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DOU3HUKA

V]IK 534.8:535.5

OIITHKO-AKYCTHYECKASA TUAT'HOCTHUKA JE®PEKTOB
HA ITOBEPXHOCTHU TBEP/JbIX TEJI

A.P. Baes', B.I'. I'yneaes’, I'.B. Kyaax’, A.. MuTbKoBeIr’,
A.I'. Marseesa’, I1.W. Ponot’

' Unemumym npuxnaonoii usuxu HAH Benapycu, Munck, Benapyco
*Unemumym ¢usuxu um. B.M. Cmenanosa HAH Benapycu, Munck, Benapyce
3 Mosvipexuii 2ocydapemeennbiii nedazozuyeckuti ynusepcumem um. M.I1. Hlamsxuna, Moswips, Berapycy

OPTICAL-ACOUSTIC DIAGNOSTICS OF DEFECTS
ON THE SURFACE OF SOLIDS

A.R. Baev', V.G. Gudelev?, G.V. Kulak’, A.I. Mitskovets’,
A.G. Matveeva’, P.I. Ropot’

'nstitute of Applied Physics of NAS Belarus, Minsk, Belarus
*B.1. Stepanov Institute of Physics of NAS Belarus, Minsk, Belarus
3.P. Shamyakin Mozyr State Pedagogical University, Mozyr, Belarus

HccnenoBaHbl 0COOCHHOCTH PacCestHHs BO30YKIaeMbIX ONTHKO-aKyCTHYECKHM METOJOM ITOBEPXHOCTHBIX aKyCTHYECKHX BOJH
Ha TpeluHe, uMmeromeil Gpopmy Tpamenun. [TokazaHo, 4yTo GopMa U aMILIUTYJa PACCESHHOTO MMITY/IbCa MIOBEPXHOCTHBIX aKy-
CTHUYECKUX BOJIH 3aBUCHUT OT IIMPHHEI TPEIIUHBI H €€ MECTOIOI0KECHHsI OTHOCHTEILHO HCTOUYHNKA ¥ IPHEMHHKA YIbTPa3ByKa.
OKCIIepHUMEHTAIBHOE HCCIISIOBAHNE BIMSHUS MMITYJIbCHO-JIA3€PHOTO M3Ty4YEeHHs] Ha aMIUIMTYXy M (GOpMy YJIBTPa3ByKOBOTO
CHTHAJA, BO30YyXKJaeMOro IpH IMEepeMEIICHHU ISITHA JIA3epPHOTO JIyda MPSAMOYTONbHOH (OpMBI Uepe3 MOBEPXHOCTHYIO He-
CILIONIHOCTh B BHJE YCTaJOCTHOH TPEIIMHBI MHKPOHHOTO pa3Mepa, MOKa3alo XOpollee KaueCTBEHHOE COITIaCHe ¢ MPOBEICH-
HBIMH TEOPETUUECKUMH UCCIIE0BAHUAMMU.

Knrwouessie cnosa: nogepXxHoCmuas aKkyCmu4eckas 0IHA, paccesiHue YIbmpaseyKd, Vibmpa3eyKo8ol UMRYIbLC, NOBEPXHOCHIHAS
mpewuna.

Participants of the surface acoustic waves scattering excited by means of optical-acoustic method on the crack which has trape-
zium form is investigated. It is shown that the form and amplitude of the scattered impulse of the surface acoustical wave is de-
pended on the crack width and its locality relative to the ultrasonic source and receiver. Experimental investigation of the influ-
ence of the impulse-laser radiator on the form and amplitude of the ultrasonic signal excited under traveling laser spot of the rec-
tangular form over the fatigues crack of micron dimensions has show good quality accordance with conducted theoretical inves-

tigations.

Keywords: surface acoustic wave, ultrasonic scattering, ultrasonic impulse, surface crack.

Beeoenue

OnTuko-akycrtudeckue (OA) HCTOYHUKH YIIBT-
pa3ByKOBEIX (Y3) BONH HMEIOT PSIl NMPEUMYIIECTB
nepes TPaOUIUOHHBIMU (ITbE303JCKTPUIESCKUMH U
3JIEKTPOMArHUTHO-aKyCTHUECKUMH), BKIIOYasg OT-
CYTCTBHE KOHTAaKTa CO CPemoii, BOSMOKHOCTH JIETKO-
ro U3MEHEHHs I'€OMETPUYECKHX IapaMeTpoB aKy-
CTUYECKOW aHTEHHBI, JHarHOCTUKH OOBEKTOB, JBH-
KYIIUXCS ¢ JII000# ckopocthio [1]-[5]. dus B030y-
KJICHUS KOPOTKUX aKyCTHYECKUX HMITYJIBCOB IIep-
cnekTuBHO npuMeHeHne OA METOIOB TPH HM-
MyJIbCHOM Ja3epHoM BozaedctBuu [2], [3]. Cpenu
PEXXUMOB TeHEPALNH IIOBEPXHOCTHBIX aKyCTHIECKUX
BorH (ITAB) mpeamodruTenbHBIM SBISAETCS HMEHHO
TEPMOYIPYTHI PEXUM, pealn3yeMblil B OTCYTCTBUE
a0JsiuuK MaTepHuana U MUHUMAJILHOM ITyMOBOM (o-
HE, CO3[aBacMbIM IPOAOJIBHOW M CIOBUIOBOM MOJa-
mu [1]{3]. Bo30yxnenue ITIAB Panes npu morumo-
MICHUHN JIA3€PHBIX HMITYJIbCOB HaHOCGKyHﬂHOﬂ JJIn-
TENHOCTH B MaTepHalie U3 IUIABJICHOTO KBapla HC-
ciieoBano B padote [4]. MccnenoBanbl 0COOCHHOCTH

JMarHOCTHKH HEOJHOPOIHOCTEH B BHJIE MOJIOCOK M3
30JI0Ta HA MMOBEPXHOCTH ILJIABJICHOTO KBapIia.

Cxema B030yxneHus u paccesHus [IAB mo-
BEPXHOCTHBIM JAe()eKTOM, UMEIOINM (opMy Tpare-
1Y, IpeacTaBieHa Ha pucyHke 0.1.

JI X2 op
X J L
a d - —
Unf tl:i P % )
IIAB Upe 1 PIIAB |

o )

Pucynok 0.1 — Cxema paccesaus [IAB Ha Tpemmuse,
nMmeromeit popmy tpanenuu (O6 — obpaszer,
[TAB — mapmatormas Y3 BonHa, P ITAB — paccesHHas
V3 BonHa, JIM — na3epHBINA NMITYIIEC;

[1P — mpuemuuK Y3 BONHEL, d — TITyOWHA TPEIIUHEI,
| — mmpwHA TPEMUHBI, ¢ — yTOJ HaKJIOHA OOKOBOIt
TPaHU TPEITUHBI)

© baeg A.P., I'voenes B.I"., Kynax I'.B., Mumosrogey A.1., Mamseesa A.I'., Ponom I1.1., 2014 7



A.P. baes, B.I'. I'yoenes, I'.B. Kynax, A.1. Mumvkosey, A.I'. Mameeesa, I[1.11. Ponom

1 /lannwie pacuema u ux oocyscoenue

[ToBepxHocTHBII nedekT cedeHueM B Ghopme
Tpaneuuy UMeeT IUPHHY [ U TIyOuHy 3ajieranus d;
yrojl HakJioHa OOKOBOI CTOPOHBI Tpamelnuu ¢ (pu-
cyHok 0.1). OOmacte BO30YXAEHHS THIEP3BYKa
MMEEeT BHJ NMPSIMOYTOJbHUKA IIUPHUHON a U JAJIMHOU
b [5]. JlasepHblii UMIIYJIbC UIMTEIBHOCTBIO 7 pac-
MPOCTPaHsIETCS BJIOJb OCH Z M BO30YKIAaeT BBICOKO-
YaCTOTHbIE Y3 BOJIHBI pa3HOM MOJIIPU3ALUU U IPO-
CTPaHCTBEHHO-YIJIOBOTO pacnpenenenus. [Ipexarmo-
noxuM, 9T0 OA-BO30YXICHHE OCYIISCTBISCTCS B
TepMoympyroMm (mHEiHOM) pexume [1], mpuuem
Ja3epHBIA UMITYJIC UMEET TayCCOBO aMIUIUTYIHOE
pacnipesienienune Bo BpeMeHu — f(f) =exp(—t> /77).
Torna rayccoB akyCTUYECKHI UMITYJIC UMEET JJIH-
TENILHOCTh 7, MPEBOCXOJIIYI0 JUIMTEIBHOCTh Jia-
3epHOro UMITyJibca. Y3 BOJIHA 3aTyXaeT B POCTPaH-
CTBE IIPH HAJIMYHMU IOTJIOLICHUs Cpeabl ¢ K03 u-

IIMEHTOM TOIJIOIIEHHA O =TQ?, tme T — HekoToO-
pBIii K03 (UIMEHT, 3aBUCALINNA OT PoAa MaTrepuaia
u ero ¢usuyeckux cBoMcTB. MMmmynsc Y3 cmere-
Huii [IAB umeer mmpuny cnekrpa AQ~1/7, u
LEeHTpajbHylo dactoty Q) ~AQ. YacToTHbIHA
CIIEKTp aKyCTHYECKOTO UMITYJIbCa, BO30YyXKIaeMoro
Ha TIOBEPXHOCTH TBEPAOIO Tejla, HMEET BUJ:
F(Q) = z’a\/;exp(—erz /4), rae Q — kpyrosas
yacToTa Y3 BOJIHBL Dypbe-CIIEKTp COCTABIAIOMINX
poneeBckoit [IAB Bmons Z- u X- HanpaBieHui nme-
et Bua [5]:
- PSS, F(Q)n’e™”

U, (@)= » x "
2k, 1= 77 sin(4,) sin(B o) o '
o C, A, B, ’

0. () U (Q)(1-7/2)
A, =ak, 12, By =b(k;sina)/2, (1.2)
rae S, =ab, a (b) — pasmep monocku Bo30yxae-

HUS BIONL ocH X (Z); oo — a3UMYTaBHBIA yTOJ, OT-
CUMTBIBaEMbIA OT ocu X, Pr— naBineHue Ha MOBEPX-
HOCTH TBEpPIOTO Tela B OOJIACTH Ja3epHOTO BO3EH-
CTBHSI; p — PacCTOSTHHE OT 00JIaCTH BO3OYKACHUS 10
nedexra; @, =k,p—Qt+7/4; k,=Q/v,, L —
0,87+1,12v

¢azosas ckopocts [1AB, 77 = 1y IIpU4eM
+v

v — kooduument Iyaccona; y = u/(A+24), rae
A, u —mnocrosiHabIe Jlame;
Cl CZ

C =22-np*)——L-=22_ 2CC
0 2-79) ¢, C 1

7, C,=+1-7’y*. Otmerum, 4rO

YaCTOTHO-yTJI0Boe pacupexnencane [IAB, Bo3Oyx-
JaeMbIX JIa3epHBIM HMITYJIbCOM, OIpeneNsieTcs UX
(dyakoueit paccesHus B obmactu OA-Bo30YKACHHUS

8

rnre C =

YU YaCTOTHBIM CIIEKTPOM NAJAIOIIEH aKyCTUYECKOM
BOJHEL T. e. F(Q)sin(4, )/ Agsin(By)/ By.
[Tangaromiast paneeBckas Y3 BojHa 4acToTo (2
HaIpaBJsieTcsl Ha 1e(eKT U paccerBaeTcs Ha HEM B
npsivoM (x, >0) i obpatHom (x, <0) Hampas-
neanu. C HCHONB30BAHWEM IBYMEPHOH (QyHKIMH
I'puna B mmockoctn X X, (B cucTeMe KOOpIWHAT

X XoX;3) ammumatyny paccessHHol [TAB MoxHO Haii-
TH U3 BBIpaXeHus [6]:

Ui (r)=

0
:—jnp (r')ijmn > G, (rr' [U JdS

(1.3)

rAe n, — KOMIOHEHTbl eIMHAYHOIO BEKTOpA HOP-
Maju K nosepxHocty (S) Tpemunsl, C,,, — ynpyrue

MOJLy/IH MaTepHaa; [U & (r)] — KOMITIOHEHTHI CMe-

IIeHUsI B 00JIaCTH OTKPBITOH TPEIIMHBI, HHAYIHPO-
BaHHble [IAB Panes; ¢pynkuns I'puna s cmerne-
HUS B BO30y)KIaeMoi BOTHE MMeeT BUJ [6]:

NI R A
G[m (r,r )_Q-ZL,T(‘HT,U][]CT] X (1 4)

i -1/2 v
x[(1=¢%) s (&)d (&) ae,
et
riae ki, kr — BONHOBEBIC YMCNA MPOJOIEHOW U CIBH-
roBoit 00beMHOH Y3 BOJNHBI B MaTepHaie 3BYKOIPO-
BOJIa; TMOJIATaeTcs, YTO BEKTOPHI, Bxomsamue B (1.4),
HMEIOT BHI:

2(‘5’@)’ d' =p,d" =[e;p](e;] ;).

BBINOIHNMB acCUMITOTHYECKYIO OLIEHKY HHTe-
rpana (1.4) u moACTaBUB MOMYyYEHHOE BHIpAXKEHHUE B
(1.3), MoXxHO, TPOM3BE/IST UHTETPUPOBAHUE 110 BHYT-
pEHHEH MOBEPXHOCTH JieeKTa TparelreBUIHON
(hOPMBI, TTOJYIHUTH BEIpAXKEHHE JUIST KOMIIOHEHT BEK-
Topa cMelleHuil paccesHHou ITAB:

sc 2 —ir
Up. =% ; e |UR:,X |QL,TIL,T’ (1.5)
7o kL,T
rac
kKA k
QL = _L_2, QT = _T’
4k, p 4
sin[ (+k, , +k;)(1/2+d cos ) |
b (£k, ; +ky) ’

OpUYeM 3HaK «+» B BbIpaxkeHuH (1.5) cOOTBETCTBY-
eT paccesHuto [1AB B npsiMoMm HampaBlieHUH, a 3HAK
«—» — paccesHUI0 B OOpaTHOM HAIpaBIICHUH, p' —
paccTosIHHE OT PACCEUBAIOILEr0 LEHTpa A0 MpUEM-
HHMKa Y3 BOJIH.

BpemenHast popma paccestHHOTO aKyCTHYECKO-

TO UMITyJIbCa onpenenﬂeTC}l uaTerpanom [ 1], [3]:
Uy (T j U, (Q)e™™d,  (1.6)

rae fR=t—(p+p)/nvx-
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[Honcrasus Beipakenus (1.5) B (1.6), u, BHI-
MOJIHMB MHTETPUPOBAHHE YHCICHHBIMH METOaMHU,
HOJIy4UM BpeMeHHyIo dopmy npononsHoil (U (¢))

C

u monepedHoil (U} (¢)) COCTaBISIIOIIUX PacCEsHHO-
TO aKyCTHYECKOT'O UMIYJIbCca PAJICEBCKUX Y3 BOJH B
obOmactu mpueMHuKa. [IpM 4YHCIEHHBIX pacdeTax
MPUMEHSUICST AITOPUTM OBICTPOTO MpeoOpa3zoBaHMs
®Dypbe 1 MEeTOoJI CIUTAfH-MHTEPIIOJIS LN,

UucnenHsle pacueTsl nposoauiuch 1ia [TAB
Panesi, pacnpocTpaHsromielicss Mo CBOOOJHOW IMO-
BEPXHOCTH Marepuaja, BBIIOJIHEHHOTO W3 CTald
(Fe). Ilpn stoM momaranock, 4yro P=100 MIla,
vF5100 M/c, v=3200 M/c, a=132 MrMm, b=20 MM,
A=4,9-10"Ta, 1=7,84-10"TIa, p=2 MM, p'=10 mm,
=10 o', [Ipennonaramock, 9TO MOIETHHBII
JedekT mupruHOi / MMeeT IUIOCKYIO TPaHUIly U OpH-
entupoBaH BIoib ocu OX. Hcmonb3oBanme [TAB,
najaroliel Mol MaJlbIM YIJIOM HakJIOHa & K ocH X,
MO3BOJISIET Pa3/ACiNUTh B IPOCTPAHCTBE MAJAOUIYIO U
paccesHHYI0 Y3 BOJIHY NpHU OOpPaTHOM pacCesHUH
(pucynox 0.1).

Ha pucynke 2.1 mpezacraBieHa OCIMILIOTpaM-
Ma paccesHHON [TAB B mpsiMOM HampaBleHUM IpU
paccessHnn Ha JAedexTe NPSIMOYTOJIbHOW (HOpMBI
(yrom ¢=90° Ha pucyske 0.1).

rrSC
Ugz

1.0
0.8
0.6
0.4
0,2
%) 0.0
-0.2
-04
-06

-0.8
5

15 25 35 45 55
I, HC
r7SC
Vks 1.0
0.8
0.6
0.4
0.2

-0.2
-0.4
-0,6
-0.8

5 15 25 35 45 55
t, HC

Pucynox 2.1 — OcuusiorpaMMbl HOpMUPOBAaHHOMN
HAa MaKCHMAaJIbHOE 3HAYE€HUE MTONEePEeUHON

cocrasistromieil U, paneeBckux [1AB, paccesHHBIX

B TIPSIMOM HAIPABJICHUH OT BPEMEHH ¢ IPH
p£=05mm, /=0,8 MM (a), p=3 mm, / = 0,2 mm (0)
(p' =10 MM, a = 132 MM, b = 20 MM,

»=90°, d=1 mm, Fe)

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

U3 pucynka 2.1 cimemyer, 4TO BHI OCLMIIIO-
rpaMM H3MEHSETCS MPU U3MEHEHHWH PACCTOSIHUSI JI0
nedekra u ero mupuHel. C yBeTHMYEHUEM IIHPHHEI
TPEIIMHBI 3HAYUTENBHO M3MeHsieTcsl hopma BCTYIH-
TENIFHOM M 3aKIIIOYMTENBHON YacTH HMITYJIbCa pac-
cessHHOM [TAB.

Ha pucynke 2.2 mpeacraBieHbl 3aBUCHMOCTU
aMIDIATYBI Z - cocTaBIsitomeit paccesaaoit [IAB ot
TTOJIOKEHUSI UICTOYHHKA JIA3EPHOTO Y3 BO3OYKIICHHS.

U‘f{;, HM
0.6

0.5f
0.4f
0.3
0.2¢

0.1F

0.0 ‘ : . . : " ;
4 3 2 - 0 1 2 3 4x,uu

Pucynok 2.2 — 3aBHCHMOCTB aMIDIATY IBI
HonepevHoH coctasnsroneil Uy, UMIyabca

paneeBckux I1TAB npu u3mMeHeHNH TOJIO0XKESHUS
TOYKH BO30YKAECHHS X| OTHOCHTEILHO TPEIINHBI
IIPU PA3IUYHBIX IIUPUHAX TOJIOCKH JIa3€PHOTO
BO30YxneHus a: 1 — 44,2 — 88,3 — 132 Mmkm
(a=0, p'=10mm, [=0,2 MM, b =30 MM,

»=90°, d =1 mm, Fe)

Kak BHOHO M3 pHCyHKa MU MEpPEMENICHNH JIa-
3€pPHOTO ITyYKa OTHOCHUTEIHHO TPEIINHBI MMEET Me-
CTO SIPKO BBIPAXEHHBI MAaKCUMYM, IOCTHIa€MbIH
IIPY PaCIONIOKEHUH LIEHTPa JIa3€pHOro My4yKa B OK-
pectHOCTH TpemuHb! (x;=0). UucneHHble pacyeTsl
Ha OCHOBaHWMHM BbIpakeHHH (1.6) HalOT TUNHWYHBIC
ocHmIorpaMMbl paccesHHBIX [IAB Ha nedekre B
(opmMe TpenuHsI, MpUBEAECHHbIE B pabdore [7].

2 Ixcnepumenm

B oskcmeprMeHTE HCTOYHHKOM HMITYJIbCHO-
JA3epHOTO WM3IMYyYeHHUs C JIHHOM BONHBI 1,06 MKM
cinyxun reseparop JITUIIY ¢ ycTpolicTBOM KOp-
pexiun cedeHus mATHa JnaszepHoro Jyda (ILJIJD).
[TAB mpuxuManachk mpe3ompeodpa3oBaTeieM, CHTI-
HaJl C KOTOPOTro MOAABAJICS MOCIIE YCUIIEHHS Ha BXOJ
«Spectronicy TDS 3052B st aHanu3a ero crnekrpa
U aMIUIUTYAbl. YacToTa cleqoBaHMs JIa3epHBIX WM-
nyabcoB coctapmwia 10 I'u. TIJIJT dhopmupoBanock B
BUJI€ BBITSHYTOH IOJIOCHI C M3MEHSIEMBIM IOIeped-
HBIM cedeHneM. [Ipenmnonaranock, 94To PeXUM BO3-
oyxnenust I1AB sBisiercss Tepmoynpyrum. 3Hauu-
MBIE€ PE3YNbTaThl 3KCIIEPUMEHTAIBHBIX HCCIEIO0Ba-
HUH TIpUBEICHBI HA pUCYHKax 2.1 u 2.2, Ha KOTOPBIX
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MPEJCTaBICHbl XapaKTEepPHbIE OCIMIUIOTPAMMBI BO3-
oyxnaembix [TAB 1 3aBUCIMOCTH WX aMIUTATY/IBI OT
KOOpJAMHATBl M Oe3pazmepHoit mmpunbl  [1J1J1
d*=al Z,,,, TA€ Anap — AnuHa BonHb [TAB.

U B 1
0.10 —

0.05

@) (.00 -] wei———"——
0.05 \/w
-0.05- |L]

-0.10 4 |

-0.15 ™

T T
0.000010
I, mc

U, B l
0.04 4

T T
0.000005 0.000015

i

l
0.02 ‘
2 o004 #| |
0,02 |’

-0.04 i

-0.06 +

T T

1

0.000010 0.00(‘)01 5
f, Mc
Pucynok 2.1 — Ocummmorpammser [TAB mpu
m3MeHeHnn noxoxernus [IJIJ] (tuna momHHON

TTOJIOCKHI) Ha 00pas3Iie ¢ TPEIMHON MUPUHON 4 MKM,

riryounoit 400-500 MkM 1 ATHHOI 25 MM:

x1=0,5 MM (a); x; =3 MM (0); och OpIUHAT

B BosibTax (B), a ock abcuc — B Mc

T
0.000005

Kak BHIHO W3 pHCYHKa, TpPH IE€pPEeceUeHUH
[TJIJT TpemmHbl HaOMOAAETCS CYIIECTBEHHOE H3Me-
HEHHE HE TOJIbKO aMIUIMTYIbI, HO U «BCTYIHTEIb-
HOM» YacTH HMITYJIbCA, 3aHUMAIOIIEr0 BPEMEHHOU
MHTepBan ero ocuumriuu 7 =(2-3)f"', toe f —
xapakrepHas vactota [IAB. Ortor addekr compo-
BOJK/Ia€TCSl U3MEHEHHMEM CIIEKTpa UMITyJbca, a TaK-
JKe TosABJIeHHeM «catesiuToBy [TAB, mossnsiommx-
csl, MO-BUAMMOMY, B pPe3yJibTaTe OTPaKEHUs OT CTe-
HOK TpEIIMHbI OOpaTHOH BOJIHBI, TEHEPUPYEMOM
IIJUJI. ITpu3HakoM, XapaKTepU3YIOIIMM HalIH4Me
nedekra, MOXKET CIyXHUTh (POPMa «BCTYNUTEIHHOW
YacTH OCHWULINMK HUMITyJibca, OOYCIIOBIICHHAS
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CJIOXHBIM XapakTepoM ¢opmuposanus nosisi [IAB B
OKPECTHOCTHU TpellrHbl. Heo0X0quMO OTMETUTH, 4TO
paHee B pabote [8] mpu u3ydeHHH TOAOOHOTO (-
(exTa Ha oOpasle C JUIMHHOM MCKYCCTBEHHOH Tpe-
LIMHOM mupuHO# /=50 MKM BiMsHUE TapameTpa d *
Ha aMIUIMTYy Bo30yxaaemoit [IAB He uzydanocs.
3aBUCHMOCTh HOPMHPOBAaHHOW  aMIUIUTYbI
paccesauoii [TAB U;i HMEET SIPKO BBIPAKEHHBII

MaKCHMYM, JAOCTHUTAaEMBI MPH PACIIOIIOKECHUH IIECH-
tpa ITJIJI B okpectHOCTH Tpemunbl (x, =0). Mak-

CHMaJIbHOE >K€ YBEIWYEHHE aMIUIMTYJbl CHIHANA
nocruraercs, ecnu mupuaa [1JIJI BeiOpana onrtu-
MaJbHOU BEJIUYMHBI, XapaKTepusyeMoi Oe3pa3mep-
HBIM mapametpoM d*=a/A,,, =1,8—-2,2, B okpe-

CTHOCTH —4 MM < x| < 4 MM.

T TS
Uz
l,

-4 -2 1] 2

4 Xy, Mu

Pucynok 2.2 — Ammnutyzna ITAB B 3aBUCHMMOCTH OT
nosoxkerud I1J1JI Tuna yinHHOMN MONOCH! IPU
pa3UYHBIX 3HAYECHUSIX TapaMeTpa d*:
1-2,2;2-0,2;3-5 (=4 MkmM,

d =400-500 mxm, b =20 Mm)

[TpoBeneHHbIE HCCIIEAOBAHUS TIOKA3ald, YTO
MyTeEM YMEHbLIEHUS nomnepedyHoro ceuenus I[1JIJI
MIPEACTABISETCS. BO3MOXHBIM JJOCTaTOYHO JIETKO
OOHapy»XUBaTh HECIUIOIIHOCTH THIIA MOPHI C IOIIe-
PEUHBIM pa3MepoM, COCTABIIAIOMIMM JOJH MHIUIU-
MeTpa.

Ecnu yuects, uTo Ha 6e3/1eeKTHOH ITOBEpXHO-
ctu Bcero uub 50% sHepruu ITAB pacnpoctpans-
eTcsl TI0 HalpaBJIeHHIO K MPHUEMHOMY IpeoOpa3oBa-
Temo, To npu Jokanusanuu I1JIJI B oxpecTHOCTH
TpemuHbl (x;~0) MPOU30iIeT NOBBIIIEHHE TIOTHO-
ctu 3Hepruu ITAB, HanpaBlieHHOW K IPUEMHOMY
MpeoOpa3oBaTENIO BCICACTBAE HX OTPAXEHHS OT
CTEHOK TPEIIMHEI.

3aknwuenue

[loka3aHo, 4YTO TpH YBETUYECHHUH LIUPUHBI
TPEUINHBI aMIUIUTYIa PACCESTHHOTO HMMITyJIbCa pac-
TET JJI TIONMYyTHOTO M OOpaTHOro paccesHus. [lpu
PACTIOIOKEHUH IIEHTpa IydYKa JIa3epHOrO BO30YXK-
JIEHUS] B OKPECTHOCTH TPEIIMHBI JIOCTUTAeTCsl MakK-
cuMyM paccestHHBIX [TAB, BenmmunHa KOTOPOTO OBI-
CTPO YMEHBbUIAeTCd MNpPH OTKJIOHEHHUH OT LEHTpa
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TPEILIMHBI B YCIOBHAX IOMYTHOTO U 0OpaTHOTO pac-
CestHUS. DKCIIEPUMEHTAILHO UCCIIEOBAaHO BIIMSHHE
UMITYJIbCHO-JIa3€PHOTO U3IIyYeHUs] Ha aMIUTUTYIy U
¢opmy curnana [TAB, Bo30ykmaemoro mpu mnepe-
MELICHHH MATHA Ja3€PHOTO JIyda HPsIMOYTOJBHOM
(opMBI Yepe3 IOBEPXHOCTHYIO HECIUIONIHOCTH B
BHUJIE YCTAJIOCTHOW TPELIMHBI MHKPOHHOTO PAaCKpPbI-
tis. [Toka3aHo Xopollee KayecTBEHHOE COIJIacHe C
TEOPETUYECKUMHU HCCICAOBAHUAMH Ha OCHOBE Me-
tona ¢hyHkumii ['puHa.
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PU3UKA

VJIK 544.542.1; 621.357.9

NCCIEJOBAHME BJIMAAHUA PEHTTEHOBCKOI'O U3JIYYEHU A
HA 9JIEKTPOOCAKJIEHUE HUKEJISA C HAHOYACTUIIAMM SiO;
METOIOM ITOJTHOTI'O ®PAKTOPHOI'O 3KCIIEPUMEHTA

A.B. beako, H.I'. Baabko

Tpoounenckuii cocyoapcmeennwiil ynusepcumem um. A. Kynanet, I poono, benapyce

STUDY OF THE EFFECT OF THE X-RAY IRRADIATION
ON NICKEL ELECTRO DEPOSITION WITH NANOPARTICLES SiO,
BY THE METHOD OF FULL FACTORIAL EXPERIMENT

A.V. Belko, N.G. Valko
Y. Kupala Grodno State University, Grodno, Belarus

HccrenoBaHo BIMSHUE PEHTTCHOBCKOTO M3/Ty4eHHs Ha SJIEKTPOIUTHYECKOE OCAXKACHHE KOMITO3HI[HOHHBIX MOKPBITHII Ha OCHO-
Be HHUKeNs ¢ HaHodacTuamu SiO, (7-15 HM) Ha HU3KOYTIepOAUCTYIO cTanb. OOHAPyKEHBI 3aBHCHMOCTH CKOPOCTH OCaXKICHUS
KOMIIO3HIIMOHHBIX NOKPBHITHII OT PEKHMOB 3JIEKTPOJIH3a U KOHLEHTparun HaHodacTuy SiO, B anekrpoiute. Ha ocHoBaHnm
SKCIIEPUMEHTANIbHBIX JAHHBIX Pa3pa0OTaHa CTATHCTHYECKas MOJEIb SIEKTPOOCAKACHHUS KOMIO3HIIMOHHBIX TOKPBITHI B MOJIE
PEHTTEHOBCKOIO M3JIyd4eHUs. B COOTBETCTBHM ¢ METOZOM HOJIHOTO (DPaKTOPHOTO IKCIHEPHMEHTA PACCMOTPEHO BIMSHHE BapHa-
U TUIOTHOCTH KaTOJHOTO TOKA OCAXXICHUS, TEMIICPATyphl, KOHIEHTpanuy HaHodacTUL SiO, B 2JIEKTPOJINTE ¥ PEHTICHOBCKO-
TO M3JTy4eHHs Ha BBIXOJI 110 TOKY Ha JIBYX YPOBHSIX.

Knrouesvie cnosa: snexmpoxpucmannuzayus, penmeeno8cKoe usiyuenue, blxo0 Nno MoKy, YpaeHeHue pezspeccuu, (paxmop,
Kpumepuu.

The results of the study of nickel electrodepositing with nanopowder SiO, (7-15 nm) on mild steel in the X-Ray field in this
paper are submitted. The dependence of the rate of deposition from irradiating, electrolysis mode and concentrator of nanopar-
ticles in electrolyte is observed. The statistical model of electrodepositing in the X-rays field and without irradiation is devel-
oped on the basis of experimental data. The influence of current density variations, temperature and concentration of nanoparti-
cles in the electrolyte at two levels according to the method of full factorial experiment for electrodepositing in the X-Ray irra-

diation are considered.

Keywords: electrodeposition, X-rays irradiation, the current efficiency, regression equations, the criteria.

Beeoenue

CozfaHre 3aIIUTHBIX CIIOCB HAa IMOBEPXHOCTU
JleTajield 1 METAJUIMYECKUX KOHCTPYKUUH MOCPENCT-
BOM DJICKTPOIUTHYECKOTO HAHECEHUS KOMITO3UIIH-
oHHBIX TIOKphITHIA (KOIT) Ha OCHOBE HUKENS ¢ HaHO-
yactunamu SiO, SIBISIETCSl aKTyalbHOW 3aiadeil co-
BPEMEHHOI'0 MAIIMHOCTPOCHUS, pEIIeHHe KOTOpOn
MPEJCTABISCT KaK MPAKTUYECKYI0, TaK U BBICOKYIO
SKOHOMHYECKYO 3HAYMMOCTH.

VYcToiuuBbIl HHTEpEC MPOSBISETCS K HUCCie-
JIOBaHUSM B 00JACTH PaJUAIMIOHHOTO MAaTepUAIO-
BEJICHUSI, HANPABIICHBIX HA IOJyYEHHUE IMOKPHITHH C
TpeOyeMBbIMHU IKCILTYyaTAlIHOHHBIMHA CBOMCTBAMH TIPH
BO3ICUCTBUH PEHTTEHOBCKOTO M3nyueHus [1]-[4]. B
pabore [2] moka3aHO, 9TO AEHCTBUE PEHTTCHOBCKOTO
U3JIydeHus: B Tpolecce GOPMUPOBAHHS METalIHye-
CKUX TOKPBITHH MPHUBOANT K CYIIECTBEHHBIM H3Me-
HEHUSIM HX CTPYKTYpbl U (PH3MKO-MEXaHUYECKUX
cBoiicTB. OCaKJICHHBIC B MMOJIC PSHTTEHOBCKOTO H3-
JYYCHUS CJIOM XapaKTEPHU3YIOTCS TOBBIIICHHBIM
BBIXOZIOM MeTajula MO TOKY, PaBHOMEPHOCTBIO pac-
MpEJICNICHUS M0 TIOJIOKKE W YIYYIICHHBIMH 3KC-
IUTyaTallMOHHBIMU XapakTepuctukamu [3]. Cuenyer
TaKXKe OTMETHTh, YTO OOJYYCHHE PEHTICHOBCKHM
M3ITYYCHHEM DIICKTPOJIUTA B MPOIIECCEe IIIEKTPOIIN3a
© Benxo A.B., Banwko HI"., 2014
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B pe3ysbTare paJualiOHHO-XUMHYECKUX peaKuuii,
MPOTEKAIOIINX B O0ydaeMbIX AJIEKTPOIHUTAX, SBIIS-
eTCs ONHUM U3 CIOCOOOB, MPENATCTBYIOIINX aj-
copOLMU Ha TOBEPXHOCTH IOMJIOXKKH OKCHIHBIX U
TUAPOOKCHIIHBIX TUIeHOK [4]. BcneacrBue mHruom-
pOBaHUS TPYAHOPACTBOPUMOW IUICHKH W3 TPOIYK-
TOB IPOMEXYTOYHOTO BOCCTAHOBJICHHS METaJlIa Ha
IMOBEPXHOCTHU KaTOoJa MPOUCXOAUT YBCIIMYCHUC BC-
POATHOCTU BKJIIOYCHHUA B MaTpully METa/la 4aCTUI]
BTOPOH (a3bl ¥ YBEITUUCHNE CKOPOCTH OCAKIACHUS
BbIX0OJa 1o Toky KOII.

[TonpoGHoe wuccnenoBaHWe BIMSHUS PEHTIE-
HOBCKOTO HB3IYYCHHS Ha DIIEKTPOJIUT, KOHIICHTpa-
MU HAHOYACTHI[ B DIIEKTPOJIUTE, TEMIEPATypbl H
IpyTux GakTopoB U, TeM Oosiee, BO3SMOXKHOE HX BO3-
JIeHCTBUE HAa CKOPOCTh OCAXKACHUS, CTPYKTYpy H
cBoiictBa KOII mocpeacTBoM MpsSMBIX KCIIEPUMEH-
TOB — CIIOKHas 3amava. [ onTHMH3alnuy 3a1a4d
U3yUYEHUsI BIUSHUS OOJIyUeHHs M PEKUMOB JIEKTPO-
JM3a Ha anekTpoiutudeckoe ocaxaenue KOIT moxk-
HO HUCIIOJIb30BaTh METOJ IOJHOTO (hpakTOPHOTO IKC-
nepumenTa (IIP3). OH MO3BOIAET MONYYUTH MaTe-
MaTH4YeCKHE 3aBHCUMOCTH BIMSHHS Pa3IMUHBIX
(bakTOpOB Ha BBIXOJHOH MapameTp IpHU OrpaHuYeH-
HOM YHCJIE OTIBITOB.
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Ienpro maHHON pabOTHI SBISUIOCH, HA OCHOBA-
HUAU 3KCl'Iepl/IMeHTaIl]:HI)IX JaHHBbIX, nonyqume
npu anexrpoocaxaeHun KOII Ha ocHOBe HMKeNs ¢
HaHouactuiaMu Si0O, B 10J€ PEHTTCHOBCKOTO H3-
nydeHus, ¢ nomouipio [1MD nocTpouTs craTucTHYe-
CKYI0 MOJIENIb, YYUTHIBAIONIYIO BIUSHHE BapUaIdid
IJIOTHOCTH KAaTOAHOTIO TOKAa OCA&XIEHUS, TeMIlepa-
TypBI, KOHIICHTPAIINA HAHOYACTHI] B DJIEKTPOJIUTE H
PEHTTCHOBCKOTO U3TYUICHUSI.

1 Memoouxa Ixcnepumenma

[Ipu mmaHUPOBAaHWU OIBITOB HCIOJB30BAH
MeToauky [IDPD mepBoro mopsiaka ¢ ABYXypOBHe-
BbIM BapbHpOBaHHEM (AKTOPOB (IJIOTHOCTH CHJIBI
TOKa i, TEMIIEPaTyphl OKPYXKAromeil cpeasl ¢, KOH-
neHTpanud HaHodacTurl Si0,, MOITHOCTH JKCIIO3H-
IMUOHHOW /03Bl PEHTI€HOBCKOTO M3mydeHus P). B
KauecTBE BBIXOJAHOTO IMapaMmerpa paccMaTpUBAICS
BbIxoJ 1o Toky (BTyk) KOII mpu anextpoocaxkaeHnn
Ha 1oJI0KKy. CTaTUCTUYECKON MOJENbI0 00BEeKTa
UCCJIEJI0OBaHUs SBJsIach (PYHKLUSI OTKIMKA (BBIXOJX
no toxy KOII), cBsa3bpIBaromas BEIXOAHOI mapameTp
BT, c daxropamu (i, ¢, [SiO,], P ), KOTOpble Bapbu-
POBAIUCH MIPH IPOBEICHUH OIIBITOB.

B Tabmuue 1.1 mpencraBieHbl AaHHbBIE, MMOY-
YeHHbIE NPH NPeoOpa30BaHUU HE3aBHCHUMBIX Iepe-
MEHHBIX B HaTypalbHOM MacuTabe (i, ¢, [SiO,], P)

COOTBETCTBEHHO K O€3pa3MepHbIM NEpEMEHHBIM ( X,

X,, Xy, X, ) C KOOUPYEMbIMH 3HadeHusamu: —1, +1.

Tabamma 1.1 — 3rauenns dhakTopos

A4yeiike Ha paccTosHUM 10 cM OT MCTOYHHKA H3ITy-
yeHus. [Ipy NaHHBIX YCIIOBHSIX OOJy4€HHs MOII-
HOCTh JKCIIO3UIIMOHHOW J03bl PEHTTEHOBCKOTO M3-
nmy4enust coctasisier 100 kP/4. BTy paccunTsiBasncs
110 OTHOUIEHHUIO PEATBHOTO IPHPOCTa MAcChl K TEO-
peTniecKkoMy, HaliIecHHOMY ITo 3akoHy Dapaes.

B cootBerctBuu ¢ [I®D 115 BceX BO3MOXKHBIX
KOMOWHAIW (PaKTOPOB MPU COOTBETCTBYIOIINX pe-
KHUMax 3JEKTPOOCAXKACHHS TONyYEHO IO 2 CEepHH
HNOKpBITUH. )11 NOCTPOEHUs CTATUCTUYECKON MOJe-
mu (ypaBHEHHUS perpeccuu) Oblia MpoBeAeHa Ipo-
BepKa T'HIIOTe3 00 OJHOPOJHOCTH OLEHOK IHCIIep-
cuu 1o kpureputo KoxpeHa, NONyYeHHBIX JUIS pa3-
HBIX OIBITOB; O 3HAYUMOCTH KOI(PHUINEHTOB per-
peccun 1o t-kputeprieM CThIOIeHTa; 00 aJeKBaTHO-
CTH YpaBHEHHH SKCIEPUMEHTAIBHBIM IaHHBIM C
nomotsto F-kpurepust Guiepa [5], [6].

2 Pesynomamui 3xcnepumenma u ux oocyic-
OeHue

B tabnune 2.1 npencTaBiIeHb! pe3yiIbTaThl BbI-
yucineHus BenmunHbl BTy U1 KOHTpObHBIX 00pa3-
LIOB ¥ 00pa3IoB, ChOPMUPOBAHHBIX B YCIOBHUAX 00-
JTy4eHHs, a TaKKe BCE BO3MOXKHBIE KOMOWHAILNH
(axropoB, Bimsronmx Ha BTy.

Ta6nuna 2.1 — KomOunanmu GakTopoB u
cooTBeTcTBYMOIIME UM 3HaueHust BTy mst KOIT
Ha OCHOBE HUKeJsd ¢ HaHouyactuamu Si0,

be3pa3zmepHbIe IepeMEHHBIE -1 | +1
X1, X2, X3, X4

[L10THOCTH TOKA, i, MA/IM” 1,2 4
Temneparypa ¢, °C 22 | 40
KoHIeHTparus HaHOYaCTHUIL 0,1 1
Si0,, T/em’

IMOIITHOCTB KCIIO3UIITMOHHON JTO3bI 0 100
[PCHTT€HOBCKOTO M3ITyYCHHSI

P, kBr/cm®

Ha mnepBonauanbHOM JTame Obula MOCTpPOCHA
MaTpulla IJIAHUPOBAHUS JKCIEPUMEHTa B COOTBET-
cteun ¢ [1®OD [5]-[6], Brmouaromas B ceds Bce
BO3MOXKHBIE KOMOWHAIUK (haKTOPOB, M TOTyUCHBI
MOKPBITUS TIPH COOTBETCTBYIOIIMX PEKUMAX DJICK-
TPOOCAXKICHHUS.

KO3II ocaxxnany Ha MOAJOXKKAX U3 HU3ZKOYIJIE-
poaucroii cranu 08 ki B TeueHue 1 4 U3 AIEKTPOIIU-
Ta cuemyromero cocraBa: NiSO47H,O — 240 1/7,
MgS0,7H,0 — 30 r/m; H3BO;3 — 25 r/mm; NaCl — 15 1/m;
NaSOy4 — 50 r/n. KoHnenTpanuss HaHOYAaCTHI] U pe-
JKUMBI DIIEKTPOJIN3a BAPHHPOBAJIIICH B COOTBETCTBUH
¢ Tabnuuei 1.1. Pazmep Hanowactun ot 7 1o 15 Hm.
B kauecTBe MCTOYHHMKA PEHTT€HOBCKOTO M3TYYCHHUS
ObLTa UCTIOJIb30BaHA YCTAHOBKA MPU HANPSDKCHUM Ha
peHtrenoBckoii Tpyoke 50 kB u Toke 15 MA ¢ Monmb6-
JIEHOBBIM aHoAOM. OnekTpoocaxaenue KOIII mposo-
JUIIOCH B 3JEKTPOXMUMHUYICCKON TEPMOCTATHPYEMOM
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Howmep

KOMOMHa- dakropbl BeIxoz o Toky

uu ak-

TOPOB, U X1 X2 X3 X4 BTlu, % BTzu, %
1 -1 | -11]-1|-1 67 64
2 +1 | -1 | -1 | -1 91 88
3 -1 | +1 | -1 | -1 37 41
4 +1 | +1 | -1 | -1 86 81
5 -1 | -1 +1 | -1 72 72
6 +1 | -1 | +1 | -1 78 84
7 -1 | +1 | +1 | -1 37 40
8 +1 | +1 | +1 | -1 79 75
9 -1 | -1 1] -1 |+1 71 74
10 +1 | -1 | -1 | +1 92 95
11 -1 | +1 | -1 | +1 69 71
12 +1 | +1 | -1 | +1 91 94
13 -1 | -1 | +1 | +1 82 84
14 +1 | -1 | +1 | +1 96 99
15 -1 | +1 | +1 | +1 51 48
16 +1 | +1 | +1 | +1 89 90

Kak BugHO 13 Tabmuusl 2.1, neiicTBue peHrre-
HOBCKOT'O U3JIyYCHHUS Ha 3JICKTPOJUTHYCCKOE OCaXK-
neane KOII Ha ocHOBEe HHUKENIS ¢ HaHOYACTHIIAMH
SiO, mpuBomuT k yBemmueHmio BTy. Ilockombky
wionians ocaxaenus KOII Obuia pukcupoBanHas u
OJIMHAKOBAsT U BCEX IOKPBITUH, TO YBEIMYCHHE
BTy yka3biBaeT Ha BO3pacTaHUE CKOPOCTH OCaKACHUS
BeriecTBa. [lo BIMSAHUEM PEHTTEHOBCKOTO H3JTyde-
HUS 3JICKTPOJIUT MOABEPIKEH PAIMONU3Y U, 00YCIIOB-
JICHHBIC WM PaJAAAIIOHHO-XUMHUYCCKUE pPEaKIUH
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CIOCOOCTBYIOT aKTHBHOMY KIJIacTepoOOpa30oBaHUIO
BOCCTAaHABIIMBAEMOI'0 MeTaila HEMOCPEICTBEHHO B
o0beMe pacTBOpa, 3HAYUTENHFHO OOJIETJaromeMy pas-
psin MeTamna Ha nojuoxke. Kpome toro, Beneact-
BUE DAJMOJIHM3a B DJIEKTPOJINTE BO3HHKAIOT aKTHB-
HBIC M MOJBIDKHBIE YAaCTHIIBI, CIIOCOOCTBYIOIIHE €C-
TECTBEHHOMY MEpPEMEIINBAaHNIO PacTBOpa M WHTEH-
CH(HULUPYIOIIE IIPOLECC IEKTPOOCAKACHUSL.

AHanm3 5KCIepUMEHTANIBHBIX JTaHHBIX TT0Ka3all,
YTO TNpPU 3JIEKTPOOCAKACHUM M3 JIIEKTPOIHUTa C CO-
nepkanueM Hanovactuil SiO,, pasHom 0,1 r/n, npu
I0THOCTH Toka 1,2 A/nM®, TeMmepaType TepMmocTa-
TupoBanus 22 °C, B 10JIe peHTT€HOBCKOT'0 U3Ty4EHHS
thopmupytrotess KOII, y kotopsix BTy Heckonbpko HU-
ke, yeM y KOII, ocaxIeHHBIX U3 3JIEKTPOJHUTOB C
KOHIIEHTpanueil Moandukaropa 1 /11, HO TIPU ITOM
3HAUUTENHHO BBINIE, YeM Y KOHTPOJBHBIX 0Opa3IioB.
YBenuueHue TemrepaTrypbl TEPMOCTATUPOBAHUS 10
40 °C npuBOAUT K CyIIECTBEHHOMY CHIKeHUI0 BTy,
YTO CBSI3aHO, B TIEPBYIO OYepe/lb, C BO3PACTaHUEM IIPO-
[IECCOB HABOAOPOKUBAHHS IPH ITOBBIIICHHBIX TEMIIC-
partypax, NPEnsITCTBYIOIUX Pa3psAKe MOHOB HUKEILS
Ha karoge. Jns kouTponbHbIX KOII, ocaskaeHHBIX U3
JNEKTPOIUTOB ¢ KoHIeHTparwed Si0, 0,1% cpemnee
3naueHne BTy crmxaercs no 39% , B ciydae KOH-
uentpauu SiO,, paBHoit 1% — no 38%. AHanoruy-
Ho, st KOII, ocakneHHBIX B yCIOBHAX OOIydeHHS,
cpennee 3HaueHne BTy ymensmaercs mo 70% u 50%
JUISL DIIEKTPONHUTOB ¢ KoHUeHTtpauued SiO, 0,1% wu
1%, COOTBETCTBEHHO.

Iockoneky BTy y KOII, ocaxaeHHBIX B moe
PCHTTEHOBCKOTO HM3JIyYCHUS M3 DIEKTPOJINTA C CO-
nepxkanueM HaHouactul SiO, 0,1 r/n Ha 30% BbIie,
ueMm y koHTponbHbIX KOII, a mns KOII ¢ xoHuen-
Tpanueil HaHo9acTuIl | T/1 9Ta pa3HHIAa COCTAaBISET
6onee 10%, TO MOXXKHO 3aKIIIOYHMTh, YTO JCHCTBHE
PEHTIEHOBCKOT'O U3JIyYEeHHUs Ha 3JIEKTPOJIUT CIIOCO0-
CTBYET OCA)XKICHUIO PAaBHOMEPHBIX M IUIOTHBIX IIO-
KpBITHH C NMOBBILIEHHBIM BTy 10 cpaBHEHUIO C KOH-
TponbHBIMA KOII. D10 MOXeT OBITh BBI3BAaHO HE
TOJILKO MHTEHCH(HKaLMeW MaccornepeHoca 1moxa 00-
Jy4E€HHEM, HO ¥ YMEHBIICHUEM HaBOAOPOKMBAHHA
KaToZa, T.K. BCJIEICTBHE pagHoJIN3a 3JICKTPOJIUTA
YBEJIMYMBACTCS BEPOSTHOCTh BOCCTAaHOBJIICHUSI BO-
JI0pO/ia HEMOCPE/ICTBEHHO B 00BEME 3IIEKTPOJIUTA.

VYauTeIBasg IaHHBIE, NPUBEICHHBIC B TaOIHIE
2.1, Obula TmOCTpOEHa MaTeMaTH4yecKas MOJEIb
anexrpoocaxaeHust KOII npu BozaeiicTBuu peHTre-
HOBCKOTO M3JIy9€HHs B BHIC YPaBHEHHUS PETPECCUH,
IIOKAa3bIBAIOLLETO 3aBUCUMOCTh BeJIWYMHBI BTk oOT
TUIOTHOCTH KaTOJHOTO TOKa, TEeMIIEpaTypbl U KOH-
HeHTpanuu HaHodactull SiO; B 3JIEKTpoJIUTE B OIS
PEHTT€HOBCKOTO M3ITyIEHHS.

VYpaBHEHHE perpeccud IpU OCAKACHUU IO-
KPBITUH B TI0JIE PEHTI€HOBCKOTO M3JIyYeHUs! B 00-
meM Buzae umerot Buf (s [1PD nepBoro mopsiaka):

BT =b, +bx, +b,x, +bx, +b,x, +b,x,x, +
+b,x,%; + b, x,x, + by, X, %, + b,y x,x, +

@.1)

+b34x3‘x4 +b]23x]x2x3 +b124‘x1x2x4 +

+b134x1x3x4 + b234x2x3x4 + b1234x1x2x3x4 s
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rae b; — ko3 PUIMEHTHI B ypaBHEHUU PETPECcCuy; i —
MHJIEKC, KOTOPBIH YKa3blBaeT Ha (haKTOPhl COOTBET-
CTBYIOIIHE KO3 PHUIIUCHTY.

[Tpu npoBepke rumore3bl 00 OIHOPOIHOCTH
Jucnepcuii ObUIO PAacCUMTAaHO 3HAYEHUE KPHUTEPHS
Koxpena [5]-[7]. Ero 3nauenue paBHo 0,18. Co-
rmacHo [5], [6] 3HaueHHE pacuyeTHOro KpUTEPHs
Koxpena meHsIe kputHdeckoro, paBaoro 0,4 mis
ypoBHS 3HauuMocTH 5%. B cBs3u ¢ 3TM OBLTO pac-
CUYMTAHO 3HAYCHHE TUCIIEPCHU OJHOPOTHOCTH, KO-
TOpOE IPUHSIIO 3HAYCHHE, paBHOE 5,79.

3HaYUMOCTh KOI((ULIEHTOB b; B ypaBHEHHH per-
peccunt (2.1) paccuMThIBAIHCH TIO f-KpHuTepuio CThiO-
neHta. J{ist kaxaoro u3 KodpUIMEHTOB ypaBHEHUHA
perpeccuu TpOBENEHO CPAaBHEHUE IOIYYEHHOTO
3HAUEHUSI C KPUTUYECKUM 3HAYEHHEM, paBHbIM 2,31
JUTsl ypoBHS 3HauMMocTu 5%. PaccuutanHble 3Have-
HUsI KO3 GHUIMEHTOB b; U COOTBETCTBYIOIINE UM f-
kputepun CTBIO[ICHTa TIPEACTaBICHBI B Ta0OmuIe 2.2.

Tabnuna 2.2 — 3HaueHus: KOAPPUIHEHTOB
U /~-KPUTEPHEB IS IEKTPOOCAKICHHS
B [10JIC PEHTTCHOBCKOTO 00Ty4YeHHs

Wnpexkci | KoaddummeHTsr t-KpUTEpUN

b; CrproneHTa
0 74,5 175
1 13,3 31,3
2 7,18 16,9
3 -1,21 2,84
4 6,47 15,2

12 4,8 11

13 0,8 1,83
14 -1,06 2,49
23 2,8 6,5
24 1,6 3.8
34 0,14 0,32
123 2,1 4,9
124 -1,4 3,28
134 2,12 4,98
234 2 4,72
1234 1,02 2,4

Amnanus Tabuunpsl 2.2 IOKa3all, 4TO 3HAYHMMBI-

MH SIBJISIIOTCS BCe KOI((GUIMEHTHI 32 UCKIIOYEHHEM
TeX, KOTOpPhI€ YUUTHIBAIOT B3aUMHOE MapHOE BIIH-
HHE KOHIEHTpauuu HaHouyactull SiO, U peHTreHOB-
CKOTr'0 M3JIyueHus (3HaueHue #-kpurepus CTbloJieHTa
pasHo 0,32), IUTOTHOCTH CHJIBI TOKa M KOHLIEHTpa-
nuu HaHodactull Si0, (3HaueHUe f-Kputepust CThIO-
nenra paBHo 1,83). B aToM cinydae MaTemMaTudeckas
MOJIETb AIIEKTPOOCAKICHUS B MOJIE PEHTTEHOBCKOTO
M3ITy9eHHsI MOXKET OBITh IIPE/ICTAaBIECHA B BUJIE:
BT, =74,5+13,3x, —7,18x, —1,21x, +
+6,47x, +4,8x,x, —1,06x,x, —2,8x,x; + 22)

+1,6x,x, +2,1x,x,x; —1,4x,x,x, + '
+2,12x,x,x, — 2x,%,x, +1,02x, %, %, X,.

Hcnonb3yst pacueTHpIE 3HAUECHHs AWCHEPCHU
aneksatHocTH D , =9,96 u qucnepcun 0JHOPOJHOCTH

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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D =5,79, Obu1 onpeneneH kputepuid Ouinepa, 3Ha-
YeHUe KOToporo okaszanoch (1,72) meHblle KpUTH-
yeckoro 3HaueHus (3,0) Ui ypoBHS 3HAYMMOCTH
5% [6]. Ha ocHOBaHWM TOJYYEHHBIX NAaHHBIX OBLIO
C/IeNaHo 3aKJloueHHe 00 aJeKBaTHOCTH PErpeccH-
OHHOH MoJienH (2.2) 3KCTIepUMEHTAIbHBIM JaHHBIM.

Amnanmu3 k03¢ $UINEHTOB B ypaBHeHNH 2.2 1pn
(hakTOpax MOKA3BIBAET, YTO YBEIMUCHHIO BBIXOAA MO
Toky KOII Ha OCHOBE HHKENs C HAaHOYACTHIIAMH
SiO, Haubonee CrocoOCTBYET POCT IUIOTHOCTU Ka-
TOJTHOTO TOKA OCAXJCHUsI (3HaUeHHE KO PUIIHeHTA
npu (akrope MIOTHOCTH Toka paBHO 13,3), uro
BIIOJIHE TIOHSTHO, MOCKOJIBKY TUIOTHOCTH TOKA OCaX-
JICHUS] SIBJISIETCSI OCHOBHBIM I1apaMeTpoOM peryJiu-
PYIOIIMM CKOPOCTh OCAKIEHHSI BEIIECTBA Ha KaToJIe.
JleficTBre PEHTTEHOBCKOTO HM3JIy4EHHUs Ha 3JIEKTPO-
JIUT B TIpOLIECCE OCAKACHUS (3HAUCHHE TpH (aKkTope
MOIITHOCTH 3KCIIO3UIIMOHHOM 03Bl PEHTTEHOBCKOTO
m3mydeHns 6,47) Takoke BHOCHT CYIIIECTBEHHBIN BKIIAJ
B yBenunueHue BTy, 4yTo Koppenmupyer c 3Kcrepu-
MEHTAJIBHBIMI JaHHBIMH: TTOKPBITHS, OCAXXICHHBIC B
TI0JI€ PEHTI€HOBCKOTO M3Iy4eHHs XapaKTepU3yroTcs
noBbIIeHHBIM BTy B CpaBHEHHM C KOHTPOJIbHBIMU
KO3II. Crnexgyer OoTMETHUTB, YTO B3aWMHOE BIHSIHHE
TEMIIEPaTyphl U TUIOTHOCTH TOKAa OCAXIICHUS TaK¥Ke
okasbiBaeT BiusiHHE Ha BTy (3HaueHue xod(duim-
€HTa NPU MapHOM B3aMMOJEHCTBUU (aKTOp TeMIle-
paTypsl ¥ IUIOTHOCTH TOKA OCAXJICHUS paBHO 4,8).

Taxum 00pazoM, Ha OCHOBaHWH (YHKIIMOHAIIb-
HOW 3aBUCHMOCTH, IPEJICTaBICHHOW B PErpeccHOH-
HOM ypaBHEHUH 2.2, MOXXHO ONPEAETNTh apaMeTPhI
3JIEKTPOOCAKICHUS U OCAKAEHHS KOMIAKTHBIX
MOKpPBITUHM € BbICOKMM BTy, 4uTO mo3BosisieT 3Ha4u-
TEJIBHO COKPATUTh YHCIIO SKCIIEPUMEHTOB.

IIpu nepexone OT KOAMPOBAHHBIX 3HAYEHUI
(dakTopoB X, X,, X;, X, B ypaBHeHuu (2.2) coort-
BETCTBEHHO K (paKTOpaM B HATypaJlbHOM Maciurtabe
(i, t,[Si0,], P) Obu1O TOMy4eHO ypaBHEHHE I

JNEKTPOOCAXKICHUSI B TI0JIE PEHTIEHOBCKOTO H3IIY-
YCHHS U B €ro oTcyTcTBHH (2.3):

BT(P,i,t,[Si0,]) = 72,8+11,9i —1,09¢ +
+5,82[Si0,]—24,2P+0,008it —9,16[SiO, ] +
+0,008([Si0, ]+ 7,81iP +1,64tP + (2.3)
+42,1[Si0, 1P + 0,19t Si0, - 0, 42itP —
—4,42i[Si0,1P —1,924[SiO, |P +0,36if[ SiO, ] P.

3aknrouenue

B Xozme »KcnepHMEHTaNbHBIX HCCIIEI0BAaHUI
OBLIO YCTAHOBJICHO, YTO JEHCTBHE PEHTT€HOBCKOTO
M3TYYEeHUS Ha TPOLECC EKTPOOCAKICHUS KOMIIO-
3UIIMOHHBIX MOKPBITUH Ha OCHOBE HUKENSI C HAHOYa-
crunamu Si0, Ha TOJIOKKH U3 HU3KOYTJICPOAUCTON
ctanu 08K NpUBOAMT K BO3PACTAHUIO BBIXO/a CILIa-
Ba MO0 TOKY U CKOPOCTH HapallliBaHUsl MOKPBITUH 3a
CYeT YBEIMYCHUS MOTOKOB AuDQyHIUpYIOMUX KO-
HOB BOCCTAHaBJIMBAaE€MbIX METAJJIOB K KaToLy U
YMEHBIICHNS HABOJOPOKUBAHUS KaTOA BCIIC/ICTBHE
paanon3a MEKTPOIINTA.
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Ha ocHOBaHMM 3KCIIEpUMEHTANIBHBIX 3HAYEHUI
BT 1151 KOMIO3UIIMOHHBIX TOKPBITHIA, OCAXKICHHBIX
MPU Pa3IUYHBIX YCIOBUSAX DJEKTPOJIN3a, U3 DJIEK-
TPOJIUTOB C PA3INIHON KOHIIEHTpAIMEH HAHOYACTHII
SiO, pasmepoM oT 7 HM A0 15 HM ¢ TOMOIIBIO Me-
TOJIa TIOJTHOTO (PAKTOPHOTO IKCIEPUMEHTa pa3pado-
TaHa MOJEJb, ONPEACIIIONas MAaTEMAaTHIECKYIO 3a-
BHCHUMOCTh MEXIy KAaTOIHBIM BBIXOIOM IO TOKY
MeTa/lla ¥ TUIOTHOCTHIO TOKA OCAXICHUS, TeMIepa-
TYpOH 3JEKTPOOCAKACHUSI U KOHLIEHTpALMEH HAHO-
yactuil SiO, B AJIEKTPOJIUTE B TIOJIE PEHTTCHOBCKOTO
U3Ty4ICHUS.

AHanu3 perpecCUOHHBIX YPaBHEHUM MMO3BOJIMI
YCTaHOBHTh, YTO JCWUCTBHE PEHTI'CHOBCKOTO H3IIY-
YEHHUS] Ha DJIEKTPOJUT B IMPOIECCe IEKTPOOCANKIEe-
nust KOIT no3Bossier paciimputb HHTEpBaI paboueit
MIOTHOCTH ToKa ocaxaeHus KOII um yMeHbIUTH
3aBHCHMOCTh CKOPOCTH OCAXKICHHS MAacChl Ha KaTo-
JIe OT KOHIICHTPALMN HaHOYACTHUI] B PaCTBOPE.

PazpaboranHasi MOZENh TO3BONSAET aE€KBATHO
OTIPENIEIUTh ONTHMAIBHBIE PEXUMBI OCAKIACHUS
KO3II Ha ocHOBe HHKeNS MPH BO3AEHCTBUU pEHTTE-
HOBCKOTO m3nmy4enus st noiaydenus KOII ¢ 3agan-
HBIMH CKOPOCTSIMH OCaXI€HHS.
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PA3MEPHBIE D®PEKTHI B HAHOPA3ZMEPHBIX JIBYXCJIOMHBIX
IHOKPBITHSIX THTAH-YIVIEPOU. 2. 3BABUCUMOCTD CTPYKTYPbI
N CBOUCTB OT TOJIIIHUHBI YTJIEPOJHOTI'O CJIOA

Yoy bun'’, A.B. Poraués', JI.I'. Inaunuos', A.C. Pynenkos',
H.H. ®egocenko’, I3san Csaoxyn’, U Bun’

1 . .
Tomensckutl eocyoapcmeennsiti ynusepcumem um. @. Cropunvl, I omens, berapyce
2 . .
Hanxunckuii ynueepcumem nayxku u mexuonoeuu, Hanxun, Kumaii

SIZE EFFECT IN THE BILAYER COATINGS OF TITANIUM-CARBON.
2. THE DEPENDENCE OF STRUCTURE AND PROPERTIES
ON THE THICKNESS OF CARBON LAYER

Zhou Bing'?, A.V. Rogachev', D.G. Piliptsou', A.S. Rudenkov',
N.N. Fedosenko', Jiang Xiaohong’, Ye Bing’

'F. Scorina Gomel State University, Gomel, Belarus
Nanjing University of Science and Technology, Nanjing, China

OmnpezieneHs! 3aBUCHMOCTH (ha30BOTO COCTaBa, MEXaHNYECKHX CBOMCTB YITIEPOIHBIX CJIOEB, HAHECEHHBIX Ha HAHOINOICIION TH-
TaHa OT UX TOJNIIUHBL. YCTaHOBJIEHO, YTO KATATUTUUECKOE BIUSIHHE MOATOXKKH HanOojIee CHIBHO MPOSBIAETCS IPU TONIIHHE
yriepoaHoro ciost MeHee 90 HM. B Goiiee TOICTBIX ClI0sIX XapakTep pa3MepHBIX 3aBHCHMOCTEH CTPYKTYpHI U (a30BOro cocrasa
aHAJIOTHYCH 3aBUCHMOCTSM, XapaKTePHBIM IS IIOKPBITUH yIiieposa, ocakIeHHBIX Oe3 mozcnos. [Toka3aHo, 4To pa3mepHsIe 3a-
BHCHUMOCTHU ONTHYECKUX CBOKCTB, MIPOSBILIOIINECS B HOBBIIICHUH IPO3PAYHOCTH M U3MEHEHHUH MIUPHHBI 3aIPEIICHHOH 30HBI C
POCTOM TOJIIHUHBI YIIEPOJHOTO CJIOS, CBA3aHBI C IPOTEKaHHEeM IpolieccoB AudGdy3un Ha rpaHuIle pa3jena das.

Knrwoueevie cnosa: aimazonooobuwlil yenepoo, 08yXcloliHoe NOKpblmue, CMpyKmypa, Mop@onozus, meepoocmns, 6HymMpeHHue
HANPAX{CEHUs, ONMUYECKUe C0UCME.

The dependence of the phase composition and mechanical properties of carbon layers deposited on titanium nano-interlayer on
their thickness has been determined. It is found that the catalytic effect of the substrate is most pronounced in the carbon layer
with a thickness of less than 90 nm. In thicker layers the character of size effect on the structure and phase composition is
similar to that of the carbon coatings without interlayer. It is shown that the size dependence of optical properties manifested in
improving the transparency and changing the band gap with increasing the thickness of carbon layer is associated with the
occurrence of diffusion process at the interphase.

Keywords: diamond-like carbon, bilayer coating, structure, morphology, hardness, internal stress, optical properties.

