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Aunnoramms. [Iycte F u G — mpocThie KOHEYHBbIE HEOPHEHTHPOBaHHbIe Tpadbl. I'pad G HasbBaeTCst F-UpPEryJIsspHBIM, €CIIH
JII00BIE JIBE €r0 Pa3IMuHble BEPIIMHBI IPUHAIEKAT Pa3InuHOMY duciy noarpados u3z G, uzomopdusix rpady F. B 1987 roxy
Yaprpaun, Xonbdepr, Oemiepman 1 CBapT BBIABUHYIIH THIIOTE3y O TOM, YTO JUIS KaXIOT0 CBA3HOTO rpada F Ha Tpex u Oonee
BEpILIMHAX CYIIECTBYET HETPUBHAIBHBIA F-HpperysipHbIi rpad. Mbl MOATBEPXKIaeM 3Ty TUIIOTE3Y UL KXKIOH IPOCTOH LemnH
P, mopsinka n>3. Kpome Toro, 1uist 110000 1EJOro Yucia k > 6 Mbl CTpOUM Py-UpperyiisipHblil rpad) mopsiaka k U mokasbiBaeM,
4TO HE CYIIECTBYeT HETPHBUAIBHOTO P4-UpperyispHoro rpada Ha IMTU U MeHee BEePIIHHAX.
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Abstract. Let F and G be simple, finite, undirected graphs. A graph G is said to be F-irregular if any two of its distinct vertices
belong to a different number of subgraphs of G that are isomorphic to F. In 1987, Chartrand, Holbert, Oellermann, and Swart
conjectured that for every connected graph F with at least three vertices, there exists a nontrivial F-irregular graph. We confirm
this conjecture for every path P, of order »>3. In addition, for each integer £ > 6, we construct a P,-irregular graph of order £

and show that there does not exist a nontrivial P,-irregular graph on five or fewer vertices.
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Introduction

All the graphs considered in this paper are
assumed to be simple, finite, and undirected. For a
graph G, let V(G) and E(G) denote its vertex set and
edge set, respectively. The order of G, denoted by

|G , 1s the number of its vertices, i. ¢., |G| = |V(G)|.
A graph G is called nontrivial if |G| >2. An edge

incident to distinct vertices u and v is written as uv
or (u, v). The degree of a vertex v in G is the number
of edges incident to v. A graph is regular if all its
vertices have the same degree. The neighborhood
and closed neighborhood of a vertex v in G are
defined as N ,(v)={ueV(G)|uve E(G)} and

N;[v]=N,(v)U{v}, respectively. A graph is

connected if there exists a path between any pair of
its vertices.

This paper investigates F-irregular graphs, a
topic pioneered in 1987 by Chartrand, Holbert,
Ocllermann, and Swart [l] and based on a
generalization of the classical notion of vertex degree.

© Dovzhenok T.S., 2026

Definition 0.1. For a graph F, the F-degree of
a vertex v in a graph G, denoted by Fdeg;(v), is

the number of subgraphs of G that are isomorphic to
F and contain v. A graph G is called F-irregular if
any two distinct vertices in G have different
F-degrees.

A central problem in this field is to characterize
the connected graphs F for which a nontrivial
F-irregular graph exists. Chartrand et al. [1] proved
that stars and complete graphs of order at least 3
satisfy this condition and proposed the following
conjecture.

Conjecture 0.1. For every connected graph F
of order |F | >3, there exists a nontrivial
F-irregular graph.

In 2024, Dovzhenok, Filuta, and Chuhai [2],
for any biconnected graph F containing a vertex of
degree 2, constructed an infinite series of F-irregular
graphs and made a stronger statement than
Conjecture 0.1.
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Conjecture 0.2. For each connected graph F
with |F | >3, there are infinitely many F-irregular
graphs.

Currently, Conjectures 0.1 and 0.2 remain
open, and much of the research in this area focuses
on the study of K, -irregular graphs, where K, is a
complete graph on n vertices. Berikkyzy et al. [3]
proved that the order of a K, -irregular graph

(triangle-distinct graph) can be any integer not less
than 7, and discovered some structural properties of
triangle-distinct graphs concerning their degrees and
number of edges. Stevanovi¢ et al. [4] constructed
regular K, -irregular graphs, thereby providing an
affirmative answer to the question of the existence
of such graphs which was posed in 1988 by
Chartrand, Erdds, and Oellermann [5].

In this article we explore the problem of
F-irregular graphs in the case where F is a path.

