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INSENSITIVITY OF THE STATIONARY DISTRIBUTION OF OPEN QUEUEING

NETWORKS WITH CONTROL QUEUES AND A QUARANTINE NODE

S.Y. Evimenenko

Francisk Skorina Gomel State University

AnHoTanus. PaccMaTpuBaeTCsl OTKPBITasi CeTh MAacCOBOTO OOCTYXKHMBAHHSA C KOHTPOIBHBIMH OYepEeISIMH M KapaHTHHHBIM
y3nom. B [1] nmst maHHOM ceTH 00CTyKMBaHUS OBLIM MOJIYYEHB! YCIOBUS SPrOJHIHOCTH M UCCIICJOBAH CTAIOHAPHBIN PEKUM
(YHKIMOHUPOBaHHS CeTH. Bce y3iIbl, B TOM 4HClie KapaHTHHHBIHN, PEIONIaraloTcs OJHONUHEHHBIMU. B Hacrosmel cratbe
JIOKa3aHO, 4YTO CTAI[MOHAPHBIC paclpeleleHus] KaK OTKPHITOH CeTH OOCIyXKHMBAaHHS C KOHTPONBHBIMH O4YepeIsIMH, TaK
U HM30JMPOBAHHOIO y3J1a C KOHTPOIBHOW OdYepeqbl0 MHBAPUAHTHBI OTHOCHUTEIBHO PACIPENENCHUS BPEMEHH OOCITY)KHBaHUS
3as1BOK PH (PUKCHPOBAHHBIX IIEPBBIX MOMEHTaX.
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Beenenne

Teopuss MaccoBOTO OOCHYXHBAaHHS SIBISACTCS
omHUM ©3 (YHOAMEHTAIGHBIX HANpPAaBICHUN TIPH-
KJIQHOW BEPOATHOCTH W UTPAET KIOYECBYIO POJIH B
aHamM3e TEeNEeKOMMYHHKAIIMOHHBIX, BBIYUCIUTEIh-
HBIX, MPOU3BOJCTBEHHBIX M COIHAIBHBIX CHCTEM.
Kiraccnueckue pesymbrarel [2], [3] moka3anu, 9To
JUIsl IIMPOKOTO KJlacca CeTe MacCOBOr0 OOCITYKH-
BaHMsl CTallMOHApHBIE pacHpeselieHus O00JanaroT
npocToi GakTOPU3yeMOi CTPYKTYPOil U MOTYT OBbITh
HalJIcHBI B IBHOM BHJIC.

OcoO0bIif HHTEPEC B TEOPUH TPEICTABIISICT CBO-
CTBO Heuyscmeumenvrocmu (insensitivity) crammo-
HApHBIX paclpeielIeHNid — WHBAPUAHTHOCTH IO OT-
HOIIICHUIO K (OopMe pacrpenesicHHid BpeMeH 00CITy-
JKMBaHUS TIPH (PUKCHPOBAHHBIX CPEIHUX. DTO CBOW-
CTBO CYIIECTBEHHO YIPOINAECT aHAIN3 CJIOXKHBIX CHC-
TeM, TOCKOJBKY IO3BOJISIET WTHOPHUPOBATH JAETAJH
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pacrpeieJICHuil ¥ ONUpaThCs JIUIIb HA WX IECPBBIC
MOMEHTEI.

B psine pabot 'oMenbCKOM IMKOJIBI 0 MYJIBTH-
IUIMKATABHBIM CETSIM ObLIa MOIPOOHO HCCIeAOBaHA
CTOXacTHYEeCKasi AWHAMHUKA CeTell MaccoBOro o00-
CITy>)KUBaHUS C HKCHOHEHIMAIbHBIM OrPaHHYCHHEM
Ha BpeMs mpeObIBaHUA 3asBOK B y3iax. B gacTHO-
CTH, B OJIHOM M3 paboT ObLI MPOAHAIM3UPOBAH CTa-
UOHAPHBIA PeXUM (DYHKIMOHUPOBAaHHS TaKHUX Ce-
Ted W TOJY4YEeHBI YCJIOBHUS HMX 3ProgudHoctu [4].
B mocnenyrommx HCCIEIOBAHUSAX IS ITOTO XKE
KJIacca Mojieield ObUIO JOKa3aHO, YTO CTAlMOHAPHOE
pacripeielieHie YHCiIa 3asBOK B y3JlaX SIBISICTCS MH-
BapHAaHTHBIM OTHOCHUTEIFHO PacIpeelieHIi BpeMeH
oOciyxuBaHUs TIPH (PUKCHPOBAHHBIX IEPBBIX MO-
meHTtax [5]. Kpome Toro, B paMkax ucciemoBaHUI
l'omenbckoil OIKOMBI MO MYJIBTHILIMKATHBHBIM Ce-
TAM OBUIM TIONYyYEHBI Pe3yJIbTaThl, KacaroIIuecs
CBOMCTBA HCYYBCTBUTCIIbBHOCTHU CTalluOHApHOT'O
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pachpezieneHus Uil ceTeil MaccoBOro 0O0CIy)KHBa-
HUs ¢ 00X01aMH y3JI0B 3asiBKaMu [6].

B paGote [1] ObUT HccIeOBaH CTallMOHAPHBII
PEXKUM OTKPBITOM CETH MacCOBOTO OOCTYKHBAHUS C
KOHTPOJBHBIMH OUYCPEASIMUA M KapaHTHHHBIM Y3JIOM
(Bce y3NBI SBISIOTCS OJHONHHCHHBIME), a TaKXKe
MOJIYYCHBI YCIIOBHSI SPTOJUYHOCTH TaHHONW MOIEIIH.
OiHaKO BOMPOC O HEYYBCTBUTEIBHOCTH CTAL[HOHAP-
HOTO PAaCHpeeNieHus Il ITOH CETH OCTABAJICS OT-
KPBITHIM.

1 ITocTanoBKa 3a1a4n
B oTKpBITYI0 CeTh MaccoBOro 00CIy)KHBaHUS,
COCTOAUIYI0 M3 N OJHOJIMHEHHBIX Y3JI0B C KOH-

TpOuIBbHBIME Ouepessivi i (N +1) -ro y3i1a, KOTopbiii

Ha30BEM KapaHTUHHBIM. B ceTb mocrymaer mpo-
CTEHIIMII MOTOK 3asBOK ¢ mapameTpoM A. Kaknas
3asBKa HE3aBUCHMO OT APYTHX 3asBOK HAIPABISIETCS
B I-bIil y3€J1 C KOHTPOJIbHON OYEPEbI0 ¢ BEPOATHO-

N
CTBIO Py, Z Do; =L, i=1,N | Kaxnas 3assxa,
i=1
nocTynarouiasi B i-blii y3el1 ¢ KOHTPOJbHOW ouepe-
JIbIO, TIPUCOEANHSETCS] K KOHTPOJIBHOM o4epenH, rae
IpoBepsieTCs Ha CTaHOAPTHOCTh. BpeMeHa nposepku
HE3aBUCHMBI, HE 3aBHCAT OT IPOLECCOB MOCTYILIE-
HUS, OOCITy)XKMBaHUSA M MMEIOT IOKa3aTeIbHOE pac-
IpefielieHHe ¢ IapaMeTpoM V,, V, — HEKOTopas

i

MOJIOKUTEIbHAs IIOCTOSIHHAS (i =1LN ) Kaxnas

3asBKa TIOCNe OKOHYAHHS TPOBEPKH B i-OM Y3JI€ C
BEPOATHOCTBIO p, TPU3HAETCS HECTAHIAPTHOH M
HE3aBHCHMO OT JPYTHX 3asSBOK MTHOBEHHO HAIIPaB-
nsercst B ouepenb (N +1)-ro ysma, a ¢ BEpOATHO-

CTBIO l—p[ MMPUCOCANHACTCA K O4Yepeanu CTaHAapT-

HBIX 3asBOK B i-oM y3iie. Kaxxnast crangapTHas 3asB-
Ka TI0CJIe 3aBEpLICHUS] OOCITy>KHBAaHUS B i-OM Yy3iIe
HE3aBUCHMO OT APYTUX 3agBOK MTHOBEHHO HAIlpaB-
JISIETCSL B j-BIH Y3€II C BEPOSTHOCTBIO p, ., & C BEPO-

STHOCTBIO P, , IIOKMAACT CCTh

N

Zpi,/+pi,0 :l»i:L_N :

Jj=1
B (N +1) -OM Yy3Jle, KOTOpBIi Ha30BEM KapaH-

TUHHBIM, OCYHICCTBJIACTCA BOCCTAHOBJICHUC KA4YCCTB
(HG‘IGHI/Ie) HECTAHAAPTHBIX 3asABOK WJIN UX 06€3Bp6—
JKHUBaHHUC. Kaxc,uasl 3asBKa IIOCJIC 06CJ'Iy)KI/IBaHI/IH B

(N+1)-oM y3ne He3aBHCHMO OT APYIHX 3asBOK

MTHOBEHHO HAIpaBIseTCS B O4Yepenb j-TO y3iaa C
BEPOSTHOCTBIO P, ;, T. €. «BBUICYNBACTCSD) U MPO-

JOJDKAET JBWKEHHME II0 CETH, a C BEPOSTHOCTHIO
Py O0E3BpEXHBAETCS, T. €. MOKHIAET CETh

N
ZPNH,/‘ + Py = 1

J=1

60

CraHpapTHbIE 3a5BKH, a TaKKe 3asBKH, IPOXO-
JSIIINE «JICYCHUE» B KApaHTHHHOM Y3Jie, 00CITYKH-
BAlOTCS CAMHCTBEHHBIM MpPHOOPOM -0  y3Ia

(i =LN +1), BpEMEHa 00CITy)KMBaHUS 3asIBOK HE3a-

BHUCHMBI, HE 3aBHCAT OT HpOIecca IMOCTYIUICHHS,
mpoliecca MPOBEPKH 3asiBOK Ha CTAHOAPTHOCTh M
HUMEIOT IIPOU3BOJBHYIO (YHKIMIO PACIpeAesICHUs
B.(¢), 11 KOTOpOil BEPHO PaBEHCTBO

W= j[l—B,.(z)]dz,i:l,NH, (1.1)

0
r7e |, — CKOpOCcTh OOCITYKUBAHUS 3asSBOK i-bIM IPH-

6opom.

