ He IPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
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aBTOPOB (COaBTOPOB) Ha COOCTBEHHOM CalTe;
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CTBOBaHHBIX MaTepHaJOB, aBTOPOM (COaBTOPaMH)
JIOJDKHBI OBITH ITOJIy4eHBI BCE HEOOXOAMMBIE pa3pe-
IIEHUs Ha HCIIOJIb30BaHHE B CTaThbe MaTEpPHAJIOB,
npaBooOanarteneM (JIIMH) KOTOPHIX aBTOp (COaBTO-
pHBI) He sBIIAETCS (FOTCH).
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MpaBIsieTCs JIEKTPOHHBIN BapuaHT ctarbu Ha CD,
WIH IO 3JICKTPOHHOM mouTe (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKM CTaThbH MOXKHO HCIOJIB30BaTh
pemaktop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce moms —
2 cMm, wm cucremy LaTeX c ommueii 12 pt B cran-
JIapTHOM CcTWJIe article Oe3 mepeomnpeneneHus: cTaH-
naptHeix ctuneit LaTeX'a u BBeaeHUS COOCTBEHHBIX
KoMaH[ (Bce monsd — 2 cM).

B neBoM BepxHEM yIUly IEPBOH CTpaHULIbI CTa-
Tbu cTaBuTcs uHAekc Y /K, Huxke mo ueHTpy Ha
PYCCKOM M aHTJIMHCKOM S3bIKax: Ha3BaHHE CTaThbU
MIPONKCHBIMKA OyKBaMH, MHULMANBI U (pamuius as-
TOpa (aBTOpPOB), Ha3BaHUE OPTraHHU3ALMH, B KOTOPOH
oH (oHHU) paboraer, anHOTaIUA (10 10 cTpOK) U Te-
pEUYCHB KIIIOYEBBIX CIIOB.

Cratbsl, KaK IPaBUIIO, JOJDKHA COJCPKATh: BBE-
JICHHE, OCHOBHYO YacTh, 3aKIIFOUCHHUE U JINTEPATYPy.

HasBanue cTaTey JOIKHO OTpa)kaTh OCHOBHYIO
UJICI0 MCCIIEI0BAHUSI, OBITh KPATKHM.

Bo BBenenun naercs Kpatkuii 0030p JuTepa-
TYypbl, 000CHOBBIBAETCS LieJIb pabOThI U, €ciii HeoO-
XO0AMUMO, OTpaXaC€TCA CBA3b C HAYYHBIMH U ITPAKTU-
YeCKUMH HarpapieHusIMHA. O0s3aTeNbHBIMU  SIBJISI-
IOTCSL CCBUIKM Ha paboThl IPYyruX aBTOPOB, IyOIH-
Kaliy TOCIEAHNX JIET B O0JAacTH MCCIIEAOBAaHUS,
BKITIOYAas 3apyOeKHBIE.

OCHOBHas 4acTh JOJDKHA COJEP)KaTh OMHMCAHNE
METOJIMKH, 00BEKTOB MCCIEIOBAHHSA C TOUKH 3PEHMS
X HaydHOW HOBH3HbL. OHa MOXET JEIMThCA Ha
nmojpasfenbl (C Pa3bsACHSIIONMMHU 3aroJIOBKAMH) H
collepaTh aHAIU3 IyOJMKAIUi, OTHOCSIIUXCA K
COJIEPKaHHUIO IAHHBIX MOJIPA3/EIIOB.

DopMyJIbl, PUCYHKH, TaOJIHULBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabmuua 2.1. Hymepauuu mnojyiexaT TOJIBKO Te
(dopMyJIBl, Ha KOTOpblE MMEIOTCS cChUIkM. Homep
(OpMyJIBI TIPIKMMAETCSI K MIPaBOMY Kparo CTpaHH-
e, a cama (opMmysia LEeHTpUpyeTca. PucyHku u
TaOJIMIBI PACIIONATAIOTCSl HEIIOCPEACTBEHHO B TEK-
cre. Pasmep puCYHKOB ¥ rpaKOB HE JOJDKEH IIpe-
Boimare 10x15 cm. IlomyronoBeie  Qotorpadun
JOJDKHBI UMETh KOHTPAcTHOe m3o0paxeHue. [loro-
peHHe OJHUX W TeX K€ JaHHBIX B Tabnuumax M pH-
CYHKax He JIOITyCKaeTcs.

