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DOU3HUKA

YIK 539.12.01

PEJSATUBUCTCKUE MAPIIUAJIBHBIE ®YHKIIUA T'PUHA COCTOSTHUAM
PACCEAHUSA, XAPAKTEPU3YIOIUXCA OPBUTAJIBHBIM
KBAHTOBBIM YUCJIOM /=1

B.H. Kanmaii, A.A. I'pumieyxkuna

Tomensckutl 2ocyoapemeenbiii ynusepcumem umenu @panyucka CropuHul

RELATIVISTIC PARTIAL GREEN’S FUNCTIONS OF SCATTERING STATES
CHARACTERIZED BY ORBITAL QUANTUM NUMBER /=1

V.N. Kapshai, A.A. Grishechkina

Francisk Skorina Gomel State University

Oynkiun ['puHa KBa3HIOTEHIHAIBHOTO MOAX0Ja KBAHTOBOH TEOPHH OIS HAWNEHBI B PEJIITUBUCTCKOM KOH(HIYpalHOHHOM
IPEJCTaBICHUH U BBIPAXKEHBI 4epe3 DJIEMEHTapHble (QYHKIUH HPHMEHHTEIFHO K COCTOSHHSAM PACCESHHS, XapaKTepU3yeMbIM
OpOHTATBHBIM KBAaHTOBBIM 4HCIOM /=1 (p-cocTosHHAM). OnpeneneHsl acCHMITOTHYECKHE cBOiicTBa (yHKuui I'puHa npu
OONIBIINX 3HAUCHHUSX PENATUBUCTCKOM koopauHathl. [lokazaHo, uTo Bce GyHKIUM ['prHa B HEPEISTHBUCTCKOM IIpefieie COBIIa-
JAl0T ¢ mapuuanbHoi ¢yHkuueil I'puna ypasnenus Illpénunrepa. YpaBHEHUS NS ONPEIENCHUS MaplHAIbHBIX BOJHOBBIX
(yHKUIMHA COCTOSHMIT pacCesHUs PEIIeHBI TOUYHO B Cllydae cepHiIecKu-CHMMETPUYHBIX HOTEHIHAIOB «J-cdepa» U UX cymep-
nosunui. OmpeseneHsl  XapakTepHble OCOOCHHOCTH IIOBEJCHWS NapLHUAIbHBIX CEUYCHUH paccesHHs, OOYyCIOBICHHBIC
BHUJIOM MOJIEJILHOTO TOTEHIIMANIA.

Knrouegvie cnosa: ¢yuxyuu I puna, keazunomenyuaibHulil nooxoo, peiamusucmckoe Kongusypayuontoe npedcmagienue, co-
CMOAHUSA PACCESANUSL, P-COCMOAHUSA, 0eNbMA-NOMeHYUA.

Green’s functions of the quasipotential approach of quantum field theory are found in the relativistic configurational representa-
tion and are expressed in terms of elementary functions in case of scattering states characterized by orbital quantum number
[ =1 (p-states). Asymptotic properties of the Green’s functions are determined at large values of the relativistic coordinate. It is
shown that all the Green’s functions coincide in the nonrelativistic limit with the partial Green’s function of the Schrodinger
equation. The equations for the corresponding partial wave functions of the scattering states are solved exactly in case of
spherically symmetric potentials «3-sphere» and their superpositions. Characteristic features of the behavior of partial scattering
cross sections for such potentials are determined.

Keywords: Green’s functions, quasipotential approach, relativistic configurational representation, scattering states, p-states,

delta-function potential.

Brenenne

B coBpeMeHHOM PENITUBUCTCKON (DU3KKE MPO-
OJIeMBI OTIMICAaHUS CBA3AHHBIX COCTOSIHHUI M COCTOS-
HHUH paccessHusi OTHOCAT K (yHIamMeHTadbHbIM. Of-
HUM U3 TEPBLIX ypaBHeHHf/ll, BBIBCJICHHBIX I HUX
pemenus, crano ypasHenue bere — Conmurepa. Tax
KaK €ro MCHOJb30BAHUE COMPSIKEHO C PSIOM TPYA-
HOCTEH, B LENsIX MX paspelieHus Io3jiHee Obuin
MpPEUIOKEHBl TOAXOJbl, OCHOBAaHHBIE HA PAa3HBIX
BapHaHTaX TPEXMEPHOW pEAYKIUH ypaBHEHUS
Bere — Conmmurepa. Hambomee ymadyHeIM oOKazajics
KBa3UMOTCHIMAIBHBIA TMOAX0/, NPEAOKEHHBIH B
pabotax JlorynoBa um Tasxemnaze, n Kazapimescko-
ro. IleppoHayasibHO MHTErpanbHble ypaBHeHuUs Jlo-
ryHoBa — TaBxenunze u  KaapimeBckoro  Obuin
c(hOpMYJIMPOBAaHbI B HMITYJIbCHOM IIPEICTABICHHUH.
Ecnmn, no aHanoruu ¢ KBaHTOBOM MEXAaHHMKOH, OCYy-
IIECTBUTH NpeoOpazoBanne Dypbe 3THX ypaBHEHHUH,
TO MOYXHO CBECTH MX K HMHTErpajbHO-Iu(p(depeHnn-
aJbHBIM, TO €CTh HE MEHEE CIIOXHBIM JJIs PEIICHUs.
[Ipuém, anpTepHaTUBHBIN TPEXMEPHOMY Ipeodpazo-
BaHUIO Dypbe, COCTOUT B Pa3IIOKEHIH BCEX UCTIONb-
3yeMBIX B HEM BEIMYMH, TAaKUX KaK BOJHOBEIC
¢yakmun, cBobogHble QyHKiunm ['puna (OI),

© Kanwarii B.H., I puweukuna A.A., 2021

KBa3UIOTEHIMAJBI 10 MAaTPUYHBIM 3JIEMEHTaM yHU-
TapHBIX HEMPHBOAUMBIX MPEACTABICHUN TPYIIIBI
JlopeHna, 00pa3yrOIUM MOJIHYI0 OPTOHOPMHPOBAH-
Hyl0 cucteMy (QyHKuud. MIMeHHO Ha 3TOW OCHOBE
Obu1a chopMyMpoBaHa KOHLEILUS PEJIITHBUCTCKO-
ro KoHdurypaumonHoro mnpexacrasienus (PKID),
KOTOpOE SIBISIETCS aHAJIIONOM KOOPAMHATHOIO Hpen-
CTaBJICHUsI KBAHTOBOM MEXaHUKH.

OKBHBAJICHTHBIC NHTETPAIBLHBIM YPABHEHHUSIM B
HUMITyJIbCHOM TpeacTaBieHun ypaBHeHuss B PKII
MOTYT OBITH TPEICTABICHBI WIX B Bue MuddepeH-
LUAJbHO-PA3HOCTHBIX (IIPH 3TOM TIapUualbHbIC
YPaBHEHHsI SIBISIOTCSI PAa3HOCTHBIMH), WIH B BHIE
MHTETrpalbHbIX (IMApUUAIBHBIE YPABHEHHS B 3TOM
cilyyae SIBISIFOTCS MHTerpajbHbiMH). Ilpu BbeIOOpE
BTOPOT'0 BapHaHTa JUIs MPAKTUYECKOI0 UCIOIb30Ba-
Hus ypaBHeHui B PKII cymiecTBeHHO 3HaHME SBHOTO
Buaa mapuuansHeix OI, aHaNIOrMYHBIX Hapuuab-
HbIM @I ypaBnenus llpénunrepa.

Onnomepnsie @I B PKII 6putn Halinens B [1],
TpexMepHBbIe napranbHeie OI' ObUTH OmpeneneHs! B
[2] n 3ammcaHBl B TepMUHAX CIEIHAIBHBIX (PYHK-
uuid. SBHbIM By napuuanbHbix @I nns cocrosHuMit
C HyJIEBBIM OPOUTAIbHBIM MOMEHTOM, PEAIN3yEMbIX

7



B.H. Kanwaii, A.A. I puweukuna

JUIL YacTHUIl, HAaXOAAMHMXCA B COHEPUUECKU-CHM-
METPUYHOM NOTCHIHAIBHOM II0Jie, OBUI IOJIy4YeH
paHee U B BHJIE CIOKHBIX KOMOMHAIUI 31eMeHTap-
HBIX (yHKIU [3]. DTO 00CTOSTENBCTBO CIYKUT MO-
TUBHPYIOIINM (akTOpoM Uil BBIpRXKEHHS dYepes
3JIeMeHTapHbIe (PYHKIMH U JPYTHX HapiuanbHbX O .

Lenpto HacToseil pabOTHI SIBISIETCS HAXOX-
JICHWE B JJIEMEHTAPHBIX (YHKIMAX SBHOTO BHIA
napuuanbHelXx OI' 11 COCTOSHUM, XapaKTepuU3ylo-
mUXCs OpOUTATBbHBIM KBAaHTOBBIM dYHCIOM [=1.
Pacnonaras takum BapuanToMm mpezactaBieHuss OI
MOXKHO c(OPMYJIUPOBATh MaplHalbHbIE ypaBHEHUS
COCTOSIHMH paccesiHusl B yZ0OHOM JUIsS NPaKTHYECKO-
ro NpUMEHEeHUs Buae. Mbl IeMOHCTpUpPYEM 3TO Ha
npumepe ceprUueCKH-CUMMETPUYHBIX JIENbTa-110-
teHuuanoB B PKII (pemeHne pa3HOCTHBIX ypaBHe-
HUH C TaKUMH{ MOTEHLMAJaMU NPEACTaBIsIET OYeHb
HETPOCTYIO 3aj1a4y).

1 PeasituBHCTCKME NapuuaibHble GyHKIUNU
I'puna
Oyukiun ['puHa CHCTEMBI JBYX YacTHI] OJH-
HAKOBOW MAacChl m U COCTOSIHUM pacCesHUs B UM-
MyJIECHOM TIPENICTaBIICHIH OTIpeeNieHs B [ 1] B Buze
1 1

Goy(E,:4) = 2, —2E, —ic E,

1 m
G \E k)=————;
o (EH) E}-E]-icE,
) (1.1)
G, |E k)J=—F+;
(3)( q ) Ekz—qu—iS
1 m
G, \E k)|=—7""—;
i (£,%) 2E, -2E, —ic E;’
rae G(l) — OI' MOIU(PHUIMPOBAHHOTO YypaBHEHHS

Kanpimesckoro, G(z) — @I ypaBHenus JloryHosa —
TaBxenunze, G(S) — ®I' MOITUGUIIMPOBAHHOTO ypaB-

Henus Jlorynosa — Tasxenunse, G( 5 OI" ypaBHe-

uust Kagpimesckoro, E, =\m’ +k°, k — pensirusu-
crekmit umnynse, 2E, =2mchy, — sHeprus cucre-
MBI B PACCMATPHBAEMOM COCTOSIHUM PACCESHHUSL.
’
[Mapuuaneusie ®I' B PKII Gl(,-)(X q,r,r) st

COCTOSHMH C OpOMTAJIbHBIM KBaHTOBBIM YHCIIOM
/=1 B [2] Bolpaxens! yepe3 ¢ynkuuu (1.1) crue-
JIYFOIITUM 00pa3oM:

! 200
Gl(,-) (Xq,r,r ) =—;?|).pl (xk,r)G(j) (mchxq,k)x(l.z)

><Ekm2 sh? ka: (Xkﬂr,)ka’
riae GyHKuus p, (Xk,r) HMEET BUJ
r
P () —mx

B S) - cos ()],
mr

¥ — OBICTpOTa, CBA3aHHAs C PEJIATUBUCTCKUM HM-
MyJIbCOM COOTHOUIeHHeM k =mshy,, r — MOIyJb

paauyc-Bexktopa 7 B PKII.

PaccMoTpuM mpornenypy HaxoXIEHHS SIBHOTO
Buga ®I' moguduimpoBanHoro ypaBHeHHs Kanubi-
meBckoro Ha ocHoBe ¢opmynsl (1.2). lng storo
MIPEACTaBUM €€ B BHIE BBIPAKCHUS

—mrr’

G "=
i) (Xq,r,r ) n(mr+i)(mr’—i) )

x[%([l(r—r')+ll(r+r'))_( 11 JX

2mr 2mr’
’ 1 r
x1, (r—r )_(2mr + 2mr’j12 (r+r )+

+;(l3 (r —r')—]3 (r+r'))J,

2
2m rr'

(1.3)

B KOTOPOM HCIIOJIb30BaHbI 0603HAUEHHS
1'% cos(y,mr
()= 1 ]t
.chy, —ch(xq +za)
1 chy, sin(y,mr) iy
)
2 % sh(y, +iy)(chxk —ch(xq +is))

1% ch?y, sin(y, mr
13(1"):— £ (k )

dy,-
2, sh*(x, +iy)(chxk —ch(xq +is)) o

Beckoneuno Mmamass MHUMas 4YacTh Y aprymcHrTa

B

1+oc

L(r)=

byHKIIH sh(xk +iy), AaHAJIOTUYHO € B (OopMyiax

(1.1), BBemeHa Ay cMemieHus 0coO0N TOYKH TIO-
JBIHTCTPATBHON (DYHKIMHM C BEHMICCTBEHHOHW OCH B
KOMILUIEKCHYIO TUIOCKOCTh. OJIHAKO, B OTJIIMYHE OT
€, TOJOXKHUTEIBHOCTh KOTOPOH MPUHIUIHAIBHO

Ba’XxHa, 3HAK BCIIOMOTaTEJILHOM BEJIMUMHBI Y MOXET

OBITH JIFOOBIM, H TIPH €r0 N3MEHEHUH Ha IIPOTUBOIIO-
JIO)KHBII OTBET HE H3MeEHseTca. Tak, B IOJbIHTE-
TPAILHOM  BBIDQKEHWH  Pa3sHOCTH  HMHTETPaJIOB

L, (r—r")=1,(r+r') conepxurcs MHOXHTEIb
sin (y,mr)sin (y,mr')sh™ (x, +iy),
MMEIOIIHH YCTPaHUMY 0 0COOEHHOCTH TipH ), = 0.
Jlist BbiancieHus uHterpana I, (r) mpexcra-
BUM €T0 B BUJIE
I (’”) = (111 (r)+111 (—r))/4,

rac

+00 iymr
e

Iu(r):j

—00

—dy,. (1.4)
chy, —ch(xq +l£)

Jus Beramcnennst wHTerpana (1.4) Bocmomezyemcs
METOJaMH TEeOpHH (YHKIMHA KOMIUIEKCHOH Tepe-
MeHHOH [4]. IlepeiineM B KOMIUIEKCHYIO Y, -TIJIOC-
KOCTb, paccMaTpHuBasi BMecTo uHTerpaia (1.4) Bnoss
BEIIIECTBEHHOM NPsAMON HMHTErpall 10 3aMKHYTOMY
koutypy C=C, +C,+C,+C, (pucynok 1.1). Ilo-
cie mpeoOpa3oBaHUs UHTETPAIIOB BIOJIb KAXKIOTO U3
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0Tpe3KoB KOHTypa C U MOCIENYIOIEro yCTpeMIICH
R — 0 10Iy4uM CBSI3b HCKOMOTO MHTerpana 1, ()

C MHTETpaJioM 1o KoHTYpy C:

iy mr

]“(r)zl—el’zm'" Ilgg'l‘chxk—ch(xq+i8)dxr(l.5)
G 4Img
i27
C, | . c,
0 >
-R ¢ R Re 7,

Pucynox 1.1 — Konryp unrerpupoBanus C
B KOMIUIEKCHOH 7, -TIJIOCKOCTH

3nayenne uHTerpana B (1.5) MOXHO OIpenenuTh,
mpUMeHss TeopeMy o BerueTax [4], [5]. Ilocne ompe-
JIeTIeHNs] KOOPJIMHAT TTOJIIOCOB, MOMAIAIOIINX BHYTPb
KOHTYpa UHTETPUPOBAHUS

s, =Xy 18 Ay, =X, +i(2ZT—E)),
Y 3Ha4YEHU BBIYETOB B HUX [6], 1J1st uHTerpana [, B
npenene € —> +0 IMOIy4uUM BbIpaKeHUE
i sh((ixq + n)mr)

I(r)= shy,  sh(mmr) (1.6)

C yuerom (1.6) nuterpan /, (r) npuBenem K BUIY

1) i sh((ixq-i—n)mr).

~sh %,  sh(mmr)
Wurerpan I, (r) conepxur sin(y,mr) B duc-

(1.7)

JIUTCJIC U Sh(Xk +l'Y) B 3HAMCHATCJIC, CJICA0BATCIIb-

HO, B Touke ¥, =0 momsIHTErpanbHas (yHKIHA
UMEeT YCTPaHHMYyIO oOcoOeHHocTs. IIpencraBum
I, (r) BBuge 1,(r)= (121 (r)—1, (—r))/4i, rue

+00

chy, e
1 =
x () ;[Osh(xkﬂy) Chxk—ch(xq+i8)

B pesynbrare mpUMEHEHHUS BBIMIEU3JIOKEHHOTO Me-
TOJa Uil WHTErpaja 121(1/) B mpexene y,e — +0

iy mr

dy,.

MOy YUM

—nmr

121(”): T { e 1

- +
sh(mmr)|1-chy, 1+chy, 18

h
+ sChz);qq 2ch ((ixq + TE) mr)}

Bocmnons3yemcst BoipakenueM (1.8) u mpencraBum

I,(r) BBume

L(r) T {ch(nmr) 1

r)= - +
2sh(mmr)| 1=chy, l+chy,

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

h
+sChZ);: 2ch((ixq +Tc)mr)}. (1.9)

ITpumeHss TOT k€ METOA CBEICHUS MHTErpaia
BJIOJIb BELICCTBEHHOM MpsAMOM K MHTErpaily IIo
3aMKHYTOMY KOHTYpY, IJIsl HHTEeTpana [, B Ipefese

Y,& — +0 momydum

L (r) i {imr ch(nmr)

:2sh(nmr) I-chy

q

(1.10)

] ch?y .
_%+ o XZ ZCh((qu +7t)mr)}.

[MoxcraBnss coorromenus (1.7), (1.9) u (1.10)
B (1.3), MoxHO mosyunTh BBIpaxenue aiast OI' B
PKII momudunmpoBanHoro ypaBHeHus Kansimies-
CKOTO. AHAJOTHYHO IOJYyYaroTCs BBIPAXKEHUS IS
OT" Tpéx mpyrux (cM. HOsiCHEHHs 1ocie (hOpMYJIbI
(1.1)) paccmarpuBaembIXx HamH ypaBHeHHH. J[lis
KPaTKOCTH MPE/ICTABUM HX B KOMIIAKTHOM BH/IE

-1
Gy xpror) =
o (1rr) (mr+i)(mr’—i)>< (1.11)

X(Gl(f)(Xq’r_r')JrGl(j)(Xq’r”'))’
B pa3BépHyToii 3anmcu (QyHKINH Gl(,-)(X q,p) JUIS
KaXJI0TO U3 ypaBHEHUH COOTBETCTBEHHO UMEIOT BUJL
i mr' Sh (ix +Tc)mp
Gl(l)(xq:p)ZE h ( hq )+
shy, s (nmp)

(—l)kp l:ch(nmp) 1

2sh(mmp)| 1-chy, _1+chxq

chy, _ (-1)i
+2 1 ch((zxq + n)mp)} +WX (1.12)

><{ipch(nmp) ip

- +
1—chy, I+chy,

2 ch? )
+; :h3 ;C: sh((zxq + n)mp)},

G ( ): imrr! sh((ixq +7t/2)mp)
1) (%P sh2y,  sh(mmp/2)
(—l)k p | ch(mmp)+1 .
2sh(mmp)| 1-ch’y,
2¢ch(mm p/2)ch((ixq + n/Z)mp)
+ +
sh’y,

(—l)k i {ip(ch(nmp)+ 1) .

2sh(mmp) 1-ch®y,

(1.13)

sh ((ixq + n/2)mp)ch(75m P/2)}

q
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; v ch((ix, +7/2)mp
G 1.5) - 20 222
q

ch(nmp/2)
(—l)k p |ch(mmp)-1 .
2sh(mmp)| 1-ch’y,

h
+2 :hz’;qq sh (mmp;/2)sh (ix,, +Tt/2)mp)}+ (1.14)

(-1)i ><{ip(ch(nmp)—l) N

2sh(mmp) 1-ch?y,

+gch2 %y
m sh’ Xy

Ch((in + n/2)mp)sh(nmp/2)} ,

Gy (1,577") =

2 sh((ixq + n) mp)
sh(mmp)

imrr' ishy,
= +
ch

" sh 2y, | ch(mmp/2)
(Ve
2sh(mmp)
2¢ch((iy, + (1.15)
y ch(nmp)+ L c ((qu TC)’"P) .
l—chy, 1+chy, shzxq

i(—l)k {ipch(nmp) .

2sh(mmp)| 1-chy,

ip 2 chy :
Treh ~ +; - qu sh((zxq + rc)mp)}.

B Bepaxkenmax (1.12)—(1.15) xoaddumment k=1
npu p=r+r u k=2 npu p=r—r'.