Beeoenue

MHOrOoCI0IHBIE IIOKPBITHSL HA OCHOBE METAJLIOB
U yIiaepoja B CPaBHEHHH C OJHOKOMIIOHEHTHBIMU
TUICHOYHBIMHM MaTepHaJlaMi XapaKTepH3yloTcst Ooree
BBICOKMMH ITPOYHOCTBIO aJI'€3MOHHOTO COCIMHEHUS,
TpUOOTEXHUYECKUMH CBOWCTBAMH M OTHOCHTEIIHHO
HU3KAM YpPOBHEM BHYTPCHHHX MEXaHHYECKHX Ha-
npspkernii [1]-[4]. Ilpu ucmons30BaHUN B KavecTBE
AJIEMEHTOB TIOKPHITHSI METAJUIMIECKUX HaHOpa3Mep-
HBIX CJIOEB, CBOWCTBAa KOTOPBIX ONPENENISIOTCA pas-
mepoMm [3], [4], crenyeT OXuAaTh MPOSIBICHUE CIie-
U(UUECKUX CTPYKTYPHBIX 3((EKTOB, 3aBUCHMOCTh
nmapaMeTpoOB MOKPLITHA OT TOJIIUHBI TAKHUX 3JIEMCH-
ToB. B [5] moxa3aHo, 4TO I MeETaJlI-yITIEpPOJHOTO
MOKPBITHS, KOTOPOE XapaKTepU3yeTcsi BBICOKOW reTe-
POTEHHOCTHIO U NPEJICTABISIET COOOM CHUCTEMY IpEHMY-
IIECTBEHHO M3 HAaHOPA3MEPHBIX YacTull ¢ rpaddpuro-
T0OGHBIMH SP” MITH aIMAa30M0I00HBIME Sp° CBSI3S-
MU, TaKas 3aBUCHMOCTH IPOSBISICTCS B W3MEHCHUU
pasMepa 1 cTeneHn ynopsjgouenHoctn Csp® KiacTe-
POB, UX pacIpeleNieHIsI B CJI0€ U OMpenelseTcs B

3HAUUTENBHOM CTENEHH KaTaJUTHYECKOW aKTHBHO-
CTBIO METAIIIMYECKOH NoBepxHOCTH, auddy3ueil u
npoueccaMmm XUMHYICCKOT'O B3aMMOﬂeﬁCTBHH, poTe-
KaloMMK Ha rpaHune paszgena ¢asz [6], [7]. Ilpu
(hOopMHPOBaHNHM MHOTOCJIOWHBIX CHCTEM W3 HaHOpa3-
MEpHBIX JJIEMEHTOB IPOSBIAETCS WX B3aUMHOE
BIIMSIHHE, KOTOPOE W ONpPEIesieT MaKpOCKOIUYe-
CKHE CBOWCTBA MOKPHITUS B LenoM. M3ydenue ¢a3zo-
BOrO, CTPYKTYPHOTO COCTOSIHUS, MEXaHHYECKUX
CBOMCTB TaKMX CHCTEM, MPOSBISIOMIUXCS B HHUX
pasMepHbIX 3(PQPEKTOB, MPEACTABISET HE TOJIBKO
MPAaKTHYECKUH MHTEPEC, HO W 3HAYMTENHHO PACILIH-
pSeT TpEACTaBICHUS O MEXaHU3ME MPOLIECCOB
CTPYKTYpoOoOpa3oBaHus, MeK(Ga3HOTO B3aUMOICH-
CTBUA B HAHOMaTEpHrajiax.

OCHOBHOI1 11eNBI0 HACTOSIIIEH PabOTHI SBISETCS
YCTaHOBJICHHE 3aBHCHMOCTH  (ha30BOTO  COCTaBa,
CTPYKTYPBI YIJIEPOAHOTO CIIOS B OMCIIOWHBIX MOKPHI-
tusix (Ti/C), comepkamux HAaHOMOJCIIOW THTaHA, OT
TOJIIMHBI CJIOSl YIIEPOAa U BIUSHUS HA HEE TEPMO-
00paboTKH.

© Yircoy bun, Pocaués A.B., [Turunyos /].I"., Pyoenxog A.C., @edocenko H.H., {3an Caoxyn, U bun, 2014
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1 Memoouxa Ixcnepumenma

Jlns nonyuyeHust ABYXCIIONHBIX IOKPBITMM TH-
TaH-yIJIepo/]l UCIONb30Balach yCTAHOBKA BaKyyMHO-
ro Hanbutenus Y BHUITA-1-001, conepskaras razo-
BBl HOHHBIN UCTOYHUK, C MOMOILBIO KOTOPOIrO MpO-
W3BOJUTCSl OYHCTKA U HarpeB IMOAJIOXKEK, HCTOYHUK
TUIa3MBl  KaTOJHO-JIyTOBOTO pas3psiia C MeTajuinye-
CKMM (THTaHOBBIM) KaTOJIOM, MCTOYHHK ILIA3MbI HM-
MyJIECHOTO KaTOJIHO-IyTOBOTO Paspsiia ¢ KaToIOM U3
rpadura, UCIOIB3yeMbIM A HAHECEHHUs YIIepoA-
HBIX TIOKPBITHH. YTJIEpPOAHBIE IMOKPBITHS HAHOCH-
JUCh Tipu Hanpsbkernn paspsaga 250-300 B u gacto-
Te uMIyJsscoB oT 1 1o 35 I'm. Iloxcnoit Tutana Ha-
HOCHJICA DJICKTPOAYTOBBIM HMCIIAPCHUEM THUTAHOBOI'O
Karoja npu Toke ayru 90 A ¢ HCIOIB30BaHUEM Ce-
napanuy JeTy4ux 4acTHIl B MarHUTHOM nosne. Toi-
LIMHA CJI0sl TUTaHa cocTaBiisiia 20 HM, IpU KOTOPOH,
10 JITaHHBIM paboThI [6], mposiBisieTcs: Hanbosee ak-
THUBHO KaTaJUTHYECKOE BIMSHHUE THUTAHA Ha MPOIIEC-
CBl CTpyKTypooOpaszoBanus. HaHeceHHe MOKPBITHSA
MPOMU3BOAMIIOCH IIPU OCTATOYHOM JaBIICHUH B KaMme-
pe ~4-107 Ia.

Tepmoo6paboTKa MOKPHITHH OCYIECTBISIACH
B BakyyMe B TeueHue 30 MUHYT NIpH TeMIIeparype
500°C.

W3mepeHnss MUKPOTBEPAOCTH IIPOBOAMIUCH IIPU
MOCTOSIHHOW Harpy3ke Ha HWHICHTOP C IIOMOLIBIO
mukporBepaomepa Leica VMHT MOT (Knoop).
Jnst OLeHKM HanpspDKEHUH B TIOKPBITHH HMCIOJIB30-
BAJICS] PEHTI€HOBCKHH AN pakMOHHBIN aHau3 [8].

XUMUYECKUI COCTAaB U CTPYKTypa CBSI3EH yrie-
pomHbBIX cioeB omneHuBanu Mmeromamu POOC (PHI
Quantera) u KP ciekrpockonmu (IutiHa BOJTHBI BO3-
Oyxnarormero u3nydeHus 514,6 HM W MOIIHOCTH
20 mMBT).

Wzydenne MOp(hOIOTHH MOKPHITHH OCYIIECTB-
JISUTH METOZIOM aTOMHO-CHIIOBOM MHUKpocKomnuu (NT-
MDT, Solver-PRO P47) B pexxumax n3MepeHus To-
norpaduu u $pa3oBOro KOHTpacTa.

CHeKTpOCKOMMYECKHE HCCIEN0BAHUS B OII-
THYECKOM JMana3oHe W OIpeJelieHue LIMPUHBI
3aIpelleHHON 30HbI ITOKPBHITHH MPOBOIMIN C TIOMO-
mpio  YO-Bun-bmmskoro UK cmekrpodoromerpa
(Varian, Cary-50).

2 Pe3ynomamul u ux oocysyncoenue

W3 npencraBieHHBIX Ha pUCYHKE 2.1 CIIeKTpoB
KP cnenyer, 4To MHTEHCUBHOCTh JIOKAJIU30BAHHOTO
pu BOJIHOBOM umcie 1560 oM ! nuka KOMOUWHAIU-
OHHOTO paccessHus NOKpeITHs T1/C, ompeaesoniero
KOHIIGHTPALMIO YITEPOIHBIX CBsI3eH Sp°- M Sp°-THO-
punmzanuu [5], [9], [10], HEMOHOTOHHO U3MEHSETCS
C YBEIMYEHHEM TOJNIIMHEI YTIIEPOAHOTO CIIOS, YTO
CBHUJICTEIIECTBYET O CIOKHOM XapakTepe pacipere-
nenust Gpa3 B rpaHuvHOM ciioe. OTMETHM, 4TO MPH Oca-
JKJACHUH YTJIEPOJHOTO TOKPHITHA Ha KpeMHHH 0e3
MTOJICIIOS TaKasi 3aBUCHMOCTD SIBJISIETCS MOHOTOHHOM
(pucynoxk 2.1, B). Ilpu 3TOM B ABYXCIOHHOM MOKPBI-
THU B CPAaBHCHUHU C OJHOCIOWHBIM TPU TOJIIUHE
YIIEPOTHOrO €0 MeHee 12 HM HHTEHCHUBHOCTH
MUK 3HAYUTEIIEHO HUXKE, 9YTO OOBSICHACTCS XUMHYC-
CKUM B3aMMOJICHCTBHEM yIJepolla C THUTAaHOM U
YMCHBIICHUEM, TaKUM 00pa3oM, UX y4acThs B 0Opa-
30BaHUM CBs3e MEXIy co0oil. AHaNW3 MpencTaB-
JICHHBIX CIEKTPOB MOKA3BIBAET, YTO INPH TOJIIIUHE
ciost Goree 80 HM OIS ATOMOB YIJIEpoaa ¢ Sp - 1
Sp -rHOpHaN3aIIei, OlEHNBaeMasi KaK OTHOIICHHE
BBICOTHI ITMKA K TOJNIIMHE CJOS, CYIIECTBEHHO CHH-
JKaeTcs, YTO ABISAETCA Pe3ylbTaToM 0Oojee MHTEH-
CHUBHOT'O 00pa30BaHMs aMOP(HBIX CTPYKTYP.

Ha ocHoBaHuM pa3nokeHHs MIUPOKOTrO IHKa
paccesiHusI ¢ TIOMOIIBIO JIBYX KpUBBIX ["aycca ¢ 1eH-
TpoM B 1360 cM™ (D-1uk) u 1570 em™ (G-mmk) mpo-
BEJICH aHAJIN3 M3MEHEHHs (Da30BOIO COCTaBa yrJie-
POIHOTO CJIOS MPH YBEJIWYCHUU €r0 TOJIIUHBI (pU-
CYHOK 2.2).

[lpu yBenWYeHWH TONIMIMHBI YIIEPOTHOTO
CJ10s1, HAHECEHHOTO Ha IIOACIOW TUTaHa TOJILMHOU
10 30 um, otHomenue Ip/lg Bo3pacraer, a mmpuHa
G-iMKa CHIKaeTcs M ero MaKCHMyM CMeIIaeTcs B
001acTh MEHBIIMX 3HAYCHHH BOJIHOBBIX uymcen. C
poctom cros yraeposa ot 30 M 10 106 HM oTHOIIIE-
uue Ip/lg ymenpmaercs, a mupuna G-Tivka yBeJH-
YUBACTCS U MOJOXKCHUE €r0 MaKCHMyMa BO3pacTaerT.
[Ipu nampHEWIIEM MOBBINICHUHA TOJIIUHEI CIOS YT-
JIepo/ia XapakTep 3aBUCHMOCTEH MEHSETCS Ha Ipo-
TUBOTIOJIOKHBIN.
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Pucynok 2.1 — Crexrpsl KP mokperruit Tamna Ti/C (a, 6) 1 yriaepoIHOTO MOKPHITHS Ha KPEMHUH (B),
1 — rommmHa yraeponHoro ciost 12 um; 2 — 30 uM; 3 — 65 5M; 4 — 80 HM; 5 — 135 M; 6 — 170 HM
a — 6e3 omxura; 6 — omkur npu 500°C B Bakyyme
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Pucynok 2.2 — 3aBucumocts otHoteHus Ip/lg (a, ), cMemmenust koopauHaTel MakcuMyma G-miika (0, 1)
W ero mHpHHA (B, €) OT TOJIIHHBI YTIIEPOTHOTO CJI0s, HAHECEHHOTO Ha HAHOIOJICIION TUTaHa (a, 0, B),
KpeMmHHH (T, 1, €): 1 — 6e3 omxkura; 2 — orxur npu S00°C B Bakyyme

OTtMeTuM, 9TO HaOII0AaeMble SKCTPEMAIbHEIC 3aBH-
CUMOCTH XapaKTepHBI MPU OCAXKACHUW Ha TMOJICION
TUTaHAa, PH (POPMHUPOBAHUM K€ YIJICPOIHOIO IO-
KPBITHSL HA KPEMHEBYIO MOJJIOKKY 0€3 MO/ACIOosN Ha-
OJIIOJAF0TCST MOHOTOHHBIC 3aBUCHUMOCTH (PHCYHOK
2.2, T, 1, €): C pOCTOM TOJIIIAHBI TOKPHITHS OTHOIIIE-
uue Ip/lg Bo3pacraer, nmmpuna G-IiKa CHIXKACTCS U
€ro IMOJIOXKEHHE CcMemaeTcss B 00JacTh OONBIINX
3HAYEHUH BOJTHOBOTO YHCIIA.

Ecin pasmep yriepoasoro kiactepa Csp” mpe-
BBINIAET 2 HM, TO, B COOTBETCTBUU ¢ [11], oTHOMIE-
Hue Ip/lg pacrer mpu yBenMueHHH CTENEHH pasy-
MOPSI0YEHHOCTH WM TIPH YMEHBUICHWH pa3Mepa
Csp*-kmacrepos. B YTIEPOTHOM CIIO€ TIPU yBEIHUde-
HUU ero ToMuuHbl 70 30 HM CHIDKaeTcsl pasMmep
Csp’-KIIacTepoB, KONMYECTBA TETPAIAPHICCKUX CBS-
3eii (Csp® — Csp® mmn Csp® — Csp’) u Bospacraer
nonsa aromoB ¢ Csp” cBszsimu. [lpu nanbHelem
pocte mokpeiTus 10 90 HM B cioe yriepoaa Gpopmu-
pyercs MenKoaucmepcHas cTpykTypa. CMmereHue
G-1muka B 0071aCTh OOJIBIINX YaCTOT ¥ OTHOCHTEIBHO
HEBBICOKHE 3HAYCHHS €r0 IMUPHUHBI YKa3bIBAIOT Ha
YBEJIMYEHUE YHCIIa aTOMOB YTJIepona C Sp°-rubpu-
mu3aruert [5], [12]. B cmosx yriepona (TommuHa
O6onee 90 HM) XapakTep 3aBHCHMOCTEH MapaMeTpoB
cnekrpoB KP oOT TONIIMHBI CBUIETENBCTBYET 00
yBeNMUeHUH 0TH aToMoB ¢ Csp’ cBsasamu. OTKUT
HOKpLITI/lﬁ HC OKa3bIBACT 3aMCTHOI'O BJIMAHHUA Ha

18

XapakTep M3MEHEeHus mapamerpoB cnekTpoB KP mu,
COOTBETCTBEHHO, pactpeeineHne (a3 B HaHOpa3-
MEpPHOM CJIO€ yTiepoJa.

W3 mpencraBieHHBIX Ha pUCYHKe 2.2 MaHHBIX
CJI/IyeT, YTO MPU OCAXKIECHHU YIJIEPOAHOTO HOKPbI-
THSI HA KPEMHHUH C yBEJIMYEHHEM €ro TOJIIMHBI 00-
pasyeTcst GOIbIIe pa3ynopsaoueHHbx Csp’-KiacTe-
POB U pacTeT YKucio aToMOB ¢ CSp’-KOHpHTypaIHeii.

Kak cnenctBue (a3oBBIX W CTPYKTYpPHBIX H3-
MEHEHHH TpH YBEIMYCHHU TOJIIUHBI YTIIEPOIHOTO
CIIOSl CIIeyeT paccMaTpUBaTh W IIPHUBEICHHBIC Ha
pucyHKe 2.3 pa3MepHbBIE 3aBHCHMOCTH MHKPOTBEp-
JOCTH W BHYTPEHHUX HANpsHKSHUI.

Teepmocts Ti/C NMOKPBITHS BO3pacTaeT C yBe-
JINYEHUEM TOJIIUHBI ci10s yraepoaa 10 90...100 uwm,
a 3aTeM YMEHBILAETCSI C POCTOM TOJIIIMHBI BCIIECT-
BUEe (HOPMHPOBAHUS, KAK yXKE OTMEUYAIOCh, MEJIKO-
JMCTIEPCHOM CTPYKTYPHI M IOBBIIICHHS JI0JIM aTOMOB
yraepona ¢ Csp’-koHpurypauueii. CxxuMaroume Me-
XaHWYECKHUE HANPSKEHUS BO3PACTAIOT C YBEIUICHH-
€M TOJIIHMHBI YTJIIEPOTHOTO CJIOS, YTO MOXKET OBITh
CBSI3aHO C yMEHBIIICHUEM BIIMSHUS IOJCIOS Ha pe-
JIaKCAIMIO0 HAMPSKEHUH.

TonmuHa yraepomHOTO CIOS OKa3bIBACT BIIHS-
HHE U Ha ONTHYECKHE CBOMICTBA JBYCIIOMHBIX I10-
kpbituii Ti/C (pucyHok 2.4 u 2.5).

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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U3 pucynka 2.4 ciemyer, 4TO NPO3PAavdHOCTH
cucreM tuna Ti/C B [auMamas’oHe [UIMH  BOJH
400...1100 aM u3-3a BIMSHUS MOJCIIOS THTaHA CO-
ctaBnseT okojo 30-40%, 4ro MeHbIe, eclu CpaB-
HHUBATHb C HpOHyCKaHl/IeM OOHOKOMIIOHCHTHBIX
MOKpEITHH yriepoga. OTMETHM, YTO C YBEIHYCHHEM
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TOJIIMHBI CJIOA yriiepoga 10 65 HM MpO3padyHOCTb
CJIOUCTBIX CHUCTEM YBEJIMYHMBACTCS, a NMpU OoJblIeH
TOJIIMHE — PAKTUYECKU HE U3MEHeHsAeTcs. JaHHbIi
3¢ ekt MOXKeT ObITh OOBSCHEH mepepacipenese-
HUEeM JuGQYHIUPYIONIMX aTOMOB THTaHa B TIpa-
HUYHOM CJIOE U, B PE3YJIbTAaTe 3TOT0, CHIPKEHNEM HX
KOHLIEHTPALIMH, YTO ¥ ONPEAEIHIO MOBBIILICHNE ITPO-
3payHocTu cinosi. [Ipu 3TOM TOJNIIMHY CJIOST PaBHYIO
50...60 HM MOXXHO paccMaTpWBaTh KaK pa3Mep
I Y3MOHHOHN 30HBI, BIHSIONIEH, KaK OTMEYaoCh,
Ha XapakTep CTPYKTYPHOTO pa3MepHOro sddekra.
JlaHHBII BBIBOJ COIJIacyeTcs € pe3ysbTaTaMH U3yde-
HUs1 T (HY3MOHHBIX IPOLIECCOB, IPUBENICHHBIX B [6].

3HadyeHne IMIUPHHBI 3aNpelieHHON 30HBI (Ey)
JIBYCJIOMHBIX IIOKDPBITUM, OIPEIENIIEMOE IKCTPAIIo-
JUMeHd JMHEHMHOW 4YacTM KpUBOM 3aBHCHUMOCTH
(ahv)'"? (o — KO BHUIUMEHT MOrTIOIIEHHs MATepHaIa;
hv — sHeprus orona) ot sHeprun gotona [13] (pu-
cyHOK 2.5), cocraBiser 0,2...0,87 3B u Heckombko
BO3PACTaCT C YBEINYEHHEM TOJIIMHBI YTIIEPOIHOTO
cios 10 65 HM, OCTaBasiCh IPH 3TOM HIXKE 3Ha-
YEHUsI, XapaKTEPHOTO ISl YIJIEPOJHOTO TMOKPBITHS
6e3 mozcmos.

Bwieoowt

OnpefeneHbl 3aKOHOMEPHOCTH U3MEHEHUs (a-
30BOTO COCTaBa, CTPYKTYPbl M MEXaHUYECKUX
CBOMCTB JBYyCIOWHBIX TOKpbiTHii Ti/C mpu yBe-
JIMYEHUW TOJLIMHBI YIJIEPOAHOTO clos. Ycra-
HOBJICHO, YTO KATAJUTHYCCKOE BIIMSHHUEC IMOJUIOKKH
HauOoJilee CHJIBHO TIPOSIBISICTCS TIPH  TOJIIUHE
yraepogHoro cios MeHee 90 HM; OpH  TOJILIMHE
yraepogHoro cios MeHee 30 HM CHMKAeTcsl pa3Mep
Csp’-KIIacTepoB, U BO3pAacTaeT A0 aToMoB ¢ Csp’
cBs3amu. [lpu panbHeiiieM pocTe MOKPBHITHS 10
90 uM B cioe yriepona (GOPMHPYETCS METKOIUC-
HepCHasi CTPYKTypa, ONPEeIIsIoNiasi OTHOCUTEIBHO
BBICOKUC 3HAYCHHUSA MUKPOTBECPAOCTU NOKPBLITHA. B
Oosee TONCTHIX ciosx yriepona (6onee 90 HM), ¢
YBEIIMYCHUEM WX TOJIIMHEI, BO3pPACTacT JOJS aro-
MOB C Csp3 cBs3sIMU. OTXUT HNOKPBITUM HE OKa3bl-
BaeT 3aMETHOTO BJIHSHUSA HA XapakTep W3MEHCHHS
(a3zoBoro cocraBa W CTPYKTYpHl TOKPBITHA TpH
YBENIMYCHUHN TOJIIWHBI yriaepomHoro cios. [loka-
3aHO, YTO pa3MepHBIE 3aBUCHUMOCTH OINTHYECKUX
CBOWCTB, MPOSBIISIIOIINECS B MOBBIIICHHH MPO3pad-
HOCTH W M3MEHEHUH IIMPHHBI 3alIPEICHHON 30HBI C
POCTOM TOJILIMHBI YTJIEPOIHOTO CIIOS, CBSI3aHBI C
NPOTEKaHWEM IIPOLIECCOB B3auMMHOW nuddy3un B
Mex(pa3Hoi 30He.
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INFLUENCE OF THICKNESS ON STRUCTURAL PROPERTIES OF ANNEALED

In,S; THIN FILMS DEPOSITED BY THERMAL EVAPORATION

H. Izadneshan'?, V.F. Gremenok®

Yslamic Azad University of Marvdasht, Marvdasht, Iran
*Scientific-Practical Materials Research Centre of the National Academy of Sciences of Belarus,
Minsk, Belarus

In,S; TOHKHE NJIEHKH Pa3IMYHOM TOJIIMHBI OCAXKJEHBI HA CTEKJITHHBIE MOJUIOXKKU METOJOM T€PMHUYECKOro McrapeHus. Toi-
mmHbI [n,S; MIEHOK peryaupoBaiuch napamerpamu ocaxaeHus u Opuin 1200 HM, 470 HM 1 50 HM. Bee monmy4eHHbIe TOHKHE
nneHkH omkuranuck npu 400°C B Teuenue 60 MuH. CTPYKTYpHBIE CBOHCTBA H MOP(OIOTHS HCCIIENOBANICH METOAMH PEHTIE-
HOBCKOH U (PaKIUH, CIIEKTPOCKOIHSI KOMOWHAIIMOHHOTO PACcCesTHUSI M aTOMHO-CHIIOBOH MUKPOCKOIINH. Pe3ysIbTaTel peHTTeHO-
rpaduu nokasaiy, 4To Ui IJIeHOK In,S; Tommuuaol 1200 HM 1 470 HM XapakTepHbl pedIeKChl TeTparoHaabHON CTPYKTYPBI.
CrnekTpockonus KOMOMHAIIMOHHOTO paccessHus MoKa3alla, YTO HHTCHCHBHOCTb ITUKOB 3aBUCHT OT TOJIIHMHEI IIeHOK. CpenHss
LIEPOXOBATOCTE (R,) M CpeIHEKBAaAPATHIHAS IIEPOXOBATOCTH (Rrys) YBEIMYMBACTCS C TONIIUHOMN, YTO CBS3aHO C yBEJIMYCHHEM
pa3mepa 3epeH B In,S; rieHkax.

Knroueswvie cnosa: In,S; monkue nnenku, mepmuyeckoe ucnapenuu, cmpykmypHvle u MOp@onocuyeckue ceoucmea, pasmep
3€epHa.

In,S; thin films of various thicknesses were deposited onto glass substrates by thermal evaporation technique. Thicknesses of
In,S; films were defined by controlling the deposition parameters and were 1200 nm, 470 nm and 50 nm. All prepared thin
films were annealed at 400°C for 60 min. The structural properties and morphology have been studied by X-ray diffraction,
Raman spectroscopy and Atomic force microscopy. X-ray diffraction results of In,S; thin films with thicknesses of 1200 nm
and 470 nm demonstrated peaks revealed in tetragonal structure. Raman spectroscopy shows that the intensity of peaks is
affected by the film thickness. The average roughness (R,) and the root mean square roughness (Rrums) increases with thickness.
This is associated with the increase of grain size in the In,S; films.

Keywords: In,S; thin films, thermal evaporation, structural and morphological properties, grain size.

Introduction

In recent years, indium sulphide (In,S;) has be-
come a prominent wide band gap semiconductor,
used as low cost buffer layer in solar cells based on
n-type TiO, and p-type Cu(In,Ga)(Se,S), (CIGS) [1],
[2]. In,S; thin films also used as a dye in an electro-
chemical dye-sensitized solar cells directly [3]-[5].
These applications are based on the exploitation of
solar radiation; the former to produce energy, the
latter to degrade organic pollutant.

Efficiency gain of the thin film solar cells
greatly depends upon the quality and thickness of
the buffer layer [6], [7]. The standard CIGS solar
cell needs optimized thickness of buffer layer be-
tween the absorber layer and the transparent front
contact layer to improve efficiency. It drives out the
photo generated carriers with minimal losses while
coupling light to the junction with minimum absorp-
tion losses, yielding a highly efficient solar cell.
Wide band gap buffer layer allows more light to-
wards the junction in contrast with optimal low band

© Izadneshan H., Gremenok V.F., 2014

gap absorber layer. This provides the most reliable
way of increasing the efficiency of the cell [8], [9].

The influence of buffer layer thickness on the
physical properties has aroused great interest in solar
cell devices [10]. Investigation on structural proper-
ties in relation to the thickness has a greater impor-
tance in order to obtain thin films that are capable to
assure stable and efficient devices. In this work, we
study the effect of film thickness on the structure
and morphological properties of annealed In,S; thin
films deposited onto glass substrates by thermal
evaporation method.

1 Experimental details

High-transparent indium sulfide films have been
thermally deposited with average velocity 0,5 nm/s on
glass substrates at temperatures 7, = 220-240°C at a
pressure of 5x10* Pa. Thickness /4 of the films was
defined by controlling the deposition time in the
region 1-30 min accordance with the required film
thickness. The thicknesses of In,S; thin films were
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1200 nm, 470 nm and 50 nm. The deposited thin
films were annealed at 400°C for 60 min. Before and
after annealing, the structural Raman spectroscopy
and morphological properties of thin films were
measured [11], [12].

The structural properties was carried out by
X-ray diffraction (XRD) techniques in the range
260 =10°-60". The XRD patterns were recorded by
an automatically controlled Siemens D-5000 dif-
fractometer operating at the Cu Ka radiation
(A =1.5405 A). The Raman spectra were performed
in backscattering configuration at room temperature
with unpolarized light using DILOR XY 800 spec-
trometer and an AR laser with 514.5 nm wavelength
as a light source. Special software Origin 8 was used
for analyzing and fitting XRD and Raman spectra.
The morphology composition of the In,S; thin films
are examined by atomic forces microscopy (AFM
Model JSPM-4210).

2 Results and discussions

Figure 2.1 shows the XRD spectra of In,S; thin
films deposited by vacuum thermal evaporation on
glass substrate and annealed at 400°C (=60 min)
with different thicknesses. X-ray diffraction spectra
of the In,S; with thicknesses 1200 (nm) demonstrate
several peaks produced by the (103), (211), (008),
(204), (206), (318) and strong peak at (220) crystal-
line planes of the tetragonal In,S; phase (JCPDS no.
25-0390) [13]. Measurements revealed that In,S;
thin films with thicknesses 470 (nm) were of
tetragonal structure with weak intensive peaks (Fig-
ure 2.1 (b)). The X-ray diffraction spectra of the
films with thickness 470 nm showed two main peaks
that correspond to the (008) and (204) and weak
peaks at (206), (220)and (318) planes of the tetrago-
nal In,S; [14]. XRD spectra for lower thickness
(50 nm) have not any clear pick (Figure 2.1 (c)).
This was due to the poor crystallinity of the films
with more amorphous background so that the gener-
ated XRD signals were of low intensity at lower
thickness. The intensity of the diffraction peaks
(specially (220) became more intense and sharp, and
new modes appear at (211) and (103) with increase
of film thickness, which indicates an improvement
in the crystallinity of the grown layers. In general, an
increase of film thickness increases the probability
of crystallization [15]. This can be observed from
Figure 2.1 where the location of the diffraction
peaks for preferred orientation changed with in-
crease of film thickness. With increase of film thick-
ness, the preferred orientation became more intense
and narrow, which indicates that increase of film
thickness results in lager grains. Similar observa-
tions were also reported by Mergel et al [16]. The
lattice parameters a and ¢ for In,S; thin films were
calculated using the Bragg’s equation and Selection
rules for the Miller indices [17]. They were a = 7,62 A,
c=3234A and a=7,61 A, ¢c= 32,01 A for films
with thicknesses 1200 nm and 470 nm, respectively.
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The evaluated lattice parameters are in agreement
with the standard JCPDS data [13]. The increase of
lattice parameters with film thickness might be due
to the change in density and nature of native imper-
fections [10].
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Figure 2.1 — XRD spectra of In,S; thin films with
thickness, (a) d=1200 (nm), (b) d=470 (nm),
(¢) d=50 (nm) annealed at 400°C for 60 min

Figure 2.2 exhibits Raman spectra measured
on In,S; thin films with different thicknesses
1200 (nm), 470 (nm) and 50 nm respectively an-
nealed at 400°C (+=60 min) in the spectral range
0-500 cm™. The important information about the
Raman spectrum is about the presence of certain
types of bonds inside of compound. Two problems
occurred during the spectroscopic measurements.
The scattering of the laser light on the rough surface
weakened the intensity of the Raman signal, so an
increase in the number of scans was necessary. The
other problem was that for low thickness In,S; thin
films didn’t detect clear picks. Therefore each spec-
trum was calculated as the average of 10 scans,
which required about 5 min measurement time. The
results show that as the thicknesses increased the
intensity of picks increased and all modes are totally
symmetric. By increasing the thickness of In,S; thin
films, the Raman active phonon modes become
more prominent and their intensities with respect to
the background increase with increasing thickness.

Raman spectroscopy of In,S; thin films with
thickness 50 nm presents active modes at 186 cm™,
290 cm™ and 482 cm™ indicated the presence of the
f-In,S; defect spinel structure. Also there were seen
low intensive modes at 72 cm™ and 166 cm™ that
related to tetragonal structure from literatures [18],
[19]. Fifteen normal modes of vibrations were ob-
served for f-In,S; dendrites from Raman spectra,
which exactly correspond to those given by a sample
of f-In,S; with un-polarized light [20]. Raman spec-
troscopy of In,S; thin films with thickness 470 nm
shows more intensive and narrow pick at 159 cm™.
The increase of intensity points to the fact that the
crystalline of tetragonal In,S; thin films improve
with thickness.
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Figure 2.2 - Raman spectroscopy of In,S; thin films
with thicknesses d = 1200 (nm), d =470 (nm),
and d = 50 (nm) annealed at 400°C for 60 min
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By increasing the thickness of In,S; thin films,
the Raman active phonon modes become more
prominent and their intensities with respect to the
background increase with increasing thickness. For
Raman spectroscopy of In,S; thin films with thick-
ness 1200 nm, new modes appear at 70 cm'l, 126 cm’l,
244 cm™ and 266 cm™. With the increasing thick-
ness, the peak at 159 cm™' loses its intensity gradu-
ally, while other peaks increase their intensities. The
phase parameters can be assigned to the tetragonal
p-In,S; phase stable at room temperature (space
group I4,/amd). Certainly the shape and intensity of
peaks have been affected by the thickness of thin
films. With the increasing thickness, the tensile
stress in the In,S; thin films is released gradually,
which might account for the variation of intensity
and the shift of Raman peaks [10], [21].

577 nm

543 nm

581 nm

535 nm

Figure 2.3 — 3D AFM images and roughness profiles of In,S; thin films with different thicknesses:
(@) d = 1200 (nm), (b) d = 470 (nm), and (c) d = 50 (nm) annealed at 400°C for 60 min
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The surface morphology of In,S; thin films had
been investigated by atomic force microscopy
(AFM). Figure 2.3 shows the AFM images and
roughness profiles of In,S; thin films prepared with
different thicknesses, 50 nm, 470 nm and 1200 nm.
The surface images are studied over an area of
2umx2pum. From the AFM images, it was observed

that the grain size and surface roughness increased
with the increase of film thickness.

The film prepared at lower thicknesses (50 nm)
shows irregular grains on the film surface, which
might be due to the different crystalline structures
presented in the thinner film. A similar behavior was
reported by Ramirez et al. in CdS films grown by
CBD method [22].

It is observed from the images that the average
roughness varied in the range, 555 nm (d = 50 nm)
up to 565 nm (d = 1200 nm) with the increase of
film thickness. Further, it was noticed that the sur-
face topography of the as-grown layers varied with
film thickness.

The topography and parameters of In,S; thin
films with thickness 1200 nm, 470 nm and 50 nm
obtained by AFM images are listed in Table 2.1.

Table 2.1 — Topography parameters of In,S;
thin films with different thickness

Parameters |d =50 nm|d =470 nm|D = 1200 nm
Minimum

roughness |545,17 nm| 543,20 nm| 534,83 nm
Maximum

roughness |567,83 nm|577,04 nm| 581,36 nm
R, 2,04nm | 2,11 nm 3,74 nm
IRrMs 2,50 nm | 2,66 nm 4,76 nm

It also can be seen that the Average roughness,
R, and the root mean square (Rrys) roughness in-
creased with thickness. The increase of surface
roughness with thickness is associated with the in-
crease of grain size in the films. The films that had
higher thickness consisted of densely packed crystal-
lites with better connectivity between them. Hence,
the enhanced deposition time leads to the growth of
thicker films that play a critical role in producing the
films with better morphology. A similar behavior
was observed by other authors [23], [24].

Conclusions

The thickness dependence on the structure and
morphology of annealed In,S; thin films deposited
by thermal evaporation method has been studied. A
good correlation between the results obtained from
different characterization techniques with respect to
film thickness was observed. The XRD results
showd that the crystal structure of In,S; thin films
evaluates as function of thickness. The evaluated
lattice parameters are in agreement with the standard
JCPDS data. Raman spectroscopy of In,S; thin films
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showd that the shape and intensity of peaks was af-
fected by thickness of thin films. With the increasing
thickness, the tensile stress in the In,S; thin films is
released which might be accounted for the variation
of intensity and the shift of Raman peaks. The to-
pography results of In,S; thin films show that the
average roughness (R,) and the root mean square
(Rrums) roughness increased with thickness.
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STRUCTURAL PROPERTIES OF Pb;-,.Sn, Te THIN FILMS PREPARED
BY THE “HOT WALL” METHOD
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VccnenoBanbl KpUCTAUIMYECKAss MUKPOCTPYKTYpa, XHMHYECKHIl coctaB W Mopdonorus TOHKHX MieHok Pb; Sn,Te
(0,05 <x <0,80), momy4eHHBIX Ha CTEK/ITHHBIX MOAJIOXKKAX METOAOM «TOpsUeH CTEHKH». PEHTTeHOCTPYKTypHBIE HCCIIeI0BAHUS
MOKa3aly, YTO IUICHKH ObUIH 0JHO(A3HBIMU U UMEIH KyOHYecKylo CTpYKTypy. [locTOsIHHAS peIIeTKH IIEHOK B 3aBUCHMOCTH
OT cocTaBa M3MEHsUIach 10 3akoHy Berapna. IlomydeHHBIE IIEHKH OBUTH TOMOTEHHBIMH € BOCHIPOM3BOJUMBIM COCTaBOM. MUK-
POCTPYKTypa IUICHOK COCTOsUIA U3 IIIOTHOYIIAKOBAaHHEIX 3epeH pasmepoM 0,3—4,0 MKM, BBIPAIICHHBIX HEPICHANKYIIPHO ILIOC-
KOCTH MOTIOKKH.

Kniouegvie cnoga: mennypud ceunya-onosa, Memoo «20padel CmeHKu», NOAUKPUCALIUYeCKUe NAeHKl, KPUCMAalluieckas
CMpYKmypa, napamemp pewemxu, XUuMu4eckuti Cocmaa.

In this paper, crystalline microstructure, chemical composition and morphology of Pb;_,Sn,Te thin films with the composition
range of 0,05 <x < 0,80 prepared by the “hot wall” method on glass substrates were investigated. The X-ray diffraction studies
showed a polycrystalline single phase cubic crystalline structure with the dependence of the lattice constant on composition x
with a linear behavior described by the Vegard’s law. The energy dispersive analysis showed that the obtained films are homo-
geneous and the compositions of the films are reproducible. Scanning electron microscopy revealed the thin films microstruc-
ture consisted of densely packed crystals with dimensions of 0,3-4,0 um and crystallite growth direction is perpendicular to
substrate plane.

Keywords: lead tin telluride, “hot wall” method, polycrystalline films, crystalline structure, lattice parameter, chemical compo-

sition.

Introduction

Lead tin telluride (Pb,-,Sn,Te) ternary solid so-
lution is a narrow gap semiconductor with a rock salt
crystalline structure that has been investigated for
many decades and applied in the fabrication of mid-
infrared photodetectors and diode lasers, for which it
is easily possible to vary the wavelength by adjust-
ing the composition of the solid solution [1]-[4]. A
proper technique of growing of high-quality
Pb,-,.Sn,Te single crystalline films is a key aspect of
the manufacturing of high-performance devices [5].
Pb,_,Sn,Te alloy layers for the practical applications
are grown by diffusion, hot-wall epitaxy, liquid-
phase epitaxy, as well as molecular beam epitaxy
[6]-[9] on glass, BaF,, Si(100) and Si(111) (with
CaF, or BaF, buffer layers) substrates [2], [10]-[12],
allowing to compensate the lattice mismatch and
thermal expansion coefficient differences. Preparing
of Pb;_,Sn,Te thin films with strictly controlled
composition is, in general, problematic because of
the controlling of Te due to its low vapor pressure
[13]. Moreover, the crystalline quality of Pb;_,Sn, Te
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thin films is an important subject during the fabrica-
tion of infrared detectors, because their physical
properties depend significantly on the crystallinity,
structural and chemical lattice imperfections [1]. The
conductivity types and the carrier concentrations of
undoped PbTe and Pb,_Sn,Te crystal layers
strongly depend on the non-stoichiometry of the
crystals [13], [14]. The conductivity types of un-
doped PbTe and Pb,_,Sn,Te grown by the Bridgman
method without application of vapor pressure are
usually p-type [5], 13], but the conversion the con-
ductivity type is achievable using annealing [5]. A
prospective direction in the field is the fabrication of
polycrystalline Pb;_,Sn, Te films with fine nm-sized
grain [15], [16], which would be beneficial for the
efficiency of optoelectronic and thermoelectric sys-
tems [17], [18]. On the other hand, the surface mor-
phology of the lead chalcogenide-based films can be
modified on the micro- and nanoscale using dry
etching techniques [19]. The aim of the present
work was to develop hot wall deposition regimes
for stable high-quality polycrystalline Pb,_.Sn,Te
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(0,05 <x <0,80) thin films on glass substrates and to
investigate microstructure properties.

1 Experimental details

Polycrystalline Pb,_,Sn,Te (0,05 <x <0,80) films
were grown using hot wall deposition (HWD) on
Corning 7059 glass substrates according to a well-
established technique as follows [14], [15]. Initially,
high purity (99,999%) mixtures of constituent ele-
ments (Pb, Sn, and Te) in stoichiometric proportions
(with an accuracy of 0,5 mg) were sealed into silica
tubes at the pressure of 10~ Torr. The evacuated
tubes were then placed into an electric furnace and
kept at 450°C for 7 days and after that at 700°C for
10 days. The tubes were gradually cooled with a
cooling rate of about 20°C/h to room temperature in
order to obtain polycrystalline Pb,_,Sn,Te com-
pounds [20]. The main feature of the HWD system
is the heated linear quartz tube of 1,2 cm diameter,
which was placed inside the vacuum chamber and
served to enclose and direct the vapor from the source
to the substrate. The quartz tube was kept at ~600°C
and was loaded with Pb;_.Sn,Te powder, so that
Pb,_,Sn,Te films were deposited on chemically
cleaned glass plates with substrate temperature varied
from 230 to 340°C. The pressure in the chamber was
about 10~ Torr during the evaporation. The deposi-
tion duration varied from 10 min to 50 min in order to
obtain thin films in wide range of thicknesses. The
evaluated thickness varied from 0,7 to 4.0 um.

Morphology of the films was studied with
scanning electron microscopy (SEM) using JEOL
JSM-6400 and Supra 40 Carl Zeiss microscopes.
Crystalline structure and the phase composition of
the Pb,_Sn, Te films were investigated by X-ray
diffraction (XRD) using a Siemens D-5000 diffrac-
tometer with CuK, (A= 1,54056 A) radiation. The
angle 20 was measured in the range from 15° to
100° with a step of 0,01°. The observed phases were
determined by comparing the d-spacing with the
Joint Committee on Powder Diffraction Standard
(JCPDS) data files. Local elemental composition of the
films was determined from energy dispersive X-ray
(EDX) data, using AN 10000 EDX spectrometer
mounted in the Stereoscan-360 electron microscope
with and INCAx-act Oxford Instruments EDX spec-
trometer in the Supra 40 electron microscope.

2 Structural properties of the films

The influence of substrate temperature on the
phase formation and crystalline structure of the
Pb;_.Sn,Te thin films were studied by X-ray diffrac-
tion. The XRD spectra of hot wall deposited layers
showed that all the films exhibited polycrystalline
nature, supporting the visual SEM data. The thin
film powder patterns matched the powder target pat-
tern satisfactorily and indicated the absence of any
binary phases. Some minor differences in the rela-
tive intensities between the powder target and
experimental patterns could be attributed to some
minor texturing of the films. All the thin films ex-
hibited a strong (200) peak representing the prefer-
able orientation. The spectrum also showed other
peaks in addition to the (200) peak. The most inten-
sive peaks corresponds to (220), (400) and (420)
orientations. Typical XRD spectra for Pby;oSng;¢Te,
Pbyg 40Sng¢oTe, and PbggsSngesTe thin films on glass
substrates are shown in Figure 2.1.
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Figure 2.1 — Typical XRD spectra for Pbg70Sng3¢Te,
Pb0,4OSn0‘60Te, and Pb0,058n0‘95Te thin films
on glass substrates

All the deposited Pb;_Sn,Te films showed a
single phase cubic structure (space group OS5h-
Fm3m). The lattice constant was evaluated using the
standard equation for a cubic crystal structure (Table
2.1).

Table 2.1 — Characteristics of the Pb;_ . Sn,Te thin films

Mole Fraction Composition, at. % Lattice parameter, gy, °C D, nm
Pb Sn Te A

Pbo.sSngesTe 2,26 46,6 51,14 6,311+ 0,002 338 45
Pby.10Sng 9o Te 4,52 44,79 50,69 6,322 + 0,002 335 95
Pbo 15SnggsTe 7,87 41,72 50,41 6,330 + 0,002 340 105
Pbg20SnggoTe 9,77 37,75 52,47 6,343 + 0,002 335 145
Pbo.40SngeoTe 22,14 25,36 52,5 6,370 + 0,002 335 90
Pby 55Sng 45Te 26,31 21,85 51,85 6,404 + 0,002 340 105
Pbo.70Sng30Te 35,59 13,67 50,74 6,419 + 0,002 330 110
PbygoSng,Te 42,39 7,79 49,82 6,422 + 0,002 290 95
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The evaluated interplanar spacing (d-values)
and the lattice parameters of SnTe films (a = 6,304+
+0,002 A) and PbTe films (a = 6,450+0,002 A) are
in agreement with the standard JCPDS data (cards
No. 46-1210 and No. 78-1905, respectively). The
similar behavior was also observed [21] for the vac-
uum-evaporated PbTe, SnTe and Pb,_,Sn,Te films
with varying substrate temperature. A linear rela-
tionship between the lattice parameter (a) and the
composition of the Pb;_.Sn,Te solid solution was
established in the least squares approximation to be
as follows:

a=0,167x + 6,305 A. 2.1
Figure 2.2 shows the dependence of Pb;_,Sn, Te thin

film lattice parameters on the atomic composition.
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Figure 2.2 — Dependence of Pb,_,Sn, Te thin film
lattice parameters on the composition

The value of the lattice parameter gradually in-
creases from PbTe to SnTe in agreement with the
published data on lead tin telluride alloy bulk mate-
rials, where there was reported similar linear de-
pendence of lattice constant on composition in
Pb,_,.Sn,Te alloys with tellurium excess according to
Vegard’s law [22], [23].

To calculate the mean grain size in thin films
we used the Debye — Scherrer formula:

D= K2 . (2.2)

Bcosd

Where D is the grain size, B is a broadening of peak
intensity at half maximum (FWHM) in radian, A4 is
the X-ray wavelength used (Cu Ka = 1,54056 A), 6
is the Bragg angle and K is a dimensionless constant
that may range from 0,89 to 1,39 depending on the
specific geometry of the scattering objects. For a
perfect two-dimensional lattice, where every point
on the lattice emits a spherical wave, numerical cal-
culations yield the lower bound of 0,89 for K. A
cubic three-dimensional crystal is best described by
K=0,94 [24]. The crystal size found by X-ray
analysis is determined by the smallest crystallites
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through the entire thickness of the film where SEM
image does not reflect the grain size calculation
based on X-ray data [25]. On the other hand, SEM
images may not have the capability to reveal crystal-
line film substructures [26].

3 Chemical composition of the films

The physical properties of Pb;_,Sn,Te thin
films, obviously, are strongly influenced by the ele-
mental composition; therefore it is crucially to con-
trol the latter. The energy dispersive analysis of all
the as-deposited films showed that the obtained
films are homogeneous and the compositions of the
films are reproducible in the framework of the HWD
technique. Figure 3.1 shows a typical EDX spectra
for the obtained Pb;_.Sn,Te thin films with different
composition  (Pbg70Sngz0Te, PbgsoSnggTe, and
PbgosSngesTe) measured using AN 10000 EDX
spectrometer in the 1-6 keV range with the designa-
tion of the respective peaks of lead, tin and tellu-
rium.

Pbg 70Sng 3o Te

Te

Intensity, a.u.

Pby osSngesTe

Energy KeV

Figure 3.1 — EDX spectra for Pbg 7oSng30Te (a),
Pb0‘4osn0A60Te (b) and Pbo(05sn0A95Te (C) films

From the numerical calculations, EDX showed
a deviation from the stoichiometric composition
towards the excess tellurium (Table 2.1).

4 Morphological properties of the films

SEM studies of the cross-sections of as-
deposited Pb;_,Sn, Te films on glass substrates dem-
onstrated that the films had a strongly pronounced
columnar structure with the crystal lateral dimen-
sions of 0,3—4,0 um and with densely packed crys-
tals, with the films grown at higher temperature gen-
erally consisting of larger crystallites. The surface
roughness for all the Pb,_Sn,Te films was 10—
40 nm and the crystallites with distinct boundaries

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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Figure 4.1 — SEM images of the surface morphology and cross-sections of Pb, 70Sng30Te (a, b),

Pbys5Sng 45Te (¢, d) and PbgsSngesTe (e, f) thin films on glass substrates

were clearly observed. Typical SEM images of the
surface and cross-sections on the example of
PbojoSl’logoTe, Pb0_55Sn0A45Te and PbOAOSSHOI%TC films
are shown in Figure 4.1.

SEM studies also demonstrated that the thick-
ness of the layers depends on growth conditions. The
increase in substrate temperature at constant deposi-
tion time leads to the increase in the film thickness.
The temperature dependence of films thickness
could be explained by the availability of thermal
energy for nucleation at different substrate tempera-
tures which in turn increases with the increasing
substrate temperature. The fact that the crystals are
densely connected to each other is essential for the
development of device structures with p-n-junctions
based on polycrystalline Pb,_,Sn, Te films. The over-
all density of the films is of critical importance,
since it would prevent the diffusion of atoms during
the growth of the other material layers during the
fabrication of electronic devices.

Conclusions

Lead tin telluride films PbxSn, xTe with the
composition range of 0,05 <x <0,80 were success-
fully deposited at different substrate temperatures
from 230°C to 340°C by hot wall vacuum deposi-
tion of bulk material onto glass substrates. X-ray
diffraction measurements showed that the grown
PbySn; .xTe films have a cubic crystal structure and
demonstrated the lattice constant dependence on
composition x with linear behavior according to the
Vegard’s law. The energy dispersive analysis showed
the homogeneous characteristic of the obtained

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

films. The compositions of the films are reproduci-
ble. SEM morphology and cross sections revealed
the thin films microstructure consisted of pinhole
free and densely packed columnar grains and crys-
tallite growth direction is perpendicular to substrate
plane.
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ASSOCIATED FUNDAMENTAL MATRICES, CAUCHY FUNCTIONS
AND WRONSKIANS OF LINEAR DIFFERENTIAL EQUATIONS
OF THE SECOND ORDER WITH GENERALIZED COEFFICIENTS
IN THE ALGEBRA OF MNEMOFUNCTIONS
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B craTbe uccnemytores 3agaun Komm i1t THHEHHOTO OAHOPOIHOTO U JINHEHHOTO HEOTHOPOIAHOTO Ju((hepeHIIHaATbHBIX ypaB-
HEHHI BTOPOTo IOpsAKa ¢ 0000mEHHBIMU KoddduienTamMu B anrebpe MEeMOGYHKIUH. BBeIeHb 1 HCCIeI0BaHbl aCCOLUH-
poBaHHbIe (QYHKIMU Komm 1 accolunpoBaHHbIC BPOHCKHAHBI, HAlICHBI BRIpaeHUs! 11 GpyHKmil Koy n GpyHIaMeHTaIbHEIX
Matpul d4epe3 (yHIaMEHTalbHBIE CHCTEMbl pELICHMI, JaHbl NPEACTaBICHHUS aCCOLUUPOBAHHBIX PEIICHUH HEOAHOPOIHOM
3anaun Komm uepes pynkuu Komm.

Knrwoueswie cnosa: nuneiinoe ouggepenyuaivioe ypasuenue 6mopozo nopaoka, aneebpa MHeMOQYHKYULl, accoyuuposantvie
peuenus, YyHOaMeHmaIbHble CUCEMbl PeUeHUl, dCCOYUUPOBAHHbIE PYHOAMEHMANbHbLE MAMPUYbL, ACCOYUUPOBAHHBLE (YHK-
yuu Koww, accoyuuposannvie 6pOHCKUAHbI.

In the paper Cauchy problems for a homogeneous and nonhomogeneous linear differential equations with generalized coeffi-
cients in algebra mnemofunctions are investigated. Associated Cauchy functions and associated Wronskians are introduced and
studied. Expressions for the Cauchy functions and for the fundamental matrices are found by the fundamental system of solu-
tions. Representations associated solutions of the Cauchy problem are given by means of Cauchy functions.

Keywords: linear differential equation of the second order, algebra mnemofunctions, associated solutions, associated funda-

mental matrices, fundamental systems of solutions, associated Cauchy functions, associated Wronskians.

Beeoenue

B pabore uccnemyercs 3amaga Komm s mu-
HelHoTO An(depeHInaTbHOTO ypaBHEHHS BTOPOTO
nopsiiKa ¢ 0000IEHHBIMU KO PUIIEHTaAMU

Y'(t)+d' (0)Y'(t)+0' ()Y (1)+ /() =0,
Y(0)=¢, (0.1)
Y’(O)=cz,

e te T=[0,b], b,cc,eR, 0,0,/ T>R -

HeTpephIBHbIE crpaBa (YHKIMM OrpaHUYEHHON Ba-
puanmmu, G', a', f ' _ MX 0606IIEHHBIE TIPOU3BOIHEIC.
PaccmaTpuBaemas 3ajmaua SIBISETCS HEKOP-
PEKTHOMN, IMOCKOJIBKY B YpPaBHEHHM MPUCYTCTBYIOT
npousBeieHust 0000IEHHBIX pyHKuMil. V3yueHnem
NMOJOOHBIX 3a7iad KaK JIMHEWHBIX, TaK U HEJIHHEH-
HBIX 3aHUMAalHCh MHOTHE aBTOpPHI (CM., Hamp., [1]—
[5]). B macrosmeMm coobmiennn 3amada Kommu (0.1)
uccienyeTcss B TPSMOM TIPOM3BEICHHU alredp
MHeModyHKIui [6]. B pabote BBeneHsI U uccieno-
BaHbl accolmupoBaHHble (yHKIMH Komm u acco-
[IMAPOBaHHBIE BPOHCKMAHbI, HANICHBI BBIPAKECHUS
i Gynkonii Komm n gyHIaMeHTanbHBIX MaTpHIl
yepe3 (yHIaMEHTaJIbHbIE CUCTEMBI PEICHUH, TaHbI

© Asmywrxo T.C., 2014

NIPE/ICTABIICHUs] ACCOLMMPOBAHHBIX PEIICHUH depe3
¢ynkipn Komm.
[lepermumem 3amauy (0.1) B Buae cucTeMbl

i depeHInanbHbIX YpaBHEHHUI IEPBOTO MOPs/IKa
X'(t)=L"(t)X(t)+F'(¢t),teT,
()=L(OX (@) F@eet
X(0)=Xx,,

31€Chb
X, (1) =Y(), X, (t)=Y'(t),

oo}l ro-Lr)

10 gy o)

B npsimoM mipousBeneHun anredp MHEMOQYHK-
i 3amaga Komm (0.2) Oyner mMeTh Ciemyromui
BUJI

" (0.3)

rac
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HWJIN Ha ypOBHe HpeHCTaBHTeHeﬁ
X, (t+h,)-X,(1)=
[ (t+h,)-

(0.4)

N
=
—_~
~
~—
Il

(a*22)(0) P (1) =np(n),
L) =1 %00 )(0),
O-n( ):(O- ,0,1)( ) p,? (t):;/(n)p(jf(n)t),

7(n)—> conpun — oo,

)<[o.1], Jp(s)ds=

3nax ()’ 03HaYAET TPAHCTIOHMPOBAHHE.

p20, peC”(R), supp(p

1 Accoyuupogannsie pewenusn 3adauu Kowu

3ameuanue 1.1. Ucnons3ys caencrsue 2.1 u3
paboTsl [7], HECTIOXKHO MMOKa3aTh, YTO JUISA JIFOOBIX 4,
o, . T —> R — HenpepbIBHBIX cripaBa (GpyHKUMIT Or-
paHn4eHHO Bapuanmu perreHue 3axaqn (0.4) mpu n
— o, h, —> 0, y (n) = o cXOAUTCS TOKOOPANHATHO
8 L'(T) Tonsko mpu 1/n=o(h,), 1/y(n)=o(h,), umm
1/n=0(h,), h,=o(1/y(n)), wmm h,=o(1/n), 1/y(n)=o(h,),
w h,=o(1/n), h,=o(1/y(n)).

Teopema 1.1 [8)]. Ilycmo a, o, f; T —> R — He-
npepuleHble Cnpasa QYHKYUY 02paAHUYeHHOU 8apua-
yuu u

-X ||—>0 (1.1)

n—0,h, -0

te[0,h, )

32

mozoa npun — o, h,—> 0,y (n) > ot i =1,

[

20e X,() — pewenue sadawu Kowu (0.4), a X' (t),

X, (1)-Xx' (t)"dt -0,

i=1,4 — pewenus unmezpanbHuIX ypagHeHUli

X[(t)zX(O)+£dLi(s)Xi(s)+ )
+F(1)=F(0),teT,i=14,

unmezpan NOHUMAEMCsL 8 CMbICILe HEKIACCUYECKO20
unmezpana Pumana — Cmunmeeca,

L@O=L@O+ X AL ().t €T, i=1,4, (13)
st

LE(¢) — nenpepwisnas cocmasnsiiowasn gyuxyuu L(1),
w, 1 € N —mouxu paspwiea @ynxyuii a(t) u o(t),
t € T, sanymeposannvle OOHUM UHOEKCOM, U NpU
n— o, h,—0,7(n)—> w0

M(“f)z[—mo(ﬂ,) —Aaow)}

ecau 1/n=o(h,) u 1/y(n)=o(h,);

ALZ( )_ 0 0
H )= —AO'(/LII) e—Aa(/t,)_l >

ecnu 1/n=o(h,) u h,=o(1/y(n));

3 0 O
* (”’):[—Acf(u,)(l—m(ul)) —Aaw)]’

ecnu h,=o(1/n) u 1/y(n)=o(h,);

AL4(,U1)=

npu Aa(,u,);t 0, u

v

npu Aa(p)=0,1=12,.., ec

h,=o0(1/n) u h,=o(1/y(n)).
Wnterpans! u nuddepeHuaisl OT MaTPUIHO-
3HAYHBIX (DYHKIMH OepeM MOKOOPIUHATHO,

AL(1)=L(t)-L(1-0),

[¥]=2Jx]. ¥ <R,

i=1

|| = Zz\ \ X eR™.

i= _]—

Ucnonp3ys Teopemy 8.24 m3 monorpaduu [9,
c. 393], B pabote [10] ObLIO MOKA3aHO, YTO PEIICHUS
ypasrenuii (1.2), i=1,4, ang moObIX HaYaIbHBIX
YCIIOBUI CYIIECTBYIOT M €MHCTBEHHBI JJIsI KAXKI0TO
i, IPUYEM KaX]Ible KOOPAUHATHI PEIICHUH SBIISOTCS
HEMPEePBIBHBIMU CrpaBa (DYHKIUSIMUA OrPAHUYEHHOM
BapuUallvu.
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T
Dynxums X (1) = (X, (1).X, (t)) HA3BIBACTCS
accoyuuposannvim pewenuem 3axadn Komm (0.3),
ecIi s MOOBIX TpeAcTaBUTeNe MHEMO(QYHKINN

6, a, f, X}, X? pemenne sagaun (0.4)

X, (0)=(x,(0).%2 (1))

IpU 7 —> 00 MOKOOPIMHATHO B LI(T) CXOONTCH K

X(1)=(X,(0).X, (1) m[(X](1)).neN].j=12
SIBJISIFOTCSI SJIEMEHTaMU aJreOphbl.

[Tpu BeIMIOTHEHNN yCIIOBHH OecKOHEUHON aud-
(bepeHIMPYEMOCTH Ha4YaJdbHBIX YCIOBHHM 3a4a4n
(0.3), cymecTBOBaHUS KOHEYHBIX OJHOCTOPOHHUX
MIPOU3BOIHBIX BCEX MOPSAAKOB B HyJe, ycioBus (1.1),
accoyuuposannsvie pewenus 3amaun Komm (0.3)

ABIAIOTCS pewenuamu cucmem (1.2), i=1,4, npu-
YeM TepBble KOOPHUHATHI PELICHHI

X' (0)=(xX!(),X5(1)) steT, i=14,

cucreM (1.2) abconroTHO HENPEPHIBHEI [§].

2 Accoyuuposannvle dynoamenmanvnvie
mampuust, pynxyuu Kowu, éponckuanst

PaccMoTpuM  OomHOpOAHBIE — WHTErpajbHbIC
ypaBHEHHS

X0 ()= X0 (s)+ [dE (7) X' (1), 1= T4, @.1)

t € T, V ¢uxcupoBannoe s € T.
Accoyuuposannvie pyHoamenmanvhbie Mam-

puysr B'(t,r), r,teT, i=1,4, B cratse [8] ompe-

JIETSUIACh KaK pELICHUs HHTErPalbHbIX YPABHEHUH
B (t,r)=E+[dL (s)B (s,r).r,teT, i=14, (22)

€ MaTPUILIBI L, i= 1,_4 u3 TeopeMsl 1.1.
Accoyuuposanuvivu @ynxkyuamu Kowu Ha3o-
BeM (QYHKINH Ki(t,r): T*T — R, xotopsle mpu

m000M (GukcupoBaHHOM 7 € T SIBIAIOTCS NEPBBIMU
KOOpJAMHATAMM PELIECHUIN YpaBHEHUI

Pt 0 ot
teT, i=14

Pemenus ypaBHenuit (2.2), i=1,4, cymecr-

BYIOT M €IMHCTBEHHBI JUIS KXIOTO i, W KaXK/Ible
KOOPJMHATBl PEUICHUH SIBISIOTCS HENPEPHIBHBIMU
cnpaBa (YHKIUSIMH OTrpaHUYEHHOW Bapuauuu [8].
310 %€ BepHO U U1 ypaBHeHuit (2.3), i = 1,_4

Ymeepocoenue 2.1. Accoyuuposarnuvie (yHk-
yuu Kowu K' (t,r), i:I,_4 abcontomuo Henpepuvls-
not no t € T ons moboeo gurcuposannozo r € T.

Lokazamenvcmeo. IlepBble ypaBHEHHs CUCTEM
(2.3) s mo60i M3 YETHIpEX BO3MOXHBIX MaTpHIL
AL’ umeroT BUJ

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

Ki(t,r):ij(s,r)ds,i:L_él. (2.4)

ockoneky ynkmun K| (t,r), I= 1,_4 o T1e-

PEMEHHOI1 ¢ MHTerpupyemble, a B ypaBHeHUsX (2.4)
NpucyTCcTByeT uHTerpan Jlebera ¢ mnepeMeHHBIM
BEPXHHUM IIpENeNIOM, KOTOpPBI abCOJIIOTHO Hempe-
pBIBEH ISt M06oro ¢ukcupoBanHoro » € T, 3aKito-

qaeM, 4To Kf(t,r), teT,VfixreT, i=1,4 a6-

COJIIOTHO HENpPEPLIBHLL
Vmeepancoenue 2.2. K (t,r)= (K[ (t,r))t, ,

Vi,reT u K{(t,r) — nenpeprisnvie cnpasa gynx-

yuu oepanuyennol gapuayuu, i =1,4.
Hoxazamenvcmeo. Tak kak ¢ynkumun Kormm

K’ (t,r), i=1,4 abcomoTHO HENPEPBIBHBI 110

t € T mst mroboro uxcupoBanuoro » € T, To mus
moboro ¢ukcupoBansoro » € T 3 @' (¢, r) Takue,
gTo juis aoboro ¢ € T[11, c. 90]

t —
Ki(t,r)zJ(pi(s,r)ds,i=1,4, (2.5
rae ¢ (t,r):(Ki(t,r))t, — 0600LIEHHbIE TIPOU3-

Boauble Gpynkuuii Kown K'(#,7) no nepemeHoii £.

U3 1-p1x ypaBeHuii cuctem (2.3) umeeMm pa-
BeHCTBa (2.4). U3 yrBepxmenuss 2.1 ¢yHKIHH

K'(t,r) aGcomoTHO HenpepbiBHbIE, U3 TEOPEMbI
8.24 wmonorpadmu [9] K| (¢,r) — HempepsIBHbIC

cripaBa (yHKLIMHU OrpaHMYEeHHOH Bapuauuu. M3 pa-
BeHCTB (2.4) u (2.5) momyyaem

t t
J.gai (s,r)ds = IKf (s,r)ds, VfixreT.
Otkyna cienyer (pi (s,r) = Kf (s,r), T. €.

(K[ (t,r))t, :Kf(t,r), VfixreT, i=14.

[TocenHee paBeHCTBO ISt KayKAOTO i OIpese-
JIEHO C TOYHOCTBIO 10 Mepbl Jlebera Hyib, B TOUKaX

HenpepsIBHOCTH K| (¢,7) COBIAnaior ¢ (K "(t,r))[',

B TouKax paspsiBa K| (1,r) Hmoompexensem Io He-

HPEPBIBHOCTH CIIPaBa.
PaccMoTprm MaTpHIED

| OO _
fo= - teT, i=14, (2.6)
(el®) (&)
e ¢ (¢), @i(t) — nepBble KOOPAMHATHI JTHOOBIX JBYX
penrenuit cucremsr (2.1), i = 1,_4

VYmeepncoenue 2.3. Iycmv ¢/ (1), @),

teT, i:1,_4 — nepevie KOOPOUHAMbL THOObIX 08YX
pewienuii i-2o mampuunoeo ypastenus (2.1). Toeoa
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ux 0000ujeHHble NPOU3BOOHbIE ((pj.(t))', j=L2
AGNAIOMCSL BIMOPLIMU KOOPOUHAMAMU PeULeHUil i - 20
ypasHnenusi (2.1) u ((p;(t)),, j=L2 — uenpepvis-

Hble cnpasa GYHKYUU 0epaHudeHHOU eapuayuil.
Hoxazamenvcmeo. Tlockombky GyHKIMH @) (1),

o), i =1,4 abGCOMOTHO HETIPEPBIBHEI, TO CYIIe-

CTBYIOT OOOOIIEHHBIE IPOU3BOIHEIC (goj (t)),

j=1,2, i=1,4, xoTOpBIEC PAaBHBI
0/ (0=¢)(5) = [(¢)(7)) dr.
IlepBoe ypaBHeHue cucreMsl (2.1) mMeeT BUA

X (t)=X| (s)+IX ' (r)dr. Tloacrapnss ciona BMe-
cto X[ () bynkumio ¢ (7), momyyaem

jX;(T)dT = j(@j(r)), dr.

OTKyJa BUHO, UTO (go’/ (r)) = X (7).
Accoyuuposannvimu  eponckuanamu W' (t),

i=1,4, t € T i-pIx ypaBHeHuii (2.1) Ha30BeM orpe-
JIeNUTENTH MAaTPUYHO3HAUHBIX GyHKIMHA ¢’ U3 ompe-
neneHus (2.6).

[Ipou3BONBHYIO0 JIMHEHHO HE3aBHUCUMYIO CHC-
TEMy HEpBBIX KOOPJIUHAT pelleHni ypaBHeHHH (2.1)
@) u i(t), i=1,4 Ha3O0BEM PyHOaMEHMATLHOL
cucmemoti pewienuli COOTBETCTBYIOIIETO i-T0 ypaB-
Henus (2.1).

B cnepyromeil teopeme [OKa3aHbl aHAJIOTH
dhopmyn JImyBumrst — Octporpanckoro — Axkobu s
HAaXOXKACHUS BPOHCKHMAHA DPEIICHUH WHTErpabHBIX
ypaBHenu# (2.1), i=1,4.