JucnumiiHa — 00CTy)XMBaHUSI  CTaHAAPTHBIX
3asBOK, a TaKXKe 3asIBOK, HAXOJSIIIUXCS B KapaHTHH-
Hom y3ne, — LCFS PR. 3asBka, nocrynaromas B
y3eII, BBITECHSACT 3asBKy ¢ MpHOOpa M HAUYWHAET 00-
CITy’KMBAaThCS, a BHITECHEHHAs 3asBKa CTAHOBUTCS B
Havajo oOBIYHON odepeny Ha OOCITyKHBaHHE, CIBH-
ras crosiye B HeW 3asBku. [Ipu nmoBTOpHOM HOCTY-
IUICHUM Ha NpUOOp 3asBKa HPOAODKAeT H000CIy-
KMBAThCs OcTaBlIeecs BpeMs. TakuM oOpa3oM, Imo-
CTyMaromias B y3ei 3asBKa HMeeT a0COJIOTHBIN TpH-
OpHTET Iepesl BCEMH OCTAlIbHBIMU 3asiBKaMHU, HaXO-
JsmMucst B ysie. Hymepanusi 3asBok B odepenu
KaXJIOTO y3JIa OCYIIECTBIISIETCS] OT KOHIAa OUYepear K
mpudopy.

CocrosiHMEe CeTH B MOMEHT BpEMEHH ! Oynem
OITHCHIBATH BEKTOPOM

x(?) = (xl ),X, (1) Xy (t)),
rae X, () =(m,(t),n,(t)) — cocrosiHue i-ro ysua ¢

KOHTPOJIFHOH oOdYepeapl0 B MOMEHT BpEMEHH f,
m,(f) — 4MCIO 3aiBOK B KOHTPOJIHOM ouepenu,

n,(t) — 4MCIIO 3aBOK OYepelu Ha 0OCIIyXKUBaHUE B
i-oM y37€ B MOMEHT BpEMEHH [ (i = l,N);

Xy (0) =ny,, (?)
(N +1) -oM y371e B MOMEHT BPEMEHH 1.

— YHCJIO 3a4BOK B KapaHTHUHHOM

J1s MapKOBCKOTO CITydas, T. €. KOT/a
B(1)=1-exp{-pt},t>0,i=1,N+1,

nporece X(f) — OAHOPOAHBIH MapKOBCKHH mporiece
C HENPEPHIBHBIM BPEMEHEM U CUETHBIM NPOCTPAHCT-
BOM cocTosHUM X = X, x X, x...x X, ,,, TIe

X, ={x,. =(m,n):m,n, 20,i=1,_N},

Xya = {xN+1 =y Ny 2 0}~
W3onupyem i-it y3en ¢ KOHTPOIBHOM o4epebio

OT CeTH (z‘ =N ), roMernast ero B QUKTUBHYIO Cpe-

Iy W Ipenrnonaras, 4To B HEro MOCTYIaeT MpocTei-
IIMHA ITOTOK 3asABOK WHTEHCUBHOCTH A. Ilox m3omu-
POBAaHHBIM Y3JI0M OyZieM HOHUMATh W30JIUPOBAHHBIN
OT CeTH y3el, B KOTOpPBII MocTymaeT MmpocTeHIuit
NOTOK  3afBOK C HMHTEHCUBHOCTBIO, paBHOMH
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MHTEHCHBHOCTH IIOTOKA 3asBOK, BXOMAIIUX B 3TOT
y3en cetu. Kakznas mocrynaromias 3asBKa IIpUCOe-
JIMHSIETCSl K KOHTPOJIbHOW oYepeny, Tae MpoBepsieT-
Csl OKCIIOHEHIMANBHBIM TPUOOPOM Ha CTaHIApT-
HOCTh. BpeMeHa npoBepKy He3aBUCHMBI, HE 3aBUCST
OT TIPOIIECCOB MOCTYIUICHHS, OOCITY)KUBaHUS U HMe-
0T TIOKa3aTeIbHOE paclpeiesieHHe ¢ IIapaMeTpoM Vv,
Vv — HEKOTOpas IMOJIOKHUTENIbHAS TocTosiHHAsA. [luc-
LUIUTMHA TPOBEPKHU 3asiBOK NMpom3BoibHAs. Kaxmas
3asBKa MOCJIe OKOHYAHHUS MPOBEPKH MO0 C BEpOAT-
HOCTBIO p TPH3HAETCS HECTAHIAAPTHOM M HOKHIaeT
CHCTEMY, JIMOO C BEPOSTHOCTBIO 1 — p IPHCOSNUHS-
eTcsl K OUepear CTaHIapTHBIX 3asBOK.

Bpemena oOcity>krBaHUsI 3asIBOK B CHCTEME He-
3aBHUCHMBI, HE 3aBHCAT OT IPOLIECCOB MOCTYILICHUS,
MPOBEPKH Ha CTAHIAPTHOCTh M MMEIOT MPOU3BOJIb-
Hyto (QyHKIUIO pacrpenenenust B(t), Ui KOTOpoi

BBITIOJIHACTCA
j [1-B(t)]d (1.2)
0

e |L — CKOPOCTh OONY)KMBaHHS 3asBOK M3 OOBIU-

HOH odyepean C€AMHCTBECHHBIM HpI/I60pOM H30JIMPO-
BaHHOI'O y3ia C KOHTpOJ'H)HOf/'I O4YepeabrO

(u =W, i= I,N).
OyYHKIIMOHUPOBAaHUE paccMaTpUBaeMOM CHC-

TEMBI MacCOBOTO OOCITY)KUBaHHUSI B MOMEHT BPEMEHH
¢ ONIUCBIBACTCS CITy4aifHBIM MPOLIECCOM

x(t) = (m(t),n(1)),
rie m(¢) — KOIMYECTBO 3asBOK B KOHTPOJILHOI oue-

penu B MOMEHT BpeMEHH f, n(?) — KOJIMYECTBO 3asi-

BOK B OOBIYHOW OuYepear B MOMEHT BPEMEHHU f.
Torma x(f) — oXHOPOIHBIN MAapKOBCKHH IpoIecc ¢
HEMpephIBHBIM BPEMEHEM U CYETHBIM IPOCTPAHCT-
BOM COCTOSTHUN X = {x = (m,n) m,n> O}.

Ienp HacTosimIe# pabOThI — JOKA3aTh JJIs TUC-
muruuHel  oocmykuBanus LCFS PR wuBapuant-
HOCTh CTallMOHAPHOTO pacIpeeNIeHHs Yucia 3asBOK
mpu (UKCUPOBAHHBIX MEPBBIX MOMEHTAaX ISl CETH
MacCOBOTO OOCITY>KUBAHUSI ¢ KOHTPOJIEHBIMU OYepe-
JIMA M KapaHTUHHBIM Y3JIOM, a TaKKe IJIs U30JIU-
POBAHHOIO y371a C KOHTPOJIBHOU OUepenblo.

2 MapkoBcCKHIi c1yyai
CramoHapHBIH peXUM  (PYHKIIMOHHPOBAHUS
JAaHHOW CETH MaccOBOTO OOCIYXHBaHHA IpH

B(1)=1-exp{-pt}, t>0, i=1,N+1,

cnenosad B [1]. IlpuBenem u3 [1] ypaBHeHHS TJ0-
0aJbHOTO paBHOBECHs ISl TAHHOW CETH MacCOBOTO
00CITy’)KHBaHUS B MAPKOBCKOM CITy4ae

N

p(X)| A+ Z“, m=0 T “N+11nw¢o + ZV[IM‘¢O

i=1 i=1

ObLI HC-

I
.MZ

p(X—ei )}\‘p[OIm,¢O +
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N

T2 (x4 € )y +p (Xt ey, Yy Py

i=1

+

M=

1
p(x te€ —¢€y, )V[pi]nw 0t
1

M= o

+

p(x+e=¢)v,(1=p)1, o+

+ '
-

ZN:p(ere )p pﬂ]mo+
=1

N
1
+ZP(X+eN+1 —-€ )I"LNHpNHiIm,atO’ xeX. (2.1)
=
31ecy W janee e, — COWHUYHBIA BEKTOp i-TO Ha-
TIPaBIICHUSL.