Definition 0.2. Let n>1 be an integer.

A graph P, with vertex set V(P)=1{v,v,,...,V,}
and edge set E(P,)=1{v,v, [1<i<n-1} is called a
path of order n. Vertices v, and v, are the
endpoints of P,. The path P, is denoted by vv,...v,
or (v,V,,...,v,), where v,..v, =v, by convention.

It is evident that the degree and the P, -degree

of a vertex in a graph coincide. And since it is
known that any nontrivial graph has at least two
vertices with the same degree, it follows that a
P, -irregular graph does not exist. Figure 0.1

illustrates a P, -irregular graph of order 6, with each
vertex labeled by its P, -degree. Moreover, Salehi
[6] constructed a P -irregular graph of order & for

every integer k > 6. This implies that Conjecture 0.2
holds for the path P,.

5 4
Figure 0.1 — P;-irregular graph Hg of order 6

In this paper, we confirm Conjecture 0.1 for
each path P, on n>3 vertices (Section 2). We also

construct a P, -irregular graph of any order starting

from 6, in particular, this confirms Conjecture 0.2
for a path P,, and prove that a nontrivial

P, -irregular graph of order less than 6 does not exist
(Section 1). Finally, in Section 3, we present the
concept of (F, P,)) -irregular graphs.

The following basic statements will be useful
in our work.
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Proposition 0.1. If vertices u, v are symmetric
in a graph G, i. e., there exists an automorphism f
of G such that f(u)=v, then for any graph F, the

vertices u, v have the same F-degrees in G.

Lemma 0.1. Let F and G be graphs,
u,veV(G), with Ny(u)=N;(v) or N [u]=N,[v].
Then Fdeg,(u)= Fdeg;(v).

Proof. From the condition of Lemma 0.1, it
follows that there exists an automorphism f of G
such that f(u)=v, f(v)=u, and f(w)=w for each
weV(G)\{u,v}. Consequently, by Proposition 0.1,
the vertices u, v have the same F-degrees in G. O

1 On the order of P, -irregular graphs

We begin our investigation of the existence of
P -irregular graphs by examining the case when

n =4, with our primary interest being the order of a
P, -irregular graph.

First, we will construct a P, -irregular graph of
any odd order, starting from 9.

Definition 1.1. Let [>4 be an integer. We
define a graph H,,,, of order 21+1 (see Figure 1.1)
as follows:

V(H,.) =V, OV, U2l +1;,

Vo ={L2,..1},
V,={+1,1+2,..,2[},
E(Hy.) =40, )iy j €Viyi < j}o
U{(19])|ZEVZ= ]EVUZ_]SI}U
V{1, 2/ +1)}.

2l +1

[+1 [+2 [+3 2l-1 21

Figure 1.1 — Graph H,,,,

Theorem 1.1. For every integer 1>4, the
graph H,,,, is P, -irregular.

Proof. Fix an integer />4 and consider the
graph H,,,. We denote by P the set of all
subgraphs of H,,,, that are isomorphic to P,, and
let
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Proof of the F-irregular graph conjecture for the path P,

h, = Hdeg,,ﬂ+I (i) VieV(H,,).

We show that the P, -degrees of vertices in

H,,,, satisfy the following inequalities:

hy, > h,.,, (1.1)

h>h,, Yie{l+l,..,2[-1}, (1.2)
h > hy,, (1.3)

hy > hy, (1.4)

h,,>h Vie{2,.,[-1}. (1.5)

First, we calculate #h,,. There are exactly 3
disjoint sets of copies of P, in H,,, that contain
vertex 21:

A ={QLLu,v)|lueV,\{2l},vel{u—I,..,[-1}},
A, ={QCLLu,v)|ueV \{l},vel{l,..,l+u}\{,u}},
4, =421, 1,1,21+1)}.

Therefore,
hy, :|A1|+|A2|+|A3|:
20-1 1-1
=Y Ql-u)+ Y (l+u-2)+1=
u=[+1 u=1
_ l(l—1)+(31—4)(l—1)+1:
2 2
=2(1-1)" +1. (1.6)

Next, we find 4,,,,. We have exactly 2 disjoint
sets of copies of P, in H,,, that contain vertex

20+1:

21+1

B ={QI+L1,1+Lu)|uelV \{1}},
B, ={QI+1L,Lu,v)lueV \{I},ve{2,., [+u}\{u}}.
Therefore,
h2/+1 :|Bl|+|BZ|:
i
=[-1+) (I+u-2)=

u=2
=l—1+(3l_2)(l_1)=31(1_1). 1.7
2 2
From (1.6), (1.7), and the inequality />4, we
have (1.1):
hy,>h,,, < (-1)(-4)+2>0.
Next, we prove (1.2). Fix ie{/+1,...,2]-1}.
Let H (see Figure 1.2) be the graph formed from
H,,., by removing the edge (i,i—1).