Teopema 2.1 [8]. IIycmov a, o: T—> R — He-
npepuisHbvie cnpasa QyHKYuU 0SPaHUdeHHOU eapua-
yuu, mozda 0Nl ACCOYUUPOBAHHBIX BPOHCKUAHO8
W'(t) cnpaseonuevt popmynv

W'(t) = exp {—j da* (r)} X

x [T (1=Aa(u)W'(s),i=1,3,

s<py <t

Wi (t) = exp{—j da(r)} Wi(s),i=2,4. (2.8)

Teopema 2.2 [8]. Ecnu nepgvie KoopOounamoi

.7)

pewenuti ypasnenuii (2.1) ¢ (1) u @i(t), VteT,
i:1,_4 nunelino 3asucumes, mo W'(t)=0, te T
Ecnu tye T, W'(t,)=0, mo pewenus ¢ (1),
@5 (t), coomeemcmeyrowezo i-2o ypasnenus (2.1)

JAUHelHo 3asucumole, i =1,4.
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Cneocmeue 2.1 [12]. Eciu 3 te T, W' (t) %0,
mo pewenus @, (t), @(t) ypasnenuii (2.1), i=14
00pazyom QQYHOAMEeHMATbHYIO CUCEM) DeuleHUll.

Jloka3arenbcTBO Teopemsl 2.2 MPOBOJUTCA

AQHAJIOTMYHO JI0KA3aTeNbCTBY Teopembl 12.5 u3 Mo-
Horpaduu [4].

3 Koucmpykuuu accouyuuposanuvlx ¢ymoa-
MEHMANbHBIX ~ MAMPUY, U ACCOUUUDPOBAHHBIX
dyuxkyuit Kowu

Ymeepancoenue 3.1. Ilyemo ¢ (1), @.(t) —

NPOU3BONILHASL (PYHOAMEHMANbHASL CUCeEMA peliie-
Hutl coomeemcmeyiouje2o i-2o ypaenenus (2.1) u ons
i=1,3 Aa(y)#1 Vy,pu — mouku paspvisa

@Gynxyuu  a(f), moeda cywecmeyiom obpammuble
mampuyol (¢"(t))71 , i=14.

Teopema 3.1. Ilycmo ¢ (t), @i(t) — npous-
60IbHASL (DYHOAMEHMANBHASL CUCTNEMA PEUleHUTl CO-
omeemcmeyiowezo i-20 ypasverus (2.1) u ona
i=1,3 Aa(y)#1 Vu,pu — mouxu paspviéa
Gyukyuu  a(t), moeda accoyuuposanuvie GyHoa-
Mermanshvie mampuywl B (1,s), i=1,4 ypasuenuii
(2.1) npeocmasumsi 6 6ude

B(1,5)=¢(0)(¢(5)) . Vst eT,i=14 (3.1)
Jokasamenscmeo. ®ynxunu ¢ (1) sBsrores

pelennsiMu ypashennit (2.1), i=14, T.e. @ (¢)
YOBJIETBOPSIOT yPaBHEHHUAM

FO)=¢'(s)+ j dL ("¢ (r),teT,i=1,4
JUIL TIPOU3BOJIBHOTO (uKcupoBanHoro s € T, mo-
CKOJIBKY KaKJIBIH CTOJOEI] MAaTPHITBI ¢i o), i= 1,_4

€CTh PEIICHHE COOTBETCTBYIOIIETO i-0r0 ypaBHEHHSI.
VYuuteiBas  yrBepikienue 3.1,  MaTpuIBl

(#'(s)

. -1
nocJie/IHee ypaBHEHUE Ha (¢’ (s)) , TIOJy4YUM

-1 JR—
H

i=1,4 cymecTByloT. YMHOXas CIpaBa

-1

FO(F ) =46 (d ) +
+Udﬁ (r)¢"<r)}(¢f ) .i=14,
§0)(#) =
— 5+ [ g (o)) i<

CpaBHUBas MOJYYUBILIEECS YpaBHEHUE C ypaB-
HeHueM (2.2), momyuaem npexctasienue (3.1), tak
KaK TI0 TICPEMECHHOW ¢ TpH JIF0O00M (DUKCHPOBAHHOM
s € T pemenue (2.2) CyIIecTBYET U €AMHCTBCHHO.

Teopema 3.2. Ilycmo @[ (t) u @i(t), i=14
NPOU3BONLHASL PYHOAMEHMANLHAS CUCTNEMA PeUteHUll

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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coomeemcmeytouezo i-eo ypaenenusa (2.1) u npu
i=1,3 Aa(y)#1Vy, 20e u, — mouku paspviéa
@yukyuu a Ha ompeske [s, t], moeoa ¢ynxyuu Kowu

umerom 6uo
L [cﬂf(S) .(s)
- et| ) 5
W(s) o) (D) (3.2)

Vs,teT,i=14,

a accoyuuposeaHHvle d)deaMeHma/leble mMampuybsl

K'(t,s)=

B'(t,5),i=1,4, coomeemcmeyiowue ypasnenusm
(2.1), umerom cnedyrouyro KOHCMPYKYUIo

B'(t,s) = (3.3)
IR ORI
AGITAG) f¢>;<t)(¢;(s)) s
B I ) . b
(e ) () _—(so;' @) (2/®) K
Wi(s) !

Vs,teT,i=14.
Lloxkazamenvcmeo. Vcnonb3ys NpencTaBICHUS
(3.1), pacriumem MaTpuubl B (2,5)

B(1.5)=¢ O(#(s) = (3.4)
L (A0 dO ) (Be) e

TOd ) (#0) )| (o)

AO(@O) = | (el (s)+

| —eo(de) | ROa®

(60) (£, - | () Do)+ |
~(2 ) (21®) [ +(20) ¢l (s)

C Ipyroit CTOPOHBI, UCXOMAS U3 OINPENECICHHUS
¢ynxuuit Komn K'(f,s) u yreepxaeHus 2.2 sie-

MEHTBI MOCJEAHUX CTOJOLOB B aCCOLMHUPOBAHHBIX
(bynmaMeHTanbHBIX Matpunax B'(t,s) ecth coor-

BeTCTBYomuMe (GyHKuuH Kol u Mx npou3BOAHBIE
10 TIEPBOM MEPEMEHHOM, T. €.

. ples) K9 —
B'(t,s)=| _ ,i=1,4. (3.5
B (t.s) K]'(ts)

[IpupaBHuBas MO3IeMEHTHO TpeacTaBieHus (3.4) u
(3.5) marpun, B'(t,s), i=1,4, nonyuaem GopMymbl
3.2)u (3.3).

3ameTuM, YTO Cirydaii [ALi (4, )]2 =0,Vy —
TOYeK paspbiBa L, ObUI PaCCMOTPEH B MOHOTpa(puu
[4]._Hp1/1 BBITIOJTHEHUH 3TOTO ycnoBus L'(f) =L (1),
i=1,4 n dpopmymsr (3.2), (3.3) coBmagaroT COOTBET-
ctBeHHO ¢ (¢opmynamu (14.3) u (13.7) u3 monorpa-

¢um [4].
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Teopema 3.3. Ecu Aa(y, ) #1 ona mobwvix
— moueK paspvleéa GYHKYUIl a u O, MO aAccoyuupo-
eanmvie ynoamenmanvuvie mampuysi B (t,r),

YV t,reT, i=1,3 npedcmasnaomcs 6 sude

l—jKl(t,s)dO'“(s)—

Ao(u)
RN S Redla L
r<py <t l—Aa(,u])

t

—[K/ (t,s)do“(s)—

, Ao
- Y K ()T
r<py <t I_Aa(ﬂl)

1= [ K3 (1,5)do* ()

- Z K3(t,ﬂ,—)AU(,Ll,)

r<py <t

B (t,r)= .
(6r) —[K (t,8)do* (s)—

- Z Kty (t’ H; _)AO-(/JI )

r<y <t

__________|_________
|
I
I
I
|

s pynoamenmanvhon  mampuybsl

t,r € T, umeem mecmo npedcmaenenue
“ 4
1-[K*(t,s)do* (s) -

Ao
BN SR G
r<py <t Aa(/ll)
x(l_eAauz,))
B4(t,r)= e
—[K" (t,5)do* (s)—

' Ao(y)
Y K () ——x
r<py <t ! ! Aa(,u,)

X(l _ eAa(ﬂ/) )

ecnu Aa(p)#0 ons mobbix 1, — mouek paspvisa

@yHryuii a u o,

t |
1-[K*(t,8)do (s)— |

, K ()
- ¥ Koo |
4 r<py <t |

T T —

’ t 41 c !
—[K/(t,5)do" (s)— |

g VK (8,7)
-2 Kt4,(t’/ul_)AO-(lul) i
r<py <t |

Aa () =0 ams Beex g1, — mouex paspwiéa gyuxyuii

auo.

35



T.C. Aemywxo

B (t,r)=
t |
1-[K?(t,8)do (s) - !
’ | K2 (1,r)
- 3 Kt p)Ac () |
B I I -
t , . | ’
—[K (t,5)do (s)— !
’ LK (t,r)
- T KA () |
r<uy <t |

Vt,reT.

Jloxaszamenbcmeo. Jlnsg nokazatenbcTBa Ham
MTOHAZOONTCS CIEMYIOIas TeopeMa.

Teopema 3.4 [10]. ITycmb a, o: T— R — ne-
npepuvleHble CNpasa (QYHKYUY 02PAHUYEHHOU 8apua-

yuu u ona i=1,3 Yy, Aa(p)#1, gy — mouku pas-
pvisa Gynxyuu a(t), moeda accoyuuposanmvie QyH-
Oamenmanvhvie mampuyst B'(t,r), i=1,4 no emo-

POl nepemMeHHOU Y0081emB8OpsIOm YPAGHEHUIM

B (t,r) = E+[B (t.5)dL (s),

(3.6)
r,teTl,i= 1,_4,
20e
-~ . -1 .
L=+ X [E+AL(u)] AL (u).
r<uy <t

1) < 0 t
D) —a)

JlokazarenpcTBO TIpoBeaeM s ciydas [ = 1.
Jns ocranpHBIX ciiydaeB, [ = 2,4, 10Ka3aTeJIbCTBO

MMPOBOAUTCA aHAJIOTUYHO.
Haiins no ompenenennio oOpaTHOH MaTpHIIbI

MaTpuLy [E +AL( y,)]_] , HECJI0XKHO IIOJIy4YHUTh

[E+aL ()] AL (1) =

0 0
=| —Ao(y) —Aa(y,) |
Ay 1-Aa(u)
Aa(p) #1.

[oncrasnsem mpencraBieHue (3.5) MaTpHIIBI
B\(t, ¥) n HaliIeHHYIO MaTPHILY

[E+AL ()] AL (1)
B paBeHCTBO (3.6)

B(t,r) K'(tr) _[1 0)4_
() K!(t,7) 0 1
+j- B(ts) K'(,s) d( (3 f J+
B (ts) K'(t,s)) \=0°(s) —a“(s)
1 - X' -
+Z[ﬂ(fﬂ) (zy)}
r<py st ﬁtl'(t”ul_) Kt“(l‘,,ul—)
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0 0
x| —Ao(y)  —Aa(y)
1-Aa(yy) 1-Aa(y)
Orcrona
Awr) K(r) _[1 0}
) K'(tr)) \O 1
] 0 ps)ds—
—K'(1,5)do (s) |
¢ ()o’(s) :L—K] (t,5)da’ (s)
N I |"'1" """" -
|k 5o sy P OB
i —K"(t,5)da’ (s)
—K'(t, 1y =) x | =K (t,1=) %
LAol) o Aa(u)
1-Aa(y) | 1-Aa(y)
+ z ___’_ ______ I__“l,_ _____ -
Tt _Kzl (l,lLl/—)X i _Kl (l‘,/.ll—)X
L Aow) EX Aa(y,)
1-Aa(y) i 1-Aa(y)

[IpupaBHUBas TO3jIeMeHTHO, Haxomum A'(f,r) u

1
t (t’r)

1 - | Ao(s4)
t,r)=1-| K (t,5)dc” (s)— K (t, 14— ’
B(t.r) j ()" (5)= 3 K'(t )I_M(M)
1 h 1 - v —AO'(,U,)
) :l— K 5 dOJ - I<[ M :
' (t,7) j (65)de ()= F KI(64) Nai)

3ameuanue 3.1. Tpu [ALf(yl )T =0,i=14
s mOGBIX 44 — Touek paspeiBa L, B'(t,r)=
=B (t,r) Vi =1,4. TIpu 5ToM QyHIaMEHTATbHAS
MaTpuIia B! (t,r) HMeeT BUJ
l—jKl(t,S)dG(S) K'(t,r)

r

B'(t,r)= NVtreT

—[K(t,5)do(s) K(t,r)
npuyeM

l—jKl(l‘,S)dO'(S) =K"(t,r) =

:—Kl'r(l,l")'FKl(t,V)a’(V),
rne K" (t,r) — xBasunpounssoanas ¢pyukuuu Korm

[0 BTOPOW IMEPEMEHHOH B CMBICIIEC CONPSIKCHHOTO
ypaBHeHus (c. 122, c. 148 u3 moHorpaduu [4]).

4 Ilpeocmasnenue accouuupoeanHvix peuie-
Huil uepes goynkyuu Kowu

Teopema 4.1 [10]. Ecnu npu i = 1,3 ona n00wix
Ly, maxux umo Aa ( ,u,) #1, 20e  — mouxu paspviea

dyHKyUY a, Mo pewenus UHMe2PaibHbiX YPAGHEHULL
(1.2) npedcmasnaomes 6 sude

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014



Accoyuuposannvie gynoamenmanvioie mampuysl, gpyukyuu Kowu u ponckuansl 1uneunslx oughhepenyuanbiulx ypasHeruil 6mopozo...

t
X'(t)=B'(1,0) X' (0)+jB" (t,7)dF* (z)+
0 4.1)
+> B (1,5)AF(s), teT,i=14.
O<s<t
Haiinem mnpezacraBieHue accCOUMUPOBAHHBIX pellle-
HUM JHMHEHHBIX HEOAHOPOJHBIX ypaBHeHuil (1.2)
yepe3 ¢yukuuu Komm. [[ns storo monHamnoosTcs
Teopema 3.3 u Teopema 4.1.
Teopema 4.2. Ecnu Aa(w)#1,Vy, — mouex

paspulea QyHKyuu a, o, f, mo peulerHus uHmezpaio-
uoix ypaeuenuti (1.2) npu i = 1,3 V t € T npedcma-
BUMbL 8 BUOE

X' = (1 LK\ (t,5)do" (s)

Ao
S S K (g2
O<py <t I—Aa(,u,)

+K(1,0)c, - [ K (1,5)df* (5) - 3 KA (),

<uy <t

X ()= (1 - [fK3(t,s)d0'(s)jc] +K°(t,0)c, —

—i Ks)df=(5)- ¥ K ()M ().

O0<yy <t
Ecau Aa ( M ) # 0V, mo pewenue unmezpano-

Hoeo ypaenenus (1.2) npu i =4 YV t € T npedcma-
BUMO 8 8UOde

XA = [1 K (t5)dot (s)

Ao(u) A
- K4, 1 —) ——F2 (1= 2w ) | +
2 K )Aa(,u,)( )Je

+K*(t,0)c, — j K*(t,8)df(s)—

- Y Kt u)N (),

O<yy <t

ecau Aa(y,) =0V, mo
X't = (l—jl(“(t,s)da(s)jc1 +K*(¢,0)c, -
0

—iK“(r,swf"(s)—oz K* (6 ) A (11,).

<py <t
Pewenue unmezpanvrozo ypasnenus (1.2) npu
i=2VteTumeem 6uo

X2(1) = (1 (K3 (1,5)do* ()~

_0 )y K’ (Y7 _)AO'(/“/)@AH(M) jcl +
<uy <t

FK2(6,0)c, — [ K2 (1, 5)df* (s) -

=X KXt )N ().

O<yy <t
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Jloxazamenvbcmeso. llpuBenemM n0Ka3aTeIbLCTBO
quis caydas i = 1. IlogcraBnsieM mpencraBieHue Mart-

puust B' (¢,s) u3 Teopemst 3.3 B paBeHcTBO (4.1).

X (1)) _
X, (1)
l—jt'Kl(t,s)dO'C(s)—

Ao
-5 Ky DT
r St 1-Aa(y,)

(K" (t,5)do* (s)

, Ao
S Y K ()T
r<py <t I—Aa(ﬂl)

Il
|
___________.__________
|
I
I
I
|
7\
Do
N——
+

l—jKl(t,s)da"’(s)—

T<py <t

|
- X K'(tu-)x | K1)
L Aow) |

|
>
2

=

ul | i _d( (L) j+
0 —_[K:'(t,s)dac(s)— -1 (7)

<y <t

y Ao(y)
1= Aa(u)

|
|
|
|
|
' ! '
- z Ktl (thtl]_)>< i Kfl (t’T)
|
|
|
|
|
I

'
1-[K'(t,r)do* (r)—
- Z Kl(tuul_)x

s<uy <t

v Ao(u)

----- {0
—A(s))

K (1,5)

t
S (K (1o (r)

- X K(tpy-)x

s<py <t

L Ao(u)
1-Aa(y)

U3 IMEPBOro ypaBHCHUA CUCTEMBI I1OJTy4aEeM

X' = (1 K (ts)do* (s) -

+
]
|

Ao
LY K ()20
O<py <t 1—Aa(ﬂl)

+K1(t,0)cz—jKl(t,S)df“(S)— Y Kt u)A (1).

O<py <t
3ameuanue 4.1. Tlpu [ALi (,ul)]2 =0,V -

TOYEK pa3pbiBa (GyHKIMHU L, IpencTaBieHHs pelie-
HUM ypaBHeHu#t (1.2), momyueHHsle B Teopeme 4.2,
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MATEMATHKA

V]IK 517.9

O PEHIEHMSIX I[BYXTQ‘IE‘IHOﬁ KPAEBOM 3AJAYN
A1 OTHOU HEABTOHOMHOMU TU®PEPEHIIUAJIBHON CUCTEMBI
C KBAIPATUYHOMU 110 ®A30BbIM IEPEMEHHBIM ITPABOHN YACTBIO

E.B. Bapenukona

bpsanckuii cocyoapemeennviii ynueepcumem um. U.I". [lemposckoeo, Hogozvibkoe, Poccus

ON SOLUTIONS OF THE TWO-POINT BOUNDARY PROBLEM
FOR ONE NON-AUTONOMOUS DIFFERENTIAL SYSTEM
WITH A QUADRATIC AT PHASE VARIABLES RIGHT-HAND SIDE

E.V. Varenikova

1L.G. Petrovski Briansk State University, Novozybkov, Russia

B pa6oTe paccMaTpuBAeTCsl CUCTEMA BUJIA X = ax + by + ayX” + @, xy + ay,y°, ¥ = —bx +ay + by x” + b, xy + b, y°, te a; =a;(t),

b; =b;(¢) — HenpepbiBHBIE QYHKIMK; @ U b — MOCTOAHHBIE. [l HEE YCTAHOBIIEHBI yCIOBHSA, TIPH KOTOPBIX T4 CHCTEMA UMEET

JIMHEHHY0 oTpakarontyto GpyHKIMI0 MHUPOHEHKO M, 3HAYNT, TNHEHHOE 0TOOpaXKeHNe 3a MePHO [—a); ]. Tonyyennere ycno-
BHs [I03BOJISIOT YKa3aTh HAYaJbHBIC JAHHBIC PELICHHMIi ABYXTOUYEUHON Kpaesoil sagaun @ (x(w), y(w),x(-w), y(—w))=0 wu,

3HAYMT, HAUaJIbHbIC JaHHBIE 2 -TIEPHOJMIECKUX PELICHUH pacCMaTPUBAEMON CHCTEMBI B TOM ClIydae, Koraa ee KodhduiuneH-
Tl 2@ -TIEPHOANYECKUE HEPEPBIBHBIC QDYHKIMH.

Kniouegwie cnosa: ompasicaiowjas gynxyus Muponenko, omobpaosicenie 3a nepuoo, Kpaesas 3a0aid, nepuooudecKue peuteHus.

In the paper we consider the system = ax+by + ayx’ +a,,xy +dg v,y = —bx+ay + by x> + b, xy +by,y*, where a; =a,(t),
b, =b,(t) are the continued functions; a and b are the constants. For this system we established conditions under which this
system has a linear Mironenko reflecting function and therefore a linear mapping in period [-®;®]. The obtained conditions
allow us point out the initial data of the solutions of the two-point boundary task @ (x(), y(®),x(-w), y(—a))) =0 and there-

fore, the initial data of the 2 -periodic solutions of the system (1) in the case when its coefficients are 2@ periodic continued

functions.

Keywords: reflective function Mironenko, in-period transformation, boundary problem, periodic solutions.

Beeoenue

HccnenoBanue MHOTOMEpHBIX auddepeHin-
ANBHBIX CHCTEM CBS3aHO CO 3HAYUTEIHHBIMH MaTe-
MaTHYECKUMH TpyIHOCTsAMH. Hawamo ux cucrema-
THYeCKOMYy HccienoBaHuio nojoxunu A.Ilyankape
u A.M.JIsnmyHoB. FIX MeTOIBI 10 CHX MOp SBIAIOTCA
OCHOBHBIMH NIPY Ka4€CTBEHHOM HCCJIEIOBAaHUU CHUC-
TeM TU(QPepeHIUATBHEIX ypaBHeHMHA. [IpuMeHeHme
9THUX METOJOB B Ka)XJIOM KOHKPETHOM CiIydae Ha-
TaJIKHBAETCSI HA OTPOMHBIE TPYIHOCTH. JTO BBIHYXK-
JaeT WCcIenoBareleld MCcKaTh APYrHe MyTH, o0er-
yaromue paboTy 1O M3YYCHHIO CBOWCTB PEIICHUHA
G depeHIaIbHbIX CHCTEM.

JBa pecsatuneruss Hazax Muponenko B.H.
MPEUIOKUIT HOBBI METOJ — METOJ OTpakaroliei
¢yakmun. C ero MOMOIIBIO YOAeTcsl HaXOOUTh Ha-
YaJIbHBIC JaHHBIC TIEPUOANYCCKUX pemeﬂnﬁ nepuo-
quyeckux AnepeHnuaIbHbIX CHCTEM M UCCIIENO-
BaTh 3TH PCIICHHUS HAa YCTOHYMBOCTh. KOHKpeTHBIC
MPUMEPEI  TAKOTO HCCIICAOBAHHS MOXKHO HAWTH Kak
B [1] Tak u B [2], a Takxke B paboTax IPyrux Mccie-
nmoBareneil. Oto mpexae Bcero pabotel [3]-[9], a

© Bapenuxosa E.B., 2014

takke paboTsl [10]-[11], B KOTOPBIX MpeATIOKEH
HOBBIM MOAXOJA K HCIIOJIb30BaHHIO MOHSTHS OTpa-
xKarouien QyHKIKH.

1 Ocnosnvle nonoscenun meopuu ompaxcaio-
wieil yynxkyuu
[TpuBenem 37eCh OCHOBHBIE ITIOJIOKEHHUSI TEO-
puu oTpaxkaroniedl GyHKIMH HEoOXOIUMBIe IS I10-
HUMaHHS JadbHEHIIEr0 M3I0KECHUS.
s kaxmoit quddepeHnaIbHON CHCTEMBI
dx
—=X(,x), teR, xeDcR", (L)
dt
YJIOBJICTBOPSIIOIIEH YCIIOBHSIM TEOPEMBI CyIIECTBOBA-
HUS M €IMHCTBEHHOCTH ¢ OOIINM perieHneM B popme
Komm ¢(t;¢,,x,) oTpaxaromas ¢yHkmsa F(z,x)
ompenensercs dopmynoit F(t,x) = ¢(—t;t,x). Ta-
KO€ OIpeZIeICHIE T03BOJISIET CPa3y 3aMETUTh, UTO B
TOM ciiydae, koraa cucrema (1.1) 2w -nepuoanyna,
oToOpakeHue x > F(—@,x) sBIsIeTCs] OTOOpaKeHH-

em A. ITyankape (oToOpaxkeHHEM 3a TIepHo [—w; @] ).
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E.B. Bapenuxosa

@Oyakuus  F(¢,x) sBISETCS OTpakaromeH

¢ynkmet cuctems! (1.1) Torma m TONBKO TOTIA,
KOT'Jla OHa SIBJIIETCS pelieHneM 3a1a4un Komm

a—F+a—FX(t,x)+X(—t,F):0,
ot Ox

F(0,x)=x. (1.2)

OCHOBHbBIE NPUMEHEHHUS! OTpakaroume (yHK-
IIMM OCHOBAaHBI Ha TOM, YTO 3Ta (yHKOUS IO CO-
CTOSIHUIO CHCTEMBI X(f) IO3BOJISIET HAWTH COCTOS-

Hue x(—t)= F(¢,x(t)). DOTO CBOWCTBO ITO3BOJISIET
MIPU U3BECTHOM oTpaxarome pyHkum F(f,x) Ha-
XOMUTh HavaJbHBIC JaHHBIC KpaeBOH 3amayu
@ (x(w),x(~w))=0 U3 KOHEUHOTO YPABHCHHS

@ (x(w),F(w,x()))=0, a 3HAYNT HAXOAUTb M

HavyallbHbIE JaHHblE 2@ -TIEPUOANYECKUX PEIICHUN
W OIIPENEISITh XapaKTep X yCTOHYMBOCTH (OAPOO-
Hee cM. 1o 3ToMy moBoxay [1]) mns 2 -mepuoau-
yeckux cucteM (1.1).

2 Ompayxcarowan Qynkyua KeaopamuuHou
cucmemol
B pabote paccmarpuBaeTcs cucTeMa Bua

@.1)

¥=ax+by+ayx’ +a,xy+ay,y’,
¥ ==bx+ay+b,x* +b,xy+b,y’,

rae a; =a,(t), b, =b,(t) — HempepbIBHbIE (pYyHK-

oUu; a u b — INOCTOSIHHBIC.

Hcrnonb3yss OCHOBHOE COOTHOLIEHHE Ul OTpa-
xaromierd ¢pynkiuu (1.2) mis cucremsr (2.1) ycra-
HOBJICHBI YCJIOBUSL

t t
@y 008 2[ b, ()dT —byy sin2[ b, (r)dr +
0 0
t t
+@,, cos’ Zqu (r)dr+a, isin 4qu (r)dr+
0 0
+a, sin” 2[ b, (r)dz =0,
0
t t
a,, c0s2[ b, (t)d7 b, sin 2[ b, ()dz -
0 0
t t
~a, sin4[ b, (1)d7 +, cos 4[ b, (r)dr +
0 0
t
+a, sin4[b, (r)dr =0,
0
ay, 008 2[ b, (r)dT — by, sin2[ by, (r)dr +
0 0
t t
+, sin’ 2[ by (1)dT &, Lsin 4[ b, ()d7 +
0 0

t
+a,, cos’ 2qu (t)dr =0,
0

ay, sin2 j b, (2)dt +b,, cos2 j b, (t)dr +
0 0

40

+b,, cos’ 2j b, (z)dz +b;, Lsin 4j by (v)d7 +

0 0

+b,, sin’ Zj b, (r)dr =0,

0
a,, sin Zj. b, (z)dzr + b, cos 2j-bq (r)dr -
0 0
—b,, sin 4j.bq (t)dr +b, cos4j b, (t)d7 +

0 0

t
+by, sin4[ b, (r)dr =0,
, 0 t (2.2)
a,, sin ZIbq (r)dzt + by, cos 2J.bq (r)dr +
0 0

t t
+by sin’ 2[ by (r)dr —b;, Lsin4[ b, (r)d7 +
0 0

t
+b,, cos’ ZJ.bq (r)dr =0,
0

IIPU KOTOPBIX 3Ta CUCTEMAa UMEET TaKylo ke OTpa-
KAy (yHKIHUIO, YTO U JIMHEHHAs cucTeMa

X =ax+by,

y=-bx+ay,
U, 3HAYUT, JIMHEHHOE OTOOPKEHHE 32 TIEPUO]T [—a); a)]

[Nony4eHHble YCIOBHS TO3BOJISIOT YKa3aTh HAYAIbHBIE
JAHHBIE DEIICHUH JBYXTOYEYHOM KpaeBOW 3amauu
<D(x(a)), (o), x(—w), y(—a))) =0 u, 3HAYUT, HAYAITb-
HbIE JIaHHbIE 2 -IEPUOJUYECKHX PelIeHnil paccMar-
pHBaeMOli CUCTEMBI B TOM Ciydae, Korna ee ko3 du-
LHEHTHI 2@ -TIEPUOANYECKUE HEMIPEPBIBHBIC (PYHKIIUH.
Teopema 2.1. [Tycmo 0na cucmemwt (2.1) ¢ He-
NPEPLIGHBIMU KOIDDUYUEHMAMU GbINOTHEHbI VIO~
6us (2.2). Toeoa ona kpaesoii 3adauu (2.1) u
ax(@) +a, (@) + a;x(-0) + a,y(-0) = ¢, 2.3)
bx(@)+b,y(®) + byx(—w)+ b, y(-w) = ¢,,
6EPHBL CILeOYIOWUE NOTOICEHUSL:
1. Ecnu yucno
D= (ab, +ab,—a,b —ab,)+
+(asb +a,by —aby —a,b,)x

—Z:faq(r)dr 2]
xe sin 2jbq(r)dr+
0
+(a,b, +a,b, — a,b; —a,b,) x
72jfal, (r)dr 12}
xe ° cos 2‘[bq ()dt #0,
0
mo kpaesas 3adaua (2.3) umeem edurcmeenHoe
pewienue, HauuHaroueecs npu t=@® 6 mMouKe

(x(a)), y(a))), yooenemsopaowel cucmeme anzed-
PauyecKux ypasHeHull
M -x(w)+N-y(w)=c,
P-x(@)+ Q- y(0) =c,,
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O peutenusix 08yXmoueynoul Kpaesoi 3a0ayu O 00HOU HeagmMoHOMHOU OUpgepenyuanvHoll cucmemyl ¢ K8AOPAMUYHOU N0 PA308bIM....

20e yucia
—2.“11., (r)dr »
M=a +ae ° cos 2Ibq (r)dr+
0

»

—2J‘aq (r)dr

+a,e ° sin 2Ibq (r)dr,
0

o
721.(4._, (r)dr )

N=a,—ae * sin2 j b, (1)d7 +
0

—ZTa(, (r)dr w
+ae ° cos ZIbq (r)dr,
0

o
—ZJ.aL, (r)dr

P:=b+be ° cos ZJ‘bq (r)dr+
0

72.[]241[, (r)dr

+he sin2 j b, (2)dr,
0

o

2| ay (r)dr

Q:=b,—be * sin2[ b, ()7 +
0

72/”(1(, (r)dr w
+be * cosZIbq(r)dr
0
(ecnu moavko 2mo peuwieHue NPOOOIHCUMO HA
[—a), a)] ). Ecau oice smo peutenue He npooon#cumMo
Ha [—(o,a)], mo 3adaua (2.3) ona cucmemwvr (2.1)
peuierull He umeen).
2. Ecnu yucno D=0 u
P
P 2.4 2.5)
M N ¢

mo Kkpaesas 3a0aya (2.3) ne umeem peuwienuil.
3. ecnuuucno D=0 u

P2 &
M N ¢

mo xpaesas 3a0a4a (2.3) umeem 6eCKOHEUHO MHO20
pewienutl, npuuem npu t =@ MHOICECMBO HAYATb-

(2.6)

HBIX OAHHBIX (x(a)), y(a))) OMUX peueHutl Haxooum-
csl Ha nPAMOU
M - x(w)+N-y(w)=c,.

4. Ecru M=N=P=Q=c, =c, =0, mo kpa-
egas 3adaya (2.3) umeem ceoumu peuwieHUsMU 6Ce
pewienus cucmemst (2.1) npodonycumvie na [, o).

Jloxazamenvcmaso. Panee 6bu10 gokazano [12],
4TO NPOJOIIKUMOE Ha [—@; | pemenne (x(1), y(1))
cucremsl (2.1) OyzneT yoBIeTBOPSTDH YCIOBHIO

D (x(@), y(@), x(~0), y(-©)) =0
TOrJla ¥ TOJBKO TOr[A, KOTJa HaudallbHas TOYKA
(x(@), y(@)) 9TOrO pelIeHNs yAOBIETBOPSET YCIo-

BHIO
@ (x(@), y(0), F (0, x(0), y(@)),
Fy(@,x(@), y(@))) = 0.
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B namewm cnyuae f; u F, OIpeAensiorcs COOTHO-

MICHUAMAU

F(f,x(t),y(f))=[

£, X(t),y(t))]
Ey (8, x(0), y(1))

72ja(1 (r)dr

e’ [x cos 2J.bq (7)dr — ysin 2Ibq (z’)drj
0 0

t
72J.a[, (r)dr

e 0 [xsinZ j b, (r)dr + ycos2 j b, (r)dr)]
0 0

HOBTOMY npeapiayniee yCjaoBue nmpuMeT BU

®
2| ay (7)dt

D| x(w), y(w),e ° [x(w)cos2])bq (r)dr —

—y(w)sin ZT b, (T)dT)J

"
—ZIaq (r)dr

e (x(a)) sin Zqu (r)dr+

+y(w)cos 2T b, (r)er =0.

Y4areM Tenepp, 4TO B HAIlEM ciydyae (yHKIHS
@ ompenensercs cootHoreHusMu (2.3). [Toaromy

peuerne (x(),y(f)) Oyaer yaOBIETBOPATH HyX-

HBIM KPaeBbIM YCJIOBHSM TOTrJa M TOJBKO TOT/A,

korna x(@),y(®) ymoBieTBOPSIOT cucteme (2.4).
3anuiieM ee B BUJIE:

Lo}
V(@) G

M N
rae A= s
P Q
Haiiném ompenenurens MaTpuIilbl 4:
detA=M-QO-N-P=

—Zjaq (r)dr 2]
=|a +ae ° cos2jb,, (r)dt +
0

—ZTa,, (r)dr 2]
+ae ° sinZqu(r)dr x
0

»

2| ay (r)dr 2]

x| b, —be ° sin2[ b, (r)dr+
0

72Taq (r)dr 12}
+be ° cos 2‘.‘ b, (r)dr |-
0

72]ea,, (r)dr 2]
—|la,—ae ° sin ZIbq (r)dr+
0
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72.[41(, (r)dr ®
+ae ° costbq (r)d7 |x
0
2| ay (r)dr [}
x| b +be ° costbq (r)dr+
0
72’aq(r)dr 1]
+he sin2[ b, (r)dz |.
0

BeInonHUB  3I€MEHTapHBIE IIPeoOpa3oBaHMA,
HOITY9IUM
det A= (a,b, +a,b, —a,b, —ab;)+

(u
2| ay (r)dr ]

+(ah, +a,b, —ab, —ab,)e sin2[ b, (r)dr+
0

-2 ’ ay (t)dr 2}
+(a,b, +a,b, —a,b; —a,b)e ° cos 2J.bq (r)dr.
0
Tak kak D :=detd, To cucrema (2.4) Oyzmer
UMeTh equHCTBeHHoe pemieHue ecau D = 0. Ecmn
e D =0, To mpu BHIIOJHEHUH yCIIOBHH (2.5) cuc-

TeMa He UMEeT PEIICHUI, a P BBITOJHEHHH YCIIO-
Buit (2.6) cymecTByeT OECKOHEYHOE MHOXKECTBO pe-

00

cucreMa (2.3) BEIPOKAAETCS B TOKAECTBO.
Teopema nokasana.

00
meHui. B ciyuae, korna A4 :( ) uc=c,=0,
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O EJUHULAX n-APHOM I'PYIIIIBI

A.M. I'aapMmak

Moeunésckuil eocydapcmeeHHblil yHUGepcumem npooosonvcmeus, Moeunés, benapyce

ON IDENTITIES OF n-ARY GROUP

AM. Gal'mak
Mogilev State University of Food Technologies, Mogilev, Belarus

B crarbe npuUBOIATCS KaK yXKe N3BECTHBIE, TAK H HOBBIE PE3yIbTAaThl O SAUHUIIAX /1-aPHOH TPYIIIIBL.

Kniwouegwie cnosa: n-apnas epynna, eOunuya, u0emMnomeHm.

The known and new results on identities of n-ary group are staded in this paper.

Keywords: n-ary group, identity, idempotent.

Beeoenue

I’l-AprIe rpynrbl ABJIAKOTCA OY€Hb HIMPOKHUM
0000menneM moHsTUs rpynnel. [loaTroMy B mccie-
JOBAaHMSX IO 7-apHBIM TpyIIaM IeJIeco00pa3HO
BBIJICTSITH KJIACCHl #-apHBIX TPYIII B TOH MJIM MHOU
Mepe Onmu3Kkue K Kiaccy Bcex rpynm. OgHuM U3 Ta-
KHX KJIACCOB SIBIISIETCS! KJIACC BCEX M-apHBIX IPYII,
obmamaromux enuHnnamu. CormacHo B. JI€paTe [1],
JJeMeHT e € A n-apHOH rpynmbl < A, [ | > Ha3bIBa-
eTCsI eQuruyeli ITON n-apHON TPYIIIBI, €CITU IS JIFO-

6oro x € A mmoboroi=1, 2, ..., n BEpHO
[xe...e] =[exe...e] =...
n-1 n-2
.=le...exe] =[e...ex] =x.
n-2 n-1

Oro ompexneneHne o000IIaeT HA N-apHBIN CITy-
4aif onpeieseHne eNUHIIBI TPYIITEI A KaK dJIeMeHTa
e € A TaKoro, 4TO ex = Xe = X JUI JII000To X € A.

B n-apHo#i rpynie npu 7 > 2 MOXKET OBITH TOJb-
KO OJHA €MHUIIA, HO, B OTJINYHE OT OMHAPHOTO CITy-
Yyast, MOXKET He OBITh €IMHMI], 4 MOXXET OBbITh U He-
CKOJIbKO emuHHUIl. bonee Toro, CymecTByIOT n-apHbIe
TPYIIIBI, B KOTOPBIX BCE AJIEMEHTHI SIBIISIOTCS €IHHU-
HaMu. O[‘paHI/I'{l/lMCH TOJIBKO OJHHUM ITPUMEPOM.

Ilpumep 0.1. Ilycts n > 3, P(M) — MHOXeCTBO
BCEX IIOJIMHOXKECTB HEKOTOPOrO MHOXKecTBa M,
<P(M), [ ] > — n-apHas rpymnma, Ipou3BoIHas OT ade-
neBot rpymmel < P(M), A> c omepaumeil cmMMer-
PUYECKON Pa3HOCTU

AAB=AU B\ ) B).
EnuHunei aToii rpymniisl sIBISETCS IIyCTOE MHOMKECT-
BO, a TOPSIIKM BCEX HESTUHUYHBIX HJIEMEHTOB PAaBHBI
mByM. [lostomy wmmuoxectBo E(P(M)) Bcex enmHuUI
n-apHoil rpymnsl < P(M), [ ]> umeer cienyromuii
BU]T

E(P(M)) — {D}, ecn n — uérnoe,

P(M), eciiu n —HEe4ETHOE .

© Ianomax A.M., 2014

Tak kak B n-apHOW rIpymne, B OTJIUYHME OT
Trpynmnbl, MOXKET 6I)IT]) HCCKOJIBKO €JWHHI], TO B
TEOPHH N-apHBIX TPYIII B paMKax oOwLIeH 3a1aun u3y-
YEHUs] MHOXKECTBA BCEX HJIEMIIOTEHTOB H-apHOU
TpyNIbl aKTyaJlbHAa TAKXKe 3a]aua U3ydEeHUs] MHOXe-
CTBa BCeX CIWHUII /7-apHOW rpymmsl. B manHO# pado-
T€ MOJIyYEHBI HOBBIE PE3YNIBTAThl O MHOXKECTBE BCEX
€IUHUL TOJMAANYECKON IPYIIbl, ApHOCTh KOTOPO,
B YaCTHOCTH, umeeT Bua p* + 1, rae p — mpocroe.

1 Ilpeosapumenshible céedenusn

Cornacao B. [IépuTte [1], yHUBepcampHas aj-
rebpa < A4, [ ] > ¢ omgHO# n-apHOi (1 > 2) omeparueit
[]: A" > A wHasbiBaeTcsl n-apHOM TPYIIION, ecin
omeparus [ ] accoraTuBHA M OJHO3HAYHO O0OpaTH-
Ma Ha Kak7oM Mecte. Ha mpakTrke nHorma yaooHee
NOJIB30BAThCSl  ONPEACICHUSIMU  1-apHOW TPYIIIIbI,
OTIMYHBIMU OT ompenenenus B. Jépute. K uuncny
TaKUX OINpEJEIICHUI OTHOCSTCS, HalpUMep, olpeie-
nenust J. Ilocra [2], C.A. Pycakosa [3], A.H. Cku-
061 u B.I. Trotuna [4], A.M. Nanemaka [5]. B ompe-
nernenusx . Ilocra, A.H. Cxkuber u B.M. Trotuna
00paTUMOCTh n-apHOW OIEpaluyd IMOCTYIUPYETCS
TONBKO HA KpaHMX MecTaxX WK Jake Ha OJHOM
MecTe, OTJIMYHOM OT KpaiiHero. B omnpeneneHusx
C.A. PycakoBa W HEKOTOpBIX APYTHX aBTOPOB IO-
MHMO 7n-apHOM OIEepalliil MPUCYTCTBYET TaKKe
yHapHas orepanus, KOTOpyr0 OOBIYHO 0003HAYaIOT
cumBojoM . B ompenenenusx A.M. I'anbmaka pas-
peUIMMOCTh YPABHEHUH C OJIHOM HEU3BECTHOU 3aMe-
HSIETCSl Pa3pElIMMOCTBIO0 YPaBHEHHH C JIFOOBIM 4YHC-
JIOM HEM3BECTHBIX, B YACTHOCTH PaBHBIM 72 — 1.

[IpuBenémM HECKOJIBKO TIPUMEPOB H-apHBIX
TPy, KOTOphIe OYAyT BCTpedaThcsa B JallbHEHUIIIEM
H3JI0KCHHN.

IIpumep 1.1. Onpenenum Ha Tpymme A n-ap-
HYIO OTIepaIHio

[aia; ... a,]=aa; ... a,a,
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rie a — dIeMeHT u3 ueHTtpa rpymnel 4. Torga
<A, []> — n-apnas rpynna. B wactHocTH, niput a = 1,
rae 1 — eguHuma rpynmnsl 4, TOIy4aeM #-apHYIO
rpynmy < A, [ ]> ¢ n-apHoii oneparnueit

[a1ay ... a)]l=a1ay ... a,,
KoTOpast HazbIBaercs [ 1] npouzeoornoil n-apHo¥ rpymr-
HOW OT TpyHmbl 4.

PaccmarpuBaroT u 6ojee OOIIYIO CHUTYaIHIO.
n-Apayto rpymmy < A4, [ | > Ha3eBaioT [2] npoussoo-
HOU OT m-apHOoH Tpymmsl <4, () >, tae n =s(m—1)+ 1,
s> 1, ecin

[a; ...a,]=((... ((a; ... ap)am+ ...

v Qo) - )a(s—l)(m—1)+2 as(m—1)+l)
IUIA MOOBIX day, ..., d, € A. BBUIy accOMaTHBHOCTH
m-apHOW orepanuu ( ), IPaByO YacTb MOCIETHETO
paBEHCTBa 3aMUCHIBAIOT B BUAE (d ... a,), OMycKast
0003HaueHUs BHYTpPeHHuX omnepauuil. [Ipum sTOM
CaMO YKa3aHHO€ PaBCHCTBO IMPUHUMACT BUL

[ay ... a,]=(a ... a,).

Kak mokaspiBaeT cieaylomuii npumep, n-ap-
HYIO TPYNIIOBYIO OTIEPALMI0 MOXHO ITOCTPOUTH IPU
MOMOIIM TPYTIIOBOM OINepanuy Ha MHOXKECTBE, KO-
TOpPOE OTHOCHUTEIBHO TPYIIIOBON OINEpanud HE SB-
JIieTCs TPYIIION.

Ilpumep 1.2. Ilycte D, — nudipanpHas rpymima,
TO €CTh IIOJIHAs TpyIa NpeoOpa3oBaHUIl CHMMET-
UM MPaBUIIBHOTO n-yroibHUKA. [IoBOpOT ¢ n-yrome-
HHKa B €r0 INIOCKOCTH Ha Yroj 27t/n BOKPYT LieHTpa
n-yrojbHUKA MOPOXKIAET HIUKINYECKYIO TIOATPYIILY

C,={e,c,c ...y
MOBOPOTOB. JMdapanbHas rpynna COIEpHUT elle /1
orpaxenuil. Ecim b — orpaxkenue, To

B,={b, bc, ..., bc" "}
€CTh MHOJKECTBO BcexX oTpakeHud. Ompexenum Ha
B, TtepHapHyro omepammio [ey0]=¢@y0. Torma
<B,, [ ] > — repHapHas rpynmna [6].

Iycte <A, [ ]> — n-apHas rpymma, B — moa-
MHO)KECTBO MHOXKECTBA A4, 3aMKHYTOE OTHOCHUTEIb-
HO n-apHo# omneparuu [ |. B atom ciryuae omepanus
[ ] mOymupyer Ha MHOXeCTBEe B n-apHYyIO olepa-
IIUI0, KOTOPYIO 0003HAYalOT TEM K€ CHMBOJIOM [ ].
Ecnu npu atom < B, [ ] > — n-apHas rpymnma, To ee
Ha3bIBAIOT 1-apHOM MOATPYNION 7-apHOM TPYIIBI
<A4,[]1>.

B n-apHBIX rpynmax BO3HHKAIOT CUTYalllH, He-
BO3MOJKHBIE B Tpynnax. Hanpumep, rpynmna, B BUIy
HaJIMYMs B KOKA0W €€ MOATpyIe eANHUIHOTO dJie-
MEHTa, HE MOXET OBITh OOBEIMHEHNEM CBOMX HEIIe-
pecekaromuxcsa noarpynn. Onxako, npu n 2 3 n-ap-
Hasl IpyIIa MOXeT ObITb 0ObEANHEHUEM CBOUX He-
MEPECEKAIOIINXCS 71-aPHBIX MOATPYIIIL.

Tak kak TepHapHas rpynma <B,, [ ]> u Tep-
HapHas rpymmna < C,, [ ] >, mpou3BogHast OT TPYIIIBI
C,, He MMEIT OOUIMX 3JEMEHTOB, TO TepHapHas
rpynna <D,, [ ]>, mpousBogHas OT AMIAPaTIBEHON
rpynnsl D, sBisercs o0beaMHEHHEM CBOUX Herle-
pecexaromuxcsa TepHapHbIX noarpymnn <B,, []> u
<Gy []>

AHarnormyso, TepHapHas rpymnma < S, [ ] >, mpo-
W3BOJHAS OT CUMMETPHUYECKOHW TPYNIBI S, SBISETCS
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HelepeceKaromuMcsi  OObeIMHEHHEM  TepHApHOM
rpymnel <A, [ ]>, Npou3BOAHOW OT 3HaAKoOIepe-
MEHHOIl rpynmsl A,, ¥ TEpHAPHOH TPYIIBI
<T,, [ ] > Bcex HEUETHBIX MOACTAHOBOK.

TouHO TakXke, TepHApHAs TPyIIa, MPOU3BOJI-
Hasl OT YHHUMOJYJISIPHOM TIpyNIbl BCEX MaTpHI I10-
psifKa 1 Hall HEKOTOPBIM II0JIEM, OIPEAEIHUTENh KO-
TOpPBIX paBeH * 1, sBnseTcs OOBEIMHEHHEM CBOWX
HEeNePEeCeKAOINXCs TePHAPHBIX MOATPYII: TepHAP-
HOH I'pynibl, IPOU3BOIHON OT ClIeLUaIbHON JIMHEH-
HOH IpYIIIbl HAJ TEM XK€ I10JIEM, U TEPHApPHOM MOJ-
TPYTIIBI BCEX MATPUI] C OTIPEIEIUTEIIEM PaBHBIM — 1.

BaxxHbIMM IIpuMEpaMU n-apHbIX IPYII SIBILA-
FOTCSI n-apHbIE TPYIIILI 7-apHBIX MMOJCTAaHOBOK H 71-ap-
HbIE IPYIIIBI 77-aPHBIX aBTOMOP(U3MOB.

OGo3Haunum uepes S, , ~ MHOKECTBO BCeX

YIOPSI0YeHHBIX HA00POB (f1, 5, ..., f,_1) Onexmi
A, Ji A, f /;,72‘, A, /;,4‘, A,
PaBHOMOIIHBIX MHOXECTB Ay, ..., 4, 1. Ha MHOXecT-
Be S, , 3. Ilocr onpenemnn [2] n-apHyro ome-

pamwo [ ], cnenyrmuM oopa3om:
[f] ﬁl]n = {gla sy gn—l},
rae

& = hiifag+1) - S Sy - S0

Teopema 1.1 [2], [5]. VHusepcanvraa ancebpa
<S8, 4 [1.>ss1aemecs n-aprou epynnoi.

OneMeHTbl MHOXKeCTBa S, B Cly4ae

KOHEYHOCTU MHOXECTB Ay, ..., A, 1 , D. IlocT Ha3Bai
n-apHeiMu  noocmanogkamu. SIcHo, 4to mpu n =1
n-apHble MOACTAHOBKH 3TO OOBIYHBIC MOJCTAHOBKH,
a n-apHas rpymma <S, ., [],> coBnamaer ¢

CHMMETPUYECKON rpymmoit S, .

Ecnu Bce Ay, ..., A, 1 — OOHOTUIIHBIE YHHUBEP-
caspHBIE anreOpsl, a BCe fi, ..., f,_| — N30MOP(U3MEL,
TO YHOpPSAO4eHHbIH Habop (f, f, ..., f, 1) Ha3bIBaeT-
cst n-apuvim asmomopgusmom [S]. MHOKECTBO Bcex
n-apHbIX aBTOMOP(HU3MOB 0003HAYAETCSI CHMBOJIOM
Allt(Al, ey Ay,,l).

Teopema 1.2 [5]. Vnuueepcanvnas ancedpa
Aut(4,, ..., A, ) asniemcs n-apHou epynnou.

n-ApHas rpynna <A, [ ] > Ha3bIBaeTCAd KoHeu-
HOll, €CII1 MHOXXECTBO A KoHeuHo. B atom ciydae
YHCIIO |4| 2IeMEHTOB MHOXeCTBa A Ha3BIBACTCS 1O-
paokom n-apHo#t rpymmbl <A, [ ]>. Ecmn 4 — Gec-
KOHEYHOE MHOXECTBO, TO TOBOPAT, YTO OHA MMEET
beckoHeuHbll NOPAOOK.

st n-apHBIX TPYNI UMEET MECTO aHAJIOT TeO-
pembl Jlarpamka 1yt TpyImil.

Teopema 1.3 [2]. [lopsdox Koneunou n-apHou
epynnol O0elumcsi Ha NOpsiooK Jobol ee N-apHol
noozpynnoi.

CyIecTBYIOT pa3JIMuHbIE CHOCOOBI IMOCTpOe-
HUSI n-apHBIX TPYMI ¢ MOMOIIbI0 rpymi. [Ipocreii-
MK U3 HUX — IIOCTPOCHUE IPOM3BOAHON n-apHOU
TPYNIBl Al JaHHOM Tpymmel (mpumep 1.1). YHE-
BEpCaJbHbIE METOIbl KOHCTPYHUPOBAHUS 71-apHBIX
rpymm maet TeopeMa [locta o cMeXHBIX Kinaccax [2]
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u Teopema Ilocta — I'myckuna — Xoccey [2], [7], [8].
VYkaxeM eire oauH o0t Meros [9] KOHCTpyHpoBa-
HHSl 71-apHBIX TPYII, TOJPOOHO OIMMCAHHBIA B KHUIE
[10]. Ilyctp A — monyrpymma, k> 2, />2, 6 — nox-
cranoBka u3 Sy. Onpenenim Ha A* [-apHyro omeparmio

[XiX2 oo X1 6,6 = V15 V25 -5 Vi)
rae

Vi™ X %00y -

Teopema 1.4 (9], [10]. Ecau A — epynna, nops-
00K noocmanosku & uz Sy oenum [— 1, mo <Ak, [Tiok>
— l-apnas epynna.

O6o03naunm uepe3 GL,(k, P) k-yro nexkaproBy
crenens (GL,(P))* nonHoii nuueitHO# rpymbl
GL,(P) wHanm accOUMaTUBHBIM KOMMYTAaTHBHBIM
KosblioM P ¢ emunmneii. Ananornuno, SL,(k, P) =
= (SL,(P))", rae SL,(P) — creluanbHas JHHCHHAS
rpymma Hag P. Eciu B Teopeme 1.4 ON0XATH BHaYa-
ne A = GL,(P), a 3atrem A = SL,(P), TO HOIXy4InUTCS

Teopema 1.5 [11], [12]. Ecau nopsoox noocma-
Hosku G u3 Sy denum | — 1, mo yHugepcanvhoie ai-
eeopbl < GL,(k, P), [ 1i.6.5> u <SL,(k, P), [ 11.c.k>
ABIAIOMCA [-apHblmMu epynnamu.

Scno, uro <SL,(k, P), [ 1.5+ > — l-apHas nox-
rpymnmna /-apaoit rpynmsl < GL,(k, P), [ 11 6.+ >

U3 teopemsr 1.5 mpu [=k+1, c=(12... k),
P =C — none KOMITJIEKCHBIX YHCEN MOIY9IaeTcs cie-
nyroumii pesyisrat 3. [Tocra.

Teopema 1.6 [2]. VHusepcanvHas aneebpa
<GL,(k, C), [ Jc+1,012..0,k > A6172emca (k + 1)-apnoti
2pYynnot.

[Monuaagnyeckue omnepanud Ha MHOXECTBAX
YHOPSITOYCHHBIX HA0OPOB MATPHI] H3ydall TaKXKe
A.K. Cnunienko [13], 14].

Ecnu B onpenenenun /-apHoit onepauud [ |, o «
KOHEUHYIO TpyIMIly S; 3aMEHUTh OECKOHEUHOH Ipyn-
noit S, e J — mpou3BOIBFHOE MHOXKECTBO, TO ITOITY-
4yuM onpejeneHue /[-apHoi onepauuu [ ], 5 5 u3 [15].
Hnst sToil omepauuu CHpaBeUIMBBI  PE3YJbTATHI,
o0o0mraromye TeopeMs! 1.4 u 1.5.

Fi-no2(nNie ()

2 n-Apmuwie ananozu eOunuyl

Kak yxe oTMeuanoce BO BBEIEHHH, B /-apHOU
TPyTIIe IPH # > 2 MOXKET OBITh TOJIBKO OJHA eIUHU-
I[a, HO B OTIMYME OT OWMHAPHOIO Ciydas, MOXKET
OBITH U HECKOJIBKO enuHHL. bonee Toro, cymecTy-
10T n-apHbIe TPYHIIBL, B KOTOPBIX BCE 3JIEMEHTHI SB-
JSIFOTCSL  €MHULIAMH. boJblIoe 4YHCiIo NpHMEpoB
mo;o0HOro pona mMeercs B [5], [16].

CymIecTBYIOT TakXe n-apHbIE TPYMIEL (1 > 2)
JM000r0 KOHEYHOTO IOPAOKA, B KOTOPBIX BOOOIIE
HeT eauHuu. Hampumep, B TepHapHOl rpymie
<B,, [ ]> u3 nmpumepa 1.2 Bce dIEMEHTHI SIBISIOTCS
WJEMIIOTEHTaMH, CPeIu KOTOPhIX HET eAuHHIl [6].
He nMmeroT eauHUI Takke HEOTHOAIEMEHTHBIE 11-ap-
Hple rpymmsl <SS, [1.> un Aut(4y, ..., 4,1)

=0 -l

u3 teopem 1.1 u 1.2. Ecnmu A — HeoHORIEMEHTHAs
IpyIIa, TOPSA0K HETOXKIECTBEHHON MOJJCTAHOBKH G
uz Sy memut [— 1, To l-apuas rpyma < 4%, [ ], 6. k>
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u3 teopembl 1.4 taxxke He umeer emmHHI] [10].
COOTBETCTBEHHO, B Cllyyae HETOXAECTBEHHOCTH
MOJICTAHOBKH G, TOPSIOK KOTOpo#l menut [— 1, He
umeroT eauHun  [15] w  /-apHble  TpymIbI
< GLn(ks P)s [ ]l, o,k >Hu< SLn(ks P)s [ ]l, o, k > U3 Teo-
pembr 1.5, a Takke [2] (k+ 1)-apnas rpymma
<GL,(k, C), [ Jt+1,q12..00, k > U3 TEOpeMBI 1.6.

B. JlépuTe ycraHoBun [1], uTo npousBoaHbIE
n-apHbIE TPYIIIBI — 3TO B TOYHOCTH /1-apPHBIE TPYIIIIBI
¢ eauHnnamu. KoHkpeTHO OH nokasain, 4yto: 1) ecau
<A,[ 1> — n-apnasa epynna, npouzeoonas om Ou-
HapHotl epynnvl A, mo edunuya e epynnvl A aeisem-
ca u edunuyeli n-apuoti epynnol <A, [ 1>; 2) ecau e
— eOuHuya n-apuou epynnvt < A, [ 1>, mo sma n-ap-
Has epynna AeiAemcs NpousBoOHOU Om 2pynnvi
<A, +, > ¢ eOuHuyell e u OUHAPHOU onepayuel -,:

Xeey=[xe...ey].
n-2

Kparko kputepuit B. JIépure dopmynupyercs
CIICYIONIMM 00pa3oM.

Teopema 2.1 [1]. n-Apnas epynna sensiemcs
NpoU3600HOU OM SPYNNbL M020a U MOALKO M0o2od,
Ko20a ona obnadaem eOuHuyel.

ITpu 7 > 3 MHOXECTBO BCEX IPOM3BOJHBIX 71-ap-
HBIX TPYII HE SBIIIETCSI MHOTOOOpa3ueM CHTHATYPHI
{[], '}, Tak KaK B IPOW3BOIHBIX A-apHBIX TPYIIIax
MOTYT OBITh n-apHblE MOATPYIIIbI, HE SBISIOLINECS
MIPOM3BOAHBIMH OT Trpymi. Hampumep, B TepHapHOM
rpymre <D, [ ]>, mpoun3BOAHON OT AMAIPAITBEHON
rpynnsl D,, MHOXXecTBO B, n3 npumepa 1.2 spnser-
Cs1 TEPHAPHOI NOATPYNION, B KOTOPOI HET €IUHMUII.
Kak ormernn A.I'. Kypomr B kaure [17], MHOXXECTBO
BCEX IMPOU3BOIHBIX N-apHBIX TPYII MOXKHO MpeBpa-
TUTH B MHOrooOpasue, eciu curHarypy {[ ], } mo-
TIOJIHUTh HYJIbApHOH omnepauuel e, a K TOXKIECTBaM,
OTIPEIEIIAIONINM 71-apHYIO TPYIITY, T00aBUTH TOXE-
CTBO e =e. [locmemHee TOXIECTBO PaBHOCHIBHO
TOXKIECTBY

[e...e] =e.

—
OneMeHT e n-apHOU rpynnsl <4, [ ]>, yaoBneTBo-
PSIOIIUI 3TOMY TOXIECTBY, HA3bIBaeTCsl ee udem-
nomenmom. n-ApHyIO TpyIIy, B KOTOpOW Bce diie-
MEHTBI SIBJISIOTCSI HIEMIIOTEHTaMH, Ha3bIBAIOT UOEM-
NOMEHMHOU.

SIcHO, YTO MAEMIIOTEHT 1-apHOM IPYMIbI, KaK U
e€ eMHUIIA, SBISIETCS N-apHBIM aHAJIOTOM €IMHUIIBI
rpynmsl. Eme ogHuM 77-apHBIM aHAJIOTOM €MHHUIIBI
TpyIIBbl ABJISAETCS MOHATHE HEUTPAJIbHOM MOCieno-
BaTEIBHOCTH.

ITocneoBaTeNbHOCTD € ... €xu), TAe k21,
3JIEMEHTOB 7-apHOW Tpymisl < A4, [ ] > Ha3bIBaeTcs
[2] neumpanvhoii, ecnu

ler ... e 1X] = [xer ... €] =x
ULt JIo0oro x € A.

[ToHATHS HEWTpaIbHON MOCIEN0BATENBHOCTH U
€IMHMLBl 7-apHOW TPYIIIBl SIBISIFOTCS YaCTHBIMHU
CITy4asiMH CJIEIYIOIIETO ONpeeICHUs.
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[MocnenoBaTenbHOCTb € ... €, | HIEMEHTOB n-ap-
HOW rpynmel <A, []> HaswsBaetca [18] m-neu-
mpanvrou (n =k(m—1) + 1, k> 1), ecmm

le...e,,...e...e, _xe...e ,..e...e ]=x

i-1 k—i+l1
st mroboro x € A mmoboroi=1, ..., k+ 1.
n-HelTpasibHblE OCIEN0BATEIBLHOCTH HJIEMEH-
TOB n-apHOW TIpyIIBl — 3TO B TOYHOCTU €€ HEH-
TpaJbHBIE ITOCTIENIOBATEIBHOCTH, & SAWHUIBI 71-ap-
HOW TPYIIBI — 3TO B TOYHOCTH €€ 2-HeHTpasibHbIe
MIOCJIE/I0BATEILHOCTH.

Teopema 2.2 [2]. n-Apnas epynna sensiemcs
NPOU3BOOHOU OM M-APHOU 2PYNNbL MO20d U MOJLKO
moeaoa, Koeda OHa obnadaem M-HeUMpAaIbHOU NO-
€1e008aMeNbHOCMbIO.

W3 3T0¥ TeopeMbl Mpu m = 2 TOyYaeTcs KPH-
tepuir B. [I€puTe (Teopema 2.1). 3amermm, dTO
O. Iloct mpu GOpMyNIHpPOBKE CBOETO KpUTEpHUS HE
HCII0JIb30BaJl NOHATHUE M-HEUTPaJbHOW IOCIIEN0Ba-
TENBHOCTU

OmgHMM OmpeneNieHHeM MOXXHO OOBEIUHHUTH
TaKXKE€ IOHATHUA HUACMIIOTECHTA U C€AUHUIIbI n—apH0171
IPYIIIBL.

DOneMeHT e n-apHOW rpymmbel <A, []>, rame
n=k(m—1)+1, k> 1, naseiBaercs [18] m-udemno-
menmom, eciu

i—1 k—i+1
Just mroboro x € A mmoboroi=1, ..., k+ 1.
Jlerko mpoBepsieTCst, YTO N-UAEMIIOTEHTHI n-ap-
HOM TPYMIBI — 3TO B TOYHOCTH €€ HAEMIIOTEHTHI, a
2-MIEMIIOTEHTHI — 3TO B TOUHOCTH €€ €AUHULIBI.

3 OcHognvle pe3ynrvmamut

Tak kak B n-apHOW Ipynne, B OTJIWYHE OT
TPYTIIBI, MOKET OBITh HECKOJIBKO €IUHMII, TO BO3HH-
KaeT 3aja4a u3ydyeHus mMHoxectBa E(4) Bcex emu-
HUIl TIPOM3BOJIBHOW n-apHON rpynmel <A, []>.
Crpoenne muHoxectBa E(A4) nmoapoOHO u3ydyeHo B
[5],[16]. 3nmecy ke HalIOMHUM TOJIBKO HEKOTOPBIE
pe3yibrarbl. st 3TOro HaM IOHAIO0OUTCS MOHSTHE
LUEHTpa n-apHOW rpymnmnsl. [Jenmpom n-apHOW rpyI-
el < A4, [ ] > HasweiBaetcs [2] MHOXKeCTBO Z(A) Bcex
€€ DJIEMEHTOB Z TaKHUX, YTO

[zx1xy ... xoq] = [X12X2 ... X] = e
=X e Xzx ] =[x . xZ]

IUTS BCEX X1, X2, ..., X,1 € A. D. IlocT ycTanosun [2],
uro <Z(A), [ ]>— n-apHas moarpymma n-apHOU TPyII-
mel < A4, [ ]>.

3ameuanue 3.1. [Jenmp Z(A) n-apnou epynnwi
<A, [ ]> npouszeoonou om epynnet A cosnadaem c
yeumpom epynnot A [5, 16]. [ToaToMy MOXKHO YIOT-
pebnare obmee obo3Hauenne Z(A) v Ui ueHTpa n-
apHOi rpynnsl < 4, [ ] > ¥ 1)1 eHTpa IPyIIbL 4.

Teopema 3.1 [5], [16]. Eciu  E(A)# D, mo
<E(4), [ ] > — xapakmepucmuuecxkas n-apras noo-
epynna n-apuoul epynnel <A, [ >, aexcawasn 8 eé
yeumpe.
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Eciu E(4)#, TO n-apHyl0 MOOArPYIILY
< E(A), [ ] > Ha3BIBAIOT n-apHOU NOOSPYNNOU eOuHUY
n-apHO¥ rpynmsl < 4, [ ]>.

SAcHo, uto ecu e € E(A), To < {e}, [ ] > — n-ap-
Has noarpynmna B < E(4), [ ]>.

B n-apHoii moarpynmne exuHUI Opu 1 > 2 MO-
T'YT CYILECTBOBATh M-apHbBIC MOJIIPYNIIbI, OTJIHYHbIE
OT O/IHOJIEMEHTHBIX U OT CaMOM 1-apHOW MOATrpyN-
sl < E(4), [ ]>.

IlIpeonoxncenue 3.1 [5, 16]. Ecau <A,[]1> —
mepHapHas epynna, ey, e; € E(A4), To < {ey, ex}, [ 1>
— mepHapHas NOOSPYNnAa MEPHAPHOU  2pynnbl
<E),[]>.

Cneocmeue 3.1 [5, 16]. Eciu  koneunas mep-
HapHas epynna codepicum 6ojaee 0OHOU eOUHUYbL,
mo eé mepHapHas Noocpynna eouHuy, eé yeHmp u
OHA cama umerom yemHule NOPAOKU.

Ilpeonoscenue 3.2 [5, 16]. Echu a, b, ¢ — pas-
JuuHble eQuHuYbl mepraprou epynnol < A, [ 1>, mo
<{a,b,c,[abcl},[1> — mepnapnas nooepynna
yemegepmozo nopsioka ¢ < E(4), [ ]>.

Cneocmeue 3.2. Ecnu  koHeunass mepHapHasl
epynna coodepoicum 6ofiee 08yX eOUHUYy, mo nopsoKu
€€ mepHapHOU noodzpynnel eOuHUYy, eé YeHmpa u eé
camotl denamces Ha 4.