PazobpeM ypaBHeHHE TII00ANBEHOTO PAaBHOBE-
cust (2.3) Ha ypaBHEHHUS JIOKAIBHOTO pPaBHOBECHS
cleyroummM o0pa3omM

Ap(x) = ZNlp(Hef)u,-p[o +

i=1

+p(x+eN+l)p’N+1pN+10; (2.2)

p(x) ZHL zz¢o+“N+1 e ¢0+ZV, m#0 | =

Il
.MZ

p(X—e: )7\‘pi01m,¢0 +

i

+ZN:p(x+e eNH)v pllnwto +

=1

+

M= -

p x+e —ef)vi(l—pi)ln#o +

+
™= I
M=

p(X+e§ _e;)“jpjilrn,#O +
i=1 j=l1
< 1
+ZP(X+eN+1 _ei)l”lN+1pN+1i]nzl¢0’ xeX. (2.3)

i

Taoke B [1] mccrmemoBaH cTamMoOHApPHBIN pe-
UM pabOThl U30JIUPOBAHHOTO y3/1a C KOHTPOJIBHOM

ouepensto mpu B(f) =1-exp{-ur}, t>0. Ilpuse-

JIeM HIDKe TJI00ajibHbIe YPaBHEHUSI PaBHOBECHUS IS
TaKOr0 M30JINPOBAHHOTIO y371a u3 [1]

p(m,n)[k+p]
=p(m=1Ln)A, +p(mn+)pu+p(m+1n)vp+
+p(m+1,n—1)v(1—p)1n¢0,(m,n) eX. (24

+vI

n#0 m=0 ]

3 HemapkoBckmii cayvaii

3.1 Uneapuanmuocms unanbHoeo pacnpedene-
HUSL USOTUPOBAHHOZO Y3/1A C KOHMPOTLHOU 04ePedbIO

Tenepp OTKaxeMCsl OT NPENIOJNOKEHHS, YTO
BpeMeHa OO0CITy>KMBAaHUS 3asBOK B H30JIMPOBAHHOM
y3ile C KOHTPOJIbHOU O4Yepeblo HMEIOT T0Ka3aTelb-
Hoe pacmpeneneHue. OfHAKO MHO-IPEXHEMY IIpe-
noJlaraeTcs He3aBUCHUMOCTD IPOIecca MOCTYILICHUS
3asBOK, Tpolrecca OOCTY)XKMBaHMSI €IMHCTBEHHBIM
IprOOPOM H30JIMPOBAHHOTO y3JIa 3asBOK W3 OObIU-
HOW OYepear M NMPOBEpKa Ha CTAHIAPTHOCTH 3asIBOK
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B KOHTPOJIEHOM odepeau. B 3ToM ciydae mponecc,
ONMCBHIBAIOLINHM YHCIO 3asBOK B M30JIMPOBAHHOM
y371€ ¢ KOHTPOJBbHOI OYepenpl0 B MOMEHT BpEeMEHU
¢, He sBIIETCSI MapKOBCKMM. Jlajee MOKakeM, 4YTO
JUIs Takoro Impolecca CHIpaBelIuBa CleLyomas

Teopema.
Teopema 3.1. [Ipu svinonuenuu ycrosuii (1.2) u
A(1-
& <1 s M <1 R
v u

CHYHALHBIN NPOYecc, ONUCHIBAIOWULL YUCTO 3AS80K 8
U3ONUPOBAHHOM Y3ie 8 MOMEHM 8pemMeHU [, umeem
@uHnanbHoe Ccmpozo nonodcuUmenbHoe pacnpeoeie-

Hue euoa
p(m,n):(&j’" Mi-p) (1_&] L Mi=p))
Y u v u

Hoxazamenvcmso. Ilycts T, (f) — ocTaTo4HOE

n

BpeMs OOCIY)XMBaHHS 3asBKH B H30JIMPOBAaHHOM
y3J7le ¢ MOMEHTa ¢ JI0 MOMEHTa OKOHYaHHs BPEMEHU
oOciyXuBaHus, T€ kK — HOMEp MO3UIMH, Ha KOTO-
POl HaXOAUTCSA 3asBKA OT «XBOCTa» OYepeaH K IpH-

6opy. Takum obpazom, () =(1,(t),...,T,(t)) — Bek-
TOp, ONMCHIBAIOIINIA OCTATOYHBIC BpeMeHa 00ciy-
JKMBAHUS 3a5BOK B H30JIMPOBAHHOM y3iie. [1ockomb-
Ky, BOOOIIIe TOBOpSI, X(f) HE SIBISETCS MapKOBCKHM
IPOIIECCOM, PACCMOTPHM MAapKOBCKHH IPOIECcC
E@) ={x(),t(¢)}, nobaBnsas Kk X(¢) HENPEPHIBHYIO

KoMmoHeHTy T(¢). BBenem o6o3HaueHue

F(m,n,y)=F(m,n,y,...y,) =
=lim P{x(t) = x,7,(!) < y,-..,T,(E) < ¥, }.
t—w©

B [1] noxa3aHo, uTo MapKOBCKHUI Iporiecc X(¢) mpu
BBITIOJIHEHUH YCJIOBHI TeOpeMbl | B MapKOBCKOM CIIy-
yae sproandeH. Mcnomesys teopemy Cmura [7] s
PEreHepUpYIOIUX MPOLECCOB, MOXKHO J0Ka3aTh, 4TO
CYIIECTBYIOT (PMHAIBHBIE BEPOSTHOCTH F'(m,n,y).
Tak xaxk X(f) — MapKOBCKHMH IpoLecc, CyIecT-
ByeT CTALlMOHAPHOE JProJUUYECKOE pPacHpeieicHHe
x(¢), a ciemoBaresbHO, B 00IIEM Cllydae U Ipoliec-
ca {(¢), tak xak {(¢) momygaercs u3 x(f) mobOaBie-

HHEM HEIPEPBIBHBIX KOMITOHEHT.

ITycts 7 — monoxuTenbHast Manas BEJIMYHHA.
Ucnonb3yst omnpeneneHue MOJIHOW BEPOSTHOCTH,
PAacCMOTPUM BEPOSITHOCTH COOBITHS

P{x(t+h)=(m,n),t,(t+h) <y,...,1,(t+h)<y,};
OITHCHIBAasI BCE CIIOCOOBI MOSIBIEHHUS JAHHOTO COOBITHS
MPY Pa3INYHBIX THIIOTE3aX B MOMEHT BPEMEHH £

a) B KOHTPOJIBHOW OYepenyu H30JIMPOBAHHOTO
y371a OBbLIO Ha OZIHY 3asIBKY MEHBILIE, YEM B COCTOS-

Huu X(7) = (m(7),n(t)), 3a Bpemsi s 3asiBKa HpHuLIA
B KOHTPOJIBHYIO Ouepenb W3BHE (BEPOSTHOCTDH
Ah+o(h)) u 3a ocraTouHOE BpeMs He ycreia 00-
CILyXKUTbCSL B y31e (BeposTHOCT B(y, +0,/)); Be-
POSITHOCTB TAHHOTO CIIoco6a
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P{x(t) = (m —1,n),'cl(t) < Yppens T, (H) < Y, 1 X
X(Xh+0(h))B(yn +0,h)]

m#0?2
3gech u fanee 0<6, <1;

6) B OOBIYHOI OYepearn W30JMPOBAHHOTO y3IIa
OBUTO Ha ONHY 3asBKy OOJIBINE, YeM B COCTOSIHUH

x(1) = (m(t), n(t)), U 3a BpeMs /1 3as1BKa 00CITy>KHIIach
Y [IOKUHYJIA Y3€JI; BEPOATHOCTb JaHHOTO crioco0a
P{x(t)= (m,n + 1),
T (@)<Yt () <y, T, @) <h};

6) U30JIMPOBAHHBIM y3€]1 HaXOAWICS B COCTOS-
HUU X(f) = (m(t),n(t)), 3a BpeMs /i 3asIBKH HE MTOKH-
Jamy y3ed 3a cueT OOCHy)XHMBaHHS (BEPOSITHOCTH
B(y, +0,h)) u 3aiBKU He IEepPeXOJUINd B OOBIUHYIO

odepenb u3 KOHTPOJIEHOM (BEepOATHOCTb
1—vh+o(h)); BepoATHOCTH TaHHOTO crIoco0a

P{x(?) = (m,n),tl(t) < Yo T, (H) < Y, 1 X
xB(y, +0,h) (1 —vh+ O(h));

