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Aunorauusi. B naunuoit pabore: G — koneunas rpynna; o ={c,|ielc {0} UN} — HekoTopoe pa3bHeHHE MHOXECTBA BCEX
npoctsix uucen P, rae 0€/; I — Kmacc KOHEUHBIX G, -IPYIIIL, KOTOPBIH 3aMKHYT OTHOCHTENBHO PACIIUPEHHH, SITHMOPGHBIX
00pa3oB M MOATPYNH U KOTOPBIH COAEPKUT BCE KOHEYHBIE pa3pelIMMble O, -rpynmbl. I'pymma G HaseiBaeTcs:
(i) o,-npumapHo#, ecim G sBIAeTCS KOHEYHOH o, -Tpymmoil jias Hekotoporo iel m Ge3J, ecm i=0;
(ii) O, -HUIBIOTEHTHOH, ecnu G sBIAETCS NPSMBIM TPOM3BEIEHHEM G -NiepBUYHBIX Tpymm. [loarpymma 4 rpymmsr G
Ha3bIBaeTCs G -CyOHOpManbHOH B G, eciu CyIecTByeT Henb noarpynn A= 4, < A <---< A4, =G rakas, uro mbo A4, I 4,
6o 4, /(4,,), ABIieTcs oy -NpUMapHOi s Beex i=1,...,¢. B nanHON paboTe Mbl H3y4aeM G -HWJIbIIOTEHTHBIE TPYIIIbI,
G -CyOHOpPMaNbHBIE MOJATPYNIE U COOTHOIICHHS MEXKIY O -HUIBIIOTEHTHOCTBIO H G -CyOHOPMATbHOCTBIO B TPYMIax.
B uwacTHOCTH, MBI JIOKa3bIBaeM, 4To Tpynna G SBIAETCS G- -HUIBIIOTEHTHOI B TOM M TONBKO B TOM Ciydae, KOT/a BCE ee

HOJTPYIIEI G -CyOHOPMAJIBHEL.

KioueBble c10Ba: KoneuHas epynna, G~ -NPpUMAPHAS 2DYNNA, O -HUNbNOMEHMHAA 2PYNNd, G~ -paspeuiumds epynnd,

3

G -cyOHOpManbHas nooepynna.
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Abstract. In this paper: G is a finite group; o ={c, |i e I < {0} UN} is some partition of the set of all primes P, where 0 € I;

3 is a class of finite &, -groups which is closed under extensions, epimorphic images and subgroups and which contains all
finite soluble o, -groups. A group G is said to be: (i) o5 -primary provided G is a finite o, -group for some ie/ and Ge3J if
i=0; (ii) oy -nilpotent if G is the direct product of o -primary groups. A subgroup 4 of G is said to be o -subnormal in G if
there is a subgroup chain 4=4,< 4 <---<4, =G such that either 4, <4, or 4,/(4,.,), is o;-primary forall i=1,....1.

In this paper, we study o, -nilpotent groups, o -subnormal subgroups and relations between o -nilpotency and
G, -subnormality in the groups. In particular, we prove that a group G is o -nilpotent if and only if all its subgroups are

G -subnormal.
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1 Introduction under extensions, epimorphic images and subgroups

Throughout this paper, all groups are finite, and which contains all soluble o,-groups. More-
and G always denotes a finite group.
In what follows,

o={c,|liel c{0}UN}

is some partition of the set of all primes P, where

over, tc P, n'=P\n and
[co, ITI'=c\IL
Definition 1.1. We say that a group G is:
(i) o4-primary provided G is a o, -group for

0el; 3 is a class of o,-groups which is closed some icl and Ge if i=0;
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(ii) oy -nilpotent if G is the direct product of
G -primary groups;

(iii) o, -soluble if every chief factor of G is
G -primary.

Definition 1.2. We say that a subgroup 4 of G
i1s o4 -subnormal in G if there is a subgroup chain

A=A, <4 <--<4 =G (1.1)

such that either 4,4, or 4/(4,), Iis

o -primary forall i=1,...,z.

Remark 1.3. () In what follows, we always
omit the symbol J in all definitions and notations in
the case when J is the class of all 5, -groups.

Thus we say, for example, that G is [1]-[3]:
(i) o-primary if G is a o, -group for some i€ /;
(i) o-nilpotent if G is the direct product of
c-primary groups; (iii) o-soluble if every chief
factor of G is o-primary.