Teopema 3.2 [5, 16]. Eciu <A, [ ]> — n-apnaa
epynna, npousgoouas om zpynnvl A ¢ eouHuyel e,
mo

E()={a e Z(A) | a" ' =e}.

Teopema 3.1 BmepBrle Obla OMyONMKOBaHA B
1998 rony B mpenpunte [16]. Ilocne 3Toro HekoTo-
pble aBTOpBI, 3HAKOMBIE C pe3yJbTaTaMH pPabOTHI
[16], cTanu BKJIIOYATH 3Ty TEOpEMY, a TaKXkKe Clel-
creue 3.1 m mpemioxkenue 3.1 B cBoM crarthu 0e3
CCBUIOK Ha IpenpuHT [16].

[Tokaxem, uto npeanoxenus 3.1 u 3.2, a Tak-
ke ciencteus 3.1 u 3.2 SBISAIOTCS YaCTHBIMH CITY-
gassMu OoJiee OOIMUX pe3yabTATOB, KOTOPBIE MBI
MIPUBEIIEM HIKE.

3ameuanue 3.2. Jlrodoii uoemnomenm n-apHot
epynnel < A, [ ] >, npouseodnoii om epynnsi A, ume-
em 6 epynne A nopsook, denswuti n— 1. JleicTBu-
TEJIBHO, €CIIU @ — UAEMITOTEHT B < 4, [ ] >, To U3

"
cmenyer a'=a, OTKynaa a"'=e, rue e-— emuuuia
TPyTITEL 4.

3ameuanue 3.3. Ilpocroii mpoBepKkoil ycraHas-
nuBaercs crnepyromuit paxr. Ecau <A, [ 1> — n-ap-
Has epynna, npouzeoonas om epynnol A, B — noo-
epynna ¢ A, mo <B,[]> — n-apnas nooepynna &
<A4,[]>

Ecmu <A4,[]> — n-apHasg rpynna, M c 4, 10
MepecevYeHue BCEX nA-apHBIX MOATPYIIT H-apHOM
rpymmnsl <4, [ ]>, cogepxammx MHOXeCTBO M, Ha-
3BIBAIOT [3] n-apHOW MOATPYIIIONW, HOPOAICOEHHOU
MHO>X€ECTBOM M.

B ¢dopMymipoBke ciemyromero mpenioKeHus
MIPUCYTCTBYET TONYIUKINYECKass n-apHasl TPyIIa.
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CootsetcTBylOIIEe onpexnenenne ects B [18]. 3xecs
K€ OTMETHM, 4TO COTJIACHO 3TOMY OIpeJIeIeHHUIO, 1-ap-
Has rpynna < A4, [ ] >, npou3BoaHas OT Ipymnmsl 4 ¢
eAMHUIIEH e, SIBISETCS MOMYLUKINYECKO Torma u
TOJIBKO TOTAA, KOTAa rpymnma < A, o, > UKINYecKas.

Ilpeonoscenue 3.3. [lycmv <A,[]1> — n-ap-
Has epynna, npouzsoonas om epynnvl A ¢ eounuye
e, onemenm a € A sAeusemcs UOEMNOMEHMOM 8
<A,[]> u umeem 6 epynne A nopsdox r > 1, nycmo
makoice

<e,a>={a;=[e...ca...a] [i=1,..,r}.

ni
Toeoa: < e, a > — yuxnuyeckas noocpynna nopsaoka r
epynnel A,  nopoxcoaemas — dneMeHmoM @,
<<e,a>[]> — nomyyuxiuueckas uOeMnOMeHm-
Has N-apHAs NOOSPYNNAa NOpsAOKa v N-aApHOU SpYnnbl
<A,[]>, noposxoaemas npu r>1 osyxsnemenm-
HbIM MHOJICECTEOM {e, a}.

Lloxazamenvcmeo. PaBeHCTBa, OIPENENAIONnIe
9JIEMEHTHI @, KOPPEKTHBI, TaK KaK, COIJIACHO 3aMe-
gaHuto 3.2, r He npeBocxoauT n— 1. Ecou r=1, 10
<e,a>={a=e},<<e,a>[]> — ONHOIICMEHT-
Has n-apHas noarpynna B <4, [ ]>. Ilostomy cuu-
Taem r > 1.

Tak kak

TO

a=a,a,=a,..,a,,=d a=d=ec
A Tak Kak r — HOPSIOK 3JEMEHTa a B rpynme A, To
BO MHOJKCECTBC < e, @ > BCC DJIEMCHTHI Pa3IM4HBI, a
CaMO OHO SIBJISIETCS] LMKJIMYECKON MOArpYMNION mo-
psanka r tpymmel A. CormacHo 3amedanuio 3.3,
<<e,a>,[]> n-apags moarpymma B <A, []>.
Jlerko mpoBepsieTcsi, YTO m-apHas TpyIma, Mpo-
W3BOJHAS OT IMKINYECKOH TPYIIIHI, SBISETCS MOITy-
nuknuyeckoit. IToatomy <<e, a>, [ ] > — nonynuk-
JIMYecKas.

Tak KaKk @ — HAEMIIOTEHT, TO IS JIF0OOTO
i=1, ..., r umeeM

la,...aq 1= a' =(d) =(a")= ([a...a] Y=d =a,
— ——

TO €CTh

CrenoBarenbsHO, a; — UIEMIIOTEHT.

O6ozHaunM uepe3 <D, []> n-apHyl0 TOA-
TPyMIly, TOPOXIAEHHYI0 B <A, []> MHOXECTBOM
{e, a}. fcuHo, yt0 Dc<e,a> Ecm <H,[]> —
mobas n-apHas moxarpymma B < A, [ | >, BKIIOYaro-
masi MHOXECTBO {e, @}, TO M3 PaBEHCTB, OMpee-
JSIFOIIMX 3JIEMEHTHI 4;, B BUJY 3aMKHYTOCTU MHOJXe-
ctBa H OTHOCHTENBHO omepanuu [ ], ciaexyer
<e,a>c H. CanenoBarensno, <e, a>c D. U3 no-
JyYEHHBIX  BKJIIOYEHMM  CIEAyeT  PaBEHCTBO
<e, a>=D. IIpennoxeHue 10Ka3aHo.

3ameuanue 3.4. YTBEp)KICHUE IPETIOKEHUSI
3.3 0 DNOMYUUMKIMYHOCTH n-apHOM MHOATrPYHIBI
<<e,a>[]> m e€ mopoxagaemoctTd mnpu r> 1
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JIBYXDJIEMEHTHBIM MHOXECTBOM {e, a} MOXeT OBbITh
MOJIy4eHO MPUMEHEHHEM CJIEIYIOIIEi JIeMMBbI.

Jemma 3.1. n-Apnas epynna <A, [ 1>, npous-
600HAsL OM YUKIUecKoU epynnvl A ¢ eOunuyetl e u
NOPOACOAIOWUM ITIeMEHMOM a € A, asliaemcs nouy-
YUKTUYECKOU, NOPOANCOAeMOT MHOdCecmeom {e, a}.

Teopema 3.3. I[Iycmo n-apuas epynna <A, [ ]>
umeem 6onee 00nou eounuywl. Toeoa:

1) ecnu 3agpurcuposamo eounuyy e € E(A), mo
mobas eounuya a € E(A), omauunas om e, umeem 6
epynne < A, o, > nopsdok r > 1, denswuii n — 1;

2) ecnu noOpsAOKU BCex JNeMeHmo8 6 2cpynne
<E(A), -, > ocpanuuenvl 8 cOBOKYNHOCMU, MO Nepu-
00 epynnot < E(A), o, > denum n — 1;

3) ecu <E(A), [ ]> — xoneunas, mo nepuoo
epynnot < E(A), o, > sensemes obwum Oerumenem
nopsoxka n-aproti epynnvt < E(A), [ 1> u yucnan— 1.

Jloxazamenvcmeo. Tak kak B <A, [ ] > Ooiee
OJTHOI €AMHMIIBI, TO 71 > 3.

1) ITo Teopeme 2.1 m-apHas rpymma <A, [ ]>
SIBIISIETCSl IPOU3BOJIHOM OT rpynnsl < 4, o, > ¢ eau-
HuueH e. Tak Kak e #a, To B rpynne < A4, o, > 3Je-
MEHT g MMEET IMOpsI0OK 7> 1, KOTOpHIi, BBUIY 3a-
Mmedanus 3.2, nenurt n — 1.

2) Beitekaer w3 1) u ompenmeneHus Imepuonaa
IPYIIbL.

3) Beitekaer u3 2) 1 Toro ¢akra, 4To MEPHOJ
M000H KOHEYHOH TPyMITbl AETHUT € MopsmoK. Teo-
pema JiokaszaHa.

[Tonarass B Teopeme 3.3 n=p*+1, rne p —
[IPOCTOE, MOIYIUM

Cneocmeue 3.3. [lycmo (p®* + 1)-apnas zpynna
<A,[]>, e0e p — npocmoe, a2 1, umeem 6onee
00Hot edunuywl. Toeoa:

1) ecau 3agpuxcuposame eounuyy e € E(A), mo
aoodas eounuya a € E(A), omauunas om e, umeem 8
epynne < A, o, > nopaoox p*, 20e 1 <P < a;

2) eciu nopsAOKuU 6cex JNeMeHmOo8 8 zpynne
<E(A), o. > ocpanuuensl 8 COBOKYRHOCMU, MO Nepu-
00 epynnovt < E(A), -, > a61iemcs cmeneHvio p;

3) ecau <E(A), [ ] > — koneunas, mo ee nops-
OOK S18IAEMCS CIENEHbIO .

3ameuanue 3.5. YTBepKaeHue 3) CIeACTBHUSL
3.3 BBITEKAET U3 YTBEPKACHUS 1) STOrO Ke CIEACT-
BHS, TaK KaK KOHEYHAs TPYIIa, B KOTOPOH MOPSIKH
BCEX DJIEMEHTOB SIBJISIIOTCSI CTENEHBIO HEKOTOPOTO
IIPOCTOT0 YHCIIA, UIMEET IOPSIJIOK, SBJISAIOUINICS CTe-
MIEHBIO TOT'O e MPOCTOr0 YHCIIA.

U3 Teopemsr 3.1 u yTBepxkIeHUs 3) CIIEACTBUS
3.3 BrITEKAET

Cneocmeue 3.4. Ecnu xoneunas (p* + 1)-apnas
epynna <A,[ 1>, ede p — npocmoe, o> 1, umeem
bonee oonot edunuysl, mo nopsaoxu eé (p* + 1)-ap-
HOU noodzpynnel eOUHUY, e€ yeHmpa u eé camoil Oe-
JISIMCSL HA p.

Ipu p =2, oo =1 u3 cnenctus 3.4 momydyaercs
crencteue 3.1.
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Tax kak n-apHasg noarpymmna < E(4), [ ] > n-ap-
HOW rpymmel <A, []> sABisgeTcs MPOU3BOJHONH OT
rpymmnsl < E(4),,> ¢ emuHmueit u mus mro0o0ro
u € E(A4), To u3 npenioxeHus 3.3 Ierko u3BJICKaeT-
cs e OHO

Ilpeonoscenue 3.4. Ecnu  n-apunas  epynna
<A,[]> umeem bonee 00nou eduruywl, mo n0dvIE
0ge paznuunvie edunuywl u, v € E(A) noposcoarom 6
<E(A), [ ] > noayyuxauueckyio n-apHyro nooepynny
<<u,v>[]>nopaoxkar>1,ede

<wu,v>={{u..uv..v]|i=1,..,r}
¥ — NOPAOOK nemenma v 6 epynne < A4, o, >

[Ipennoxenue 3.4 u 3amevyanue 3.2 MO3BOJISIFOT
c(OpMYIHPOBATh CIIEAYIOLIYIO TEOPEMY.

Teopema 3.4. Ecnu  (p + 1)-apnas  epynna
<A,[]>, eoe p — npocmoe, umeem 601ee O0OHOU
eOuHuYbl, Mo Jbvle 08¢ pasiuuHbvle eOUHUYb
u, v € E(A) nopoocoaiom ¢ < E(A), [ 1> nonyyuxau-
yeckyto (p+ 1)-apuyro nooepynny <<u,v>[]>
nopsioka p, eoe

<u,v>={[u..uv..v]|i=1,...,p}
p+1-i er_‘

[Ipennoxenue 3.1 nmomyvaercs u3 Teopemsr 3.4
npu p = 2.

3ameuanue 3.6. Ilycts < A4, [ | > — n-apHas rpymn-
na u3 TeopeMsl 3.4, u — QUKCHpPOBaHHAs CTUHHIIA U3
E(A4). Tak xak mo06oii 3emMeHT v u3 E(A4), oTauaHbIi
oT u, umeer B rpynne < E(4), -, > nopsgox p, To
< E(A), -, > — snemeHTapHas abesieBa p-rpyIia.

Ilpeonosncenue 3.5. [lycme k=1, <A,[]> —

n-apuas  epynna, u,Vi,...,Vy — €€ eOuHuysl
Wi#U, ...,V #U), Fly...,Tx — COOMBEMCMBEHHO
NOPSIOKU DNNEMEHMOB V1, ..., Vi 8 2pynne < A, o, >; 01
moboeo j=1, ..., k nonoxcum
<u,vi>={lu..uv,..v,]li=1,...,1},
—_—
n—=i :
1
<U VL, oo, V2=
=[<fu,vicu..u<u,vcu.ou.ou.ou<u, >l
[ — [ — h
n-2 n-2 n-2

Toeoa ons moboeo j=1, ..., k cnpasednugul criedyio-
wie YymeepocoeHus.:

1) <<u,v;>, [ 1> — nonyyuxnuueckas n-apuas
nooepynna 6 < E(A), [ ] > nopaoka r; > 1;

2)<<u,vy,...,v;> [ ]>— n-apnas nooepynna
6 <E(4),[]> nopoocoaemas  mHONICECMBOM
{u, vi, ..., v}, u umerowjas nopsao0ox, KOomopbiii A61:-
emcs ()efzumeﬂeM yucaa rr; ... 15

) <u,vi, ..., v 1>c<u Vi, oo Vi >
ﬂoxasameﬂbcmeo Tak xak B <A, [ ]> Oonee
OJIHOM €IMHMIII, TO 11 > 3.

1) o mnpemnoxenuro 3.4 s moboro
j=1,...k<<u,v;> [ ] > — nomyuuxangeckas n-ap-
Has noarpynna B < E(4), [ ] > nopsaka r; > 1.

2) Tak KaKk < <u, V;>,0,> U << U, V), >, 0, > —
[IEPECTaHOBOYHBIE noz[rpynnbl B rpymme < E(4), -, >
JULst JIIOOBIX [, m = ., k, TO Ipon3BeeHNe
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<<U, V>0, <U, V> oy ou<u,vj>>
sBisieTcst moarpynmoit B < E(A4), -, >, mopsaok Ko-
TOPOH JENTUT NPOU3BENEHHE 717 ... ;.
A Tak Kak

<u3v1>°u<u5V2>°u u<u3vj>:
=[<fu,vicu...u<u,v u..u..u..u<u,v>],
. SRR
n-2 n-2 n-2

TO <<u, vy, ..., V;>, o> — noarpynna B < E(4), -, >,
HOPSJIOK KOTOPOH JENUT TNPOU3BEAEHUE Fi7s ... Fj.
Tormga, coriiacHO 3aMedaHuro 3.3,

<<u5 Vi, 7vj>:[]>
— n-apHas noxarpymma B < E(4), [ ]>. Kpome Toro,
U3 ONPEJICICHUSI MHOXKECTBA < U, V1, ..., V; > CIIEIYET
{u,vi, ., vt c<u,vi, ..., v >

Takum ob6pa3om, ob6o3HaumB uepes <D, [ | > n-ap-
Hyl0 moarpymry, mopoxaéHayro B < E(A4),[]>
MHOXECTBOM {u, Vi, ..., V;}, TOIyYMM BKJIIOUEHHE
Dc<u,vy,...,v;> Ecmu teneps <H,[]> — mo-
Oas n-apras moarpymmna B < E(4), [ ] >, Bmogaro-
mass MHOXeCTBO {u, Vi, ..., V;}, TO W3 DPaBEHCTBA,
ONPEJIENAIONIEr0 MHOKECTBO < U, Vi, ..., V; >, B BULY
3aMKHYTOCTH MHOXeCTBa H OTHOCHTEIHHO oOmepa-
uuu [ ], cnenyer <u, vy, ..., v;> < H. Cnenosarens-
HO, <, Vi, ..., V;>c D. 3 nomy4eHHbIX BKIIOYE-
HUH CIEAYET PABEHCTBO < U, Vi, ..., V; > = D,

3) 3amerum, uTo TIpH j = | JIeBas 4acTh JOKa-
3BIBAEMOTO paBEHCTBA HE ompeneneHa. [losTomy
cuntaem j =2, ..., k.

Tak xak u € <u, v;>, TO
[Ku,viu..u..u.. u<u, v, >]=
=[<u,vicu.cu.ouu<u, v >u...uu]l

—_— —_— —_—
n-2 n-2 n-2
clfu,viu..ou...u...u<u v >u..u<u,v;>]
—_— —_— —_—

n-2 n-2 n=2
CrnenoBarenbHO, BEPHO IOKAa3bIBAEMOE PAaBEHCTBO.
IIpennoxkeHue nokasaHo.

3ameuanue 3.7. B npennoxxennn 3.5 HEKOTO-
pple WIM JaXe BCE CIUHUIBI W3 MHOXECTBa
{V1, ..., Vx} MOTYT COBIIaJIaTh.

[Monaras B npemoxenuu 3.5 k = 2, noyunm

Cneocmeue 3.5. Ilycmov <A,[]> — n-apuas
epynna, u, v u w — eé eOunuyvl (V#u, W#u), r u s —
COOMBEMCMBEHHO NOPSOKU IIEMEHMo8 V U W 8
epynne < A, o, >; no10AHCUM

<u,v>={[u..uv..v]|i=1,...,r},
—
nZi i
<u,w>={[u..uw..wl|i=1,...,s},
<u,v,w>=[<u,v>u..u<u,w>|.
e
Toz0a cnpaseonussl ciedyroujue ymeepicOeHus::

D) <<u,v>[]1>u <<u,w>[]> — nony-
yukauueckue n-apuvie noozpynnot ¢ < E(A4),[]>
NOpPsOKO8 I U S — COOMBEMCMBEHHO;

2) <<u,v,w>[]> — n-apuas nooepynna 6
<E(A), [ 1>, nopoacoaemas muoscecmgom {u, v, w},
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u umerowas nNopsaOoOK, KOMopwlll A6NAemcs oenume-
JAeM YUCia rs,
<u,v>c<u,v,w>.
3ameuanue 3.8. Tax Kaxk MOATPYTIIEI
<<U, V>0, > A<<U,W>, 0, >
U3 CJICACTBUSA 3.5 MEepEeCTaHOBOYHBI, TO
<u,vyw>=[<u,w>u..u<u,v>],
—
n-2
<u,vyw>=[u..u<u,w><u,v>|,
Pl
n-2
<u,vyw>=[u..u<u,v><u,w>|,
Pl
n-2
<u,vyw>=[<u,v><u,w>u...u],
—
n-2
<u,vyw>=[<u,w><u,v>u...ul.
—
n-2
AHAJIOTUYHO, BCE N-apHBIC MOATPYIIIBI, CTOS-
IIHE TI0J] 3HAKOM 71-apHOM OIEpaIliy B IPAaBOi YyacTu
PpaBEeHCTBA, ONPELTIAIONIEIO MHOXKECTBO < U, Vi, ..., V; >
B TpEUIOKEHUH 3.5, MOTYT OBITh IEPeCTaBIICHBI
MIPOU3BOJIBHBIM 00pa30OM.

Teopema 3.5. [Iycmv k>1, p — npocmoe,

<A,[1> - (p+ 1)-apuas epynna, u, v, ..., vy — €é
eouHuywl; 0 106020 j =1, ..., k nonoscum
<u,vi>={[u..uv,..v,1[i=1,..,p},
D A
p+l-i i
<U, Ve, V2=
=[<uvicuu<u,v,>u.uoou.u<u, v>l;
Pl Pl Pl
p-1 p-1 p-1
nycms maxaice
VIEU YV E<U V|, ..,V 1>j=2, ..,k
Toeoa ons mobozo j=1, ...,k cnpasednusvt cne-
oyroujue ymeepucoeHust:

1) <<u,v;>, [ 1> — nonyyuxnuuecxas (p + 1)-ap-
Has nooepynna 6 < E(A), [ | > nopsoka p;

2) <<u,vi, ..., v;> [1>— (p+ )-apnas noo-
epynna ¢ <E(A),[]> nopaoka p', noposxcoaemas
MHOJICECMEOM {U, V1, ..., Vi};

) <u,vi, .., v >C<u, v .., V>

Jokazamenvcmeso. 1) [lo ycIoBHIO TeOpEeMBI
vi # u. KpoMe Toro, u3 paBeHCTBa, ONPEAEIAIOIIErO
MHOXECTBO < U, Vi, ..., V; > CIEIyeT

{u,vi, ., vy c<u, vy, ...,v;>j=1,..,k
OTKyJa, nojarasi j = 2, ..., k B yCIIOBHH

Vi € <U, Vi, ooy Vi >,

nojiydyaeM  Vy # U, ..., Vi #u. TakuMm  oOpasom,
VI #EU, V3 # U, ..., v # u. [JoaToOMy, cormacHo yTBep-
xkpaeHuto 1) Teopembl 3.3, TOPSIKH 3JIEMEHTOB
Vi, ..., vy B Tpynne <A4,.,> paBHsl p. Torma, co-
TJIacCHO YTBepXKIeHuto 1) mpemnoxkenus 3.5, s
moboro j=1,...,k <<u,v;> []> — noayuukimu-
yeckas (p + 1)-apnast noarpymmna B < E(4), [ ] > no-
psanka p.

2) CoracHO YTBEpXKICHHUIO 2) TPEATIOKCHUS
3.5, <<u,vi,..,v,>[]> — (p+1)-apHas non-
rpymma B < E(4), [ ] >, nopoxmaemas MHOKXECTBOM
{u, vi, ..., v;}.

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

Tak xak u € <u, v, V2>, T0 < <u, Vi, V5 >, o, >

—noarpynmna B < E(4), -, >. Kpome Toro, Tak xak
<u,vi, >=[<u,vi>u..u<u,v,>|,
o
TO
<UV,VZ=<U V] > oy < U, V) >,

rae <<u,vi>,o,> H <<uU,Vy>,0,> — NOATPYNIIBI
nopsiika p rpynnsl < <u, vy, v, >, ¢, >. Ecin yka-
3aHHbIE MOATPYIIIBl EPECEKAOTCS IO €AWHULE U,
TO W3 IOCJIEJHETO PAaBEHCTBA CIEAYET, YTO MOPSIAO0K
rpymmsl < <u, vy, v, >,0,>, a 3Ha4lT U (p + 1)-ap-
HOW rpymmsl < <u, vy, v;>, [ ] > paBeH pz. Ecinn xe
nepeceyeHne yKa3aHHBIX MOATPYMI OTIHYHO OT
€VHMIIBI U, TO, BBUAY IMPOCTOTHI UX TOPSIKOB,
<u,vi>=<u,v,>, 4YTO IPOTHUBOPCUUT YCIOBUIO
V) & <u,v;>.

Paccyxxnasi aHanoru4yHo, ycTaHaBJIMBAE€M, YTO
nopsiiok (p + 1)-apHo#t rpynmbl < <u, vy, ..., Vi1 >,
[ 1> pasen p* .

Tax kak

UE<UV,..., Vp, >,
TO <<u, Vi, ..., V; >, o, > —noarpynna B < E(4), -, >.
Kpowme Toro, Tak xak
<ULV e, = [S<U VY, e Vi DU u<u, >,
e
TO
SUVYy ey VEZT T < Uy Vg eeey Vi = 0y < U, V>,

THE << U, Vi, c.oy Vi | 5oy > U << U, V>, o, > — IO~
rpynmnbel B <<u, Vi, ..., Vy >, o, > COOTBETCTBEHHO
MIOPSJIKOB pk’1 u p. Ecnu ykazaHHble TOATPYMIbI
MepEeCeKaroTCs MO E€QUHULE U, TO U3 IOCIETHEro

paBeHCTBAa  CJEQyeT, YTO [OPSOK  TPYIIIbI
<<U, Vi, ..., >, o,>, a 3HauuT U (p + 1)-apHOit
rpynmel <<u, vy, ..., v>, [ ]> pasen p*. Eciu xe

nepeceueHre yKa3aHHBIX TMOATPYIN OTJIMYHO OT
€AMHULIBI ¥, TO, BBUJY IPOCTOTHI MOPSAKA TPYMHIIbI
<<U, V>, 00>, <UVZCC<UVi, ..., Vi1 >, UYTO
MIPOTHUBOPEYHUT YCIOBHIO Vi & < U, V|, ..., Vi | =

3) Ilpumensiercst yTBepkaeHHE 3) Mpeasioxe-
HUsL 3.5 ¥ yTBepKAeHHE 2) JaHHOTO IIPeUIOKeHNSI.
Teopema noxaszana.

4 Hexomopule creocmeusn u3z meopemol 3.5

[Tonaras B Teopeme 3.5 k = 2, moxydanm

Cneocmeue 4.1. I[lycmo p — npocmoe, < A, [ 1>
— (p + )-apnas epynna, u, v u w — eé eOuHuywl; no-
0XHCUM

<u,v>={[u..uv..v]|i=1,...,p},
—_—
pH—i i
<u,w>={[u..uw...wl|i=1,...,p},

p+l—i i
<u,v,w>=[<u,v>u..u<u,w>|
T

nycmo maroice v#=u, w ¢ <u,v>. Toeoa cnpageo-
JIUBbL CeOyrouUe YMeepICOeHUL:

D<<u,v>[]>u<<u,w>[]>—nonyyux-
auveckue (p + 1)-apnvie nodepynnet 6 <E(A4),[]>
nopsaoka p;
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2) <<u,v,w>[]>- (p+ 1)-apuasa nooecpyn-
na 6 <E(A), [ 1> nopadka p*, nopoxcoaemas mHo-
arcecmeom {u, v, w};

<u,v>c<u,v,w>.

Ecnu B cnenctBun 4.1 nonoxuts p =2, T0

<u,v>={u, v}, <u, w>={u, wi,
<u,v,w>=[<u,v>u<u, w>|=
= [{u, viufu, wi]=
= {[uuu], [uuw), [vuu], [vuw]}=
={u, w, v, [vuw]}.
Tak kak ycnoBue v # u, w € <u, v > paBHOCHIBHO yC-
JIOBUIO V # U, W # U, W # V U, KPOME TOTO, TI0 CICICT-
Buto 4.1 <u, v, w> — 4eTBIPEXIIEMEHTHOE MHOXKECT-
BO, TO IIpeIJIOKeHue 3.2 BBITEKaeT U3 ciencteus 4.1.

Cneocmeue 4.2. Ecu a, b, ¢, d — pasnuunvie
eOuHuybl mepHapuoti epynnvl <A, [ 1>, npuuém,
d # [abc], mo

<A{a, b, c, d, [abc], [abd], [acd], [bcd]}, [ 1>
— mepHapuas NOOSPYNna 60CbM0O20 MNOpPAOKA 8
<E),[]>.

Jloxazamenvcmeo. Ilonoxxum B Teopeme 3.5
k=3,p=2,

u=a,vi=b,v;=c,v3=d# [abc].
Torma
<u,vi>={a,b},<u,v,>=
= {a’ C}a <u,vy>= {Cl, d}a
<u,v,n>=[<a,b>a<a,c>]|={a,b,c,abc]}.
CornmacHO  yTBepXIeHHIO 2) TeopeMbl 3.5,
<<u,v, vy, v3>[]> — TepHapHas NOATpyIIa B
<E(A), [ ] > nopsizka 2° = 8, e
<u, v, Vo, 3 >=[<u, v, v >u<u, v3>] =
[{a, b, ¢, [abcl}aia, d}] =
={a, b, ¢, d, [abc], [abd], [acd], [bcd]}.

CrneactBue 0Ka3zaHo.

Cneocmeue 4.3. Eciu  koHneunas mepHapHas
epynna umeem 6onee 4emvipéx eOuHuy, mo nopsaoKu
eé mepHapHou noodzpynnvl eOUHUY, eé yeHmpa u eé
camotl densmces Ha 8.

Cneocmeue 4.4. Eciu u, v u w — maxue eouHu-
yol 4-aproii epynnet < A, [ | >, umo

VEUWEU,WFEV, WE [uuvv],

mo
<ALu, v, w, [uuw], [uuww], [vvww],
[uwvw], [uvww], [uwww], [ ]>
— 4-apnas nooepynna Oeeimoco nopsaodka 6
<E(4),[]>.
Jloxazamenbcmeo. Tlonoxum B ciencteuu 4.1
p=3.Torna

<u,v>={u, v, [uuwwl}, <u, w>= {u, w, [uuww]}.
CornacHo yTBepkAcHWIO 2) cueactBus 4.1,
<<u,v,w>[]>—4-apHas monrpymma B < E(4), [ ]>
opsiiKa 3= 9, roe

<u,v,w>=[<u,v>uu<u, w>]=

= [Hu, v, [uuvw]}uu{u, w, [uuww]}] =

= {[uuuu], [uvuw], [uvu[uuwwl]],
[vuuu], [vuuw], [vuu[uuww]],
[[uuvv]uuu], [[uwvv]uuw], [[uuvy]uu[uuww]]}=
= {u, w, [uuww], v, [uuvw], [uvww],
[uuvv], [uvvw], [vwwwl}.
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Crencreue n0Ka3aHo.

Cneocmeue 4.5. Ecnu xoneynas 4-apuas epyn-
na umeem bonee mpéx edunuy, mo nopsoxku eé 4-ap-
HOU noodzpynnel eOuHUY, e€ yenmpa u eé camoil Oe-
asamest Ha 9.

CnenctBus 3.1, 3.2, 4.3 u 4.5 BEITEKAlOT U3
CJIEIYIONIETo 0oJiee O0IIEero YTBePKICHHUS.

Ilpeonosncenue 4.1. Eciu k> 1, p — npocmoe,
xoneynas (p + 1)-apnas epynna <A, [ 1> umeem 60-
nee P eounuy, mo nopsoxu eé (p+ 1)-aproti noo-
2pynnvl eOUHUY, e YyeHmpa u eé camoti 0esames Ha pk.

Hoxazamenvcmeo. 3adukcupyeM IBe pasiny-
Hble eauHALB U, V| U3 E(A). [To Teopeme 3.5 mHO-
JKECTBO < U, Vi > COJACPKHUT p Pa3IMYHBLIX CAMHHII.
Bribepem B E(4) eaununy v, ¢ <u, vi > U npuMe-
HUM Teopemy 3.5 mpu k=j=2. CoriacHo yTBep-
KICHUIO 2) 9TOM TEOpeMbl, MHOXKECTBO < U, Vi, V; >
CONEPKHT p° PasIHUHBIX eAuHHIL. [Ipogomkas, mo-
nyuuM k — 1 eauHuI vy, ..., v, u3 E(4) takux, 9ro
MHOXECTBO < U, Vi, ..., Vi1 = COHEPKHUT pk’1 pas-
TuHbIX eanHul. Ecnu Teneps BeiOpath B E(4) enu-
HULLY Vi & <U, Vy, ..., V| > U DPUMEHUTh TEOpPEMY
3.5 npu j =k, TO COriacHO yTBEpPKAEHHIO 2) 3TOU
TEOpPEMbI, MHOXKECTBO < U, Vi, ..., Vy = COIAECPIKHUT pk
pasnmunbix eaunun u3 E(4). Ocranocs npuMeHHUTHh
teopemsl 3.1 u 1.3. TIpennoxenue nokasaHo.

CchopmynupyeM CIIEACTBHS M3 TPEUIOKESHUS
Al mak=1uk=2.

Cneocmeue 4.6. Eciu xoneunas (p + 1)-apnas
epynna, 20e p — npocmoe, umeem Ooee 0OHOU eou-
Huysl, mo nopaoku eé (p + 1) —apuoti nooepynnsi
eouHuY, e€ yeHmpa u eé camotl 0enamcs Ha p.

Cneocmeue 4.7. Eciu xoneunas (p + 1)-apnas
epynna, eoe p — npocmoe, umeem 6onee p eOuHuy,
mo nopsioku eé (p + 1)-apmnotl nooepynnot edunuy, eé
yenmpa u eé camoti densimes na p’.

CnenctBue 3.1 nomyvaercs u3 cinenctsus 4.6
npu p = 2. 3aMeTuM, 4To caMmo cieacTBue 4.6 BbITe-
KaeT He TOJBbKO M3 mpeyioxenus 4.1, HO 1 u3 cien-
ctBust 3.4 mpu o= 1. CnenctBus 3.2 u 4.5 nonydya-
roTes u3 cnencteust 4.7 npu p=2 U p =3 COOTBET-
CTBEHHO.
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MATEMATHKA

Ob OJJHOM KJIACCE KOHEYHBIX PACIHEIVIAEMBIX I'PYIIIT

C.®. KamopHukos

Mesicoynapoonwiil yrusepcumem « MUTCO», 'omenvcxuii ¢punuan, I'omens, benapyce

ON ONE CLASS OF FINITE SPLITTABLE GROUPS

S.F. Kamornikov

Gomel Branch of International University « MITSO», Gomel, Belarus

Jlns nokanwHO# Gpopmaiuu § pasusaetcs Teopema JILA. [lleMeTKOBa O JOMOJIHSIEMOCTH § -KOpaJAMKalla KOHEYHOM pasperi-

MO IpyImbI.

Knrouegvie cnosa: koneunas epynna, popmayus, Kopaouxai, OONOIHAEMAs NOOZPYNNA, TOKANbHAS POPMAyus.

The L.A. Shemetkov’s theorem on the complementability of § -residual of finite soluble group is developed for a local forma-

tion §.

Keywords: finite group, formation, residual, complement, local formation.

Beeoenue

IMousiTve § -KOpagvKana TPYIObl  SIBISETCS
OJTHUM U3 LEHTPAJbHBIX B TEOpUH (QopManuii Ko-
HeuHbIX rpymi. VHTepec k HeMy OOYCIIOBICH cClie-
JYIOIIUMHE JABYMsSI OOCTOSITEIICTBAMH.

1. Tlousitne § -KOpamWKaia JEXHT B OCHOBE
OTpE/ICTICHUSI LEJIOTO Psijia  KIIFOUEBBIX OOBEKTOB
Teopuu rpynmn. B gacTHOCTH, OHO sBisieTcs 0a3oif
TOHATHS § -CyOHOPMAIIBHOW MOATPYIIIBI |, CIIEIO-
BaTeJIbHO, (POPMHUPYET HAMpABJICHHS, CBA3aHHBIC C
M3y4YCHUEM psijia CIeLHaJIbHBIX KIaccoB (opmanuii
(popmanmit ¢ ycmoBueM Bumanara, rumeppanu-
KaJIbHBIX U CBEpXpaauKaIbHbIX dopmarmii [1]-[3]).

2. Tlomsitwe § -KOopaguKana, XapaKTepH3yst
CTETEeHb BXOXKIECHHS IPYIIBI B GOPMAIHI0 §, WHHU-
UHUPOBAIIO HCCIIEJOBAHUE 1IEJIOr0 psija BaKHBIX
npobiieM Teopun Gopmaiuii, 0JHa U3 KOTOPBIX CBSI-
3aHa C CYILECTBOBAaHHEM B IpYIIIE JONOJHEHHH K
§ -KOpauKay.

Hauaino uccrienoBaHuio npooJeMbl JOMOIHsIe-
MocTH § -Kopaaukana (§ — HachllieHHas (opMma-
1¥s) TOJOXWIIA CIEAYIoNas Teopema, NpUHaJIe-
kamas Xurmeny, Kaprepy, Xoykey u Ulynsty.

Teopema 0.1 [4]-[6]. [Tycmb § — nacviyennan
Gopmayus u G — Koneunas 2pynna, § -Kopaouxaiu
Komopot asnsiemcs abenesvim. To2da § -kopadukan
epynnol G donoansem 6 G u nodvle 08a OONOIHEHUs
K § -xopaouxany conpsxcensl. Kpome mozo, rxagic-
0oe donoanenue § -KOpaAOuKaia 0OHOBPEMEHHO A6-
nsgemces  § -HOpMAnuzamopom u - § -npoexkmopom
epynnul G.

3ameuarenpHOEe pasButHe Teopema 0.1 moiry-
gymna B paborax JI.A. lllemerkoBa.

© Kamopnuxos C.@., 2014
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Teopema 0.2 [71-[8]. Ilycmo § — naceiyennas
Gopmayua u G — Koneunas epynna, 8 KOMopoul 6ce
Cunosckue noodepynnvl g -KOpaouKaia AGusIOmcs
abenesvimu. Toeoa § -kopaduxan epynnet G 0o-
noausiem 8 G.

Kak ormeueno B [9], ycimoBue abeneBoctd
CHJIOBCKHX MOATPYII U3 § -KOpajuKaia rPyIibl B
teopeme 0.2 6e3 BBEACHUS JIOMOJHUTEIBHBIX OTrpa-
HUYeHui Ha rpynny G ocinaOuth Henb3sl. B nan-
HOHl paboTe Takoe OTpaHWYEHHE CBSI3aHO C pac-
CMOTpEHHUEM pa3pemnmMoii rpynmsl G, a mporpecc B
pasButuu teopembl 0.2 gocruraercs 3a cHeT Mpsi-
Mot penyknuu K Teopeme 0.1.

OcHOBHas 1eTbh JaHHOW paboThl — AOKa3aTelb-
CTBO cienytomiei Teopemsl 0.3, ocnabisromieit ria-
Hoe ycnoBue Teopembl 0.2 10 ycnoBus abeneBocTu
CHJIOBCKUX TMOJIPYIIl  CHELHaNbHBbIX  (haKTOpOB
§ -xopagukaiga. OTMETHM, YTO LEHTpaJbHAs HAES
pa6OTI)I YaCTUYHO MEPCKIIMKACTCA C MNOoAXOAdaMHu,
HaIllEANUMH OTpakeHue B pabote Kaprepa [10].

Teopema 0.3. [lycmv § — nacvuyennas gop-
mayus, G — KOHeuHas paspewumas epynna. Ecau
m(G)=m — onuna § -psoa epynnot G u 015 11060-

eo i=12,...m axkmopepynna GV /G agns-
emcsi abenesotl, mo HAUOymcs makue noocpynnvi
H,, H,..,H, 66 umo epynna G npedcmasuma 6
suoe G=H H ,.HH, npuuem Ona nobvix
k,1€{0,1,2,....m} maxux, umo k > [, cnpaseonussvi
VMBEPAHCOCHUS:

\) H,H, ,.H,, =(HH,  HH)"%;

2) HH, . .HH, — XS -nopmarzamop noo-
epynnot H H, |..H H;
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3) HH,,.H, ~HH,_ . HH, =1

4) H, = N(H,);

5) H, — ueeounuunaa abenesa zpynna Ois
ecex k > 0;

6) H.nH =1

7y H H, ..H, =G

8) H,H, ,..H H, — NS -nopmarusamop
epynnut G,

9) G"S "H,H, ,..HH, =1.

U3 teopemsr 0.3, B 9aCTHOCTH, CIEIyeT, YTO B

pa3penMoii rpymre ¢ abeIeBbIMHA CHIOBCKUMH MOA-
rpyImaMu U3 § -KOpaguKaia Ha CaMOM [IENIC UMEET

MECTO HE IPOCTO HOIIOJIHAEMOCTDH g -Kopaagunkaia, a
ONPEACIICHHAA «TOTaJIbHAS PACIICIUIIEMOCTbD.

1 OcHnosnbie onpedenenus u npeoeapumeinnb-
Hble pe3ynbmantvl

B nmanHoli paboTe mon rpymnmoit Bcerna moHH-
MaeTcs KOHeyHasl paspeumnmasi rpymmna. Mcnomns3y-
I0TCSL ONpe/eNeHnss U 0003HAa4YeHUs, TPHUHSATHIE B
[11]-12].

Hanmomuuwm, 4to ¢hopmayus — 310 Kiacc rpymii,
3aMKHYTBI OTHOCHTENIBHO B3STHS T'OMOMOpP(HBIX
00pa30B M KOHEYHBIX HOANPSMBIX IPOM3BEICHUI.
QDopmarus § HaA3BIBACTCSA HACHIUYEHHOU, SCIH W3

srmoueHust G/ ®(G) e § Bcerna cinenyet G € §.
Ecnu § — Henycras dopmaiys, TO 4epes GS

0003HauaeTcsl MepeceueHrne BCeX TeX HOPMalIbHBIX
noarpynn N rpymmsl G, 1ist KoTopeix G/ N €§

(monrpynmna G% nasbBaercs §-Kopaouxanom rpyi-
el G).

Ilycts § — HemycToit kiace rpymi. [loarpyr-
na H rpynmsl G HasbIBaCTCA § -NPOEKMOpPoM,
€CJIM BBIMOJHSIOTCS CIICYIOIINE YCITOBHSL:

1) He;

ymw HcUcG u U/U,e§ Beceraa ciue-
ayer HU, =U.

ITycte P — MHOXECTBO BCEX MPOCTHIX YHCEI.
Torna ¢pyHkIws

f :P — {popmanny KOHEUHBIX TPy }

Ha3bIBACTCS hopMayuonHol yyHkyuell.
Jnst popmaronHoii GyHKIMU f TIaBHBIN (ak-

Top A/ B Tpymmsl G Ha3bIBaeTCs [ -yeHmpanbHbiM

( f -sxcyenmpanvHbiM), €CITU
G/Cyi(4/B)=Aut(4/B) e f(p)

Uil BceX mpocThix p € 7(A/ B) (COOTBETCTBEHHO

G/C;(A4/B) ne npunagnexut f(p) xoTs Obl i

omHoro mpocroro uwciaa pea(A/B)). Kiacc

rpynn § = LF(f) HasbIBaeTCs L0KAIbHOU opma-

Yyuetl, €CIIA OH COCTOUT U3 BCeX rpynn G Takux, 4To
mbo G =1, mibo G #1 u 1r000¥ TIABHEIA PaKTOP
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A/B tpymnsl G sBusiercst f -neHTpaibHBIM. [Ipn
9TOM TOBOPSAT, YTO JIOKaNbHas dopmarust § onpe-
densiemcst ¢ noMoubio opmayuonnol pynxkyuu f,
a f —aokanvroe onpedenenue GopManyu §.

[ycts &, — xnacc Beex p-rpymn, [ — dop-
marionHas Gyskuus u § = LF(f). Torna f wHa-
3BIBAETCSL:

(a) enympenneii, ecmu  f(p)<§ nmns Bcex
pePb;

(B) nomnou, ecnm f(p)=8,f(p) mna Beex
PEP;

(c) xamonuueckoti, €Cii OHA SIBJIETCS TOJHOMN
Y BHYTPEHHEM.

Kak mokazano B ([11], Teopema 1V.3.7), mns
r060# TOKABHON (hopMaIiu § CyIIeCTBYET SANH-

CTBEHHAasi KaHOHHYecKas (hopMaloHHasT (YHKIHS
f Takas, aro § = LF(f). Dra QyHKIUsS HA3BIBACT-
CSl KAHOHUYECKUM JOKATbHbIM onpedenenuem GHop-
Manuu §.

Crnenyst ompenenennto 5.5 m3 [12], riaBHBIH
¢bakrop H /K OyneMm Ha3wBaTh § -YeHmMpaibHbLM
('S -okcyenmpanvuvim), ecmu H/ K f -nieHtpanen
(COOTBETCTBEHHO f -3KCIICHTPAJICH) I HEKOTOPO-
ro BHYTPEHHETO JIOKaJbHOTO onpexaeneHus [ ¢dop-
Manua §.

OTMeTHM, 9TO Ha OCHOBaHUU TeopeMbl I aio-
na — Jlob6esenep — Hlmmma ([11], Teopema IV.4.6)
(dopmaryst § SIBISIETCS HACBIIICHHOM TOTa U TOJb-

KO TOrzAa, Korja oHa jokansHa. OTCioa, B YacTHO-
CTH, CIIE/IyET, 4TO JUIs JI00O0H HACHIIIEHHOW (Qopma-
MK § CYIIECTBYET KAHOHHYECKOE JIOKAIBHOE OII-

penenenune f Takoe, uto § = LF(f).

Jagum Temephb OMpeseieHue § -HOpMaTH3a-
TOpa MPOU3BOJIBHONW KOHEYHOM TPYIIIBI JJIs CITydast,
Kornma § — HachIeHHast popMaIusL.

Hopwmansnas moarpymnma R rpynmel G Ha3bI-
BaeTCsl § -npedeivHol HOPMANbHOU NOOSPYNNolL,
ecmi R/ RN®(G) sBasietcst § -dKCHEHTPATIbHBIM
raBHBIM (aktopoMm Tpymmel G. MakcuManbHas
moarpynma M rtpymnmsl G HaseIBaeTCA § -Kpumiu-
yecko B G, ecnmu B G HaijeTcs Takas § -Tpe-
JenpHas HopMaibHas moarpymma R, uto MR =G.
Ioarpynma H HasbBaeTCA & -HOPMATUIAMOPOM
rpymnel G, ecnmi H €§ W CymiecTByeT Makcu-
MaJlbHas IETh

H=H cH c..cH =G (nz0),
B KOTOpo# moarpymmna H, | §-kpuruuxa B H, s
Bcex i =1,2,...,n. [lo onpenenenuro, Kaxxaas rpymma
G oOmamaer mo KpaifHeit Mepe OHUM § -HOpMaJIH-
3aTOPOM.
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[Mycts 7(G) — MHOXECTBO BCeX MPOCTHIX Je-
nutenel mopsinka rpynnsl G. Cucrema X XOJUIo-
BBIX MOATPYIII pazpeiuMoit rpymnmsl G Ha3bIBaeTCA
Xonnogotl cucmemoti Tpynibsl G, €Ciau BBITTOIHSIOT-
Csl CIIEYIOIIHE JIBA YCIIOBHSL:

1) mis mo0oro MOIMHOXKECTBA 77 MHOXKECTBA
7(G) cucreMa ¥ COAEPXKHUT B TOYHOCTH OJHY XOJI-
JIOBY 77 -nOArpymity rpynnsl G;

2) ecnu H wn K — moarpymmsl U3 X, TO
HK = HK.

B ciydae pazpemmoii rpynnsl G st 11000T0
§ -Hopmanuszaropa H (§ — HaceinieHHas dopma-
IIUs1) HAMJETCs Takasl XOJUIoBa cucreMa X (CM., Ha-
npumep, [11]), uro

H=G, ;" ([) Ng(G,NG
pex(3)

roe (%) = U 7(G), f — KaHOHHYECKOE JIOKaJh-
Ge§

Hoe onpenenenue popmamnn § u G, € X s Beex

f(p)

)s

p € 7(§). B wactaocth, ecmu § — dopmarmst Bcex

HIIBIIOTEHTHBIX TPYII, TO § -HOPMAIIM3aTOP IPYIIIBI
G —9TO ee HeKOTOPHIA CUCTEMHBIN HOPMaJIH3aTop.
[MonsTHe § -KOpaaMKana JISKUT B OCHOBE OII-

penenenust mpousseneHus Gopmauuid. Ilycte §, u
$, — Hemyctble opmanun. Torna kinace §,§, Bcex
Tex rpynn G, ams KOTopeix G* €%,, Ha3bIBaeTCs
npoussedenuem popmarmit 5, u §,. Iponssenenue
Heckonbkux (opmatmiit §5,..S, U n-as cmenens
$§" Qopmanum § OIpemeNSIOTCS KaK Pe3yJbTar
NOCIIEJOBATENIFHOTO YMHOXKEHHS (IIPH 9TOM IoJjara-
ercs, uto §° — enuHUYHASA OpMALKS).

LlenTpanabpHOE MECTO B paboTe 3aHUMAET TOHS-
THe § -psja.

Ilycte § — HaceimenHas popmarms. O603Ha-
yuM uepe3 m(G) HaWMEHbIIEe LEN0e YUCIO M1,
st koroporo G e NG, tme N — dbopmanust Becex
HWJIBINOTEHTHBIX rpynm. Ilpm sToM monaraem, 4To
m(G) =0 Torma u Tonmbko Torma, korna G e §. U3
paspemmmMoctu rpymnnel G cunepyer, 4to m(G)
COBIIaaeT C HUJIBIIOTEHTHOMN IIMHON § -KOpaauKa-
ma GS rpymmsl G.

Crnenys [11], psn noarpynn

f:G=G,5G,,2..0G oG, 2l
Oynem HaseiBaTh § -psoom, ecmu G, — NG -npoek-

Top tpymmel G, it moboro i=0,1,2,....m—1.

i+l
Yucno m(G) HaswBaeTcs onunol § -psaa rpymisl G.
GegN"'F, 10
N"'S -mpoexTtop Tpymmel G — coOCTBEHHAs TOJ-

3ameuanue 1.1. Tax xax

rpynna rpynnsl G. A tak xak noarpynna G, , Io-

:nm—lg
>

KpeiBaeT akrtoprpynny G/ G TO OTCIO/Ia
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cnenyet, uto G, , € N"'F\RN"*F. anee unayk-
nUed Mo JUiMHe psifa f JIerko yCTaHaBJIMBAETCS,
yro G, , — coOCTBEHHas NoArpynna rpynnsl G, Qs
Bcex i=1,2,...,m (moarpynma G, MOXeT OBITh €aU-

HUYHOM).
3ameuanue 1.2. Beuny teopemsr V.4.3 u3 [11]

noarpymna G, sBustetcs NG -HOPMANU3aTopoM
rpymnel G qis Beex i=0,1,2,...,m. B gactHOCTH,
G, — § -HopManu3aTop rpynnsl G.

2 Jloxazamenscmeo meopemut 0.3
Paccmotpum § -psin
f:6G=G,oG,,2..0G >G, ol

rpymnel - G.  O6osHaumM H, = Gl.m'fI€§ Ui BceX
ie{l,2,..,m}, a tawke nonoxuMm H,=G,. Orcro-
Jia, B YaCTHOCTH, CIEMYeT, uTo H, = Grfwg =G™3,

Bynem Bectn mnaykiuio no Bexuunae m(G).
Scno, uto mpu m(G) =0 Teopema BBINOJIHSETCS.
3raunr, m(G)>0. Ilpeamonoxum, 4Tto Teopema
BEpHA [T BCEX TeX TPYIII, [UIMHA § -psAna KOTOPBIX
MEHBIIIE .

Tax kax BBHTy ycrosust Teopemsl 0.3 N"~'F -xo-
panukan rpynnsl G sBisieTcst abeneBbIM, TO Ha Oc-
HoBaHuM Teopembl 0.1 moarpynma G, , sABisgercs

JononHeHueM B G moarpymmsl H =G™5, 1.
G=H,G,  , uH NG, =1
IIycts k < m. Torna, oueBuaHo, H, GmkK Hu
G/G*5 =G, H, G5 =

m—1
=G, /G, NG" e NG,

ok ok .
Crnenosarensho, G 0 < G*%. C apyroit cTOpoHEI,

G/G™3H =G, H, IG'SH, =

m—1 m—1 m—1

=G, /G, ,NG"SH

m-1"tm

-G, ,/G*G, ,nH,)=G, /G5

m-1
R'g N
IHostomy G*° < G, /H,. Ha ocHOBaHUH TOXKIECT-

Ba Jlenexunna us pasenctea H, NG, | =1 nmeem

Nk pk
Gm 5 me—] < GTI %Hm me—] =

m-1

= Gri?jlg (Hm N Gm—l) = Gm 5

m-1"*

ok ke
CrenoBarensho, G5 =G5 NG n

m—1 m—-1
Y C k
G:ng = Hm (G:ng N Gmfl) = HmG’zElg
s Beex k=0,1,2,...,m—1.
[ToaTomy nmeem

g

NG ) ARG ARG g ~
G /G =G, °H, /G, H, =

~GYV%  GNTS W _
=G, " /G, _°NG, H, =

m—1

Ao R RIF A Rt
- Gmfl /Gmfl (Gmfl N Hm) - Gmfl /G

m—-1"

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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Orcroma cnenyer, yto g moboro k =0,1,
2,...,m—1 dakroprpymmna fo:l% /G:ff SIBIISICTCS
a0eneBoH, T. €. Bce ycioBust TeopeMsr 0.3 aust Tpyn-
nbl G, | BBIIOJIHAIOTCS.

Tak xax m(G, ) =m—1<m, To BBULY Hpea-
HOJIONKEHHU MHAYKIUM uid rpynnsl G, , Teopema
0.3 Bepna. Kpome toro, no onpeneneHuio
G,,0G,,>2..0G,>G, ol
— §-psan rpymmsl G, . Ilostomy rpymma G,
npeiacrauma B Bune G, =H, _,..H H,, npuuem
g moosix k,l € {0,1,2,...,m—1} Takux, 4to k >/,
CIPaBEUTUBHI YTBEPKACHHS:

\) H,H, ,.H, =(HH, HH)"?;

2) HH,,..HH, — NG -nopmanusarop no-
rpynnet H, H, ,..H H;

3) H H,_,.H,"HH_.HH, =1

4) H, € N (H,);

5) H, — HeenuHuuHas abeneBa Ipynma Ajs
Bcex k > 0;

6) H NnH, =1.

Ha ocHoBaHuM ompezeneHus HOATPYNIBL ),
(i€{0,1,2,...,m}) cipaBeTNBO PaBEHCTBO

HH, ,.HH, =G,
U, B dacTHoctd, paseHctBo G,  =H, ,.HH,.
Kak mokasao seime, G = Hme

- 1. Kpome Toro,
17I%~

noarpynna H, = G™ % wopmansHa B rpymme G.
[TosTOMy cripaBeAIMBO PaBEHCTBO
/.
Gm 5 = Hm (Hmfl "‘HHI) = HmHmfl "‘H/+1 >
re HH, ..H.=G"%=(HH, .HH)"®.

Tot dakt, uro noarpynna H,H, ,..H H, sB-

1+1

nsercs N'G -HopManusatopom rpymisl G, crepyer
us paserctea H,H, |..H H, = G, u3ameuanus 1.2.

CpaBHuBas nopsaku rpynmn G u H, Ggy%GI’

m—1
N'g
w3 pasencte H, NG, =1, G, NG =1 n

G=H, (G™G)=(H,G*)G, nonyaaem, uto

m—1
_ W3 _
HH H, A "nHH_  .HH =G""nNG, =1
Tor dakr, uto H, — HeeauHuuHas abeneBa
rpymma uist Bcex k =1,2,...,m, clemyer u3 yCIOBHA
TEOPEMBI, €€ CIIPaBEeAIMBOCTH I Ipynnsl G, | H
n3oMopdu3Ma
Gﬁ?"'g /Gsz*g _
_ R RNF _
=(H,H, . .HH)" %/(HH, .HH)"® =
=HH, H /HH,  H, 6=

m—1°

=H /H ~HH, .H, =H,.

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

PaBencteo H, MH, =1 s Bcex [ <m cre-
JAyEeT U3 CIPAaBEUIMBOCTH TEOPEMBI Ul TPYIIIBI
G,_, upasencrtea H, NG,  =1.

m—1

TeopeMa JOKa3aHa.

3 Hexomopute cneocmeus

Teopema 0.3 BkITtoyaeT B ceOsi MHOTHE U3BECT-
HBIE PE3yJbTAThl O JOMOIHICMOCTH §-KOpaJuKaia
pa3peuumMoi rpynmsl (B yacTHOCTH, eciu m(G) =1,

TO OHA BKJIIOYACT OTMCUCHHYIO BBINIE TEOPEMY
Xwurmena, Kaptepa, Xoykca u llyssra u3 [4]-[6]).

Cneocmeue 3.1. Ilycmv § — wnacwiuyennas
dopmayus, G — paspewumas epynna. Ilycmo
m(G)=m u ons moboeo i =1,2,...,m gakmopepyn-
na G % )G aberesa. Ecau

G=G,oG, ,2..oG >5G, >l

— § -pso epynner G, mo o5 mobozo k =0,1,2,...,m
nooepynna G, saensemcs dononnenuem N'§ -xopa-

oukana epynnel G.

B cnydae paspenmmMoii TpyIimsl yeIoBHe abere-
BOCTH CHJIOBCKHX MOATPYII § -KOPAJHKaia TPYIIIbI
NIPUBOJIUT K €€ «TOTaJIbHOM PacIIeTIIeMOCTH.

Cneocmeue 3.2. Ilycmv § — HacwiwenHast
Gopmayua, G — paspewumas epynna, y KOmMopoi
6ce CUNOBCKUe NOO2PYNNblL U3 GS aGeneswi. Ecnu
G=G,5G,,2..2G >5G, 21 — §-psao epyn-
not G, mo Hanidymcs maxue nooepynner H,, H,,
o H, , umo epynna G npedcmasuma 6 8ude
G=H,H, ,.HH, npusem ons mobuix k,l €{0,l,
2,...,m} makux, yumo k>1I, cnpasednruevr ymeep-
JHCOeHUsL:

\) H.H,,..H, =(HH,_ . HH)";

2) HH, ..HH, — RS -nopmanuzamop noo-
epynnot H H, |..H H;
3HH, ,.H,nHH .HH, =1

4) H, = N (H,);

5) H, — meeounuunas abenesa zpynna O
scex k> 0;

6) H nH, =1,

7y H H, .H, =G";

8) HH, ,..HH, — NG -nopmaruszamop
epynnot G;

9) G¥S "H,H, ,.HH,=1.

B cnyuae paspemmmoit rpynmel npu /=0 u
k=m cneactBue 3.2 BKIIOYAET BBIBOJBI IPUBE-

nenHoi Beiue Teopemsl 2 JILA. IllemerkoBa u3 [7]—
[8]. Ilpu TOM yTOYHsETCS, YTO AOMOJHEHUE H, K

§ -xopaaukany rpymnmsl G sBIsSETCS § -HOpMAIHU-
3aTopoM rpynmsl G.
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Cnedocmeue 3.3. Ilycmv § — Hacviwyennas
Gopmayus, G — paspewumas epynna, y KOMopou

8ce CUNOBCKUE NOOSPYNNbL U3 G3 abenesvt. Ecnu
G=G,oG,, 0..oG oG, ol

— § -pao epynnvt G, mo onsn mobozo k=0,1,2,....m

nodepynna G, aensemcsa dononenuem N'§ -xopa-

oukana epynnoi G.
OTMeTHM TaKke CIeayromui pesymsrar Kap-
Tepa, KOTOPBI BBIBOAUTCS U3 TeopeMsl 0.3.
Cneocmeue 3.4 [10]. Ecnu G — paspemmnmas

rpynna u noarpymna G sBisiercs aGeneBoil Ui
HekoToporo n=>1, To HopManu3aTop B G CHUJIOB-

opn-1
CKOM CHUCTEMbI MOArPYMIIbI GJ? ABJIACTCA OOIIOJI-

nenueM Kk G* B G.

3ameuanue. MoxHO TOKa3aTh, YTO B YCIOBUH
teopembl 0.3 TpeGoBaHME pPa3peIIMMOCTH TPYIIIHI
G MoxeTr ObITh OclabJeHO 10 YCIOBHS pa3peru-
MOCTH ee § -KopauKana.
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In this paper, we characterize the nilpotency and supersolvability of a finite group G by assuming some subgroups of prime
power order are either semi cover-avoiding or S-quasinormally embeded in G. Some known results are generalized.

Keywords: semi cover-avoiding subgroup, S-quasinormally embeded subgroup, p-nilpotent group, supersolvable group.

Introduction

All groups considered in this paper are finite
and G always denotes a finite group. The following
notations are used in the paper: O,(G) is the maxi-

mal normal p-subgroup of G, ®(G) is the Frattini

subgroup of G and U is the class of all supersolv-
able groups. A class of groups F is called a forma-
tion if F is closed under taking homomorphic im-
ages and subdirect products. A formation F is said
to be saturated if G e F whenever G/ ®(G) e F.
All unexplained terminology and notations are stan-
dard, as in [13], [9].

If M and N are normal subgroups of G with
N <M, then we call M /N anormal factor of G.
A subgroup H of G is said to cover the normal
factor M /N of G provided that HM = HN, and
H is said to avoid M /N provided that
HNnM=HnNN. If H either covers or avoids
each chief factor of G, then H is said to possess
the cover-avoiding property in G. This concept was
introduced by Gaschiitz [6] in 1962 and studied by
many authors (see, for example, [7], [12], [22],
[18]). In 2006, Fan, Guo and Shum [5] introduced
the semi cover-avoiding property: a subgroup H is
said to be semi cover-avoiding in G if there is a chief
series 1= G, <G, <---<G, =G of G such that H ei-

ther covers or avoids G,/ G, , for every j=1,..,1.

Many authors have investigated the structures of the

© Abid Mahboob, Lijun Huo, Jinghua Lu, 2014

group G under the assumption that some subgroups
of G is semi cover-avoiding in G and obtained some
interesting results (see [10], [11], [25]).

Recall that a subgroup H of G is called S-qua-
sinormal [14] in G provided that H permutes with all
Sylow subgroups of G. A subgroup H of a group G
is said to be S-quasinormally embedded [3] in G if
for each prime p dividing the order of H, a Sylow
p-subgroup of H is also a Sylow p-subgroup of some
S-quasinormal subgroup of G. By using S-quasi-
normally embedded subgroups, some authors have
obtained many interesting results (see, for example,
(11, [2], [15], [17]).

The following examples show that semi cover-
avoiding subgroups and S-quasinormally embedded
subgroups are two independent concepts.

Example 0.1. Let G = A, xZ,, where 4, is an

alternating group and Z, = <c> is a cyclic group of
order 2. Let K, =<a,b> be the Sylow 2-group of
A, generated by two elements ¢ and b of order 2
and let Hz(a,bc). Then 147, <K,Z, IG is a

chief series of G. It is easy to prove that H covers
K,Z,/Z, and avoids the factors G/K,Z, and

Z, /1, but H is not S-quasinormally embedded in G.
Example 0.2. Let G = A, be the alternative
group of degree 5. Since A is simple, there is no

nontrivial semi cover-avoiding subgroup in A.
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However, if H is any Sylow subgroup of G, then
clearly H is S-quasinormally embedded in G.

In this paper, we investigate the structure of a
group G under the assumption that all maximal sub-
groups of a Sylow subgroup is either semi cover-
avoiding or S-quasinormally embedded subgroups in
G. Some new characterizations on the structure of
finite groups are obtained and some known results
are generalized.

1 Preliminaries

In this section, we list some known results which
will be useful for the proofs of our main results.

Lemma 1.1 [20]. Let H be a p-subgroup of G
for some prime p. Then H is S-quasinormal in G if
and only if O (G)< N, (H).

Lemma 1.2. If H is an S-quasinormal subgroup
of G, then

(1) H is subnormal in G [14];

(2) H/ H, is nilpotent [4].

Lemma 1.3 [1]. Let H be a subgroup of G.
Then the following two statements are equivalent:

(1) H is an S-quasinormal nilpotent subgroup of G.

(2) The Sylow subgroups of H are S-quasi-
normal in G.

Lemma 1.4 [11]. Let H be a subgroup of G. If
H is semi cover-avoiding in G, then H is semi cover-
avoiding in K for every subgroup K of G with
H<K.

Lemma 1.5 [5]. Let N be a normal subgroup of
G and let H be a subgroup of G which is semi cover-
avoiding in G. Then HN/N is semi cover-
avoiding in G/ N if one of the following holds:

(1) N<H,;

@) (NI H]=1.

Lemma 1.6 [3]. Suppose that U is an S-quasi-
normally embedded subgroup of G and K is a nor-
mal subgroup of G. Then

(1) U is S-quasinormally embedded in H when-
ever U<SH<XG.

(2) UK is S-quasinormally embedded in G
and UK | K is S-quasinormally embedded in G/ K.

Lemma 1.7 [11]. Let p be a prime dividing the
order of G with (|G|, p—1)=1 and P be a Sylow
p-subgroup of G. If there is a maximal subgroup P,
of P such that P, is semi cover-avoiding in G, then
G is p-solvable.

Lemma 1.8 [21]. Let F be a saturated forma-
tion containing all supersolvable groups and G has
a normal subgroup E such that G/ E€F. If E is
cyclic, then G € F.

Lemma 1.9 [24]. Let K be an S-quasinormal
subgroup of G and P a Sylow p-subgroup of K,
where p is a prime. If either P<0,(G) or K, =1,

then P is S-quasinormal in G.
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Lemma 1.10 [9]. Let N be a nontrivial solvable
normal subgroup of G. If NN®(G)=1, then the
Fitting subgroup F(N) of N is the direct product
of minimal normal subgroups of G contained in N.

2 Main results
Theorem 2.1. Let p be an odd prime dividing

the order of G and P a Sylow p-subgroup of G. If
N, (P) is p-nilpotent and every maximal subgroup

of P is either semi cover-avoiding or S-quasi-
normally embedded in G, then G is p-nilpotent.

Proof. Suppose that the theorem is false, and
let G be a counterexample of minimal order. Then:

(1) 0,(G)=1.

Suppose that D=0,(G)#1. Obviously,
PD/ D is a Sylow p-subgroup of G/D. Let T/D
be a maximal subgroup of PD/D. Then T =PFD
for some maximal subgroup B of P. By Lemmas
1.5 and 1.6(2), BRD/D is either semi cover-
avoiding or S-quasinormally embedded in G/ D.
On the other hand, since

N, ,(PD/D)=N,(P)D/D
by [9], we see that N, ,(PD/D) is p-nilpotent.

This shows that G/ D satisfies the hypothesis of the
theorem. Thus G/ D is p-nilpotent. It follows that
G is p-nilpotent, a contradiction.

) If M is a proper subgroup of G with
P<M, then M is p-nilpotent.

Clearly, N,,(P) is p-nilpotent. By Lemmas 1.4
and 1.6 (1), we see that M satisfies the hypothesis.
The minimal choice of G implies that M is p-nil-
potent.

(3) G=PQ and O,(G)#1, where Q is a Sy-
low q -subgroup of G with q # p.