[MpousBeneM aHamM3 MOMYYEHHBIX (QYHKINH
I'puna. Ha pucynkax 1.2, 1.3 u3obpakeHsl rpaduxu
3aBUCUMOCTEN JEWCTBUTEIHLHOM M MHHMOM YacTel
¢yaxmmit I'puna (1.11) or r, paccUMTaHHBIX MpH
r'=1muy , =1. Ha oTux rpapukax MOKHO Bblje-

JIUTH CJIEAYIONIYI0 OCOOEHHOCTB: TIPH OOJIBIIUX 3HA-
yeHusix » QyHkumu ['puHa ypaBHeHuit JloryHoBa —
Taexenunze u KajpiieBckoro BeayT ceOsi 0IMHAKO-
Bo. Taxke ognHakoBO BeayT cedst pyHkumu ['puna
MOTUGUIMPOBAHHBIX ypaBHEHHN. J[eHCTBHUTEIBHO,
acumnrornyeckoe mnosepeHne DI (1.11) mnpm
7 — 00 omUchIBaeTcs hopMyIamMu

Gy (Xq’”,)‘ =K, ()™, (1.16)

B KOTOPBIX

r—o

Koy () =Ky (r)=
=i cos(xqmr') cthxqsin(xqmr’)

=
mr' —i shy,

E}

mr'shy,

K, ()= K ()=

10

—ir' 2cos(xqmr’) sin(xqmr’)

Comr =i sh2y,

' 2
mr'sh”y,

Re(G1p)

04+

0z

Pucynox 1.2 — 3aBHCHMOCTB IEHCTBUTEIEHON YaCTH
¢yraxmmii I'praa (1.11) oT KOOpaAUHATE

Im(G1 p)

041

Pucynok 1.3 — 3aBUCHMOCTh MHUMOM 4acTH
¢ynkumii I'puna (1.11) ot kKoopauHATHI 7

B HepensatuBucTcKOM Ipenene (Ipu m — o,
x, = 0) Bce uetsIpe pacemorpennsie OI nmpeobpa-

3YIOTCSl B 3allUCaHHYIO0 B KOOPJUHATHOM IpPENCTaB-
neHuun OI' tpéxmepHoro ypaBHenus llpénunrepa
IUTS p-COCTOSTHUSA [7]:

lim Gl(j) (Xq,r,r') =G, (q,r,r') =

m—o0

1y 0
—lei"r [icos(qr’)—#isin(qr’)—
q rq
—Ecos(qr')+ S sm(qr’)j; r>r,
—lei‘]" (icos(qr)—iisin(qr)—
q rq
—L,cos(qr)+%sin(qr)j; r<r,
r'q rr'q

TZle g — HEPENATUBUCTCKHH WMITYJIbC, ¥ — MOJIYJb
paauyc-BekTopa X B OOBIYHOM KOOPAWHATHOM
IpeICTaBICHUH.

2 PemeHue peJTUBHCTCKHX YPaBHEHHH ¢
AeJbTA-NIOTEHIUAIOM B PeJSITHBUCTCKOM KOH-
(urypanuoHHoM npeacTaBJeHUN

PaccMoTpuM ypaBHEHHE Ui TMapLUUaIbHBIX
BOJIHOBBIX (DYHKIIHH p-COCTOSIHUI pacCesHus:
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v, (r)=mshy,p, (1,.7)+

+ IGl(j) (qu r,r’)V(r’)\y(j) (r’)dr’,
0

rae uHAekcoM j =1,2,3,4 ycraHaBIWBaeTCS COOT-

@2.1)

BETCTBHE C paccMaTpHBacMbIM ypaBHeHueM. [Ipu
UCIIOJIb30BaHUU MOZEBHOTO TIOTEHIHANA «O-Chepar:
Vl(r):VOS(r—a), 2.2)
ypaBHeH#He (2.1) mpeobpazyercs K BUAY
v, (r)=mshy,p (1,.7)+
+Gy (xq,r,a)VO\u(j) (a).

UroObl ONMpeAenuTh KOHCTAHTY Vi) (a), paccMoT-

(2.3)

puM (2.3) BTOUKE 7 =a:
v (@)=mshy,p (x,.a)+
+G (x,@a)Vow ()-
D10 nuHeiiHOe anreGpanueckoe ypaBHEHHE OTHOCH-
TEbHO BEMWMHHBL Y, (@) 1erko pemaeres:

mshy, p(x,.a

o) )
1=VG (1,a.a)

IToncrasnss (2.4) B (2.3), mony4uM BhIpakKeHUe A

BOJIHOBOH (pyHKLIMH

Wi,y (r) = mshz, p, (1,.7)+
msh Xq P (Xq’a) 2.5)
Gy (xyrsa)V, ‘
+Gy (1,:20) °1—V0G1<j) (x,a.a)

PaccMoTpuM xapakTep H3MEHEHHUS BOJIHOBOM
¢byukun (2.5) npu OONBIINX 3HAYCHUSIX PEISITUBH-
CTCKOH MEPEMEHHOM 7

Vi) (r)‘Hw =msh Ly (pl (Xq’r))‘Hw +
+f]i/.) (xq)(—i)eimx“mshxq.

3nmech fli;) (x q) — PeATUBUCTCKAS aMIUTUTYAa pac-

CesiHUs, KOTOpasi BhIpakaeTcs yepe3 dynkimio ['pu-
Ha CJIEAYIOIIM 00pa3oM:

1 . 4 (Xq’a)
i (1) =K (@7 VG (1)

[MapruansHoe cedyeHHe paccesHusl IJsl  p-BOJHBI
MOJET OBITh BBIPAKEHO Yepe3 aMIUTUTYAY pacces-

HUS flij) (Xq ) :

cSi(/’) (Xq ) = 1271‘_]’111.) (Xq)

Ha pucynke 2.1 mpuBeneHbl 3aBUCUMOCTH CEYEHUSI
paccesHUsI OT OBICTPOTHI X,» PaccUMTaHHbIC NPH

2

(2.6)

(DMKCHPOBAHHBIX 3HAYCHHSX MApaMeTpoB da =35,
Vo=2, m=1.

OTMeTHM HEKOTOpble OCOOCHHOCTH AHAIHM3HU-
PYEMbIX MapIUATBHBIX CEUSHUMH PACCESHHUSL:

— MIPU YBEJWYCHHUU TapaMeTpa d MaKkCHMallb-
HbIe 3HAYECHUS CEUCHHUS PACCESTHUS YBEINUHBAIOTCS;

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

— [IpU yBEIMYEHHUU MapaMeTpa V, BOIM3U HY-
nelt QyHKIuu 6}(],) (X q) TOSIBIIAIOTCS TOTIOJHHUTENb-

HBIC TIVIKH;

— MPH yBEIWUYCHHUU MapaMeTpa /7 MaKCHMYyMEI
CCUCHUS paCCesHUS CMEIIAIOTCS B 00JACTh MCHB-
LINX 3HAYCHUH Iapamerpa y,, .

o1 Xy
.'r::‘"
120 S b
a Q‘
100 3 _
! - =1
3 :
80 i --- =
60 2 1 — j=
¥ .
’\ e j=4
40 B
20
= Xg

0.0 0.5 1.0 1.5

Pucynok 2.1 — 3aBUCHMOCTB TapPIMAIBHOTO CEYCHHUS
paccesHus Gi(/.) or %,

CpaBHUM NOJIy4E€HHBIE HAMHU PE3YyJIbTATHI C Te-
MU, KOTOpBIC paHee ObUIM MONydYeHbI B [8] mpu pe-
LIEHUU aHAJIOTUYHOW 3aJaud AJsl S-COCTOSHUM pac-
cestHus. [IpuBeneM Ha pucynke 2.2 rpaduku 3aBu-
CHMOCTH CEYECHHs! PACCEsHUA OT OBICTPOTHI ), , pac-

CUMTAHHbIE HA OCHOBE pelleHUH ypaBHeHus Jlory-
HOBa — TaBxemumze npu [/ =0,1 ¥ UCTIONB30BaHHBIX

B IpenplayiieM (parMeHTe 3HAYCHHUSAX MapamMeTpoB
(a=5, Vy,=2, m=1).

1
T (2)()(4)
4
300

250

150

100

Xq

0.0 15

PucyHnok 2.2 — 3aBUCHMOCTB MaPIMAIBHOTO CEYCHHUS
1
paccesius Gy, OT ), PACCUHTAHHOIO Ha OCHOBE

pemiennii ypaBHeHus JloryHoBa — TaBxenuaze
nopu [ =0,1

AHanu3upys puCyHOK 2.2, BUIUM, YTO JIOKAJb-
Hble MAKCHUMYMBI C€UYEHUS PACCesSHUsI AJIs p-COCTOSI-
HUS [0 CPAaBHEHHIO C MaKCUMyMAaMH JUIS S-COCTOS-
HUSI CMEUICHBI B HANPABICHUH OOJBIINX 3HAYCHUH
OBICTPOTHI ), YTO OOYCIOBJIEHO CIEACTBUEM HAIN-

YU EHTPOOSIKHOTO Oapbepa.

11
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3 Pemenne PpeJIATHBHCTCKUX YPaBHEHMIt
NPy MOAEJHPOBAHUYU B3aHMOAEHCTBHS CyNepIo-
3MnMell ABYX AeJbTA-NOTEHUHAIOB B PeIATHBH-
CTCKOM KOH(GUIYpPalMOHHOM NpPeACTABIeHHH

Tenepb nmpencTaBuM coJepXKaIluiics B pensiTH-
BHUCTCKOM YPaBHEHHH ITOTCHLIMAN CYTIEPIIO3UIIUEH
JIBYX TIOTCHIIUAIOB «O-Chepar:

Vz(r):I/O]S(r—a])+l/'028(r—a2). @3.1)

C yuerom motennmana (3.1) ypaBuenue (2.1) mpu-
BelleM K BUY

v, (r)=mshy,p, (x,.7)+
+G ) (xq,r, al)Vm\y(j) (a,)+ (3.2)
+Gy) (oo, )Vm“’(j) (a,)-

Conepxammecs B (3.2) 3HaueHHs (YHKIMA
V(@) 1 v (a,) moxuo onpenennts, BbruMC-

11 GyHKIMH \u(/.)(r) B TOUKAX 7=a, U r=a,. B

pe3yibTaTe WX IMOJACTAHOBKU B (3.2) momy4ymm an-
reOpayecKylo CHCTEMY YpaBHEHHH, KOTOpYIO
yoOHO MPEeACTaBUTh B MAaTPHUUHOH (hopme:

1=VaGy (X arar)  ViaGigyy (100004,
FoGy () 1=ViGy (1, 0200)
V(@) \mshy,p(1,.4.)

Pewast 5Ty CHCTEMy ypaBHEHHMi, BBIDAaKEHHs JUIA
V(@) m v, (a,) moxuo sanmucars B Brae

A1(/’) (X‘I) v (a2 ) _ Az(.f) (Xq)
> W

A (x,) Ay ()
1€ BBECACHbI 0603HaquI/Iﬂ

2
A (1) = H[l ~V0.Gy) (%5004, )] -

n=1

Tl (G1<f) (a2, ))2 :
A (Xq ) =
=mshy,p, (1,4 )[1—1/026'1(/.) (x4, )]+
Tamsha b, (1,00) G (10002 )
Ay (,)=
= mshy, p, (xq,az)[l—VmGl(j) (x,.a.4 )]+

+mshi,py (1, ) Gy (1,502,

[Ipu » — co BeIpaxkenue (3.2) mpuMeT B

Vi) (r)‘ , =mshy, (1’1 (Xq’r))

r—>

‘V(j)(al):

+

r—>0

+Gy (xq,r,al )‘ Vv, (a)+

. VoV ) (ay). (3-3)

+Gl<j)(xq=r=“2)

r—>

12

C yderom acumntorudeckux BeipakeHui @I (1.16)
B COOTHOIIEHMH (3.3) momy4unm

v, (r)‘Hw =mshy, (pl (xq,r))‘r%w +
+ fl(zj) (Xq)(—i)eimx“rmsh Xy»

IIPA 3TOM PESITUBUCTCKAsT aMIUIUTYA PaCCESHHS

fl(zj)(xq), COOTBETCTBYIOIIAsl YPAaBHEHUIO C MO-

JeTbHBIM moTeHnuanoM (3.1), BeIpakaeTcst aHallu-

THYCCKU.
fl(zf) (Xq ) =
Koy (@)Vowi (@) + Ky (@) Vv (@) G4)
—imshy, '

[TaprmanbHoe ceueHue paccesHus Ui p-co-
CTOSIHUS BBIPA)KACTCs UEPE3 aMILTUTY Ly PAacCEsHHs B
COOTBeTCTBUH ¢ QopMmyJoit (2.6). Xapakrep ero 3a-
BHUCHMOCTH OT OBICTPOTBI ¥, VISt BCeX 4eThIpéx I
WIITIOCTPUPOBaH Ha pucyHke 3.1 B Buzae rpadukos,
NOCTPOEHHBIX IpU ¢, =3, V,, =1, a, =4, V, =2,

m=1.

0‘% U)(,\'q)

00 s 10 L5 20 = X

Pucynok 3.1 — 3aBUCHMOCTD MapIHAILHOTO CEUSHUS

2
paccesnus G, OT ¥,

o8, @)

20 Xq

Pucynok 3.2 — 3aBUCHMOCTD MapIUAILHOTO CEUEHUS

2
paccestHus Gy, OT ), , PACCUNTAHHAA C y4CTOM

2
pewienuii ypaBHeHus Jlorynosa — TaBxenuaze
mpu [ =0,1

Ipo6remvr pusuxu, mamemamuru u mexnuuru, Ne 3 (48), 2021



Pensmusucmckue napyuajlbHbsle d)ymcuuu Fpuua CcOCmMostHUtL paccesinus, Xxapakmepusyouuxcs 0p6umdﬂbllblM KeaHmosbim uuciom | =1

Jis ynoOcTBa CpaBHEHHsI C pe3yibTaTaMi,
paHee MOJNyYEHHBIMH B [8] NPUMEHHUTENBHO K S-
COCTOSIHUSIM, Ha pUCYHKe 3.2 Ui paccMaTpUBaeMbIX
YeThIpEX YpaBHEHUI NpHBEACHBI TPa(UKU 3aBHCH-
MOCTH CEYEHHUs PAcCESHUS OT OBICTPOTHI ¥, pac-

CUMTAHHBIE HA OCHOBE pELIeHHN ypaBHEHHs Jlory-
HoBa — TaBxemunze npu [ =0,1 u crexyromux 3Ha-
YEeHUsIX ApYTuX mapameTpos: a, =3, V,, =1, a, =4,
Vip =2, m=1.

OueBUIHO, YTO M B 3TOM CIy4ac B CCUCHHU
paccesiHAsL p-COCTOSHUS MMEET MECTO CIBHUI MaKCH-
MYMOB B HaIlpaBJICHUU OONBIINX 3HAYCHUN OBICTPO-
Tl ), O CPaBHEHHMIO C MOJOKECHHEM MAaKCUMYMOB

B CCUCHHUU pacCcCCsIHUA S-COCTOSHUA.

3akiroueHue

Takum oOpa3omM, B HacTosAmmIed paboTe pac-
CMOTpEHa 3ajJada 00 M3yYeHHWH COCTOSHHMH pacces-
HUSI CHCTEMBI JIBYX PEISTHBHUCTCKHX YaCTHI[ C HC-
MOJTb30BAaHNUEM PEJISATHBUCTCKOTO KOH(HUTYPaLHOH-
Horo mnpezacrasiaeHus. HeoOxonumble At perieHus
9TOM 3a/auu SIBHbIE BbIpaXXeHUs (QyHKIMHA ['pruHa
MOJTy4eHbI AJSI p-COCTOSHUM, XapaKTepU3yHOLIUXCcs
opOHTANEHEIM KBaHTOBEIM yuciioM / =1. TlogpoGHO
OIICaHa METOAMKA HAaXOXKACHUS BOJHOBBIX (DyHK-
1, TapUUATBHBIX aMIUIUTY pacCesiHUS U CEUECHHI
paccesiHUsl C HMCIOJIB30BAHUEM MOJCIBHBIX TOTEH-
[AJIOB JIByX BHJOB: «O-cepa» M CYNepHO3ULMs
JIBYX TIOTEHIMAIOB «d-cepa». PesynbTarsl pacyera
3aBUCHMOCTH TapLUUAIbHBIX CEUCHUH paccesHHs OT
OBICTPOTHI MJUTIOCTPUPOBAHBI TPaUUECKH U COMOC-
TaBJIEHBI C pe3yJbTaTaMH, MOTY4YEHHBIMU B [8] s
S-COCTOSTHUM PacCestHUs.
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DOU3HUKA

VJIK 531.226.1

MHOJIAPU3ALHNOHHBIE OCOBEHHOCTHU JU®PAKIIUU CBETA
HA T'OJIOTPAOUYECKHUX ®A30BBIX PEHIETKAX B CPEJIE «PEOKCAH»

I'.B. Kyaak, B.H. HaBubiko, T.B. Hukosnaenko

Mosvipckuii 2ocyoapemeennvlil nedazo2uyeckuil ynusepcumem umenu U.I1. [llamaxuna

POLARIZATION SPECIFIC FEATURES OF LIGHT DIFFRACTION
BY HOLOGRAPHIC PHASE GRATINGS IN “REOKSAN” MEDIUM

G.V. Kulak, V.N. Naunyka, T.V. Nikolaenko
Mozyr State Pedagogical University named after I.P. Shamyakin

TeopeTHuecKH HCCIIEIOBAHbI MOIAPH3ALMOHHBIE H SHEPreTUYECKUE XapaKTePUCTHKH AU(ParupOBaHHBIX BOJIH HYJEBOTO H
MePBOTO MOPsIKa IPH OPArrOBCKON AM(PAKIMU CBETa Ha rojorpaduueckux (a3oBbIX pelIeTKax B Cpejie «PEeOKCaH» cO 3HA4u-
TEIBHOI aMIUINTY 10} H3MEHEHHs IIOKa3aTellsl IIPEIOMIICHHS PETUCTPHPYIOIEH cpelbl. Y CTaHOBIICHO, YTO KO3 (OUIIUEHTHI OT-
paXCHHS M NPOMYCKaHUs AN(ParupOBaHHBIX BOJH JUIS S- U p-TIOJNAPHU3AIMH MAJAMOIIEr0 CBETA MUCHBITHIBAIOT 3HAYHTEIIbHBIC
M3MEHEHHUSI [IPU MOJYJISLHUH [OKa3aTest mpeomieHns ciost. [okazaHo, 4To B yCIOBHsAX (PEHEICBCKOTO OTPaXKEHHs CBETOBBIX
BOJIH OT I'PaHUI] MOZYIUPOBAHHOTO CJIOS M YBEIHIECHUH aMILTHTYAbI BO3MYIIEHHUS [T0Ka3aTelsl IPEJIOMICHHS CPEbl, HMeeT Me-
CTO 3HAYUTEJIBHBII MOBOPOT MIIOCKOCTH MOJSIPU3ALUK AU(PAarupOBaHHOH BOJIHBI [UIS MPOLIEAIIMX U OTPAKCHHBIX JU(PPAKIN-
OHHBIX [OPSIIKOB.

Kniouesnvie cnosa: conoepaguueckas ¢azoeas pewemra, 6p32eo8ckas ouppakyus ceema, (hpenenesckoe ompaxcenue, Kodsg-
uyuenmol ompasxcenus u NPONYCKanusl, MOOVIAYUS C6EMa, 20102paguyeckas cpeod.

The polarization and energy characteristics of diffracted zero- and first-order waves under Bragg diffraction of light on holo-
graphic phase gratings in a “reoksan” medium with a significant amplitude of the refractive index of the recording medium are
theoretically investigated. It is founded that the reflection and transmission coefficients of diffracted waves for the s- and
p-polarization of incident light experience significant changes when the refractive index of the layer is modulated. It is shown
that under the conditions of Fresnel reflection of light waves from the boundaries of the modulated layer and the increase in the
amplitude of the perturbation of the refractive index of the medium, there is a significant rotation of the polarization plane of the
diffracted wave for the transmitted and reflected diffraction orders.

Keywords: holographic phase grating, Bragg light diffraction, Fresnel reflection, reflection and transmission coefficients, light

modulation, holographic “reoksan” medium.

BBenenue

Bricokoe 3HaYCHUE BEITUYMHBI (POTOMHIYIH-
POBAHHOI'O HM3MEHEHHUS IO0Ka3aTeNs MPEeOMIICHHS
Marepualia Cpebl, perucTpupyloeil ronorpaguye-
ckyto (asoByro pemerky (I'P) B omrmuecku wnzo-
TpomHoii cpese (An=5-10"), oTMeueHo B paboTax
[1], [2]. Tloka3aHO, YTO B perucTpupymrolei cpene
«peoKcaH» BO3MOXKHA 3aIUCh BBICOKOA(PPEKTHBHBIX
MIPOIYCKAIOMINX M OTPaKaTeNbHBIX (Pa30BBIX TOIO-
rpaMM TpU TEOMETPHUYECKOW TOJIIWHE CIIOS MaTe-
puana ~ 0,15-3 mm. IIpu 3TOM, OTHAKO, B YCIOBHAX
cuntbiBanusi [P He yuuTHIBajOCH (peHEneBcKoe
OTpPaXKEHHE CBETOBBIX BOJH OT TPAHUI] MOIYJIHPO-
BaHHOH cpensl [3], [4]. B HacTosmmee Bpems, kpoMe
paccMmarpuBaemMoil cpenbl i 3anucu I'P, mmpokoe
[IPUMEHEHUE HAXOMAT pa3InyHbIe PETUCTPUPYIOLIUE
I'P cpenst (doromonmmepusyronyie aKpHUIaTHBIC
KOMITO3MLINH, (POTOXPOMHBIE CPElbl OPraHUIECKOTO
W HEOPraHW4ecKOoro Tuma, GoTopedpakTHBHBIE I10-
JUMEPHL U p.), B KOTOPBIX aMIUIUTYAa MOIyJISIIIH
MoKa3aTesl TPEIOMIICHHS JIOCTUTAeT BEIWYHH
An~107-107" [5].

B HacTosmieli paboTe Ha mpuMepe rojorpadu-
YECKOW Cpelbl «PEOKCaH» TEOPETHYECKH HCCIIEeNo-
BaHBl  DHEPTETHUECKHE W  MOJSPU3ALHOHHBIC
© Kynak I'.B., Hasnvixko B.H., Huxonaenxo T.B.,2021
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XapaKTEepPUCTUKU CBETa IIPH OpIITOBCKOW IU(pax-
und Ha I'P B onTudecku HM30TPONHBIX cpeaax Ipu
yuere (pEeHeIeBCKOro OTPAXKEHHs OT I'PaHMI] IJI0C-
KONapaIeIbHOTO CJIOSL.

1 TeopeTnyeckue pe3yJbTaThbl

[Ipeanonoxum, YTO IUJIOCKONAPAJJIENbHbII
CJIOH TONIIMHON /4 C TMOKazaTelleM TPEIOMIICHUS 1,
pAacIIoNIOKEH MEXKIY OJHOPOIHBIMHU IPO3PAaYHBIMH
CpellaMH ¢ MOKa3aTessIMH IIPeJIOMIIeHus 7 U n; Ha-
4yajo CHUCTEMbl KOOpAMHAT XYZ pacrojokeHO Ha
BEpXHEN TpaHuLE CJ0s, a OCh Y NEepHeHAUKYIsIpHa
IIOCKOCTH TajieHus (pucyHok 1.1). CBeroBas BOHA
C IIPOM3BOJIBHBIM a3UMYTOM HOJIAPH3ALUH Y, NaJaeT
TIOZI YIJIOM () K €T0 HOpMalX Ha rpaHuity cinosd z =0
Y UCIIBITHIBAET AU(paKLuio B pexxume bparra B cioe.