Note that vertices i and i+ 1 have the same
neighborhoods in H:

N,()=N,(@+)=4+1-1,..,1}.
Therefore, by Lemma 0.1,
P,deg, (i) = P,deg, (i +1).
For the graph H,
i+ 1 belong to the same number of subgraphs of

141> this means that vertices i and
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H,,,, that are isomorphic to P, and do not contain
the edge (i,i—1). Thus,
ho—h., =|X|, ie{l+1,.,20-1},
X={FeP|(,i-)eEF),i+1e¢V(F)}. (1.8)

2l+1

I+1 i i+1 i+2 21

Figure 1.2 — Graph H = H,,,, \{(i,i—/)}

And since the path (i,i—I,x,y)e X, where
x,yeV \{i-I},x<y, then |X
with (1.8) this guarantees the truth of (1.2).

Next, to prove (1.3), consider the graph G
which is formed from H,,,, by removing the edge

(1,21 +1). Note that the closed neighborhoods of
vertices 1 and / + 1 coincide in graph G:
N;l=NJI+1]=1, ..., +1}.
Therefore, by Lemma 0.1,
P,deg,,(1) = Pdeg, (I +1),

>0, and together

and hence,
h] _h1+1 = |Y |’
Y={FeP|(L2l+1) e E(F),l+1¢V(F)}. (1.9)
For (1.3) to be true, taking into account (1.9), it
remains to note that |Y | >0, since the path
2I+1,1,2,3)eY.
We now prove (1.4). Let W (see Figure 1.3) be
the graph obtained from H,, , by removing the two
edges (1,2/+1) and (2,/+2). Note that the closed

neighborhoods of vertices 1 and 2 in the graph W are
equal:

N, [11=N,[2]1=4,...,[+1}.
Therefore, by Lemma 0.1,
P deg,, (1) = P,deg,, (2),
and hence,
h, —h, :|M|_|K >
K={FeP|(,2l+1)e E(F),2¢V(F)},
M={FeP|(2,l+2)e E(F),1gV(F)}. (1.10)
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2l—-1 2l
V{(1,2/+1), (2,1+2)}

l+1 l+2 [+3
Figure 1.3 — Graph W = H

20+1

The set M can be represented as the union of
five disjoint sets:

M, ={l+2,2,I+Lv)|ve{3,..,1}},
M,={(I+12,1+2,v)|ve {3, .. 1}},
M, ={2,1+2,u,v)|ue{3, .., I},
ve{3,. ., l+ul\{u,l+2}},

M, ={(+2,2,u,v)|ue{3,..l},
ve{3,. ., I+ui\{u,l+2}},

M, ={u,2,l1+2,v)|u,ve{3,.., [},u#v}.

Therefore,
[ M| = [M, [+ M+ [+ [ |+ [ M| =
=2(1—2)+2Z/:(Z+u—4)+(Z—2)(1—3):

u=3

= (1-2)(4l-6). (1.11)

Then, taking into account (1.7), (1.10), (1.11),
and the inequality />4, we have
hy—h =|M|-|K|2|M|-h,,, =
= (1_2)(41_6)_M:

= %(512 —251+24)>0,
from which (1.4) follows.
Finally, we prove (1.5). Fix i €{2,...,/-1} and
similarly to proof (1.2), we obtain
ho—h =z, ief2,..,1-1},
Z={FeP|(i+lLi+l+)eEWF),ieV(F)}.(1.12)
Note that the path (i+/+1,i+1,z, w)eZ, where
z,weV \{i,i+1}, z<w. Therefore, |Z| >0 and,

consequently, according to (1.12), inequality (1.5) is
true.
From (1.1)—(1.5) it follows that the P, -degrees

of the vertices in H,,, are pairwise distinct.
Therefore, the graph H,,,, is P, -irregular. O
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Now we will formulate a criterion for the
existence of a nontrivial P, -irregular graph of order £.

Theorem 1.2. There exists a nontrivial
P, -irregular graph of order k if and only if k is an
integer and k > 6.