Since G is not p-nilpotent, by Thompson’s
theorem [23], there is a nonidentity characteristic
subgroup H of P such that N;(H) is not p-nil-

potent. Since N, (P) is p-nilpotent, we may choose
a characteristic subgroup / of P such that N, (H) is
not p-nilpotent, but N.(K) is p-nilpotent for every
characteristic subgroup K of P with H<K<P.
Since H char P < N;(P), we have H <IN, (P),

and so N;(P)<N;(H). Then by (2), we have
G =N;(H). This shows that H<0,(G)#1 and
N, (K) is p-nilpotent for any characteristic sub-
group K of P with O,(G)<K <P (if exists). In
this case, using Thompson’s theorem again, we see
that G/0,(G) is p-nilpotent and so G is p-sol-
vable. Thus for any prime divisor ¢ of |G| with
q # p, there exists a Sylow g-subgroup Q of G
such that PQ is a subgroup of G (see [8, Chapter
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On semi cover-avoiding or s-quasinormally embedded subgroups of finite groups

6, Theorem 3.5]). If PO <G, then PQ is p-nilpo-

tent by (2). It follows from (1) that
0<C;(0,(G)=0,(G6),

a contradiction. Hence G = PQ.

(4) G has a unique minimal normal subgroup
N such that G=NXxXM, where M is a maximal

subgroup of G, N =0,(G)=C(N).
Let N be a minimal normal subgroup of G.

Then by (1) and (3), N is an elementary abelian
p-group, and N < O,(G) < P. It is easy to see that

G/ N satisfies the hypothesis. Hence G/ N is p-nil-
potent by the choice of G. Since the class of all p-nil-
potent groups is a saturated formation, N is the
unique minimal normal subgroup of G and

N £ ®(G). Consequently, G=NxM for some
maximal subgroup M of G. Clearly, N =0, (G).

(5) Final contradiction.

Since. PAG and P=NM,, we see that
N £ ®(G). Hence there exists a maximal subgroup
P, of Psuchthat N £ B. If P, =1, then P is a cyclic
subgroup of order p. It follows that N (P)= C,(P)
since N;(P) is p-nilpotent. Hence G is p-nilpotent
by Burnside Theorem, a contradiction. Hence we
assume that B #1.

Assume that B, is semi cover-avoiding in G.
Then there is a chief factor series

1=G, <G <---<G, =G

such that for every j=1,..,[, B either covers or
avoids G, /G, . In particular, £ covers or avoids
G, /1, which means that G,P, =P, or G NP =1.
By (3), G,=N. If NB =Ph, then N<RB, acontra-
diction. Hence NN P =1 and so |N |=p. It fol-
lows that P=N(PnM)=Nx(PnM), which
contradicts (4).

Now assume that G has an S-quasinormal sub-
group K such that A is a Sylow p-subgroup of X.
If K; #1, then N<K, <K, and thereby N<PF, a
contradiction. Therefore K, =1. Then by Lemmas
1.2(2) and 1.3, B is S-quasinormal in G. Thus A is
subnormal in G by Lemma 1.2(1). By [9], we have
that A <0,(G)=N<P. Since F is a maximal
subgroup of P, F, = N, a contradiction also. The final
contradiction completes the proof of the theorem.

Corollary 2.2. Let H be a normal subgroup of
G such that G/ H is p-nilpotent, where p is a
prime dividing the order of G. If there exists a Sylow
p-subgroup P of H such that N (P) is either semi

cover-avoiding or S-quasinormally embedded in G,
then G is p-nilpotent.

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

Proof. By Lemmas 1.4 and 1.6 (1) and Theo-
rem 2.1, H is p-nilpotent. Let H , be a normal Hall
p' -subgroup of H. Assume that H, #1. Then
clearly, (G/H,)/(H/H,)=G/H is p-nilpotent.
Applying Lemmas 1.5 and 1.6 (2) and [9], we see
that G/ H, satisfies the hypothesis. Hence by in-
duction on |G|, G/H, is p-nilpotent. It follows
that G is p-nilpotent. We may, therefore, assume
H,=1. Then H=P is a p-group. In this case,
G = N;(P) is p-nilpotent.

Theorem 2.3. Let p be the smallest prime di-
viding |G| and P be a Sylow p-subgroup of G. If

every maximal subgroup of P is either semi cover-
avoiding or S-quasinormally embedded in G, then

G is p-nilpotent.

Proof. Suppose that the theorem is false and let
G be a counterexample of minimal order. We prove
it via the following steps.

1 0,(G)=1.

If 0,(G)#1, then PO, (G)/0,(G) isa Sylow
p-subgroup of G/0,(G). Suppose that M /O, (G)
is a maximal subgroup of PO, (G)/0O,(G). Then
there exists a maximal subgroup £, of P such that
M = R0, (G). By the hypothesis, £ is either semi
cover-avoiding or S-quasinormally embedded in G.
Then M /0,(G)=F0,(G)/0,(G) is either semi
cover-avoiding or S -quasinormally embedded in
G/0,(G) by Lemmas 1.5 and 1.6(2). The minimal
choice of G implies that G/O,(G) is p-nilpotent,
and so G is p-nilpotent, a contradiction. Therefore,
we have O,.(G) =1.

(2) 0,(G)#1.

If all maximal subgroups of P are S-quasi-
normally embedded in G, then G is p-nilpotent by

[1]. Hence there exists at least a maximal subgroup
B of P which is semi cover-avoiding in G. By
Lemma 1.7, G is p-solvable. It follows from (1) that
0,(G)#1.

(3) G is solvable.
If G is not solvable, then p=2 by Feit-

Thompson’s theorem. Suppose that M /O,(G) is a
maximal subgroup of P/O,(G). Then M is a maxi-

mal subgroup of P. By Lemmas 1.5 and 1.6(2),
M /O,(G) is either semi cover-avoiding or S-quasi-

normally embedded in G/O,(G).
G/0,(G) satisfies the hypothesis. The minimal
choice of G implies that G/O,(G) is 2 -nilpotent,
and so G/O,(G) is solvable. It follows that G is
solvable, a contradiction. Thus (3) holds.

Therefore
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(4) G has a unique minimal normal subgroup
N=0,(G), G=NM, where M is p-nilpotent and
| N |> p.

Let N be a minimal normal subgroup of G.
By (3), N is an elementary abelian subgroup. Since
0,(G)=1, N<O,(G). Itis easy to see that G/ N
satisfies the hypothesis. The choice of G implies
that G/ N is p-nilpotent. Since the class of all
p-nilpotent groups is a saturated formation, N is a
unique minimal normal subgroup of G and
N £®(G). This implies that G=NxM,
N=0,(G) and M is p-nilpotent. If [N |= p, then
G/C,(N) 1is an abelian group exponent p—1. It
follows that N <Z(G) and so G is p-nilpotent, a
contradiction.

(5) Final contradiction.

Clearly, P=N(PNM) and PNM<P.
Thus, there exists a maximal subgroup A of P
such that A containing PN M. Then P = NF, and
P, #1. By the hypothesis, B, is either semi cover-
avoiding or S-quasinormally embedded in G. Sup-
pose that £, is semi cover-avoiding in G. Then P,
covers or avoids N/1. If N =F, then N<Hh, a
contradiction. Hence P NN =1. Consequently
| N |= p, a contradiction. Now assume that £ is
S-quasinormally embedded in G. Then there exists
an S-quasinormal subgroup K such that F is a Sy-
low p-subgroup of K. If K. #1, then N<K_ <K
by (4) and so N < F. This contradiction shows that
K. =1. Then by Lemmas 1.2 (2) and 1.3, B is
S-quasinormal in G. It follows from Lemma 1.2 (1)
that B is subnormal in G. Now by [9], we have that
R <0,(G)=N. The final contradiction completes

the proof.

Corollary 2.4. Let p be the smallest prime di-
viding | G | and H a normal subgroup of G such that
G/ H is p-nilpotent. If there exists a Sylow p-sub-
group P of H such that every maximal subgroup of P
is either semi cover-avoiding or S-quasinormally
embedded in G, then G is p-nilpotent.

Proof By Lemmas 1.4 and 1.6 (1), every
maximal subgroup of P is either semi cover-
avoiding or S-quasinormally embedded in H. Ap-
plying Theorem 2.3, H is p-nilpotent. Let H, be

the normal p-complement of H. Then H, is nor-

mal in G. By using the same argument as in the
proof of Corollary 2.2, we may assume H, =1 and
so H =P is a p-group. Since G/ H 1is p-nilpotent,
we may let K/H be the normal p-complement of
G/ H. By Schur-Zassenhaus’s theorem, there exists
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a Hall p'-subgroup K, of K such that K = HK .

By Theorem 2.3 again, we see that K is p-nilpotent.
Hence K=HxK,. In this case, K, is a normal

p-complement of G, thus G is p-nilpotent.

Corollary 2.5. Suppose that every maximal
subgroup of any Sylow subgroup of G is either semi
cover-avoiding or S-quasinormally embedded in G.
Then G is a Sylow tower group of supersolvable type.

Corollary 2.6 [11, Theorem 3.2]. Let p be the
smallest prime dividing the order of G and let P be a
Sylow p-subgroup of G. If P is cyclic or every
maximal subgroup of P is semi cover-avoiding in G,
then G is p-nilpotent.

Proof. If P is a cyclic group, then by [19], G is
p-nilpotent. Hence we assume that every maximal
subgroup of P is semi cover-avoiding in G. By Cor-
ollary 2.3, G is p-nilpotent.

Theorem 2.7. Let F be a saturated formation
containing U. Then G € F if and only if there is a
normal subgroup H of G such that G/ H € F and
every maximal subgroup of the Sylow subgroup of H
is either semi cover-avoiding or S-quasinormally
embedded in G.

Proof. The necessity is obvious. We only need
to prove the sufficiency. Assume that it is false and
let G be a counterexample of minimal order. Then:

(1) There is a normal Sylow subgroup P of G
contained in H.

By Corollary 2.5, H has a Sylow tower of su-
persolvable type. Let p be the largest prime divisor
of | H| and let P be a Sylow p -subgroup of H.

Then P is normal in H. Since P char H <G, we

have that P < G.

(2) Let N be a minimal normal subgroup of G
contained in P. Then G/ N € F and N = P.

It is easy to see that

(G/N)/I(H/N)=G/HeF.

Let /N be a maximal subgroup of P/N. By
Lemmas 1.5 and 1.6, B /N is either semi cover-
avoiding property or S-quasinormally embedded in
G/ N. Let Q be a Sylow g-subgroup of H, where
qg#p, and M, /N be a maximal subgroup of the
Sylow ¢ -subgroup ON/N of H/N. It is clear
that M, = QN for some maximal subgroup O, of
Q. By the hypothesis, O, is either semi cover-
avoiding or S-quasinormally embedded in G. Hence
M,/ N is either semi cover-avoiding or S-quasi-

normally embedded in G/N by Lemmas 1.5 and
1.6. Thus G/ N satisfies the hypothesis of the theo-
rem. The choice of G implies that G/ N e F.
Since F is a saturated formation, N is the unique
minimal normal subgroup of G contained in P,
®(P)=1 and N £ ®(G). It follows from Lemma

1.10 that P= F(P)=N.
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(3) Final contradiction.

Suppose that every maximal subgroup of P is
S-quasinormally embedded in G. Then by [1],
G e F, a contradiction. So we may assume that
there is some maximal subgroup A of P such that
P, is semi cover-avoiding in G. Then there exists a
chief series of G

I1=G, <G <--<G, =G
such that B} covers or avoids every factor G, /G, ,
j=1...,1. Since N=P is a minimal normal in G, there
exists j such that Gj NN=N and GH NN=1.1f
R covers G, /G, ,, then RG, =RG, . It follows
that A(G,"N)=F(G,,NN), thatis, FN=F, a

contradiction. If A avoids G;/G,,, then

BRNG,=RnNG

-1
ARNnG,NN=RnNnG, ,NN.

This means that £, =1 and so | N |= p. Then by (2)

and Lemma 1.8, G e F. This contradiction com-

pletes the proof.

Corollary 2.8 [16, Theorem 3.6]. Let F be a
saturated formation containing U. If there is a nor-
mal Hall subgroup H of G such that G/ H € F
and every maximal subgroup of any Sylow subgroup
of H has the semi cover-avoiding property in G,
then Ge F.

Theorem 2.9. Let F be a saturated formation
containing U and H be a solvable normal sub-
group of G such that G/ H € F. If every maximal
subgroup of any Sylow subgroup of F(H) is either

and so

semi cover-avoiding or S-quasinormally embedded
in G, then Ge F.

Proof. Assume that the theorem is false and let
(G,H) be a counterexample with |G|+|H| is
minimal.

Firstly, assume that H "®(G)#1. Let Q be a
Sylow g -subgroup of H, where ¢ is a prime divi-
sor of |H|. Since Q char H<G, we have that
004G and so (G/Q)/(H/Q)=G/HeF. By
[13, Chapter 3, Theorem 3.5], F(H/Q)=F(H)/Q.
It is easy to see that (G/Q,H /Q) satisfies the hy-
pothesis of the theorem. Hence G/Q € F by mini-
mal choice of G. Since Q <®(G) and F is a satu-
rated formation, we have that G € F. This contra-
diction shows that H "®(G)=1. By Lemma 1.10,
F(H) is the direct product of minimal normal sub-
groups of G contained in H. Let P be the Sylow
p-subgroup of F(H) and assume that
P=N,xN,x---xN,, where N,,...,N, are minimal
normal subgroups of G. We now prove that
| N, |= p foreach ie{l,...t}. If P is cyclic, then it

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

is clear. Assume that P is not cyclic and there exists
some N, such that | N, |> p. Without loss of gener-

ality, we may assume that i =1. Clearly, there exists
a maximal subgroup M of G such that G = NM

and N, M =1. Let M, be a Sylow p-subgroup of
M. Then G,=NM,=PM, is a Sylow p-sub-
group of G. Take a maximal subgroup G, of G,
containing M, and let B, =G, N P. Then
G, =G, NPM,=(G,nP)M,=PM,
and
B =G, N(N,xN,x:--xN,)=
=(G,"N))N,---N, =N/N,---N,,
where Ni =G, N N,. Since
IN,:G, "N, |=ING, :G, |5G,:G, |=p,
N; =G, NN, is a maximal subgroup of N,. This
implies that B = NN, ---N, is a maximal subgroup
of P. By the hypothesis, £ is semi cover-avoiding or
S-quasinormal embedded in G. Let T'= N, x---x N,.
Assume that B is semi cover-avoiding in G.
Then by Lemma 1.5, B /T is semi cover-avoiding
in G/T. Let
1=T<4G /T=G,<--4G/T=G,
be the chief series of G/T such that P, either cov-
ers or avoids every factor of this series. Let 7 be the
smallest index in {l,...,n} such that B /T covers
a/ a Then it is easy to see that G, " A =T and
G, <GR=GN.
It follows that G,, =G.(N;NG,), and so

N/ nG,, >1. But since N, is a minimal normal
subgroup of G, we obtain that N, <G, and
N, NG, =1. Therefore,

|N, =G, /G, [HI N, NG, = N .
This contradiction shows that B /T avoids every
chief factor a/ Ei, for i =0,L,...,n. This implies
that /7 =1 and | N, |=p, a contradiction. Now

we assume that there is an S-quasinormal subgroup
K of G such that B is a Sylow p-subgroup of K.

Clearly, £ <0,(G). Hence by Lemma 1.9, B is
S-quasinormal in G. It follows from Lemma 1.1 that
O0"(G) < N, (R). Since G, and P are both normal

in G,, we have that R =G; NP<G,. Hence
G=G,0"(G)< N, (R). F 4G
Since N, £ F,, we have P, NN, =1. This induces

that | N, |= p, a contradiction again.

Consequently,
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The  above  discussion  shows  that
F(H)=R xR, x---xR , where R, is the minimal
normal subgroup of G of prime order for all
i=1,..,n Since G/Cg(R;) is isomorphic to some
subgroup of Aut(R,), G/C,(R)) is abelian. It fol-
lows that G/ C,(F(G))=G/[ C4(R,) is abelian
and hence G/C.(F(G))eF. Then since
G/ H e F, we see that

G/(HNC,(F(H)=G/C,(F(H))eF.
Since F(H) is abelian, F(H) < C,(F(H)). On the
other hand, since H is solvable,

C,(F(H)<F(H).
Thus F(H)=C,(F(H)) and so G/F(H)eF.
Now by Theorem 2.7, we obtain that G € F, a con-
tradiction. This completes the proof.

REFERENCES

1. Asaad, M. On S-quasinormally embedded
subgroups of finite groups / M. Asaad, A.A. Heliel //
J. Pure. Appl. Algebra. —2001. - Vol. 165. — P. 129—
135.

2. Asaad, M. Finite groups with some sub-
groups of prime power order S-quasinormally em-
bedded / M. Asaad, A.A. Heliel, M. Ezzat Mohamed
// Comm. Algebra. — 2004. — Vol. 32, Ne 5. —
P.2019-2027.

3. Ballester-Bolinches, A. Sufficient conditions
for supersolubility of finite group / A. Ballester-
Bolinches, M.C. Pedraza-Aquilera // J. Pure Appl.
Algebra. — 1998. — Vol. 127, Ne 2. — P. 113-118.

4. Deskins, W.E. On quasinormal subgroups of
finite groups / W.E. Deskins // Math. Z. — 1963. —
Vol. 82. - P. 125-132.

5. Fan, Y. Remarks on two generalizations of
normality of subgroups / Y. Fan, X. Guo, K.P. Shum
// Chinese Ann. Math. Ser. A. — 2006. — Vol. 27,
Ne 2. —P. 169-176.

6. Gaschiitz, W. Praefrattinigruppen / W. Ga-
schiitz // Arch. Math. (Basel). — 1962. — Vol. 13. —
P. 418-426.

7. Gillam, J.D. Cover-avoid subgroups in finite
solvable groups / J.D. Gillam // J. Algebra. — 1974. —
Vol. 29. — P. 324-329.

8. Gorenstein, D. Finite Groups / D. Goren-
stein. — New York, Evanston, London: Harper &
Row Publishers, 1968.

9. Guo, W. The Theory of Class of Groups /
W. Guo. — Beijing, New York, Dordrecht, Boston.
London: Science Press-Kluwer Academic Publish-
ers, 2000.

10. Guo, X. On finite groups with some semi
cover-avoiding subgroups / X. Guo, L. Wang // Acta
Math Sinica. English Series. — 2007. — Vol. 23. —
P. 1689-1696.

62

11. Guo, X. On semi cover-avoiding subgroups
of finite group / X. Guo, P. Guo, K.P. Shum //
J. Pure Appl. Algebra. —2007. — Vol. 209. — P. 151—
158.

12. Guo, X. Cover-avoidance properties and the
structure of finite groups / X. Guo, K.P. Shum //
J. Pure Appl. Algebra. —2003. — Vol. 181, Ne 2-3. —
P. 297-308.

13. Huppert, B. Endliche Gruppen I / B. Hup-
pert. — Berlin, Heidelberg, New York : Springer-
Verlag, 1967.

14. Kegel, O.H. Sylow gruppen und subnor-
malteiler endlicher gruppen / O.H. Kegel // Math. Z.
—1962. - Vol. 78. — P. 205-221.

15. Li, Y. Finite groups with some S-quasi-
normally embedded subgroups / Y. Li / Comm.
Algebra. —2010. — Vol. 38, Ne 11. — P. 4202-4211.

16. Lii, X. Semi CAP-subgroups and the struc-
ture of finite groups / X. Li, Y. Yang // Acta Math.
Sin. —2008. — Vol. 51. — P. 1181-1187.

17. Li, Y. On p-nilpotency of finite groups with
some subgroups 7z -quasinormally embedded /
Y. Li, Y. Wang, H. Wei // Acta Math Hungarica. —
2005. — Vol. 108, Ne 4. — P. 283-298.

18. Petrillo, J. CAP-subgroups in a direct pro-
duct of finite groups / J. Petrillo // J. Algebra. —
2006. — Vol. 306, Ne 2. — P. 432-438.

19. Robinson, D.J.S. A Course in the Theory of
Groups / D.J.S. Robinson. — New York, Heidelberg,
Berlin: Springer-Verlag, 1982.

20. Schmid, P. Subgroups permutable with all
Sylow subgroups / P. Schmid // J. Algebra. — 1998. —
Vol. 207. — P. 285-293.

21. Skiba, A.N. On weakly s-permutable sub-
groups of finite groups / A.N. Skiba // J. Algebra. —
2007. - Vol. 315. — P. 192-2009.

22. Tomkinson, M.J. Cover-avoidance proper-
ties in finite soluble groups / M.J. Tomkinson // Ca-
nad. Math. Bull. — 1976. — Vol. 19, Ne 2. — P. 213~
216.

23. Thompson, J.C. Normal p-complements for
finite groups / J.G. Thompson // J. Algebra. — 1964.
—Vol. 1. - P. 43-46.

24. Wei, H. On ¢" -normality and its properties
/ H. Wei, Y. Wang // J. Group Theory. — 2007. —
Vol. 10. - P. 211-223.

25. Zhao, T. Semi cover-avoiding properties of
finite groups / T. Zhao, X. Li // Front. Math. China.
—2010. - Vol. 5, Ne 4. — P. 793-800.

Research is supported by a NNSF grant of
China (grant #11371335) and Research Fund for the
Doctoral Program of Higher Education of China
(Grant 20113402110036).

IHocmynuna 6 pedakyuio 21.11.13.

Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014



Ipo6remvr uzuku, mamemamuru u mexuuxu, Ne 1 (18), 2014

VIIK 917.925

MATEMATHKA

NEPBBLIE HHTEI' PAJIbI HEJIMHEMHOT O IU®®EPEHIIUAJIBHOT'O
YPABHEHUA IIATOT'O ITIOPAIKA

I'.T. Moxmxep

I'poonenckuii cocyoapcmeennviii ynusepcumem um. A. Kynanei, I poono, benapyce

THE FIRST INTEGRALS OF THE FIFTH ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

G.T. Mozhdzher
Y. Kupala Grodno State University, Grodno, Belarus

OOBEKTOM HCCIIC0BAHUS SBISICTCS HeNMHEHHOe quddepeHimaibHoe ypaBHeHHE S TOT0 MOPsAKa ¢ PalHOHAIBHON MpaBoil 4a-
cTb10. Llenblo uccne10BaHus SBISETCS HAX0XKIEHHUE YCIOBUH CyIIECTBOBAHUS MIEPBEIX HHTEIPATIOB y PACCMATPHBAEMOTO ypaB-
HEHHS U U3YYCHHE aHAJIUTUYECKUX CBOMCTB MOJNYYEHHBIX MEPBBIX HHTErPAIOB. B OCHOBHO# yacTu sl HelmHEeWHOro audde-
PEHI[MAIBHOTO yPAaBHEHHUS [ATOTO HOPSAKA [OIy4YCHbI: YPaBHEHHE I BEIYETOB U PE30HAHCHOE ypaBHEHHE. B 3aBucumocti ot
KOpHEH Pe30HaHCHOTO ypaBHEHHs Haii[eHbl HOCTATOYHBIC YCIOBHS HAJIMYHs NEPBHIX MHTETPAJIOB PacCMATPHBAEMOIO HENH-
HeitHoro InddepeHInanb-HOr0 ypaBHeH s MATOro HOPsAKa ¢ PallMOHAIBHOM 1paBoit yacTeio. Jist atux quddepeHimanbHbx
YpaBHCHHIl TIPUBECHBI MEPBbIC MHTErPabl B PACCMOTPEHHBIX B JaHHOW pabote ciydasx. IlomydeHHbIE pe3ysbTaThl MOTYT
OBITH UCIIOJIL30BAHBI B AaHATUTHYECKOI TEOPUH OOBIKHOBEHHBIX JH((hepeHIHaIbHBIX YPaBHEHHH.

Knrouegwie cnosa: ougpgepenyuanvhoe ypagnenue namozo nopsaoka, nepevlii UHmezpan, pe3onancel, ypagHeHue Ol 6bl4emos,

xapakmepucmuieckoe ypasHeHue.

The object of study is a nonlinear fifih-order differential equation with a rational right-hand side. The goal of the study is to
find the conditions for the existence of the first integrals of the equation and study the analytical properties of the obtained first
integrals. In main part of the nonlinear differential fifth-order equation obtained the equations for residues and the resonance
equation. Depending on the roots of the resonance equation, the necessary conditions of existence of the first integrals of
nonlinear differential equation of the fifth order with a rational right-hand side is found. For these differential equation corre-
sponding first integrals considered in this paper special cases are given. The obtained results can be used in the analytical the-

ory of the ordinary differential equations.

Keywords: differential equation of the fifth order, first integral, resonances, equation for residues, characteristic equation.
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Pemenne ypaBHenust (0.2) MOXHO IPEACTaBUTH B
BUZE psAa
y=ht ' +. . +ht +. ., T=2-2, 03)
s#0,h, #0.
Jns nansoro ypasHenus (0.1) xapaKTepuCTHYECKUH
mHorowieH @(A) umeer Buf [1]

P(A) =242" +(6a, +2a, +46)1° +
+(7Ta, +a, —2a, —a, +29)1° +
+(2a, —a; +a; +6)A—a, = 0.
Ortcrona
6a, +2a, +46 = 24(a+ f+y+90),
Ta,+a, —2a,—a, +29 =
=24(af+ay + Py +ad + o+ y9),
2a,—a;+a;+6=
=24(afy + afd +ayo + pyo),
a, =—24apy9,
rae o, f3,y,0 — KOpPHH XapaKTepUCTHICCKOTO MHO-
rouneHa @(A).

B pa6ote [1] mokazano, 4To npu
a=a—@4a+3), a, =a+2b,
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d
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HEHHSM
ayghy —ayhy +2ay +ag )y —
—(6a,, +2a,, +a,)h; + (1.2)
+(24a, +6a, +4a, +2a,, +a, )h, +
+120-24a, —12a, — 6a, —4a, —2a, —a, =0,
r+D)(r* —=Mr’ +Kr* —=Nr+G)=0, (1.3)
rae
M =16—a, +a,h,,
K =101-11a, -2a, —a, +(11a, + ay)h, — a,h;,
N =326-46a, —20a, —Ta, —4a, —a, +
+(46a, +7a, +4a, +a,,)h, —
~(Tay, +ay)hy +ayshy,s (1.4)
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G =5(120-24a, -12a, - 6a, —4a, —2a5 — a,) +
+4(24a, + 6a, +4a, +2a,, +a,, )h, —
=3(6a,, +2a,, +a,)h; +2Q2a,s +a, ) —a,h;.
Bynem npennonarats, uto ypaBuenus (1.2) u (1.3)
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0 .
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Ipo6remvr pusuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014



Tlepsvie unmezpanet nenuneinnozo OuP@pepenyuanbHo2o ypagHeHus nAmozo nopaoka

CrenoBatenbHO, OyayT HMETh MECTO CIIEIyIO-

IHEC COOTHOIICHUA

1

g = _%”P» 4y = _&”Pa

2a,5+a,, =
:i(Sp((4a—7)(a+4a+2)—c+16)+

+n(4(a+2)* +3p)),
6a,, +2a,;+a, =

=%(9p((4a—7)(a+4a+2)—c+16)— 2.3)

—n(4(a+2)" =5p)),
24a, +6ay +4a, +2a,, +a;, =

= —%(3(4(0; +2) =3p)(4a - T)(a+4a+2)—

—c+16)+2n(4(a +2)* - p)).
VYpasrenue (2.1) ¢ yaerom (2.2) npumMeT B
(hy =2)(phy —4ph, —4(4(@+2)" = p)x (2.4)
x(nh; +4nh, —12((4a - T)(a+4a +2)—c+16)) = 0.
Torzaa u3 (2.4) nonyuum h, —2 =0, um
ph —4ph, —4(Ha+2) —p)=0, (2.5)
Wi
nhy +4nh, —12((4a —7)a+4a +2)—c+16)=0.
N3 (2.5) naiinem
4@+’ - p)
> )

hm +h02 =4, hmhoz =

IpH 3TOM /1y, # A, .

Ecmm r =8a +16 sBmsercs KOpHEM ypaBHEHHUS
pe3onaHncos (1.2) npu Ay, u hy,, B34THIX U3 (2.5), TO
uMeeM

(B8a+16)* =M, (8a +16)’ + K,(8c: +16)* —

-N,8a+16)+G, =0, i=12.
CrnenoBarenbHO, MOTYYUM
—(M,—M,)Ba +16)’ + (K, — K, )8 +16)°* —
—(N, = N,))Ba+16)+ (G, —G,)=0. (2.6)
VYuurtsiBas, uto h,, # hy,, (1.4), (2.3) u (2.5) u3 (2.6)

Haugem
a,, =—a,((8a +5)(8a +16)+46) + a,(8a +9) -

—4a, —4a,,8a+9)+4a,, -

@@y +3p)-
P Q2.7)
—%(a+2)((4a—7)(a+4a+2)—c+16)+

+ L (+ 2)(A(a +2)2 +7p).
6p

Koaddummentsr ypasaenus (1.3) MoxHO 3amucath B
BUIE
M, =p,+q,+m +8a+16, (2.8)

K, = piq; + pm; +q;m; + (p; +q,; +m;)(8a +16),

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

N, = p.gm, +(p,q, + pm +q,m,)(8cx +16),
G, = p.gm,(8a+16),
rae p,,q;,m, — KOpHHU ypaBHeHns (1.3), oTamuHBIe
oT —1 u 8a+16,i=1,2.

U3 (1.4), (2.8) ¢ yuerom (0.6), (2.3) u (2.7) no-
JY4UM CIEYIOIIUE COOTHOIICHHS
p,+q,+m =—a—-4a+3+a,h,,
p9q; +pm, +qm =
=2(16a> +22a+33)+a(4a-T)—c—4p—
—a,(8a+5)h,, +azhy, — alzh(i.,
p.q;m, =—4(4(a + 2 = p)a+12a+13) -
—4a,,(8a +9)h, +4ah, -

—ials (4(a+2)* +3p)hy, —
p
—%(a +2)(4a-T)a+4a+2)—c+16)h, +
+$n(0{ +2)Ha+2)* +Tp)h, +
+a, (8a +9)hy, —ah. +a,h

0i
1
4—81?(481?(4(0! +2)" = p)x

(4640 +10840 +52aa +29a — 5¢ +842) —
—32(8n(ar +2)* +4p(a +2)* x 29)
x(464a* +498a + T2ac + 83a + 4c + 47) —
—p*(304a” +12a +60ac —29a — Tc +34) —
~48pa,, (a +2)Ba +9) +
+48 pay,(a +2)—48a,, (a +2)(4(ar +2)* +3p)h,, +
+24p(2n(a+2)° -
-p(272a* +150a +48ac +11a —2c¢ +29) —
—16ay,(cr+2)(8a +9) +
+16a,,(a +2))h, +8p(2n(a +2)* +
+3pBa+5)a+6a+1)—
—48a,,(a +2)h, + p’nhy) =0.
PaccmoTrpuM deTBepToe cooTHOMICHHE U3 (2.9).

Ecnmu monoxuth
1
a, =—(a+6a+l),
2
as =4p,
a, =2(a+1)a+6a+1)-p,
a, = p,

a; = %(Za +D)(4a+3)a+da+4)—-
—%a(4a +D(a+4a+2)-

—éc(a+2)—§a7(8a2 +29a +20) -

-pla+d4a+4+4a,),
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as = —é(Za +D(4a+3)a+4a+4)+
+éa(4a+l)(a+4a +2)+

1 1
+—c(a+2)+—=a,(8a* +29a +20)—a, p,
24 ( ) 6 ,( )—a,p
TO 94eTBEepPTOE COOTHOIICHHE U3 (2.9) ¢ yueToMm (2.5)
00paTUTCS B TOXKIECTBO.

CrienoBarenbHO, cooTHOIIEHUE (2.7) U mocien-
HHUE TPHU COOTHOIIECHUS 13 (2.3) IpUMYT BHI

" =%a(4a+l)(a+4a+2)—
—%(401 +3)4a+4)(a+6a+1)—
—k(2a+l)+%c(a+2)—2p(3a+l4a+7),
a, :%(40{ +D(a+4a+2)a(da+2)+ p)—
2 2 1
_Ek((ZOH—l) —p)+gc((a+2)(4a+2)—7p),
a, =—§n(a+l)(a+2)+
+ %p(Zn +38a+9)(a+6a+1)—2c),

= én(a +2)2x +3)+ip(8a +9)(a+6a+1),

e k=10a+5+(@4a+4)(a+4a+2)+
+(8a +6)(a+6a +1).
Takum 06pa3zom, noyyaem

a, =%(a+6a+l),

as = 4]7’
a, =2(a+1)(a+6a+1)-p,

a, = %a(4a +D)(a+4a+2)—-
—%(40{ +3)4a+4)a+6a+1)-

—-kQa +1)+%c(0{ +2)—
-2pQBa+14a+7),

. :%(4a+1)(a+4a+2)(a(4a+2)+p)—
—%k((205+1)2 -p)+

+%c((a +2)(4a +2)-7p),

a, =D,

) (2.10)
s == n(a+2)= p(a+16a-+6)

a, = —én(a +1)(a+2)+
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+%p(2n +38a+9)(a+6a+1)-2c),
a —in(o:+2)—l (a+6a+1)
157 0 2]’ s
a :%n(a+2)(2a+3)+
+%p(8a+9)(a+6a+l),

Ay = _4_8np’ g = —%np

Ywmuoxas ypasHenne (0.1) Ha wWHTErpupyro-
LI MHOXUTENb

A — 2y4a+3 {y4a+3ylV _ ay4a+2y!ym _

4a+2 _ n2 4a+1 !2 " 4a !4
—by™ "y —dy

—cy

4a+d . m

—l(a+6a+l)y y"+

4a+3 r

+2(a+1)(a+6a+1)y

—(—a(4a+1)(a+4a+2)—
——k(2a+1)+ c(a+2)j das2 3y

+_n(a+2)y4a+4 rZ__n(a+2)y4a+6 rj

n uHTErpUpy ero ¢ yueroMm (0.6) u (2.10), momydanm

(y4a+3y1V _ y4a+2 m by4a+2 "2 cy4a+1y!2yﬂ_
dy4a 4 (a+6a+1)y4a+4ym+
+2(ar + l)(a +6a+1)y* Tyl

—(—a(4a+l)(a+4a+2)—
(2.11)
——k(2a+1)+ c(a+2)j das2 3y

2
+_n(a+2)y4a+4 rZ__n(a+2)y4a+6 vj _

4a+2 r_m 4a+2  n2
-p(Zy yyr=yrryt -

4a+l 12 n

2(a+4a+2)y™ "y y" -

d
_2_y4ayf4+y4a+4yw_(2a+10a+5)y4a+3y!yrr+

(k c)y4a+2 /3__(a+6a+l)y4a+5 N

4a+4 72

2
+— (8a+9)(a+6a+1)y Lny‘““gj +H,

96
rae H — NoCTOsIHHAsI HHTErPUPOBAHUSI.
Teopema 2.1. [Tycmo ko3¢hpuyuenmor ypasHe-
Hus (0.1) noouunenwr ycrosusm (0.6) u (2.10). Ecau
r=8a+16 saeisemcsa xopuem ypasnenus (1.3) npu
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Tlepsvie unmezpanet nenuneinnozo OuP@pepenyuanbHo2o ypagHeHus nAmozo nopaoka

hy, u hy, uz (2.5), mo ypasuenue (0.1) umeem nep-
vl unmezpan euoa (2.11).

3 Ilepevie unmezpanwt ypasuenus (0.1) e cay-
yasx 2°-5° uz (1.5)

ITycts B ypasuenuu (0.1) a,;, =0,a,, # 0. Ilpen-
TOJIOXKKM, 4TO UMEIOT MecTo cootHomieHus (0.4). To-
rna ypasaenue (1.2) Oyaer UMeTh BUJ

a.hy =(2a, +a16)hg —(6a,, +2a,, -i-a14)}102 + G.D)
+(24a, +6ag +4a, +2a,, +a, Y, + '
+4(ax+2)(24—-6a—4b—2c—d).

[pennonoxuMm, 9to r =4a +8 sBiseTcs 00-
LIMM KOpHEM ypaBHEHUs pe3oHaHcoB (1.3), npu 4,

i= 1,_4 B3iThIX U3 (1.2). IIpu 3TOM MOKHO 3amucath
—(M, - M )(4a+8)’ +(K, - K, )(4a+8) - (3.2)
—~(N, = N,)(4a+8)+(G, —G,) = 0,i = 2,4.

W3 (3.2) npu ycnosuu, uto hy, # hy,, hy # by,

hy, # hy, 1 (1.4), nomy4um
(a,(4a +4)— a, ) (16 +36a +26) +
+4a,(4a +5)+a,,(4a +2)—3a,, +
+(a,(4a+4)(4a +5)—
—a,;(4a+4)+2a,,)(hy, +hy,) +
+Hay (4o +6) —a, B2 + hy g, + 1) = 0,i = 2,4,

VuursiBad, 4to Ay, # hy,, hy, # hy,, TO Oyaem

(3.3)

UMETh
a,(da+4)(4a+5)—a;(da+4)+2a,+ (3.4)
(s (4a +6) = ayg )by, + hyy +hyy) = 0,0 =3, 4.
Tak xak A, # Ay, TO HAXOAUM
a,, = a,5(4a +6). (3.5)
CrnenoBarenbHO, U3 (3.4) moryaum
a,(4a+4)4a+5)-a,(4a+4)+2a, =0.
Ionoxum a,, = m(4a +4), Torza us mocieln-
HET0 COOTHOUICHHS Oy/IeM UMETh
a,; =2m+a,(4a+5). (3.6)
YunteBas (3.5) u (3.6) u3 (3.3) 3anumem
(a,(4a+4)—a, +a,)(16a” +36a +26)— (3.7)
—a,(4a+2)(4a+3)+a,,(4a+2)—3a, =0.
Ilycty a4 = a,(4a+4)+a,. Toroa coorHouIe-
Hue (3.7) mpuMeT BUL
a,(4a+2)(4a +3)—a,(4a+2)+3a,, =0.
Ecmu monoxute a,, = p(4a+2), 10 U3 mO-
CJIE/IHETO COOTHOUICHHS HalIeM
a, =a,(4a +3)+3p.
Takum 00pa3oMm, moaydaem
a, =a,(4a+4)+a,,
a, =a,(4a+3)+3p, (3.9)
a, = p(4a+2),
a; =2m+a,(4a+)5),
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a, =m(4a+4), a, =a(4a+06).
Ywmuoxast ypasaeHue (0.1) ¢ yuerom (0.4) u (3.8) Ha

4a+3

HHTETPUPYIOLINHA MHOXUTENb A =y U UHTETPHU-

pys ero, OyaeM UMeTh

4a+3 IV 4a+2 _1-m 4a+2 _n2 4a+l 12 m

YTy =ay Yy by Y ey Yy +

4a 14 4a+4 . m 4a+3 1. 4a+2 13

+dy" Y+ a, Y +agy T Yy + py™ Ty

da+5 _n 4a+4 2
Fapy Y my Ty

(3.9)

+a15y4a+6y/+ 4;1_7}_8y4a+8 +H,
rae H — NOoCTOsIHHAsI HHTETPUPOBAHUSI.

Teopema 3.1. Ilycmv koappuyuenmol ypashe-
nus (0.1) noouunenwt ycnosuam a, =0,a,, #0, (0.4)
u (3.8). Eciu r =40 +8 asnaemca kopHem ypashe-
nus (1.3) npu hy, hy,, hy, v hy, e3ameix uz (3.1), mo
nepswitl unmezpan ypasternus (0.1) umeem uo (3.9).

Cneocmeue 3.1.

1. Ecau evinonnenst ycnosus 3° uz (1.5), mo
nepswitl unmezpan ypaenenus (0.1) umeem 6uo (3.9)
npu a,, =0.

2. Ecnu evinonnenwt yenosus 4° uz (1.5), mo
nepewiti unmezpan ypasnenus (0.1) umeem 6uo (3.9)
npu a,; =a,; =0.

3. Ecnu evinonuenst yenosus 5° uz (1.5), mo
nepsvitl unmezpan ypaenenus (0.1) umeem 6uo (3.9)
npu m=-2a,,,a; =a, =0.

4 Ilepevie unmezpanwt ypasnenusn (0.1) ¢ cay-
yae 6° u3z (1.5)
[Tycts Teneps B ypaBaeHu# (0.1)
a =a,; =0,a, =-2a;,
a,, =—b6a,, —2a,;, 4.1
a,, =—24a, —6a, —4a, —2a,,
U UMEIOT MecTo cooTHoIneHus (0.4).
Torpa, ecnu
(@+2)24—6a—-4b—-2c—d) =0,
TO A, B (1.2) Oyner mpou3BOIBHBIM.
[Ipennonoxum, uto » =4c +8 sBIsETCS KOp-
HeM ypaBHEHUS pe3oHaHcoB (1.3), oramyHbM 0T —1
u 0. Orcioma, ecit ¢ =—-2, T0 r=0 u

a, =a+5,a,=a+2b,
a,=c—6a,a, =2c—6b, (4.2)
a;=4d -7Tc,a, =—8d.
Ecnm nonoxuts a, = 0,a; = —4a,, TO MOIy4uM, 4TO
@ =—2ay,.
TakuMm 006pa3oM, MOTYyUUITH
a, =—4a,,a, =0,
a,, =-2a,, a,, =—6a,, —2a,;, (4.3)
a =—2a;5, a,; = a, = 0.
Ywmuoxas ypasuenue (0.1) ¢ yuerom (4.2) n
(4.3) Ha MHTErpUpYIOIHMHA MHOXHTETb A=y~ H
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UHTErpupysi ero, OyIeM HMEeTh MEepBbIH HHTErpal
(3.9) mpu

a=-2,a, :0,p:ai,
3 (4.4)

a
1

£ a,=0.
2

Ecin xe d=24-6a—-4b—2c, TO COOTHOIIEHUS

m—ia +
2 12

(0.4) mpumyT BHI

a,=a—4a-3,a, =a+2b,

4.5)
a, =c+(4a+2)a,a, =2c+(4a+2)b,
as =96-24a-16b+ (4 —7)c,

a, =4a(24—6a—4b-2c).
Torma B (1.4) monyunm G =0 u K03(hGUIHESHTHI
M,K,N Oynyt

M =19+4a—-a+a,h,,

K =134+44a-a(4a +15)—
—4b—c+(11a, +ay)h, —a,h;,
N=4a+2)(46-Ta—-4b—c)+

+(46a, +Ta, +4a, +a,,)h, — (46)
—(7a,, +a,)h; +ah;.
Ilycte p,q — xopHu ypaHeHus (1.3) orimu-
Hble oT —1 U 4a+8. Torma koaddunmeHTs ypas-
HeHns (1.3) MOXKHO 3amucaTh B BUIC
M=p+qg+4a+8§,
K =pq+(p+q)4a+8),
N = pg(4a +8).
Ortcrona c yuetom (4.6) OyzeM UMeTh
p+q=11-a+a,h,, 4.7
pq=46-Ta-4b—c—(a,(4a-3)—a,)h, —a,h;,

a sy +(a,(da+1)—a,)h; +

+(a,((4a —3)(4a +8) +46) —

—a,(4a +1) +4a, +a,))h, =0.

Tak xak h, # 0, To U3 NOCIETHETO COOTHOLIE-
Hus B (4.7) nomydaem
a b +(a,(da+1)—a;)h, +
+a,((4a —3)(4a +8)+46) -
—as(4a+1)+4a, +a,, = 0.
Jnst Toro uTo0BI /3, OBLIO NPOU3BOJIBHBIM, He-
00X0INMO
a5=0, a,(da+1)—a,=0, (4.8)
a,((4a =3)(4a +8)+46) -
—a,(4a +1)+4a, +a,, =0.

68

Ilycts
a, =a,(4a+4)+a,,
TO BTOPOE U TPEThe COOTHOMICHUS u3 (4.8) u TpeThe
7 9€TBEPTOE COOTHOIIEHHS U3 (4.1) mpumMyT BHL
a,, = —18a, + a,(4a —3),
a, =-2(4a+2)3a, +a,),
a; =a,(4a+1),
a, =—2a,(4a +4).
Takum 06pa3zoM, TOTYIHITH
a, =a,(4a+4)+a,,
a,, =—18a, +a,(4a - 3), (4.9)
a, =—2(4a+2)(3a, +a,),
a; = a,(4a +1),
a,, =—2a,(4a +4),
U5 = g =@y, =g =0.
Ymuoxast ypasaerue (0.1) ¢ yaerom (4.5) u (4.9) Ha

UHTErpupyromuit Muoxkutens A= y**" u unrerpu-

pys ero, MoJy4uM NepBbIi HHTEerpant Buaa (3.9) npu
YCIIOBUH
a, =a,;=0,p=-6a,,m=-2a, (4.10)

Teopema 4.1. Ilycmv r=4a+8 saseiaemcs
xopuem ypasnenus (1.3) u umerom mecmo coomuo-
wenust 6° uz (1.5). Toz0a

1) ecnu 6 ypasnenuu (0.1) rxosghdpuyuenmeor
nooyunenst ycnosuam (4.2) u (4.3), mo nepswiti un-
meepan umeem 6ud (3.9), ede Haoo cuumams, ymo
umeem mecmo (4.4);

2) ecau 6 ypaenenuu (0.1) rxospuyuenmol
nooyunensi ycnosuam (4.5) u (4.9), mo nepewiti un-
meepan umeem 6ud (3.9), ede nHaoo cuumams, ymo
umeem mecmo (4.10).

3aknrwouenue

B pabote HaiizeHbl HOCTATOYHBIE YCIIOBHUS Ha-
UYWL TEpBBIX HMHTErpanoB uddepeHnnantsHoTro
ypaBHeHus msaroro nopsiaka (0.1) B cimygasx (1.5).
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1. Mapmuvinos, HU.Il1. O TepBBIX WHTErpaiax
OJTHOTO ypaBHeHHs msitoro nopsaka / U.I1. MapTei-
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MATEMATHKA

VJIK 517.925

O PEHIEHMSIX OJTHOM YITPOIIIEHHON CUCTEMBI .
HEJIMHEWHBIX TUPPEPEHIIUAJIbHBIX YPABHEHHUH,
CBA3AHHOMU C 3AJAYEHN YETBIPEX TEJI

A.T. Ca3zoHnoBa

Tpoounenckuii cocyoapcmeennwiil ynusepcumem um. A. Kynanet, I poono, benapyce

ON SOLUTIONS OF SIMPLIFIED SYSTEMS
OF NONLINEAR DIFFERENTIAL EQUATIONS
RELATED TO THE PROBLEM OF FOUR BODIES

A.T. Sazonava

Y. Kupala Grodno State University, Grodno, Belarus

B 0cHOBHOI 9acTH paccMaTpHBAaeTCsl CUCTEMa, OIMCHIBAIONIAs JBIKEHUE YeThIpeX Tel HoJ JeicTBHeM cui rpaButanud. C no-
MOIIBIO DJIEMEHTAPHBIX alredpandyeckux MpeoOpa3oBaHHIl yCTAaHOBIEHA YIPOLICHHAs CHCTEMa, COCTOSAINAs M3 HEMHHEHHBIX
nuddepeHIHaNbHBIX YPAaBHEHHH, KOXKI0€ U3 KOTOPBIX MMeeT BTOpoi mopsnok. [lomydeHo 21 HenuHeiHOe aBTOHOMHOE Ju(-
(hepeHIMANbHOE yPAaBHEHHE EPBOTO MOPS/Ka OTHOCHTEIBHO O/IHON U3 KOMIIOHEHT CHCTEMBI, 00lee peleHne KoToporo ooa-
naeT cBoiictBoM IleHneBe. Y cTaHOBICHB! HEOOXOJUMBIE U JOCTATOUYHBIC YCIOBUS HAIM4us cBolicTBa [lenneBe y uccnemyemoit
CHCTEMBL.

Knroueevie cnosa: osudicenue uemvlpex mejli, KOoHcmanma 63(1”,\/[0()@12()7}1814}1, c80UCmeo Heuﬂeee, Mepo,wop¢noe peuterue.

In the main part we consider a system describing the motion of four bodies under the action of gravity. Using the set of elemen-
tary algebraic transformations, a simplified system consisting of nonlinear differential equations, each of which has the second
order was developed. 21 autonomous nonlinear differential equation of the first order with respect to one of the components of
the system, whose general solution has the Painlevé property were obtained. Necessary and sufficient conditions for Painlevé

properties in the studied system were established.

Keywords: movement of four bodies, constant interaction Painlevé property, meromorphic solution.

Beeoenue

OpnHoM M3 BaXHEWIIWX 3a7ad aHaJIUTHYECKOM
Teopun UG GEPEHINATHHBIX YPaBHEHUH SBISCTCS
3a/laua BBIAETICHUS KJIACCOB YPaBHEHMH M CHCTEM,
pelIeHus KOTOPhIX UMEIOT T€ WU UHBIE CBOWCTBA, B
ocobeHHOCTH ypaBHeHwMiA Tha [1ennese.

BecpMma 0ompIIoe 94MCIIo pa3MUYHBIX 3a/1a9 Me-
XaHWKH, MaTeMaTH4eCKOH (HU3UKH, HHKEHEPHBIX
HayK W Pa3IM4YHBIX JPYTUX OONacTeil 3HAHUS IMpH-
BOAUTCS K HHTETPUPOBAHHIO TU(PEepEHINATBHBIX
ypaBHeHUH. MareMaTtudeckue TpyJHOCTH, KOTOPBIE
BCTPEYAIOTCA MPHU HHTETPHUPOBAHUU ATUX ypaBHe-
HUM, 4acTo 3aJep>KUBAIOT pEIleHHE INPUKIATHBIX
3anad. [IpuMepoM MOXKET CIyUThb 3HAMEHUTAs 3a-
Jlada O JBMDKEHHM Tell MOJ JeHCTBUEM CUJI IPaBUTa-
UM, HEBO3MOXKHOCTb IOJHOTO pPa3pelIeHusl KOTOo-
poii oOycrmaBiIuBaeTCs OTCYTCTBHEM METOJOB HHTE-
rpalyy ypaBHEHUH TAKOrO TUIIA, KAKUE BCTPEYAIOT-
cs B 3TOH 3ajaye, U BO3MOXKHOCTBIO /10 KOHLIA HUC-
CJIE10BaTh UX PELLIEHUS.

Pewenue 3agaun o0 IBUKEHUM OJIHOTO TEJIA CO-
JIEPIKUTCS yKe B IIepBOM 3akoHe HbroTOHA — 3ak0oHE
UHEPIIH.

Pemenune 3amaun qByX Ten Takke ObUIO MOJTY-
yeHo HproToHOM. Omnmpasice Ha 3akoHbl Kemepa
JIBIDKEHUS TUIAHET U HEKOTOPBIE APYrHe Pe3ybTaThl
CBOMX IpPEJIIECTBEHHUKOB, HBIOTOH OTKpBLI 3aKOH

© Casonosa A.T., 2014

BCEMUPHOTO TSATOTEHHs, TO €CTh II0 3aJaHHOMY
JIBIOKEHMIO IUIAHEThl ObUla HaliieHa CHJIa €€ B3au-
MozelcTeus ¢ ConHueM.

B ornmume or 3amaum ABYX Tend 3alada TpPex
TEJI HE JI0ITyCKaeT OOIIEro penieHus, HO3BOJISIOIIETO
JUISL TIPOM3BOJIBHBIX 3HAYEHUH KOOPIMHAT U CKOpPO-
CTEH TeJl B Ha4YaJbHbIA MOMEHT BpemeHH ¢ = 0 npen-
CKa3aTh MOJOXKEHHE KKIOT0 M3 TPeX Teld VI JIo-
6oro Oymymero momeHTa Bpemenu ¢ > 0. 1 310 He-
CMOTpsI Ha TO, YTO BBUAY CBOEH Ba)XKHOCTH 3a/1aya
TpeX TeJ MpHBJeKaita K cede BHUMaHWE MHOTHX Ma-
TCMAaTUKOB U MEXAHUKOB, CPEAN KOTOPBIX 6]:1.]11/1 BbI-
natouuecs. Kpynueitmue matematuku XK. Jlarpanx,
K. SIxobwu, A. Ilyankape, k. bupkrod u np. 3atpa-
THJIM Ha 3Ty 3a/ady MHOTO JIET YIIOPHOTO TpyJa,
BBIJIaB IOTOK OJIECTSAIIMX HAEH M THOIyYHUB MHOTO
LICHHBIX METOJIOB M PEe3yJbTATOB, HO ITOCTPOUTH 00-
11ee peleHne TaK ¥ He yaoCh.

B pabore Curymuk Arnemkn «IIpoGiema yc-
TOMYMBOCTH 110 JIANyHOBY CTallMOHAPHBIX PELUEHUI
HEKOTOPBIX TaMHMJIBTOHOBBIX CHCTEM KOCMHYECKOH
JMHAMUKI» OBLIM MOJYy4YeHBl H 0OOCHOBaHBI HEOO-
XOOUMbIEC U NOCTATOYHBLIC YCJIIOBUA CYHICCTBOBAHUA
TOYCK OTHOCUTCIIbHOT'O PAaBHOBCCUA raMuJIbTOHOBOM
cucteMbl UG PEepeHIHATBHBIX YPABHEHUH 1IECTOrO
TIOPSIZIKA, OIMCHIBAIOIIEH OrpaHUYCHHYIO MPOOIeMy
8-u Ten C HEeNoJHOW CHUMMETpHEH, ONpeleeHo
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MHOXKECTBO HA4aJIbHBIX YCJIOBHH, MOPOMKAAOIINX
TaKWe CTAI[HOHAPHBIC PEIICHUS.

OOBEKTOM HCCIIEOBaHUS MPEJIOKEHHOH pa-
0OTBI SIBISCTCSA CUCTEMa TPeX HEIMHEHHBIX audde-
PEHIMATBHBIX YpaBHEHHA, KOTOpas SBIIACTCS Mare-
MATHYECKOW MOJICNBI0 IBUKCHUE YETHIPEX TEIN IMOJ
JICHCTBHAEM CHJI TPaBUTAIIHU.

1 Paszpewiumpte ciyuau 6 3a0aue yemoipex mei

B mnocneanee Bpemsi 3HaUMTENbHBIA HHTEPEC
MPEICTaBISAET UCCIIECAOBAHNE CIECAYIONMIEH CHCTEMEI,
cocrosei u3 N OOBIKHOBEHHBIX Iu(hepeHIraIb-
HbIX ypaBHEHUHI

m=N r !
" SuS,
=2 a, " p=1..N. (L1

; gﬂ _gm

m#n

3aBUCHMbIE IIEpEMEHHbIE ¢, = ¢, (7) SBIAIOTCS KOMII-
nexkcHbIMU. KoHcTaHThl B3aumonelicTBus a,, anpu-

OpH TIPOU3BOJIBHBI, 32 HMCKJIIOUYEHHEM TpPeOOBAHUS
CHUMMETpUHU
anm = amn’

I/IHTCPEC K CUCTEMC TAKXKC BBI3bIBACT TOT (baKT,
4TO HpU OTOXKACCTBJICHUHN KOMITJIEKCHOM ¢ -IL10C-

KOCTH C (DM3MUECKON IIOCKOCTBIO W TIPH OTpaHHYe-
HUM Ha BELIECTBEHHOE 7 (MHTEPIIPETHPYEMOe Kak

«Ghm3nuecKoe BpeMs») ABIKEeHHE N TOUEK &, COOT-

BETCTBYET PEIICHHIO 3a]1a9d MHOTHX TEJI B IUIOCKO-
CTH, XapakTepu3yeMoil HbIOTOHOBCKHMH ypaBHe-
HUAMHA ABUIKCHHSA C MHTCPCCHBIM CBOMCTBOM: cpeau
pemeﬂmﬂ 3aJa4yu MHOT'MX TEJI MMCIOTCIA MHOI'O peE-
HIEHUH C MOJHOCTBIO MEPUOAMYECKHMHU TPAEKTO-
pUAMH.

HecmoTpsa Ha Kaxymryrocs mpocToty (hopMy,
AHATUTHYECKOTO pPEIIeHUs JaHHOM 3aJadu B 00IIeM
Buje st N > 3 noka He HalAeHo.

B manHoi#l pabore paccMmaTpuBaeTcs 3amada o
JIBUCHHUN YETHIPEX TEII.

W3 (1.1) BuzHO, uto nentp macc Z = Z(7),

_ G tote g,

L="—""—""",
4
JIBIDKETCS] pAaBHOMEPHO:
Zrl — 0’
Z(t)=Z(0)+Z'(0)r=Z(0)+V7r.

TTonoxum
Ay =0y =0a,a, =a;, =¢,a,, =4d, =d,
ay =ay =b,ay =a, =e,a,, =a,; = f.
CymiecTByeT TaKKe MHTErpall JBMXKEHHs (YTO
HerocpeacTBeHHo cienyet u3 (1.1) [1]):
o 2a 2b
K =6/6,6:6,(5,—6,)" (6, —6;)7 %
2¢ 2d 2e 2f
xX(¢,—6) (6, =) (g, —¢,) (gy =)
BBenem koopauHaThl OTHOCHUTEIBHO IIEHTpa
Macce
un = g}'l _Z’n = 172’374’
YTOOBI BBITOIHSIOCH
u, +u, +u, +u, =0.

70

Jiist yno0GcTBa 0003HaUSHHUIT TOJI0KAM
U =X, Uy, =Y, Uy =Z,U, =—X—)y—Z.

C moMompI HECIOXKHBIX —anredpamdecKux
mpeoOpa3oBaHMil MOXKHO TETeph 3alrcaTh ypaBHE-
HUS BMKCHUS W WHTETPAN JBIKCHHUS B TEPMHHAX
MIepEeMEHHBIX X, V, Z:

X:za(erV)(erV)+2c(x+V)(Z+V)—
x-y xX—z
_2d(x+V)(x+y+z+V)’
2x+y+z
j}=—2a(x+V)(y+V)+2b(y+V)(Z+V)—
. N ~y . g (1.2)
_2e(y+V)(x+y+z+V)
X+2y+z
Z:—Zc(x+V)(Z+V)—2b(y+V)(Z+V)—
X—-z y—z
_2f(z+V)(x+y+z+V)
xX+y+2z

K=x+y+")cz+V)(x+y+z-V)x
x(x =) (y=2)" (2= x)* x
x(Q2x+ y+z) (x+2y+2)* (x+ y +22)*,
e x=x(7), y=y(r), z=2z(r), t=t—t,, V=2'(0),

K = const.
PaccmoTpum cucremy

Xy _2d)'c()'c+j/)

xX—=y 2x+y ’
Ly )
x=y x+2y

X=2a

. . (1.3)
_2cx(z+V)_2by(z+V)_
x y
_zf(z'+V)(x+)>)’
X+y

KOTOpasi SIBIISIETCS WHBAPHAHTHOW IIPU 3aMEHE Iie-
peMeHHbIX (7,X,Y,Z;ET,X,V,£2), & — Napamerp, a
3HAYUT, SBJISIETCS yHpouieHHoi 1 (1.2).

CornacHo [1] cnpaBennua

Jemma 1.1. /{12 mozo, umobwt éce pewrenus (1.1)
SGISIUCL MEPOMOPHHBIMU QYHKYUAMU Om T, Heoo-
xo0umo, umobvl ece nokasamemu y,,[,.I,n=16,
onpedensgemvle uepes Koncmaumsl a,b,c,d,e, f c

NOMOUbIO COOMHOUEHUT
1

= l+a,’
B, =-2a,,
3 2
- 24a+b+c+d+e+ [’

a, ef{a,b,c,de, [},

npurHumMalu yeioducieHHole ujiu beckoHeyHnbvle 3Ha-
YeHUuA.
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PaccMoTpHM mepBOe U BTOPOE ypPaBHEHUsI CHC-
temsl (1.3)

U3 [2] umeem
Jemma 1.2. [na umamuuus y (1.4) ceoticmsa
Tennese neobxooumo

1) a=d=—l,e:0,
2

1
3Ya=e=——,d=0.
2
PaccmoTpum kakplil U3 ciaydaeB JeMMsl 1.2.
1
Mycte a=d = 5 e=0. Torma cucrema (1.4)

MIPUMET BH]T
_Xy FEEY)
X—y 2x+y
xy
= 5
Y COOTBETCTBYIOIINN MHTETPaJl ABHKCHHUS
__ E+y)
(x=1)2x+y)

Jlerko mpoBeputh, 4To obmee pemeHue (1.5)

HMEET BUJT

(1.5)

K
xz—?r3 +M 7+ M+ M,

K
yzzr3 +Llr2 +L,,

rae L,, L; — npou3BONIBHBIE IOCTOSIHHBIE, a M|,

M,, M, onpenensrorcs U3 COOTHOLIEHUI
_3L,K g
1 W
3L.K
M, = 2_L1
M,=L,.
Wuterpupys tperbe ypaBHeHue cucreMsl (1.3),
MOJyYUM HEPBBII HHTETpan
= Ay (x+ ) -V, (1.6)
rze A — Npou3BOJIbHAs OCTOSIHHASL.

C yderoM ycnmoBus JeMMHI 1.1, a Takke mepBo-
ro  yciloBus JeMMBI 1.2 MOJNOXKHM,  4YTO

M —L

19

E

1
a=d= —5, e =0, a KOHCTaHTHI ¢, b, f IPUHUMAIOT

OITHO W3 3HAYCHUH, MPUBEICHHBIX B Tabmure 1.1.
Jmns xaxxgoro m3 20 HaOOpoB 3HAYCHHWN KOH-

CTaHT B3aMMOJEHCTBUSI ¢, b, [ B COOTBETCTBUH C

(1.6) moxHO HaiiTu obmiee pernenue cucteMsl (1.3).

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

Ta6nuna 1.1. — 3Ha4eHust KOHCTAHT ¢, b, f

c b f
-1 -1 -1
0 -1 -1
-1 0 -1
-1 -1 0
0 0 -1
0 -1 0
-1 0 0
-0,5] 0 0
0 |-05] O
0 0 |05
-0,5]-05] 0
-0,5] 0 |-05
0 |-0,5]-05
-0,5 | -0,5|-0,5
-1,5] 0 0
0 |-1,5] 0
0 0 |-1,5
-1,5]-1,5] 0
-1,5] 0 |-15
0 |-1,5]-15

Hmxe npusenennsle Gynkuun F, (1), k =1,20,
SIBJISIFOTCS! TIOJTMHOMAMH TI0 72
De=b=f=-1, 2=4Axy*(x+y) -V,
z=F/(r),deg F,(r)=19;
2)c=0,b=f=-1, z=Ay"(x+y) -V,
z=F,(r),degF,(r)=13;
3)b=0,c=f=-1, z=A"(x+y) -V,
z=F,(r),degF,(r) =13;
4 c=b=-1,f=0, 2=Ax"y" -V,
z=F,(1r),deg F,(r) =13;
5Yc=b=0, f=-1, z=A(x+y) -V,
2= F(2),deg Fy (1) = T;
6) c=f=0,b=—1, 2=Ay" -V,
2= F(2), deg Fy (1) = T;
7 e=-Lb=f=0, z=Ax* -V,
2= Fy (1), deg Fy (1) = T;

8) c=—%,b=f=0, z=Ax-V,
2= F(2). deg (1) = 4

9) b=—%,c=f=0, z=Ay-V,
2= Fy(z), deg Fy (1) = 4

10) c=b:0,f=—%, z=A(x+y)-V,
z=F(7), deg F,(r) = 4;

11) c=b:—%,f=0, z=Axy-V,
z=F, (), deg F,(7) =7,
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12) b:O,c:fz—%, z=Ax(x+y)-V,
2= Fy(r),deg Fy (1) = 7;

13) c:0,b:f=—%, z=Ay(x+y)-V,
2= Fy (o), deg Fy (1) = T;

14) c:b:fz—%, z=Axy(x+y)-V,
z=F,(7r),deg F,,(7) =10;

15) c:—%,bzf:O, Z=Ax’ -V,
z = F(7), deg F{5(7) =10;

16) b:—%,(::f:O, z=Ay’ -V,
z = F(7r), deg F;(7) =10;

17) c:b:0,f=—%, z=Ax+y) -V,
z=F,(r),deg F}, () = 10;

18) c:b:—%,f:O, =AY -V,
z = F(7), deg Fi4 () =19;

19) c:fz—%,b:O, = A (x+y) -V,
z=F,y(r),deg F, () =19;

20) c:O,b:f=—%, z=Ay (x+y) -V,
z =F, (1), deg F,, () =19.

[TycTs Temeps a :—%, d=0,e=-1.

Cucremy (1.3) mepemnuiiem B BuIE

__X
o (1.7)
§ = o, X(x+y)
xX=y x+2y
Y COOTBETCTBYIOIIUI NEPBBIA UHTETPAI
£+ ) 08)

(x=y)(x+2y)’
Jlorapupmuueckoe auddepeHupoBanme mep-
BOTO ypaBHEHHA cucteMsl (1.7) maet

o,
X x+2y

Bo3Boms mocienHee ypaBHEHHE B KBampar, C

YYETOM PaBEHCTBA
X7
4Kx
MOJTyYUM ypaBHEHHE BHIA
x" —2Kx = 0. (1.9)

Jlemma 1.3. Vpasuenue (1.9) umeem odwee

peuieHue

x=G,+e" (G, 7" +Gr+G,),

y=—r——i,
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20e H =12K,G,,G,,G,,G,,K — npoussonvvie no-
cmosinmble, T=1—t,.

Takum obpa3om, cripaBemIMBa
Jemma 1.4. Cucmema (1.7) umeem obwee pe-
weHue

x=G,+e" (G, 7" +Gr+G,),
y=G,+e" (G’ +Gr+G,) -
1 FX@F@+4KF (0)F, ()
4K 2KF](z)
20e H=32K, G,,G,,G,,G,,K — npouseonvhvie no-
CMosiHHble, T =1 —1,
F(r)=e"" (HG,r* + (HG, +2G,)r +
+G, + HG,),
F,(r)=e""(H’G,7* +(H’G, +4HG,)r +
+2HG, + H’G, +2G,),
Fy(r)=e""(H’G,* +(H G, + 6H’G,)r +
+3H’G, + H’G, + 6 HG,).
C yuerom nemmsl 1.1, 1emmer 1.2 u ypaBHeHUS
(1.6) monoxum, uro a =-0,5;d =0,e=-1, a xoH-

>

CTaHTHI ¢, b, f IPUHUMAIOT OJHO W3 3HAYEHHH TaO-

el 1.1, a 3HaYeHnus b:c=f:—%.

B coorBerctBuM ¢ ypaBHeHueM (1.4) u tabnu-
neir 1.1 6butn momydeHsl 20 OOBIKHOBEHHBIX JTU(]-
(epeHIMANBHBIX YpaBHEHUH i1 QyHKIMH z. B 10-
MOJIHEHWE K BBINIE TPUBEACHHBIM, TIpH b =c =

=f= —% OyneM uMeTh z = Ax’y’ (x+y)’ - V.