We also say that a subgroup 4 of G is
o-subnormal in G [1]{3] if G has a subgroup chain
(1.1) such that either 4, <4 or 4,/(4.,), 18
o-primary forall i =1,...,¢.

(i) If 2¢o,, then every o,-group is soluble
by the Feit-Thompson’s theorem, so I coinsides
with the class of all &,-groups since every soluble
o, -group belongs to I by the definition.

In the literature, one can find several special
versions of o -subnormality. The next results

describe the first two of them.
Recall that a subgroup A4 of G is called
§ -subnormal in G in the sense of Kegel [4] or

K- 3 -subnormal in G [5, 6.1.4] if there is a subgroup
chain

A=A4, <A <24 =G
such that either 4, <4, or 4,/(4,_,), belongs to
g forall i=1,...,¢.

Theorem 1.4. If a class of groups § is closed
under  extensions, epimorphic  images and
subgroups, then the set L. (G) (G#1), of all
K- 3§ -subnormal subgroups of G, coinsides with the
set of all o -subnormal subgroups of G, where
3I=F and

o={0p.{p}s--ip,}s by 0y = U n(X),

Xel
and

{P1s--sDys--y =P\o,.
Let

o={c,|liel c{0}UN}
be some partition of P, where 0el. Let
o,c€llco and 3 be a class of o,-groups which
is closed under extensions, epimorphic images and
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subgroups. Then G is said to be Il -primary [6]

provided either Ge 3 or G is a o, -group for some

o, €II\{c,}. A subgroup 4 of G is said to be

I1, -subnormal in G [6] if there is a subgroup chain
A=A4, 4 <-<4 =G

such that either 4,4 or 4/(4,), Is

I, -primary for all i =1,....z.

Our next observation shows that the
I1, -subnormality is also a special case of the

G -subnormality.
Theorem 1.5. A subgroup A is I1.-subnormal

in G if and only if A is & -subnormal in G, where

o=T\{o, ) Ui{o,}}uiip}eoip )
o, = U n(X),
and {p,,...,p,,...) =P\ (c, U H{ }0[).
A group G is said to be: (i) ®w-decomposable if
G =0_(G)x0,(G); (ii) m-special [3], [7] if
G=F(G)x0,(G)=0, (G)x---x0, (G)x0,(G),

where p,,...,p, e

In order to consider further useful examples,
we first introduce the following three special
partitions of the set IP:

() o=0"={{2},{3},{5,.. ;s

(i) o=0" ={n,n'};

(iii) o=6"" ={{p}s..0s{p,}s....7}, where
T={PseeesDyre-}-

Example 1.6. (i) In the limiting case, when
o ={P}, o, =P, all soluble groups are contained in

3, and every group Ge€ 3 is o4 -primary and so
o -nilpotent.

(ii) In the second limiting case, when c=c',
o, ={p} for some prime p and so J is the class of
all p-groups. Thus, G is o -primary (respectively,
o, -nilpotent, o -soluble) if and only if G is a
g-group for some prime ¢ (respectively, G is

nilpotent, soluble).
A subgroup 4 of G is o -subnormal in G if

and only if 4 is subnormal in G.

(iii) Let o ={o,,0,} =o", where 6, =7" and
o, =T.

Then G is o, -primary (respectively, o -nil-
potent) if and only if G is either an J-group or a
o,-group (respectively, G=H,xH,, where
H,€3 and H, is a Hall o,-subgroup of G by

Lemma 2.1 below). Moreover, G is 6 -soluble if
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and only if every chief factor of G is either an
J-group or G, -group.

If 2e0,, then G is o -primary (respectively,
o, -nilpotent, o -soluble) if and only if G is
o-primary (respectively, o-nilpotent, o-soluble).
Moreover, in this case a subgroup 4 of G is o -sub-
normal in G if and only if 4 is G-subnormal in G.

(iv) Now, let

CERCIRT S RN R S LA
where 6, =7 and
T={Psees Do)

First assume that 2 € n'. Then G is o -primary
(respectively, o -nilpotent, o, -soluble) if and only
if G is a J-group or a p-group for some prime
pemn (respectively, G=F(G)xH, where F(G)
is a Hall m-subgroup and H €3 by Lemma 2.1
below).