2) M30JTMPOBAHHBIN y3€1 HAXOAWICA B COCTOS-
Hun X(¢) = (m(1),n(t)), ocratouHoe Bpems oGCIy-
KMBaHHUA 3asBKH, HAXOJsIIeHCS B y3le Ha MecTe 7,
ObUI0 B quanasone [h,h+ y, ], 3a Bpemst h 3asBKu He
MOCTYNAIK B y3el (BepositTHOCTh 1—Ah+o(h)); Be-
POSITHOCTB JTAaHHOTO criocoba

P{x(6) = (m,n), 7, () < ypseen T, , () < 3,45

h<t (1) <y, +h}(l—kh+o(h));

0) B KOHTPOJILHOW OYepequ H30JIMPOBAHHOTO
y31a ObUIO Ha OJHY 3asBKYy 0OJIbIIE, YeEM B COCTOS-
Hun X(¢) = (m(7),n(t)), a B OOBIMHON Odepeny Ha
OHy 3afBKy MeHbIIE, YeM B COCTOSHHH
x(t) = (m(t),n(r)); 3a Bpems h 3asBKa mocie Hpo-
BEPKM HA CTAHAAPTHOCTH ObUIA MPU3HAHA CTAHAAPT-
HOI M mepenuia B 0OBIYHYIO OYepelb H30IMPOBAH-
HOro ysna (BepostHocts (vh+o(h))(1-p)) u 3a

OCTAaTOYHOE BpeMs He ycliena OOCILyXKUTbCS B U30-
JMPOBAaHHOM Y3i1€ (BepoATHOCTb B(y, +0.h)); Be-

POSITHOCTB TaHHOTO CTIOC00a
Pix(0)=(m+1,n=1),7,(t) < Y000 T, (1) <y, } X
x(Vh+o(h))(1- p)B(y, + 0,1, ,;

€) B KOHTPOJIFHOH OdYepend H30JMPOBAHHOTO
y311a OBUIO Ha OJHY 3asBKY OOJbBIIE, 9€M B COCTOS-

ann X(¢) = (m(1),n(t)), a B 0ObIYHOI OYepeaH OLIO
CTOIBKO JK€ 3asBOK, CKOJIBKO U B COCTOSHHU
x(t) = (m(t),n(r)); 3a Bpemst s 3asiBKa mocie Hpo-
BEpKM HA CTAHAAPTHOCTh ObIA TPH3HAHA HECTAH-
JApTHOM M MOKHHYyJa H30JHPOBAHHBINA y3en (Bepo-
SATHOCTE (VA +0(h))); BEPOSTHOCTH JAHHOTO CIIOCO0A

P{x(t)= (m +l,n),rl(t) < Yo T, (H) <y, } X
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x(vh+o(h)) p;

BEPOSITHOCTh TOTO, YTO MPOHM30MIET HE MEHee ABYX
W3MEHCHH COCTOSHUH y3ia paBHa o(h).

B cmity cka3aHHOTO BEIIIIE IMEEM
P{x(t+h)=(m,n),tv,(t+h) < y,..,1,t+h) <y} =
=P{x(t) = (m—l,n),rl(t) <Y T, (H) <y, 3 X
x(kh + o(h))B(yn +0,m1,,, +
+P{x(t) = (m,n +1),r] ®) <y,

v T, )<y, T, @) <h}+
+P{x(t) = (m,n),r1 @)<Yt () <y, }%
xB(y, + Ozh)(l —vh+ o(h)) +
+P{x(t) = (m,n),r1 @O <y T, ()<Y, 1>
h<t,(t)<y,+h(1-Lh+o(h))+
+P{x(t) = (m +1Ln —1),1’1(t) <Y T, () <y, 3 X
x(vh +0(h))(1—p)B(yn +0,h) ,, +
+P{x(1) = (m+1,n),7,(t) < )50 T, (1) < 3, } %
x(vh+o(h)) p+o(h);

[anee, kaXIyl0 BEpOITHOCTb BEIpa3suM 4epe3 (yHK-
MO BUIA

F(m,n,t,y) =
= P{x(t) = (m,n),r1 &)<Yt ()<Y, }.
TTonyuyum cneayroiyo CUCTEMY YpaBHEHUI
F(m,n,t+hy)=
= F(m —l,n,t,y)(kh +0(h))B(yn +06,n)1,,, +
+F (m,n+1,0,y,,...,,h)+
+F (m,n,t,y)B(y, +0,h) (1= vh+o(h))+
+(F(m,n,t,y1,...,yn +h)—F(m,n,t,yl,..., H,h))x
x(1-Ah+o(h))+
+F(m+1L,n-1t,y,...,,., ) (Vh+o(h))x
x(1=p)B(y, +0;h)1 ,, +

+F(m + l,n,t,y)(vh + o(h))p.

PaccmarpuBast F'(m,n,t,y) Kak CIOXHBIC (pYHKIHH

OT { W TpeAronaras, 9T0 y HUX CYIIECTBYIOT JacT-
HbIE NPOU3BOJHBIE IIEPBOTO IMOPSAKA MO IEepeMeH-

HBIM f, y, U J,,, 3alUIIEM pPa3JI0KEHUE 3THX
¢ynkmii o popmyste Teitnmopa
F(m,n,t+hy)=

OF (m,n,t,y)
ot

=F(m,n,t,y)+ h+o(h);

F(m,n+1,t,y],...,yn, ):

_ 8F(m,n+1,t,yl,...,yn,0)
- W

B(y, +6,h) =B(y,);

h+o(h);
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F(m,n,t,yl,...,yn +h):F(m,n,t,y],...,yn)+
+8F(m,n,t,yl,...,y")
oy,

h+o(h);

F(manatayla"'vyn—l’h) =
_OF (mn,t,3,,.03,1,0)
- v,

a TaKxe, MPUBOJS MOJOOHBIC ClaraeMele, Neliss 00e
YaCTH TOJyYEHHOTO COOTHOIICHUSI Ha /i U yCTpeM-
15151 i K HYJTIO, TIOJTyYUM

OF (m,n,t,y)
ot

h+o(h),

= F(m—l,n,t,y)?»B(yn)I +

m#0
. OF (m,n+1,1,y,,...,y,,0) N
a.y11+1
—F (m.n,t,y) By, VLo = F (m.n.t, 3,509, ) A+
[OF(mnt, 3.y,
,
_GF(mJlJ,yp"-’yn1’0)J["¢0 +
P,
+F(m+1,n_1stsy]"-~syn—l)V(l_p)B(y")I”#) +
+F(m+1,n,tsY)Vp'

Tak kak npenenbHble GYHKIMU HE 3aBUCAT OT Bpe-
MEHH, UMeEeM

F(m,n,y)B(yn)VIW0 +F(m,n,y1,...,yn)k+
+{8F(m,n,yl,...,ynl,0) B 6F(m,n,yl,...,yn )JI _
o, o,
=F(m—=1,n,y)AB(y)1,., +

m#0

OF Ly,... 0
+ (m:n+ ’yl’ 9yn’ )+

aynH
+F(m+l,n—1,y1,...,ynfl)V(l—p)B(yn)IWo +
+F(m+1,n,y)vp. 3.D

PazobbeM ypaBHEHHE TJI0OAJIHHOTO PABHOBECHS
(3.1) Ha ypaBHEHHs JOKaJIbHOTO ypaBHEHHUS CJie-
JYIOIITUM 00pa3oM

8F(m,n+1,yl,...,yn,0) N
aynﬂ
+F(m+1,n,y)vp; 3.2)
F(m’n’y)B(yn)VIm¢0+
(GF(m,n,y],...,yn_l,O) 8F(m,n,y],...,yn)J
+ - ImtO -
a-)}n @)"
=F(m—-1,ny)AB(y)I,.,
+F(m+1L,n-1y,...y,, )v(l= p)B(y)I,.,..(3.3)

Hetpyano yOeanTbes, 4TO HEOTPHLIATEIBHBIM,
aOCOJIOTHO  HEMpepbIBHBIM [0 )  pEUIeHHUEeM
ypaBHeHHH JoKanbHOTO paBHoBecus (3.2), (3.3),

F(man’yla"'ayn)}\‘ =
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a CIIeI0BAaTENIbHO, U ypaBHEHMs IJIO0AIBHOTO paB-
HoBecws (3.1) siBisieTcst

F(n,m,y) = p(n,m)f[ pj:‘ [1-B(u)]du, (3.4)

rae p(n,m) — cTaMoHapHas BEPOATHOCTH COCTOS-
HUS X TIporiecca X(f) B MapKOBCKOM ciydae. JlecT-
BUTENBHO, moncTaBuB (3.4) B (3.2), yMHOXHUB 00e
p(n,m)
YacTH IOJy4eHHOTO paBeHCTBA Ha ——————,
F(n,m,y)

MOJY4UM
p(m,n)?» = p(m —l,n)M

m#0

+p(m+1,n)vp.
3arem, noncrasus (3.4) B (3.3), mogenus obe yacTu
TONyYeHHOTo paBeHcTBa Ha F(n,m,y)B(y,) u
YMHOXXUB Ha

Y

p(n, m).[ [1 - B(u)] du,

TOJTy4nM
p(mn)[Wl, o +VI,..]=p(mn+1)p+
+p(m+1Ln-1)v(1-p)1 ., (mn)eX.