Ecmm a=e= —%, d =0, To cucrema (1.3) mpu-

MET BH

Xy

x—y’
L [6550)
xX—y x+2y

(1.10)

IMpu stoM oOmee pemenne cucremsl (1.10)
MOYKHO 3aITiCaTh B BUJIE
K
x=-—7 +Cr’+C,r+C,,
K6 (1.11)
y =?T3 +D7* + Dyt + D,

C,,C,,C, — npou3BOJbHBIE IOCTOSIHHBIE, @ D, D,,

D, HaxogATcs U3 COOTHOIIEHHUHI

_3K’C,-2KC,C, -8C]

D

4C,K +8C} ’

C c’
D,=-4—LD —4-L, 1.12
) D4y (1.12)
D3:C3—2C1C2Dl,r:t—t0.
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B cootBercTBHM C ycioBusSMH JeMMHl 1.1, a
TaK)Ke TPETHUM YCIIOBHEM JIEMMBI 1.2 TOIyYHM, 4TO

1
eclii a=¢e= —E,d =0, a KOHCTaHTHI ¢, b, f IpuHU-

MalOT OJHO W3 3HA4YCHHMH, NPUBEACHHBIX B TAOJMILE
1.1, To cucrema (1.3) obmagaer cBoiictBom [leHneBe.

Jns xaxxporo u3 HAOOPOB 3HAYCHUN KOHCTAHT
B3aUMOJIeHCTBYSI ¢, b, f Tabmuupl 1.1 MOKHO HalTH
20 0ObIKHOBEHHBIX (D (epeHINATBHBIX YpaBHEHUN
Juisi GYHKIUH z, TIPH 3TOM X, Y OMPEACNICHBI COOT-
HomreHusimu (1.11) u (1.12).

W3 Bcero BBINICH3IIOKEHHOIO 3aKIFOYAEM, YTO
BEpHa CIICAYIOLIasi TeopeMa.

2 Heob6xo0umbvle u o0ocmamouHvle ycio6us
Hanuuusa ceoticmea Ilennege y cucmemut (1.3)

Teopema 2.1. [[na nanuuua y cucmemwl (1.3)
ceoticmea Ilennese HeobX00uMO U OOCMAMOYHO
8bINOTHEHUE 0OHO20 U3 YCTIOBUILL:

1
1) a=d= Y e =0, xoncmanmol c, b, f npu-
6eoenvl 6 mabauye 1.1,
1
2) a= Y d =0, e = -1, xoncmanmul c, b, f npu-

6edervl 6 mabnuye 1.1, a maxoce b=c= [ = —3;

1
3) a=e= > d =0, xoncmanmot c, b, f npu-

6edenvt 6 mabauye 1.1.

3akniouenue

Jist cuctemsl (1.2) Tpex HenuHEHHBIX anudde-
PCHLMATILHEIX ypaBHEHHH, OIMCHIBAIOIICH JBHXKE-
HHE YeTBIPeX Tell, C TOMOIIBI0 3aMEHbI ITEPEMEHHBIX

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

(r,x,y,z;€1,X,y,6z) TOTy4eHa YIPOIICHHAS CHUC-
tema (1.3). I naHHO#M ynpoIieHHO# cucTeMbl Hakl-
JICHBI HEOOXOAWMBIC YCIOBHS HAJIHIUS MEpOMOpd-
HBIX pEIICHUH, KOTOpPBIE NMPUBEACHHI B Jemme 1.2.
Jnst KaxI0ro N3 HeOOXOIMMBIX YCIOBUH TTOJTyYEHBI
JOCTaTOYHbIE, KOTOPbIE BKIIOYAIOT B ce0s HaOOpHI
KOHCTaHT MEXYaCTHYHOTO B3aUMOJCHCTBUS U3 Tad-
et 1.1,

Bo Bcex Tpex ciydasx nemmbl 1.2 3amucaHbl
YIPOIIEHHBIE CUCTEMBI, a TAK)Ke HAMIIeHbI X 00IIue
pemenusi. s TOCNENHET0 YpaBHEHUS CHUCTEMBI
(1.3) B cooTBercTBHH ¢ HabOopaMu KOHCTAHT U3 Tal-
munel 1.1 s QyHKOUM z MOJy4eHsl IpocTenIme
muddepeHnanbHbIe ypaBHEHHS, O0IIee peIIeHue
KOTOPBIX MOYXKHO 3aITHCaTh B 3aMKHYTOM BHJIE.

[Toxazano, 4To Tpy HaWAEHHBIX Habopax 3Ha-
YEHHUH KOHCTaHT MEKYACTUYHOTO B3aMMOJEHCTBHS B
3a7a4e YeThIpeX TeJ B IUIOCKOCTH KOMIIOHEHTHI 00-
mero pemeHust cucreMsl (1.3) sABISAIOTCS TOIHMHO-
MaMmHu 110 .
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ACUMIITOTHUKA KBAJAPATUYHbBIX AHHPOKCI/IMAHI/Ivﬁ IPMHUTA - ITAJIE
IKCIIOHEHIIMAJIBHBIX ®YHKIIUU

A.Il. CrapoBoiiToB

Tomensvckuti 2ocyoapcmeennviii yuusepcumem um. @. Ckopunsi, I omens

ASYMPTOTICS OF QUADRATIC HERMITE — PADE APPROXIMANTS
OF THE EXPONENTIAL FUNCTIONS

A.P. Starovoitov

F. Scorina Gomel State University, Gomel

B paboTe u3ydaroTcsi acCMMITOTUYECKHE CBOWCTBA KBaJIPATHYHBIX AMArOHAIbHBIX anmpokcumanuid Dpmura — [lage | tuna mns

A 2 o
CHCTEMBI 9KCTIOHEHT {e”"}, ¢ IPOM3BONBLHBIMK PA3IHIHBIME JCHCTBUTEILHBIMK TOKA3ATENAMH Ay, A, 4,. JlokasaHHbIe Teo-

peMBl IOTIONIHAIOT U3BecTHBIE pe3yibTatsl I1. bopseitna u @. Bunonckoro.

Knrwouegwie cnosa: annpoxcumayuu Spmuma — Ilade I muna, keaopamuunvie annpoxcumayuu u Ipmuma — Ilade, acumnmo-

mu4eckue paserncmea, Memoo nepeeaia.

The paper deals with asymptotic properties of diagonal quadratic Hermite — Pad’e approximants of type I for exponential sys-

tem {e;"’z}zfzo with arbitrary real A, 4, 4,. The proved theorems complement the known results of P. Borwein, F. Wielonsky.

Keywords: Hermite — Pad’e approximants of type I, quadratic and Hermite — Pad’e approximants, asymptotic equality, saddle-

point method.

Beeoenue

Bymem paccmaTpuBaTh /ABa THMA IHArOHAJIb-
HBIX anmpokcuManuii Ipmuta — [lage sKCoHEHITH-
IBHBIX (QYHKIMH (IO MMOBOAY TEPMHUHOJOTHUH CM.
[1]). Omun u3 stux THNoB (German type — tum II)
COCTOUT M3 COBMECTHBIX PaIlIOHATBHBIX alMPOKCUMa-

1147171 ﬂ,{;l’kn (z;ej‘f) = P,; (2)/0,,(2), j=12,.,k Ha-

0opa 3KCIIOHEHT {efz}';:], Ijle MHOTOWIeHbl P!,

Q,, UMEIOT CTEIEHb HE BBIIE k7 U ONPEAENAITCS
W3 YCIOBUU
Jjz J _ kn+n+1

0, (2)e” = PJ(z)=0("""],.z > 0. (0.1)
BrniepBble Takue KOHCTPYKLHU PallMOHAIBHBIX APO-
6eit paccmarpuBan L. Opmur (1873 r.) B cBA3M ¢
JIOKa3aTeIbCTBOM TPAHCIEHACHTHOCTH YHcia e [2],
[3]. Ilpu mokazaTtenbCTBE TPAHCICHIEHTHOCTH YHC-
na z Jluapeman (1882 r.) mcmosb3oBan aHaOrH
nIpobeit DpMuUTa, TOCTPOCHHBIE YK€ IS CHCTEMBI

Az
JKCIIOHEHT {e”’ }’;:1, rae A, — pasnuuHble anred-

pamdeckue grcna (cm. [3]).
IMozxe (1883 r.) Opmur [4] BBEN mpyroit THIT

anmpoxcumaruit (Latin type — tun I). s nabopa

¢byHKIMHA {ejz}’j‘.:0 STU AlIIPOKCUMAaLUU COBIALAIOT

¢ MmHorowrteHamu A4,(z), A/(z),...,4,(z) crenenu

HC BBIIIC 7 —1, JJI1 KOTOPBIX

" 4 (2)e” =0(z""),z>0.  (0.2)
. P
=

© Cmaposoiimos A.IL., 2014
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ITpenmnonaraercs, 4yTo XOTs Obl OJUH U3 MHO-
FOWICHOB A, (z) TOXHECTBEHHO HE PaBEH HYIIIO.

K. Manepom [5] 6buIO MOKa3aHO, YTO C MOMOLIBIO
9TOTO THIIA AIIIPOKCUMAINI Tak)Ke MOXHO JJOKa3aTh
TPaHCIEHICHTHOCTh YHCIIA e.

B omHomepHOM ciydae (k =1) obmast mocra-
HOBKA 3aJjauyél 0 HaXOXXICHUHU IMOJMHOMOB, YIOBJE-
TBOpstonx paBeHcTBaM (0.1), (0.2) mpuHamIexuT
[Tage [6], a mocTpoeHHBIE IBa THMIA IMOJMHOMOB
coBmagaT. B MHOTOMEpHOM cityuae (k >2) cuc-
TeMaTH4YecKoe M3ydeHHe almpoKCUMAIi JpMuTa —
Iame I u Il TumoB cBsi3aHO C TOSIBIEHHEM DPadOT
K.Mazepa [1], [5] (00 ydacTuu Apyrux aBTOpOB B
co3nanuu (popManbHOM Teopun cM. 0030psI [7], [8]).
O06a Ttuna anmpokcumainmii Ipmuta — Ilage, sBHO
pa3inYHbBIe B MHOTOMEPHOM CIIydae, IMEIOT MHOXe-
CTBO IIPUMEHEHHWH B TEOPHM YHCEN, B YaCTHOCTH,
JUII U3MEPEHUsT WppaIoHaIbHOCTH [9], B mokasa-
TeNbCTBaX TpaHcleHaeHTHocTH [10] 1 B uccnemoBa-
HUSX anreOpanmdecKod MPUPOIBI MaTeMaTHUECKUX
KOHCTAaHT, HalpuMep, 3Ha4eHHH ja3eta (YHKIUH
Prumana B HaTypaJbHBIX TOYKaxX, HOCTOSHHON Difse-
pa [11] (o apyrux npunoxkenusx cm. [12], [8], [13]).
Kak yxe OpU10 CKa3zaHO paHee, pu k =1 MBI pu-
XOIUM K KJlaccudeckuMm annpokcumauusMm [laze. B
3TOM ciy4ae Teopema Ilajge yTBep»maeT, 4yTo Ui

nomiHoMoB A, (2)=-P, (2),  A4(z)=0, ,(2),
HOPMHUPOBaHHbIX Tak, 4ro A (0)=1, nmpu n—> ©

nokanbHO paBHOMepHO 1o z € C, T.e. Ha moOoM
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komrnakte B C, copaBemMBBl aCHMITOTHYECKUE
paBeHCTBa
4,(z) =€ (1+oq/ n)),
A(z)=¢€" (1+0Q/n)).

C nomomeio sBHBIX (opmydn I1. Bopaetin [14]
Hamén acUMITOTHKY KBaApaTH4HbIX (k =2) an-
npokcumanuit Opmura — [lamge I Tuma. 3toT pesynb-
taT Ob1 0000méH @. Buonckum [15] Ha cimyuaii
MPOM3BOJILHOTO k. PaBHOMepHas CXOIUMOCTH am-
npokcumauwii dpmuta — Iane Il tuna 7/, (z;€”)

x e”, j=1,2,..,k Ha xomnakrax B C Obl1a m0Ka-

3aHa A.J. AntekapeBsiM [16]. VIM ke ycTaHOBIEHa
paBHOMEpHAas CXOAMMOCTh ampoKcUManuil DpMuTa

— [Nage II Tuma, MOCTPOEHHBIX IJIsI CUCTEMBI DKCIIO-

k

A
HenT {7} jo1» TAE A, — IPOU3BOJIBHBIC OTIMYHbIC
OT HyJIsl KOMIUIEKCHBIE 4Hcia. B paborax aBTopa

[17], [18] nHaiineHa acUMITOTHKA TaKHX alIpOKCH-
Maluil COOTBETCTBEHHO MJisl cucTeM {e” }’j‘.:1 u

Az
{e” }';:1, rie A; — NPOM3BONBHBIE OTIMYHBIE OT

HYJI AEHCTBUTEIBHBIC YUCTIA.

Ilenpro MaHHOM CTAaThH SBISCTCS 00O0OIICHHE
pe3ynbraroB 1. bopBeiiHa 0 KBagpaTU4HBIX IUAro-
HaJIbHBIX aNNpOKCUMAanMAX I THIa Ha CHCTEMBI JKC-

MOHEHT {eﬂ‘)z, e, e‘zz} C NPOU3BOJIBHBIMU pa3IHy-

HBIMU JEHCTBUTENBHBIMU IOKa3aTeIAMH A, A, 4,.
Takoe 0000IIEHNE TONyYEHO B PE3yJIbTAaTEe HCCIIe-
JIOBAaHUsl aCUMITOTHYECKHUX CBOMCTB MHTEIPabHBIX
MpeCTaBICHUIN MHOTOYJIEHOB {4/ (z)}i:0 ,

degA! < n—1, ylOBIETBOPSIOIMX YCIOBUSM:
2
A _

Y Al =0(z"" )20, (03)

p=0
IIpu wuccnemoBanuu mnpuMeHstoTcs 3(deKkTUBHBIC
JUId Takoro aHanusa meronsl Jlamaca u mepesana.
TexHONIOTHS X TPUMEHEHUS ABJISICTCS PE3YIBTaTOM
CHUHTE3a METOJIOB JIOKA3aTeIbCTBA OCHOBHBIX pe-
3yJbpTaTOB B padorax [15], [17] u MoxkeT OBITH wmc-
MOJb30BaHA JUIS  W3YYCHUS  ACHMIITOTHYCCKUX
CBOHCTB ammpokcumanuii Opmura — [lage I poma ms

A; -~
cucreM {e ~/z}';:l IIPU TIPOU3BOJIBHBIX NEHCTBUTEINb-
HbIX A, ¥ k> 2.

be3 orpanuuenusi OOIIHOCTH B JalbHEWIIEM
Oynem cuutath, uto 0=A, <4 <A4,. Obmuii ciy-
yall CBOAMTCS K paccmaTpuBaemomy. s a3toro
JoctaTouHo paBeHCTBO (0.3) yMHOXHTH Ha e,
rae A" =min{/,, 4, 4,}.

1 Ilpeosapumenvnvie pe3ynsmantvl
0 1 2
Ionunomsl 4, (z), 4,(z), A4;(z), ynoBiaerso-
psoriie paBeHcTBaM (0.3), MOTYT OBITH TOTYYECHBI
peluieHreM JTUHeHHON cucteMbl 31 —1 OZHOPOIHBIX
ypaBHEHHIA ¢ 377 HEW3BECTHBIMH KOA(PPHUIMEHTAMH.
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[TosTOoMy HeTpUBHANIBbHOE pEIIEHHE BCETZa CyILIECT-
ByeT. Jlerko mokasaTh, 4TO TaKHe HETPUBHAJIEHBIC
peleHns MOTyT OBITh BBINUCAHBI B SIBHOM BHJIE.
HeiictBurensro, nycts C, — rpaHALa Kpyra ¢ LeH-

TpOM B TOYKE /1[) CTOJIb MaJIOr0 pajguyca, 4TO BCEC
OCTaJIbHBIC ﬂj JIS)KAT BO BHCIIHOCTHU 3TOr'0 Kpyra.

HUcnons3ys Teopemy Komu o BbldeTax, Jerko moxa-
3aTh, 4TO (QYHKIMN

e’

jed—f 0<p<2, (L)

& o]

rae ¢(&)=&E(E-A4)E-A,), ynosnerBopsitor (0.3)

Y BCEM JIPYTHM YCIIOBHSIM.

Jlanee mpu W3y4eHUM ACHMMTOTHUKHU IOJIMHO-
MoB (1.1) OynmeM HCMOJIb30BaTh M3BECTHBIC METOIBI
KOMIUIEKCHOTO aHanu3a. [IpuBexmem 0e3 1okasza-
TENBCTB B YIOOHOM JJIsi Hac BUAE HEOOXOIMMEIE
yrBepkaeHus [ 19, c. 398, c. 415].

Ymeeporcoenue 1.1 (Meron Jlanaaca). [lycms
f(x), S(x) nenpepwisnvie na ompesxe [a,b] @yHk-

4/2)= 27i

yuu, npu smom S(X) npuHuMaem moavbKo Oelicm-
sumenvHule 3navenus, a f(x) moocem 6vimb KOM-
nnexcrosznaunot. Ilonazaem
I = jb ()™ dx.

IIpeononazaem, umo S(x) 6 mouxe x, €(a,b) ume-
em abconromuslll Makcumym Ha ompeske [a,b],
m.e. S(x)<S(x,), x#x, S"(x,)#0, u Pynxyuu
f(x), S(x) becxkoneuno oughbgepenyupyemol 6 Hexo-
mopoti okpecmuocmu mouku x,. Toeda npu n —> +0
CIpaseodugo acUMnNmMomuyeckKoe paeeHcmeo

I = —%Z;O)e"m“) {f(x0)+0(1/n)}. (1.2)

Ymeeporcoenue 1.2 (Meton nepesadna). Ilycmo
yukyuu  f(z) u S(z) pezynapuvl 8 Hekomopol
oonoceasHou obnacmu G, codeporcaweli KYCOUHO
2NAOKYI0 KpUBYI0 ¥ U

F,=[ f(&er@dg.
4
Ilpeononoosicum, umo n;ax ReS(&)  oocmueaemcs
ey

MOJIbKO 6 MOYKe Z,, KOmopas AGJIAEemcs enympeHHezl

MOUKOU KOHMYpa U NPocmoil MouKol nepesaid, m. e.
S'(z,)=0, S"(z,)#0. Cuumaem maxxce, umo 6

OKpecmHOCmU z, KOHMYp Y Hnpoxooum uepe3 oba
cekmopa [19, c. 414], 6 komopuvix ReS(&) < ReS(z,).

Toz0a npu n — ©
o [2r
nS"(z,)

Buibop eemeu xopusa 6 (1.3) onpedensemcs uz
YC08UlL

&S f(z)+0(1/m)}. (1.3)
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1
arg |-————=g¢,,
s

20e @, — y2on medcoy KacamenvHol K kpueou | 6
mouke z, U NONOACUMENTLHbIM HANpAsieHuem Oeli-

cmeumenvhol ocu, a | — nunus Haubvicmpetiue2o

CHyCcKa, NPOXoOAwas 4epes mouky z,, m.e. ona | 6
OKpecmHoCmu z, BbINOTHAIOMCA
ImS(z) =ImS(z,) npu zel,

npu zel, z+#z,.

VCA08UsL:
ReS(z) < ReS(z,)

2 Acumnmomuka KeaopamuuHwvlX annpokK-
cumavuii Ipmuma — Ilaoe
IlepeitnéM HENMOCPENCTBEHHO K H3YUYEHHIO

ACHMITOTHKH MOJIMHOMOB A”, 0< p<2. C sroit
1enpio BBeAEM HeoOxommMble obo3HadeHus. [lycts
X, i=12 wym dyskuuu @'(£), T.e. ¢'(x,) =0,
i=12. fIcHO, 4TO X, — NEHCTBUTEIBbHBIE YUCIA U
5 e.4), x,e(.A). Tpn £cCVA Y, pac
CMOTPHM OJHO3HA4YHYI0 (YHKIHIO (TJIABHYIO BETBb
norapugma)
S(8) =—Ing(5) =-In[ ()| —iarg, p(5),

rae arg, ¢(&) € (—z, 7] B obnactu e€ onpenenenus
CIpaBe/VINBBI PAaBEHCTBA

P __1 1 1

S'(&)=- -
© P& & (E-h) (E-h)
" 2" (e -[p' ]
S =_
«© 9 (&)
1 1 1
=—+ + ,
& E-A) (E-A)

U3 KOTOpBIX criefyert, uto S'(x;) =0,

§"(x;)==¢"(x;)/ p(x,)>0, j=1,2.
Teopema 2.1. Ilpu n— © J0KATILHO PAGHO-
MEpHO no z

1S () iz 1+0 1/ 2.1
N R
A _ 802 o= (1 L O/ 1
- W (1+00/m)-
1500 gl =)z (1+oq/ 22
ﬁ - e

A(2)=— S 2 (11.0(1/ m)). (2.3)

27mS"(x2)

Lokazamenvcmeo. VIcxons W3 UHTErpalbHOTO
MpeICTaBICHUS
0

4.(2)= 27i

JIOKaxkeM paBeHCTBO (2.1) ams kaxaoro puxcupo-

BanHoro ze€C. [lns storo B wmHTerpane (2.4)

negopMupyeM  KOHTyp uHTerpupoBanus C, B

| ende, 2.4)
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MPsIMOYTONBHUK R, TIpUHAIUICKAIMUH 0O0JNAcTH
{z:—0<Rez< A}, ¢ BeplIMHaAMH B TOYKax
A(-ad',-r), B(-a',r), C(a,r), D(a,-r), Tne r —
JIOCTATOYHO  OOJBIIOE  TIOJNOXKUTEIFHOE  YHCIIO,
ae(0,4), a'>0. Torna Ha BEpTUKAIBHOM OTpE3-
Ke, COEAUHSIIONEM TOYKM A u B, Makcumym
¢bynkuun  ReS(&) nmocruraercss B eMMHCTBEHHOW

TOUKe —a'. AHAIOTWYHO HA BEPTUKAILHOM OTPE3KE,
coequHsaomeM Toukn C u D, MakCUMyM 3ToH
(YHKIIMH TOCTHTAeTCsI B E€IMHCTBEHHOM TOYKE 4.
Ha ocraBmmxcst AByX TOPH30HTalbHBIX OTpe3Kax
NPH  JOCTaTOYHO OoibmoM 7 3HadeHHs ReS(&)

MEHBIIIE KaXI0ro u3 3HaueHuii ReS(£) B Toukax —a'
U a. JIeHCTBUTENBHO, MyCTh, HAIpUMEpP, & € [B, C ],
T.e. £=t+ir, t€[—a,a). Torma

| &) =A@+t =A) + (= Ay ) 1) >

>min{ p(=a")|,| p(a) [},
ecii TONBKO 7 >2max{a’,4,}. Otrcroma u omnpene-

nennst S(&) cmenmyer, uro wis Beex & €[B,C|
ReS(£) < min{ReS(~a"), ReS(a)}.

Tereps ¢ BeIdopoM ¢’ u a. Tlonoxum a=x, a a'

Onpenennmcs

BO3bMEM TakuM, 4To0bl ReS(—a’) < ReS(x,). Takoit

BBIGOD BO3MOJKEH, Tak Kak In|q(f)['— —oo mpu
teR u t —» —o0.

CuntaeM MONOXUTENBHBIM HaIlpaBJIeHUE 00-
X0JIa TIPOU3BOJIBHOTO OTpEe3Ka [L,N ] HaTpaBJICHUC
oT L ¥ N umojaraem

F[L’N]( )__ nS(i)dé.
27i L N]

[Iprmmenum Meton mepeBana (yrBepkaeHune 1.2) k

unterpany F”¢(z). Torna

RO = 2
27zi\ nS"(x,)

Bribupaem BeTBb KOpHS B (2.5) ¢ yu€rom TOrO, 4TO
B paccMaTpuUBaeMoM ciiydae yron ¢, =z /2. Torma

&St gz (1+0(1/n)) (2.5)

OKOHYATECIBHO ITOJIyYHUM, YTO IIPH 71 —> 0O

C] _ 1 "S(’fl) X2
(z)= /—ZﬂnS"(xl)e (1+0(1/n)). (2.6)

[B.4]

IIpumensas x unterpainy F,”"'(z) yIBepxie-
HUe 1.2 W yuuThBas BBIOOD TOYKH —a', HETPYIHO
MI0Ka3aTh, YTO JIOKAJIbHO PABHOMEPHO 110 Zz

|F;1[B,A](Z)| < Ole"st)-8) ,

rie 0 U O — IOJNIOKUTEILHEIE ITOCTOSHHEIE. DTO

BA]
" (z) akcno-
nS(x;)

3HA4yuT, 4YTO IIPpHU 1 —> O I/IHTeraJ'I

HEHLMAJIbHO Majl MO CpaBHEHUIo ¢ e, D10 yT-
BEp)KACHUE CIIPABEUINBO U IO OTHOIIEHHUIO K MHTe-

rpanam  FI“%(z), F"")(z). 3maunt ocnosHoii

n

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014
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BKIIa/J B ACUMITOTHKY A (z) BHOCUT MHTErpal Mo
orpesky [D,C]. Iloatomy u3 (2.6) cimemyer crmpa-
BEUIMBOCTH paBeHCTBa (2.1) s moboro Gukcupo-
BanHoro z € C.

PaBencTBo (2.3) moka3bIBaeTCsl aHAIOTHYHO, C
TOW JINIIG pa3HMLEH, 9TO TPH MPUMEHEHHH METOJa
nepeBaja K COOTBETCTBYIOLIEMY WHTEIrpajy BETBb
KOpHA BBIOHMpaeTcs C Y4€TOM TOTO, HYTO YTOJX
@, =—7m/2.

[epetinemM k MOKa3aTeNbCTBY paBeHCTBA (2.2).
3adukcupyem mpousBossHoe z € C u mpeacTaBuM
MHOTOUIEH A)(z) B BHE

—Az
e

27i
B unrerpane (2.7) gepopmupyem KOHTYp MHTETPH-
poBanust C, B TPAMOYTOJBHUK R, TpUHAIIEKA-

4,(2)=

L e O4 e, 2.7

wuii obnactu {z:0< Rez<A,| ¢ BeplUIMHAMH B
toukax A*(a',-r), B'(da,r), C'(a,r), D'(a,—r),
rme 7 — JOCTATOYHO OOJBIIOE MOJOKUTEIBHOE UHC-
no, a'€(0,4) ae(4,4,). Torma Ha BepTHKaIb-
HOM OTpE3Ke, CoeAnHstomeM Touku 4° u B, mak-
cuMyM ¢yHKmH ReS(&) mocturaercs B €IMHCT-
BEHHOM Touke a’, a Ha orpeske [D*,C"] oH moctu-
raeTcsl B €IMHCTBEHHON Touke a. [Ipu mocraroyHo
6ompmoMm r (r >3A4,) 3HadeHus ReS(E) Ha oc-
TABIIUXCSA IBYX TOPU3OHTAIBHBIX OTpe3kax [B*,C"]
u [A",D"] MeHble KaXI0ro U3 3HaueHuil ReS(&)
B Toukax ¢' u a. Ecmu monoxkute a' =x, a=x,,
TO OTCIOJIa CIIAYyeT, YTO OCHOBHOM BKJIAJ B acHM-
ntotuky A'(z) GymyT BHOCHTH MHTErpaibl MO OT-
peskam [A",B"] u [D*,C"]. TlpuMmeHss K HUM yT-
BepkAeHue 1.2, mpu 7 — o0 MOIy4uM, 4TO

FIPO(z) e | 2r
! 27i \| nS"(x,)

FIBA(7) = i _2_”3"3 () gz ( 1+0(1/ n)). (2.9)
" 27i \[nS"(x,)

3aMeTuM, YTO MPH BBIOOpPE BeTBH KOpHSI B (2.8)
@, =m/2, a mpu BeIOOpEe BeTBU KOpHSI B (2.9)

enS(Xz)exzz (1 + 0(1 / I’l)) (28)

@, =—n/2. C yuérom a3toro, u3s (2.8) u (2.9) cue-

IyeT paBeHCTBO (2.2). Takum 00pazom, T KaxKI0TOo

(DMKCHPOBAHHOTO Zz AaCHUMIITOTUYECCKHE PABCHCTBA

(2.1)+(2.3) nmoxazanmpl. CHpaBeNIMBOCTH PABEHCTB

(2.1)~2.3) paBaomepro Ha kommaktax B C Oyner

000CHOBaHA TIPH JI0KA3aTEIBCTBE TEOPEMEI 2.2.
Cneocmeue 2.1. [Ipu n — ©

f 1
A°(0) = |[————e"" (1+0(1/n)),
n( ) 27Z'nS"(Xl)e ( ( l’l))
1
A4'(0) = ,— ) (1401 n)) -
n( ) 272'}’[S”(x2)e ( ( n))

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

_ 1 nS(xp)
/27mS"(xl)e (1+0(1/n)),  (2.10)

1
£O--]—L
27znS"(x,)

U3 pasenctB (2.10) crmemyer, uro mpu nocTa-
Touno Gombumx n A'(0)20 u A2 (0)=0. Ilpu

e (l +0(1/n)),

TakKuX 7 ONPEACIUM JABE MOCIEA0BATECIBHOCTH HOP-
MUPOBAaHHBIX ITOJIMHOMOB

A(2)=4](2)/ 4)(0),
A,(2) = 4;(2)/ 47(0).
BrersicauMm, korma Aj (0)#0. OO6o3naunm depe3

P —Ad 422, h=542,—247—22}. Torma

HCCJIOKHBIC BHIYUCIICHUA HpI/IBO,[[HT K paBCHCTBaM
x,=(L+A4-p)/3,x,=(4L+A4+p)/3,
_ +iz)h+2p3

P(x,)
" /122)711 . .11
_(h+A)h-2p
o(x,) = Y ,
") =ln— P
(4 +A4)h+2p
S”(xz) =1 _54p

n——— .
(4 +A)h=2p°
U3 (2.11) cnenyer, uto eciu 4. (0) =0, To HEOOXO-
aumo uTo0bl £ =0, T. €. 4, =24,. B aToM ciryuae
S(x,) =1n(27/ p*),
S(x,)=In(27/ p*) +in,
§"(x,)=S8"(x,)=27/p>.
IMostomy mpu A, =24, W3 BTOPOrO PaBEHCTBA B

(2.10) BBITEKALT, YTO IPH 71 —> O

o= 2| i 21Y _
A(0)= i {( 1) [zfj (1+0(1/n))

_(%jnmoa/n))].

CrnemoBarenbHO, TPU JOCTATOYHO OONBIIAX 7

1
4,,.,(00#0 u nosroMy ompenereHa IOCIEOBa-
TEJIHOCTh HOPMUPOBAaHHBIX MHOI'OUJIEHOB
~1 1 1
A2n+l(z) = A2n+1 (Z) / A2n+1 (0)
[pousBoaHyr0 MHOrouneHa A (z) MOXKHO
IPEeICTaBUTh B BUJE

T
i *G

dz 2
AHAJOTHYHO, KaK U TPH HAXOXKICHUH ACHMIITOTHKH
A (), IPUMEHUB K MHTErpany B MPABOH YACTH MO-

CIIeJHero paBeHCTBa mpH z =0 MeTox IepeBaia,
TIOJTyYHM
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dA}ll _ 1 _ 1S (xy) _
= 0)= ’—27mS"(x2) (x,—A)e (1 +0Q/ n))
— ; _ nS(x)
,272_’1S”(Xl)(x1 A)e (l+0(l/n)).

Torma npu A, =24, U n—> o0 CIpaBeUIUBO PaBEH-
CTBO

Ay g |22 (27
7 0)= 547m[p3)(x2 xl)(1+0(1/n)),

U3 KOTOPOTO CledyeT, YTO TpU OOJIBIIHX 7
(A;n ), (0) # 0. ITosTomMy B ciydae, koraa A, =24,
ompeziesieHa MOCTIe0BaTEIbHOCTh HOPMHPOBAHHBIX
nommmonmos A, (2) = A, (2)/(4, ) (0).

Teopema 2.2. Jlokanvuo pagnomepHo no z npu
n—> 0

L) =e”, A== (2.12)
Ecnu A, #24,, mo nokaneHo pasHomepHo no

Z npu n—» o
A(z) = e, (2.13)

anpu A, =24, u n— o0 JI0KATLHO PABHOMEPHO HO Z

L@ = e e ) 2

A4, (z)=

— [euz—ﬂq)z_e(x.—w), (2.15)
2 1

Llokazamenvcmeo. TloToueuHass cXOAUMOCTH B

(2.12)~(2.15) mokazana B Teopeme 2.1. Octaéres mo-
Ka3aTh, YTO HOPMHPOBAHHbIE MHOrowieHn A°(z),
=2 7! 7! 7!
A (z), A/(z), 4,,,(z) u 4,,(z) paBHOMEPHO CXO-
marest Ha kommaktax B C K COOTBETCTBYIOIIMM
dynxumsm. JlokakeM 310, Hanpumep, Jist A, (z).

Ecnmu mpeanonoxurs, uto |z|< p u £ €R, 1O

&z 4pmax{a’, 1y}

MOAYJb e°° orpaHuyeH M =e . YuutbiBas
paBeHCTBO (2.4), B 3TOM CIIydae IMOIyInuM, 9TO

M A
0 nReS (£ (1)) '
A, (z)| < —;[e |§ (t)|dt

MPU YCIIOBHH, YTO KOHTYp HHTEIPHpPOBaHHs R
MPEXKHUI U TapaMeTpU3yeTcsl BEUICCTBCHHBIM Ia-
pametpoMm f €[, f]. JI1s HaXOXKICHUS aCHMIITOTH-

K{ HHTETpajla B IPaBOi YacTH IPeIblIyIIero Hepa-
BEHCTBa NMpuMeHnM MeTox Jlammaca (yTBepikaeHHe
1.1). B pe3ynbTare mOIyIuM, 9TO IPUA 7 —> 0O

fe"k"w O ¢ (0| de =

(2.16)
S| (1+00/ ),

_27[ enReS(x,)
n[ReS({(t)][:[0

rie f, BeIOpaHo Tak, uTo ¢ (¢,) = X, . I3 Toro, uTo ¢,

SBJISIETCSl TOuKoW Makcumyma (ynkuuun ReS(S(2)),
cremyer
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"

[ReS(¢ (O], =S")[¢" ()] <.

Orcrona, yuutsiBas (2.10), (2.16), mpu n = n, noiny-

=t

JaeM HEPaBE€HCTBO

A° (z)| <2M, W3 KOTOpOTO Clle-

JyeT, 4TO IOCIEN0BaTEIbHOCTD {A,? (z)}

o0
paBHO-
n=l1

MEpHO OrpaHHYeHa M0 MOIYJIIO B Kpyre {z:|z |< p}.

Torga nmo teopeme Butanu [20, c. 371] ata nocne-
JIOBATEIEHOCTh PAaBHOMEPHO CXOMUTCA K (pyHKIHH

Ha JIOOOM KOoMIakTe w3 Kpyra {z:z|< p}.

Xz

e

AHaNorn4HbIe paccyXJIeHUsl MPUMEHUMBI U K JIpY-
TUM TIOCJIEIOBATENILHOCTSIM U3 TeopeMbl 2.2. Teope-
Ma 2.2 foKa3aHa.

Junst cpaBHeHus nepeopMysupyeM, ¢ yIETOM
MIPUHATEIX 00O3HAYCHUH, AHAJIOTWYHBIA pe3yibTaT
00 acumnToTHKE anmpokcumarmid Opmura-Ilage 11
poxna [18].

Teopema 2.3. Ilycmo 73,5, (z;¢"7), j=12 —
annpoxcumayuu Ipmuma — Ilade II pooa ona nabo-
pa {ei'z,eﬂqz}, ede A, A, — pazmuunvie Oelicmeu-

menvhble yucna. Toeoa 10kanvbHoO PABHOMEPHO no z

npu n —» o

A

1 A&
e : _ﬂ-ZVt,Zn(Z;e lg) =

3n+1
. 2 _ _
=_(Z3n)' i)z /nS”?x ) "D (1401 m)),
° 1

e}VZZ - 72-;[1,2}1 (Z’ e}‘lcj) =
3n+l (L+4)z
SE o | BT s (14 01 m)) +
(3n)! nS"(x,)
+(=1)" 2 e )l (l +0(1/n));.
nS"(x,)

3 Cpasnenue 08yx munoe annpoxkcumayuil.
Ipumepor

[IpommtroctpupyeM Teopemy 2.1, paccMoTpeB
KOHKpETHBIE MpuMepsl. Kpome 3Toro, cpaBHHUM HO-
JydeHHBIE PE3yJIbTaThl C aHAJOTWYHBIMHU YTBEpIKIe-
HUSIMU JUTs annpokcumanuii Opmuta — [Mane I Tumna.

HamomuuMm, 4to 1Be OECKOHEUHO OOJIBIIIE WUITH
JBe OECKOHEUHO Mallble MOCIEeNOBATENbHOCTH {, }

u {f, } Ha3bIBalOT SKBUBAIEHTHBIMU (¢, ~ [3,) IpH
.
n— oo, ecimi lim—=-=1.

n—om
n

Ilycts A, =0, A4, =1, A, =2. Torna

P(&) =5(e =1 -2),
X, = 1—L x, =1+ L
1 \/5 ’ 2 \/5 ’
S(x,)=In(33/2),
S(x,) =In(3\3/2)+ix,
S"(x)=S"(x,)=9.
IToaTomy u3 TeopeMsl 2.1 BeITEKaeT

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 1 (18), 2014



Acumnmomuxa keadpamuunvix annpokcumayui Ipmuma — Ilade sxcnonenyuanbublx @ynkyuil

Cneocmeue 3.1. [Ipu n — ©

1 (33)
A(z) ~ -1z 3.1
1 (_1\" 1 3\/5 n/ z/\/§ _ n-1 —z/\/g\
4@)(D3ﬁ;{7rjk (e,

A(z)~ ()"

1 ﬂ ’e(71+1/\/§)z
32xnl 2

Acumnrornyeckue paseHcTBa (3.1) corniacy-
IOTCS C COOTBETCTBYIOIIMMHU YTBEPXKICHUSIMH U3
padot [14] u [15]. X mone3HO CpaBHUTH CO Clie-
JYIOIIMM CJIEACTBUEM TEOPEMBI 2.3.

Cneocmeue 3.2. Ilycmo 73, ,, (z;€%), j=1,2
— annpokcumayuu Ipmuma — Ilade I pooa ons Ha-

bopa {ez,ez‘"}. Toeoa npu n —

3n+1 2 2 n
e —ﬂén " (z;eé) _Z e 2L eZ/‘E,
: Gn)! N on \ 343

Az

1 .
e =T (z; e” )~

3n+l n
- Z eZZ 2_” 2 [ez/\g +(_1)n efz/\/gJ.
@Gn) \on |33

IIycts temeps A, =0, A4 =1, A4, =1+¢. By-

IeM cuuTath, 9to 0 < & <1 Cmywait € =1 paccmoT-
peH B cinencrusx 2.1 u 3.1. Torma
p=Al+e+e’ 51, h=1+g-2s" >1
npu € >0, u
P(&) =&(s=D(E-1-9),
24— 2
xoltemp _2+etp
3 3
27
=
2p" +(2+¢)h
27 ;
————+in,
2p” =2+ ¢&)h

S"(xy) =

S(x)=1

S(x,)=1In

54p S54p
2P +(2+e)h’ 2p° -+
B stoMm citydae u3 Teopemsl 2.1 BeITeKaeT
Cneocmeue 3.3. Ilpu n — o

A(z2)~

2P’ +Q+e)h 27 ! 67“”;’”
108zpn  \2p> +(2+¢&)h ’

Al(z)~ (3.2)

3 _ n(~l+e+p)z
~ 1y 2p” —(2+¢&)h : 27 c
1087 pn 2p° —(2+e)h

A ()~
3_ n(-1-2e+p)z
1y 2p"—Q2+¢e)h : 27 e
1087 pn 2p"—2+e)h
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Sﬂ(xl) —

CooTBeTcTBEHHO, TeopeMa 2.3 B 3TOM Ciydae BbI-
TJISIUT CIIEAYIOIIUM 00pa3oM.
Cneocmeue 3.4. [lycmyo

1 2 1 E
”2)1,211 (Z’ eé )’ 72.2n,2n (Z’ e( e )

— annpokcumayuu Ipmuma — Ilade Il pooa ons na-
(1+&)z }

bopa {ez,e . Toz0a npu n —

1
eZ - ﬂ2n,2n (Z’ 65 ) -

3n+ 3 T (3+p)z
B 2" QP+ 2+ e)h) [ 2pP +(2+e)h eT[,
(Bn)! 27 pn 27

e(l+a)z (l+5)§) .

1 .
- 7[2n,2n (Z’ e

B 2" x(2p’ +(2+&)h) y
(Bn)! 27 pn

3 T (3+3e+p)z
8 2p”+(2+¢e)h e 3
27

CpaBHHM Kak BeIyT ceOs aCUMOTOTHKH COOT-
BETCTBYIOIIMX aNMpoKCUManuii uis Habopa (yHK-
mmit {e’,e""*} mpm &—>0. U3 pasencts (3.2)
CIIeyeT, YTO TJIaBHBIC WICHbI ACHMIITOTUK MOJHHO-

MoB Al(z) m AX(z) OTIMYAIOTCS HA MHOKHTEIH

£z

€”", KOTOpBI JIOKaNbHO PAaBHOMEPHO CTPEMHUTCS K
enunune. Cnencreue 3.4 TO3BONSET yTBEpPXKIaTh,
YTO MPU MAIBIX 3HAYCHUSIX & ACHMITOTHKH COOT-
BETCTBYIOUINX YKJIOHEHHH aNMpOKCHMAIil DpMuTa
— IMage II poga oTIMYArOTCSI HECYIIECTBEHHO U C
yOBIBaHMEM & K HYJIO CTpeMsTCs K o0IiemMy 3Haue-
Huto. [lpu 3ToM 3aBHCSIMH OT & MHOXUTENIb

Q2p* +(2+&)h)/27)", onpenensromyii HOBEICHHE
[JIABHOTO  Y/IEHa ACHMITOTHKH, CTPEMUTCS K
(2/(3\/5))2”. DTO HECKOJBKO HEOXHMIAHHO, €CIIH

[PHUHSTH BO BHUMaHHE TIEPBOE YTBEKACHUE CIIEICT-
Bus 3.2, Tak kak HaOironmaercst SPQGeKT CyliecTBeH-

HOro pocta (TOYTH B (2/(3\/5))" pa3) CKOpOCTH

MpHONKEeHNST GYHKINN e’ alIpOKCUMAIISIMA Jp-
muta — [lage u3 ciencreust 3.4.
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ON THE PERIODIC SOLUTIONS
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In this paper Mironenko method to study the periodic solutions of the rational differential equations is used. The obtained re-
sults to derive the sufficient conditions for a critical point of some polynomial differential systems to be a center are applied.

Keywords: reflecting function; center conditions, periodic solution.
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Introduction
This paper deals with the qualitative behavior
of solutions of rational differential equation

dr _a,+ ar+ay’ +ar’ +art
de by +br+r’
which has a continuous differentiable right-hand side
and a unique solution for the initial value problem,
a,=a,(0),i=0,1,2,3,4;b, :=b,(0), j=0,1.

The main reason of great interest in these equa-
tions is that they are closely related to planar vector
fields. It is known [1]-[3], for polynomial differen-
tial system

= X(0,r) (0.1)

dx f Yy
a A P
dy n+l P
== X'y,
" iélq,, y

where p,,q, are real constants. There has been a

(0.2)

longstanding problem, called the Poincaré center-
focus problem, for the system (0.2) one can find
explicit conditions of p;, g, under which (0.2) has a

center at the origin (0, 0), i. e., all the orbits nearby
are closed. This problem is equivalent to an ana-
logue for a corresponding periodic equation
i+l

o ;ai O)r

— = (0.3)

a0 > b (O

i=0

To see this let us note that the phase curves of

© Zhengxin Zhou, 2014

(0.2) near the origin (0,0) in polar coordinates
x=rcosd, y=rsin@ are determined by (0.3), where
a,(0),5,(0),i=0,1,2,...,n are polynomials in
cosd, sind.

The limit cycles of (0.2) correspond to 27 -pe-
riodic solutions of (0.3). The planar vector field (0.2)
has a center at (0,0) if and only if the equation (0.3)
has a center at r =0, i.e., all the solutions nearby
are 2 7 -periodic [1]-[3].

The method of Lyapunov is often used to study
the center-focus problem, but for high-order systems
it is very difficult to give the center conditions. In
this paper the method of reflecting function to study
the behavior of solutions of (0.1) with the sufficient
conditions for » = 0 to be a center is applied.

Now the concept of the reflecting function,
which will be used throughout the rest of this article
is introduced.

1 The main facts from the theory of reflecting

function
Consider differential system
%zX(t,x),teR,xeR" (1.1)
t

which has a continuous differentiable right-hand
side and general solution ¢(%;¢,,x,).

For each such system, the reflecting function is
defined (see [4]) as F(¢,x) = @(-t;t,x). Therefore,
for any solution x(¢) of (1.1)

F(t,x(t)) = x(-1), F(0,x)=0.
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If the system (1.1) is 2 -periodic with respect

to ¢, and F(¢,x) is its reflecting function, then
T(x)=F(-w,x) = p(w;—w, x)

is the Poincaré mapping of (1.1) over the period
[-w,®]. Thus, the solution x = ¢(¢;—w,x,) of (1.1)
defined on [-w,®] is 2w -periodic if and only if x,
is a fixed point of 7T'(x). The stability of this peri-
odic solution is equivalent to the stability of the
fixed point x,.

A differentiable function F'(¢,x) is a reflecting

function of the system (1.1) if and only if it is a solu-
tion of the Cauchy problem

F+FX(t,x)+X(—-t,F)=0,
F(0,x)=x '
There are many papers which are also devoted
to the investigations of qualitative behavior of solu-

tions of differential systems with the help of reflect-
ing functions [4]-[14].

2 Reflecting function and periodic solutions
of the equation
Let us consider differential equation (0.1).
Theorem 2.1. Suppose that functions
a, =a,,

o, =a,—a,b,
[
a, =a, —ab —2a,b, +Za4b]
are odd functions and

a, + asb, +%a3b12 —a,b —2a,bb, +%b1b1 '—b,'=0;
1 1 2 2 1 2
4 +5a3b1b0 +§a3b1 —a,b, —5a4b0b1 -

1 1 1 1 1 1
—ab’ -~ B b +§b12b1 =0.

Then the reflecting function F(0,r) of equa-
tion (0.1) satisfies the following relation
L Bi-4b, b12—4b0’
AF +2b, 4r+2b,
where b, = b,(=0), b, : =b,(-6).
Proof- To prove the present result one only

needs to check that the function F implied from
(2.1), satisfies

F,+F.X(0,r)+X(~0,F) =0,

@.1)

2.2
F,r)=0. @2)
Let
_F+1;]2—45_0_r_b]2—4b0
4F +2b, 4r+2b°
then
F=-2o g 2o
@ @

F

Substituting it into (2.2)

F

82

(B —4b,))'(4F +20) ~2b, (b —4b,) _
(4F +2b,)

B (bl2 —4b,)'(4r +2b,) - 2b, ’(b]2 —4b,) _
(4r+2b)

(| ABT-4b) ) o (401-4b) ),
(4F +2b,) (4r+2b) '
where X = X (-6, F).
On the other hand, by simple computation

4‘(1712 _4bo) 1lx-=
(4r+2b)’
(B’ —4b)(4r+2b) = 2b/(h” - 4b,) _
(4r+2b)

b’ —4b, b —4b, )
=—|la,t+o|r+ +a,|r+ ,
4r +2b, 4r +2b,
| B —4b) )
(4F +2b,)°
(B —4b,)(4F +2b) ~2/(b} ~4b,) _
(4F +2b,)

2 2 2
=a,+a, Feo =t +a, ezt )
4F +2b, 4F +2b,
Thus the identity (2.2) becomes
b —4b, b’ —4b, )
o, +ao | r+ +a,| r+ +
4r +2b, 4r +2b,
b —4h b’ —4b, )
to,+a | F+——= |+a,| F+——=| =0.
4F +2b, 4F +2b,
As ®© =0, thus the identify (2.2) is correct,
i. e., the function F(6,r) implied from (2.1) is a
reflecting function of (0.1). The proof is finished.
Corollary 2.1. Suppose that all the conditions
of Theorem 2.1 are satisfied, and a;(0),b;(0)
i=0,1,2...,4,j=0,1 are 2rx-periodic functions,
then all the solutions of (0.1) defined on [—m, 7] are
27 -periodic.

Proof. From the above assumptions it follows
that the reflecting function F(8,r) of (0.1) satisfies

the identity (2.1) and is 27 -periodic, then by [4], all
the solutions of (0.1) defined on [-7z, 7] are 27z -pe-

riodic.

Now let us rewrite (0.1) in the following form
dr 2 d,+dr
—=c,+qr+a,yr +————=Y(0,r), (2.3
do " ¢ b0+b1r+r2 @), 23)

where

¢ =a,—a,b,
¢, =a,—ab,—bc,
d, =a,—b,c, —bc,,

d, =a,—by,.
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Theorem 2.2 Suppose that
%igrg;—: =-1, a’d + 542071 =0;

670 +d0f13 _I;IJI +b151f1 _‘Zfo =0;
dyb f;? +dyb, +bd, f, +d b f, f; +
+Hbyd, +byd,) £, +2d, fo 7 +d, £ 1 = 0;
dob_of] +bo‘70 +d051f0f1 +d0f02f1 +b0‘71f0 =0
fo'vc e fy+a,f, +c,f, =0,

where
fi :_6_1_4’ j;) — fi '+(Cl +El)fi .
a, 2a,
Then F(0,r)= f, + fir is the reflecting function of
equation (2.3).
In addition, if «(0),b,(0) i=0,12..,4,
j=0,1 are 2z -periodic functions, then all the solu-
tions of (2.3) defined on [-7, 7] are 2z -periodic.

Proof. Using the above conditions, it is not dif-
ficult to check that F(6,r) = f, + f,r is the solution

of the Cauchy problem
F,+F.Y(,r)+Y(-0,F)=0,
F0,r)=0.

Therefore, F(6,r)= f,+ fir is the reflecting
function of (2.3). On the other hand, as a,(9), ¢,(6)
are 27 -periodic, then F(6,r)= f, + fir is 27 -pe-
riodic, so all the solutions of (2.3) defined on
[-7, 7] are 27z -periodic.

Now consider the equation
dr _ar’+anr’ +ar'
de l+blr—i-b2r2

which has a continuous differentiable right-hand
side and posesses a unique solution for the initial
value problem,

a,=a,(0),b,:=b,(0) (i=2,3,4,j=12).

Denoting:

0, =a,—ab, 0, =a,—a,b,,

4
o= jo (a,(s)+a,(~s))ds.
Theorem 2.3. Suppose that o, is an odd func-

=20,r) (2.4

tion and
ad, + 6, +6, +b0, + b5, =0;
a(S, —5,)+b,5, + b5, +b,5, +b,6, =0;
a’ (S, +6,) + a(b5,-b,5, +b,5, —b,5,) +
+2b,6, +2b,5,=0.

7

Then F =1 is the reflecting function of

+ar
(2.4). Besides, i a,(0),b,(0) i=0,1,2..,4, j=0,1

are 27 -periodic functions, then all the solutions of
(2.4) defined on [—r, 7] are 2x -periodic.
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Proof. Using the above assumptions, it is not

r . .
is the solution of

difficult to check that F =
1+ar

the Cauchy problem
F,+F Z(0,r)+Z(-0,F) =0,
F(0,r)=0.

r

Thus, F = is the reflecting function of

1+ar
(2.4) and 27z -periodic, therefore, the present result
is true.

3 Example
Consider polynomial differential system:

x'=-y+P +P+

+X(PagX’ + Py Xy + Py’ + Py,
y'=x+0,+0, +

+V(PagX’ + PyX’ Y+ Xy’ + py’),

3.1)

where
Po= px'y,
i+j=k
Qk = Z qg,'xiij
i+j=k
pij: qij (k = 273)

are constants.
Taking x=rcosf, y=rsinf, the system
(3.1) becomes to (2.4) with
a, = pZOC3 +(py, +q20)C2S+(p02 +¢,,)CS? +q0253;
a; = Py Ct+ (P +50)C*S +
P +42)CS” +(Pys +6,,)CS” +4,; 8™
a, = p,C* +p,, C’S+ p,S* + p,,CS?;
b = ¢50C* +(qyy = P2g)C*S + (g1, = P11 )CS” = pS*;
b, = @, C* +(qy, — Py )C’S +

(g1, — P )CZSZ +(q03 — P12 )CS3 - p03S4,
where C :=cosd, S :=sin0.

If all the conditions of Theorem 2.3 are satis-
fied, then the origin point (0,0) of system (3.1) is the
center.

Conclusion

The paper shows that, applying Mironenko
method for reflecting function, one can easily get the
center conditions for the above system. While using
Lyapunov method, obviously, it is difficult to deter-
mine when the origin (0,0) is a center. Therefore,
sometimes it is better to solve the center-focus prob-
lem using the method of reflecting function than the
method of Lyapunov.
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HCCJIEJJOBAHUE MHOI'OPEXKUMHOM CETH MACCOBOI'O
OBCJIYXKHUBAHUS C ABCTPAKTHBIM OIIUCAHUEM COCTOSHUIA

0O.B. fikyoosuy, FO.E. /lynosckast

Tomensvckuti 2ocyoapcmeennviii yuusepcumem um. @. Ckopunsi, I omens

RESEARCH OF THE MULTIREGIME QUEUEING NETWORK
WITH ABSTRACT DESCRIPTION OF THE CONDITIONS

0O.V. Yakubovich, Y.E. Dudovskaya

F. Scorina Gomel State University, Gomel

Hccnenyercs Mozielb OTKPHITOH CETH MAacCOBOTO OOCTYKHBAHHUA C PA3IHYHBIMU THIIAMH 3asBOK H MHOTOPEXHMHBIMU CTpaTe-
rusAMH 00cIyXuBaHUs. KaxIbli y3e ceTH MOXKkeT paboTaTh B HECKOJIBKHX PEKHMaxX, OTBEUAIONINX PAa3HOH CTeleHu ero pabo-
TocrocoOHocTn. COCTOSHUE Y3I1a ONUCHIBAETCS aOCTPAKTHO U MOXKET HE COBIAJATh C YHCJIOM 3asBOK B HEM. Y CTAaHABIIMBAIOTCS
YCIOBUSL MyNbTUIUIMKATHBHOCTH M QHATHTHYECKUI BHJ CTAllMOHAPHOTO PacHpeleNeHus] BEPOSITHOCTEH COCTOSHUI Hcciaemye-

MO CeTH.

Knroueswie cnosa: cemv maccosoeo 066.7_)/9}0148[11—[”}2, pasnuunsle munbvl 3dsi60K, MHOCOpeNCUMHOe oﬁcxtyofcueal-me, aﬁcmpaKm-

Hoe onucanue, cmayuoHapHoe pacnpe()eﬂeuue.

Open queueing network with different types of customers and multiregime service strategies is investigated. Every node can
operate in several regimes answering different degrees of their working capacity. The condition of the node is described ab-
stractly and can not coincide with number of the customers in it. The conditions of multiplicativity and an analytical view of

stationary distribution of the network states probabilities are found.

Keywords: queueing network, different types of customers, multiregime service, abstract description, stationary distribution.

Beeoenue

Cetn MaccoBOrO OOCITYKUBaHHS SBISIOTCS
a/IeKBaTHBIMH MaTEeMaTHYECKUMH MOJIENISIMH PAa3HO-
00pa3HBIX CIy4alHBIX MPOLECCOB B MH(OPMAIHOH-
HO-BBIYMCIIUTENBHBIX CETSAX, CETSIX Mepefadyd JAaH-
HBIX, CBSI3M U MHOTHX JIPYTHX OOBEKTaX, MMEIOIINX
ceTeByI0 CTpyKTypy. ClloXKHBIE peanbHble OOBEKTHI
CTUMYJIMPYIOT IOSIBJICHUE HOBBIX MOJENIEH ceTed u
ux wuccnenoBaHue. HaxoxaeHue cTarMoHApHOTO
pacrpeneneHuss BEpOSITHOCTEM COCTOSIHUM —ceTel
MaccoBOro OOCIYKMBaHMSI BCErZa SIBISICTCS LIEH-
TPaJIbHBIM B aHAUTUYECKUX HCCIIEIOBAaHUAX U JaeT
OCHOBY JJISl AAJIbHEHMIIIEr0 U3YYEHUsI CETEH.

B macrosmmeit paboTte ucclemyercss OTKpHITas
CeTh MacCOBOTO OOCIY>KHBAaHHUSI C IPOCTEHIINM
BXOJSIINM IOTOKOM 3asBOK, 3KCIOHEHIMAIbHBIM
o0ciy>)kNBaHHEM M MapKOBCKOH MapUIpyTH3aLUeH.
3asBKH, OUPKYIUPYIOLINE B CETH, MOTYT OBITH pa3-
JIMYHBIX THUIIOB.

B cetn JOIMYCKA€TCA HAJIMYMEC BHYTPECHHUX IIC-
pexooB B y3nax. BHyTpeHHHE nepexobl 00yciIoB-
JICHBI HE TOCTYIUIEHHEM WM OOCIy)XMBaHUEM 3as-
BOK B y3JlaX, @ BHyTPEHHUMH N3MEHEHHSIMH B y3J1aX
Y TIepeX0aMH U3 OJHOTO PEeXHMMa pabOThI B ApYrou
C COXpaHEHHEM 4YHCIIa 3aBOK KaXJOT'O THMA B y3-
nax. Pexumsbl, B KOTOPBIX MOTYT pa®oTaTh Y3IbI
CETH, IPOHYMEPOBAHBI, KKIBI PEXKUM OTINYALTCS
cBouM Habopom mokaszatenei. Hanpumep, mpu te-
pexozie y3aa B PEKUM C OOJBIINM HOMEPOM IPOU3-
BOJUTENBHOCTh Y3714 YMEHBINACTCS, YXYyALIaeTcs

© Axrybosuu O.B., [[yooeckas FO.E., 2014

npouecc obcmykusanus. [Ipu nepexozne ysna B pe-
UM C MEHBIIMM HOMEPOM IIPOHCXOAUT BOCCTAHOB-
JeHHe IIOKazaTeneil mpouecca  0OCIyXKHBaHHS,
yIIydiraercs: kadecTBo obOciyxuBanus. CeTH ¢ MHO-
TOPEKMMHBIMHU CTPATETHAMH OOCITYKHBaHUS MO3BO-
JSIFOT MOJEJTHMPOBATh CHTYallUM, KOTAA Y3JIBl CETH
MOTyT paboTaTh B HECKOJBKUX PEKHMax, OTBEYalo-
IIMX Pa3HOM CTerneHH UX paboTOCIOCOOHOCTH.

CocrosiHMe y3j7a ONKCHIBaeTCs aOCTPaKTHO,
YTO IMO3BOJIACT HC YUYUTHIBATH JUCHUIIIIUHY 06CHy-
JKUBaHU M OOOONIMTH MOIETH CETed C MHOTOpE-
KUMHBIMH CTPATErusMH OOCITY>KHUBAHUSI U Pa3iIHy-
HBIMH TUITaMH 3asBOK.

CeTu ¢ MHOTOPEXWMHBIMH CTPaTETHUSIMH 00-
CITY’)KUBaHUS U HECKOJIBKUMHU THIIAMH 3asBOK HCCJIe-
JoBaHbI B padorax [1], [2].

1 Bcnomozamenvnas mooenb cucmemol

PaccMoTpuMm crucTeMy MacCOBOrO 0OOCITY)KHBa-
HUS, B KOTOPYIO IOCTynaroT M HE3aBUCUMBIX ITy-
ACCOHOBCKHX IIOTOKOB C TTapaMeTpaMu «,, TAe «,

€CTb MHTCHCUBHOCTL IOCTYIUICHUSA 3asBOK TUIIA U
(u=107).

Cucrema MOXET HaXOAUTHCS B OJHOM M3 /[
PEXUMOB PabOTHI (l :m) IIycte x(¢) — cocros-

HME CHCTEMBI B MOMEHT BpeMeHH . COCTOSHHE CHC-
TEMBI OTUCHIBAETCSA abCTPAKTHO W MOXKET HE COBITa-
JIaTh C YHCIIOM 3asBOK B Hel. [Ipomecc x(¢f) mmeer He
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Oonee yeM CUETHOE TPOCTPAHCTBO COCTOSIHUHA X .
O0o3HaunM uepe3 ( Takoe COCTOSHHE CHCTEMBI,
KOrJla B HEi OTCYTCTBYIOT 3asiBKH, U cHCTeMa pado-
TaeT B pexume O0; |x|u — YHCIIO 3asBOK THUMA U

(u =1LM ) B CHUCTEME, KOTOpasi HAXOIUTCSI B COCTOSI-

HUM X € X; R(Xx) — pexxuM (QyHKIMOHUPOBAHUS CH-

CTeMBI, KOTOpas HaXOIUTCS B COCTOSHHU X € X.

Ipu onmcanuy CUCTEMBI BBEICHBI 0003HAUCHUS, aHA-

JIOTUYHBIC 0003HAYCHUSM, BBEIEHHBIM B padore [3].
Beenéwm crienyromnie o0o3HaYeHUS A X € X,

u=1,M:
Q" (u,x,R(x)) = {¥ e X :|&|, = ||, +1 |5, =|x
me{1,2,..M}\{u}; R(X) = R(x)},

Q (u,x,R(x)) = {¥ e X :|&|, =[], - L], #0;
L=l me (L2, M\ {u); R(F) = R(x)},
oM (x,R(x)) = {)E € X :R(X)=R(x)+1, R(x) # r;

|3?|m = |x|m ,mE {1,2,...,M}},
On (x,R(x)) = {fc e X:R(X)=R(x)—1, R(x)=0;
|5€|m = |x|m ,MmE {1,2,...,M}}.

m?

|5

Iycte 7z,(x,X) — yclI0BHas BEPOSATHOCTH TOTO,

4TO cucreMa nepenaeT B COCTOSIHUE
XeQ (u,x,R(x)), ecnu B HeE MOCTYNHUT 3asiBKa
THNA U , 3acTaBlIas €€ B COCTOSIHUU X € X.

Ilycts  u,(x,X) — UHTEHCHBHOCTb Iepexoja
CHCTEMBl M3 COCTOSIHHUA X€X B COCTOSHHE
XxeQ (u,x,R(x)) 3a cuér 0OCIyX HBaHUS 3asBKH
THNA U.

B paccmaTprBaeMoil cucteMe IpeaIoararoTcst
BO3MOKHBIMHM BHYTPEHHHUE MEPEXObl U3 COCTOSHMSA
x€ X B Ipyroe cocTosHHE X € X C TeM Xe YHhC-
JIOM 3asBOK. DTO 3HAYHT, YTO TaKWe IEePeXobl 00y-
CJIOBJICHBI HE TOCTYIUICHHEM MM OOCITy>KHBaHHUEM
3a8BOK, 8 BHyTPEHHUMH U3MEHEHHUSIMHU B CHCTEME U
MepexXoJjaMu U3 OJTHOTO peXuma padoTel B IPYToi ¢
COXpaHEHMEM YHCIIa 3asIBOK KaKIO0T0 THIIA.

Hazoém pexumM 0 OCHOBHBIM pexxuMoM pabo-
Tel. Bpemsi paboTbl cuCTeMBbl, HaxoAsLIEHCs B CO-

cTosiHUM X € X, B pexume R(x) (R(x) :G)
UMeeT TOKa3aTeIbHOe pachpeiesieHre, MPH 3TOM C
MHTEHCUBHOCTBIO V(X,X) CHCTEMa IIepexoIuT B
cocTosHre X € ® (x,R(x)), a ¢ UHTEHCUBHOCTBHIO
@(x,X) — B cocTosiHME X € O (x, R(x)). Ilpenmona-
raercs, 9to V(x,X) =0, Korjga cucTeMa HaXOJIUTCS B
COCTOSIHUH X C pexxumoM r, U @(x,X)=0, xorma

CHCTeMa HaXO/UTCS B COCTOSIHUHM X € pexxuMoM 0.
[Ipu coemaHHBIX MPEONONOKEeHUsIX X(¢) — ox-

HOpPOIHBIH MapKOBCKHHA Tporiecc ¢ He Ooee dem
CYETHBIM IPOCTPAHCTBOM COCTOSHUM X.
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WnpunnTe3UMaNBHBIE HHTEHCUBHOCTH TIE€PEX0-
JIOB Tiporiecca x(¢) w3 coctosHUA X € X B COCTOS-

mpe X € X (x# X) NPUHUMAIOT CIIC/yIOLIHiT BHL:
g(x, ) =a,r,(x,%), XeQ (u,x,R(x)),
q(x, %)= p, (x,X), XeQ (u,x,R(x)),
q(x, %) =v(x,%), ¥e@® (x,R(x)),
q(x,X)=@(x,X), XeO (x,R(x)).
JI1st Bcex OCTabHBIX COCTOSIHUH X HHTEHCHBHOCTH
nepexona ¢g(x,x)=0. 3aech

7, (x,%) >0, >

Q" (u,x,R(x))
4EH20, 0= ¥
7eQ (u,x,R(x))
— MHTCHCHUBHOCTbH OGCHy)KI/IBaHI/IH CUCTEMOH 3asIBOK
THIIA U, KOoraga OHa HaXOAUTCA B COCTOSAHHU X,

7, (x,%)=1

4, (x, %)

v(x,5)20, @x,520, v()= D v,
$€@" (x,R(x))
o(x) = Z @(x,X) — MHTEHCUBHOCTH BBIXOJa
X€® (x,R(x))

W3 COCTOSIHMSL X 3a CUET BHYTPEHHUX NEPEXO0B.
Iycts {p(x),x € X} — craudonapHoe pacrnpe-
JICTICHHE BEPOATHOCTEM COCTOSHUM MapKOBCKOTO
npouecca x(z).
VYpaBHeHUsT 00paTUMOCTH ISl paccMaTpHBae-
MO CHCTEMBI IMEIOT BUJI

a7, (x,X) p(x) = p, (%, x) p(¥),
$e Q' (u,x,R(x)),R(x) = 0,7;
v(x, %) p(x) = p(%,x) p(X), %O (x,R(x));
xeX,u= I,_M
[Tpeanonaoxum, 9To sl KaXI0ro U = LM,
x,x, € X, |x1|,, = |x2|u , X, € Q (u,x,R(x))),
X, €Y (u,x,,R(x,)), R(x)=R(x,),
R(x).R(x,)=0,r
BBINOJIHSETCS PABEHCTBO
7, (X,X,) _ 7,(%,,X,)
105 g, (3,5,)
A x,x, € X, x1|u :|x2|u Lu=1LM,
X, €0 (x,R(x,)), X, €0 (x,,R(x,))

V() V(Ean)

(p(xl H 5&1 ) (o(xz H 562 )
BBe,Z[eM clIeayromuue 0003HaYEHHA:

7, ('i-]’x]) 7T, (fzaxz)
u — u — ’R R
L ()Cl,)?l) L ()Cz,)z2) Py (|x1|u (x1))
vELY)  v(E,x) T<|x1|1 il o] ,R(xl)).