Finally, if 2emn, then G is o-primary
(respectively, o -nilpotent, o -soluible) if and
only if G is o-primary (respectively, c-nilpotent,
G-soluble).

Let § be a class of groups containing all

identity groups. Then § is said to be:

(1) a formation if the following two conditions
hold: (1) § is closed under taking subdirect
products, that is, G/(NNM)e§ whenever
N,M<LG and G/N,G/MeF, and 2) § is
closed under taking homomorphic images, that is,
G/N e§ whenever NG and G € §;

(i1) hereditary (Mal’cev [8]) if GeF
whenever G < Ae§;

(i)  saturated if GeF
G/D(G)e;

(iv) a Fitting class if the following two
conditions hold: (1) § is normally hereditary, that
is, GeF whenever G I 4§, and (2) § is closed

under taking products of normal subgroups, that is,
Ge§ whenever G=AB, where A,B<1G and

A,Be3g.
If K<HZ<ZG, where K,H <G, then we say
that H / K is a normal factor or a normal section of G.
Definition 1.7. (i) If G is o -nilpotent, where

whenever

6={0,,0,}=0"
and o,=7n', o,=mn then we say that G is
(m, 3) -decomposable.
(i1) If G is o, -nilpotent, where
G =1{0p, P} sty }see s} = o
and o, =7, n={p,,...,p,,...; then we say that G
is (1,3) -special.
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Definition 1.8. (i) If a subgroup 4 of G is
o -subnormal in G, where o={c,,0,} =c" and
c,=7n, o,=m, then we say that 4 is (n,J) -sub-
normal in G.

(ii) If a subgroup 4 of G is ©-subnormal in G,
where

1,

6 =1{6,.{p},--s{D,}>-- s} =0C
and
Gy =T, T={Plse-s Dot
then we say that 4 is (1, 3) -subnormal in G.
Definition 1.9. Let H/K be a normal factor

of G. Then we say that H /K is:
(1) o4-central in G if the semidirect product

(H/K)x(G/C;(H/K))
is o -primary;
(i) (m,3)-central in G if the semidirect

product
(H/K)x(G/C,(H/K))

~

is either an I -group or is a 7 -group;
(i) (1,3) -central in G if the semidirect
product
(H/K)x(G/C,(H/K))

is either an J-group or a p-group for some prime
pET.
Applications of the o -nilpotent groups and
G -subnormal subgroups are based on our three
results as follows.
Theorem 1.10. (i) The class N, , of all
o -nilpotent groups, is both a hereditary saturated
formation and a Fitting class.
(i) If G is o -nilpotent, then every subgroup
of Gis o -subnormal in G.
Theorem 1.11. Any two of the following
conditions are equivalent:
(1) G is o, -nilpotent.
(i1) Every subgroup of G is © -subnormal in G.
(i) Every maximal subgroup of G s
G -subnormal in G.
@iv) G has a o -subnormal Hall o,-subgroup
for every o, € o(G).
(v) Every chief factor of G is o -central in G.
(vi) every factor of some normal series of G is
o -central in G.
In view of Example 1.6 (iii) (iv) we get from
Theorem 1.11 the following results.
Corollary 1.12. A group G is (n,3)-decompo-
sable if and only if every subgroup of G is
(m, 3) -subnormal in G.
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Corollary 1.13 (Kegel [4]). A group G is
(1,3) -special if and only if every subgroup of G is
(1,3) -subnormal in G.

In the case when 3 is the class of all
o, -groups we get from Corollaries 1.12 and 1.13

the following new results.

Corollary 1.14. A group G is w-decomposable
if and only if for every subgroup A of G there is a
subgroup chain

A=4, <4 <24 =G
such that either A, <A or A4 /(AH)A is either a
T -group or a T -group.
Corollary 1.15. A group G is m-special if and

only if for every subgroup A of G there is a subgroup
chain

A=4 <A <-<4 =G
such that either A_, <34, or A/(4.), is a

' -group.

We get also from Theorem 1.11 the following
results.

Corollary 1.16. A group G is (n,3)-decompo-
sable if and only if every chief factor of G is
(m,3) -central in G.

Corollary 1.17. A group G is (n,3) -special if
and only if every chief factor of G is (1,3) -central
in G.