Proof. Sufficiency. Figure 1.4 shows the
P, -irregular graphs H,,H,, of order 6, 7,
respectively, and each vertex of these graphs is
labeled with its P, -degree. An example of a
P, -irregular graph of odd order k£ >9, according to
Theorem 1.1, is the graph H,. A P, -irregular graph
of even order k > 8 can be constructed by adding an
isolated vertex to the graph H, ,, whose
P, -degrees of vertices, based on Figure 1.4 and the
proof of Theorem 1.1, are distinct and positive.

8 7 8
4 13 12
9 10
9 10 3 ®5
o2

Figure 1.4 — P, -irregular graphs H,, H, of order 6, 7

Necessity. Consider any nontrivial P, -irregular

graph of order k. By definition, £ is an integer.
Moreover, k >4, since in any graph of order 2, 3, or 4,
the P, -degrees of all vertices are equal. Next,
referring to the graph diagrams [7, Appendix 1,
P. 216-217], it is straightforward to verify that each
of the 34 existing graphs of order 5 has two
symmetric vertices. Consequently, by Proposition 0.1,
the P,-degrees of such vertices are equal in every
graph of order 5, which implies that no P, -irregular

graph of order 5 exists. From the foregoing, it
follows that k > 6. This completes the proof. O

2 Main result
Our goal in this section is to confirm
Conjecture 0.1 for any path P with n >3 vertices.

Theorem 2.1. For every integer n=>3, there
exists a nontrivial P -irregular graph.

Proof. Since the graph H, (Figures 0.1, 1.4) is
P, -irregular and P, -irregular, Theorem 2.1 is true

for n=3 and n=4.
Let n>5 be an integer. Consider a graph
S, (Figure 2.1) with a set of vertices

V(S,, )=V ouV,uV,
Vi=ia,a,,...a,,},

Vz = {bl’bZ""’bn}’

Ipo6remvr uzuxu, mamemamuru u mexnuuxu, Ne 1 (66), 2026



Proof of the F-irregular graph conjecture for the path P,

V,={c.¢ss.sCp 3}
and a set of ages
E(S;, ) ={aa, [1<i<n-2}0
uibb, |1<i<n-1}u

U{ciciﬂ | 1 <isn-— 4} U {an—lbn s anflcnf3’ anVl*}}.

a; a; ap-3 QAp-2 Adn—q
® *— e ®

1 C2 Cn-s Cn—4 Cn-3

@ @ @ @

°® o—eo @ ®

b1 bz b3 bn—2 bn—l bn

Figure 2.1 — Graph S,, ,

Let us prove that S;, , isa P, -irregular graph.

We define an n-path as any subgraph of S, ,
that is isomorphic to P,.

First, we find the P, -degrees of vertices from
the set /.

The vertex a, belongs to exactly two n-paths:
a,...a, b, a..a, c,,. Therefore,

eregsh,4 (a)=2. 2.1

Further, let ie{2,..,n—-3}. The graph S, ,
contains exactly 4 n-paths with endpoint «, :
a...a, C,5...Co_; 5,

a,...a, c, b, ...b

i “Tn-i+2?
a,...a, b, ...b_,.,
a,...a, be, ,...c,, . 2.2)

Note that any n-path containing a vertex g,
either contains a vertex a, ,, or, alternatively, has
a, as an endpoint. From this, taking into account
(2.1), (2.2), we obtain

P,,degsw (a,) = Pndegsw (a,,)+4
Vie{2,...,n=3}, Pdeg; (a)=2.

Thus, the P -degrees of the vertices
a,...,a, , in S, , form an arithmetic progression

with a difference of 4 and a first term of 2.
Therefore,

Pdeg, (a)=4i-2 Viefl,...,n-3}. (2.3)
Consider the vertex a, ,. The graph S, ,
contains exactly 3 n-paths with endpoint a, , :

an72anflcn73bn b 'b4’
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a, ,a, b ..b,
a,,a, be, ;... 24
Similar to finding the P, -degrees of vertices
a,,...,a, 5, taking into account (2.3), (2.4), we

deduce that
Pdegs (a,,)=
= deegs‘w (a, ;)+3=4n-11. (2.5)

Let’s look at the vertex a,,. Given the
structure of S, ,, the set of all n-paths containing
a, , can be represented as the union of two disjoint
subsets G, and G,, where G, is the set of all
n-paths containing a, ,, and G, is the set of all
n-paths containing a, , and not having vertices in
V. \{a,_}. From (2.5), it follows that

|G| = Pdeg;, (a,,)=4n—11. (2.6)

Let us calculate |Gz|. Clearly, for every
n-path from G,, one of its endpoints, but not both,
belongs to the set V, \{b, b, }.