B ycnoBusix OparroBckoii qudpakuuu cBera B
clloe Ha ero TOJIUHY (4) HakJIaJbIBaeTCs OrpaHu-

yeHue: h >> 2;12A2 /'ny [3], [4], roe Ay — nnuHa cBe-

TOBOH BOJIHBI B BakyyMe, A — IpPOCTPAaHCTBEHHBIN
nepuon I'P. Tlpu sTom yron mnpeiomiieHUs CBETa
¢, =arcsin(n, sing, / n,) coBnagaer (WM OJIN30K) K
OparroBcKOMy, TO €CTb ¢, = ¢, = arcsin(A, / 2n,A),
TZi€ hy — CPEAHUN NOKa3aTelb NPEIIOMIICHHS CIIOSL.
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T,

R[ ‘—‘——/

Pucynok 1.1 — Cxema cunteiBanus ['P B ontudeckn
M30TPOITHOM IUIOCKOTAPAIISILHOM CJIOe
(XZ — mnockocth mudpaknuu, Ry, R; — koddduiu-
€HThI OTpaXKeHHs AU(PArupOBAHHBIX BOJIH,
Ty, T — kodPuIEeHTHI TpoITycKaHust Audparupo-
BaHHBIX BOJH, O () — yroJ nageHus (Impeixomiie-
HUs) Ha rpaHuIe z = 0, @3 — yrox nmpeJoMIIeHus Ha
rpaHuiie z = h)

PemeTka mokazarensi npeaoMIIeHUs, co3/laBae-
mas I'P Bnone ocu X uMeet BUI:

n, (x)=n, +(An,, / 2n,)exp(iKx),  (1.1)
rne K=2n/ A — BomHOBoe uncio 'P. [Ipennonara-
€TCsl, YTO IIJIOCKas CBETOBAasl BOJHA C 4aCTOTOH M U

BOJIHOBBIM BEKTOpPOM k, =ék, +ék_  (k, =knsing,
k, =kn, cosg,, k=w/c) umeer s-noaapuzauuio.
Pemmenne BOTHOBOTO ypaBHEHHMS U1 Audpary-

pOBaHHOFO T10JIA 3HeKTpOMaFHHTHOﬁ BOJIHBEI B CJIOC€
nmeeT Bua [3]:
E=Y 4,(z2)expli(K,.z—w,t—mm/2)], (12)

m=-w
rae k,, =k, +mK, o, =o+md
Ilpn ycnosum: k,, = K/2 W3 COBOKYIHOCTH

(1.2) nudparnpoBaHHBIX BOJH BBIICINSIOT JBE HaW-
Oosiee cymiecTBeHHbIE ¢ AU(DPAKLUMOHHBIMUA TOPSI-
kamu m = 0 u m =—1. Torna asns s-noJsspu30BaHHOM
najaronel BOHBI, CHCTEMa YpaBHEHHH CBS3aHHBIX
BOJIH UMEET BUJL:

d2
2
A
ddZ;l + k—212A0 + lnsk22A0 = 0’ (1'3)
rne ka = (kz2 _kozx )1/29 kflz = (kzz _kfl,y)l/z’

ky, =k,sing,, k, =k,sing,,

n, =—An,, /n,coso,.

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

C yueroM pesynbraToB pabot [3], [4], pemie-
HHe cucTeMbl ypaBHeHHH (1.3) B OpIrroBckoM pe-
KuMe JU(PAaKIMK MOXHO IIPEJICTaBUTh B BHJE:
4,=U,+U)/2, A,=U,-U,)/2. Benuuunsl
U,, HaxouM U3 pelIeHns OJHOPOHOTO ypPaBHEHHS:
d’U 1
de“+ K (cos2 0, iEnSJULZ =0. (1.4
Pemenue ypaBuenwii (1.4) nmeet Buz:
U,=Ce"®+Cre™ ), (1.5)
rie
ki (2) = kyz[(1—n? / n2)sin® @, £ (Any, /2m, 05 @,)];
sz — MOCTOSIHHBIE KO3()(DUITHEHTHI, OnpeesieMbIe

13 TPAaHUYHBIX YCIIOBHH.

CommBasi HanpsHKEHHOCTH 3JIEKTPUYECKOTO U
MarHUTHBIX ToJiel B cioe [3], [4], a Taroke B oOnac-
X z <0 ®u z > h, HaxoAUM KO3()(UITMEHTHI OTpa-
KEHUsI U TIPOIyCKaHUsI (OTHOCUTENbHBIE NHTCHCUB-
HOCTH) AU(ParupoBaHHEIX BOJH HA IPaHULAX CIIOSL.
B ciyyae audpakuuu s-nossipU30BaHHBIX BOJH I'pa-
HHWYHBIE YCIIOBHS, HCIIONIb3yeMble B pabote (£, # 0,
H =0), aHaIOrHYHbI IPAHUYHBIM YCIOBHSAM, [PH-
BeIeHHBIM B pabore [3]. s p-modsipu30oBaHHOM
MATAOMIECH CBETOBOM BONHBI (F L= 0, H ,* 0) am-

IUTATYJIa HATPSKEHHOCTH MArHUTHOTO IOJIA CBETO-
BOM BOJIHBI OPTOTOHAJIbHA TUIOCKOCTH ManaHusi XZ
[6]. KoaddurmenTs: otpaxenns (R,,) U IpoITycKa-

HUA (TOS) S-MOJISIPU30BAHHBIX COCTABJIAOMIUX U~

(parupoBaHHBIX BOJH HYJIEBOTO M  IIEPBOTO
(R, , T,) COOTBETCTBEHHO MOPSAAKOB OIPEAEIAIOT-

Csl U3 COOTHOIIICHMIA:
.12 .2
AO&' 2A1?
ROS = - > Rls = - >
A nA

: (1.6)

2 2
t t
_ 1;C08¢; 2A, _ nyC08Q, |2A

n,cosQ, | n,A * o cosq, | mA
rie
A=(-oy 056 +a, 05 e)x
(o, 0, —o o ¢)+
+Ho o~y o oy 0 e —ooge)),
Ay =(—o, 05, +ooy.e)x
(o 0.6 — oy 0 )+
o one” ayag e o one a0 e,
A= -b) o5 asele” —asaseg )+ ;
+(by =) (a5 ) e ey — (a3, ) e e ] (.7
Ay =Fale [arb) +moar, +ar (b —b))2]+
to, ¢ [a) by +n0; +as, (b —b)2]-
—a;.e’ [(x;bf +n,0, +0o, (b —b )/2] +
oy e [ o b +mo +of, (b —b)2].
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371ech BBENEHBI 0003HAUESHHS:
+ —17+ + -1+
A5 = (1+n1,3b1 ), QA5 = (1_n1,3b1 ),
+ _ 7ba + .7 b,a
b =k 1k, e =exp(ik)”),
rne k2“ =k, (h); 3HakoM «*» 06O3HAYEHO KOM-

IUIEKCHOE compsbkeHue. llpu paccMoTpeHuu -
(pakuuy CBETOBBIX BOJIH p-NONAPU3ALUM B BBIpa-
xenusix (1.6), (1.7) cinenyer BBHIOTHHUTH 3aMEHBI:
s—>p, n,cosQ, —=>1/n,cos , ma kodpHum-

enros mpomnyckanust (7,,) u orpaxenus (R,,,).

\p
W3 Beipaxennii (1.6), (1.7) cnemyer, 9TO BBITOITHS-
FOTCS CIIEAYIOIIAE COOTHOIIICHHUS:

R, +R +T, +T

1p.s 0p.s T Lips T 1.

JIyis Ipo3pauHbIX CIIOEB B YCIIOBHSIX, KOT/Ia CPEIHUIMA
MoKazateib MPEIOMJICHHUS CJIOS M OKPYXKAFOIIUX
Cpell OAMHAKOBHI (OTCYTCTBHE (PPEHEIIEBCKOTO OT-
paXEHUS), OTIMYHBIC OT HYJSI OTHOCHUTCIHHBIC HH-
TEHCHBHOCTH JTU(PPATHPOBAHHBIX BOJH ONpEHCs-
FOTCSI COOTHOIICHUSIMU [7]

0p,s

Ty = CO8* (T Any /2K, cos @),
Ty, =sin’(m Any b/ 2k, cos@,).

IIpp  »TOoM cnmemyer momarate:  An, = An,
An,, = Ancos(2¢,). Ilpu orcyrcTBun (ha3oBod Mo-

nymsman - cnost (An=0) Beipaxkenus (1.6), (1.7)
TE}};

cBozsTcs K Qopmynam Diipu st K03PPHUIMESHTOB
OTpaKeHHs M TPOIYCKaHUs IUIOCKONApaJIeIbHOTO
cios [6].

Ecnn maparomas cBeToBas BOJIHA MMeEET a3H-
MYT TOJISIpH3alN Yy, TO UL BOJHEI, AU(parupo-
BAaHHOW B HYJIEBOM U TMEPBBIH MNOPSAKH MpH
HaONIONEHNN B OTPaKEHHOM CBETE, IIPOMCXOIUT
TTOBOPOT IIOCKOCTH TOJISIPU3AIIH Ha YTOoII [6]

o, = aretg(lrg, Vi, tgw, )-
[pu HaGmoeHUH B TPOXOAAIIEM CBETE,

W:),l = arCtg(|t(s),1|/|tg,1|tho ),
rae 7y, (7)) — aMIUIATYIHBIE KOO()PHUIMEHTHI OT-
pakeHHs1 AU(ParupoOBaHHBIX BOJH S- (p-) HONIApH3a-
uum, f;, (t7,) — COOTBETCTBYIOIIME TAKUM BOJHAM

KO3 PHUIUEHTHI IPOITY CKAHHUS.

2 Pe3yabTaThl YACJIEHHBIX PACYETOB

UYucieHHbIe pacdeTsl MPOBOAWIHCH AT ILIOC-
KOINapaJlJIeJIbHOTO CJIosI M3 peructpupytoueir I'P
Cpebl «peokcan» B ciiydae AUGPaKIUH JUHEWHO
MOJIIPU30BaHHOTO U3MyueHus: He- Ne-nasepa ¢ Jju-
HOW BOJNHBI Ap= 0,6328 MKM JJIsi TPOU3BOJIBHOI
JIMHEHHOW TMOJApHU3alMy NaJAIoOLIEro CBETA Y.
[Ipennonaranock, uto cioii marepuana (n, = 1,49)
TPaHUYUT C BO3AYXOM (1) =n3 = 1).

Tl>

1 T T T T
0.8
0.6
0.4

0.2

RU S

1

0.8

0.6

0.4

0.18 T T T T

0.12

0.06~

00 02 04 06 08 O 02 04 06 0.8 1
An,107 An,107
c) d)

Pucynok 2.1 — 3aBucumoctu koddpdurmentoB nponyckanust (7os, 7'15) 1 oTpaxkeHus (R, 1) IMPparupoBaHHO
Ha ['P cBeTOBOI1 BOJTHBI B INIOCKOMAPAJLISILHOM CJIO€ OT (DOTOMHAYIIMPOBAHHOTO M3MEHEHUSI ITOKA3aTeNst
MPETIOMIICHHUS An TIPH Pa3InYHbIX TonmmHax cios 4: 1 mm (1), 1,5 mm (2), 2 mm (3), 2,5 mm (4)
(peokcaH, n, = 1,49, ny = n3 =1, Ay = 0,6328 MrM, ¢ = 2°, yo = 45°)
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3aBucuMOCTH  KO3()(DUIIMEHTOB  OTPaXKSHUS
(Ros, Ry5) u mponyckanus (o, T),) audparuposan-
HOi1 Ha ['P cBeTOBOI BOJIHBI B TUIOCKOTIApaLIETbHOM
CJIoe M3 peoKcaHa OT (POTOMHIYIMPOBAHHOTO H3ME-
HEHUS TOKa3aTelis MPEIOMICHUS An TIPU Pa3TuuHBIX
3HAYEHUSX TOJIIUHBI CJIOS /i MPEACTABIICHBI HA PH-
cynke 2.1. Cremyer 3aMeTUTb, YTO JUIS MaJbIX YIJIOB
Bparra MOKHO TIOJIOKHUTh, YTO YTrOJI MAJCHUSI CBETA
YIIOBJIETBOPSIET COOTHOILECHUIO: @, = A, / 2m A.

3aBUCHMOCTH, TPEJCTaBICHHbIE HA PHCYHKE
2.1, a, MOKa3bIBAIOT, YTO C yBEIWYEeHHEM (DOTOMH-
JTYUMPOBAaHHOTO M3MEHEHUS MOKa3aTewsl Ipesiomiie-
HUs An k03 dunmeHT nponyckanus 7o, OCHUILIAPY-
€T, He JOoCTUTast MakcuManbHoro 3HadeHus (1o, = 1).
YBenuuenne (OTOMHAYLUPOBAHHOTO HM3MEHEHHUS
MOKazaTessl MpEeNOMJICHUS An  CONPOBOXKAAETCS
YMEHBILEHUEM, a 3aTeM IIOCIEIYIONINM YBEIHYCHU-
eM kod(duireHTa mporyckanus. V3meHeHue Ko-
s¢punmenTa mpomyckaHus 1), HWMeEeT XapakTep,
ONMM3KHUK K TIPOTUBO(AZHOMY, IPHYEM €T0 AMILIHUTY-
Jla He NPUHUMAET TaK)Ke MAaKCHMalIbHOTO 3HAYCHHUS
(T\s#1) h=2wmm (pucynoxk 2.1, b). Takoe moBese-
HUEe K03 UIIneHTOB pomyckaHus AudparupoBaH-
HBIX BOJIH B MPOIIENIINX IH(PPAKIHOHHBIX HOPSI-
Kax 0OyCIIOBJIEHO HAJIMYUEM, HapsLy ¢ IPOLISAIINMHI
IyYKaMH, U OTPaKEHHBIX TU(ParupoBaHHBIX ITy4KOB.

Koaddunmenr orpaxenust nudparupoBaHHOR BOII-
HBl HYJIEBOTO TOpsAKa Ry, OCUMUIUPYET C H3Me-
HSTIONIEHCSl aMIUIUTYIOW NTPYU M3MEHEHUH TTOKa3aTels
npesnomiieHus An. MakcuManbHOE 3HAu€HHE Rog
cocrariser 0,16 (pucynok 2.1,¢) mpu [=1mm,
An = 0,95. Ilpu yBenu4ueHHU MoKa3aTels MpeoMIe-
HUA An IMEeT MECTO aMIUIMTYAHas MOXLYJIALHS KO-
¢ puLMeHTa OTpaKEHHs TUPpParupOBaHHON BOJHBEI
niepBoro nopsiaka (Ry). [Ipu aTom, ogHako, BelTUIu-
Ha ko3¢ ¢unuenra orpaxkenus R, ~ 0,04 (pucyHok
2.1, d) — B Mmakcumyme.

Amnanornyasie 0cOOCHHOCTH MTOBEAECHUS KO-
(PUIMEHTOB OTpayKeHHUs U TIPOIYCKaHus Anpparupo-
BaHHBIX BOJH HMMEIOT MECTO [UIS p-TIOJSPU3OBAH-
HOTO TaJaromero cpera. KoJanm4ecTBeHHOE OTIHYHE
BeIMYUH KOX(PPHUINEHTOB OTPAKECHUS W IPOITyCKa-
HUSI CBSI3aHO C OTJIMYHMEM (peHeseBckux kodddu-
LMEHTOB OTPa)XCHWs W IPOILyCKaHWs HA IPaHULAX,
nepuoaudecku BosmyuieHHoro I'P cnosa. Crnenyer
OTMETHUTD, YTO I An ~ 10 npu h = 2,5 MM, k03¢-
(ULMEHTHI TPOITyCKaHUS U OTPaKeHUsl AUPparupo-
BaHHOM BONHBI TiepBoro mopsinka 71y,= 0,01,
R, = 107, Takum 00pazom, st OOJIBLIMHCTBA PErH-
CTPHUPYIOIINX CpPeJl UCIIOJIB30BaHHE MPOITYCKAIOIINX
I'P B pexxume oTpaxkeHHUsI BO3MOXHO JIMIIb TIPH JI0C-
TATOYHO OOJIBIIIOH TOJIIINHE MaTepUaIa.

v, deg v}, deg
90 80
60F .
60
a0 1
30
20F E
0 0
0 1

M e T

e
1

EsTITII,

v i
v
1y 1

04 0.6
An,10°

PucyHok 2.2 — 3aBHCHMOCTH a3UMYTOB HOJISIPU3AIMH TIPOIIEALIer (0TpaKeHHOH ) An(parnpoBaHHON BOJHBI

HysteBoro (y;") uuepBoro (y;") mopszka ot GOTOMHIYIMPOBAHHOTO H3MEHEHHMSI TOKA3aTeIlsl IIPETOMITCHHS

An nipu paznyHbIX TomuuHax ciost A: 1 mm (1), 1,5 mum (2), 2 mm (3), 2,5 MM (4)
(peokcaH, n, = 1,49, ny =n3 =1, Ay = 0,6328 Mx™m, @; =2, Yo = 450)
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Ha pucynke 2.2, a, b, mpeacTaBieHbl 3aBUCH-
MOCTH a3uMyTa MOJSIpPH3aLUM Iporenmeil nudpa-
THPOBAHHOM BOJIHBI HYJIEBOTO g (@) ¥ HEPBOTO
(b) nopsaxa.

3aBUCHMOCTH a3UMYTOB HoJsApm3anuu (W, ;)
IUISL OTPaXKEHHBIX IU(PAarupoBaHHBIX BOJH IIPUBE-
JICHBI Ha pUCyHKe 2.2, ¢, d.

U3 pucynka 2.2, a, cineayer, 4To a3uMyT HOJIsi-
pu3anuu mpomeamei audparupoBaHHOW BOJHEI
HyJIeBOro mopsaka (y,) TpH H3MEHEHHH An OT

0,47-1073 1o 0,8-1073 m3Mensercs oT 0° BIUIOTH 1O
90°. HysneBble 3HaYCHHUS a3UMyTa MOSIPH3ALMH |,
CBSI3aHBI C JOCTIXKEHHEM HYJEBOTO 3HaYeHUs Kod(-
(uLueHTa MpoIycKaHus f, NpU yBeaudeHUu (HoTo-
MHIyIIUPOBaHHOTO W3MEHEHHs IMOKa3aTelsl PeIoM-
JeHust An M IOCTaTOYHO OOJIBIINM OTINYHEM KOd(-
(UIMEHTOB TPOITyCKaHus f, U f;. B cBoIO 04eperns,
a3UMYT TOJSIPH3AlMK  TU(PAarUpOBAHHON BOJHEI
epBoro mopsizika (W;) ABaXKIBI JOCTHIAeT HYJIEBO-

ro 3HaueHus (pucyHok 2.2, b). Ilpu yBennueHun
napamerpa An ot 0,77-10° no 0,82-10° mpu
h=2,5MM a3uMyT NOJSPH3ALNH OTPAKECHHOH JH-
(bparupoBaHHON BOIHBI IEPBOTO TOPSIKA Y, U3Me-

ustercs ot 0 10 90° (pucynok 2.2, d).

3aki0ueHue

HccnenoBanbl 0COOEHHOCTH OPATTOBCKOM M-
(pakuuu cBera Ha ronorpaduueckux (azoBbIX pe-
IIETKaX B IJIOCKOMApAJUICIBHOM CJI0€, IPaHHYaIluM
C TIPO3payHbIMU CPeIaMH, UMEIOIIUMH OTIMYHBIE OT
CJIOSI TIOKa3aTeIH MPEJIOMIICHHS ISl S- U p-TIOJISIpH-
3aluM Tajaromiero ceera. IlokaszaHo, 4To Juist Mpo-
nmyckaronwx ['P BO3MOXXKHO CUMTBIBaHHE TOJIOTPaMM
HE TOJBKO B MPOLICAMNNX NU(PPAKIMOHHBIX TOPSI-
KaX, HO ¥ B OTpakeHHbIX. Ha mpumepe ronorpadu-
YECKOHN Cpelbl «PEOKCaH», NO3BOJIIOLIEH MOIYYUTh
3HAYUTENbHBIE (DOTOMHIYLHPOBAHHBIC H3MEHEHHUS
TIOKa3aTels MPEJIOMIICHHUS CJI0s, UCCIIeIOBaHbl YHEP-
reTUYecKre KOA(PPHUIUCHTH OTPKEHUSI U TPOITYC-
KaHUS JU(ParupoBaHHBIX BOJIH HYJIEBOTO U IIEPBOTO
nopsiika B YCIOBHSX  (DOTOMHIYLIMPOBAHHOTO
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W3MEHEHHs TII0Ka3aTensl IPEeOMIIEHHS Cpedbl |
TONIMHEI ciod. [lokasaHo, 4TO A IAJAIOILETO
JIMHEHHO-MOJIIPU30BAaHHOTO CBETA MPOMCXOAMT 3Ha-
YUTEIbHOE M3MEHEHHE a3MMyTa MOJSpU3aUM Ipo-
LIE/IIEeT0 U OTPAKEHHOTO TU(pParupoBaHHOTO CBETa
MIPY YBEJIIMYEHUH aMIUTUTYAbl (OTOMHIYLUPOBAH-
HOT0 M3MEHEHHs MOKa3aTeNs MPEeToOMIICHUs CIoS U
€T0 TOJIIMHBL
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DOU3HUKA

PEAJIMBALIUA PACYETA HATIPA)KEHHO-AE®OPMHUPOBAHHOI'O
COCTOAHUA CJIOUCTBIX TPYD U3 KOMITIO3UTOB U OITPEJAEJIEHHUE
CKOPOCTH BOJIHBI ITPU TUAPOYJIAPE

B.B. Moxaposckuii, C.B. Kuprunuesa

Tomensckutl 2ocyoapemeenbiii ynusepcumem umenu @panyucka CropuHul

IMPLEMENTATION OF THE CALCULATION OF THE STRESS-DEFORMED
STATE OF LAYERED PIPES FROM COMPOSITES AND DETERMINATION
OF WAVE VELOCITY IN HYDROLIC IMPACT

V.V. Mozharovsky, S.V. Kirhintsava

Francisk Skorina Gomel State University

Pemnraercst 3aja4a KOMIBIOTEPHOH peali3alliyl pacdyeTa HallpsDKEHHO-Ae(pOPMUPOBAHHOIO COCTOSHHUSI CIIOMCTHIX TPYO N3 KOM-
MIO3UTOB M ONpEJIeNeHUs CKOPOCTH BOJIHBI IIPU ruapoyaape. PaccmaTpuBaloTes 1Ba BApHaHTa 3aa4u: TpyOa ¢ BHyTPEHHHUM II0-
KPBITHEM, COCTOSIIIUM U3 (yHKIMOHATLHO-TPAAUEHTHOTO MaTepuaia, i Tpyoa ¢ BHyTPEHHHM IOKPHITHEM U3 KOMIIO3UTA, KOM-
TIO3UT BOJOKHHUCTBIN, COCTOSIIMI U3 MaTPHIBI X BOJIOKOH, MOAYJIb YIPYTOCTH KOTOPOTO OMPENEeNIseTCs 110 IPABIILY CMeceil.