CrnoxuB o00a TOMY4YEeHHBIX YpPaBHEHUS, IOIyYHM
ypaBHEHHE TII00aNbHOTO paBHOBecHS (2.4) i u3o-
JMPOBAHHOTO Yy3/1a C KOHTPOJILHOH OYepenpio s
MapKOBCKOT'O CIIydasl. O

3.2 Uneapuanmuocms punanrpiozo pacnpede-
JIeHUsL OMKPBIMOLL Cemu ¢ KOHMPOTbHLIMU 04epeosi-
MU U KAPAHMUHHBIM V310M

Tenepp paccMOTpUM HHBapHaHTHOCTh  (u-
HaJIHOTO PAaCIpeJIeNIeHNs] OTKPBITOH CETH MacCOBO-
ro OOCIy)XMBaHMSI C KOHTPOJIBHBIMH OYEpelsiMH U
KapaHTUHHBIM y3710M. COXpaHHUB NPEANOI0KEHHS O
HE3aBHCHMOCTH TIPOLIECCOB MTOCTYIUICHHS, IPOBEPKH
Ha «CTaHIAPTHOCTH» M OOCITY)KMUBaHUS 3asBOK, Oy-
JeM Ipeanonarat, 4ro B,(tf) — Npou3BoJIbHASL
(yHKUMS pacrnpenesieHuss HEeOTPULATENbHON Cily-
YaifHO# BENIMYMHEL, B TAKOM CiIydae mporecc X(7),
ONMCHIBAIOIIMN YHUCIO 3aBOK B Y3JIaX OTKPBITOM
CeTH O0CITy)KMBAaHUS B MOMEHT BPEMEHH f, HE SIBIIA-
€TCsl MapKOBCKUM, TeM HE MEHee AJI Hero CIpaBesl-
JMBa CJIEAYIOIas TeopeMa.

Teopema 3.2. Ilpu gvinonnenuu ycnosuii

A, -1 Xei(l—p,)<1 Ay,
b
Vi 1, My
u (1.1), cayuaiinvlii npoyecc, onucvLIBarOWUIL YUCLO
3a860K 8 OMKDLIMOU Cemu OOCIYICUBAHUSL 8 MO-

MeHm epemeHu t, umeem QUHANbHOE CMpPO20 HOJO-
JrcumenvHoe pacnpedesieHue 8uod

P(X)=p(x)py (%) ... Py (Xy ) xEX,

C MHOJMICUMENAMU

(i:I,_N), <1

P =| 22 AGR:A) I
v; u,
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) (1-p. J—
X 1_£ 1_M ’izl’N,
\Z H;
Ay, ) Ae
pN+l(xN+1): — 1——
MNH HNH

Hoxazamenvcmeo. Ilycts T, (¢f) — ocraTouHOE

BpeMsi 00CITy)KMBaHHsI 3asBKU B i-OM y3JIe C MOMEH-
Ta ¢ 0 MOMEHTa OKOHYaHHs BPEMEHH OOCIy)XHBa-
HUSI, TA€ kK — HOMEp IO3MINH, Ha KOTOPO HaXOANT-
Csl 3asIBKa B OOBIYHOM OYepen OT «XBOCTa» OUepean
K ipudopy. Toraga Bekrop

T, (1) =1, (1), 7, (D)., T, ()

OIMCHIBAET OCTATOYHBIE BpEMEHa OOCIYKHBAHHS
BCEX 3ajay i-ro y3ja, HaxOIAIIUXci B OOBIYHOM
ouepenu. [lockonbky, BooOIIE TOBOps, X(f) HeE sB-
JsIeTC MapKOBCKHMM IPOIIECCOM, PACCMOTPHM Map-
KoBckuid mpomecc () = {x(¢),T(¢)}, mobamiss K

X(#) HempepBhIBHYIO KOMIIOHEHTY

(1) = (7, (1), T, (0);.5 T (1))
Baenem 00o3Hauenme
F(x,y)= F(X’yl,l""’yl,n, s Voases Vo, o

o Vg Yy s YNt Vet )=

=lim P{x(?) =x,7,,(£) < Y, >---
o Ty < Vin ol = LN +1}.

B [1] moxa3aHo, 9T0 MapKOBCKHIA Tporiecc X(¢) mph

BBITIOJIHEHUH YCIIOBHH TEOpeMBl 2 B MapKOBCKOM
ciydae sprogmuet. Mcmonssys teopemy Cmuta [7]
JUISL pereHepUpYIOIUX IIPOLECCOB, MOXKHO 10Ka3aTh,
YTO CYIIECTBYIOT (DMHAJIBHBIE BEPOSITHOCTH F(X,Y).
Tak kak X(f) — MapKOBCKMH IIpoIlecC, CyIIECTBYET
CTaIlMOHAPHOE 3PTOJMYECKOe pacrpezeseHue X(¢),
a cJeoBaTeNbHO, B 001IeM ciydae u npouecca (1),
Tak Kak () moxydaercs n3 X(f) nmoGaBieHHEM He-
MIPEPHIBHBIX KOMITOHEHT.

[Tonoxkum, 9To [)A/;] — BEKTOp, BCE AJIEMEHTHI
KOTOPOTO COBMAJAIOT C JJIEMEHTAaMH BEKTOpa
(31> Vy5-sYy.1)» @ Ha MECTE (-0 DIEMEHTa HaXo-
JUTCS 3JIEMEHT 371

[Tycts 7 — monoxuTenpHas Manas BEJINYMHA.
PaccMoTpuM BEpOSITHOCTB COOBITHS

Px(t+n)=x,1,(+h) <y,
e T, (E+R) <y, i=1LN+1},

OITHCBIBAsI BCE CIIOCOOBI MOSIBJICHHS TAHHOTO COOBITHS
TPH PA3JIMYHBIX THIIOTE3aX B MOMEHT BPEMEHH £:

@) XOTsl ObI B OJJTHOM W3 Y3JIOB C KOHTPOJIGHOH
o4epesblo, CKaXKEM B i-OM, B KOHTPOJBHOW ouepean
ObLIO Ha OAHY 3asBKY MEHBIIE, YeM B COCTOSHUH
X(?), BEpOSITHOCTH
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Pix(t) = X_ell'arm < YitseesTin 1 )< Vi1
I=LN, Ty (0 < Yy LIS (1< YNty IR

3a BpeMs /i 3asiBKa MPHILIA B KOHTPOJIBHYIO O4epeb
U3BHE (BEPOATHOCTh Ap, i+ o0(h)) ¥ 3a 0cTaTOUHOE

BpeMs He ycmesa 00CITy>KUThCA B y3i1e (BEPOSITHOCTh
B(y,, +6,h)); Takum obpasoM, BEPOSTHOCTb NaH-

HOIO crocoba
P{x(t) =x—e},1,,(t) < Vitron T 1 (O < Viy 1
P =1LN, Ty (< Voo Ty, (0 < Yy, bX
x(Apyh+0(h)) B, (3, +O,)1, o

6) XOTs1 ObI B OJTHOM M3 y3JIOB C KOHTPOJIbHOU
o4epesblo, CKaXXEM B i-OM, B OOBIYHON ouepeny Obl-
JIO Ha OJIHY 3asBKY OOJbIIle, 4eM B COCTOSIHUU X(?),

BEPOSITHOCTD
P{x(t)=x+ el.z,r,.’1 (O <Yyprenn Ty O <V, s
Tim+1 O)<h, i= I,_N,
Tyl < Yvarse Tnatng., ()< Vnetm, 1

¥ 3a BpeMsI /1 3asiBKa 00CITy>KHJIach M MIOKHHYJIA Y3eI
(BEpOATHOCTh p,,); TaKMUM 00pa3oM, BEPOATHOCTh

IAHHOTO crrocoda

Pi{x(t) = X+ei2’ri,l < Yigoeos T, ()< Vi

T, (O <hi=LN,

Tt (n< Ynsroo Tty (< YN+t § Do

6) CeTh HaXOIWIach B COCTOSIHHU X(f), Bepo-
ATHOCTD

PIX(0) = X, (6) < Yy e T, () < 3, 50 = LN +13;

3a Bpemsl /1 3asBKM HE MOKUIAIM I-d y3el, 3a CueT
o0ciykuBaHus (BepoATHOCTb B,(y,, +0,h)) u He

HEePeXOIIIN B OOBIYHYIO O4Yepedb U3 KOHTPOJIBHOMH
(BepostHOCTh 1—V,i+0(h)); Takum oOpa3oM, Be-

i,n;

POSITHOCTB JTAaHHOTO CII0C00a
PX() = X,T,, () < Py e, () < ¥, i = LN + 1}
xB/(y,, + Gzh)(l -v,h+ o(h));
2) CeTh HaxOJWiach B COCTOSHHMU X(f), Bepo-
STHOCTh OCTATOYHOC BPEMsi OOCITYKHBAaHUS 3asBKH,