In the case when J is the class of all
c,-groups we get also from Theorem 1.11 the

following known result.

Corollary 1.18 (W. Guo, AN. Skiba [9]). Any
two of the following conditions are equivalent:

(1) G is o-nilpotent.

(1) Every chief factor of G is o-central in G.

(ii1)) G has a o-subnormal Hall o,-subgroup
for every o, € o(G).

(iv) Every subgroup of G is o-subnormal in G.

(v) Every maximal subgroup of G is c-subnor-
mal in G.

We use O"(G) to denote the subgroup of G
generated by all its II'-subgroups, where
IM'=c\II; O,(G) is the product of all normal
IT -subgroups of G. We also use G°* to denote the
o -nilpotent residual of G, that is, the intersection of
all normal subgroups N of G with o -nilpotent G/ N.

Theorem 1.19. Let A, K and N be subgroups of
G, where A is o -subnormal and N is normal in G.

(1) ANK is oy-subnormal in K.

(i1) If K is a o4 -subnormal subgroup of A, then
Kis o -subnormal in G.

(iii) AN/ N is o -subnormalin G/ N.
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@iv) If N<K and K/N is o-subnormal in
G/ N, then K is c-subnormal in G.

(v) If K<A and A is o,-primary, then K is
G -subnormal in G.

(vi) The o -nilpotent residual AT of A is
subnormal in G.

(vii) If A is oy-nilpotent, then A° s
o -nilpotent and o(A) = c(A°).

(viii) If o(| G: A|) < T1, then O"(A)=0"(G).

(ix) If A is a o-Hall subgroup of G, then A is
normal in G.

2 Proofs of the results
Proof of Theorem 1.4. First assume that 4 is
K- 3 -subnormal in G and

A=4,<A4 <24 =G,

where either 4_, < A4, or
A4,/(4.,), €3
for all i=1,..,z, then either 4_ <4, or
4,/(4,,), is o-primary. Hence 4 is o -subnormal
in G.
Now assume that 4 is o, -subnormal in G and

let

A=4,<A4<--£4 =G,
where either 4, 94, or 4,/(4,,), €3, or

4,/(4,),

is a p-group for some prime p. Butif 4,/(4,,), isa
p-group, then A_, is subnormal in 4. Therefore
there is a subgroup chain

A=B,<B <---<B =G
such that either B, | < B, or

B, /(B ), €3
forall i=1,...,n, so Ais K-J-subnormal in G. O
Proof of Theorem 1.5. First suppose that A4 is

I1, -subnormal in G and let

A=A4,<4 <--<4 =G,

where 4, < 4, or

4, /(Ai—l)A,- €3,
or 4/(4,,), isa o, -group for some

o, ell\{c,}.
But in the last two cases, 4,/(4, ), is o -primary
and so 4 is ¢ -subnormal in G.

Finally, if 4 is o -subnormal in G and

A=A <4 <--<4 =G,

Ipo6remvr uzuxu, mamemamuru u mexnuuxu, Ne 1 (66), 2026
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where 4,/(4,,), is o,-primary for some i, then
4,/(4.,), 1is Il;-primary (see Part (i)) and so
every G5 -subnormal is also I -subnormalin G. O

Lemma2.1. Let G #1 and o(G)={o,,...,0, }.

Then G is o -nilpotent if and only if

G:I—]1 ><...><H’,
where H, is a Hall o, -subgroup of G for all
j=L...,t and H €3 for i, =0.

Proof. Indeed, assume that G =4 x---x4,
where 4, is o -primary for all i=1,...,n, and let
H; be the product of all factors 4, such that 4, is a
o, -group. Then H, is a Hall o, -subgroup of G for
all j and, clearly, H, € 3 for i, =0 since the J is
closed under extensions and epimorphic images.
In particular, G = H, x---x H,. O

Proof of Theorem 1.10. In view of Lemma 2.1,
this theorem can be proved by the direct checking.

Proof of Theorem 1.19. Assume that this
theorem is false and let G be a counterexample of
minimal order. Then 1# 4 # G since, in the cases
A=1 and A=G, the Statemets (i)—(ix) trivially
hold for G.