Knrwoueswie cnosa: croucmas mpyoa, QyHKYUOHANLHO-CPAOUSHIMHBIN MAMeEPUai, KOMRoO3um, pymeposannas mpyoa, Hanps-

.’)IC@HHO-()@(!)OP,WMPOB‘CIHHO@ COCmosHue, CKOpocnbs 60J1HbL.

The problem of computer implementation of calculating of the stress-strain state of laminated pipes made of composites and
determining the wave velocity during water hammer is solved. Two variants of the problem are considered: a pipe with an inner
coating consisting of a functionally gradient material, and a pipe with an inner coating of a composite, a fibrous composite
consisting of a matrix and fibers, the elastic modulus of which is determined by the rule of mixtures.

Keywords: laminated pipe, functional-gradient material, composite, lined pipe, stress-strain state, wave velocity.

Brenenne

MHoroneTHssl dKCIUTyaTauus TpyOOIpoBOAOB
Hepas3phlBHO CBsi3aHa C TAaKUMHU SBIICHUSMH, Kak
KOppO3Hsl, yTe4Ka, pa3pbIBbl, IIPEHEOPEKEHNE KOTO-
PBIX MOTYT BBI3BIBATh HPOCAIKU JOPOT U SKOJOTH-
YecKre aBapuy, 4TO, B CBOIO OuYepe/lb, UMEET COLH-
anpHble TocnencTBus. OOCITy)KMBaHHE M PEMOHT
MO3EMHBIX TPYOOIPOBOJIOB YaIlle BCErO MPOBOANT-
Csl ITyTeM M3BJICUCHUS MTOBEPXHOCTHBIX CIIOEB TPYH-
Ta W PAcKOIKH OTKPBITHIX TPAHIICH, yAalICHHUS H3-
HOIIEHHBIX TPyOOIPOBOIOB, 3aMEHBI UX HA HOBBIE U
3aCBIIKA. DTH MPOLENYpbl MOT'YT HaHECTH ymepo
OoKpyXkaromieil cpege. Pemenuem 310l Tpob6iIeMbl
MOT'YT OBITh OecTpaHIIEeHHbIE METOJIbI BOCCTAHOBJIE-
HHS TPYyOOIPOBOJIOB, KOTOpPBIE 3aKJIIOYAIOTCS B pe-
MOHTE CYIIECTBYIOIIUX TPYOOTPOBOAOB 0€3 BBIEMKHU
rpyHTa. OZHUM M3 TaKUX METOZIOB siBisieTcs (yTe-
poBka (texnosnorusi CIPP) nnm meron nmonmumepusa-
UM Ha MecTe TpyOsI [1], mpomecc HCMOIB30BAHUS
KOTOpPOM 3aKiIo4aercs BO BCTABKE IPONUTAHHOM
CMOJIOH TTUTB3bI B W3HOIICHHBIA 3arTyOJIeHHBIN TpPY-
601pOBOJI, PACIIMPEHNE XBOCTOBUKA U 3aKPEILICHHE
€ro Ha MecCTe, UCIONb3Yys yIbTPadHOICTOBBI CBET
WIN JIpyTU€ TEXHOJOTHH (3aKauMBAHUS TOPSYETO
BO3yXa WIM BOAbI). B pesynprare momsyuyaercs Ho-
Bas TpyOa BHYTpH HM3HOIICHHOH TpyObl. TexHonorus
CIPP Obuta BniepBble pazpaboTaHa OpUTaHCKUM HH-
xkeHepoM OpukoM Bynom, B 1971 rogy nomyumna
MexayHapoaHsli ctangapt ISO 9000 [2].

© Mooicaposckuii B.B., Kupeunyesa C.B., 2021

1 ITocTanoBKa 3a1a4M M METOABI pelleHUsI

PaccmarpuBaercst TpyOa TOJIIMHON /1, C BHYT-
PEHHUM IOKPBITHEM TOJILUHON /|, COCTOSLIMM M3
(YHKIMOHAJIBHO-TPAJUEHTHOTO ~ MaTepHana  WiIn
MOKPBITHEM M3 Kommo3urta (pucyHok 1.1). Buyrpu
TpyOBl AEHCTBYET NaBIICHHWE p, BHEIIHEE NaBJIECHUE
PaBHO HYJIO.

HCHOKOCHE

h]_ hZ

Pucynok 1.1 — Cxema pacuera cJIoucTol TpyObI

Heo0xoauMo 1OCTpOUTh pacdeT HarpsKeHHO-
JeopMUPOBAaHHOTO COCTOSIHMSI CIIOUCTBIX TPYO M3
KOMITO3UTOB M OIPENENICHHsI CKOPOCTH BOJIHBI TIPH
THAPOYyZape, a TaKKe Pealn3oBaTh 3TOT pacyer C
TTOMOIITBIO KOMITBIOTEPHBIX TEXHOJIOTHH.

Pacuer HamnpspkeHHO-IE()OPMHUPOBAHHOTO CO-
CTOSIHUS CIIOMCTOM TPYOBI M TIOKPBITUSI MOXHO OITH-
caTb ypaBHEHHSIMH TeopuH ympyroctu. s pac-
CMaTpUBacMOW 33/1a4M 3alHIIeM yYpaBHEHHE PaBHO-
BECHS:
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oc L0 =5%

r — O’
or r
reoMeTpUYecKre U (PU3NUECKHe COOTHOIICHUS:
ou, u
g, =—",g,=—",¢,=0,
or r

o, =2Ge, +M(g, +¢,),
G, =2Ge, + (g, + &),
rie 6=0,,6,,6. U £=

T
€,,8y,€, — KOMIIOHEHTBI

TCH30pPOB HaHpH)KeHI/Iﬁ n z[e(l)opMauMﬁ COOTBECTCT-

BEeHHO; 4, — pajdaJbHOe  IepeMelleHHe;
) 2G,v,
T1ov KO3 UIMEHTH B CIy4ae IUIOCKOTO
i
2G,v,
HAaIPSHKEHHOTO COCTOSIHUS; A, = ——— — K03bdu-
-2v

i
IIUEHTHl B CJIydae IUIOCKOTO Je(OpMHUPOBAHHOTO
cocrosHus; G,, Vv, — MOIyJ]b yIIPyrocTU U Kodbdu-
mreHT [lyaccona cooTBETCTBEHHO.
3amucaB augdepeHnnanbHOe ypaBHEHHE PaB-
HOBecus (ypaBHeHHe HaBbe) B iepeMereHmsx

ou, 1ou, u,
> T 2
or~ ror r
uiieM ero pemienue B Buje [3], [4]:
'=Ar+B,/r,
0, =(2G, +21)4, -2G.B, /1,
o, =(2G, +21,)4, +2G,B. / r*,
rie TMpUHUMaeM HWHIAEKC {= 1,2 A TOKPBITHUS H
TpyOBl COOTBETCTBEHHO, A, B, — K03(hdUIMeHTs!,

:O’

KOTOpbIE HaXOZSTCS U3 CHUCTEMBI FPAHUYHBIX YCIIO-
BUH:
M =—p, 6" =6 ,u" =@ @ =y,

rir=a rir<b Fir<b rir<b rir=b > rir=biin
HOCKOHBKY BHYTPCHHEC IMOKPLITUEC COCTOUT U3
(I)yHKHI/IOHaJILHO—r‘pa[[I/IeHTHOFO Martepuajia, TO CHU-
TaeM, 4YTO IJIA HETO CIIPABECIJIMBO COOTHOMICHUE IJIA

W3MEHEHUS E(r)= E()r[3 ,
-2<B<L2.
[epemertieHrss ¥ HaNpPsDKEHUS! BBIYUCILIFOTCS
1o GpopMyam:
— JIJIS TIOKPBITHS
V= A4r™ +Br™,
o _ 0) o _
Gr - Cllgr + CIZSO -
=C,(4mr™ Ty Blmzr'"z_1 )+ Cp, (4™ s Blrmz_] ),
M _ ) W _
Gy =Cpe, +Cgy =
=C,(4mr™ Ty Blmzr'"z_] )+ C, (4™ s Blrmz_] ),
— 11 TPYOBI

MOIYJsl  YNpPYTOCTH

=Ar+B,/r,
0% =2G,e,® +1,(e, +¢,7) =
=(2G, +2A,)4, -2G,B, / *,
6, =2G,e,” + A, (e, +g,7) =
=(2G, +2A,)A4, +2G,B, / 1*,
20

rae

e (52T ),

v i=v, /(1-v,),
_ E(-v) 5o E,v, 5
A+v)d-2v) 7 (1+v)(1-2v))

B cmywae wuccienoBaHMA — HAalpsDKEHHO-
e opMHUPOBaHHOTO COCTOSIHUSI TPYOBI C BOJIOKHU-
CTBIM TIOKPBITHEM, JJIsI KOMITBIOTEPHOH peann3anun
pacdera CIOMCTOH KOMIO3UTHOW TpyOBI, OyaeM uc-
TI0JIb30BaTh PEIICHHE /ISl OTHOPOIHBIX H30TPOITHBIX
TpyO, KOTOpOe TpeacTaBIeHo B padore [1]:

11

i) p) (i)
u([):_1+v B +2(1—v )C(i)r
r [6) G} >
E r E
~ BY .
0, =—+2C",
r
. B® ,
Ge(') =——+ 2C9,
r

TJIe JUIsl BapHaHTa TPYOBI ¢ TOKPBITHEM
B0 - [XY+YW—XZJ 2
0

Y-Z-W
Y—-Z-W)B,
cv__P XY +YW -XZ
2\ v-z-w
o — pl_ X+Y X+Y
2\ -z-w)p?
o B2+
Tl +pirT T T i o
Bg (i) 1+ V(i) (i) 1_V(i) r{f(}je)laﬂ
:ﬁ’q) TR0 = EO By ==
1 6Hymp
JUTS BapraHTa TPYObl 0€3 TOKPBITHS
P 72 ___ P
T1-p E T B
B,=n'n,

TI€ 7, ¥, — BHyTPEHHUN U BHEIIHUN PauyChl TPyOBI.

JI1s1 TOKpBITHIT U3 KOMIIO3UTOB CTPOUM peEllIe-
HHE, CUUTasl, YTO MOJYJb YIPYroCTH U KO3 PHLH-
eHT IlyaccoHa BBIUMCISIOTCS IO IIPaBUILy CMECEH:

E =vE +(1-v)E ,
v,=w,_ +(1-v)v,,
rne E, ,E, — MOIynM yHnpyrocTH BOJIOKHA M MaT-

punbl COOTBETCTBEHHO, V,,V, — KO3(1)(1)HHI/I€HTI)I

[Tyaccona BOJIOKHA W MaTpHIBI COOTBETCTBEHHO, V —
00BEMHOE COZIEp’KaHNE BOJIOKHA.

[Ipu pacuere wiam MomenHpOBaHWUU IPPEKTOB
THIpOyiapa OAHUM U3 KIIOYEBBIX IapaMETPOB SIB-
JISIETCST CKOPOCTh BOJIHBI C. JIjIs BBIYMCIICHUS CKOPO-
CTU JIBIDKCHHS BOJIHBI IIPHU THIPABINYECKOM yaape
UCTIONb3YyeM paBeHCTRO [1]
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Pemumuu}l pacuema Ilanp}l?fCellll0-()@470]7/”14[706(1/[”020 COCMOAHRUS CIOUCMbLX mpy6 U3 KOMnosumos u onpe()e/lenue CKopocmu 60JIHbL ...

_ / K/p
N1k
rie Ku p — k03¢ ¢unneHr o0beMHOH yIIPyrocTH U
TUIOTHOCTh pPaccMaTpUBaeMOM JKHIIKOCTH COOTBETCT-

BCHHO, 371€Ch Q AT ciryvdast pr6BI C MOKPLITUEM
OIPCACIIACTCA 1O 3aBUCUMOCTHU

) q)m_i XY +YW - XZ
E\ Y-z-w )/
JUIs CIy4ast TpyObl 6€3 MOKPBITHS
2 1+8,°
a-2(y, 107
EZ I_Br

B [1] mpeacrasieHsl 0oJiee MOAPOOHBIN aHAH-
THYECKUN BBIBOA U omnucanue Gopmyibl. B mutepa-
Type MOXXHO HAalTU aHajau3 KBa3UCTaTUYECKOU U
YaCTOTHO-3aBUCHMON BOJIHOBOIl CKOPOCTH BO3MY-
IICHUH MOTOKA B TpyOaX s KECTKHX, YIPYTHX U
BSI3KOYIPYTHX CTEHOK TpyO. OO30phI, YUHTHIBarO-
IIMe B3aMMOICHCTBHE KUAKOCTH U CTPYKTYPHI (pac-
cMaTpuBas BOAY KaK CKUMAEMYIO KHIKOCTH) MOX-
Ho Haiitu B [5]-[8]. Bonee moapoOHEIi 0030p MOXKET
OBITH HaliieH Takke B [9].

2 Peanu3zanusi pacyeToB HANPSKEHHO-
Ae()OpMHPOBAHHOIO COCTOSTHHS CJIOUCTBIX TPYO

Hcnonp3ys BblllI€ NPUBEACHHYIO TEOPHUIO, pa3-
paboTaHbl ITOPUTMBI W TNPOTPaMMbl pacyera Ha-
NpsHKEHHO-e(OPMUPOBAHHOTO COCTOSIHUSL TPYO ¢
BHYTPEHHUMH TIOKPHITHSIMH M3  (YHKIHMOHAJIBHO-
TPaIMeHTHOTO MaTepuaja U KOMIIO3HUTa, COCTOsIIe-
TO U3 MaTpUIbI ¥ BOJOKHA. /Il TeCTUpOBaHUS MPO-
rpaMM pacueTa 10 JaHHOW METOJHMKE HCIIOIb30Ba-
JMCh TEOMETPHUYECKHE M MEXAaHWYECKHE JaHHBIC U
pe3yNbTaThl PAcUYeTOB HANPSIKEHHOTO COCTOSHHS U
CKOPOCTH JIBM)KEHMS BOJHBI AJSI OJHOPOIHOH Tpy-
ObI, mpuBeIeHHBIE B padoTe [1].

[TpuHsTH cienyromme reoMeTpudeckue 1 Qu-
3UKO-MEXaHUYECKHE XApPaKTEPUCTUKU HCCIIEeLyeMOit
CHCTEMBI TPYOBI M IOKPBITHSL.

0,019

0,016

. MM

u

0,me3
0 O 1B2 ] euiues S SO, N SUIPIONS s SR ey

1y 7 Ty . - SO - SO - iy S S S

ol 13- ST R EE B N et PR TRt ETTET FUETET SECETE ETEE
001644 -----r-----1-==-~ '_"_",'._

147 148 149 150 151

Tpyba: maTepuan — craib, MOLYJIb YIPYTOCTH
E =210 I'Tla; koappunment Ilyaccona v = 0,3; Toun-

muHa A, = 6 MM.

IMoxpeiTHe: MaTepuan — CTEKJIOIUIACTHK, MO-
Ayis ynpyroctd BojokHa £, =71 I'Tla; monyns

ynpyroctu Matpunsl E = 3,5 I'lla; xoadduuuent
ITyaccona Bonokna v, = 0,22; koadunuent Ilyac-

coHa Marpunpl v, =0,38; TommuHa A =3 MM,
MIPOLEHTHOE COJAEpKaHKe BOIOKHA cocTaBisieT 30%.
BuyTpennuii paguyc 7, = 147 mm, cpenHuil paauyc
r, = 150 MM, BHemHUNA paguyc r, = 156 Mm.
Buyrpennee nasnenne p,,. =1 Mlla, Buemu-

Hee pasnenue p, . = 0 MIla.

ITporpammel pacdera, 10 BBIIICONMCAHHBIM aJlI-
rOpUTMaM, IO3BOJISIOT MONYYUTH 3HAYEHHS Iepe-
MEILEHNH U HaIllpsHKEHUH B 1000 TOuke TpyOBl M
MTOKPEITHS B TaOMUYHOW M rpadudeckoit ¢popmax, a
TaK)Ke CKOPOCTh IBWIKCHUS JKHUIKOCTH BHYTPH TpPY-
6omnpoBoaa. I'paduku 3aBHCHMOCTEH TEpEeMEICHUI
u,, HAOPSDKEHUH ©, W HalpsDKEHUH G, MOKa3aHbI

e
Ha pucyHkax 2.1-2.3 cooTBeTCTBEHHO (a — TpyOa ¢
MOKPBITHEM K3 (YHKIHOHAIBHO-TPAJUEHTHOTO Ma-
Tepruana, 6 — Tpyda ¢ MOKPHITHEM W3 KOMITO3UTA).
Takxke NPeACTaBISAETCS BO3MOXHBIM HCCIEIOBATh
BJIMSIHUAE HAJIMYUS MOKPBITUS U3 KOMIIO3UTA BHYTPH
TpyOONpoBOAa Ha HAaIpPsHKEHHO-IeGopMUpOBaHHOE
cocrosinue TpyObl. Ha pucynkax 2.1, 65 2.2, 65 2.3, 6
BEpXHMH TpaduK ONIpeneiseT 3aBUCUMOCTH IS
TpyOBI 0€3 MOKPBITHA, HIKHUI rpaduK — AJIsl TPYOBI
C IIOKPBITHEM.

HccnenoBaiock BiIMSHHE TPOLEHTHOTO COZEP-
KaHHS BOJOKOH B TIOKPBITHM Ha HaIlpsHKECHHO-
nehOPMUPOBAHHOE COCTOSIHHE TPYOBI C MOKPBITHEM
W3 KOMIIO3UTAa, OCHOBHBIC PE3yNbTaThl OTPAXKCHBI B
tabmume 2.1. PaccMaTpuBanmchy pa3nndHble BapHuaH-
THl TONIUMH TIOKPBITUS U TPYyObl: A =3 MM,

hy=6mMmu b =6MM, h, =3 MM.

0,0134
0,0182

0,0176

U, , MM

0,0174

0,0172

147 148 149 150 151 152 153 154 155 1%

r, MM

2

0)

Pucynok 2.1 — I'pauxu 3aBUcUMOCTell epeMeleHuit 1, OT r
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c,, Mlla

EAE EEEELIELEELE LEELEE pm - fi===== ------ ' ------ ' ------ Ff--- ) T S e
-0,2 : . - ) | S | S N ,,_, \ ......
T e SR SR B R, G S 03 8
B e R TR L TP PR ------ ----- ------ ------ 5] 04 = e ==
08 N R - S sl
: / ; : : b g ‘ R
09 : ! 5 : : : : f : : :

4 S S S S ¥ oo
147 148 149 150 151 152 153 154 155 156 147 148 149 150 181 152 153 154 155
r, MM ’, MM
a) 0)

z|..... TR .
20 ; : : : ; ; :
18 ; Z ; e : :
S 16 ; Z Z memssoer ' E
E O S R T : | S
12 : : : : 3 : : : :
o [N e e I T S S : : : :
b = : : : 2 : ; | ; : :
3 i : : : : : | | E |
4 : : : : : : : ; E ;
o - T - e e Lo
|]1-171" 1;8 1-:19 150 151 1.‘:.\2 15:.~3 15:4 155 147 1‘;3 149 150 151 152 153 1I54- 158 156
¥, MM r, MM
a) 0)
Pucynok 2.3 — I'paduxu 3aBUCHMOCTEH HANPSKEHUH G, OT 7
Tabnuna 2.1 — HanpsbkeHHO-1e)OpMUPOBAHHOE COCTOSIHUE TPYOBI C MOKPBITHEM U3 KOMITO3UTA
g r
‘E g r 7o =147 Mm =150 vt | 71 = 153w 7, =156 Mm
§§ hy,h, hi =3 MM hy =6 MM hy =3 Mm hy =6 MM hi =3 MM hy =6 MM
8 g |u,, 0,0, hy = 6 MM hy =3 MM hy =6 MM hy =3 MM hy = 6 MM hy =3 MM
U,, MM 0,0189 0,0375 0,0180 0,0355 0,0178 0,0353
0 c,, Mlla -1 -1 -0,9788 -0,9418 0 0
G, , MIla 0,0703 0,5135 0,0491 48,5079 23,9904 47,5661
U,, MM 0,0177 0,0321 0,0174 0,0314 0,0172 0,0312
20 c,, Mlla -1 -1 —0,9465 -0,8321 0 0
G, , MIla 1,7017 3,3678 1,6482 42,8557 23,1987 42,0236
U,, MM 0,0168 0,0272 0,0166 0,0267 0,0164 0,0266
50 o, , MIla -1 -1 —-0,9019 —0,7083 0 0
G, , MIla 3,9565 6,5877 3,8583 36,4797 22,1045 35,7714
U,, MM 0,0163 0,0247 0,0161 0,0243 0,0159 0,0242
70 o, , MIla -1 -1 —0,8744 —0,6443 0 0
G, , MIla 5,3451 8,2501 5,2194 33,1879 21,4306 32,5435
U,, MM 0,0155 0,0217 0,0154 0,0214 0,0152 0,0213
100 o, , MIla -1 -1 —0,8361 —0,5675 0 0
G, , MIla 7,2761 10,2481 7,1123 29,1731 20,4934 28,6638
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Peaﬂumuu;z pacuema Ilanp}l?fCellll0-()@470]7/@”4[706(1/[”020 COCMOAHRUS CIOUCMbLX mpy6 U3 KOMnosumos u onpedeﬂenue CKopocmu 60JIHbL ...