HaxoJAIIelcs B i-oM (i=1,N +1) y37ie Ha MecTe
n,, OBIIO B MANa30He [h,h +¥., ]

Px(@)=%,1,,(1) <y, 5esh < T O <h+y

in; 2
i=1,N+1},

¥ 32 BpeMs /i 3aSBKH He TOCTYIAIH B y3el (BeposT-

HOCTh 1—Ap,h+o0(h)); TakuMm 0Opa3oMm, BepOST-

HOCTh JAHHOI'O criocoba
Pix() =x,7,(6) <y, s h <71, () <h+y,,,
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i=1,N+l}(l—kp0ih+0(h));

0) XOTs OBI B OJTHOM U3 Yy3IJIOB, CKaXXEM B i-OM

(i =N ), B KOHTPOJIbHOM OYepea U30JIHPOBAHHO-

ro ysia ObLIO Ha OJHY 3asBKY OOJbIlE, YEM B CO-
CTOSIHUU X(f), a B OOBIYHOI1 Ouepean Ha OJHY 3asiB-

Ky MCHBIIIC, YEM B COCTOAHUUN X(t), BCPOATHOCTDb
12
P{X(t) =X+t¢ —¢ ’Ti,l(t) <Vitses Vi (t) < Vin-1s
i=LN, TysLl (n< Ynsrpoeo Uiy, (n< Vi, 1

3a BpeMs /i 3asBKa IIOCJie NPOBEPKH Ha CTaHAAPT-
HOCTh ObLIa NpH3HAHA CTAHJAPTHOH W Iepeluia B
OoOBIYHYIO oOuepeAp i-T0 y31a  (BEpOSITHOCTH

(vih+o(h))(1-p,)), u 3a OCTaTO4HOE BpeMs HE
ycnena oO0CIy>KUTbCsl (BeposiTHOCTh B, (v, +0,h));
TaKUM 00pa3oM, BEPOSITHOCTh JaHHOTO CIOCo0a

1 2
P{x(t)=x+e, —¢; >To (H< VitreosTinat (H)< Vinats

i=1, N9TN+],1 (< Yo T, ()< YN+tny,, §x
X (vl.h + o(h)) (d-p)B; (ym’ +0,h)]

n#0°

€) XOTsI OB B OZTHOM M3 Y3JIOB C KOHTPOJIGHOH
ouepeIblo, CKaKEM B i-OM, B KOHTPOJIBHOW odepenn
ObUTO HA OJHY 3asBKy OOJbIIE, YeM B COCTOSHHH
X(f), a B KapaHTHHHOM Yy3J1e ObIJIO Ha OJHY 3asBKY

MEHBIIIE, YeM B COCTOSIHUU X(f), BEpPOSTHOCTH
P{x(1) = X+e:' =€y, T () <Y
""Ti,n,ﬂ(t) < yi,niH’i = 17—N’
Ty (0) < Ynetaoe Tty -1 (1< yN+l,n,V+1—l};

3a BpeMs /i 3asBKa IOCIEe NPOBEPKH Ha CTaHAApT-
HOCTh ObUIa NMpHU3HAHA HECTaHIAPTHOW M OTIPaBU-
jJjack B KapaHTUHHBIH  y3en  (BEpPOSITHOCTh

(v.h+o(h)) p,), u 3a ocTaTouHOE BpEeMs HE yclela

00CITy)KUTbCS. B KapaHTHHHOM Y31¢ (BEpPOSTHOCTD
By (Vyiin,,, +0,/)); Takum 06pasom, BEpOSTHOCTE

IAHHOTO criocoda
P{x(t)=x+e; —e,,,,T,, (1) < Yy oo
""Ti,nfrl(t) < Vim+1s = L_N’
Tyt (< Yniroe Wiy, -1 (< yNH,nNH—l} .
xBy, (YNH,nM + ezh)lnw;eopi;

J1C) B KApaHTHHHOM Yy3Ji¢ OBLIO Ha OJIHY 3asBKY
0oJplIIe, YeM B COCTOSHUH X(?), BEPOSITHOCTD

P{x(t)=x+e,,,, T (< VitowsTip (H)< Vim >

i=LN,7y,,)< yN+1,1»"':TNH,nwﬂ(t) <hj;

3a BpeMsl /1 3asBKa IOciie OOCIYKHBaHHS B KapaH-
TUHHOM Y35 OblIa 00Ee3BpEKEeHa W MOKHWHYJA CEeTh
(BEpOATHOCTb P, ,); TAKUM 0Opa3oM, BEPOATHOCTb

JIaHHOTO crocoda
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Pix(t)=x+ey .1, ()<Y 50T, ()<Y,
P=1LN, Ty (6) < Vyigoes TNt Ly, 41 (1) <h}py.ios

3) B KapaHTHHHOM Y371 ObLIO Ha OJHY 3asBKY
OostbIle, 4eM B COCTOSIHUM X(f), a B KOHTPOJBHOU

ouepequ i-To y3ia OBUTO Ha OIHY 3asiBKY MCHBIIIC,
YeM B COCTOSIHUHU X(?), BEPOSATHOCTD

Pix(1) = X+ey, _ezl”‘ci,l(t) < Yiaseeos T (< Yim-15

i=LN, T+ (< Yvrroees Tty 41 (1) <hj;

3a BpeMs /i 3asBKa TOCIIe OOCITY)KUBaHHSA B KapaH-
THHHOM Yy3Jlie OblIa BOCCTaHOBJEHa W Iepenuia B
i-bIif y3ell (BEpOATHOCTH p,,,;), U 32 OCTaTOUHOE

BpeMs He ycIiena OOCITY>KHThCS B i-OM y3Je (Bepo-
ATHOCTE  B,(y,, +0,h)); Takum 00pa3oM, BEpOSIT-
HOCTH JIaHHOTO CII0C00a
P{x(r)=x+ey, _e:'ati,l »< Yitoeo Vi (H< Vi 1>
i= L_N’ Tyara (O < Vyingoeo Ty, 0 () <X
x1,, .oB; (yi,n, +0,M) Py

1) XOTs OBl B OJTHOM W3 Y3JIOB, CK2)KEM B j-OM

( j=LN ), B OOBIYHOH oYepenu OBUIO Ha OTHY 3a-
SBKY OOJBIIE YeM B COCTOSIHUU X(f), a B KaKOM-TO
JIPYTOM, CKaXKEM i-OM (i :L_N), OBLTO Ha ONHY 3a-
SIBKY MEHBIIIE, YeM B COCTOSHUH X(?), BEPOSTHOCTH

P{x(t) =x+e’ —e., T, ()< y,,,...

Ty (<3, 0T, (O <h j=LN,

T[,1(t) <VigoersTin (1)< y[,n,.—lai = L_N}»

3a BpeMs /i 3asBKa Tocie 00CIyKUBaHUS B j-OM y3J1€
nepenuia B KOHTPOJBbHYIO OYepens i-ro y3ia (Bepo-
ATHOCTb p,;) M 32 OCTATOYHOE BpeMs He ycmena

o0ciykuthcs (BeposiTHOCTh B, (y, +0,h)); Takum
00pa3oM, BEpOATHOCTh JaHHOTO Crocoba

P{x(t)=x+€ e, T, (1)< y, ;-

T ()< Vim ,rj!,1/+l(t) <hj=LN,

T, ()< VitsersTim (1)< Vin ,i=1,N}x
xB, (yim + ezh)lmi #0Pji>
BEPOSATHOCTHh TOTO, YTO TPOM3OHIET HE MEHEe BYX
W3MEHEHHUH COCTOSHUM ceTH, paBHa o(h).
B cuny cka3aHHOTO BbIIIIE UMEEM
Pix(t+h)=x,1,,(t+h) < y)5e

T, E+h) <y, ,i=LN+1} =
= PX(1) = X~ €, T, (1) < Voo Ty 1 (O <Y 10
i=LN,ty,,(@)< Yo ity (1< YNtLny,, }x

x(Apy,h+0(h))B,(y,, +O,1)1, o+

66

+P{x(1)=x+e€,1,,(1) < Vitroon Ty )<V, s
T, (O <hi=LN,

Tyia () < Vyiinoon Ty, O <Yy, d P +
+PX(1) =X, T, (1) < Pysen Ty, () < ¥, i = LN +1x
xB,(y,,, +0,h)(1=v,h+o(h))+
+P{xX() =X,T, () < Y, 15 B < Tin H<h+ Vim >
i=1,N+1}(1-Apyh+o(h))+
+P{x(t) =x+ ell. - e,.z,'tl.’l (< VigsesTinsy (1< Vinats
i= I,_N,‘ENHJ(I) < Vysngoes Tnatm, (1)< Vs, }x
x(vih + o(h))(l - p,)B, (yl."l + 92h)1"1_¢0 +
+P{x(t) =x+el —e,,,T, () < Y, o
s T (O) <Yl = I,_N,

TNH,l(t) < Vwarroees Tast g, -1 ()< yN+1,nM|—l} X
XBy 1 (Pxiny,, FOMI, Lopi+
+P{x(t) =x+ey,,,T,(t) < Vitoeos T < Vins
= LN T, (0 < Yy Tyann (O < B Py +
+P{X(1)=x+ey, —€,T, (1) <, ...
coes Tip 1 (1)< yl.,nﬁl,i = I,_N, Tyaty (H)< Ynerne

coes Ty, 11 () < IpX

XIm,;soBi (yi,nl + eZh)pN+],i +

+P{x(?) = x+e§ —ei,'tj)l(t) <Yjree

o T < Vi > Cn 1 ®)<h,j=1,N,

T,() < y[,l”"’ri,n,-—l(t) <Vin-r = 1, N}
XB[(ym‘ +92h)lm‘¢0pji‘

Janee, KaXIyo BEpOSITHOCTH BEIpa3uM 4epe3 QyHK-
LY BUZIA

F(x,t,y)=P{x()) =X,7,, (1) <Y, 5.
e T, )<y, i =1L N +1}.