(p(xl H xl ) (o(xz H x2 )
Jemma. JIns oOpaTUMOCTH CHCTEMBbI HEOOXO-
JUMO M JOCTAaTOYHO BBITIOIIHEHHS YCIIOBHH

P, (|x . ,R(x) —l)r(|x|l ,|x|2 ,...,|x|u ,...,|x|M ,R(x)) =
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. ,R(x))z'(|x|1 ,|x . —1,...,|x|M ,R(x)),
u=l,_M, x|u¢0,xeX,R(x):1,_r.

Jloka3aTenbCTBO JIEMMBI IIPOBOAUTCS C UCTIOIb-
30BaHUEM IUKIIHYEcKoro yciaoBust Kommoroposa [4].

W3 ypaBHEeHHil 00paTHUMOCTH OIpPENENIIOTCS
CTallIOHAPHBIE BEPOSTHOCTU COCTOSTHUI CHCTEMBI

X 2,...,|x

Y

M, R(x)
p@ =[1I1a.p. &, . RCN] ] 7(0.....0,5)p(0),
u=l k,=1 s=1
xelX,
M1, R(x) -
pO) =| 2 T1I1a.2. %, . RCD] ] 2(0.....0,5)
xeX u=l k,=1 s=1

u

31ecs Npou3BeeHUEe, B KOTOPOM BEPXHUH WH-
JIEKC MEHBIIIE HIDKHETO, MOJIOKUM PABHBIM EIMHUIIE.

2 Ckneusanue y3106 ¢ OMKpPbImMyIo centy

B cerp, cocrosmyro u3 N y310B, MOCTYNAET
TIPOCTEHIIIHIA TIOTOK 3as8BOK C mapaMeTpoMm A. 3asB-
Kku MoryT ObiTe M TumoB. Kaxkmast 3assBKa BXOIHO-
TO IOTOKA HE3aBUCHMO OT APYTUX 3asBOK HAIpaBIli-
eTcsl B i -bIif y3€JI ¥ CTAHOBHTCS 3asBKOW THHA u C

BEPOSITHOCTBIO Py; (i =1,N,u= l,M),

N M
ZZPO(:‘,M} =1

i=1 u=1

[Ipennonaraercst, 4To i -bIid y3€J MOXKET HAXO0-

JUThCSA B OJHOM M3 [, PEXXUMOB pabOThI (ll. =0,7,

i=1,N ) CocrosiHME CeTH B MOMEHT BpPEMEHH !

OIHchIBaeTCA BEKTOpoM x(f) = (x, (), x, (£),..., X, (1)),
rae x;(t) — cocrosHME i -TO y3j1a B MOMEHT BpeMe-

HU t. CoCTOSHHE y3Jla ONHUCHIBACTCS a0CTPaKTHO U
MOXET HE COBIIAJaTh C YHCJIOM 3asiBOK B HEM. IIpo-
necc x(¢) uMeer He Oosee yeM CUETHOE MPOCTpPaH-

CTBO cocTOAHMH X = X, x X, X..x X .

O6o3HaunM uyepe3 0 Takoe COCTOSHHE i -TO
y3i1a, KOTAa B HEM OTCYTICTBYIOT 3asBKH, U y3el Ha-
XOIUTCS B pexxuMe paboTsl 0; |xi|u — YHUCIIO 3aBOK

THNA U (u =1LM ) B 1-OM y37€, KOTOpBI Haxo-

JUTCA B COCTOSIHUM X, € X,; R(x;) — pexuM QyHK-
[IMOHUPOBAHUS 7 -TO y371a, KOTOPHIH HaXOAUTCS B
cocTosHMHU X, € X,.
MHoxecTBa
Q7 (i,u,x,,R(x,)), Q (i,u,x,R(x,)),

O (i, R(x)), © (%, R(x,)
BBOJATCA TaK Xe, KaK U B IPeIbLIyIIeM pasjere, HO
C yKa3aHHeM HoMepa y3Ja:

Q" (i,u,x,,R(x,)) = {fc[. eX, :|)E,.|u = |x,.|u +1;
%], =|x| .me{l2, . .M}\{u};R(E) = R(x,)},
Q (i,u,x,,R(x,)) =
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z{)?l.eXl.:|5c,.u:|x,. :|x,.|m,
me(l,2,...,M}\{u}; R(%) = R(x,)},

0" (i,x,R(x,))={X € X, : R(%,) = R(x,)+1,
L, me{l2,. M},
On (i,xi,R(xl.)) = {)El. e X, :R(x,)=R(x,)-1,

R(x) # 0;|%], =|x|, . me{1,2,..M}}.

—Llx ] #0s%

m

R(x;) # ”i§|555|m :|x

i

Ilycts 7, (x;,X;) — yclIOBHas BEPOSTHOCTb TO-
ro, 4YTO  y3ea  Iepeuuér B
X, € Q' (i,u,x,,R(x;)), ecnu B HEro MOCTYIHT 3asiB-

COCTOSAHUEC

Ka TUIIA u, 3aCTaBIIAs €ro B COCTOSIHUM X, € X .

Ilycts ,(x,,X,) — UHTEHCUBHOCTb Ilepexoja
y3a M3 COCTOSHMA X, € X, B COCTOSHHUE
X, € (i,u,x,,R(x,)) 3a cuéT 0OCIy>KMBaHUS 3asiB-
KU THIA U.

B kaxgom y3i1€ npeamnojararorcsi BO3MOXKHBI-
MH BHYTPCHHHUC IICPEXOAbl U3 COCTOSAHUSA X; € Xi B

JpYTO€ COCTOsIHUE X; € X, C TEM K€ YHCJIOM 3agBOK

KaXJIOTO THMAa. DTO 3HAYMUT, YTO TAKUE IMEPEXOJbl
00yCJIOBTIEHBI HE MOCTYIICHHEM WIN OOCITy>XHBa-
HHEM 3asBOK, a BHYTPEHHUMH U3MEHEHHUSIMH B y3J1e
U MIEPEX0/IaMH C OJTHOTO peXuMa paboThl B JPYToi ¢
COXpaHEHHMEM YHCIIa 3asBOK Ka)KIOTO THIIA.

HazoBém pexkxum O OCHOBHBIM PEXHMOM pa-
0oTel. Bpems paboTel y3ma, Haxonsiierocs B CO-

CTOSIHUU X, € X,, B pexume R(x,) (R(x,.) :Tr,)
MMEET II0Ka3aTeIbHOE PACIpENeTIeHNE, TIPH 3TOM C
UHTEHCUBHOCTBIO V,(X,,X,) Y3€l NEpeXoauT B CO-
crostHue X, € ®°(i,x,,R(x,)), a C HHTEHCHBHOCTBIO
@,(x,,%;) — B coctosHMe X, € O (i,x;,R(x;)). IIpen-
nonaraercs, 4to Vv, (x,,%;) = 0, Korna y3en HaxoauTcs
B COCTOSIHUM X, C PeXUMOM 7, U @;(x,,X,) =0, Ko-
IJa y3el HaXOAUTCS B COCTOSIHUM X, ¢ pexumoM 0.

3asBka TuUma u, OOCIy)XeHHas B i-OM Yy3Ie,

HE3aBUCHUMO OT APYTUX 3asiBOK MIHOBCHHO HallpaB-
JIACTCA B j -BIf y3€J1 U CTAHOBUTCS 3agBKOM THIA V

C BEPOATHOCTBIO P ,y;.,)» & € BEPOSITHOCTBIO P, 0

TIOKH/IA€T CETh (i,j =1,N;u,v= l,M),

N M
Z Z Piayiwy T Piiaro =1

j=1v=l1
[Ipennonaraercs, 4To0 MaTpULla BEPOSITHOCTEM

NIEPEXO/I0B (p(,.’u)(/.’v) L, j=0,N,u,v= I,M), rae
Diouyory =0, Hempusopuma. Cucrema ypaBHCHHH
TpaduKa NPUHUMAET BHU]T

N M
&y = Poiy T z EnLiivyiu»
g 2.1

i=LN,u

1,M.
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O.B. Axybosuy, I0.E. J[yoosckas

Cucrema ypaBHeHHH Tpaduka MMEET eIUHCT-

BEHHOE TIOJIOKUTEILHOE PEIIeHHUE (g[u,i:I,N,

u=1,M ), YTO MOKHO JI0Ka3aTbh, MEPEHYMEPOBAB

COOTBETCTBYIOIIIUM 00pa30oM DIIEMEHTHI MAaTPHIIBI
BEPOATHOCTEW MepexoqoB. B pesyrnprate moiaydaeM
cucteMy ypaBHeHU# Tpaduka cetu J[KekcoHa, s
KOTOPOH JIOKAa3aHO CYIICCTBOBAHHE CIUHCTBEHHOTO
MOJIOKUTEIBHOIO pelieHus [5].

[Ipu coenaHHBIX MPEANONIOKEHUsIX Xx(f) — oA-

HOPOJAHBII MapKOBCKHMI MpOLIECC C HENPEPHIBHBIM
BpeMeHeM U He Oojiee ueM CU€THBIM IPOCTPaHCTBOM
cocrossHAM X = X, x X, x..x X ;.

OO6o3HaunM dyepe3 «,, = As, HHTEHCHBHOCTb

TIOCTYTUICHHA 3asiBOK TWUTIA u B I -bIid y3ern. Uubu-
HUTE3UMaJbHbIE WHTEHCUBHOCTU MEPEXOJOB IpPO-
necca x,(f) M3 COCTOSIHMA X, € X, B COCTOSHHUE

X € X, (x, #X ) NpHHAMAIOT CIIEYIOUHI BULL:
q,(x,, %) =a,7, (x,%), X eQ (i,u,x,R(x,)),
q,(x,%,)=p,(x,,%), X €Q (i,u,x,,R(x,)),
q,(x,%)=v,(x,%), X €O (i,x,R(x)),
4:(x,%) = 9,(x,%), X€0O (i,x,R(x,)).

JIns BCeX OCTANbHBIX COCTOSAHHM X, HWHTEH-
CHBHOCTS Iiepexoza ¢,(x,,x,;) =0. 3xecp

ﬂiu('xﬂii)zoﬂ Z

%€Q" (iu,x; ,R(x;))

/u[u (xi ’)’Ei) 2 O’ /’liu (xi) = Z

X€Q (i,u,x;,R(x;))

T (xi:)zi) =1

:Lliu (xi 4 jC"i )

— HMHTCHCHUBHOCTb O6CJ'Iy>KI/IBaHI/I${ i -bIM Y3JI0M 3as-
BOK THIIA ¥, KOTla OH HAXOAUTCS B COCTOSIHUH X,

v, (x,,%)=0, ¢(x,%)=0,

)= D vl %),
%€0 (i,x,,R(x;))

(2 (x[) = Z P (x”'i-")
5,€07 (i,x,,R(x;))

— MHTEHCHBHOCTH BBIXOJIa U3 COCTOSHHS X, 3a CUET
BHYTPEHHHUX NIEPEX0I0B (i =1,N )

PaccmoTpuM M301MpoOBaHHBIN i -BI y3enm B
(UKTUBHOW OKpyKaromield cpene (OKpy»KaroIas
cpena siBisieTcsi (GUKTHBHOM, T. K. B CETH CyMMap-
HBIE TIOTOKHU 3asBOK B Y3JIbI, BOOOIIE TOBOPSI, HE SIB-
JSIFOTCSL IPOCTEUIINMM), TIpEIoyarasi, 9To B HETO
MOCTYNawT M HE3aBUCUMBIX IPOCTEHIINX TOTOKOB
3a8BOK C MHTEHCUBHOCTAMH A&, A&,,..., A&,

rae (gl.“ ,i=LNu=1M ) — pellieHre CUCTEMBI ypaB-

Henmii Tpaduka (2.1). Iycrs {p,(x,),x, € X,} —
CTallMOHAPHOE paclpelieliecHHe BEPOATHOCTEH Co-
crosHuit mpouecca x,(¢). IIpeanonaoxum, 4ro i -blif

y3en obparuM. YpaBHeHHs 0OpaTHMOCTH IUIST M30-
JMPOBAHHOTO  -T0 y3Jla CeTH IPHUHUMAIOT BU]
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a, 7, (X, %) p;(x,) = w, (%, x,) p;(%,),
% e Q (iu,x,,R(x,)), R(x,)=0,r;
v, (x,, %) p,(x,) = 9,(%,x) p,(X,),
X €07(i,x,R(x,));
X, eXi,u:I,_M,i:L_N.
HpCHHOHOX(I/IM, YTO 4JId BCEX

i=LN, u=LM, x,,x,€X, |x“

i

‘= |x,.2 u?

X, € Q (,u,x,,R(x,)), X, € QX (I,u,x,,,R(x,,)),
R(x,)=R(x,), R(x,),R(x,)=0,r, BbIIOIHAETCSI
Clle/lyIolee PaBeHCTBO

”ill (‘iil > x[l ) — ﬂiu ()’EiZ 4 xiz)

My (15 %) (X5, %,5)

s X,,X, €X,, x,.1|u =|xl.2 Lu=LM,
X, €O (4,x,,R(x,)), %, €0 (i,x,,R(x,))
Vi()’z[l’xil _ Vi()"éiZ’xﬂ)

¢i(xil"xil) (pi(‘xiZ’xiZ)
BsegeM 0003HaueHuUs, aHAJOTHYHEIE 000O3Ha-
YEHHSIM, BBEICHHBIM B IIPEIBIAYIIEM pa3ieie

7, (X5 %) _ T (X125 %) _ ( R(x ))
~ ~ iu u > ’l >
L (X0, %0) i, (X, %)

Vi (X5 %) _ V(X5 %) _

?,(x,,%,)  @.(x,,%,)
=7, (|xl.] X, |2 ,...,|x,.] |M ,R(x,.l)).
CTaHI/IOHapHOe pacrpeaciicHue BepOHTHOCTeﬁ
COCTOSIHUH PISOJII/IpOBaHHOFO y3ﬂa CETHU UMECT BU[

xi 1

1°

pi(x)=
M, R(x)
=112, k. RGN 7,0....0.5)p,(0),
u=1 k=1 .v:l_ 2.2)
x, €X,i=1LN,
p,(0)=

-1
| R(x)

aiupiu (kiu > R(xz))l—[ Ti (09“'9 Oa S)
s=1

Jl,

M
x€X; u=l k=1

iu

3 Cmayuonapnoe pacnpeoenenue cemu
OOo3HauuM uepe3 [X;] N -MepHbIii BEKTOp

X € X, y KoToporo Bce KOOpAHMHATHI, KpOME i -0,
COBIAJIAIOT C KOOPIMHATAMH BeKTOopa X € X, a i -as
Koop/mHaTa papHa X, € X;. Yepes [X,,X;] o0o3Ha-
gyuM N -MepHbBII BEKTOp X € X, y KOTOpOro Bce
KOOpIMHATBI, KPOME i -OM M j -0il, COBINAAAIOT C
KOOpJIMHATaMHU BEKTOpa x € X, a i -as KoOpIuHATa
paBHa X, € X;, j-as KOOpIMHAaTa paBHa X, € X .
Ecmu g(x,y) — MHTEHCHBHOCTH TIEpeXo/a mporecca

x(t) w3 cocrossHus x€ X B cocrosHMe V€ X,

q(x)= Zm q(x,y) — UHTEHCHBHOCTb BBIXOZ#A M3
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Hccneoosanue /VIHOZOPEOICM/WHOIZ cemu maccoeoco 06CleDICu8(1Hu}Z c a6C’mpaKmllblM onucanuem cocmosiHui

COCTOSIHUSL X, TO MHTCHCHBHOCTH IEPEXOJOB IIPO-
necca x(¢f) UMEIOT BUJ

q(x,[%]) = /Ipo(i,u)ﬂ-iu (x,,%), X, € Q'(, u,x;,R(x,)),
q(x,[%]) = 14, (X, %) P o X; € Q (1, X, R(X,)),
q(x,[%]) =v,(x,X,), % €0"(i,x,R(x)),
q(x.[X]) =g (x,%), X€O (i,x,R(x,)),

q(xa[i,' ’ jéj ]) = luiu (xi s 561‘ )p(i,u)(j,v)ﬂ-jv (xj ’ ;Cj)’
ii € Qi(iausxiaR(x[))3 i/ € Q+ (j’va'ijR('xj))3
u,v=1,M;i,j:1,_N,xeX.
Jnst BceX OCTaNbHBIX COCTOSIHUH ye X

q(x,y)=0. VIHTEeHCHMBHOCTb BBIXOZa IIOJIy4aeTCs
CJI0’KEHUEM yKa3aHHBIX UHTEHCUBHOCTEMN:

N M
G0 = A+, 1, D) o+
i=1 u=1 (3 1)

N
+ZI:V1' (x; )I(R(x,)¢);) + o (xi)[(R(x, )#0)]’ xeX.
i

Teopema. Ecnv 1151 Bcex i =1, N BBITIOJIHSIOT-
Csl YCIIOBHUS 00paTHMOCTH

pu (], RGx)=1)x

1, (], o o], sl S RGD) =
= p, (jx], - R(x))x

<, (x|, o]y s ], = L], s RCED),

u=LM, |x| #0, x, € X,,R(x) =17,

Y CXOOUTCS P
N M, R(x,)

Z q(x)HH H 2, P (K, R(x[))H 7,(0,...,0,s),

xeX i=l u=1 k=1
rae g(x) — MHTEHCHBHOCTH BBIXOJIa U3 COCTOSIHUSA
X, ompenenseMasi paBeHCTBOM (3.1), TO MapKOBCKHIA
mpouecc x(¢f) 9proauyeH, a ero CTaluoHapHOe pac-
npezeneHue uMeet GopMy MpOoU3BeICHUs

Problems of Physics, Mathematics and Technics, Ne 1 (18), 2014

p(X)=p(x)p,(x,)-.py(xy), x€X,
rae p,(x,) onpenensercs (2.2).

JlokazaTenabCTBO IMPOBOJUTCS  CTAHIAPTHBIM
00pa3oM: TOACTAaHOBKON CTaI[MOHAPHBIX BEPOSTHO-
CTCil B YpaBHEHHUS PaBHOBECHs. YCIIOBHE 3Proany-
HOCTH HaxoJuTcs u3 Teopembl docrepa [6].
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TEXHHUKA
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OKPAIIIMBAHME ITOJIMIPUPHBIX BOJIOKOH
JJIA 3AIUTHI HEHHBIX BYMATI

B.A. Toabaane'?, H.B. Ky3bmenkosa®’, B.B. Kpasuenko', B.E. Coinko’

1 o o
Tomensckutl 2ocyoapcmeennsiti ynusepcumem um. @. Cropunvl, I omens, berapyce

2

HUncmumym mexanuku memaniononumepuuvix cucmem um. B.A. benoco HAH benapycu, 'omens, benapyco
3 o o o

benopycckuti mopeaoso-sxonomuueckuil ynueepcumem nompebumenvckoi koonepayuu, I omens, Berapyco

COLORATION OF POLYESTER FIBERS
FOR SECURITIES PROTECTION FROM FALSIFICATION

V.A. Goldade'?, N.V. Kuzmenkova’, V.V. Kravchenko', V.E. Sytsko’

'F. Scorina Gomel State University, Gomel, Belarus
V. A. Belyi Metal-Polymer Institute of National Academy of Sciences of Belarus, Gomel, Belarus
3Belarusian Trade and Economics University of Consumer Cooperatives, Gomel, Belarus

HccnenoBaHa TIOMHHECHEHIHS TTOIMA(UPHEIX BOJOKOH, OKPALICHHBIX PA3JIMYHBIMHA JIIOMHHO(OPAMH 110 MEXaHU3MY KpEeH3HH-
ra. Pa3paboTaHo ycTpoHCTBO 1Is IPEPHIBUCTOr0 MOAU(HUIIMPOBAHUS BOJIOKOH JTIOMHHECLIEHTHBIMU Kpacutensimu. OmpezerneHa
ONTHMAJIbHAS TOJIIMHA My4YKa BOJOKOH, MOABEPraeMbIX MOJU(UINPOBaHHIO, KoTopas cocrasiser 31,5+1,6 tekc (90+100 Bo-
JI0KOH). D deKTHBHOE OKpaIINBaHHE BOJOKOH IPOMCXOMUT IIPU KPATHOCTU BBEITSDKKH B mpenenax oT 2 xo 3. ITokaszano, uto
caMoil BBICOKOH MHTCHCHBHOCTBIO JTIOMHHECLCHIIMU TIpU 00dydeHuH Y® CBETOM XapaKTepHU3YIOTCS BOJIOKHA, MOJH(BUIUPO-
BaHHBIC OKCA3MHOM H POIAMHHOM.

Knrouesvie cnosa: nonusdupnvle 010KHa, Kpetizune, MOOUGUYUPOSaHe, TIOMUHECYEHMHbLE KPACUMENU, CNeKmpbl TIOMUHeC-
yeHyuu.

Luminescence of polyester fibers colored by different luminophores using craising mechanism was investigated. Arrangement
for interrupted modification of fibers by luminescent colorants was designed. Optimal thickness of fiber bundle (90+100 fibers)
subjected to modification was estimated. Effective fiber coloration takes place when the drawing out degree is between 2 and 3.
It was shown that fibers modified by Oksasin and Rodamin are characterized by the highest intensity of luminescence in UV ra-

diation.

Keywords: polyester fibers, craising, modification, luminescent colorants, luminescence spectrum.

Beeoenue

B mHactosmee BpeMsi Ha OTEUYECTBEHHOM M MHU-
POBOM pBIHKAX HAXOAATCS B OOpAIICHUH THICSIH BU-
JIOB Pa3HOOOpPa3HBIX LEHHBIX OyMar M IOKYMEHTOB.
Pa3zButre u mmpokoe pacnpocTpaHeHUe B OOIIECTBE
W TMPOHM3BOACTBE MOAMIPAPHUSCKUX TEXHOJIOTHMA
CTUMYJIMPYET yBEeIMYICHHE KoMn4ecTBa noaaenok. I1o
OIICHKaM MEXIyHApOJHbBIX OpraHH3alUi, MOTEPU OT
MOJIJICJIOK [IEHHBIX OyMar W JOKYMEHTOB B MHUPE CO-
cTaBIsitOT coTHU MiipA gosuapos CIHIA B rog [1].

ITo naHHBIM OTEUECTBEHHOM CTAaTUCTUKU [2, C. 87]
Ha TeppuTOpuu benmopyccuu ymenbHBIN Bec 3aperu-
CTPHPOBAHHBIX CITy4acB W3TOTOBJIICHUS, XPaHCHHS
00 cOBITa MOINENBHBIX JCHET WIH LEHHBIX Oymar
cocraBisier okoso 40% oT olmero yucna mpecTyn-
JIeHuH B chpepe SKOHOMHUECKOU AEATEIbHOCTH.

Bce rocymapcTBa Mupa yaenstoT 3HaUNTeIFHOE
BHUMaHHE pa3pabOTKe HOBBIX CpPEJCTB 3alllUThI,
OCHOBAHHBIX HA IMOCICIHUX MOCTHIKCHUSIX HAYKU U
TEXHUKU. B MUpPOBOM NIPaKTUKE HUCIIOJIB3YIOTCS MHO-
TOYPOBHEBBIE CUCTEMBI 3aIllUTHI, BKIIIOUYAIOIIUE Ta-
KOM KOMIIJICKC METOJIOB U CPEACTB, KOTOPBIH obec-
MEYMBACT HEIEIeCO00Pa3HOCTh TMOMICIKA I[CHHBIX
oymar [3].

© I'onvoaoe B.A., Kysvmenkosa H.B., Kpaguenko B.B., Coiyxko B.E., 2014
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HecMoTps Ha mmpokoe BHEIPEHHE 3JIEKTPOH-
HBIX TEXHOJIOTHH, MpeodIanaromas 9acTh JOKyMeH-
TOB W LIEHHBIX OyMar Mmo-IpeKHeMY W3TOTaBIHBACT-
cs Ha OymaxxHoMm Hocutene. [losromy 3ammra Oy-
Ma)XHOTO TIOJIOTHA TIO3BOJIIET MHHHUMH3UPOBATH
PHUCK JTF000TO M3 M3BECTHBIX BUJIOB (aTbCHPHUKAIIH,
BKJIFOYAsI CaMmble COBEPIIEHHBIE aHAJOTOBBIE METO-
nbl. 1lo nanasiM HanumonanbHOW accouuanuu mpo-
U3BOAUTEINCH IEHHBIX U JenoBbix Oymar CIIIA, 70%
Ha/Ie)KHOCTH 3aIIUTHI TOJUTPa(QUIECKOro MPOIyKTa
oT QanbcupuKanuy NPUXOIUTCS UMEHHO Ha JOJNI0
OyMakHOTO TToJIOTHA [4].

TexHOIOTHMYECKIE METOABI, HalpaBICHHBIE Ha
3ammTy OyMa)KHOTO HOCHTENS, TOCTATOYHO IPOCTHI
1 HagexHel. OHM OCHOBAaHBI Ha COOJIFOINEHUH OCO-
ObIX TpeOOBaHHMII K COCTaBy W CBOicTBaM Oymarw,
CTPYKTypE €€ IMOBEPXHOCTH. byMakHbIII HOCUTEID
3aIIUIIAIOT MyTeM BBEACHHUS B OYMaXXHYIO Maccy
3alllUTHBIX BOJIOKOH, HI/ITCI\/’I, IJIalICK, CrICHuaJIbHbIX
XUMHNUYECCKUX )106a1301<, HaHCCCHUECM Ha MOBECPXHOCTH
6yMar1/1 BOJAHBIX 3HAKOB U Ap.

O PEeKTUBHBIM CPEACTBOM 3aLIUTHI OYMa>KHOMH
OCHOBBI JIOKYMEHTOB SIBJISIIOTCSI CHHTETHYECKHE BO-
JIOKHA, KOTOpBbIE MO3BOJISIIOT PEAIN30BaTh OIHOBpE-
MEHHO HECKOJBKO SJIEMEHTOB 3allUTHI OIHOBPEMEHHO.



OKpamu@auue l‘lO/luO([]upllblx 60JIOKOH 0151 3awumaosl YeHHblX 6yMa2

Hocurenem 0CHOBHOTO 37IeMEHTA 3aIIUTHI SIBIISTIOTCS
[[BET BOJIOKHAa M €ro JIIOMHUHECIICHTHBIE CBOICTBa,
JONOJIHUTC/IbHBIMU 3JIEMECHTAMU 3alllMThbl BBICTYIIA-
10T ocobast (hopMa MOMEPEYHOIr0 CEUYCHHUSI BOJIOKHA,
(heppOoMarHuTHBIC CBOMCTBA U JIp.

3amuTHBIE BOJIOKHA TIPEACTABIAIOT COOOM KO-
POTKHE OTPE3KH BOJIOKHA JIMHOM 10 10 MM, XaoTHu-
HO pacmpenereHHbe B cTpykrype Oymaru. Hegocrat-
KOM OOJBIIMHCTBA JIFOMHHECIIEHTHBIX CHHTETHYE-
CKUX BOJIOKOH SIBIIICTCS HHU3Kasl CTOMKOCTH OKPACKH,
obHapyXuBaemasi Ipu repepaboTke OyMa)KHOH mac-
Cbl. YKa3aHHBIM HEIOCTAaTOK IPEOJOJIEBACTCS IIyTEM
00pabOTKK BOJIOKOH 110 MEXaHM3My Kpeii3uHra, 1o-
3BOJIIOIIEH BBOAMTH B KPEW3bl U 3aKPENMTb B IIO-
BEPXHOCTHOM CJIOE BOJIOKHA JIFOOBIE 1O0aBKH.

Hacrosmiast cTatest OCBAIICHA UCCIICIOBAHUIO
JFOMHHECICHTHBIX CBOWCTB MOMHI(UPHBIX BOJIOKOH,
MOJU(DHUIIMPOBAHHBIX PA3TUYHBIMUA KPACUTEISIMH B
mporiecce OPUEHTAIMOHHOW BBITSHKKH BOJIOKOH TIO
MEXaHU3MYy Kpel3HHra.

1 Texnonozus Kpeiizunza nonumepos

Kpe#izuHar monmmepoB — 3TO mpolecc o0paso-
BaHUS B [e(OpPMHPYEMOM IIOJIMMEPHOM oOO0pasie
CHUCTEMbI TMONEPEYHbLIX TPCUIUH, CTCHKH KOTOPBIX
coelMHEeHbl (GUOPWILIPHBIMU cTpyKTypamu [S]-[9].
OH NpOUCXOJUT B MPOLIECCE OPUEHTAIIMOHHOW BbI-
TSOKKU BOJIOKOH, OCYIICCTBISIEMOM B KHIKOW aj-
COpOIIMOHHO-aKTUBHOM cpexe. B HeMm BwIIemsioT
HECKOJIbKO cTamuii. Ha mepBrIX dTamax pacTsKeHUS
Ha TIOBEPXHOCTH BOJIOKOH 0Opa3yroTCs Kpessl
(MHKpOTpEIINHBI, CTEHKH KOTOPBIX COSTUHEHBI (hro-
PWLIApHBIMU TsDKamu). [lpu manpreWmen aedop-
MHpPOBaHHM KPEH3Bl PAacTyT B HaIpaBICHUH, IEp-
NEHIUKYIAPHOM OCH pacTshkeHus oOpasma [6]. Ha
CIIeIyIOIel CTaJuM KpEeW3bl pacUIMpSIOTCS B Ha-
MMpaBJICHUN OCHU PACTSXKCHUA, 4 BOJIOKHO IIEPEXOAUT
B OpUEHTUPOBaHHOE (UOPUILIIPHOE COCTOSIHHUE.
[Ipu pacTsrkeHUH BOJIOKOH B XKHJIKOH TEXHOJOTHYE-
CKOW cpeyie BO3HHUKAMOUIME Kpel3bl MTHOBEHHO 3a-
MIOJTHSFOTCS KUIKOHM (pa3ol, 4TO JaeT BOSMOXKHOCTh
BBECTH B CTPYKTYpY IOJHMepa JIOObIe, Jake Heco-
BMECTHMbIE C HUM J00aBKH (OaKTepUIMIBI, aHTH-
mupeHsl, kpacutenu u np. [10], [11]), obecrieunBas
X PaBHOMEpPHOE PACIpEICIICHHE B MOBEPXHOCTHOM
cj0e BOJIOKOH [8]. 3axBadueHHbBIE Kpeh3amMu J00aBKH
YACPKUBAIOTCSI B IOBEPXHOCTHOM CJIO€ BOJIOKHA.
OKCHEepUMEHTAIFHO TOJITBEPXKACHA BO3MOXKHOCTB
OKpAaIlIMBaHUsl CHHTETUYECKHX BOJIOKOH BOJOpAc-
TBOPUMBIMH KPACUTCIIAMU C UCITIOJIb30BAHUEM METO-
Jia kpeitzunra [12].

[Ipu MomupHUIUPOBAHUH JTFOMUHECIICHTHBIMU
KpacHUTeIsIMH II0 MeEXaHW3My KpeW3WHTa BOJIOKHA
MOJIBEPTAlOT BBITSDKKE B TIOBEPXHOCTHO-aKTHBHOU
KUIKOW cperie, comeprkamieii somuHOpop. Takas
TEXHOJIOTHS TO3BOJISIET IIOJTydaTh BOJIOKHO C yCTOM-
YUBOM OKPACKOM, OTJIMYAETCS] BHICOKOW MPOU3BOAU-
TENTBHOCTHIO, JIETKO BIHCHIBACTCS B CTAHAAPTHBINA IPO-
LHECC U3roTOBJICHUA XUMHUUYCCKHUX BOJIOKOH, HC Tpe6y—
€T 3HAYUTEIIbHOU MO[[I/I(i)I/IKaIJ,I/II/I TEXHOJOTHYECKOI'O
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ob0opynoBaHus. TexHOJIOTHSA KpPEeW3WHTa IO3BOJISIET
COBMEIAaTh KpalleHHe C BBEICHHUEM B CTPYKTYpY
BOJIOKHA JIOOBIX MOJIU(DUUIMPYIOMINX 100aBOK JUIst
NpUIaHKUsT BOJIOKHY JIOTIOJHHUTENBHBIX ITOJIE3HBIX
CBOMCTB (CITOCOOHOCTH TIOTJIONIATh M3JIyYeHHE, Ha-
MarHM4YeHHOCTh OTJEJIBbHBIX YYacTKOB BOJIOKHA H
Ip.). OTO OTKpPBIBAaeT IIMUPOKHE BO3MOXKHOCTH JIJIS
OKpAIlIMBaHUs BOJIOKOH HA y4acTKaX, YepeayroInX-
Csl C HEOKPALICHHBIMH, U NPENCTaBIsieTCs Hanboee
NEpPCIIEKTUBHBIM METOAOM IIOJy4YEeHHUsS BOJIOKOH,
pean3yIoMMX pa3HOOOpa3Hble MEXaHU3MBbI 3alUTHI
LIEHHBIX OyMar.

2 Bonokna u kxpacumenu

[MotpeOuTenbckue CBOMCTBA  MOJIMIPHUPHBIX
3aIIUTHBIX BOJIOKOH, MIPEX/E BCET0, CIIEeM()UIHOCTD
1 HaJeKHOCTh OKpPAacKH, (POPMHUPYIOTCS B IpoOIecce
WX W3TOTOBIICHHUS, NPHU ITOM pELIaloliee 3HAYCHHE
MMEIOT BBIOOP KpacHTeNsl M TEXHOJOTHU KPAaIICHHS
BOJIOKHA.

Moan¢$punnupoBaHUio MOABEPTaIN HEOPHEHTH-
pOBaHHbIE BOJOKHAa H3 MOJMITHIEHTepedTanara
(IT9T) mapku A HOMUHAIBHOW JIMHEHHOW IJIOTHO-
ctu 0,33 Texc (TY 6-13-020477-92-88 «BomokHO
HNoNMMAI(QUPHOE UIS TEKCTHIBHOW IPOMBIIUIEHHO-
ctu») npousBoacTBa OAO «MOruaeBXuMBOJIOKHOY.

Jist  okpamMBaHHMsS BOJIOKOH HCIIOJIB30BANIN
pacTBOpPHI JIIOMHHECLIEHTHBIX Kpacurtenei ((eHane-
muH 160, okcasun 17, pomamun C, diyopecuent,
s03uH H) B 2-mponanoine. DKcriepruMeHTaIbHbBIE 00-
pasmpl TOMM3(UPHBIX BOJOKOH H3TOTABIMBAIN C
MMOMOIIBI0 pa3paboTaHHOTO HaMHU J1a0OPaTOPHOTO
YCTPOMCTBA, KOTOpOE 0OECHEeUNBAET MPEPBIBUCTYIO
(mmar 3-5 MM) OKpacKy BOJIOKHAa B TPOIIECCE €ro
BBITSIKKH.

Br160op noaxoasiiell TOJIIMHBI TyYKa BOJIOKOH
OCYILIECTBIISUIM cienytomuM obpazom. [lyuku Boso-
KOH ToJmuHo# oT 14,85 mo 196,68 Tekc, okparieH-
HBIC B JIIOMHHECIIEHTHBIX PacTBOpax, paccMaTpHBa-
JIM TIpH THEBHOM OCBEILEHWH M TpH 00sydeHun Y O
CBETOM. YCTAaHOBJICHO, YTO Ye€M MEHBILE TOJIIHHA
My4yKa, TEM pPaBHOMEpHEE OKpacka BOJIOKOH M HX
moMuHecueHus B Y@ csete. [lpu TonuiuHe cBbliie
64,02 Texc Ha TTOBEPXHOCTH BOJIOKOH 3aMETHBI y4a-
CTKM, OTJIMYAIOIINECS HACBIIIEHHOCTBIO OKPACKH.
IIpu oxpamiMBaHHMM IIy4KOB BOJIOKOH TOJIIHMHOM
19,8 Tekc m MeHee KpacuTellb paclpeesseTcs paB-
HOMEPHO, O/IHAKO MOBBILIAETCS BEPOSTHOCTH OOpBI-
Ba BOJIOKOH B Tporiecce MoauduuupoBanus. Takum
00pa3oM, ONTHMAILHOM TOJNIIMHOW Iy4YKa BOJOKOH
IIPY OKPALIMBAaHWU 110 MEXaHU3MY KpeW3HHra sBJIs-
ercs 31,5+1,6 texc (90—100 BoIOKOH).

3 Memoouka oKkpawiueanus noauIPUPHLIX
6OJ10KOH JIIOMUHECUEHMHBIMU KPACUMENAMU

B MupoBo#l mpakTuke [ NMPEepPHIBUCTOTO OK-
pammBaHUA BOJIOKOH TPHMEHSIOT H3OIIPEHHBIC
TEXHOJIOTUH: Ha BOJOKHA HAHOCST «MAacKW», U30JIH-
pyIOIMEe WX MOBEPXHOCTH OT KOHTaKTa ¢ Kpacure-
JIEM Ha ydYacTKaX, HE MOIJISKAIIUX OKpaIlUBAHHIO
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[13]; BoNOKHA C OIpeaesIeHHBIM YCHIINEM CKpy4H-
BalOT B TPSAXKY, KOTOPYIO OKpAIIMBAIOT U IIOCIHE
CYIIIKH pa3pe3aroT Ha KOpOTKue oTpesku [14]; moa-
BEpraroT ABYM CTaAWAM BBITSAKKH, CHa4aJla — B BaH-
HE C aJCcOpOLMOHHO-aKTUBHOM XHUIKOCTBIO, COJEep-
JKalied KpacurTesb, a 3aTeM, I0ciie NPOMBIBKH BO-
Joi, — Ha Bo3xmyxe [15]. DTu cnocoObl BKIIFOYAIOT
MHOTO BCIIOMOTATEIbHBIX OIeparuid, KOTOPBIE OCY-
MIECTBISIOTCS € TIOMOIIBIO CIIEIIHATIBLHOTO 000pyHo-
BaHUS U KOHCTPYKTHUBHO CJIO’KHOW OCHAcCTKH [16].

Jlyist mpephIBUCTOr0 MOJU(DUIMPOBAHHS XUMH-
YECKMX BOJIOKOH IO MEXaHHU3My KpeH3WHra HaMmu
pa3paboTaHo OpUTrHHAIBHOE ycTpoicTBO [17], KOTO-
poe MMeeT CPaBHHUTEIbHO MPOCTYH0 KOHCTPYKLHIO.
OCHOBHBIMH 3JIEMEHTAMH yCTPOUCTBA (PHCYHOK 3.1)
SBJISIFOTCS: T1apa TAHYIIUX BAIKOB (8, 9) n 3y0uaThlii
BJIOK 7 C IIaroM 3yObeB, PaBHBIM JIMHE OKpAIlIeH-
HOTO y4yacTKa BOJIOKHAa. 30Ha KOHTaKTa 3y0uYaTroro
BaJKa C KOHTPTEJIOM, KOTOPHIM CIIY>KHAT TJamaKas
OTIOpHAs IJIACTHHA HAa JTHE BAaHHBI 4, TOTPYXKEHA B
TTOBEPXHOCTHO-aKTUBHYIO JKUIKOCTB, COJEPKAIIYIO
KpacHTEIb.

Banok 7 Bpaiiaetrcst oT He3aBUCUMOTO MIPUBOJA
CO CKOpOCTBIO ) U uMeeT mar 3yobeB /. [lydok 2
NpWKaT K KOHTPTENy 3yOuaThbiM BajKOM pEryliu-
pyeMbiM ycunueM F. W3 BaHHBI Iy4OK BOJIOKOH
MOCTYTIAeT B 3a30p MEXy MapoH IiaajJkuxX BalkoB &§
u 9. Basiok 8§ npuBOAUTCS BO BpALLEHUE CO CKOPO-
CTBIO M, > 1; C MOMOILBIO PErYIUPYEMOrO MPHUBOAA
U TIpUKaT K BaNKy 9 ¢ 3aaHHBIM ycuiueMm F, > F.
Perynupys ycunust Fy u F, 1 CKOpPOCTH 11 U My, YC-
TaHABIIMBAIOT HAHOONBIIYIO CTEIICHb BBITSDKKH ITyd-
Ka BOJIOKOH (COOTBETCTBYET IO3UINH, KOTJa ITyIOK
3aKaT MEXIy 3yOOM Bajka 7 M JHOM BaHHBI) &1 > &,
T7ie & — MUHUMAaJbHAs CTENCHb BBITSIKKH, IPH KO-
TOpOﬁ JJIs1 Bbl6paHHbIX XHUMHUYCCKHNX BOJOKOH H
CMaYMBAIOIeH WX MOBEPXHOCTHO-aKTUBHOM JKUIKO-
CTH HaYMHAETCs Kpei3000pa3oBaHue.

Touka BBITSHKKH MOAUGHIMPYEMOTO BOJIOKHA,
B KOTOPO# MPHU COOTBETCTBYIOIIEH CTEMIEHU BBITSK-
KM U CMa4yuBaHUU BOJIOKHA HOBerHOCTHO—aKTHBHOﬁ
KHUJKOCThIO HauMHaeTcss 0o0pa3oBaHHe KpPeW3oB, Ha-
XOANTCS Ha BBIXOJIE BOJIOKHA M3 KOHTaKTa 3y0Ouaro-
TO BaJIKa ¢ KOHTPTENOM. ITydoK BOJIOKOH 2, CKOMNB3s
10 JTHY BaHHBI 4, MOXKET HAaXOAUTHCS B JABYX Kpaid-
HUX To3uNusX. Eciu BOJOKHO mprkaTo 3yOOM K
KOHTPTEINy, CTENeHb BHITSDKKH & MaKCHUMajbHA H
JIocTaTouHa Il 0Opa3oBaHUS KpEH30B. YYacTOK
BOJIOKHA Ha BBIXOAE M3 KOHTAaKTa OKpAIIWBAETCH,
Omaromapst 3axBaTy Kpacutens Kpeizamu. Korna,
CKOJIb3sl 110 KOHTPTEIy, BOJIOKHO HaXxOAMUTCS B MPO-
MEXYTKE MEXIY 3yObsSIMH, CTEIIEHb €ro BBITSDKKHU €,
HEJ0CTaToYHA i Kpeh3oo0pa3zoBanus. COOTBETCT-
BEHHO, YYacCTOK BOJIOKHAa MEXAY IO3ULHSIMH, B KO-
TOPBIX BOJIOKHO OBIJIO NMPMXXKATO K KOHTPTEIY COCEl-
HUMH 3yObsSIMH, OCTaeTcsi HEOKpalleHHbIM. B pe-
3yJibTaTe Takod 0OpabOTKH ITy9OK BOJIOKOH OKa3bl-
BaeTCs OKpaIIeHHBIM Ha Y9acTKaX JJIMHOH /, depe-
IYIOLINXCS C HEOKPAIICHHBIMH y4YacTKaMU TOW Ke
JUTHHBL

ITo cpaBHEHHIO C TPaTUIMOHHBIMH METOIAMHU
Mo (UIMPOBaHKAE BOJOKOH 10 MEXaHH3My Kpei-
3MHTa T03BOJISIET CYIIECTBEHHO DPACIIMPHUTH accop-
TUMEHT HCIIONB3yeMbIX KpacuTenei. II3BecTHhIM
HEIO0CTaTKOM HOJ'II/I3(1)I/IpHI)IX BOJIOKOH SBJIACTCS
CIIOKHOCTh HX OKpAaIIMBaHMS, 4YTO OOBSCHSAETCS
OCOOCHHOCTSIMH HMX CTPYKTYpHl M CBOWCTB (KOM-
MIAKTHOCTBIO CTPYKTYPbl MaKpOMOJICKYJIbI, HU3KOH
CIOCOOHOCTRIO K HaOyXaHWIO B BOJIHBIX cpenax, a
Takke HEOONBIIMM YHCIOM  (PYHKIIMOHAIBHBIX
TPy, CIIOCOOHBIX K XMMHUYECKOMY B3aMMOAEHCT-
Buto) [12]. MoaudunupoBanne BOJOKOH 10 MeXa-
HU3MY KpEH3HHTra IMO3BOJISET 3HAYHUTEIFHO YyBEIH-
YUTh JIOCTYIHBIH BHYTPEHHHH O00BEM BOJIOKHA, YTO
crioco0cTByeT yckopeHuto nuddy3un Kpacutenei
BHYTpPb BOJIOKHA.

PucyHok 3.1 — YcTpoHcTBO [yist IPEPHIBUCTOrO MOAU(DHUIIUPOBAHKS BOJIOKOH:
a — cxeMa: 6 — BHEIIHUN BUJL.
1 — 600uHa, 2 — My4OK BOJIOKOH; 3 — HAalpaBIISIOIIUIA POJIUK; 4 — BaHHA;
5 — MoguduIMpPYyIOIIas )KUIKOCTh; 6 — y3€J PEryJIMPOBaHUs YPOBHS JKUJIKOCTH; 7 — 3yO4aThIil BaJoK;
8, 9 — mapa rimagkux BankoB; /) — nprueMHas 600uHa
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[Ipu MoanuIPOBaHNN IO MEXaHU3MY Kpeii-
3MHTa MOJIEKYJIbl KPAacHTElNsl WK JIpyroro Moaudu-
LUPYIOIIEr0 BEUIeCTBa aJCOPOUPYIOTCS U YACPIKH-
BAIOTCSI B NOBEPXHOCTHOM CJIO€ BOJIOKHA, YTO IO-
3BOJISICT OKPAIIMBATh BOJOKHO JIFOMUHO(OpaMH,
OOJBITMHCTBO KOTOPBIX UMEET HU3KYIO CBETOCTOM-
KOCTh, a TaKke OOeCIeYuBacT BBICOKYIO HaJllekK-
HOCTB OKpaITUBAHMS.

4 Hccnedosanue cmpykmypvl u JioMunec-
UEHMHBIX CEOIICME OKPAULEHHDIX 60JI0KOH

Cmpyxkmypy nosepxHocmu MOIU(PHUIAPOBAH-
HBIX BOJIOKOH M ITyOMHY 00pa3oBaBIIMXCS KPei30B
U3y4yaJd METOJIOM aTOMHO-CHJIOBOW MHKPOCKOIHH
(ACM) ¢ nmomomnipro npudopa NT-206 (010 «Muk-
porecTMamuHb, benapycs).

MHorodyHKIMOHAIBHBIH CKaHUPYIOIMHA 30H-
noBeIii Mukpockorn NT-206 npezncraisier coOoit
ATOMHO-CHJIOBOH MHKPOCKOII B KOMIDIEKCE C armma-
pPaTHBIMH W TPOTPAMMHBIMH CPEICTBaMHU, HEOOXO-
TUMBIMH JIJIS M3MEpPEHHsI ¥ aHAIN3a MUKPO- U CyO-
MHKpopesbeda MOBEPXHOCTEH, 0OBEKTOB MUKPO- U
HaHOMETPOBOTO Pa3MEPHOTO AMAIa30HA, MX MHUKPO-
MEXaHHYECKUX U JIPYTHX CBOMCTB C BBICOKHM pa3-
peLICHUEM.

Jlyist npoBeieHust UCClleI0BaHus 00eceYnBau
HETOJIBI)KHOCTh 00pasia IyTeM 3aKperuieHHs BO-
JIOKHA Ha ITOJUIOKKE M3 (PUKCHUPYIOLIETO MaTepuania.
[oaroroBneHHsIil 0Opa3en] NOMeNaan Ha MpeIMeT-
HBII CTOJIMK TakMM 00pa3oM, 4TOOBI BOJIOKHO pac-
MOJIAraoCh TEPIICHANKYISAPHO HAIlpaBIICHUIO CKa-
HUpoBaHuA. [lepen HavalmoM CKaHWPOBaHUS YCTa-
HaBJIMBAIM MaKCHMAaJIbHOE IIOJE€ CKaHWPOBAHUS U
HEOOXOAWMBIE MapaMeTpsl Ui KOJIMYECTBA TOYEK
mo ocsim X u Y. Ilokasarenn mMMpHHBI U TITyOHHBI
Kpeliza Ompeneysuld ¢ IOMOIIBI0 MPOrPaMMHOTIO
obecrnieuenus k npubopy NT-206 Ha OCHOBe naH-
HBIX, OTPKEHHBIX Ha rpaduKax.

JIromunecyenyuio OKpaIIeHHBIX BOJIOKOH B YO
00J1acTH CIIeKTpa BU3YaJIbHO PErHCTPHPOBAIH C I10-
mouipio npubopa «llenenr BK-04» mist xoHTpods
aKLM3HBIX MapoOK, BHECEHHOTO B ['ocyaapCTBEHHBIN
peectp mpUOOPOB A KOHTPOIIS MOMIHHHOCTH IICH-
HBIX Oymar W JOKyMeHTOB. [IpuOop ocHamiéH pTyT-
HOW JyroBoi jammoi (HamOojee MHTECHCHUBHBIC JIH-
M — 184.9499, 253.6517, 365.0153 1 404.6563 HM).

Cnexmpbi ntomMuHecyeHyuy TIOITyYeHbl Ha MaJio-
rabapuTHOM CIIEKTPOMETPE C CHCTEMOI perucTpaniu
Ha [I3C-nmuneiike (ITY um. ®. Cxopunsl). IIpu ma-
JpIX rabapurax npubop obecrieywBaeT paspelleHue
He Xyxke 0,3 HM U MMeeT YyBCTBHTEILHOCTD, IT03BO-
JISIOLLYIO PETUCTPUPOBATDH CIIEKTPHI JIIOMUHECLICHINH
PacTBOPOB OPTaHWYECKUX KpacHUTeNed B KOHICHTpA-
msax go 107° M/ PaGouast o6macTs CIIeKTpOMeTpa
coctaBisger 400+820 mM. McrouHmk BO3OYXKICHHS
CHEKTPOB JIFOMHHECLEHINN — ITOIYIPOBOIHUKOBBIN
na3ep ¢ ATUHHON BOMHBI 405 HM, WM Ta30BBIH J1azep
JITN21 ¢ pmuaHOM BomHBI 337 HM. CrieKkTpomerp
YIPaBIseTCs KOMIBIOTEPOM, MMEET MpPOCTOe U
yI00HOE IpOorpaMMHOE 00eCIIeYCHUE.
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OCHOBHBIMU OJIOKaMH yCTPOWCTBA SIBISFOTCS
onTuveckas cucrema, poronpuemusiii Mmoayib [13C-
KaMepbl U IUIaTa yrnpaBJIeHHs KaMepol U BBOJAA MH-
¢dopmanuu B xoMmmbioTep. B kauectBe dorornpuem-
Huka ucnonbsyercs [13C-munetika [ILX-511 (Sony),
cocroamas u3 2048 5>1eMEHTOB ¢ pa3MepaMu
14x200 mxM. Pexumbl paboTBl 3amaroTcs Ipo-
IpaMMHO, BpeMsI HAaKOIUICHHS CHUTHaja COCTaBIISET
ot 10 mc mo 50 c.

Huddy3Ho paccesHHOE H3Ty4YeHHE OT HCTOY-
HHUKA CBETA IIOCTYIAET Yepe3 BXOAHYIO IeNb KOPILy-
ca B 0OBEKTHB KOJUIMMATOpPa, I/Ie IMpeodpa3yercs B
HapajulelbHbll My4oK cBeTa. IloayuyeHHBId ITy4oK
OTpa’kaeTcsd MOBOPOTHBIM 3€PKaJIOM, MPOXOIUT ye-
pe3 KIOBETY C MCCIeIyeMbIM BELIECTBOM MM 3aKpe-
IUIEHHBIA ITy4OK BOJIOKOH, 3aTeM coOupaercst Ka-
MEpHBIM 00BEKTHBOM M TI0/1aeTCsl B (POTONPHEMHBIH
Monyns Ha II3C-nuneiiky. BHyTpu kopmyca crek-
TPOMETpa IO/ INTUTOH OCHOBAaHHS HaXOJWUTCS IjaTa,
MOCPEACTBOM KOTOPOH OCYILIECTBIISICTCS yIpaBlie-
HHUE KaMepoi 1 BBOJ HH(POPMaNH B KOMITBIOTEP.

Jlnist anmpokcuManuy JaHHBIX, XapaKTepu3yro-
IIUX CIEKTPBI JIOMUHECLEHIMH PAcTBOPOB KPacH-
TeNeH, MPUMEHSUIM METO]] HAMMEHBIINX KBaJpaToB,
KOTOpBIM I03BOJISET JOCTHYb BBICOKOH TOYHOCTH
annpokcuMaimu, 1 Dypbe-punbrpanuto. [locien-
HSS IIUPOKO MPUMEHSAETCS MPHU CIEKTPaIbHOM aHa-
JIM3€ JUISl OYMCTKH CUTHAja OT IIyMa M CrIIayKHBaHUs
criekrpa. OO6pabOTKy AaHHBIX OCYIIECTBIISIIM C HC-
MoJIb30BaHKeM Tporpamm Statistica v.6.1 u Origin-
Pro v.7.0.

5 Pezynvmamut u ux oocysyncoenue

CreneHb (KpaTHOCTbH) BBITSDKKHA BOJIOKHA BITHSI-
eT Ha copOuu MoauduuUpyoLero Bemectsa [7],
[10]. Jedopmarust BOIOKOH NpH BBITSDKKE OT 50 10
250% mpUBOIUT K YBETUYEHUIO KOJUYECTBA KpPacH-
TeJsl, 3aXBayeHHoro kpenzamu. [lo moctuxenuu cre-
meHn BHITSDKKH &* =3,0+3,5 (T.e. £=200+250 %),
KOTJla HAaYMHACTCA KOJUTAIIC KPEH30B W MEpexo] OT
PBIXJION CTPYKTYpHI BOJOKHA K KOMITAKTHOM, HauH-
HaeTcs OOpaTHBINA MPOIECC — PACTBOPUTEIHh BBIIAB-
TUBaeTCs U3 Kpei3oB. Paccrosans Mexmy GpuoOpmi-
JaMH BOJIOKHA B TIPOIECCE BBITSDKKHA HEMPEPHIBHO
YMEHBIIAIOTCSA M B KOHIIE KOHIIOB OKa3BIBAIOTCS CO-
M3MEPHMBIMH C pa3MepaMy MOJIEKYJ KpacuTens. B
UTOre MPOUCXOAMUT CBOeoOpasHast yiabTpaduibTpa-
IS PacTBOPa KPAaCUTEINsl Ha MOJIEKYJISIPHOM YpPOBHE,
B pe3yJIbTaTe KOTOPOI MOJIEKYJIbI KpacHTellsl 3axBa-
TBIBAIOTCS CTPYKTYPOH BOJIOKHA, @ B BaHHY OT-
(UIBTPOBBIBACTCSI B OCHOBHOM YHUCTHIA PacTBOPH-
Tenb. J{ns MONyYeHWs TOJIHOCTBIO OPUCHTHUPOBAH-
HOro oOpaslla CTEeNeHb BBITSHKKH JTOJDKHA COCTaB-
na1h 3,8+4,5 [12]. UeM BbImIe CTETIeHb OPUCHTAITIH,
TEM MEHBIIEe pa3HUIA B JJIMHAX BOJIOKOH, MCHBIIE
HaIPsHKCHHOCTh MOJIEKYJISIPHBIX Herneil B Gpuopni-
JIlaX ¥ COOTBETCTBEHHO — BBIIIE IPOYHOCTH BOJIOKHA
[18, c. 123].

Takum o0Opazom, Oojiee MHTEHCHBHOE Kpeii30-
00pa3oBaHKe MPOUCXOAUT MPHU KPATHOCTH BBITSDKKU

93



B.A. I'onvoaode, H.B. Kysvmenrosa, B.B. Kpaguenxo, B.E. Coiyxo

&* B mpenenax ot 2 10 3. [Ipu KpaTHOCTH BBITSKKH
&* <2 NOBEpXHOCTh BOJIOKHA 3aXBaThIBaeT HEAOCTA-
TOYHOE KOJMYECTBO MOAMDUIIMPYIOLIETO BEIECTBA,
a TpHU JIOCTIDKEHWM KPaTHOCTH BBITSDKKH &% =3
KpeW3bl MaKCHMaJIbHO 3aIlOJHSIOTCS MOAU(HIH-
PYIOIIMMH YacTHLAMU M afcopOums OOJbIIEro Ko-
JIMYeCcTBa YaCTHUL HEBO3MOJKHA.

BuewmHuii BuJ BOJIOKOH, MNPEPBIBUCTO OKpa-
[ICHHBIX JIIOMHUHECIIEHTHBIMH KPAaCHTEIISIMH, TOKa-
3aH Ha pucyHke 5.1.

0)

Pucynok 5.1 — Bua II9T BojokOH, IpepbIBUCTO
OKpAILIEHHBIX OKCa3WHOM,
B BUIMMOM cBete (@) 1 B YD uznyuenunu (0)

Croco6 u ycmoBust 00pabOTKH BOJIOKOH OKa3bI-
BAaIOT CYLIECTBEHHOE BIMAHUE HA CTPYKTYpPYy UX IIO-
BepxHOCTH. CTpYKTypa MOBEPXHOCTH MOAH(PHUIIUPO-
BaHHBIX BOJIOKOH ITOKa3aHa Ha PHUCYHKax 5.2 m 5.3
Ha IIpUMepe BOJIOKOH, O0pa0OTaHHBIX PACTBOPAMH
JIOMHHECLEHTHBIX KpacuTenei (pogaMuHa U QeHa-
nemuna). ['oppoodOpazHasi CTpyKTypa HOBEPXHOCTH
XapakTepHa sl BCeX MOJIU(PHIMPOBAHHBIX BOJIO-
KkoH. Kpeii3pl 0OHapy>KeHbl Ha MOBEPXHOCTH BOJIO-
KOH, 00pabOTaHHBIX pOJAMHHOM (PUCYHOK 5.2),
riryOMHa Kpei30B cocrasisieT B cpeanem 104,6 HM, a
mupuHa — 637,8 HmM. Yactuisl moaudukaropa, mpo-
HUKIINE B KPEH3bl, HE MO3BOJMIM CTEHKAaM COMK-
HYTBCSI TOJIHOCTBIO. Ha BoyokHax, Moaupummpo-
BaHHBIX (peHaIeMHHOM (PHCYHOK 5.3), 3aMeTHBI
JUIIB CIEAbl COMKHYBIIHMXCS Kpei3oB. DJTo 00y-
CJIOBJIEHO MEHBIIUM Pa3MEPOM MOJIEKYJ KpacuTes,
MO3BOJIMBIIMM CTCHKaM erﬁSOB COMKHYTBLCA MOJI-
HOCTBIO.
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Pucynok 5.2 — ACM-u3o0paxenue Tonorpaduu
MoBepXHOCTH (@) 1 IpohmIIb Kpeiiza (6)
19T BonokHa, MOAUMUIIPOBAHHOTO POAAMUHOM

7.4um x 7.5um x 740.8nm [225 x 228]

X, um
Pucynok 5.3 — ACM-u3o0paxenue Tonorpaduu
moBepxHocTd [19T BotokHA, MOTUPHUIIIPOBAHHOTO
(henaneMuHOM

Jns u3ydeHnus BIUAHUS KOHIICHTPALUU KPacCH-
TeIsl B MOOU(PHUIMPYIOMIEH KUAKOCTH HA WHTCHCUB-
HOCTh JIIOMHHECLUEHIINA W3Yy4Yallil CIEKTPalbHbIC
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XapaKTEePUCTUKH PacTBOPOB POJaMUHA IPH KOHLIEH-
Tpanuu kpacutens 0,05+4 r/n u MoguduUIEpOBaH-
HBIX MMHU BOJIOKOH. [lo Mepe yBenuuyeHUs] KOHIICH-
TpalMK KpacHuTeNsl W3MEHSETCs HEe TOJbKO HWHTEH-
CHBHOCTb JIIOMHHECLIEHIINHM PacTBOPa, HO M UX CIEK-
TpalbHbIE XapakTepucTHKH (pucyHOK 5.4). Hanbo-
Jlee MHTEHCUBHOM JIFOMUHECIICHIMEH 00J1a1aeT KOM-
NO3ULHS, B KOTOPOI KOHLEHTpAlHs pOJaMHHA CO-
crasisieT 0,1 v/n (crextp 2). [Ipu ganpHeleM mo-
BBIIICHUM KOHLCHTPALUKM KpacuTeNs HauyMHaeT Ipo-
UCXOMUTh KOHIEHTPALMOHHOE TYIIEHHE, a MaKCH-
MyM JIIOMUHECLCHIIMH CMEIIAeTcs B UIMHHOBOJIHO-
Byl0 oOusiacTh criekTpa. IIpy KOHLIEHTpauuu KpacH-
Telnst Bble | I/ MHTEHCUBHOCThH JIFOMUHECLEHIH
HH3Kasi 1 MU3MEHSIETCSI HE3HAYUTENBHO.
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Pucynok 5.4 — JlroMuHecueHI1s pacTBOPOB
pOlaMHHA B 2-TIPOTMAHOJIC IIPH KOHIICHTPAITUH
kpacurens: [ — 0,05 r/m; 2 - 0,1 r/m; 3 — 0,2 r/m;
4-05r/m;5-1r1/n;6—-2r1/n1;,7—4r1/n

o

IMpn MommduIMpPOBaHNM JTIOMHHECIEHTHBIMHU
KPAaCUTEISIMHU C POCTOM KOHIIEHTpPAIUU KpacuTems B
pacTBOpe IBET JIOMHUHECIICHIIMN BOJOKOH H3MEHS-
€Tcsl OT PO30BOTO JI0 KPACHOBATO-OPAH)KEBOT0.

IIpu oHUX U TEX ke KOHLICHTpALUsIX Kpacure-
JIsl B pacTBOPE CIEKTPBI JIOMUHECHEHIIMH OKPAaLIeH-
HBIX BOJIOKOH (PUCYHOK 5.5) 3aMETHO OTJIMYAIOTCA
OT CIEKTPOB JIFOMUHECLEHLMH PAaCTBOPOB KpacHTe-
neit (pucyHok 5.4). IlpuumHamu pasnuuuii Mexmy
CIIEKTpaMH CIIy’KaT pa3Hble arperaTtHble COCTOSHMS
U KOX(QQHUINEHTH CBETONPEIOMICHHS JIFOMHUHEC-
HEeHTHBIX cpea. Kpome Toro, paznnine Mexzy crek-
TpaMH PacTBOPOB KPAacCHTENCH W JIIOMHHECLIEHTHBIX
BOJIOKOH, II0 HAallleMy MHEHHIO, 00YCJIOBICHO HallU-
YreM COOCTBEHHOW JIFOMHHECLEHINH HCXOJHOTO
BOJIOKHA. MOXXHO IpPEANONIOKHUTh, YTO NpuU oOpa-
00TKe BOJIOKHA PacTBOPOM KpAaCHUTEJ MPOUCXOAUT
HaJIOXKEHHE T0JIOCHI JIIOMUHECLIEHIIMY KPAacUTes Ha
JUIMHHOBOJIHOBOW Kpa# TII0JIOCHI JIFOMUHECLEHIINH
BOJIOKHAa. B CBsI3M C 3THM OKpalleHHBIC BOJIOKHA
JIOMHUHECIUPYIOT B OoJiee IIMPOKOH IoJioce CIIeK-
Tpa, YeM pacTBOpHI Kpacutens. [Ipu MOBBIIICHUH
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KOHLIEHTPALUY MAaKCHUMyM JIOMUHECHECHIIMH OKpa-
IICHHBIX BOJOKOH CMEIIAeTCsl U3 CHHEH B KPacHYIO
obyiacTh criekTpa. MakcuMallbHyF0 MHTEHCUBHOCTH
JIIOMMHECLIEHIIMM MMEIOT BOJIOKHA, 00paboTaHHBIE
komnosunuei, cogeprkameit 0,5 r xpacurenst Ha 1 1
pacTBopa U30IPONMIOBOTO CIUPTA.
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Pucynok 5.5 — JIroMuHecLeHIIUS BOJIOKOH,
00pabOTaHHBIX PACTBOPAMH POJaMUHA
B 2-TIpOTIaHOJIE TIPU KOHIIEHTPAIIMHA KPACHUTEIIS:
1-0,051/m;2-0,11/m;3—-0,271/;m; 4—0,5 r/m;
S—1v/m6-2rv/m;7—4r/n

T
TA0p N

00 05 10 15 20 25 30 35 4D
KoHueHmpauus kpacumensi, a/n
Pucynok 5.6 — 3aBHCHMOCTB SIPKOCTH
JIIOMUHECLEHIIMN OT KOHLIEHTPALIMA KPACHUTEIIS:
1 — B pacTBOpax; 2 — B OKpaIlIeHHBIX BOJIOKHAX

3aBHCHMOCTh HMHTEHCHUBHOCTH JIIOMHHECICH-
MM PAacTBOPOB KpacuTened M oOpabOTaHHBIX UMH
BOJIOKOH OT KOHLIEHTPAI[UH KPACUTEIsl HOCUT HEIH-
HeWHBIH XapakTep (pucyHok 5.6). Uem BbIIe KOH-
LEHTpays KPacwuTelsl B pacTBOpe, TeM Ooibluee
KOJIMYECTBO MOJICKYJI KpacHTelns afcopOupyercs B
MTOBEPXHOCTHOM cJIoe BoJOKHA (KpuBas 2). KoHIeH-
TPalMOHHOE TYILICHHWE JIFOMUHECLCHIUH BOJOKOH
HayMHaeT NMPOUCXOIUTH NPH UX 00pabOTKe PacTBO-
pamMH ¢ KOHLIEHTpaIel KpacuTesis, MpeBbIlIaroneit
0,5 r/n.