Tabmuua 2.2 — CKopoCTb )KUAKOCTH BHYTPH TPYOBI C TIOKPHITUEM M3 KOMIIO3UTa U TPYOBI O3 MOKPBITHS (M/C)

CopeprxaHne BOJIOKOH, %
Tpyba n, v 2, MM 0 20 1r s0 | 70 | 100
Tpy0a 6e3 0 6 2,0170
MOKPBITHS 0 3 1,4237
Tpy6a c 3 6 1,9714 2,0364 2,0918 2,1262 2,1762
OKPBITHEM 6 3 1,3995 1,5124 1,6444 1,7260 1,8415

Jns  1aHHBIX TEOMETPUYECKHX U (HU3HKO-
MEXaHMYECKHX XapaKTePUCTUK, NPUHSB IUIOTHOCTb
JKMIKOCTH BHYTpH TpyOompoBoga p = 1000 kr/m’ u

ko3 duiment ooveMHoi ynpyroctu K =2140 Mlla,
U3MEHEHHSI CKOPOCTH >KHIKOCTH BHYTpHU TPYOBI €3
HOKPBITHS U TPYOBI C MOKPBITUEM B 3aBUCHMOCTH OT
TOJNIIMHBI TOKPHITUSL /, M TOJIIUHBI TPyOBI A,

Npe/ICTaBIeHbI B TaduLe 2.2.

Kax BugHO U3 MaHHBIX TAOIMIEI 2.2, HATHYHE
MU y4eT TeOMETPUYCCKUX U (PHU3MKO-MEXaHHUYCCKHX
XapaKTEPUCTHK BHYTPEHHUX IMOKPHITHH TPYyOOIpo-
BOJIOB MOXKET CYIICCTBEHHO BIUSATH HA CKOPOCTH
JKUJIKOCTH BHYTPH TPYOOIIPOBOIOB.

3akjrouenue

[IpuBeneHHble B JAHHOM CTaThe MOAXOMA U pas3-
paboTaHHas METOAMKA TTO3BOJIAECT BHIOMPATH KOMITO-
3UTHBIA MaTepHall IJIsl IOKPBITHS TP BOCCTAHOBIIS-
HUM DKCIUTyaTallMOHHBIX CBOMCTB TpyO C ABHKY-
HleﬂCﬂ KUIKOCTBIO, y‘-II/IT])lBaTI) paCC'-lI/lTaHHOC Ha-
PSHKESHHO-1e()OPMHUPOBAHHOE COCTOSHHE B MOKPHI-
THU B CKOPOCTh JBIKCHHS BOJIHBI B 3aBUCUMOCTH OT
CTCIICHU apMHUPOBAHUS MOKPHITUS W (YHKIIMOHAIH-
HO-TPAJIMCHTHBIX CBONCTB MaTCPHAIIOB.
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DOU3HUKA

VK 539.3

OCECUMMETPHUYHOE HATPYKEHUE KPYTJIOU ®PU3UUYECKHU
HEJUHEMHOM TPEXCJOMHOM IIJIACTUHBI B CBOEM IIJIOCKOCTH

A.B. HectepoBuu

Benopycckuii 2cocyoapcmeennulii ynusepcumem mpancnopma, I omens

AXISYMMETRIC LOADING OF A CIRCULAR PHYSICALLY
NONLINEAR THREE-LAYER PLATE IN ITS PLANE

A.V. Nestsiarovich

Belarusian State University of Transport, Gomel

VccnenoBaHbl epeMenieHns B KPyTiiol (pU3HYecKH HETMHEHHON TPEXCIOMHOI MIaCTHHE MPH 0CECHMMETPHYHOM TEPMOCHIIO-
BOM Harpy>K€HHH B CBOEi MIOCKOCTH. J{/isi TOHKMX HECYLIMX CJIOEB HCIIONB3YIOTCS COOTHOIICHUSI TEOPUH MAajbIX yNpyToILia-
cTudeckux aedopmarnuii. OTHOCHTENIBHO TOJICTHIN 3alONHUTEINb SBISCTCS (PU3MYECKH HEIMHEWHO ympyruM. PacmpeneneHnas
Harpyska 3aBHCHT OT paJHaJIbHON KOOPIMHATHI U IPHIOKEHA B CPESIMHHON INIOCKOCTH 3allOJHUTENs. [IpUBEREHBI CHCTEMbI
i depeHIanIbHbIX YPaBHEHUH PaBHOBECHS B YCHIIMAX H B IepeMeIIeHUsIX. [ pelnenus KpaeBoi 3a1au IPEIosKeH METO
UTepanuii, OCHOBaHHBIH HAa METOZE yIPYyrux pemenuii Mnpiommua. [IpoBeneHa urclieHHast ampoOamisi MOTy4YeHHOTO PEIICHHS.

Knrouesvie cnosa: Kpyenas mpexc,wz}l-m}z niacmuna, nepemewjerusl, ocecumMmempuinoe pacmsidxcenue-cocamue, niacmud-
HOCmb.

The displacements in a circular physically nonlinear three-layer plate under axisymmetric thermal force loading in its plane are
investigated. For thin bearing layers, the relations of the theory of small elastic-plastic deformations are used. A relatively thick
filler is physically non-linearly elastic. The distributed load depends on the radial coordinate and is applied in the median plane
of the filler. Systems of differential equations of equilibrium in forces and in displacements are given. To solve the boundary
value problem, an iteration method based on the Ilyushin elastic solution method is proposed. The numerical approbation of the

obtained solution is carried out.

Keywords: round three-layer plate, displacements, axisymmetric tension-compression, plasticity.

Beenenne

B Hacrosimee Bpemsl IIMPOKO MNPUMEHSIOTCS
KOMIIO3UITMOHHBIE AJIEMEHTHl KOHCTPYKIHH, B TOM
yucie TpexcioiHble. K Marepumanam ux cocrtas-
JAIOMAX TPEIBABIAIOTCA TPeOOBaHUS MO HKOHO-
MUH, YMEHBIIIEHUHN Beca HJIEMEHTOB C COXPaHCHHEM
TpeOOBAHUH ITO MPOYHOCTH U KECTKOCTH.

JedbopMHUpOBaHUIO TPEXCIOHHBIX 3JICMEHTOB
KOHCTPYKLM NOCBSIIIEH psijt myOnukanuid. B MoHo-
rpadusix [1]-[3] npuBeneHbI MOCTAHOBKH KPAaeBbIX U
Ha4yaJlbHO-KPAeBbIX 3aJ1ad U METOAbl MX PELICHMUS.
Kouebanus TpexcinoiHbIX MIacTHH U 000JI09eK pac-
CMOTpEHBI B cTaThsx [4]—[7]. s BA3KOyIpyroma-
CTHYECKUX LIIMHAPUIECKUX OO0OIOYEK HCIOIB30-
BaHBl HACIICICTBEHHBIC COOTHOIICHHUS TEOPUH Ma-
JBIX yOpyTomiacTuieckux aedopmanmid. Pezonanc-
HBIE KOJIOAHUS TPEXCIOMHBIX KPYTOBBIX IUIACTHH
PacCMOTPEHBI C yYeTOM BO3ACHCTBHS YIPYroro oc-
HoBauwus [8], [9].

B pa6orax [10]-[13] npuBomutcs nehopmupo-
BaHUE TPEXCIONHBIX KPYTOBBIX M MPSIMOYTOJBHBIX
IUIACTHH CO CXKHMMaeMbIM 3amnonHuteneMm. Onpene-
JIeHWe Hecylleld croCOOHOCTH BOJIOKHHUCTOM Tpex-
CJIOMHOM KOMITO3UTHOW KOJIbLIEBOM IUIACTUHKU U
HEOCECHMMETPUYHASI TMOTEps YCTOHYMBOCTH MpHU
OCeCHMMETPHYHOM HArpeBe KPYIJIOH IIaCTHHBI
paccMmaTtpuBaercs B ctatbsax [14], [15]. B my6mu-
kamuax  [16]-[19] mnpuBomsaTCsT  MCCIEAOBAaHUS

© Hecmeposuu A.B., 2021
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HaIpsDKEHHO-1e()OPMUPOBAHHOTO COCTOSTHHSI TPEX-
CIIOWHBIX LWIMHIPUYECKHX OOO0JO0YEK W CIIOMCTHIX
IUTACTUH TPH HM30TEPMUYECKHUX U TEPMOCHIIOBBIX
KBA3HUCTATHUECKUX HArPy>KCHUSX.

AHanUTHYECKHE W YHCICHHBIE PE3yJbTaThl II0
OCECHMMETPUYHOMY J1e(OPMUPOBAHUIO TPEXCIIOH-
HBIX IUTACTHH, CBS3aHHBIX C YNIPYTUM AByXIapamerT-
pudeckuM ocHoBaHueM IlactepHaka mpHUBOAATCSA B
ctatbax [20]-[22]. IlocTaHOBKa U BBIBOJ ypaBHEHUI
paBHOBECHUS] KPYIJIBIX TPEXCIOWHBIX IUIACTHH IPH
OCECUMMETPUYHOM U HEOCECUMMETPUYHOM JIMHEH-
HOM JIe()OPMHUPOBAHHUU B CBOEH IUIOCKOCTH OITyOIIH-
KOBaHHbI B cTaThsx [23]-[29].

B mpemmaraemoit pabore mnpuBeneHa MOCTa-
HOBKA M pEIIEHHE KpacBOH 3ajaun 00 OcecHMMeET-
PUYHOM TEPMOCHIIOBOM HArpyXeHHH Kpyrioi ¢u-
3UYECKU HEJIMHEWMHOW TpexciaolHou miactunbl. [lo-
JIydEHBI aHAINTHYECKNE U YUCIICHHBIE PE3YIIbTaThI.

1 IlocTanoBka KpaeBoii 3a1a4m

PaCCManl/lBaeTCﬂ CUMMCTPHUYHAs 1O TOJIIUHE
KpyroBas (U3MYEeCKH HEJIMHEHHAas TpexcIohHas
IUTaCTHHA PaJyCcoOM F, COCTOSIIIas U3 JBYX TOHKHX
HECYIUX CJOEB TOJIIMHOW /iy =/, M TOJICTOTO He-
C)KMMaeMoro 3amonnurenss h; = 2c¢. IloctaHoBka
3aJayl MPUBOAMTCS B MOJISAPHOHW CHCTEME KOOPIH-
HaT (7, ®), KOTOpas CBSI3BIBACTCS CO CpPEAMHHON
IUIOCKOCTBIO 3aNOTHATENS (pUCYHOK 1.1).



Ocecummempuynoe nazpyxcenue Kpy2nou usuiecku HeauHetnol mpexcaouHou niacmuHsl 6 céoeti Ni0CKOCHu

u (r,0)

CpelMHHas
IUIOCKOCTh
3aTOIHUTENS

Pucynox 1.1 — PacueTtnas cxema

K cpeanHHOMN MIOCKOCTH MPUI0XKEHA BHEIIHASA
pacrpesneneHHas Harpyska, IPOEKIMH KOTOpOil Ha
0CH KOOPIMHAT: p(7), pe(r). VickoMble paananbHble
W TaHIeHIUaJbHbIE IepeMeIeHns] 0003HadaroTCs
yepes u(r), uy(r). IlpuHUMaeTcs, 4To Marepuasl
HECYIIHUX CJII0EB MOTYT HPOSABIATH YIPYTOIIacTHIe-
CKHE CBOMCTBA, 3alI0JIHUTENb — HEJIMHEWHO YIPYTH.
YuTeHo BO3[EHCTBHE OIHOPOJHOTO CTAIIMOHAPHOTO
TeMIieparypHoro nois 7.

CBsi3p HaNpsDKEeHUH © aedopManuii B CIIOSX
OIMUCBIBACTCA COOTHOIICHUAMU TCOPUU MAJIbIX YII-
pyromiactTudeckux aedopmarmii [1]:

s =26, (T)(1-0, (e2,7))5) (@=r.0),
o“>:35;(TMg“N-a?AT) (1.1)
(Q,B:I’,(p; k: 1’293)’

— AC€BUATOPHBLIC YaCTH TECH30pPOB Ha-

npsxenuit u pepopmanmii; o, g*

k k
rae sy, oY

— IIapoBBIE
COCTaBJISIFOLIME TEH30POB HANpPsDKEHUH U nedopma-
muit; G, (T), K, (I') — Moynu cIBUra u o0beMHOH
nedopmanmu Martepuana k-ro cinos; AT — mpupa-
IIEHHE TEMIIEPATypbl, OTCUUTHIBAEMOE OT HEKOTOPO-

ro HauyanbHOro 3Hauenus 7,; o’ — kodpuument

JUHENHOTO TEMIEepPaTypPHOrO paciupeHus;

o, (S(MI‘),T ) — ¢ynkuuy nnactudHocT Miprommuza

MaTepualioB HECYIIHX CIIOEB (cok (eff‘),T)zo npu

u o

3
g® Ss(y"’(T)); (,03(8() T) —  yHHBepcalbHas
(hyHKIMA  (QU3MYIECKON HETMMHEHHOCTH MaTepuaa

3aIIONIHUTENS (m3 (8(3) T):O npu g Sag‘)(T));

u 2

" o _
Sy He(l)OpMaHI/IOHHI)II/I npeﬂen TequeCTI/I MaTe

(k)

PHAJIOB HECYIUX CJIOCB; £~ — HPCACII (1)I/I3I/I‘I€CKOI71

(k)

u

HEIIMHEHHOCTH MaTepuraja 3al0JIHUTEIIA; € — HH-

TEHCHBHOCTH Ae(opmMartuii
2 2 2
k) _2 () (k) (k) o (k) *)
g, —5\/(8%0) +<8N4 ) =&, €40 +3(8np) .
C moMoIIbI0 KOMIOHEHTOB TEH30pa HampsiKe-

Huit (1.1) BBomsATCS 0000IIEHHBIE BHYTPEHHHE CHUIIBI
B miactune [23]:
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3 3 3
_ *) _ ® g _ (k)
Tp=2 Ty _chaﬁ dz =2 ouh, (1.2)
k=1 k=1 jy k=1
(o, B=r,9),
rae cﬁfg — KOMITOHEHTHI TEH30pa HANpPSDKEHWH B
k-oM cioe.

Cucrema muddepeHInaNbHBIX — yYpaBHEHUH
paBHOBecHsI B OOOOIIEHHBIX BHYTPEHHUX YCHIIMIX
JUIS YIOPYTOil KpYyIJIOf TpeXCIONHON MIacTUHBI Cle-
nyet u3 npuHnuna Jlarpamka [23]:

1
Z‘r’r—‘r_(]-;r_T(p(p):_prﬂ

2 (1.3)
T, ,,+—-T, =-p,,

r re p‘D

reor

rae T, — BHyrpenHue cuiosbie paxropsr (1.2);

3amsTass B HIDKHEM MHIEKCE O3HAa4yaeT OIepaluio
I pepeHIUPOBaHUS IO CIEYIOMeH 3a Hel Koop-
JMHATE.

BreirenmM nuHeHHYI0 (MHAEKC «e»), HeNUHEH-
HyI0 (MHAEKC «®») U TEMIIEPaTypHYIO (MHIEKC «1»)
COCTAaBJISIFOLIME B KOMIIOHEHTaX TEH30pa HAIPSHKEHHUI:

(k) _ (k) (k) (k)
Cua = O%uoe " Ouaw ~O; >
(k) _ (k) (k) — =
GCup = Oupe ~Oupo (O(, B =7 0; k=1,2, 3)’

rac cilaracMaiC HaHpH)KeHVIfI BBIpAXarOTCA Ye€pe3

(k)

nedopmanuu €4p

aoe

o® :(Kk(T)+§Gk(T)J822 +

2
+(Kk (T)_EG" (T)JSE?,
o) =2G,(T)w, (SLk),T)(SZZ —a“‘)),

[edeia]

(k) _ (k) _ (k)

Crpe =5, =2G, (T)sw ,
(k) _ (k) (k)
0,00 = 2G; (T)mk (Su ,T)z-:m) ,

*) _ ()
0, =3K,(T)oy'T.

Brytpennne ycunus B tumacture (1.2) Taxke
MPEACTABISAIOTCA B BHUJE CYMMBI JINHEHHOW, HEJH-

HEWHOI U TeMIEpaTypHOM yacTei:
3 3

Ty =2 Tl = 2T =8, 2.7, =

3
k=1 k=1 k=1
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= ape _ToLBw _841[57; =
3 (k) 3 (k)
= ZJGQBHdZ—ZJGQBde—
k=1 Iy k=1 Iy

, (1.4)
38,5 > o [ K, (T)AT dz.
k=1 Iy
rae d,, — cumBobl KpoHekepa.

IMoncrasus ycwms (1.4) B ypaBrenus (1.3),
MOJIy4uM cucTeMy IuddepeHnnansHpIX ypaBHEHUH
paBHOBeCHS] B YCHWIIMSIX ISl KPYTOBOH (DH3MYECKH
HEIMHEWUHON TPEXCIOMHON IUIACTUHBI IIPU OCECHM-
METPUYHOM Je()OPMHUPOBAHHH:

T+ (T =T ) ==, P

2
T +-T =—Py + Poo-

ree’r roe
r

(1.5)

B neBoit wactu ypasrenuii (1.5), kotopas co-
JEpKUT JUHEWHBIE COCTaBIIOMINE OOOOIIEHHBIX
BHYTPEHHUX YCUJIMH, HIDKHUH HHIEKC «e» B Iallb-
HeiilleM omyctuM it ynoocrsa. [lepexons k 6e3-
pasMepHOIi paanaibHOH KOOpAMHATE X =r/r, cHC-

temy (1.5) mepenmiem B Buze

T,,, +%(7:4‘ _Zutp) = (_pr +prm)r07

T yss +%Tw = (=P + Poo ) -

(1.6)

Henuneitaple m00aBKku (MHIEKC « ®») 37€Ch
BBIHECEHBI BIPABO:

1 1
Do = _(T;‘rm’x +;(Trrus _Tww )j,

1 2
pnpu) :_[T;‘(pw’x-'_;];(pwj' (17)

TemmepaTrypHble COCTABISIONIAEC B CHUCTEME
(1.6) OTCYTCTBYIOT, T. K. TeMIiepaTypa MOCTOSIHHA U
MPOU3BOJHBIC OT HEE pPaBHBI HYIIO, a B IIEPBOM
YpaBHEHUH OHU B3aUMHO COKPAIAOTCSI.

Ha xoHType mimacTuHBI X = | JOJDKHBI BBITION-
HATHCSI CHJIOBBIC YCIOBUSI:

7;/‘ = 71/? +T T‘(p = Z?p +7:‘¢Am’ (18)

e’ 7

re T°

et T,,?P — 3a/IaHHbIE BHEIIHHE KOHTYPHBIE
ycunusi.

IToncraBus Bo BHyTpeHHHE ycunus B (1.6) Ha-
npsbkeHus (1.1) u BeIpa3uB B HUX JIeopMaluy ye-
pe3 mepeMmelieHus u,(r), uy(r) Mociae HEKOTOPBIX
npeoOpa3oBaHui, MMOJIYYHM CHUCTEMY M3 JIBYX HEIHU-

HEeWHBIX U (hepeHINATBHBIX YPaBHEHHUH.
2

u u ¥
rox r 0
ur’xx—‘r __2__(_pr+prm)’
X X a
Ugs Uy r02
Upsy + __2:_(_P¢+Pq>m), (1.9)

X X a
rae a; — Kod(pQUIMEHTBI, OIpeIeAOIIUecs Yepes

TEOMETPUYECKHE U YIPYTrHUe XapaKTEpPUCTHKH Mare-
pHAIOB CIIOEB
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0, = iI(Kk(n>+§Gk<n>jdz,

k=1 p,

3
a, =Y [ G(T,)dz.
k=1 jy

3aMeTnM, TeMIeparypa 3/eCh YUHTBIBACTCS
BIMSHHEM Ha BEIMYMHY MOJYJIEH yNpyroctu mare-
pHAIIOB CIIOEB.

KpaeBas 3agaya i KpyroBoi (pu3n4ecku He-
JIUHEWHOU TPEXCIOMHOI IIaCTUHBI IPH OCECUMMET-
PUYHOM Harpy>KeHWU 3aMbIKaeTCsi NOOaBJICHUEM K
ypaBueHusiM (1.9) cunoBsix (1.8) mnm kuHEMaTHUE-
CKHUX IPaHMYHBIX YCIIOBUI Ha KOHTYype (x = 1).

2 Pemenne KpaeBoil 3aJa4yW NPH OCECHM-
MeTPUYHON HATpYy3Ke

Cucrema muddepeHIHATPHEIX  ypaBHEHHN
(1.9), omuceiBatoinas aehopMUPOBAHUE KPYTOBOU
(Gu3NUYeCKH HEITUHEHHOW TPEXCIONHON IJIaCTHHBI
IIPU OCECHMMETPUYIHOM HATrPYKEHHH, SIBIAETCS He-
nuHeHHoU. [TomyunTs ee aHAIMTHYECKOE pelleHNE B
KOHCYHOM BHJC HC IMPCACTABIACTCA BO3MOXKHBIM.
IMosromy st pemicHHs HEOOXOAMMO MPUMEHSITH
MIPUOJIMKEHHBIE WM YHCIIEHHBIE MeTonbl. B nmamb-
HEHIIEM UCMONb3yeM METOA IOCIEA0BaTENbHBIX
MIpUOIIKeHNH, 0a3nUpPyIONIMHCS Ha METOJE YIPYTUX
pemrenuii WinprommAa. OTO TO3BONAET HAa KAXKIOM
mare WTEpalyy peIIeHHe 3a7a4d s (PU3HUECKH
HEJMHEMHON IUJIACTUHBI CBOJUThH K PEIICHUIO Kpae-
BOHM 3aJauM Ul COOTBETCTBYIOLIEH ynpyrou Tpex-
CJIOMHOM IJIaCTHHBI.

VYpasaenus (1.9) cormacHO MeTony ympyrux
pemefmﬁ NepenrcbiIBa€M B UTCPALIMOHHOM BUIEC:

(n) (n) 2
n ur ox ur 7t n—
w2 = g pl ),
X X a,
(n) (n) 2
(n) u‘P X u(P :i _ (n-1)
Uo o T = — T az( Dot Poos ) (2.1)

rJie 7 — HOMEp NPUOIHKCHUSL.