Kaxmas Tabauna J0JDKHA MMETh 3arojoBOK, B
Hell 00s3aTeNbHO YKa3bIBAIOTCSI SIUHMIBI H3Mepe-
HUA paCcCMAaTPpUBACMbIX BCJIMYMH. PaSMepHOCTL BCEX
BCJIMYHUH JOJIKHA COOTBETCTBOBATH Me)K[lyHapOIl-
HoOW cucteme emuani m3mepennit (CH). He momyc-
KaeTcs COKpalleHHE CJIOB, KpoMe OOIIECHpPHHSATHIX
(T.e, U T I.,UT.IL).

B 3akimoueHny B :kaToM BUIE (OPMYITUPYIOTCS
TIOJIyYeHHBIE PEe3yJIbTaThl, X HOBH3HA, IIPEHMYILECT-
Ba ¥ BO3MOYKHOCTH PAKTHYECKOT'0 UCIIOJIb30BAHUS.

CHHCOK JIUTepaTypsl HOJDKEH COIep)KaTh IOJI-
Hble OubaHorpaduueckue manHsie. OH COCTaBIIACT-
Csl B TIOPSIIKE YIOMUHAHUS CCBUIOK B TekcTe. Cehli-
KU Ha HEOIyOJHUKOBAHHBIC PA0OTHI HE IOMYCKAOTCS.
CchUIKH [AIOTCSl B OPUTMHANBHOM TPAaHCIUTEPAIUH.
[NopsinkoBble HOMEpa CCHUIOK IO TEKCTy YKa3bIBa-
I0TCSI B KBa/IpaTHBIX CKOOKax (Hampumep, [1], [2]).

Crarbsi moJanMchIBaeTcsi BceMH aBTopamu. K
CTaTbe MPUJIAratoTCs:

— COIPOBOAMTENEHOE ITMCBMO OpPraHW3aLyH, B
KOTOpOH BBINIONIHEHa paboTa ¢ mpockboit 00 omyo-
JIMKOBaHMHY;

— cBefieHus 00 aBTOpax;

— OKCIIEPTHOE 3aKIIOYEHHE O BO3MOXHOCTH
OHy6HI/lKOBaHI/IH CTaThu B OTKprTOfl IcyaTu,

— JIOTOBOp O Tepejaye aBTOPCKOro mpasa (B
JIBYX 9K3eMILIsApax).

CaeneHust 00 aBTOpax IMPEACTABIISIIOTCS HA OT-
JIeTIbHOM CTpaHMLe U conepkar: (pammimio, uMs, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTEIICHb, 3BaHUE,
MeCTO paboTHl M 3aHMMAEMYIO IIOJDKHOCTb, CIIelda-
JIFCTOM B KaKod OONAcTH SIBISETCSI aBTOP, MOYTOBEIHA
WHJIEKC W TOYHBIA ajpec A Hepenucky, TenedoHb
(cmy>xeOHBI WM JOMAITHHIN), aapec 3JIeKTPOHHOU
noutsl. Ciemyer yka3aTb aBTopa, ¢ KOTOPbIM HY)KHO
BECTH IEPENNCKY U HalpapJieHHe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBiieHHas paboTa ((husrka, MaTeMaTHKa,
TEXHUKA).

[MocTynuBIIas B peJakuuio CTaTbs HalpaBils-
eTcsl Ha pelieH3upoBaHue. B ciaydae e€ oTKIIOHEHHMs
penakiys cooOIIaeT aBTOPY PEIICHHE PEeIKOJUICTUI
U 3aKIIOYCHUE PELEeH3EHTa, PYKONHCh aBTOPY HE
Bo3Bpamiaercs. Pemenne o nopaboTke craTbd He
O3HayaeT, YTO OHA MpUHATA K redaru. [locie nopa-
OOTKHM CTaThsi BHOBb PacCMaTpUBAETCS PELEH3EHTOM
U pENAKIIMOHHON KOJUIETUEH.
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Penakuys octaBiseT 3a co00i MpaBo MPOU3BO-
JIUTh PEelaKIMOHHBIC U3MEHEHUS M COKPAIICHHUs, HE
HCKa)KaIOI[1e OCHOBHOE COZIEP)KaHHE CTaThU.

CTaT])l/I, HE OTBCHAIOIUEC NEPECUNCIICHHBIM TpE-
0OBaHUSIM, K DPAacCMOTPEHHIO HE MPHUHUMAIOTCA MU
BO3BpaIaroTcsl aBropam. JlaToil mosmyueHust pyko-
MIMCH CUMTAETCS JIEHb IMOJYYeHHs pelaKkuueid OKOH-
YaTeIbHOTO BapHaHTA.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEIAKIINIO Y)K€ paHee OITyOJMKOBAaHHBIX CTaTeH WM
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHUIMH.