OnTuManbHOM KOHIIEHTpalMe KpacuTens B
pacTBope Ul OKpAallMBAaHUS BOJIOKOH, MCXOIS M3
JAHHBIX pUCYHOK 5.6, cnenyer cumrath 0,4+0,5 T
Kpacurens Ha 1 11 pacTBopa.
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CHexTpbl JIIOMUHECIEHLIMH BOJIOKOH, MOAU(H-
IIUPOBAHHBIX PAa3HBIMM BHJAMM KpacHTeJeH, Moka-
3aHbl Ha puUcyHKe 5.7. VIHTEHCUBHOCTH JIIOMUHEC-
LEHIMH 3THX BOJIOKOH ITIOBBIIIAETCS B psity: (eHa-
JeMuH — (IyopecuenH — 303WH — POAaMHH —>
OKCa3HWH, TOTJa KaK MHTEHCUBHOCTb JIIOMUHECLEH-
UM UCIOJNb30BaHHBIX PACTBOPOB PACTET B APYIOM
nopsiike: (eHaneMuH — (QIIyopecenH — OKCa3HH
— pOJaMHH — 303UH. MOXXHO MPENNOI0KHUTE, YTO
HAJIO)KEHHE CIIEKTPOB PAaCcTBOPOB KpacHUTENs Ha
CIEKTP JIOMHHECIECHIMN ITOJU3()UPHOTO BOJIOKHA
IMPHUBOJUT K CABHIY MAaKCHMYyMOB JIIOMHUHECLEHLIUU
B KPacCHYI0 00J1acTh CIEKTpa, IIPU 3TOM I0JI0Ca JI0-
MHUHECLEHIIUN PACIIUPSIETCS.
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Pucynok 5.7 — JlxoMuHecUEHIMS BOJIOKOH,
00paboTaHHBIX PACTBOPAMHU KpacHTeENeH B
2-nponaHoie Ipu KOHIEHTPaluu
kpacureis 0,5 r/i: 1 — pogaMuHa;

2 — ¢penanemuHa; 3 — OKCa3HHa,

4 — pmyopecrenHa; 5 — 303uHA

Bosnokna, oOpaboTaHHBIE OKCAa3MHOM M pOAa-
MHHOM, XapaKTepU3yIOTCSl OJMHAKOBBIM IIBETOM H
cBeueHrueM B Y® cBere, pa3iMyHbl JHIIb OTTEHKU
po3zoBoro 1Bera. OCOOSHHOCTH BOJOKOH, 00pado-
TaHHBIX (PIyOpEeCLeNHOM U S03UHOM, COCTOUT B TOM,
YTO [IBETA 3THX BOJIOKOH NPH JHEBHOM OCBELICHUH
u npu obmydenun Y@ mydamu paznmyarorcs. llo
HalleMy MHCHHUIO, o6a TUIIa BOJIOKOH MOXHO IIpH-
MCHATH IJId 3alllUThl JOKYMCHTOB OT NOAACJIKU CO-
BMCCTHO HJIM B COYCTAHWU C APYIMMHU TUIIAMU 3a-
IIMTHBIX BOJIOKOH, IIOCKOJIBKY CTaHJapTHBIE TpeOo-
BaHMS PErJaMEHTUPYIOT HEOOXOIMMOCTh BBEJICHMS
B OyMa)kHYI0 MacCy He MEHee JIByX Pa3HOBUAHOCTEH
3aIIUTHBIX BOJIOKOH.

Bonokna, MoamuuIMpOBaHHBIE POJAMUHOM
(pucynok 5.7, xpuBasi /), UMEIOT MaKCUMYMBI JIIO-
MUHECIEHIINM B O0JIACTAX KPAacHOTO, (HHOJIETOBOTO
Y CHHETO AMAMa30HOB CIIEKTPa, YTO 00YyCIIaBIMBAET
SPKHI OPaH)XKEBO-PO30BBIN LIBET CBEUCHHSI.

BouokHa, okpamennbie heHaaeMUHOM (KpuBast
2), UMEIOT HalMEHBIIYI0 HHTEHCUBHOCTh CBEUEHHUS,
IPUYEM CIIOKHO BBIIEIUTh YETKHE MaKCHUMYMBI,
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COOTBETCTBYIOIINE KAKOMY-IHOO OIPEAEIeHHOMY
yuacTky cnekrpa. B YO cere onu nmeror cnabyro
CHPEHEBO-PO30BYIO OKPACKYy.

BosokHa, 00paboTaHHbIC OKCa3uHOM (KpHBas 3),
MMEIT MAaKCHUMyM JIIOMHHECLEHLIUM IPUMEPHO B
TeX e 00JacTsIX JuanasoHa, YTO U BOJIOKHA, MOJIH-
¢unupoBaHHbBIE POJAMHMHOM. HTEHCMBHOCTBH JIfO-
MHUHECIIEHIINM 3THX BOJIOKOH Haubojee BBICOKA IO
CPaBHEHHIO C NMPOYNMH 00pa3LaMH, I[BET CBEUCHMS
— KpacHOBaTO-pPO30BbIil.

Kpacurens dayopecuenn (kpuBas 4) gaet Mak-
CHMYMBI JIFOMUHECIIEHIIUH B 00JIACTSIX JKEITOTO U CH-
HETO JIMAIa30HOB CIIEKTPa, YTO 00YCIOBIMBACT HKel-
TOBATO-3€JICHBIM IIBET CBEYEHHsA. DO3UH (KpuBas J5)
IIPUAET BOJIOKHAM HESPKUH PO30BaTO-OPAHKEBBIN
1BeT cBeueHus B YD nyuax.

W3 paccMOTpeHHBIX BapuaHTOB MeHee 3ddex-
TUBHBI A7 3alUTHl JOKYMEHTOB OT MOAJENIKH BO-
JIOKHA, OKpaIlIeHHbIEe ()eHATEMHUHOM, MOCKOIBKY OHHU
OTIMYAIOTCS. HEBBICOKOW HHTEHCHBHOCTBIO IIHOMH-
HECIICHIIUM [0 CPAaBHEHUIO C APYIMMH BOJOKHaMHU.
Bonee HagexHyro 3aluTy OOKYMEHTOB oOecrieuaT
BOJIOKHA, 00paboTaHHBIE IPYIHMH BUIAMU KpacuTe-
JIel, B 0COOCHHOCTH, OKCA3UHOM U POJAMHHOM, KO-
TOPBIC o6ecneana10T WHTCHCUBHYIO JIFOMUHCCIICH-
LIUIO BOJIOKHA B YD HU3ilydyeHUU.

3aknrwuenue

1. IToka3aHO, YTO MHTEHCHBHOCTh U I[BET CBE-
YCHHs BOJIOKOH CYIIECTBCHHO 3aBHCAT OT BHIA H
KOHIICHTPALIMH KpacuTels B MOTUPHUIHMPYIOLIEM
pactBope. HambomnpIryto WHTEHCHBHOCTh CBEUCHUS
APKO KPaCHBIM LIBETOM CPEIH BCEX BHIOB MCCIENIO-
BAaHHBIX BOJIOKOH ITOKa3aJId BOJIOKHA C KpacHTEIEeM
OKca3mH. Ha cmekTpe IIOMHHECHEHIIMH OHH JAIOT
MAaKCUMYM MHTCHCHUBHOCTH CBCUCHUA B O6J'IaCTl/I
JuiH BoH 620+700 HM, YTO COOTBETCTBYET Kpac-
HOMY CBeTy. BoJIOKHA ¢ APYrHMMH UCCIICIOBAHHBIMU
KpPacCHUTEISIMA UMEIOT 00Jiee HU3KY HHTCHCHBHOCTD
CBCYCHUS, a COOTBETCTBYIOIIMEC WM MAaKCHMYMBbI
WHTCHCUBHOCTHU CIIBUHYTHI B 00JIaCTh 0o0Jiee KOPOT-
Kux UTHH BOJTH. COOTBETCTBEHHO LBET UX CBEUCHHUS
— OT OPaHXEBOTO JI0 3€TICHOTO.

2. YCTaHOBJICHO, YTO KOHIICHTPAIHS KpacuTe-
75l B MOAMGHUIMPYOLIEH JKUIKOCTH BIMSET HA HH-
TEHCUBHOCTb CBEUEHUS BOJIOKOH B Y@ CBETE U JJaxe
(B HEKOTOpOW CTEeNeHW) — Ha LBET cBedeHws. Ha
npUMepe pOoJaMHHA IOKa3aHO, YTO HAUOOJbIICH
UHTEHCUBHOCTBIO (SPKOCTHIO) CBEYCHHUS O0JIAAar0T
BOJIOKH2, MOJU(UIIMPOBAHHBIE PACTBOPOM C COJEp-
xaHueM kpacurenst 0,5 r/i1. YMeHbIIeHHE KOHIIEH-
TpalUU KPACUTEIs MPUBOANT, BO-TIEPBEIX, K PE3KO-
My CHIDKCHHIO MHTEHCHBHOCTH CBEUYCHHS BOJIOKOH
1, BO-BTOPBIX, K HEKOTOPOMY CMEIIECHUI0 MaKCHMY-
Ma WHTCHCHBHOCTH Ha CIIEKTPE B CTOPOHY MEHBIINX
JUIMH BOJH, T. €. OT SIPKO KPAacHOTO JO JKEITOTO H
JKENTO-3€JICHOTO. YBEIMYCHHE KOHIICHTPAaluu Kpa-
curenisi cBbime 0,5 /7 NpakTHYECKW HE BIMSIET Ha
[[BET CBEYCHHUS BOJIOKOH, HO HECKOJIbKO CHI)KACT €ro
UHTCHCUBHOCTbD.
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3. Pa3paboTaHbl METOMKA NPEPBHIBUCTOTO MO-
JudurpoBaHus MOJMI(QUPHBIX BOJIOKOH B IpOIlec-
CE€ OPUEHTAIIMOHHOMN BBITSDKKM M KOHCTPYKLHS YCT-
pOMCTBa ISl TIOJIyYEHHsI BOJIOKOH C YepeAOBaHUEM
JIOMUHECIUPYIOIINX OKpAIICHHBIX M HEOKpalleH-
HBIX YYaCTKOB 33/IaHHOM JJTHHBI.
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TEXHHUKA

NPUMEHEHHUE KIIETOYHbBIX ABTOMATOB C PACIHUPEHHBIM HABOPOM
ITPABWJI 1JIA TEHEPUPOBAHMUSA HCEBI[OCJIY‘“IAI\/'IHI)IX TECTOBBIX
HOCJIEAOBATEJIBHOCTEHU

HN.A. Mypauxo, /I.E. Xpa6pos

Tomenvckuii cocyoapemeennviii mexnuueckuti yuusepcumem um. I1.0. Cyxozo, I'omens, Benapyce

APPLICATION OF CELLULAR AUTOMATA WITH AN EXPANDED SET
OF RULES TO GENERATE PSEUDO-RANDOM TEST SEQUENCES

I.A. Murashko, D.E. Hrabrov
P.O. Sukhoi Gomel State Technical University, Gomel, Belarus

B cratbe paccMaTpUBAIOTCS BONPOCH! KIACCU(UKAMN IPAaBIII (YHKIHOHHPOBAHUS KJICTOYHBIX aBTOMAaTOB B KOHTEKCTE I'€HE-
PHPOBaHMS [ICEBIOCIYYAHHON MOCIEI0BAaTEILHOCTH MaKCHMAIbHO BO3MOXHOM IHHBL IIpoBeseH aHaaM3 BO3MOXKHBIX Habo-
POB IIpaBMJI, BBIBICHEI 3aBEIOMO HeyAa4dHble KoH(uryparmu. [IpeanoxeHa METOANKa BbIOOpa KOHKPETHOr0 Habopa mpaBHi

JJISL pa3sInIHbIX CPITy&LIPIfI.

Knwoueswie cnosa: ncegdociyuaiinas nocie0o8amenibHOCHb MAKCUMANbHOU ONUHBL, 2eHEPAmop NCes8O0CIYHAliHOl Mecmo8oll
N0C1e0068AMENbHOCHIUL; KICMOYHbLI A8IMOMAM, YUKIUYECKUE SDAHUYHBLE YCLOGUS.

The article deals with the cellular automata rules classification in the context of generating pseudo-random sequence of the
maximum possible length. The analysis of the possible sets of rules was successful and wittingly failed configurations were
identified. The technique for selecting a specific set of rules for different situations has been proposed.

Keywords: maximum length pseudorandom sequence, pseudorandom test sequence, cellular automata, cyclic boundary condi-

tions.

Beeoenue

BaxHelmum 371€MEHTOM BCTPOEHHOI'O CaMo-
tectupoBanus (aHri1. Built-in Self-test, BIST) siBns-
eTcsl TeHepaTop ICEeBIOCITyYallHBIX TECTOBBIX BO3-
nerctBuit [1]. CambIM HCHOJIB3YEMBIM METOJIOM
TEeHEPaLU TECTOBBIX BO3JEHCTBUI MaKCUMaJIbHOM
JUTMHBI SBIISICTCA PETUCTP CABHTa C JIMHEHHOHN 00-
patHoii cBs13bi0 (aHTa. Linear feedback shift register,
LFSR). OcnoBHbIM goctonHcTBOM LFSR siBisiercs
€ro M3y4YeHHOCTh M MPOCTOTA aNlapaTHOW peanm3a-
IIUH, JJI51 KOTOPOH TpeOyeTcs JHUIIb PETUCTP CIBUTA
W MHOTOBXOJIOBOW CyMMaToOp MO MOJIyJo nBa [2].
Opnnako ucnonszoBanue LFSR He Bcerma ompaspa-
HO JJISl CXeM BCTPOEHHOT'O CaMOTECTHPOBAHUS BBH-
JIy CHJIBHOW KOPPEJISIIIMN MEXIy MOCIIeI0BaTeIbHO-
cTsaMu, (GOPMHPYEMBIMH Ha Pa3IMYHBIX pa3psaax
reaeparopa. Tak 4To B mociegHee BpeMsl BHIMAHIE
VYEHBIX HAIPABICHO Ha WCIIOJIB30BAHHE allbTepHA-
TUBHBIX METOJOB TEHEPAUUH IICEeBIOCITyYaitHBIX
IIOCJIEZIOBATENLHOCTE MAaKCHUMAJIbHOW IJIMHBI, TaK
JK€ HasblBaeMbIX M-mocienoBaTtenbHOCTAMU. B ya-
CTHOCTH, B KadecTBE€ TIeHepaTopoB M-mociemoBa-
TENBHOCTEH paccMaTpHBAIOTCA IeHEepaTophl Ha Kile-
ToyHbIx aBromarax (KA) [3], [4].

Hawubosnee nosiHoO uccienoBaHbl KJIETOYHbIE aB-
TOMaThl Ha ocHOBaHUM npasun 90 u 150 ¢ HyneBbI-
MU TPaHUYHBIMHU YCIOBUSMHU [S5]. JJi1 HUX CO3[aHBI
TabnuIBl KOHUTypanuii, Mo3BONISIOMNX (HOPMHUPO-
BaTh M-TIOC/IeIOBATEIILHOCTH [6].

© Mypawrko HU.A., Xpabpos /L.E., 2014
98

B mocrnennee Bpems 0onbIoioe BHUMaHHS YIe-
JSeTCs KJICTOYHBIM aBTOMAaTaM C HUKIHYECKIMH
rpannanaeiMu yeioBusmu (LI'Y). Hanpumep, B [7]
paccMOTpeHa BO3MOXKHOCTb OTPaXCHHS Ppe3yJbTa-
TOB MojaenupoBaHusi KA OTHOCHTENTH,HO BpEMEHHOM
ocu. IIpobiema 0OPaTUMOCTH JIMHEWHBIX KICTOY-
HBIX aBTOMATOB C HYJICBBIMU TI'PAHUYHBIMH YCJIO-
BUSAMH ObLIa OAPOOHO paccMOTpeHa B [4], oaHAKO
TonmpKO B aBomvyHOM mone [amya GF(2). Bo3mox-
HOCTh OOpAICHUSI TEHEPUPOBAHUS ITOCIIECI0BATEIb-
HOCTH Ba)KHa, TaK KaK MHAYE MPEIBIIYIIYIO MOCIe-
JIOBAaTEIIEHOCTH MOYKHO Y3HATh TOJBKO MPHUOETHYB K
MTOTHOMY MOJICTTUPOBAHMIO0 PAaOOTHI KIETOYHOTO aB-
tomara. Ilompo6GHO onmmcanne paboT MO OOPaTUMBIM
KJICTOYHBIM aBTOMaTaM MOXXHO HalTH B [8].

B cratee paccmaTpuBaroTCS BOIPOCHI KIIACCH-
¢ukanuy npaBmwi1 (QyHKIMOHUPOBAHHS KIETOYHBIX
ABTOMATOB B KOHTEKCTE FCHEPHPOBAHUS MICEBIOCIY-
YallHOM TMOCJEeA0BaTeIbHOCTY MaKCUMajlbHO BO3-
MOXXKHOW JuMHBL [IpoBeneH aHamM3 BO3MOXKHBIX
Ha0OPOB TPaBWI, BEISIBICHBI 3aBEIOMO HEYIIAYHBIC
koHuryparmu. [IpemmokeHa MeToauKa BBIOOpA
KOHKpETHOro Habopa MpaBWi IJS pa3IHYHBIX CH-
Tyarui.

1 Knemounvie agmomamaor

B o0mem ciy4yae KI€TOYHBI aBTOMAT MOXKET
OBITb PACCMOTPEH KaK MPOCTast MOJEIb IIPOCTPAHCT-
BEHHO IPOTSHKEHHOTO YCTPOMCTBA, COCTOSILETO U3
psana sueek. CBSA3M MEXIy sSuelKaMM OTpaHUYEHBI
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JIOKAJBHBIM B3aMMOJIEHICTBHEM, TO €CTh KaKaas
SIYEMKa HAXOJUTCS B KaKOM-JIMOO COCTOSIHHMM, KOTO-
poe M3MEeHsSeTCs ¢ TeYeHHEM BPEMEHH B 3aBUCHMO-
CTH OT MpEeAbIAYIIEro 3HAUYEHUs caMoil SYEHKH U
3Ha4YeHUH e€ Onmxalmmx coceei. B manHoi pabo-
T€ pacCMaTPUBAIOTCSI TOJIBKO OJHOMEPHBIE KIIETOY-
Hble aBTOMaThl. Ecniu Ha KpaliHue siueliku aBToMara
MOCTOSTHHO TOMAETCS JIOTHYECKUH HOJb, TO TaKWe
TpaHUYHBIC YCIIOBHSI HAa3BIBAIOTCS HYJEBBIMH. Ecim
aBTOMAT «3aBEPHYT» B KOJBIO (TO €CTh MOCIETHSASA
siueika CBs3aHa C MEPBOM M HA0OOPOT), TO TaKUE
TpaHUYHBIC YCIOBHUS HA3BIBAIOTCS LUKIMYECKIMH.

B nanHo#i paboTe ucnonbp30BaH HAO0Op MpPaBUIL:
0, 170, 204, 102, 240, 90, 60, 150. Otu 8 npasun
NPE/ICTAaBISIIOT U3 ce0sl BCe BapHUallMy OJJHOM KIIETKU
U JABYX COceledl NpU HCIMOJIb30BAHUU TOJIBKO CyM-
MaropoB 1o mMoxayiio nBa. Ocoboe 3HaueHHe 37ech
urpatoT npasuna 0 u 204, mpu UX HCIOJIb30BaHUU
KJIeTKa HUKOTJAa He TOMEHSET CBOE 3HA4YCHHE, YTO
(hakTUYeCKH O3HAYaeT MpPEBpaIlCHHE KICTOYHOTO
aBTOMaTa U3 LUMKIMYECKOTO B JIMHEHHBIA aBTOMAT C
(hUKCHPOBAaHHBIMH TPAHIUYHBIMH YCIOBHSMU.

PacmmpenHnsiii Habop mpaBUiI MOXKHO 3aMucaTh
B Buje OuToBoi Tabmuiel (Tabnmma 1.1). B aToi
TalnuIe nepBasi CTPOKa — UCIIOJIb3YEMbIE IPABUIIOM
3HaueHus. Hanpumep, 07/ B mepBoii crpoke 000-
3HaYaeT, 4To Cielylollee 3Ha4eHHe OyIeT BBIYMC-
JATHCS MPH TTOMOIIA CYMMHUPOBAHHS MPEIBITYIIETO
3HAUEHUs KJIETKU U 3Ha4eHHsl paBoro cocena. Ilep-
BB CTOJIOEL] — MpEIbIAYyIe 3HAYEHHs JIEBOTO CO-
cela, TYEWKU U npaBoro cocena. KpaiiHuil npaBblii
croiber; — «Bec» TeKymiero 3HaueHws. [locimemHsis
CTpOKa — Ha3BaHWE IIpaBWJIA, KOTOpOE SIBISAETCA
CyMMOM 3HaueHHH (OCHOBHAS 4acTh TaOJHIBI), yM-
HOKCHHBIX Ha BEC.

Tabmuua 1.1 — buroBas Tabimna paciIMpeHHOTO
HaOOpa MpaBml

B mepBoii crpoke Tabamme! 1.1 MOXHO yBHIETH
3aKOHOMEPHOCTh: eciii ecTh npasmio 100, To Oyner
npasmwio 001. HazoBéM 3TO MHBEPTUPOBAHUEM ITpa-
BUIa, WK oOpamenneM. Ha pucynke 1.1 mokaszana
obmast ujest oOpalieHus MpaBuil KJIETOYHOTO aBTO-
MaTa: ecii MCIOJIb30BaJIOCh 3HAYEHHE TOJBKO Ipa-
BOI'0 coceza, TO MOCJIe MHBEPTUPOBaHUs OyneT uc-
M0JIb30BaThCsl 3HAYCHUE TOJIBKO JICBOTO.

N
— c2 — c3

¢l — c2

240 170

Pucynoxk 1.1 — Mtoctpauus npouecca
WHBEPTHPOBaHUs (0OpaleHHs)

B tabnmme 1.2 moka3aH MONHBIN pacIpEeHHBIN
Habop u ero oOpamenue. [[BeTom B Tabnmie otme-
yensl npaBuia 0 u 204, Tak KaK UCTIONB3YIOT TOJIBKO
3HA4YEHHE CaMOM KJIETKHM M IO CyTH CBOAAT IHKIIH-
YEeCKUIl KJIETOYHbIH aBTOMAT K aBTOMATy C HYJICBbI-
MU TPaHUYHBIMU YCIIOBHSMH, HO MEHBLICH pa3zMmep-
HocTH. CTONOLBI «3aBUCHMOCTB» M «OOpaTHas»
0003HAYaI0T, UCIIOJIB3YIOTCS JIM B JIaHHOM IIpaBUIIe
3HAYEHHMs JIEBOTO COCENa, CAMOW KIIETKH, U MPaBOro
cocera.

Tabnuna 1.2 — PacimmpenHsiii HaOOp mpaBwl
1 ero oOpaiieHne

[Tpasmiio 0 [170{204(102{240| 90 | 60 |150
[psamas 000{001{010({011{100(101|110(111
3aBUCHMOCTh

O6parHas 000{100{010({110({001 (101011111
3aBUCHMOCTh

O6parHoe 0 (240{204( 60 (170 90 |102|150
TIPaBUJIO

000]{001]010]011[100{101|110]111
B tabnume 1.3 MOXHO yBHIETh MPaKTHYECKOE
000 0Ofofo]ojJojJOoJO|O]f1
TMpUMeHeHusI oOpameHus: mnpaBuia. Kak BuaHO U3
001 0] 1/0]1j0}110)11]32 HEPBBIX TPEX CTPOK, NMPHU OOPAIIEHUH TPABHI OJJHO-
010 0 0 1 1 0 0 1 1 4 TO U TOro XC€ MPUMUTHUBHOI'O IMOJIMHOMA MOXKCT I10-
011 0] 1]1]0]0]1]1]0]8 JIYYUTCSI TOT K€ CaMblid MOJMHOM, APYrOd MPUMH-
100 010 JOJOJ T T ]T]1]I6 THUBHBIA WJIM JAPYrod He NpuMUTHUBHBIA. ITpuuém,
101 O)j1 /o1 ]1]O0J1]0]32 KaKk BUJHO M3 CTpPOK 3 u 4, 3aMeHa BCEro OJHOI
110 0J]O[1T[1T[1[1[0]O0] 64 SUEHKM MOJKET CYLIECTBEHHO M3MEHUTH PE3YJILTAT.
111 O[T ]1]0]1]0[0][T1]128
IIpasumno:| 0 (170|204|102(240] 90 [ 60 |150
Ta6muua 1.3 — [IpumMeps! oOpallieHnss HAOOPOB MPABHIT
[TonuHOM HaGop npasuin OO6patHblii Habop ITomuHOM
1+x*+x° [240, 240, 240, 60, 60] [170, 170,170, 102, 102] 1+x*+x°
1+x°+x° [240, 60, 60, 90, 90] [170, 102, 102, 90, 90] 1+xtx ' +x°
1+x°+x° [240, 150, 60, 60, 60] [170, 150, 102, 102, 102] X+
1+x*+x° [240, 150, 60, 60, 150] [170, 150, 102, 102, 150] 1+x*+x°
1+x%+x° [90, 60, 60, 150, 60] [90, 102, 102, 150, 102] 1+x%+x°
1+x°+x° [240, 90, 150, 240, 60] [170, 90, 150, 170, 102] 1t +x°
1+x°+x° [240, 240, 150, 60, 90] [170, 170, 150, 102, 90] 1+xtx+x
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B Tabnume 1.4 mpencraBieHbl MPUMEPHI KOP-
PEKTHBIX BEKTOPOB IPaBHJI, MOCTPOCHHBIX HA JBYX
npaBuiax. Bekropa coOpaHbl 10 mapam — npsMou u
WMHBEPTUPOBaHHbIA. VIHBepTHpOBaHHBIN HabOp Tpa-
BWJI MOXKET OBITH IIOCTPOEH B COOTBETCTBUH C Tal-
muneit 1.2. Criexyer 3aMeTuTh, 4TO BCETro ObLIO Hali-
JIeHO 3 mapsl IpaBWiI, HA KOTOPBIX MOXKHO IOCTpPO-
UTh ynauneie KoHGurypamun: 60 u 240, 60 u 150,
90 u 240. Taxke KOpPpPEKTHBIE BEKTOPa MOXHO ITO-
CTPOUTH Ha OOpaTHBIX K HUM mpaBmiam: 102 u 170,
102 1 150, 90 u 170.

Tabmnuna 1.4 — KoppekTHbIe BEKTOpa, HIOCTPOSHHBIE
Ha 2 mpaBuiIax

ITonrHOM Bexrop npasui I11 [I12

1+x*+x’ 240(240{240{240{240(240| 60 || 60 {240

1+x*+x’ 170{170{170{170{170{170{102]102{170

1+x*+x’ 60 [150] 60 [150]150{150{150) 60 |150

1+’ 102{150(102(150{150[150{150[ 102|150

1+x*+x’ 240{ 90 {240{ 90 [240{ 90 | 90 | 90 |240

1+x*+x’ 170{ 90 [170] 90 [170]{ 90 | 90 || 90 {170

B Ttabmune 1.4 npuBeneHs! NpUMeEpbl KOH(H-
rypanuii, mpu OOpaIIeHUuH AIOINX TOT K€ CaMBIH
MOPOK AU TOJTUHOM.

2 Ilpasuna yHKyuOHUpoSAHUA K1E€MOUHBIX
asmomamos

B pa6ote [9] B reHepaTopax Ha KICTOYHBIX aB-
TOMarax ¢ HUKIMYCCKUMU I'paHUYHBIMU YCJIOBUSAMHA
MpeasoKeHo ucnoiap3oBath 8 mpaswi: 0, 170, 204,
102, 240, 90, 60, 150. Tam »xe npeaIoKEeHO pas3je-
JUTH TpaBHWjIa Ha JIBa Kjacca: CABHTAIOUIUE U CyM-
mupytomue. CaBuraromue npasuia UMEIOT Halpas-
JICHHOCTD, T. €. KPOME 3HAYCHHS SUCEK OHH MOTYT
OpaTh 3HaYeHHs JIMOO U3 JIEBOTO, JIMOO W3 MPABOTO
cocena. OTHOBpEMEHHOE HCIIONIF30BaHHE HITH HEWC-
[10JIb30BAHUE 3HAYEHUM cocelell SIBISETCS OTIINYM-
TENBHOW OCOOCHHOCTHIO CyMMHUpYIOMHUX TpaBmi: 0,
204, 90 u 150. OcTaynbHbBIE TpaBUa SBJSIOTCS CIABH-
ralolIMMH, YTO pacCMOTpeHO B Tabnune?2.1.

Tabmawuma 2.1 — Bussl npaBui

CyMMHUpYIOIIIHE Crpuraronme
IIpaBuno: | 0 (204 90 | 150] 60 |102]240 | 170
3uavenus:| 000 |010(101|111|110{011] 100 | 001
T Ojo]1[2]1]1 0 0

B crpoke «3HaueHuss» Tabuuipl 2.1 mokazaHo
OMHapHOE MMPEeJICTaBICHNE UCIIOIB3YEMBIX ITPABUIIOM
3HA4YEHWH: JIEBOTO COCela, Mpeiblayliee 3HaYeHUe
s4elikn u mpaBoro cocena. CTpoka «o» O3Ha4aeT
KOJIMYECTBO JBYXBXOZOBBIX CyMMAaropoB, HE00Xo-
JVMBIX JUIsl )YHKIMOHUPOBAHKS JaHHOTO MPaBHIa.

OTmenpbHOE MECTO B ATOM Ha0Ope 3aHMMAIoT
npaBmwia 0 u 204, Tak KaK IO CyTH CBOIAT ITUKIAYC-
CKUH KIIETOYHBIH aBTOMAT K aBTOMAaTy C HYJIEBBIMHU
TPaHUYHBIMU YCJIOBHSMH, HO MEHbIIEH pa3MepHO-
CTH. DTO MOKa3aHO HA puUCyHKe 2.1.

100

c3 .. 1 cN —

0— c3 e ™ cN|— c1 —0

Pucynok 2.1 — Ucnons3oBanue npasuiua 0
B KJIIETOYHOM aBTOMATE ¢ INKINIECKUMHU
T'PaHWYHBIMH yCIIOBUSIMA

B nmammO#t pabore wmcciemyercss mpoOiema
kinaccuukanuu Habopor mpaBwi KA, Ha KOTOPBIX
TEHEpaToOp CMOXKET BBIAABATH IOCIEINOBATEIbHOCTD
MakcuManbHOH JuinHEL [lo pucyHky 2.1 BugHO, 4TO
IPU UCTOIb30BaHUM NpaBuia 0 KJIETOYHBIM aBTOMAT
(axTryecku OyneT yMeHbIIEH Ha CTerneHb (TO ecTh
UMETh Pa3MEpHOCTHh 7—1), COOTBETCTBEHHO TAaKOM
aBTOMAT HE CMOJXKET I'€HEpUPOBATH IOCIIEIOBATEIb-
HOCTh JUIMHBI 2"—1, TOJBKO 2""1. AHanoruussie
Ppe3yIBTaTHI MOTydJatoTes s mpasuia 204, koTopoe
(dbopMupyeT eaMHUYHBIE TpaHW4YHBIE ycioBusA. Kak
CIJIC/ICTBHE, ISl PACCMOTPEHUS OCTAIHCh 6 MPaBUIL:
170, 102, 240, 90, 60, 150.

Jlnst xnaccudukanuu ObIJIO MPOBEACHO MOJIE-
JIUPOBAaHUE BCEX KOH(QUIypanuid KIETOYHBIX aBTO-
MaTOB Ha Pa3JIMYHBIX HaOopax mpaBwi. [l Kaxmoi
U3 CTeneHeil OblIM HaleHbI Bce yAa4Hble KOH(Ury-
paunu. B Tabmuume 2.2 paccMOTpeHBI BCE BO3MOX-
Hble KOHQUIYpaluH IpPU HCIOJIb30BAaHUU TOJBKO
JBYX TIPaBUII.

[To amanorum OBUIM HaWIEHB KOH(HUTYpalUu
U3 TPEX M YETBIPEX NPABUI, KOTOPBIE IO3BOJIIOT
reaepupoBats M-mocnenoBatedbHOCTE: 60, 90, 240
/102, 90, 170; 60, 90, 150 / 102, 90, 150; 90, 150,
240/ 90, 150, 170; 60, 150, 240 / 102, 150, 170; 60,
90, 150, 240/ 90, 102, 150, 170.

Jlna map mpaBuiI aBTOpaMHM IpeJylaraercs cie-
Iyroiasi kinaccudukanus:

— Jlaromuye KOppeKTHbIM IIPUMUTUBHBIN Xapak-
TEPUCTUYECKHUI TIOJIMHOM.

1. Mpsamere: 60-240 (110-100), 60-150 (101-
111), 90-240 (101-100).

2. Wueeprupomannsie: 102-170 (011-001),
102-150 (011-111), 90-170 (101-001).

— He paromye KOppeKTHBIHM OJIMHOM.

1. Cummetpuunble camu cebe: 60—102 (110—
011),90-150 (101-111), 170-240 (001-100)

2. Cppuraromue, NPOTHUBOIIOJIOXKHO HANpaB-
nennsle: 60—170 (110-001), 102-240 (011-100)

3. Hpyrue: 60-90 (110-101), 90-102 (101-
011), 150-170 (111-001), 150-240 (111-100)
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Tabnuna 2.2 — Bo3MoxHbIE Napbl IPaBuil

INo [TpaBuna  [burossle Kommenrapuit
1 60-90 (110-101) yJIauHBIX KOH(UTypaluii HaJeHo He ObUIO
2 60-102 (110-011) YAAUHBIX HET, IPaBUJIa CUMMETPUYHBI
3 60-150 (110-111) pUMeEpBI yaauHo# Kouduryparmu: 1+x™+x’ [60, 60, 150]
4 60-170 (110-001) yJlauHbIX KOH(Urypauuii HaJeHo He ObLIO
5 60240  [(110-100) npumepsr: 1+x>+x* [240, 240, 240, 601,
1+x*+x>+x%x" [240, 240, 60, 240, 60, 240, 60]
6 90-102 (101-011) yJlauHbIX HeT, Habop oOpatHslii K (60-90)
7 90-150 (101-111) yJa4yHbIX HET, IPaBHjia CHMMETPUYHBI
S 90-170 (101-001) 1+x+x’ [170, 170, 90],
1+x*+x’ [170, 90, 170, 90, 170, 90, 90]
9 90-240 (101-100) 1+x>+x [240, 90, 240, 90, 90],
1+x*+x” [240, 90, 240, 90, 240, 90, 90]
10 102150  |{(011-111) 1+ +x*+x° [102, 150, 102, 150, 150],
1+x+x7 [102, 102, 150, 102, 150, 102, 150]
11 102-170  |(011-001) 1+x™+x’ [170, 170, 102],
1+x*+x° [170, 170, 170, 170, 170, 102]
12 102-240  [(011-100) (60—170), ynauHbIX HET
13 150-170  [(111-001) yAa4HbIX HET
14 150240 |(111-100) (150-170)
15 170-240  |(001-100) yJa4yHbIX HET, IPaBHjia CHMMETPHUYHBI

Kak BupHO M3 KiaccuuKanuu, KOPpPEKTHbIE
MOPOXKIAIOIIME BEKTOpa MOTYT JaBaTh HabOpHI Kak
gucTo casurarommx mpasun (60-240), Tak U KoM-
OWHAIMM CIBUTAOIMX C CymMMmupyrommMu (60—
150). MeBepTHpOBaB mpaBWiia U3 KOPPEKTHOTO Ha-
6opa Tak K€ MOJYYHM MNpaBHia, JAIOLINE KOPPEKT-
Hble TOopoknatomue BekTopa: 60-240 u 102-170,
60-150 u 102—-150.

B xonme uccnenosanus ObLUIO BBISIBIEHO, YTO
NpU HAINYUM B HaOOpE TMPOTHBOIIOJIOKHO HAIpaB-
JICHHBIX NpaBUI (PUCYHOK 2.2) HEBO3MOXKHO IOIY-
YUTh KOPPEKTHYI0 KoH(purypaumio. Ha pucynke
3HaKOM «>» O00O3HAueHbI IPaBWiIA, CIBUTAIOIIHUC
3Ha4YEHHE BIIPABO, «<» — BIJIEBO, «+» — CYMMHpYIO-
mwme npasmia, «0» — sdelika, B KOTOPYIO COOMPAroT-
Csl BCE 3HAUCHMUSL.

KOMOMHAIMK TPaBHJI, OJHAKO JAJIEKO HE BCE MOIY-
YEeHHbIE T'€HepaTopbl CMOTYT BbIIABaTh I10OCIEIOBa-
TENBHOCTH MaKCUMaNbHOH JutnHbL. Kitaccudukanuro
TeHEepPaTOpOB Ha KJIETOYHBIX aBTOMATOB II0 KOJHYe-
CTBY HCHOJIb3YeMBIX HpaBWJI MOXHO YBHIECTh Ha
pucynke 3.1.

[eHepaTopbl Ha KNETOYHbIX aBTOMaTax

[

60,240/ 102,170 ‘ 60,90,240 / 102,90,170‘ 60,90,150,240 /
90,102,150,170

60,150/ 102,150 ‘ 60,90,150/ 102,90,150‘

90,240/90,170 ‘ 90,150,240/90,150,170‘

90,150,240/ 90,150,170

>>+>>0<<< Pucynok 3.1 — Kiraccudukanus renepatopos Ha
Pucynok 2.2 — IIpoTuBOIONI0XKHASI HAIIPABIEHHOCTb KJIETOYHBIX aBTOMATaX M0 KOJIMYECTBY
TIPaBUII HCIIOJNIb3yEMBIX IIPaBHI

W3 pucyHKa BUIHO, YTO JIEBAsk U IPaBasi 4acTU
aBTOMATa IO CyTH CIBHIAIOT BCE CBOM 3HAYEHHS B
siueiiky «0». Tak kak 3Ha4eHUs OTTyJa He OepyTcs,
TO TIOJTy4YaeTcs «IbIpa», MECTO KyJa 3HauYeHHUs yXo-
JaT. B T0 ke BpeMs kpaliHss jeBas U KpailHas mpa-
Basl STYEHKM HOBBIX 3HAUCHWH HUOTKyZAa HE OepyT, B
HE 3aBHCHMOCTHU OT TPaHUYHBIX ycnoBuil. [laxe ec-
7 Ha Ha4YaJbHOM JTalle B ATUX sUeiiKax ObUIO 3Ha-
yerne |, To yxe depe3 2 XoIa 3TO 3HaUeHUe OyneT
HepeMeIeHo Jjanee 1 00jee HUKOT/Aa HE TIOSIBUTCS.

3 Knaccugukayus navopoe npagun
[Ipu mocTpoeHuH reHepaTopa Ha KIETOYHBIX
aBToMaTax MOryT 6])IT]) HCII0JIb30BaHbl PA3JIMYHBIC
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B tabmuie 3.1 coOpaHbl CBeIECHHsSI O HEHMHBEP-
THUPOBaHHBIX Ha0Opax MpaBHJI, I'€HEPATOpPhl Ha KO-
TOPBIX MOTYT BBIAaBaTh IOCIEIOBATEIFHOCTh MaK-
CUMAJbHON JUTHHBIL.

HccrmenoBanusi mOKas3aid, YTO HPUMHTHUBHBIC
MTOTMHOMBI KOHKPETHOHM CTENeHHW CYIIECTBYIOT HE
UL BceX map mpaBmil. Hampumep, cronben «E» oT-
Bevaet 3a ommoOKy (Error) — To ects, ecim s ompe-
NIEJIEHHOM CTeneHN He ObLIO HAMIEHO HHA OHOTO BEK-
TOpa TpaBwWi Ha JaHHOM Habope U maroriero M-moc-
JIeI0BATEIBHOCTh, TO TAKOE COCTOSHHUE HAa3BIBAETCS
omnoOkoi. «OmmbKa B» IOKa3bIBAET, IJIA KaKUX
UMCHHO CTCIEHEH HeT BEKTOPOB HAa JJAHHOM Habope
paBHUIL.
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Tabsuua 3.1 — Beibop Habopa npasui

Hab6op E Ommnbka B 1 P Ay A in Amar | Linin | Linax | Lave
60, 150 6 | 4,6,8,10,12, 14 12 12 1,5 1,13 1,8
90, 240 6 | 4,6,8,10,12,14 12 12 0,5 0,13 0,86
60, 240 4 8,12,13, 14 11 11 0,5 0,06 0,93
60, 90, 240 0 - 6 10 0,6 0,21 0,92
60, 90, 150 0 - 6 10 1,3 1,07 1,76 0.3 10851057
60, 150, 240 0 - 9 9 1 0,3 1,61
90, 150, 240 0 - 6 8 1 0,23 1,61
60, 90, 150, 240 0 - 0 0 1 0,38 1,61

Cronbenr «/» — KOJIMYECTBO HE MPOUAECHHBIX
TectoB Ha HenpuBogumMocTsh (Irreducibility). Tect Ha
HETIPUBOJIUMOCTD CUHTAETCS HE MPOWUICHHBIM, €CIIU
ObUTM HalJIeHbl HE BCE HENPHBOAMMBIE XapaKTepH-
CTUYECKHE TMOJIMHOMBI JI JAaHHOW CTENEeHU. «Py» —
KOJIMYECTBO IPOBAJICHHBIX TECTOB Ha NPUMHUTUB-
HocTh (Primitiveness). Bce mpumuTHBHBIE MOJHHO-
MBI HEMIPUBOIUMBI, 00paTHOe HeBepHO [10]. Oxrako
TECT Ha HEMPUBOJUMOCTh UMEET TOPa3I0 MCHBIIYIO
CIIO)KHOCTB, YeM TECT Ha MPUMHUTHBHOCTE. [loaTOMy
CHaJaia HCIOJB3YeTCs JOCTATOYHO OBICTPHIN TecT
Ha HEIPUBOIUMOCTH [11] U B ciiydae ero mpoxox-
JICHUS BBIIOJMHIETCS TECT Ha TNPUMHTHBHOCTE.
Cronben «Ag» OTBEYAET 3a yJENbHBIE alllapaTHbIE
3aTparkl, CIATAs, YTO MIPaBHUiIa B HAOOPE PaBHOBEPO-
ATHBL. VI3BECTHO, YTO ammapaTHas peaau3aliis reHe-
paTopoB Ha KIIETOYHBIX aBTOMAaTaxX BBINOJHACTCA C
HCIOJIb30BAHUEM TOJIBKO TPUTTCPOB U CyMMATOPOB
no moxyito Asa [12]. Hanpumep, 3nauenue «0,5» B
CTONOLE «A,p» 03HAYAET, YTO YJENBbHBIE ANNapaTHbIE
3aTpatbl Uil JTAHHOTO Habopa paBHBI IIOJIOBUHE
CyMMaTOpa 0 MOIYJIO JBa Ha pa3psan. B crombrax
“Api» A Ay TPUBENEHH MUHUMAIBHBIE U MaK-
CHUMaJIbHBIE ammapaTHBIE 3aTpaThl A TeHepaTtopa
Ha pa3IMYHBIX KOHPHUTYpaIUIX IPaBHII.

Taxke s anajgoruu paccmorpuMm Bce LFSR
TPHUHAIATOW CTEIICHU, TCHEPHUPYIOIIHE MOCIIEA0Ba-
TEJIbHOCTh MaKCUMaJIbHOW JJiMHbIL. [Ipumep mopox-
JIAIOIIEro TMOJIMHOMAa C MHHUMAJIbHBIMHU aIlapart-
HbiMu 3arparamu ansi LFSR: B+ 1
AmnmapaTHbIe 3aTpaThl B 3TOM CIIy4ae COCTaBJISIFOT
OJIMH TIIATUBXOJOBOW CyMMAaTrop IO MOIYJIO IBa,
KOTOPBIIl MOYKHO TIPEICTaBUTH KaK 4 TBYXBXOJOBBIX
cymmaropa, To ectb LFSR,;, =L,;,=4/13=0,3. B
HaUXyIIIeM C TOYKH 3PEHUs amlmapaTHBIX 3aTpar
MOJIMHOME COAEPXKUTCS 12 YiIeHOoB, TO €CTh amma-
paTHBIE 3aTpaThl COCTaBIIOT 11 IBYXBXOIIOBBIX
cymmaropos 1o monyJro asa: LFSR,,,,=11/13=0,85.
Mo3xHO MpEANOJIOXKUTb, UYTO B CPEAHEM allliapaTHbIC
3arpaThl OYAyT paBHBI:

LFSR,,;= (LFSR,,,s+ LFSR,,;,) / 2 =10,58.

O6mwmit Bug LFSR u kimerowHoro aBroMara ¢
MUKITHYCCKIMU TPAaHWYHBIMHU YCJIOBUSMH MPECTAB-
JieH Ha pucyHke 3.2. BumHo, uTo pucyHku 3.2, a) u
3.2, 6) orimmyarotes Tonbko Hammamem y LFSR 06-
paTHOI1 CBSI3U ¢ mATOH sueiiku. OgHAKO UMEHHO 3Ta
obpaTHast cBsI3b HE T03BOJIsAET mpeacTaBuTh LFSR B
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BHJaX, NPEACTaBICHHBIX Ha PHCYHKax 3.2, 6) H
3.2, 2). Pucynok 3.2, 6) mpencTaBisieT MUHUMAIBEHOE
MPEICTAaBICHHE KJIETOYHOTO aBTOMAara C IUKIHYe-
CKUMH I'paHUYHBIMH YCJIOBUSIMU: BCC CBA3U JIOKAJIb-
HBbIE U UMEIOT Malylo AnuHy. PucyHnok 3.2, 2) moka-
3bIBAa€T MPEJCTaBIICHNE KIETOYHOTO aBTOMara B BU-
Jie KOJIbLIa, aHAJIOTHYHO MOXXHO PACIIOJIOKHTH STYEH-
KM TIO JII00OMY ApPYroMy IyTH, HEOOXOIUMOMY IS
JaHHOM KoHKpeTHOM peanuzammu. Y LFSR nannoe
MIPEUMYIIECTBO OTCYTCTBYET.

cN — H c6 —f c5

6)
c2

c1 — c3

cN c4

— c5
c6
2)

Pucynok 3.2 — KoHeuHble aBTOMATHI:
a) — LFSR; 6) — KA ¢ LII'Y; B) — «MMHUMaIBEHOE
npencrasienue KA ¢ LHI'Y;
r) — KA «cBEpHYTHII» B KOJIBIO

PaccmoTpum 3amady: HEOOXOOMMO HAWTH TO-
POXIAIOUIMIl BEKTOP pa3MepHOCTH N, MOCTPOEHHBII
HAa JByX IIPaBHJIaX U T€HEPATOP HAa KOTOPOM JOJKEH
BBIIaBaTh  IOCJIEIOBATENBHOCTh  MaKCHMAJIbHOM
JUIMHBL. Eclli HYKHO HaWTH BEKTOpP Pa3MEpPHOCTH
crporo N, npuuém N HE4E€THOE, TO JIydlle HCIOIb30-
Bath napy npasui 90, 240. B npotusHOM ciaydae — 60,
240. ITapy npasun 60, 150 ucnonb3oBaTb HE pPEKO-
MEHAyeTCs, TaK KaK OHa BbIIAET TaKUe CTATUCTHYE-
CKHe pe3yJibTaThl, Kak u 90, 240, Ho uMeeT ropaszio
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Hpuweue/me KJIemOo4YHblX A8momamoes ¢ pacutupernnovim Ila60p0/lfi npaesui ons cenepupoearusi I’lCe@oDCle%dljllle mecmoeblx...

BricTpoaeiicTBue

(60,240) (90,240)
(60,90,240)

I'naBHbIi
KpUTEpUi

KauectBo

(60,90,150) (90,150,240)
(60,150,240) (60,150)
(60,90,150,240)

AnnapartHble AnmnapartHsle MesxkaHallbHblE
PerynsipHocth
3ary 3aTparsl (ha3oBbIe CIBUTH
¥ JnmMHHHBIE IToBTO ;uo uecs
Max 240 Min 150, PAOH
MOBTOPSIIOLLUECS Max 240 (parMeHTshl,
(parMeHThI Min 240
| v
[150,60,90,90] [90,90,90,60,60,150]
v [240,240,240,240,90,150] | |[150,150,150,240,150,150,90]
[60,240,240,240] [60,60,240,240,240] [240,240,240,60,150] [240,60,60,150,150,150]
[240,240,240,90,240] [240,240,240,60,90,90] [60,60,60,60,150] [60,60,60,60,150]
[240,240,240,60,90] [240,240,240,90,90,90,90] | |[240,240,240,150,90,60,90] [150,150,150,60,240,90,90]

Pucynok 3.3 — Cxema BoiOOpa HaOOpa MpaBuI

OonbIIKe yaenbHbIE amnnapaTHbele 3aTpartsl. B Tabnu-
ne 3.1 Bugno, yTo Mapa 60, 240 nMeer HawTydIIHe
CTaTHCTHUYECKHE pPE3yNbTaThl Cpedu Map MpaBHI,
OJTHaKO OIIMOKa TPYAHO Npe/AcKa3zyema, B TO BpeMs
kak mapel 60, 150 u 90, 240 cTaOuIbHO HMEIOT
OLIJI/I6KI/I Ha YETHBIX CTEICHSX.

Tpolikn npaBui He UMEIOT OIMOOK BOOOIIIE, TO
€CTh BBICOKAa BEPOSTHOCTb, YTO MPH HCIIOJIH30BAHUN
HaOopa w3 TPEX mpaBWI OYyIeT MOIY4YeH BEKTOP
HY’KHOH pa3MepHOcTU. Eciau BakHbl yAeibHBIE ail-
mapaTHBIE 3aTPaThI, TO JIYYIIE HCIONB30BaTh 60, 90,
240. B npoTUBHOM clly4ae HAaWJIYYIIMM BBIOOPOM
spisercs 90, 150, 240, Tak kak 3TOT HaOOp MMeeT
JOy4qllHe CTaTHYECKHE XapaKTEPUCTUKH M OTHOCHU-
TCJIbHO MaJIbIC allllapaTHBIC 3aTPpaThI.

Ecnu ecthb BO3MOXHOCTB HMCIIOJIB30BaTh HAbOp
u3 4 npasui (60, 90, 150, 240) — To JyyILe UCIIONb-
30BaTh €ro BBHJY OTJIMYHBIX CTATHCTHYECKUX Xa-
PaKTEpUCTHK M MAJIBIX alllapaTHBIX 3aTpaT IOJy-
YyeHHOro reHeparopa. OJHaKo 3ajada IOKMCKa BEK-
TOpa Ha 4 TpaBWiIaX 3HAYUTEIBHO CIIOXKHEE, YeM
MIOMCK BEKTOPOB Ha JIBYX MJIM TPEX MpaBUIIaX.

Metonuka BeIOOpa KOHKpPETHOrO Habopa mpa-
BWJI Ul T€HEpaTopa B 3aBUCHMOCTH OT KpUTEpHs
IpHUBEIeHA Ha pUCYHKe 3.3.

MuHuManbHas peann3anus MOXET ObITh BBI-
nosiHeHa Ha npaBuiax 240 (0 cymmaropos), 60 u 90
(o ogHOMy cymmatopy). COOTBETCTBEHHO, reHepa-
TOp Ha 3TUX IpaBHJIAaX COJECPKUT MAaKCUMyM OJIUH
CyMMarop 10 MOJYJIIO JIBa Ha pa3psi. B To xe Bpe-
Msl, €CJIM UCTIOJNB3yeTCs 0OJbIIOe KOJTMYECTBO STUEEK
¢ mpasmiioM 240, To anmapaTHBIE 3aTPaThl CHIDKAIOT-
ca (tabnmma 3.1). OpHaKko UX HETOCTATOK B TOM, YTO
B 3TOM cCiydae (pparMeHTHl Te€HEpaTopa MOBTOPSIOT
pabory LFSR. UToObl yiy4niuTh KayecTBO, Mbl MO-
KEM HCIHONb30BaTh KOH(QHUIYpalMH, COIEpIKallye
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mpasmia 60 u 90. D1u mpasmna GopMUpPYIOT T0CTa-
ToYyHO Oonbire (a3oBele CcaBuru M-mocieno-
BaTEJIbHOCTH MEX/y COCEIHHMHU KaHAJAMH, 4TO TO-
BBILIAET KA4YeCTBO T'€HEPHPYEMOI MOCIIeI0BATENb-
HOCTH.

C npyro#t CTOpOHBI, €CITU TJIaBHBIM KPUTEPUEM
SIBJISIETCS] KAU4€CTBO, TO TOT/Ia HE0OOXOIMMO MHUHUMH-
3UpOBaTh 4YUCIO sUeeK C mpaBwioM 240 (Mexka-
HAJIBHBIA CABHT JUIS 3TOTO pa3psiia PaBeH CIHHUIIC).
3ameTnM, 9T0 pacd€T (PasoBBIX CIBUTOB YIIPOIIALT-
Csl MPH PETYJISAPHON CTPYKType TEHEPAaTOpOB, TO
€CTh HAaJMYMU (PArMEeHTOB C OJMHAKOBBIMH MPABU-
namu QyHKIMOHUpOoBaHUA. COOTBETCTBEHHO, MOXK-
HO BBIOMPATh KOH(UTYpaLMH, BKIIOYAIOIINE MTPABHU-
ma u 150, u 60, u 240. MoxxHo HaOupath JIFOOYIO
JOCTYIHYI0 KOH(HTIYpaluo, Py 3TOM MUHHUMH3U-
Pys KOIUYECTBO sA4eek ¢ mpaBmioM 240.

3aknrouenue

B pabote mccienoBana npodsieMa MpOSKTHPO-
BaHHs TIC€HECPATOPOB nceBz[ocnyl{af/iHbe TECTOBBIX
Ha0OPOB Ha KJIETOYHBIX aBTOMATax C PaclIMPEHHBIM
Habopom mpasun — 0, 170, 204, 102, 240, 90, 60,
150. PaccmoTpena mpobiema BbIOOpa HaWITyYIIETo
mojHabopa W3 NPHUBEJCHHBIX MPaBUl. BbIICHEHO,
YTO TeHEpaTOPHI JAJIEKO HE Ha BCEX BBIOOPKAX CIIO-
COOHBI TE€HEPUPOBAThH IMOCIIEAOBATEILHOCTh MAKCH-
ManpHOW mmHBL [IpemmnokeH MeTox BBHIOOpa Hau-
JMy4miero Habopa MpaBwWi U KaKIO0W KOHKPETHOM
CHUTYaIIH.
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IIPABHUJIA JJISA ABTOPOB

Crarbsi, HanpaBiisieMasi B PEAaKLHI0 JKypHasa
«IIpobnembl (u3MKK, MaTeMaTHKH W TEXHUKH»,
JIOJDKHA!

— COOTBETCTBOBATH MPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM ITPOM3BEICHUEM,
KOTOpOE HE IpPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
He MyOJMKoBaJock paHee B o0beme Oosee 25 % B
JPYTHX TEYaTHBIX W (MJIM) IEKTPOHHBIX M3aHMAX,
KpoMe ITyOJMKAWU TIPETpHHTa (PYKOIHCH) CTaThU
aBTOPOB (COaBTOPOB) Ha COOCTBEHHOM CalTe;

— colepKaTh BCE IPEAYCMOTPEHHBIC IEHUCT-
BYIOLIMM 33aKOHOJIATEIbCTBOM CCHUIKM Ha LUTHpPYe-
MBIX aBTOPOB U HWCTOYHHUKHU OHy6HI/IKOBaHI/I)I 3auM-
CTBOBaHHBIX MaTepHaJOB, aBTOPOM (COaBTOPaMH)
JIOJDKHBI OBITH ITOJIy4eHBl BCE HEOOXOAMMBIE pa3pe-
IIEHUs Ha HCIIOJIb30BaHHE B CTAaThbe MaTEpHAJIOB,
npaBooOanarteneM (JIIMH) KOTOPHIX aBTOp (COaBTO-
pBI) He sBIIACTCS (FOTCH).

CraTbsl HE JOJDKHA COAEPXKaTh MaTepHaibl, HE
MOZJIEKAIIE OITyOIMKOBAaHHUIO B OTKPBITON TEYaTH,
B COOTBETCTBMU C ACHCTBYIOUIMMH 3aKOHOAATEIb-
HBIMHU akTaMu PecrryOnmku benapycs.

CraThs MpEeaCTaBIseTCS Ha PyCcCKOM, Oernopyc-
CKOM MJIM aHTJIMHCKOM SI3BIKax B JABYX 3K3CeMILIApax
Ha Oenoii Oymare popmara A4 ¢ IpOHYMEpOBaHHBI-
MU cTpaHuniaMu. OZHOBPEMEHHO B PEIAKIMIO Ha-
MpaBIsieTCs JIEKTPOHHBIN BapuaHT ctatbu Ha CD,
WIH IO 3JICKTPOHHOM mouTe (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKM CTaThbH MOXKHO HCIOJIB30BaTh
pemaktop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce moms —
2 cMm, wmm cuctemy LaTeX c¢ ommmeit 12pt B cran-
JIapTHOM cTuJjIe article 0e3 mepeomnpeneneHus: cTaH-
naptabix ctuneit LaTeX'a u BBeaeHUs COOCTBEHHBIX
KoMaH[ (Bce monsd — 2 cM).

B neBoM BepxHEM yIUly IEPBOM CTpaHULIbI CTa-
Thu cTaBuTcsi uHAekc YJK, Huxke mo ueHTpy Ha
PYCCKOM M aHIJIMMCKOM S3bIKax: Ha3BaHHE CTaThbU
NPONUCHBIMU OyKBaMH, MHULMANBl U (pamMuius as-
TOpa (aBTOpPOB), Ha3BaHUE OPTraHHU3ALMH, B KOTOPOH
oH (oHHU) paboraer, anHOTaIUA (10 10 cTpOK) U Te-
pEUYCHB KIIIOYEBBIX CIIOB.

Cratbsi, KaK NPaBHUIIO, JOJDKHA COJEPKATh: BBE-
JICHHE, OCHOBHYO YacTh, 3aKIIFOUCHHUE U JINTEPATYPY.

HasBanue cTaTey JOIKHO OTpa)kaTh OCHOBHYIO
UJICI0 MCCIIEI0BAHUSI, OBITh KPATKHM.

Bo BBenenun naercs kpatkuit 0030p JuTepa-
TYpbl, 000CHOBBIBAETCS LieJIb pabOThI U, €cii HeoO-
XOAUMO, OTpaXaC€TCA CBA3b C HAYYHBIMH U ITPAKTU-
YeCKUMH HarpapieHusIMA. OOs3aTeNbHBIMU  SIBJISI-
IOTCSI CCBUIKM Ha pabOThl IpyruX aBTOPOB, IyOIH-
Kaliy TOCIEAHNX JIET B O0JAacTH MCCIIEAOBAaHUS,
BKITIOYAas 3apyOeKHBIE.

OCHOBHas 4acCTh JOJDKHA COJEPIKaTh OTMMCaHNE
METOJUKH, 00BEKTOB MCCIEIOBAHHS C TOUKH 3PEHUS
X HaydHOW HOBH3HbL. OHa MOXET JEIMThCA Ha
nmojapasfensl (C Pa3bsACHSIIONUMHU 3aroJIOBKAMH) H
coJiepaTh aHAIU3 MyOJMKAIUi, OTHOCSIIUXCSA K
COJIEPIKaHHUIO IAHHBIX MOJIPA3/EIIOB.

DopMyJIbl, PUCYHKH, TaOJIHULBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabmuua 2.1. Hymepauuu mnojuiexxaT TOJIBKO Te
(dopMyIIBl, Ha KOTOpblE MMEIOTCS cchUlkM. Homep
(OpMyJIBI TIPIKMMAETCSI K MIPaBOMY Kparo CTpaHH-
e, a cama (opMmysia LEeHTpUpyeTca. PucyHku u
TaOJIMIBI PACIIONATAIOTCS HEIIOCPEACTBEHHO B TEK-
cre. PasMep pUCYHKOB ¥ IpaKOB HE JOJDKEH IIpe-
Boimare  10x15 cm. IlomyronoBeie  Qotorpadpun
JOJDKHBI UMETh KOHTPAacTHOe n3o0paxeHue. [loro-
peHHe OJHUX W TeX K€ JaHHBIX B Tabnumax W pu-
CYHKax He JIOITyCKaeTcs.

Kaxmas Ttabnauna J0JDKHA MMETh 3arojoBOK, B
Hell 00s3aTeNIbHO YKAa3bIBAIOTCSI SIUHMIBI H3Mepe-
HUA paCcCMAaTPpUBACMbIX BEJIMYWH. PaSMepHOCTL BCEX
BCJIIMYHUH JOJIKHA COOTBETCTBOBATH Me)K[lyHapOIl-
HoOW cucteme emuann m3mepennit (CH). He momyc-
KaeTcs COKpalleHHE CJIOB, KpoMe OOIIEHpPHHSATHIX
(T.e, U T. I, UT.IL).

B 3akimoueHny B c:kaToM BUIE (POPMYITUPYIOTCS
TIOJIyYeHHBIE PEe3yJIbTaThl, X HOBH3HA, IIPEHMYILECT-
Ba ¥ BO3MOYKHOCTH PAKTHYECKOT'0 UCHOJIb30BAHUS.

CHHCOK JUTepaTypsl HOJDKEH COAep)KaTh IOJI-
Hble OubaHorpaduueckue manHsie. OH COCTaBIIACT-
Csl B TIOPSIIKE YIOMUHAHUSA CCBUIOK B TekcTe. Cehli-
KU Ha HEOMyOJHUKOBAHHBIC PA0OTHI HE IOMYCKAOTCS.
CcChUIKM [AOTCSl B OPUTMHANBHOM TPAaHCIUTEPAIHH.
[NopsinkoBble HOMEpa CCHUIOK O TEKCTy YKa3blBa-
I0TCSI B KBa/IpaTHBIX CKOOKax (Hampumep, [1], [2]).

Crarbsi moanMchIBaeTcsi BceMH aBTopamu. K
CTaTbe MPUJIAratoTCs:

— COIPOBOAMTENEHOE ITMCBMO OpPraHW3aLdH, B
KOTOpOH BBINIOJNIHEHa paboTa ¢ mpockboit 00 omyo-
JIMKOBaHMHY;

— cBenieHus 00 aBTOpax;

— OKCIIEPTHOE 3aKIIOYEHHE O BO3MOXHOCTH
OHy6HI/lKOBaHI/IH CTaThbu B OTKprTOfl IcyaTu,

— JIOTOBOp O Tepejaye aBTOPCKOro mpasa (B
JIBYX 9K3eMILIsApax).

CaeneHust 00 aBTOpax IMPEACTABIISIIOTCS HA OT-
JIeTIbHOM CTpaHMLe U conepkar: (pammimio, uMs, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTEIICHb, 3BaHUE,
MeCTO paboTHl M 3aHMMAEMYIO IIOJDKHOCTb, CIIelda-
JIFCTOM B KaKod OONAcTH SIBISETCSI aBTOP, MOYTOBEIHA
WHJIEKC W TOYHBIA ajpec A Hepenucky, TenedoHbl
(cmy>xeOHBI WM JOMAIIHHIN), aapec 3JIEKTPOHHOU
nouthl. Ciemyer yka3aTb aBTopa, ¢ KOTOPbIM HY)KHO
BECTH IEPENUCKY U HalpapJieHHe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBJieHHas paboTa ((husrka, MaTeMaTHKa,
TEXHUKA).

[MocTynuBIIas B peJakuuIO CTaTbs HalpaBils-
eTcsl Ha pelieH3upoBaHue. B ciaydae e€ oTkiIOHEHUs
penakiys cooOIIaeT aBTOPY PEIICHHE PEeIKOJUICTUI
U 3aKIIOYCHUE PELEeH3EHTa, PYKONHCh aBTOPY HE
Bo3Bpamiaercs. Pemenne o nopaboTke craTbd He
O3HayaeT, YTO OHA MpUHATA K redaru. [locie nopa-
OOTKHM CTaThsi BHOBb PaCCMaTpUBAETCS PELEH3EHTOM
U PENAKIIMOHHON KOJUIETUEH.
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Penakuys octaBiseT 3a co00i MpaBo MPOU3BO-
JIUTh PEelaKIMOHHBIC U3MEHEHUS M COKPAIICHHUs, HE
HCKa)KaIOI[1e OCHOBHOE COZIEP)KaHHE CTaThU.

CTaT])l/I, HE OTBCHAIOIUEC NEPECUNCIICHHBIM TpE-
0OBaHUSIM, K DPAacCMOTPEHHIO HE MPHUHUMAIOTCA MU
BO3BpaIaroTcsl aBropam. JlaToil mosmyueHust pyko-
MIMCH CUMTAETCS JIEHb IMOJYYeHHs pelaKkuueid OKOH-
YaTeIbHOTO BapHaHTA.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEIAKIINIO Y)K€ paHee OITyOJMKOBAaHHBIX CTaTeH WM
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHUIMH.

Penmakimst mpenocTaBiseT IpaBo MePBOOYEPEIHO-
TO OIyOJMKOBaHMA CTaTell JIMIaM, OCYILIECTBISIOIM
TMOCTIEBY30BCKOE 00yueHUe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBEpIUCHUS OOy4YEHHsL.
[Inara 3a omyOMKOBaHUE cTaTel HE B3UMAETCSI.
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Bcro KOppecrnoHJIeHIMI0 CleyeT HalpaBisiTh
MPOCTHIMHU WJIM 3aKa3HBIMH MUChMaMu (OaHIepodsi-
MH) Ha aJpec PeAaKinu.

O06pa3err oopMIIeHHS CTaThbH, CBEJCHHUI 00 aB-
TOpax, SKCIIEPTHOTO 3aKJIFOUEHUsI U TEKCT JIOTOBOPa O
repesiade aBTOPCKOTrO IpaBa pa3MeIeHbl HA calTe
XKypHaia 1o aapecy http://pfmt.gsu.by.

JKypHam BKIIOYEH B Karajior IMeYaTHBIX
cpenctB MaccoBoi mH(popMmarm Pecyomiku Bena-
pycb. Uanekc xypraana: 01395 (ans mHIUBUAYaTH-
HBIX moanmucuukoB), 013952 (mma mpeampustuit u
OopraHu3aIui).
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tially numbered in the framework of the section, for
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side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in ST units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i. e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e.g. [1], [2]).
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— expert opinion on the possibility of publish-
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or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.
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Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year

108

of the completion of a course. Publication of the
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Samples of the preparation of an article, infor-
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