Next, for each i€ {2,...,n—1}, we list all n-

paths with endpoint b, that contain a, ; and do not

n—1

contain vertices from ¥V, \{a, }:
b,: b,...ba,,,

by: by...ba, ., 5, b..bc sa, ,,
b:b..ba, c, ,...c,, Vie{d,...,n-1}. (2.7)

From (2.7), it follows that
|G| =n-1. (2.8)
Therefore, using (2.6) and (2.8), we obtain

Pdeg; (a,,)=|G|+|G,|=5n-12. (2.9)

n-32

Let us find P, -degrees of vertices from the set

V,. Since the vertex b, belongs to only one n-path
(b,...b,), then

Pdegg (b)=1. (2.10)

Let H, be the graph obtained from S,, , by
removing the vertex 5,. It is easy to see that in H,
the vertices b,,...,b, are symmetric to the vertices
a,...,a, , respectively.

Therefore, by Proposition 0.1, we have

Pdeg, (b)=PFdeg, (a,_) Vie{l,..n}. (2.11)

And since when deleting b from S,, ,,

exactly one n-path b,...b, is “lost”, then
Pdeg, (a)=Fdeg; (a) Vie{l,...,n-1},
P deg, (b)="Fdeg, (b)-1 Vie{2, ..., n}.(2.12)

Taking into account (2.3), (2.5), (2.9), (2.11),
and (2.12), we have
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PndegSS”iA (b)= Pndegsw (a,)+1=
=4i-5 Vie{2,...,n-2},
Pdegs (b,,)=
= Pﬂdegsw (a,,)+1=4n-10,
Pndegsh,4 (bn) =
=P degs (a,)+1=5n-11 (2.13)

Finally, we find the P, -degrees of the vertices
from the set V,. Let H, be the graph obtained from
S,,_4 by removing vertices @, and a,. In H,, the
vertices ¢,,...,c, , are symmetric to the vertices
a,,...,a, , respectively. Therefore, by Proposition
0.1, we have

thegHz (¢)= R;degHz (a,,)
Viedl,...,n=3}. (2.14)

Note that when deleting vertices a,, a, from

S,,_4» €xactly 6 n-paths were “lost™:
a...a, b, a..a, _c,;,

a,...a, bb

n-n-1°

a,...a, be, ,
a,...a, c, b, a,...a,_c, sc, _,. (2.15)
From (2.15), it follows that
b degy, (a,) = Fdeg; (a,)-6
Vie{3,...,n—1},
PﬂdegHZ (c,)= Pna’egsw4 (c;,)
Vie{l,...,n=5},
Pndegh'2 (c,.e)=F, degsm,4 (¢,.)— L
Pdegy (c,;)=PFdeg, (c,;)—4. (2.16)

Based on (2.3), (2.5), (2.9), (2.14), and (2.16),
we come to the conclusion that

})" degsz/ﬂ (Ci) = I)ndeg&,m (ai+2) —-6=4i
Viell,...,n-5},
Pdegg (c,,)=Fdeg; (a,,)—5=4n-16,

Fdegs, (¢, ;)=
=P degs (a, )-2=5n-14. (2.17)

To complete the proof of Theorem 2.1, it
remains to note that for any integer n > 5, according

to (2.3), (2.5), (2.9), (2.10), (2.13), and (2.17), the
P -degrees of all vertices in S,,_, are pairwise

distinct. Consequently, S, , is a P, -irregular graph
for every integer n > 5. O

Conclusion
In this paper, for each integer k>6, we

constructed a P, -irregular graph of order & and
proved that for every path P, on n =3 vertices,
there exists a nontrivial P, -irregular graph.
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Ali, Chartrand, and Zhang [8, p.31] suggest
several other research directions based on variations
of the F-degree of a vertex in a graph. In relation to
paths, we highlight for further study the problem of
the existence of [P, ]-irregular graphs. In such

graphs, any two distinct vertices belong to a
different number of induced subgraphs isomorphic
to the path P,.

We also present a new concept of irregularity
in graphs, shifting the focus from the vertices of a
graph to its edges. For graphs F" and G, we say that
G is (F,P,)-irregular if any two distinct edges of
the graph G belong to different numbers of
subgraphs of G that are isomorphic to F.
Specifically, regarding paths, we pose the following
problem: for which integers n>4, does a

(P

n?

P)) -irregular graph with two or more edges
exist?
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