JIONONHUTENbHBIE «BHEIIHKE» HArpy3KH Ha
MEPBOM IlIare¢ WTEpPAIMK TMPUHUMAIOTCS PABHBIMH
HYJIIO, 2 B JAJIbHEUIIIEM BBIYMCIISIOTCS 110 pe3yJsibTa-
Tam TPeIbIAYIIEro MPUOIMKEHHs ¢ TIOMOIIbI0 (op-
myn tamna (1.7):

P = L(Tgnl) ) +1(T<n—1> _ gt ))
X

ro e ol

n— 1 n— 2 n—
po," =—[T,im“,, +T, “j, (2.2)

rac

oo

3
k=1 Iy k=1 Iy

= 223: I G, (7;( )O)k (gf,k)(nil) > T, )3212(”71)012 -
i

k

3
=> [olldz=3Y o [ K, (T,)AT,dz =
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3Za“‘>jl< (THAT,dz (o.=r, ),

3
1) =3 e =2 J ol ez

k=1

-23 (6, (1)

k=1 Iy,

k

O‘)k( )(nl)T) nl)dz

Takum 00pa3oM, Ha KaXKJOM IIIare MpHOJHKe-
HUSI UMEeM JIMHEWHYIO 3a/1auy TEOPUHU YNPYTOCTH C

(,,, 1) (n 71)
JOOMOJHUTEIbHBIMA Pro > Poo

«BHEUTHAMI» Harpy3kaMu (2.2), BEIYUCISICMBIME 110
pe3yibTaTaM MpeAbIIyIIEero MPHOTKCHHS.

Pemenne cucremsl (2.1) momydeHO MeTOIOM
MPSIMOTO I/IHTCFpI/IpOBaHI/IH

ul = :)x .([xj!j( p.—p )dxdx

1

HN3BCCTHBIMU

2 x x
ul” = Cg")x—a% ! x.([( P~ Pl )dxdx. (2.3)

[TpuHMMaeM rpaHUYHBIE YCIOBUS 3aKPETICHUS
KOHTYpa IUIACTHHBI — JXKECTKasl 3a/IeNIKa WM IIap-
HUpHOE ommpaHue. Torma Ha KoHTYpe (x = 1) momK-
HBI BBIITOJHATECS YCIOBUS

ur(1)=0, u, (1)=0. 2.4)
[Tocne moncTanoBKH pemieHus (2.3) B yciaoBus
(2.4) monmy4nM KOHCTaHTHI HHTETPUPOBAHUS

")=§J:x‘:[(p, P )dxdx

cl ::li.l[xj‘(pRD p(pm )dxdx
20

0

3 UncieHHbIe pe3yabTaThl

Yucnennas anpobanus pernenus (2.3) mpose-
JleHa JUIsl KpYTJIOH TPEXCIOMHOM IIACTUHBI €AMHUY-
HOTO paauyca r= 1M IpU OCCCHMMETPUYHOM Ha-
TPY)KEHHH B CPEIAUHHON IUIOCKOCTH 3alOJHUTEIS
HArpy3KOH  IMOCTOSIHHOM  WHTEHCHBHOCTH P,y =
= 1000 MIla, p, = 0 MIla, nocrarounoit ajs npo-
SIBIICHUS HETMHEWHBIX CBOWCTB MaTEPUAIIOB CIIOCB B
noyiHoil Mepe. TemmepaTypHoe TMoJjie OJHOPOJIHOE
T'=const. Tommunel cinoeB A =h,=0,02 M,
h, =0,4 M. BHemHue Hecylue CIOU BBIIOJIHEHBI
w3 mopamomuans J116-T, cpenuHHbII cnoi — ¢To-
pormtact-4. Yopyrue u GU3NIECKH HETHMHEHHBIE Xa-
PaKTEPUCTUKN MAaTEPHAIIOB 3aUMCTBOBaHBI U3 [30].

Ha pucynke 3.1 mpomumrocTpupoBaHa IMpaKTH-
YyecKasi CXOJUMOCTh MPEI0KEHHOTO UTEPAllOHHO-
ro meroaa. Homep KpuBOil COOTBETCTBYET HOMEPY
UTepaIyu. 31ech BTOpPOe MPHOIMKCHUE PaIdaIbHO-
ro TmepeMelieHus u,(x) OTINYAeTCs OT MEPBOTO MPH-
MepHO Ha 10%. 3a uckomoe pelieHue NpuHsITO S-¢,
KOTOopoe ominyaeTcsi oT mnpensiaymero Ha 0,14%.
VYder puznuecky HETMHEWHBIX CBOWCTB MaTEPHAJIOB
CJIOEB MPHUBOANT K YBEIWYCHUIO PACUECTHOTO IPOTH-
6a Ha 14,7% 1O CpaBHEHHWIO C YNPYToil MIACTHHON

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

(kpuBas 1). TaHreHIMANbHBIE TIEPEMEIICHHUS B pac-
CMaTpUBAEMOM CITy4ae OTCYTCTBYIOT.

0,2 0,4 0,6 08 x 10
1,2, 3,4, 5 — HoMep uTepauuu

Pucynok 3.1 — CXoauMOCTh UTEPAIIHOHHOTO METOo1a
(T =293 K) (3amenxa KOHTypa)

Ha pucynke 3.2 mokasaHbl pajuanbHBIE Iepe-
MeIIeHUs u,(X) IpU Pa3IUYHBIX TeMIieparypax: 1 —
ynpyras miactuHa (7 =293 K); 2, 3, 4 — ynpyro-
miactuyeckass tiactuHa npu 1=293 K, 373 K|
473 K cootBercTBeHHO. IlepemenieHns AOCTUrarOT
MakcumyMa B cedeHuu x = 0,5. PacueTHble nepeme-
IICHUS YBEIMYUBAIOTCS 33 CUCT (DU3UICCKON HEIH-
HelHOCTH MaTepuanoB cioeB Ha 14,7%. [1pu narpe-
BaHWU TUIACTHHBI PacyeTHBIE MaKCHMAIIbHBIC YIIPY-
TOIUTACTUYECKHE TEPEMEIICHUs elle yBeITNINBAIOT-
caHa 14,9% (T'=373 K) u 27,7% (T =473 K).

0,2 04 0,6 08 , 1,0

Pucynox 3.2 — PagnanbHble iepeMenieHus
TIPY PA3TUYHBIX TEMIepaTypax

Ha pucynke 3.3 npuBeneHsl rpadguku n3MeHe-
HUS BJIOJIb pajlyca TUTACTHHBEI WHTCHCHBHOCTH Jie-
dopmanuii €, TpH pocTe TeMmepaTypsl: 1 — ympy-
ras wiactura (7'=293 K); 2, 3, 4 — ynpyroriacti-
yeckas mactuna ipu 7 =293 K, 373 K, 473 K co-
OTBETCTBCHHO. Y4YeT (u3uyeckoll HEIMHEHHOCTH
MaTepHaJIOB CIIOCB MPUBOJUT K YBEIUYCHHUIO pac-
YETHOW WMHTEHCUBHOCTH nedopmaruii Ha 25,3%. C
pPOCTOM TeMIepaTyphl BeIWYHHA €, B YNPYyTOIlIa-

CTHUYECKOW TUTacTHHEe Bo3pactaeT eme Ha 13,2%
(T=373 K) u Ha 24,3% (T'=473 K). 'opuzoHTa1bHAS
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A.B. Hecmeposuu

JIMHUSL COOTBETCTBYET MHTCHCHBHOCTH Ie(opMariuii
paBHOI mpeneny (GU3UUECKOH HETMHEHHOCTH ISt
¢droportacra-4 g, = g = 3,3%.

8
%
7

€,

u >

0 0,2 0,4 0,6 08 x 1,0

Pucynok 3.3 — IHTEeHCHUBHOCTH JeopManuii g,
MIPH Pa3IUYHBIX TEMIIEpATypax

3akii0yeHue

CrnenoBaTenpHO, ydeT (PpU3MUECKOW HeNnHEH-
HOCTH MAaTepHajoB CIIOCB MPHBOAWT K CYIICCTBEH-
HOMY YTOYHEHHUIO HAIPsKEHHO-Ie()OPMIPOBAHHOTO
COCTOSIHUSI KPYIOBOM TPEXCIOWHOM IUIACTUHBI IPH
0CECHMMETPUYHOM Je(hOPMHUPOBAHUH B CBOEH IIJIOC-
koctu. IlpuBeneHHbIe pe3yabTaTh 0 AehOpMHUpPOBa-
HUH COHJBHY-TUIACTUH MOTYT OBITh HCIIOJIb30BAHBI
NpU pacyerax CTPOMUTENBHBIX KOHCTPYKIHH, aedop-
MHUPYEMBIX B CBOEH TIIOCKOCTH.
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KOHEYHBIX 3JIEMEHTOB /UIsA OIIPEJAEJTEHUSA TIAPAMETPOB OBPABOTKHA

APPLICATION OF ARTIFICIAL NEURAL NETWORKS AND FINITE ELEMENT
METHOD FOR DETERMINING THE PARAMETERS OF ELLIPTIC LASER BEAM

MPUMEHEHUE UCKYCCTBEHHBIX HEMPOHHBIX CETEH U METO/IA

KBAPHEBBIX 30JIb-I'EJIb CTEKOJI JIVIMIITTUHYECKUMUA
JIABEPHBIMU IYYKAMMU

10.B. Hukutiok', A.H. Cepaokos', B.A. IIpoxopenko', U.1O. Aymies’

1 N .
T'omensckutl 2ocyoapcmeennsiti ynusepcumem umenu Ppanyucka CKopuHol
2 o«

Yuueepcumem epascoancrou sawumor MYC Pecnybauku Berapyco, Munck

TREATMENT OF QUARTZ SOL-GEL GLASSES
Y.V. Nikitjuk', A.N. Serdyukov', V.A. Prohorenko', I.Y. Aushev’

'Francisk Skorina Gomel State University
University of Civil Protection of the Ministry for Emergency Situations of the Republic of Belarus, Minsk

C ucnonbp30BaHUEM HCKYCCTBEHHBIX HEHPOHHBIX ceTeil 1 MeToJa KOHEUHBIX 3J1€MEHTOB BBIIOIHEHO MOJEINPOBAHHE IpoLecca
JIa3epPHOr0 pacKajbIBaHUS KBAPLEBHIX CTEKOJI, IOJYYESHHBIX 30JIb-Telb criocoboM. st GpopMupoBaHus 00ydaroIero MaccuBa
JIQaHHBIX U JAHHBIX JUUIs TECTUPOBAHUS HEHPOHHBIX CETEH pacueThl TEMIEPATYPHBIX MOJIEH U T0JIeH TEPMOYIIPYTUX HAPSHKEHU I
BBINOJIHSUIUCH C MCHOJIB30BAHMEM METOJ/Ia KOHEYHBIX 3JieMeHTOB B nporpamme ANSYS. Pacuersl Obutd BBINOJIHEHBI i 875
BapHaHTOB BXOIHEIX HapaMeTpoB, 800 13 KOTOPBIX OBUIH MCHOJIB30BAHbI 1JIs1 00y4YeHHs! HEHPOHHBIX ceTeil. B pabore BEmoiHe-
HO MCCIICJIOBAHHE BIIMSHUSA apXUTCKTYPbl HEHPOHHOI CETH, pa3MepoB 00y4aloIero MaccuBa JaHHBIX U BPEMEHH O0y4eHHs Ha
TOYHOCTH OIIPeIeTICHNS TEPMOYIPYTUX HANPSDKEHHH U TeMIepaTyp B 30HE Ja3epHOU 00pabOTKU KBapIEBBIX 30JIb-TeIb CTEKOIL.

Knroueswie cnosa: ueﬁpouua}l cems, aseprHoe packaivleanue, keapyesas niacmuna.

Modeling of the process of laser splitting of quartz glasses obtained by the sol-gel method using artificial neural networks and
the finite element method was carried out. To form a training data set and data for testing neural networks, calculations of tem-
perature fields and fields of thermoelastic stresses were performed using the finite element method in the ANSYS program.
Calculations were completed for 875 variants of input parameters, 800 of which were used for training neural networks. The in-
fluence of the architecture of the neural network, the size of the training data array, and the training time on the accuracy of de-
termining thermoelastic stresses and temperatures in the zone of laser processing of quartz sol-gel glasses were investigated.

Keywords: neural network, laser splitting, quartz plate.

BBenenne

JIs KBapLeBBIX CTEKOJ XapakTepHa BBICOKAs
MEXaHHUYecKas MPOYHOCTh M BBICOKas TEPMOCTOM-
KOCTb, YCTOMUHUBOCTh K JI€UCTBUIO KHUCJIOT U BOJBI.
Bce 3T 0cOOCHHOCTH MPUCYIIX U KBAPICBBIM CTCK-
JlaM, CHHTE3UPOBAaHHBIM 30Jb-reib MeTofgoM. [Ipu
9TOM HCIIOJIb30BaHKE 30JIb-Ie€JIb METOAa OOecIeuu-
BaeT BO3MOKHOCTH TIOJTyYeHHsI 0COO0 YHCTHIX U aK-
TUBUPOBAHHBIX KBapIEBBIX CTEKOJ IJISI BOJOKOHHOM
ONTUKH, ONTODJCKTPOHUKHA M JIa3epHON TEXHUKU
[1]-2].

Peanmuzainusi TpaaMIIMOHHBIX METOJIOB 00pa-
OOTKM KBapIIEBOTO CTEKJIa OCHOBaHA Ha MpUMEHe-
HUM aJMa3HOTO MHCTPYMEHTa, T'MIpoadpa3sHBHON
CprI/I UM Ha HpI/lMeHeHI/II/I na3epHoro I/ISJ'Iy‘-IeHl/ISI
JUIS pe3KU B pexuMme ucmapeHus: matepuana. Oc-
HOBHBIM HEJIOCTaTKOM BbIIlIE€ EPEUUCIEHHBIX METO-
JIOB SIBJSIETCS BBICOKAst AC(PEKTHOCTH TMOIydaeMBbIX
KpoMmoK [3].

JlazepHOE packanbiBaHWEe SBISETCS OTHUM H3
3((eKTUBHBIX METOIIOB OOpaOOTKH CTEKON, Kepa-
MUKH ¥ KpucTaiuioB. CyIIHOCTh NaHHOTO METoja
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3aKIII0YAEeTCs B pe3Ke MaTepuaia B pesyabrare Gop-
MHpPOBaHHsI TPEIIUHBI IIPU  IIOCIEI0BATEIHLHOM
Jla3epHOM HarpeBe W BO3ACHCTBUM XJIaJlareHTa Ha
o0OpabaThIBacMyI0 MOBEPXHOCTh. K OCHOBHBIM JIOC-
TOWHCTBAM JIa3€PHOTO PACKaJbIBAHUS OTHOCSTCS
BBICOKast TOYHOCTh Pa3ZIeIeHUs! U BEICOKask CKOPOCTh
00paboTKH, OE30TXOAHOCTh ¥ IMOBBIILICHHE MPOYHO-
CTH Tonxy4aeMbIx u3nenuii [3]-[6]. B paborax [7]-
[9] mpuBeneHBI pe3ynbTaThl UCCIEAOBAHUS IIPOIIEC-
ca JIa3epHOT0 PacKaJbIBaHMS CTEKISIHHBIX 30JIb-TE€Nb
IUTaCTHH.

HckyccTBEHHBIE HEHPOHHBIE CETU IOJYYUIH
LIMPOKOE NPUMEHEHUE B Pa3IMYHBIX O0JIACTAX Hay-
KW U TCXHUKH, B TOM YHCIIC ]I MOIACIHMPOBAHUA
TEXHOJIOTUUECKHUX ITPOLIECCOB JIa3epHO 00paboTKH
[10]-[12]. B HekoTopbIX cityyasx oka3bIBaercs 3¢-
(EeKTHBHBIM COYETAaHHE BO3MOXKHOCTEH MCKYyCCT-
BEHHBIX HEWPOHHBIX CETeH W MeToJa KOHEYHBIX
9JIEMEHTOB JUIsl PELICHUS HAyYHO-NIPAKTHYECKUX
3amau [13]-[16]. B paGore [17] Obuto mpoBemeHO
cpaBHEHHE Y(PPEKTHBHOCTH MOAEIHPOBAHUSI C WC-
MOJIb30BAHUEM HCKYCCTBEHHOM HEMpPOHHOM CETU M
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KOHEYHO-3JIEMEHTHOTO MOJEJIMPOBAHUS IIpoLecca
JIa3epHOro packanbiBaHus cTekna. [Ipu sTom Tou-
HOCTb PE3yJIbTaTOB HEMPOCETEBOr0 MOIECTUPOBAHUS
0Ka3aJ1ach BBIIIIE.

B nanHOM uccinenoBaHUM HCKYCCTBEHHBIE HEH-
POHHBIE ceTH OBbUIM HMCIOJB30BaHbI JUIS OINpeaese-
HUS 3HAYCHUH TemIlepaTyp M TEPMOYIPYTHX Ha-
NpsDKEHUH, (GOPMHUPYEMBIX NPH JIa3€PHOM pacKajbl-
BaHWM KBapIIEBbIX MJIACTHH.

1 KoHe4HO-3JIeMeHTHBI aHAJIH3

Jns pemenus 3amad TepMOynpyrocTa dddex-
TUBHO NPUMCEHCHUC MCETOJa KOHCYHBIX 3JICMCHTOB
[18]-{19]. B nanHoii paboTe OblLIa NPUMEHEHA MPO-
rpamma ANSY'S, KoTOpast MO3BOJISET HAaXOAUTh pe-
IIEHHS MINPOKOT0 CHEKTpa 3a1a4 1 3 (HeKTHBHA MTpH
MaTeMaTH4eCKOM MOJICTMPOBAHUU U BBIYMCIUTEIb-
HOM sKcniepumente [20]-[21]. MonenupoBaHue ja-
3epHOrO packanbsiBaHusi B ANSYS BEIONHSETCS C
UCTIONIb30BAHUEM CPE/ICTB TEPMOIPOYHOCTHOTO aHa-
7133, a TEMIIEPATYPHBIE OIS U TIOJIST TEPMOYIIPYTHX
HAaIpsDKEHUH OMPEeAEAIOTCs OCIEeI0BATEIbHO IPYT
3a JIPyroM, 4TO COOTBETCTBYET METOAWKE PELICHUS
HECBA3aHHOM 3a7a4M TEPMOYNPYTOCTH B KBa3HCTa-
TUYECKO# mocTtaHoBke [22]. Takoe mMonenupoBaHue
JIa3epHOT0 pAaCKaIbIBaHUS HE Y4YUTHIBaeT 3((eKT
CBSI3aHHOCTH U JUHAMHYECKHE dPPEKThI, 00yCIOB-
JICHHBIE JIBIDKEHWEM 4YacTHIl TBEPAOTO Tella IpH
TEIUIOBOM paciuupeHuu [23].

BaXHBIM KpHUTEpHEM OCYIIECTBIEHHS TEXHO-
JIOTWH J1a3epHOTO PACKaJIBbIBAHMS SIBIISIETCS] peann3a-
IUsI pa3pyLICHUs], ONPENEICHHOTO XPYIKOCTBIO Ma-
Tepuana. IIpuy 3ToM (EeHOMEHOJIIOTHYECKH pa3Inya-
I0T IUIACTUYECKOe M XpYIKoe paspyuieHue. [lomyc-
TUMO ONHCaHHWE XPYIKOTO M IUTACTUYECKOTO paspy-
MEHUA € UCIOJBb30BAHUEM TCPMHUHOB «Pa3pyUICHUC
CKOJIOM» U «pa3pylieHue cpezom» [24]-[25]. Xpyn-
KOCTh MaTE€pPHaJIOB MOXKET OBITh KaK CBOMCTBOM Ma-
Tepuaga, TaK M XPYIKHM COCTOSHHEM. XpYyIKoe
COCTOSIHME Marepuasia 0OyCIIOBIMBAETCS €r0 MHK-
POCTPYKTYpOH ¥ YCIOBUSIMH Je(opMHUpOBaHHSI.
XpynKue MaTepHaibl IPU ONPEACICHHBIX YCIOBHAX
nprOOPETAIOT CIMOCOOHOCTh K IDIACTHYECKOH Je-
(opmar BCIENCTBHE TOTO, YTO CKOPOCTH IPOTE-
KaHWs NPOLIECCOB PEIaKCaluM HaNpsDKEHUI T0CTH-
raeT 3HAYCHUI HE HIDKE CKOPOCTH IPHIIOKEHUS
9TUX HampspkeHu# [26]. BenenctBue 3TOro, Makcu-
MQJIbHBIE 3HAUYEHUs TEMIIEpaTypbl NPU JIA3EPHOM
packaiblBaHUH B 30HE 00pabOTKH JOKHBI HE Tpe-
BbIIATh 3HAYCHHA, COOTBETCTBYIOIIUEC OTCYTCTBUIO
penakcanuy  TEPMOYNPYTHX —HanpspkeHud. s
KBaplLEBBIX CTEKOJ B KauecTBE BEPXHEro Ipezesa
JOIYCTHMBIX TEMIIEpaTyp ObLIO HCIIOIB30BAaHO CO-
OTBETCTBYIOIIEE 3HAUEHHE TEMIIEPATYpPhl CTEKJIOBa-
Hus — 1200° C [4].

B kadecTBe KpuTEpHs, OIpPEAEIAIOLIETO Ha-
NpaBJICHUE Pa3BUTHA  JIa3€PHO-MHIAYLMPOBAHHON
TPEIIMHBI, ObIIT UCIIOIB30BaH KPUTEPUH MaKCHMAallb-
HBIX PACTATUBAIOIIMX HampspkeHUH [27] B cooTBeT-
CTBUM C KOTOPbIM (OPMHPOBaHHE TPELIMHBI
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MIPOUCXOAUT B HAIPABICHHHU, IEPHEHIUKYISPHOM
JEHCTBUIO MaKCHUMAJbHBIX PACTATMBAIOUINX HAIps-
skeHu#l. IIpu 3TOM pOCT TpEIMHBI IPOUCXOAUT B
30HE HANpPsDKEHUM pacTsKeHHS W IpeKpalaercs B
30He HampspkeHuit cxarus [28). Ilpu moxenuposa-
HUU YYUTBIBAJIOCh, YTO CPEIHHUE 3HAUCHUS MPOYHO-
CTH IPU PACTSLKEHUM Ul CUJIMKATHBIX CTEKON CO-
craBisiroT 35—-100 MITa [29].