By hypothesis, there is a subgroup chain

A=A, <4 <--<4 =G
such that either 4, is normal in 4, or 4,/(4,,),
is o, -primary for all i=1,...,7. Let M =4 _,. We
can assume without loss of generality that M # G

since 4#G.
(1) Consider the chain

Ki=KNA <KNA <---<KnA =K.
If 4, is normal in 4, then K" A4,_, is normal in
KnA.

Suppose that 4, /(4,,), isan J-group. Then
(4N KY(A ), 1 (4, =(4NK)/(4.), NK)
is an J-group, where (4,,), NK is normal in
4, N K andso

(4., NK<(KN A4 )y -

Hence (Kn4)/ (KN4 )., 1s an J-group.
Finally, if 4,/(4.), is a o,-group for some

j#0, then similarly we get that

(KNA4)/ (KNA_ )k, 18 a o, -group. Therefore
(KNA4)/ (KNA_ )., 18 oy-primary for all
i=1,...,r, so AnK is c-subnormal in K.

(ii) Assume that K is o -subnormal in 4 and let

K=K, <K <--<K, =4,

Problems of Physics, Mathematics and Technics, Ne 1 (66), 2026

where either K, | <K, or K, /(K| ), is o -primary
forall i =1,...,m. Then the subgroup series
K=K, <K/ <-<K, =A=4,<A4<-<4 =G
has the same property in G and so K is
o -subnormal in G.

(ii1) Consider the chain
AN/ N=AN/N<AN/N<---<AN/N=G/N.
Assume that 4, ,N/N is not normal in AN/N.
Then L =4, isnotnormalin 7 =4, andso T/L,
is o -primary. Hence

T/L)Y/I(L,(TNN)/L,)=
=(T/L,)/(T"NL,)/ L) =
T/(TNNL,)=TN/L,N=(TN/N)/(L,N/N)
is o -primary. But
L N/N<(LN/N)p -

Hence (IN/N)/(LN/N);,y 1S ©5-primary, so
AN/ N is c-subnormal in G/ N.

(iv) Consider the chain

K/N=K,/N<K /N<---<K /IN=G/N
be a subgroup chain such that either K, /N is
normal in K;/N or (K,/N)/(K,_ /N)g, Is
o, -primary for all i=1,...,n. Suppose that K, is
not normal in K;. Then K, /N is not normal in
K,/ N, so
(K; I N)Y/ (K, I Ny =
= (K, I N) (K, ) I N) = K, (K, )

is o, -primary. Hence K is o -subnormal in G.

(v) Since 4 is o -primary, every subgroup of
A is o-subnormal in 4. Thus this assertion is a
corollary of Part (ii).

(vi) First we show that V= A<M G-

Indeed, if M is normal in G, it is clear. Now assume
that G/M,; is an J-group. Then from the

isomorphism
AM G IMg;=A/(ANM;)eIcN,
it follows that V' < AN M.
Finally, if G/M, is a o,-group for some

j # 0, then similarly we get that V' < M ..

The choice of G implies that V' is subnormal in
M, so A is subnormal in M. Therefore V is

subnormal in G.
(vii) Let E=NA. Then N =N, x---xN,_ for

some minimal normal subgroups N,,..., N, of E and

N, isnot o -primary for all i by Lemma 2.1.

i
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Assume that E<G. By Part (i), 4 is
o -subnormal in E, so due to the choice of G this

means that 4 < C,(N,) foralli. Hence 4 < C.(N).

Finally, assume that NA=E=G. Then
N#M and hence G/M, is not o,-primary,
since N=NM;/M, is not o-primary. This
implies that M is normal in G and hence N "M =1.
Therefore M < C,(N) and so A< C,(N).

(viii) Since 4 <M, it follows that |M : A| and
|G : M| are IT -numbers. Moreover, 4 is G -subnormal
in M, so the choice of G implies that

0" (4)=0"(M).

Now we show that G/ M is a I1 -number. If
M is normal in G, then M, =M and so
|G: M, |H/G:M| is a II-number. Now assume
that G/M, is o,-group for some ie/. Then
|G/M | is a o,-number, so o, €Il since |G : M| is
a IT -number. Hence G/ M, is a IT -number.

Now let V be any I1'-subgroup of G. Then
from VM, /M;<G/M,; and

VM /I M =V /IVMg)
it follows that VM, /M, is simultaneously a
IT"-group and a II-group, so VM /M, is the
identity group, that is, V' <M. Therefore every
1" -subgroup of G is contained in M, so

0"(G)<0" (M )<0" (M) <0"(G).