Penmakimst mpenocTaBiseT IpaBo MePBOOYEPEIHO-
TO OIyOJMKOBaHMA CTaTell JIMIaM, OCYILIECTBISIOIM
TMOCTIEBY30BCKOE 00yueHUe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBEpIUCHUS OOy4YEHHsL.
[Inara 3a omyOMKOBaHUE cTaTel HE B3UMAETCSI.
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Bcro KOppecrnoHJIeHIMI0 CleyeT HalpaBisiTh
MPOCTHIMHU WJIM 3aKa3HBIMH MUChMaMu (OaHIepodsi-
MH) Ha aJpec PeAaKinu.

O06pa3err oopMIIeHHS CTaThbH, CBEJCHHUI 00 aB-
TOpax, SKCIIEPTHOTO 3aKJIFOUEHUsI U TEKCT JIOTOBOPa O
repesiade aBTOPCKOTrO IpaBa pa3MeIeHbl HA calTe
XKypHaia 1o aapecy http://pfmt.gsu.by.

JKypHam BKIIOYEH B Karajior IMeYaTHBIX
cpenctB MaccoBoi mH(popMmarm Pecyomiku Bena-
pycb. Uanekc xypraana: 01395 (ans mHIUBUAYaTH-
HBIX moanmucuukoB), 013952 (mma mpeampustuit u
OopraHu3aIui).



GUIDELINES FOR AUTHORS

In order for papers submitted to be published in
the journal “Problems of Physics, Mathematics and
Technics” the following rules should be taken into
account:

— the paper should be in agreement with the
type of the journal;

— the paper should be an original work, it
should not have been submitted for consideration or
previously published in the bulk over 25% in an-
other scientific edition and (or) electronic publica-
tions with the exception of preprint publication
(manuscript) of the paper of the authors (coauthors)
on their own website;

— the paper should contain all statutory refer-
ences to the cited authors and published sources of
the borrowed material. The author (coauthors) must
obtain all the necessary permissions for the use of
materials in the article, in the event that he is (they
are) not their right holder (right holders).

The paper should not contain the materials
suppressed for publication in the press in accordance
with the laws of the Republic of Belarus.

Contents of a paper should be written in line
with the scope of the journal. The paper should be
written in Russian, Belarusian and English, edited
thoroughly and submitted in two copies to the Edito-
rial Office. The manuscript should be printed on A4
white paper with all pages numbered. In addition,
the authors must submit the electronic version
of their manuscript either on a CD or by e-mail
(e-mail: pfmt@gsu.by).

To prepare a paper it is possible to use MS
Word for Windows (2000/2003), Times New Roman
type, 14 pt. All margins are 2 cm. The author may
also use 12 pt LaTeX in standard style article with-
out redefinition of the margins and introduction of
the author’s commands.

Index UDC is sited in the left corner of the first
page. The title of the paper in capital letters is fol-
lowed by the name(s) of the author(s), authors' af-
filiations and full postal addresses next to which are
an abstract of no more than ten lines and keywords.
Relevant keywords should be placed just after the
Abstract.

A paper, as a rule, should include Introduction,
Body Text, Conclusion and Literature. The title of
the paper must be concise. It describes the main idea
of your research.

In the Introduction the author gives a brief re-
view of literature, his grounds and specific objec-
tives, he describes links with scientific and practical
branches. All background information such as refer-
ence to the papers of others authors and some
previous publications (including foreign ones) in the
field of investigation is necessary.

The main part should contain description of the
techniques used and objects of investigation within a
large scientific framework. This part may be divided
into subsection (with explanatory headings). It provides

the readers with the analysis of the publications on
the problem described in these subsections.

Formulas, figures and tables should be sequen-
tially numbered in the framework of the section, for
example: (1.1), (2.3), figure 1.1, table 2.1. The author
should number only the formulas with appropriate
references. The formula number is placed on the right
side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in SI units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i.e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e.g. [1], [2]).

The paper should be signed by all authors.

The following documents should be attached to
the article:

— covering letter of the organization in which
the work was done with a request for publication;

— information about the authors;

— expert opinion on the possibility of publish-
ing an article in the press;

— treaty on the transfer of the copyright (two
copies).

The authors should provide the following in-
formation on a separate sheet: surname, first name,
patronymic, science degree, rank and correct postal
address for correspondence, organization or com-
pany name and position, title, research field, home
or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.
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Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year
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of the completion of a course. Publication of the
paper is free of charge.

Samples of the preparation of an article, infor-
mation about the authors, expert opinion and the text
of the treaty on the transfer of the copyright are
placed on the site http://pfmt.gsu.by.

The journal «Problems of Physics, Mathemat-
ics and Technics» is included in the mass media
catalogue of the Republic of Belarus. Index: 01395
(for personal subscribers), 013952 (for enterprises
and organizations).
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