2

[¥¥]

Pucynok 1.1 — Cxema mpocTpaHCTBEHHOTO
pacIoI0KeH!s 30H BO3JCHCTBHS JIa3€PHOTO
W3IIy4eHUs U XJIaJarcHra
1 — mazepHsI My4oK ¢ IMHOM BOMHEI 10,6 MKM,
2 — XJIaJarexrT,
3 — oOpabaTbIiBacMasi IIIACTHHA U3 KBAPLEBOTO
30JIb-TeJIb CTEKJIA,
4 — cedeHwue JIa3epHOTO ITyyKa | B TNIOCKOCTH
00paboTKH,
5 — 30Ha BO3IEHCTBHUS XJIaAareHTa

Jns  ¢opmupoBaHms 00ydYarOMero MaccHBa
JMAHHBIX W JaHHBIX IS TECTHPOBAaHUS HEHPOHHOU
ceTH OBUTH BBIIONHEHBI pacyeThl TeMIIePaTypPHBIX I0-
JIe W ToNel TepMOynpyrux HampspkeHnii B ANSY'S.
MonenupoBaHie MPOBOAWIOCH MMl TUIACTHHBI C
reomeTpudeckumMu pazMepamu 20x10x0,5 mm. Ha
pucyHke 1.1 mpuBeIeHO PacHOI0XKEHUE JIa3epPHOTO
nyyka M XJajareHTa B IUIOCKOCTH 00pabOTKH
(H=0,5 mm). [Ipu MogenpoBaHUU MCIIOJIB30BAJIACH
KOHEYHO-3JIEMEHTHAass MOJIelb, cocTosmas u3 6515
anemenToB u 5075 y3noB (pucynok 1.2). Ilpu ten-
JIOBOM aHaJIM3€ MPUMEHSUINCH 31eMeHTHl Solid 70, a
IIpH TPOYHOCTHOM aHanm3e sneMeHTel Solid 185.
IIpu pacuerax HCIOJIB30BAIUCH CBOMCTBa KBaplie-
BBIX CTEKOII, TIONYYCHHBIX TIPH HCIOJIb30BAaHUU KOJI-
JIOWTHOTO BapuaHTa 30J1b-TelIb MeToa (Tadmuia 1.1).

PacueTs! ObUTH BBIIOJMHEHBI TSl 875 BapuaH-
TOB BXOJHBIX NapameTpoB, 800 w3 KOTOPBIX OBLIH
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WCTIONB30BaHkbI 1y 00yueHns HelpoHHOU cetu. Ila-
PaMETpPhbl, HUCIIOJB30BABIIUCCA JId MOJACIIUPOBAHUA
JIA3epHOT0 pacKalbIBaHUsS KBapIEBOTO 30Jb-TeJb
CTEKJIa, MPEICTaBIICHBI B TaduIe 1.2.

YacTb BXOAHBIX MapaMETPOB U PE3YJIbTATOB
pacdeToB mpencTaBieHbl B Tabumie 1.3 ¥ Ha pUCYH-
kax 1.3, 1.4. V' — ckopoctb pe3ku, 4 u B — noixyocu
SIUTUITAYECKOTO JIA3€PHOTO IMydYka, P — MOIIHOCTH
JIa3epPHOTO M3JY4YEHHS, G, — PAacUCTHbIC 3HAYCHMS

MaKCHMAJIbHBIX 10 BEJIMYHMHE HANpPSDKEHUH pactsi-
JKCHHST M CXKaTusi B 30HE 00paboTku, 7 — Makcu-

MaJlbHbIE PACYETHBIE TEMIIEPATYPhI B 0OpabaThiBae- Pucynok 1.2 — Koneuno-snemeHTHast MOZENb
MOM IJIACTHUHE. srETEME  (AVG)
RSYS=0
DMX =.24S9E-05
o sMN =292.214
Tabnuma 1.1 — CBolcTBa KBapIIEBBIX 30JIb-TENb sux =736.35
CTEKOJI
CBolicTBa MaTepuana 3HaueHus
[L10THOCTB, KI/M° 2201
YV nenbHas TemnoeMkocTs, JIk/kr-K 250
TemonpoBoaHOCTE, BT/ M -K 0,7
Koaddunment mmHeliHOro TepMuyecKo- 5,7
-7
ro pacmmpenus, rpag—1-10 — — —
MOHyJ’IL IOHFa, I'Tla 73 22 ses 0,26 177 % k50 056> 0 P 657,653 % W 03635
Koaddumnment [Tyaccona 0,16

Pucynok 1.3 — Pacipenenenne temmepaTypsl
B 00BbeMe 00pabaThiBaeMOil KBapIICBOM IIACTUHBI, K

Tabmuma 1.2 — Ilapamerpsl J1a3epHOTO packa- V=70 um/c, P=25Br, A =3 mm, B= 1,25 mm

JIBIBAHUS KBaPLEBBIX 30JIb-T€JIb CTEKOJI

sY (AVG)
ITapameTps! 3uauenus Dk = 2492-05
SMN =-.899E+07
CxopocTtb pe3ku V, mm/c |40; 45; 50; 55; 60; 65; 70 S =.3878407
MOIITHOCTH J1a3ePHOTO 10; 15; 20; 25; 30
n3nyuyenus P, Bt
Bounbmas moixyoch 1;1,5;2;2,5;3
DIUTATI THIECKOTO
nasepHoro my4ka 4, MM
Mautast moryochk 0,5;0,75; 1; 1,25; 1,5
DIUTATITHYECKOTO
nazepHoro nyyka B, mm — T s— — —

-.756E+07 -.470E407 -.184E+07 .102E+07 - 387E+07

Pucynox 1.4 — Pacnipenienienye HanpspkeHuit 6, B

o0beme 00pabaThIBaeMOi KBapleBO# IutacTuHbl, [1a
V=170 mm/c, P=25Bt,4=3 MM, B=1,25 Mm

Ta6J’II/IHa 1.3 - BXO,HHI)IC napaMeTphbl KOHEYHO-3JIEMEHTHOM MOACIN W paCHCTHBIC 3HAYCHUA TEMIICPATYP U
TCPMOYIIPYTUX HaHpSDKeHI/Iﬁ B 30HC J'Ia3epHOﬁ 06pa6OTKI/I KBapIUECBLIX 30JIb-I'CJIb CTECKOJ TECCTOBOT'O Ha60pa JaHHBIX

N V, mm/c A, Mmm B, Mmm P,Br c,, Ila T,.K
1 60 1 1,25 10 -9900919 2134379 609
2 40 3 1 10 —5333315 2651899 587
3 60 2,5 1,5 10 —3981965 1516934 468
4 50 1 1,25 30 —31780331 7304059 1335
5 70 1,5 1,25 15 —10224731 2523861 655
6 70 2,5 1,5 15 —5647697 2015548 535
7 45 2 1,25 10 —6027223 2261845 560
8 70 1 1,25 30 —28046894 | 5762314 1169
9 55 3 1 30 —14093784 | 6375479 1031
10 40 3 1,25 25 —11228330 | 5896808 907
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N V, mm/c A, MM B, MM P, Br c,, Ma T.K
11 55 1 1,5 25 -21982907 | 4922445 982
12 55 3 0,75 15 —8768348 3479365 743
13 55 2 0,75 20 -16568701 5059537 1011
14 55 2,5 1 15 —8081455 3449608 696
15 65 1,5 1,25 20 —13989759 | 3542707 795
16 45 2,5 1,25 20 -9879527 4442526 782
17 65 3 0,5 10 —8982481 2002186 651
18 45 3 1,5 30 —11432578 | 5454090 872
19 50 1 1 15 —19038379 | 3961303 932
20 70 1 0,75 10 —14012483 | 2563140 768
21 55 2 1,5 20 —10107524 | 3363278 697
22 40 4.5 0,5 10 —6998872 2091150 618
23 55 2 1,25 10 -5607504 1947446 533
24 45 1,5 1,25 30 —23925771 6946638 1203
25 45 2,5 1,5 20 —8922244 3761523 707
26 70 2 0,75 15 —11607193 3230900 773
27 65 3 0,75 25 —13814456 | 5172087 985
28 40 3 1,25 30 —13473999 | 7076175 1030
29 65 2,5 0,75 30 —19444159 | 6289100 1189
30 55 3 1,5 30 —10501907 | 4681773 805
31 50 1,5 1,5 25 —16340977 | 4819244 900
32 70 2,5 1,25 15 —6313280 2404042 580
33 50 1,5 0,5 15 -25641790 | 4533439 1195
34 45 2,5 1,5 10 —4461122 1880762 500
35 40 1,5 0,75 15 —18543781 5143121 1055
36 50 1,5 1 10 —8861788 2606542 648
37 50 1,5 1,5 15 -9804590 2891546 657
38 65 2,5 1,25 30 —12946026 | 5077539 891
39 65 2,5 1 30 —15403360 | 6110653 1031
40 45 1 1,25 15 —16524256 | 3935866 843
41 55 3 1,5 25 —8751579 3901473 720
42 60 3 0,75 10 -5674710 2188168 581
43 70 2,5 1 15 —7540657 2908975 648
44 70 2 1,25 25 —12919992 | 4103256 821
45 60 3 1,25 15 —5700827 2603719 583
46 40 3 1,25 10 -4491334 2358727 539
47 55 1,5 0,75 25 —27900682 | 7047292 1388
48 65 2,5 1,5 10 -3866510 1425637 461
49 45 3 1 25 —12695690 | 6127696 980
50 45 3 1 15 -7617414 3676617 705
51 70 3 1 15 —6472723 2679473 618
52 45 2,5 1,25 15 —7409645 3331894 660
53 50 3 1,25 20 -8159349 3987081 723
54 55 2,5 1,25 15 —6865154 2856648 621
55 45 2 0,75 10 —8775119 2858657 688
56 45 2,5 1 10 -5731623 2643385 592
57 50 2,5 0,75 20 —14118005 | 4975596 969
58 65 1 1,5 25 —20629586 | 4527509 925
59 45 2 1,5 25 —13646855 | 4771859 857
60 70 2 0,75 20 —15476256 | 4307871 933
61 60 1 0,75 20 —29495739 | 5719402 1316
62 50 2 0,75 25 -21281547 | 6712724 1233
63 65 2,5 1,25 10 —4315338 1692510 492
64 65 2 0,75 10 -7901756 2260306 625
65 40 2 1 30 -21761846 | 8762082 1340
66 50 3 1,25 10 -4079674 1993544 508
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N V, mm/c A, MM B, MM P, Br c,, Ma T.K
67 70 1 0,75 15 -21018732 | 3844712 1005
68 60 2 1,25 10 —5441940 1834526 522
69 70 2 1 10 -6008014 1996249 555
70 70 2 1 30 —18024044 | 5988757 1079
71 40 3 1 25 —13333287 | 6629743 1027
72 50 1,5 0,75 15 —17253734 | 4502145 980
73 55 2 1 30 —19471147 | 7077513 1180
74 40 3 0,5 15 —15029579 | 3987257 938
75 50 1 0,5 15 -35013554 | 4969397 1342

2 IlpuMeHeHHe HeliPOHHOM ceTH

HckyccTBeHHass HEWpOHHAs CETh — 3TO MaTe-
MaTH4YeCcKas MOJellb, OCHOBAaHHAs Ha CTPYKType
OMONIOTHYECKNX HEUPOHHBIX ceTel U 00padarbi-
Baromlas WH(POPMAIHIO HA OCHOBE KOHIICTIIIUN MHO-
JKECTBEHHBIX cBsi3ed. HellpoHHas ceTb cocToUT M3
CBSI3aHHBIX TPYII HEWPOHOB M SIBISETCS aJalTHB-
HOM CHCTEMOH, MEHSIIOIIEH CBOIO CTPYKTYPY Ha OC-
HOBe MH(MOpMAIWH, MPOXOAAIICH Yepe3 Hee B Mpo-
necce o0yueHus. VickyccTBeHHbIE HEHPOHHBIE CETH
3¢ (GHEeKTUBHBI IPU MOJICTTUPOBAHUH CIIOKHBIX CBSI3CH
MCXKIY BXOJaMM M BbIXOAAMH CETU M HUX IHPOKOE
NpUMEHEeHne OOYCJIOBIEHO TEM, YTO OHHM CO3/aBa-
JUCH IS HaXOXKIICHHUST HETMHCWHBIX 3aBHCHMOCTEH
B MHOTOMEPHBIX MaccuBax JaHHbIX [30].

OCOOCHHOCTBI0O HCKYCCTBEHHBIX HEHPOHHBIX
CeTel B OTIMYHUE OT APYTHX ANTOPUTMUYECKAX KOH-
CTPYKIHHA SBISIETCS TO, YTO OHH HE IPOTPAMMUDPY-
IOTCS, a 0OydJarloTCsi Ha MHOXKECTBE NaHHBIX. Kak
OTMEYaJIOCh BBIIIE, 0OyYaloNfe BEIOOPKU B JaHHOU
pabote GOPMHUPYIOTCS MyTEeM PELICHUS COOTBETCT-
Byrouux 3amad B ANSYS. Ilocine oOy4yenust cetb,
MOJIYYUB YK€ HOBBIE JaHHBIE, CIIOCOOHA KOPPEKTHO
OTPENENATh MapaMeTPhl JIA3EPHOTO PACKAIIBIBAHUS
CTCKJISTHHBIX IUTACTHH.

Jlist ompeneneHusl mapaMmeTpoB Jla3epHOi 00-
pabOTKH 30Jb-T€Jh CTEKON OBLIM HCIOIH30BAHBI
MOJTHOCBSI3aHHBIE HEHPOHHBIE CETH MPSIMOTO pac-
MIPOCTPAHEHUS C PA3NUIHBIMH apXUTEKTypaMH, CO3-
JIaHHBIE B OTKPBITOM MPOTPaMMHON OUOIHOTEKE IS
mamraHOro ooyuenusi TensorFlow [12]. Tlpu cos-
JAaHUW CeTell MCIOIb30Baiach (YHKIUS aKTHBAIHH
ReLu (Rectified Linear Unit), onTumwuzartop -—
Adam, sBISIONIMICS PacIIUPEHNEM aJITOPUTMA CTO-
XaCTHYECKOro rpajneHtHoro cmnycka. Cetu dpopmu-
poBanuch ¢ QyHKIMEH morepsr mse (mean squared
error), BEIYUCIAIONICH KBaJpaT PasHOCTH MEXKIY
MpeJCKa3aHHBIMK ¥ IIETICBBIMU 3HAUYeHUsMU. Koim-
YEeCTBO 30X IPU 0OYICHUH CETeH U MX apXUTEKTypa
M3MEHSITUCH (Tabnuma 2.1).

Jl1st TeCTUpOBaHUS CETH UCIIONIB30BAIIUCH 75 Ba-
PHAHTOB MapaMeTPOB, PEICTABICHHBIX B Tabmmie 1.3.

st onierku 3G(EKTHBHOCTH pabOThl HEWPOH-
HBIX CETEH UCIIOIb30BAINCH CIIEAYIONINE KPUTEPHH:

— cpenusisi abcomotHast onmbka (Mean Abso-
lute Error, MAE)

MAE :li]di -7,
noio
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— cpenHekBajparnyHas omudOka (Root Mean
Square Error, RMSE)

RMSE = |3 (d, - .Y
ni=

— cpenHss aOCONIOTHAs MPOLEHTHAs OIINOKa
(Mean Absolute Percentage Error, MAPE)

di_yi
d.

i

MAPE = lz 100,
noio

rae d, — >KelmaeMbli BBIXOJ CETH, ), — peallbHBII

BBIXOJI CETH.

Pe3ynpraTel OOy4YEeHUs M TECTHPOBAHHS CO3-
JAaHHBIX HEHPOHHBIX ceTel MpuBeneHs! B Tadmmie 2.1.

BennunHb! cpetHIX aOCOMIOTHBIX MPOLEHTHBIX
omubok (MAPE) nipu onpeieieHnd MaKCUMAJIbHBIX
110 BEIMYMHE HANpPSDKCHUH CXKATHUs, PACTSDKCHUS U
TeMIlepaTyp B 30He 00paboTku He npeBbicuiu 13%,
8% u 5% COOTBETCTBEHHO s XYAILIEro BapHaHTa
HeWpoHHOM ceTH (BapuaHt 1). MUHMMaNbHBIE BEIU-
yuHbl MAPE coctaBunu 6,3% uid HanpspKeHU
cxatus (Bapuant 6), 3,4% nist HanpspKeHUH pacTs-
xenust (BapuanT 9) n 1,8% s Temneparyp (Bapu-
aat 10). Hanbonee mpenmoYTHTENHHBIM TIPEICTaB-
JSeTCS UCTIONB30BaHNe BapuaHTOB 6 U 10 KoHUTy-
pamu HEWpOHHOU CeTH, 00eCIIeYnBalONIeTO 3HAYe-
wuss MAPE, pasubie 6,3%, 3,7%, 2,5% u 6,0%,
3,8%, 1,8% COOTBETCTBEHHO TMIPH OMpPEIEICHUH
MaKCHMaJIbHBIX MO BEJIMYMHE HANpPsDKCHUH CXKaTus,
paCTsDKEHHsI M TeMIIepatyp B 30He oOpabotku. Ot-
METUM, YTO JaHHbIE aHallM3a C HCIOJIb30BAHUEM
MAPE x0poI110 COBMAJIaloT ¢ pe3yJbTaTaMH aHaIn3a
C HCIIOJb30BaHHEM B KauecTBE KpHUTepHEB d(dek-
THUBHOCTH Pa0OTHI HEMPOHHBIX ceTell cpeiHei abco-
moTHOW ommOku (MAE) u cpeaHeKBajpaTHYHON
ommOku (RMSE) (tabnuma 2.1). 3Hauenuss MAE nis
6 u 10 BapuanToB cocrasmiu 0,69 MIla u 0,63 MIla
Uil HanpspkeHuit okatus, 0,14 MIla u 0,14 Mlla
Ul HampspkeHudd pactspkeHus, 23 K u 14 K ms
temnepartyp. 3uaueHuss RMSE nns 6 u 10 BapuanToB
coctraswiu 0,89 Mlla u 0,77 MIla nns HanpspkeHUR
cxarust, 0,18 Mlla u 0,17 Mlla ana HampspkeHui
pactspxenus, 19 K u 19 K ans remneparyp. B nenom
MOJKHO CJIeNIaTh BBIBOJ O BO3MOKHOCTH IPUMEHE-
HUSI COYETaHMSI METOa KOHEYHBIX 3JIEMEHTOB U HC-
KYCCTBEHHBIX HEHPOHHBIX CETeH Ui OIpeaeieHus
apaMeTpoB Jla3epHOW 00paOOTKU KBapPLEBBIX 30J1b-
reJb CTEKOJL.
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Tabnuna 2.1 — Pe3ynbrarel 00y4eHUs ¥ TECTUPOBAHUS HEHPOHHBIX ceTer

KomnuectBo Hanpsoxenus Hanpsoxerms Temneparypa

N IAHHBIX ApxuTexTypa | Dmoxu CXKaTHs PpaCTSKEHHS
MAE| RMSE | MAPE | MAE |RMSE |MAPE [MAE|RMSE |MAPE

1 800 [4-5-3] 50 1,68 | 2,27 13,0 10,26 | 0,32 | 7,7 | 41 53 4,9
2 800 [4-10-3] 50 1093 L,16 87 1020] 026 | 49 | 27 35 34
3 800 [4-15-3] 50 10,86| 1,09 7,8 1018 023 | 50 | 23 31 2,3
4 800 [4-15-3] 100 0,93 | 1,21 89 10,131 0,18 | 3,5 | 22 29 2,7
5 800 [4-15-10-3] 50 1094 1,16 95 1020 024 | 54 | 32 26 3.3
6 800 [4-15-10-3] 100 | 0,69 | 0,89 63 1014 0,18 | 3,7 | 23 19 2,5
7 400 [4-15-3] 50 1093| 1,20 90 |05 0,19 | 44 | 25 31 3,1
8 400 [4-15-3] 100 1,04 ] 1,33 99 10,15] 0,19 | 3,8 | 26 33 3,1
9 400 [4-15-10-3] 50 10,79 0,96 76 1013 0,17 | 34 | 24 30 3,0
10 400 [4-15-10-3] 100 | 0,63 | 0,77 6,0 |0,14| 0,17 | 3,8 14 19 1,8

3aki0ueHue 9. Jlazepnas obpabomka Keapyesvix CmeKol,

B pe3ynbTate NpoBEAEHHOIO HUCCIEIOBAHUS
YCTaHOBJIEHA BO3MOKHOCTb OINPEAEIICHUSI PEXKUMOB
JIA3€pHOTO PACKAJIBIBAHUSI KBApLEBBIX 30Jb-TEllb
CTEKOJI Ha OCHOBE COYETAaHUS METOIa KOHEYHBIX
3JIEMEHTOB U MCKYCCTBEHHBIX HEHPOHHBIX ceTel. B
pe3ysbTaTe YHMCICHHOTO 3KCIIEPUMEHTA BBISBJICHBI
apXUTEKTYpbl HEUPOHHBIX CETEH, Marolue JTy4IIuii
pe3ybTaT MpH ONpe/IeNeHN 3HaYeHUH TepMOYIIpy-
TUX HaNpsDKeHWH M TeMIepaTyp B 30HE JIa3epHOM
00paboTKH.
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DOU3HUKA

MOP®OJIOT WS U ®A3OBBIA COCTAB JETMPOBAHHBIX KPEMHUEM
YIVNIEPOA-TUTAHOBBIX IIOKPBITUHU

A.C. Pynenkos, A.B. Poraués, /I.I'. [Innunuos

Tomenvckuil 2ocyoapcmeennulii ynugepcumem umenu @panyucka CKopumvl

MORPHOLOGY AND PHASE COMPOSITION OF SILICON-DOPED
TITANIUM CARBON COATINGS

A.S. Rudenkov, A.V. Rogachev, D.G. Piliptsou

Francisk Skorina Gomel State University

PaccMoTpeHs! MOpdoIorndeckre 0CoOCHHOCTH U (ha30BbIli COCTaB YIIIEPOMHBIX IOKPBITHH, JIETHPOBAaHHBIX KPEMHUEM M TUTA-
HoM. [Iloka3aHo, 4TO JErMpOBaHHME KPEMHHEM YIICPOA-TUTAHOBBIX TOKPBITHII IPUBOAMT K CHIDKCHHIO COJCPIKAHHS
Sp°-rHOPHIN3HPOBAHHBIX KJIACTEPOB, CBOOOIHEIX aToMOB rpadura 3a cuet obpasosanms Si-C CBA3eH, POCTY IIEPOXOBATOCTH K

HEKOTOPOMY YJTyULIEHHIO THAPO(QOOHBIX CBOICTB IIOBEPXHOCTH.