Hence

0" (G)=0"(M)=0"(4).

(ix) By hypothesis, 4 is a Hall IT -subgroup of
G for some Il c o. Then 4" is a Hall IT -subgroup
of G for every xeG, so A"NA is a Hall
IT-subgroup of A. Hence |A:4"NA| is a
IT -number and so 4= A" N A. Therefore A< A",

so A=A" forall xeG. O

Lemma 2.2 [11, 3.29]. Let R be an abelian
minimal normal subgroup of G such that G = RM
for a maximal subgroup M of G. Then

G/ M, =Rx(G/C.(R)).

Now, we are in position to prove Theorem 1.11.

Proof of Theorem 1.11. Since Conditions (i)
and (iv) are equivalent by Lemma 2.1 and Theorem
1.19 (ix), (ii) = (iii), and Conditions (v) and (vi) are
equivalent by the Jordan — Holder theorem for the
chief series. it is enough to prove the implications

(1) = (i), (1) = (i), (ii1)) = (1), (v) = ().
Let G#1 and

o(G)={o,,...,0, }.
(1) = (i), (1) = (vi).
96

Assume that G s
G=H,x---xH,, where H, is a Hall o, -subgroup
of G forall j=1,...,t and H, €3 for i, =0, by

Lemma 2.1.
Suppose that some subgroup A of G is not
G -subnormal in G. Then ¢ >1 by Theorem 1.19 (v)

and 1<A<G, so A<M for some maximal
subgroup M of G and for some i, for i =1 say, we
have H, £ M.
It follows that
H,--H <M,
so M/H,---H, is o5-subnormal in G/H,---H,
by induction since G/H,---H, is o, -nilpotent by

t

G -nilpotent,  so

Theorem 1.10 (i). Therefore M is o, -subnormal in
G by Theorem 1.19 (iv). In view of Theorem
1.10(1), M 1is also o.-nilpotent, so 4 1is
G -subnormal in M by induction on |G|. Therefore
A is o-subnormal in G Theorem 1.19 (ii). This

contradiction shows that (i) = (ii).
Now, consider the normal series

\<H <HH,<--<H --H_<Hx-xH =G

-1 —

of G. If H/K is a chief factor of G such that
H-H,  <K<H<H- H,

then H/K isa o, -group since

HH/H-H_=H,
and

H,--H,_ <C,(H/K).

J
On the other hand, from
G :(Hl ‘.'H‘j)XHjJrl "'Hz

it follows that
H,, -H <C,(H/K),
so G/C.(H/K) isa o, -group.

Moreover, if i, =0, then H/K and
G/C,(H/K) belong to J, hence

(H/K)x(G/C,(H/K))e 3.
Hence G has a chief series whose all factors are
o, -central in G, so Statement (vi) holds for G.

Now, we show that if every maximal subgroup
of G is o5 -subnormal in G, then G is & -nilpotent.
Assume that this is false. Then G is not o -primary
and, by Theorem 1.19 (iii), the hypothesis holds for
G/R, so G/R is o4-nilpotent by induction on
| G|. Therefore R is a unique minimal normal
subgroup of G and R £ ®(G) by Theorem 1.10 (i).

Hence for some maximal subgroup M of G we have
G=RM and M, =1. Itis clear that M #1, so M
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is not normal in G. Therefore G=G/M, is
o -primary, a contradiction. Hence (iii) = (i).
Next we show that if every chief factor of G is
o -central in G, then G is o4 -nilpotent. Assume
that this is false and let R be a minimal normal
subgroup of G. It is clear that the hypothesis holds
for G/R, so G is o -nilpotent by induction.
Therefore R is a unique minimal normal subgroup of
G and R £ ®(G) by Theorem 1.10 (i). Hence for
some maximal subgroup M of G we have G = RM
and M, =1, so C,(R)<R by Lemma 2.2. If R is

non-abelian, C,(R)=1, hence G=G/C,(R) is
G -primary. Therefore o -nilpotent, a contradic-

tion. Hence C,(R) =R is abelian group, so
G=G/M;=Rx(G/C,;(R))

is o, -primary by Lemma 2.2, so G is & -nilpotent.

Thus, (v) = (). O
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