TakuM 00pa3oM, MOJIYyYHM CICHYIOIIYI CHCTEMY
i depeHnransHO-pa3sHOCTHBIX YPaBHEHNH

F(x,t+hy)= ZN:F(x—e},n,t,y)x
i=1
x(Apy b +0(h)) B,(3,,, +O.1)1, .+

m; #0

N
+Z:F(x+eN+1 —e},t,[yNJ,...,yN,"N ,h])x
i=1

XIml:tOBi (yi‘n, +0,) Py, +
+i(F(x,t,[yl.,l,...,yi,”’ +hJ)—
i=1
_F(X,I,‘,[y,.‘1 ,...,y[,niil,hJ))x (1 —Ap,h+ o(h)) +

+(F(X’ t’[yzv+1,1"“’yN“»":w * h]) B
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_F(X’t’[yN+l,l9""yNH,nW,—l’h:'))X F(X!t![yNHl""!yN+1,n‘\,+,—l9h:|) =
. X(l_x’poﬂﬂh +O(h))+ _ aF(X’t’[yNJrl,l""’yN+1,n‘\,+l 7190]) A +0(h);

+ZF(x+ei —ef,t,[yl.,l,...,y,.’n‘_]])x CIJ

x(v,h+o(h))(1= p)B,(y,, +0,M1, ., + F(X’t’[yN”J""’yN“’"w +h}) -

+ZF(X+61 _eN+1’t’|:yN,1:~-~: y/v,nfwvfl:')x N F(X’ t’|:yN”’1"”’yN*L"NH ])+

= aF(X7t’[yN+l,l7""yN+l,nN+l ])
X(Vih + O(h))BN+1 Drsimy, TOMIL, Lop + + oy h+o(h);

NALny.

+F<X+eN+1°t’|:yN,1"~'»yN,nN ’h:|)p1v+1,0 + F(x+e§ —e},t,[y‘,,l,...,yj,n’ ,h:|) _

6F(x+e§. —ei,t,[yj,l,...,yj,n/ ,0])
- h+o(h).

N N
+ZZF(x+e el,t[yjl, ,yjn,hJ)x Wjon a1

i=l j=1

+iF(xty )B.(,,, +8,h) (1=, h+o(h))+

Takum o6paszom, umeem
XBi (yi,n, + 92h)lm,¢0pj,i

F(x.1y)
+iF(X+e?s’s[y[,p.~»y,-,n,»hJ)p[,O»XeX~ Flob)r ot o=
i=1

N
=Y F(x—e',nty)(rAp, h+o(h))x
PaccmarpuBas F(X,f,y) Kak CJIOKHbIE (QyHKIUH OT ; ( ' y)( Po. ( ))
¢ ¥ TIpenmojarasi, 9T0 y HHUX CYIIECTBYIOT YacCTHBIC xB,(y,, +0,h)1
IPOU3BOAHBIE NIEPBOTO MOPSAIKA 110 NEPEMEHHBIM ¢, ,
Vin U Y, ., 3aIUIIEM pa3IoKeHHe d3THX (yHKIHHA il F(X+ei ’t’[yi,l""’yi,n‘ ,0])
o W Tt 32 5y hto(h) | p+
no ¢popmyne Telnopa i1 2.

F(xty) v
F(xt+hy)=F(xty)+——=h+o(h); Y F(x4) B (0, +0,h) (1=v,h+o(h)) +

Bi (yi,n, + e2h) = B(yi,n, )’

OF (x+e,,, —e€..t, yevos Ve o
By Vs, +0:,1) = By, ) +IZN;'{ (x €y eayN |:y11\/,1 Y, ]) h+o(h)JX
F(X+ ¢ ’t’[yi’l’m’yi’"’ ’h]) - le,.;zoBi (yi,nl +ezh)p1v+1,i +
2
= F(X+ei ’t;[yi’l’m’yi’n’ ,O]) h+o(h); +i F(x,t,y)+—aF(X’t’y) h+o(h) -
Vi1 i=1 i,
F(x+eN+1 —e},t,[ym,...,yN’mV ,h]) = 8F<X,l‘,[y,-,1,-~-a)’i,n,_1a0]) h+o(h)
- )
_ 6F(x+eN+] —ei,t,[yN’],...,yN,nN ’hJ)h+o(h)‘ Vi,
Wy ’ x(1=2py -+ o(h)) +

F(X’t’[yf,ls--"yf,nrl’h]) -

_OF (%[ 100 )

+[F(X,t,[ym1,1"'"yN“J’W ]) N

h+o(h),
y.
F(Xt[ 51500020 +h]) = " Doty "
:F(x,t,y)+—6F(X’t’y) h+ o(h); OF (. Pyers> ooV, -0 }
y _ . h |+
F(X+eN+1’t’|:yN,l""’yN~":~' ’h:|) - N o
_ aF(x+eN+1,t,[yN,1,...,yN,nm ,O]) h+olh) +;F(X+e} —e,-z,fs[ym,...,yf,n,—lJ)x

ayN,nN +1
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x(v,h+o(h))(1- p,)B(y, ., O]

n ¢0
+ZF(x+e1 —eNH,t,[yNJ,...,yN’WlJ)x
i=1
X(Vih +O(h))BNJrl(yNJrl,nMJrl +92h)InN+1¢0pi +

N 6F(x+eN+1,t,[yN,p-"’yN,nN ’O])

h+0o(h) |Py.io+

8)}N,nNH
N ~N| OF x+e2. _e,l-,t:[y' o5 Vin ’0]
+ZZ ( J ay Jil Jonj )h+0(h) x
i=l j=1 Janj+l
B, (y,, +0,0)1, ,p;. XEX.

[TpuBons no;:[o6m,1e ciaraemble, nens obe 4acTH
MOJIy4E€HHOTO COOTHOMIEHHS Ha h, ipu h — 0 mo-
JTy4uM

xty
kZpOl xty

N

+Z (%.8,¥) B (¥, Wil .o =

N
- ZF(X_e}’tay)kpo,fBi(yi,n, )Imﬁto +

F(x+ et [Vidsees Vi, ’O])
ayi,n,+l

Pyt

X

+i aF(X+eN+1 _e:»l‘v[yN,l""’meN ’h])
P OV 1
XL, 0B (Vi )Py +
Y[ OF (x,t,y) 8F(x,t,[y,.,l,..., i’nl_],O])
S\, Vin "

aF(x, t, [yN+],1 sees YNitay, ]) _
oy N+Lny,

+

+

or (Xa Z [J’N+1,1 seeos YNilng, 10 O])
Oy N+Lny,,

Ny 70

N
+ZF(x+e; —ef,t,[yl.’l,...,y,.,nﬁl])x
il
XV, (1 - pi)Bi (yi,n‘ )In‘¢0 +
6F<X+eN+15t5[yN,]""’yN,nN’O])
Pniio
a.)/N,nwﬂ

N
+ZF(X+C; —eNHJ,[yN,] s"':yN,nN—l])x

i=1

+

+

XV, By, (yz\m,nM )]nmﬁopi +
N N 6F(x+e§ CTU N B U U ,0])
+z J X
i1 j=1 ayj,n,+l

XB,- (yf,n )Im.:topj,i’ xeX.

68

Tak xak mpenenbHble QYHKIUM HE 3aBHCAT OT Bpe-
MEHH, UMEEM

N
Xz po,[F X
i1

F(x e,,y)Kpo B, ) 0t

N
+z (X y)B(yzn)vz m;tO_
i=1

'M2

N F<X+ef2,[yi,1""’yi,",-’O])
i=1 6yi:":+]
N aF(XJ"eNH -

2
i=1

+ Piot
1
€ ’[yN,l""’yN,nN > h])
X
ayN,nN +1
le‘¢oBi (yi,n,. )Py +

Y[ oF (x,y) 8F(x,[yf,1,---,y,-,,,,fpo])
+ p
i=1 Vion, Yin,

+

n#0

aF(X+€N+1n[yN,19""yN,"~ ’0])

Pyiro
a.yN,nN +1

8F<Xa[J’N+1,1""’yN+1~",\‘+l ]) _
ayNJrl,nNH

OF (X’ [Vnsigseees YNtLng, -1 0])
ayNH,nM1

N
+ZF(x +el—
i=1
Xvi(l - pi)Bi (yi,n, )[n,¢0 +

N
+ZF(X+e,1' _eN+l$[yN,l""’yN,nN—]])X

i=1

+

+

+

74170

eizs[yi,l""’yi,n,—l])x

XV, By, (yN+1n,M )Inwasopi +
N N 6F(x+e —e,,[yﬂ, > Yim ,0])
+y x
i=l j=1 ayj,njﬂ
xB.(y, ), 0P XEX. (3.9

PazoObeM ypaBHEHHE TJIO0AJTBHOTO PABHOBECHS
(3.5) Ha ypaBHEHHs JOKAJbHOTO PAaBHOBECHS Clie-
JYIOIINM 00pazoM

XZN: Do F(x
i=1

F(X + e,.z,[y[wl,m, Vi, 90])
i=1 ayi,n,ﬂ

OF (X 4y, [y 1ss Vv - 0])

ayN,an

Piot

+

Priios (3.6)

N

D F(%Y)B (., WV, .o =

i=1

F(x=€¥)2py, B3, )0+

'MZ

i
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ZN: OoF (x +ey,, —
+
i=1 yN,IZI\“fl

X[m,;sOB[ (y[,n,. )pNH,[ +
N aF Xy aF(Xﬂ[yi,P'"’yi,n,—lﬂo])
i=l1 ayl o yi,ni
o 1
+ZF(X+B,-— RBY Yitsees Vi, 1])
i=1
Xvi (1 - pi)Bi (yi,n‘ )In‘#0 +

N
+ZF(x+ell. —eNH,[yN,l,...,yN,,zN,l])X

i=1

ezl"[yN,l""’yN,nN ’h])
X

n; 20

xVBy ., (yzv+1,nMl )InM1 Pt

OF (%.t.[Vyariee P 1)

aJ’NH,nM,

oF (X9t9[yN+1,1 ses YNty -1 O])

- n#0 +
6yN+l,nN,+1

N N 6F(x+e§ —ei,[yj’l,...,yj)n ,0])
+ g x

i1 j=1 Y jony+1

XBf (yi,n, )Im,-;topj,[’ X e X (37)

Jarnee, pa3o0beM ypaBHEHUE JOKaJIbHOTO PaBHOBE-
cus (3.7) Ha eme Ooyee AeTanbHBIC YpaBHEHHS JIO-
KaJIbHOTO paBHOBCCI/I}I CIIEAYIONUM 00pa3oM

ZF Xy B(ytn)vt m#O

i=l1

N
= ZF(x—e:.,y)XpOJB,. Din Moo +
i=1
+ZN: 6F(x+eN+1 —eI‘.,[yN’l,...,yN,nN,h]) s
i=1 aJ’N,n,V +1

lei y: (y[,n,. )pNH,[ +
| OF(xy) OF (X075, 1:01)
i=1 ayi,n,- y[’”i

n; 20

N
+2F(x+e,‘. —ef,[yl.gl,...,y,.’,,,,l])x

i=1
XV[(I—pi)B[ (yi,n,. )]n,-;tO +
aF(x+e§ —eL [, ,0])

X
i=1 j=1 ay}f,nﬁl
XB[ (yi,n, )Im,-:topj,i’ X e X’ (38)
8F<x, t, [yNH,l" . "yNJrl,n‘.\mfl ’0])
ayNJrl,nNH

OF (Xt [y 1102 Yy, )
ayNH,nM

. #0
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N
:ZF<x+e}.—

i=1
XViBNH(yNH,nM, )Inw,;topi’ xeX. (39)

He tpymHO yOemuThCs, 4TO HEOTPHIATSIHEHBIM
a0COITFOTHO HEMPEPHIBHBIM IO Y PEIICHUEM ypaBHE-
HUH nokanpHOTO paBHOBecus (3.6), (3.8) m (3.9), a
CIIE/IOBATENILHO, U YPABHEHUS TIIOOAIBLHOTO PaBHO-
Becus (3.5), sBiseTcs

€yt [Vniseo Yy -1 ]) x

F(x,y)= p(X)HHu, j [1-B,()]du, (3.10)

i=l k=1
rae p(X) — cCTanMOHApPHAS BEPOSTHOCTH COCTOSHHUS
X mpouecca X(#) B MapKOBCKOM ciry4ae. JleHcTBH-
tenbHO, moxactaBuB (3.10) B (3.6), yMHOXHB 00€

X
YacTH IOJIYYEHHOTO pPaBEHCTBA Ha L), IOJIy-
F(x,y)
qum ypaBHeHHe JIOKAJIBbHOTO paBHOBeCI/Iﬂ Jist OT-
KPBITOH CeTH 0OCITy)KUBaHUsI B MAPKOBCKOM ClTy4ae

(2.2). 3atem, monctaeus (3.10) B (3.8), mogenus obe
YaCTH MONyYeHHOro paBeHcTBa Ha F(X,y)B, ( yt.m)

Ving

Y YMHOXKUB Ha p(x)J‘ [I—Bl. (u)]du, MOy IHM

p(x)(zut n;#0 +ZVI m; #0)

= ZN:p(X—e:)XPiOIm,.;:o +

i=1

+ p<x+e}. —ef)v,.(l P, 0+

-

i

n
M=
M=

p(x+e§—e,) wp,.l

i mxl')

J
N

+Z p(X tey—
i=1

Hanee, noacrasus paseHcto (3.10) B (3.9), moxme-
JTUB 00€ YaCTH IMOTyYEHHOTO PaBEHCTBA Ha

F(XaY)BN+1 (yNJrln,m )

ezl’)uNHpN-H,ilmle’ Xe X (311)

YN+ny 4
U YMHOXWUB Ha p(X) [1 -By., (u)]du, [OJIy4YUM
0

p(X)p'NJrllnAerl 20

N
1
:Zp(x+e[ _eN+1)Vipi[n‘\,+]¢0' (3.12)
i=1
Crnoxwus ypaBHernus (3.11) u (3.12), moxy4uum ypas-
HEHHE JIOKAIGHOTO PAaBHOBECHS [UISl OTKPBITON CETH
00CIyXKMBaHUA JJIsl MapKOBCKoro ciyyast (2.3). O

3akJilouenue

B nannoi#t paboTe paccMOTpeHa OTKPHITasl CETh
MaccoBOT0 OOCITy>KHBaHUS ¢ KOHTPOJIBHBIMU OYepe-
JIIMU ¥ KapaHTUHHBIM y3710M. Ha ocHOBe panee mo-
JIy4€HHBIX YCJIOBHM 3ProJAWNYHOCTH, YCTAHOBIECHHBIX
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B [1], AOKa3aHO, 4UTO CTAIMOHAPHOE pacIpeeicHHe
YHcia 3agBOK B y3llaX CETH SBJSIETCSl MHBapUaHT-
HBIM OTHOCHUTEJIBHO pacrpelelieHni BpeMeH 00ciTy-
JKUBaHUS IPU (PUKCHPOBAHHBIX CPEIHUX 3HAUCHHUSX.

[Momy4eHHBIH pe3yabpTaT MOATBEPXKIACT HAJIH-
Yre y JaHHON MOJIENN CBOWMCTBAa HEUYBCTBHTEILHO-
CTH M, TEM CaMbIM, CYIIECTBEHHO pacUIUpseT Kiacc
ceTeil MaccoBOrO OOCITY)KMBaHHS, JUII KOTOPBIX
BO3MOXXHO ITIPHMEHEHHE YHHBEPCAIBHBIX CTaIHO-
HAapHBIX XapaKTepUCTHK 03 yd4era KOHKPETHOMH
(dopMBI pactpeneseHHi 00CITyKUBaHUSL.

PesynbraTsl paboTel MOTYT OBITH HCIIOJIB30BA-
HBI ITPY MOJICIMPOBAHUM M aHAJIN3€ CUCTEM C MeXa-
HU3MaMH KOHTpPOJIs, QUIIbTpaluy U KapaHTUHA 3as-
BOK, B TOM YHUCIIE€ B TEJICKOMMYHHUKAIIHUSX, JIOTHCTH-
Ke 1 OmomH(OpManMOHHBIX cucTeMax. B nambpHel-
IIEM TIPEICTaBISAETCS MEPCIEKTUBHBIM HCCIIEI0Ba-
HHE aHAJIOTHMYHBIX CBOWCTB s ceTeil ¢ Ooiee
CIIO)KHBIMH ~ MapIIPYTHEIMH M IIPUOPUTETHHIMH
CTPYKTYpaMH.

Asmop evipasicaem 2myo0Kyio 01a200apHOCMb
npogheccopy 10.B. Manunrxosckomy 3a nposigiennoe
BHUMANUE K pabome U HeOYeHUMYIo NOMOUb, OKd-
3aHHYIO 8 NOO20MOBKE CINAMbU.
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