Kniouegvie cnosa: yanepoonvie noKpulmus, Kpemuuil, mumar, Mopgonozus, pazosvlii cocmas, NOBEPXHOCMHASL IHEPRUSL.

The morphological features and phase composition of carbon coatings doped with silicon and titanium are considered. It is
shown that silicon doping of carbon-titanium coatings leads to a decrease in the content of sp*-hybridized clusters, free graphite
atoms due to the formation of Si-C bonds, an increase in roughness, and some improvement in the hydrophobic properties of

the surface.

Keywords: carbon coatings, silicon, titanium, morphology, phase composition, surface energy.

Beenenune

VYrnepoaHsle TOKPHITHS Onarogapsi BBICOKHM
MHUKpPOTBEPAOCTH M HM3HOCOCTOMKOCTH, HH3KOMY
KO3(h(UIMEHTY TpPEHHS M BBICOKOW XUMHUYECKOH
WHEPTHOCTH HAIIUIM MIPUMEHEHHE B Pa3NIHBIX ce-
pax MpOU3BOJCTBA, OT MMPOU3BO/CTBA OMOMMILIAHTOB
JI0 a3POKOCMHUYECKUX TexHoorwi [1]-[9].

OnHaKko YTIIEPOAHBIE MOKPBHITHS OONAamaoT U
pSIIOM HEJOCTAaTKOB, B IEPBYIO O4YEpeNb HU3KOH
TEPMOCTOMKOCTBIO M BBICOKHM YPOBHEM BHYTPEH-
HUX MEXaHW4YeCKUX HampspkeHuit [1]-[7]. U3BecTHO,
410 TEPMOOOpaboTKa MoKphiThs cBbime 350° C BbI-
3bIBA€T CYLIECTBEHHOE CHIKEHHE COJEpKaHUS
Sp’-rHOPUIM3UPOBAHHBIX aTOMOB YIIEpOJa M HpH-
BOJUT K YXYJIICHUIO MHUKPOTBEPIOCTH M HM3HOCO-
CTOHKOCTH YTIepOTHBIX TOKpBITHi [2]-[5]. Tak, aB-
TopamH [6] OKa3aHo, 9TO rpadUTH3AINS TOKPBITHS
BCJIEJICTBHE TEPMOOOPAOOTKM SABISETCA NPUYNHON
cHIDKeHHst MUKpoTBepaocTH ¢ 45 I'Tla no 36 I'Tla.

OmanM u3 3¢ (GEeKTUBHBIX CIIOCOO0B (YHKIIHO-
HaJIbHOTO MOAM(MUIIMPOBAHNUS CBOMCTB MOKPBITHH Ha
OCHOBE Yyriepoja sBJseTCsl MX JierupoBaHue. M3-
BECTHO, YTO JIETUPOBAHME YINIEPOJHBIX IIOKPBITHM
KPEMHHEM CIIOCOOCTBYET YBEIWYEHHIO TEPMOCTOM-
KOCTH YIJIEPOIHBIX MOKpHITHiA 10 600-700° C [7], B
TO BpeMsl Kak JISTUPOBAaHHE TYTOIUIABKMMH MeTall-
gamu g0 400-500° C [8]. OmHako MeXaHHYECKHE
CBOICTBAa KPEMHUU-YIJIEPOAHBIX MOKPBHITUH He-
CKOJIBKO XY’K€, Y€M CBOMCTBA METAJI-yTJIEPOIHBIX
MOKpHITHH [4], a UMeHHO: OoJiee HU3Kask TBEPHOCTH,
abpa3uBHOE BO3JICHCTBHE IOKPBITHS Ha MOBEPX-
HOCTh KOHTpTENA B IPOLIECCE TPEHUSL.

© Pyoenxos A.C., Poeaués A.B., Iununyos /J.I"., 2021

[To HamieMy MHEHHIO CYIIECTBEHHBIMH IIep-
CIIEKTUBAMHU C TOYKH 3PEHHs pa3pabOTKH TEXHOJO-
THYECKUX TIPHEMOB, CIIOCOOCTBYIONIMX OJHOBpE-
MEHHOMY MOBBIIICHUIO TEPMOCTONKOCTH U MEXaHH-
YECKUX CBOWCTB YIIIEPOTHBIX MOKPHITH, 00Ia1al0T
TEXHHUYECKUE PEIICHHS, HCIOb3YIONINE  MHOTO-
KOMIIOHEHTHOE HAIOJHEHHE HHIPEIUCHTAMH, OKa-
3BIBAIOLIMMH PA3]IMYHOE BIUSHUE HA (PAa30BBIH CO-
CTaB yYIJIEPOJAHONW MATPHILI M, COOTBETCTBEHHO,
CBOMCTBa MOKPHITUNA. Tak, OCHOBHBIM MEXaHHU3MOM
CHMXXCHHSA BHYTPECHHUX MCXaHUYCCKUX Hal'[pﬂ)KCHI/Iﬁ
YIIIEPOIHBIX MOKPBITUI MPU UX JIETUPOBAHUH THTA-
HOM IIPU COXPaHEHHHU BBICOKOI TBEPJOCTH SIBISETCS
obpazoBaHune KapOuaHbIX (a3. [Ipu nermpoBanHun
KpEeMHHEM IIOMHUMO KapOWIa perucTpupyercs Io-
BBIIICHHE JIONH SP’-THOPHIM3HPOBAHHBIX aATOMOB
yIJIeposia, 4TO SIBISETCS CIEIACTBUEM OOJiee aKTHB-
HOTO y4acTHs TpaduTomogobHOro yrieposaa B mpo-
eccax XMMHUYECKOTO B3aMMOJICUCTBUSI C KPEMHUEM
[9]. IIpu aTom B [10] ycraHOBIEHO, 4TO TIpH OMHAp-
HOM JIETMPOBaHMU KpPEMHHEM W KapOumoo0Opasyro-
My Metauiamu Cr 1 Mo He poucxo T ha3oBbie
U3MCHCHUA TIIpU YBCJIMYCHHUU TEMIICpATYpPhI 10
800° C.

Llenbto Hacrosmied pabOTHI ABISIETCS OIIpeae-
neHne ocobeHHocTel Mopdosoruu U pasoBoro co-
CTaBa yrJIEPOIHbBIX MOKPBITHIH, JETUPOBAHHBIX THTA-
HOM M KPEeMHHEM.

1 MeToauka 3KcepuMeHTa
DopMUpPOBAHUE YIIIEPOAHBIX NOKPBITHI, J€TU-
POBaHHBIX KPEMHHEM M THTaHOM, OCYIIECTBILUIOCH
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Pucynok 1.1 — CocTaBHOM KaTo UMIYJIBCHOTO KATOJHO-AYTOBOI'O UCTOYHHUKA

MyT€M OJHOBPEMEHHOIO MCIApEeHUs] COCTaBHOIO
rpauTOBOr0 KaToja € Ppa3lu4HbIM KOJINYECTBOM
KPEMHHEBHIX BCTaBOK (pucyHOK 1.1) mpu momomun
UMITYJIBCHOTO KaTOJHO-IyroBoro wmcrogHuka (5000
HUMITYJIbCOB, 9aCTOTa ClIeAOBaHMA UMITyIbcoB 10 I,
HanpspkeHue paspsaa 350 B) u tutana mpu nmomommu
CTallMOHAPHOTO 3JIEKTPOAYTOBOIO HCTOYHHKA (TOK
oyt 80 A).

XYWMHAYECKUN COCTaB IOKPBITHHA ONpEAEIIsICs
CPEACTBAMH  DPEHTTEHOBCKOH  (POTORIEKTPOHHOU
cnekrpockonuu (P®3C). Mzmepenns: mpoBoIMIIUCh
npu nomoun npudopa PHI Quantera npu Bo30yx-
JneHnn BemecTBa Ko-M3IydeHHMEM QIIOMHHHUS C
sHepruell kBaHTta 1486,6 3B u cymmapHOI MOIIHO-
ctbio 250 Br. IlorpemHocTts onpeaeneHusi KOHIEH-
TpaIHX 3JIEMEHTOB cocTaBisuia + 1 ar. %.

VYCcTaHOBIEHO, 4YTO KOHIEHTpAIMsA KPEMHUS
BO3pPAacTacT MNPOINOPHUOHAIBHO KOIHYECTBY KpPEM-
HHEBBIX BCTABOK C OJIHOBPEMEHHBIM yMEHbBIICHHUEM
conepxanus yriaepona (tabmuma 1.1). Konmentpa-
M TUTaHa C YBEIMYEHHEM 4YHCIAa KPEMHHUEBBIX
BCTAaBOK H3MEHSIETCS HEJIMHENWHO, 4TO, MO BCEH BU-
JUMOCTH, 00yCJIOBJIEHO cenapanueil moToka MeTan-
JIMYECKOHU IUIa3Mbl U €r0 B3aUMOJCHCTBUEM C IIOTO-
KOM, T€HEpUPYEMbIM HMITYJIbCHBIM KaTOJHO-Iyro-
BbBIM HCTOYHMKOM U3 COCTaBHOI'O KpPEMHHUU-yrie-
POIHOTO KaToAa.

Tabmuma 1.1 — XuMHYecKuil cocTaB yriIepoIHBIX
MOKPBITUH, TETUPOBAHHBIX KPEMHUEM U THTAHOM

O6pazen KonnenTpanus 37eMeHToB, at. %
C Ti Si
C+Ti 50,3 44,6 —
C+Ti+Si1 46,9 421 6,2
(1 BcTaBKa)
C+Ti+Si 454 449 7,6
(2 BcTaBKM)
C+Ti+Si 42,4 10,9
41,5
(3 BcTaBKM)

Mopdosnorus HOBEPXHOCTH MOIYIEHHBIX KOM-
MO3UIMOHHBIX TOKPHITUI H3ydanach MPU MOMOIIN
aTOMHO-CHIIOBOTO MHKpockomna Solver Pro (NT-
MDT, MockBa, Poccusi) B MOITyKOHTaKTHOM PEKH-
Me. Cratrctudeckas o0pabOTKa MOMYYCHHBIX pe-
3yJIBTATOB OCYIIECTBISIACH CPEICTBAMH aHAIUTH-
yeckoii mporpammbel  Gwyddion, mo3BossomIEi

38

OIIPEJICTINTh TAaKUE XapaKTEPHCTHKH IOBEPXHOCTH,
Kak cyOIepoxoBaTocTs R, — cpemHee apupmeTnye-
CKO€ OTKJIOHEHHE BCEX TOUYCK MPO(HIS IIEpOXOoBa-
TOCTH OT CpeAHEH JIMHWW Ha IJIMHE OUEHKH, R, —
rapamMeTp OLEHKH peiibepa MOBEPXHOCTH, OIpeElie-
JIIEMBIM KaK KOpPEHb KBaJIpaTHBIN U3 CPEHETO KBaJl-
para paccTosiHU BEpIIMH HEPOBHOCTEH poduiis 10
€ro cpeqHel JIMHUU; KOJIMYECTBO; CPEIHIOI0 BBICOTY
HEPOBHOCTEW U quameTp oO0pa3oBaHuil (3epeH), pac-
NIpeJIeJIEHUE 3ePEH M0 pa3Mepy.

Anamu3 (azoBoro cocraBa YIJEpOAHBIX I10-
KPBITHH, JIETMPOBAHHBIX KPEMHUEM U THTAHOM, OCY-
IIECTBIISUICS. METOJAMH CIIEKTPOCKONMM KOMOWHa-
LMOHHOTO pAacCesiHUSl CPEICTBAMH CIIEKTPOMETpa
Senterra (Bruker, I'epmanust) ¢ [IMHON BOJHBI BO3-
Oy>Kmaromero m3mydeHust 532 HM, MOIITHOCTEIO 5 MBT.

IloBepxHOCTHass 3HEprusi NMOKPBITUN paccuu-
TBIBAJIACh HA OCHOBE W3MEPEHUI KPaeBBIX YIJIOB
CMa4yMBaHHs MOBEPXHOCTH 00Pa3I0B JBYMS pa3ind-
HBIMH JKUAKOCTSAMH: TJIHLUEPUHOM M IUCTUIIIHPO-
BaHHOW BOIOW (hHUKCHPOBAHHOTO 0OBema (5 MKI).
3axBaT W pacro3HaBaHUE HM300paKEHUs JIeXKalleH
KaIUTM KHUJIKOCTH MPOBOJIWICSA C IOMOUIBIO CIIEIH-
QIbHO pa3pabOTaHHOW IPOrpaMMHO-aIIapaTHON
cucrems! «Karuisa-2» Ha 6aze mukpockona MBC-6 ¢
yacrtoroi 1 I'ty B Teuenue 1,5 MuH.

2 Pe3yabTaThl U HX 00CyKAeHUE

Metogom ACM ycTaHOBJICHO, YTO HAWOOIb-
el TUIOTHOCTBIO M JUAMETPOM OTACNBHBIX CTPYK-
TYypHBIX 00pa30BaHU (3epeH) U3 pacCMaTPUBACMBIX
00pa3IoB XapaKTEPU3YIOTCSI KOMIO3UIIMOHHBIE I10-
KPBITHSL ¢ HauOOJbIIeH KOHIEHTpalued KpeMHHs
(pucynok 2.1, Tabnuna 2.1), yTo mo Bceil BUAMMO-
CTH OOYCIIOBJICHO HAJIMYHEM B IIa3MEHHOM MOTOKE
OOJIBIIIETO YHCIIa MUKPOYACTHI] KPEMHHMS U YIIIEpO.a.

Jlist criekTpoB KOMOWHALIMOHHOTO pacCestHUs
(KP) mokpbiThii Ha OCHOBE yriepoja XapakTepHO
HAIMUKE MHPOKOro mka Mexay 1000 em™ u 1800 e
[12], [13]. [laHHBIH MUK OOBIYHO PaCKIIAZBIBACTCS Ha
IBe rayccuansl — D- 1 G-uK. D-TIMK COOTHOCHUTCS C
MaTpHLIeii, COCTOSIIEH U3 Sp’-THOPUIM3HPOBAHHBIX
aTOMOB YIJIEpOJa C BKIIOUCHHAMH H3 SP -THO-
PUIM3UPOBAaHHBIX aTOMOB, W PAacIOJOXKEH MEXIY
1350 cm™' u 1450 cv' [14]. G-nux cooTBeTCTBYeT
Sp°-THOPHMAN3MPOBAHHBIM ATOMaM YIJEpoja M Je-
TekTHpyeTcs okoo 1560—1580 em™ [137], [14].
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Pucynok 2.1 — ACM u300paxeHust yriiepoIHbIX OKPBITHH, JISTMPOBAHHBIX KPEMHHUEM U TUTAHOM:
a) Cso30% + Tiaa v, 0) Cagov + Tlaz 10 + Sis 2%, 6) Casavs + Tiaa g + Siz e 2) Cazgon + Tiar s + Siio oo

Tabmuma 2.1 — [TapameTpsl MOP(HOTIOTHH JETHPOBAHHBIX TTOKPBITHIA

Obpasen Cpenmnsis R, R, | IImoTHOCTH Cpennuii tuameTp
BBICOTA, HM | HM HM 3epeH, IIIT. 3epeH, HM

Cspz0 T Ti44,6 A 6,7 0,3 0,5 30 56
Cu6.99 + Tig 19% T Sig 204 7,2 0,2 0,4 26 48
Cys.40, T Tiga 90, + Size0, 3,0 0,1 0,3 74 49
Ca60 + Tigrs0, + Sijgou 10,8 2,4 3,6 81 83

I/, B [15] mokazaHO, 4TO COOTHOIIICHHE HWHTEH-

0 0,2 0,4 0,6 0,8 cuBHocTel D- u G-nukoB Ip / I oOpaTHO mpomop-

C5043%+Tl44,()% |

C46,‘)‘?/£;+Tl42,]%+Slfv‘2% |

C45.4“ (>+T]44.‘>"/«;+Sl7,()"n |

C42.(u%+Tl4l .5%+Sll().9“/b |

Pucynok 2.2 — BnusiHue XUMHYECKOTO COCcTaBa
KOMIIO3UIUOHHBIX YTIEPOJHBIX MOKPBITUI
Ha cootHomenue Iy / I KP-criekTpoB

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

LMOHAJIbHO pa3Mepy KJacTepoB rpadura mpu pas-
Mepax KJIacTepoB Oosiee 2 HM. AHaU3 Pe3yJIbTaTOB
KP-criextpockonnu (pucyHOK 2.2) TMOITBEP)KAAET
JIaHHBIC aTOMHO-CHJIOBOH MHKPOCKOITHH, M TaKXke
CBHIETEJIBCTBYET 00 YBEJIMUYEHHU Pa3MEPOB OTHEIb-
HBIX KJIACTEPOB C POCTOM KOHIIEHTPAIIMN KPEMHUSI.
ITo cpaBHEHUIO C YIIEPOAHBIMHU ITOKPHITHSIMH,
JIETUPOBAaHHBIMHA ~ THUTAHOM, IIPH  PA3JIOKCHUHU
KP-cniekTpoB NOKpPBITHIL, IETHPOBAaHHBIX U TUTAHOM,
U KpEMHHEM, HaOIIOJAeTCsI CMELICHUE IOJI0KEHHS
G-mimka B CTOpOHY 0o0Jiee HU3KUX BOJHOBBIX YHCEIL,
YMCHBIICHHE WHTCHCUBHOCTH D-THKa, a 3HAYUT H
otHomuieHus Ip/ I ¢ OJTHOBPEMCHHBIM CHIDKCHHEM
MOJTYIIMPUHBI 000MX MHUKOB (Tabnuia 2.2).
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Tabmuma 2.2 — I[apameTpsr KP criekTpoB J1ernpoBaHHBIX TTOKPBITHIHA

O6pa3zen D_HIHK 1 G_?HK 1 In/1g
[Tonoxenue, cM | llupuna, cm | [lonoxenue, cM | [Hupuna, cMm”

Cso3% + Tiage % 1393 249 1561 191 0,73
Cag.99% + Tlap 19 + Sig o9 1409 246 1553 194 0,51
Cas .40 + Tlag 0, + Sizee, 1428 209 1546 171 0,44
Ca6% + Tla1 50 + Siioon 1411 221 1545 182 0,43

Tabnuma 2.3 — 3HaueHns KpaeBoTo yriia CMauMBaHUS M TIOBEPXHOCTHOM SHEPIHHU M €€ COCTABIISIOLINX

VYron VYron
Jucnepcuonnas ITonspuas IloBepxHOCTHasA
CMauyMBaHUsl | CMa4MBaHUs
O6pazen — (Bota) COCTaBJISIOLIAsA, | COCTaBIISIOILA, SHEprus,
HepH), ), M lx/M? mJlx/M? MJDK/M>
rpalychl rpajtychl
Csoz% + Tlass o, 63 82 50,3 0,1 50,4
Ca6.9% t Tigp 19, + Sig e, 65 90 48,0 0,3 48,3
Cys.a0, + Tigg 90, + Siz e 71 92 37,1 0,9 38,0
Cup 6% + Tiay s + Siio,0% 72 86 26,9 4,2 31,1

CornacHo [16] Takue U3MEHEHUS B CIICKTPE KOMOM-
HallMOHHOTO pAaccesHHs CBA3aHbl C paspyLIeHHEM
KJIaCTEPOB SP°-THOPHIM3UPOBAHHBIX aTOMOB. CMe-
meHue xe D-nuka B obiacTh 0oJiee BBHICOKHX BOJI-
HOBBIX YHCE MOXET OBITh 00YyCIIOBICHO 00pa3oBa-
nue Si-C cBs3el, acCOIMUPYEMBIX C TTMKOM BOJIHM3H
1450 e

PesynpraThl  omnpeneneHuss  MOBEPXHOCTHOM
SHEPTHH MO KPaeBOMY YIIIy CMadyMBaHWs (Tabiuma
2.3) KocBeHHO ToaTBepkaatoT ganHsie KP-cnexTpo-
CKOITMM U CBUETEILCTBYIOT O CHHKEHHH COZAEpKa-
HHS CBOGOJHBIX SP’-THOPHIN3HPOBAHHBIX ATOMOB.
YCTaHOBIJIEHO, YTO IPU YBEIMYEHUM KOHLICHTpaLUU
KPEMHHS B COCTaBe KOMITO3MIIMOHHBIX YTJIEPOHBIX
MOKPBITHH HaOJI01AaeTCsl YMEHBIICHHE TTOBEPXHOCT-
HOW PHEPIrHH 3a CYET YMEHBILICHHUS €€ AUCIIEPCHUOH-
HOHM cocTaBisitomied. [Ipu 3ToM mossipHasi cocTaB-
JSTIOIIast HA00OPOT pacTerT.

VYBenuueHue 3Ha4eHUs MOJSIPHOM COCTaBIISIIO-
el MoKeT OBITH CBSI3aHO ¢ 00pa30BaHMEM XMMHYE-
CKUX COEIMHEHUH C CHJIBHO TOJSPHBIMH CBS3SIMHU:
Si— 0, Si—C [17]. HaumeHbIel MOBEPXHOCTHON
JHEpruel U3 paccMaTpUBaeMbIX 00pa3IOB XapaKTe-
PHU3YIOTCS yIJIEPOIHBIC IOKPBITHS C HAUOOIBIIUM
COJICPIKaHUEM KPEMHHUSL.

BoiBoas!

Y cTaHOBIIEHO, YTO BBEACHUE KpEeMHHS (CBBIIIE
8 ar. %) B cOCTaB YIVIEPOA-THUTAHOBBIX MOKPHITHH
NPUBOJUT K POCTY HIEPOXOBATOCTH MOBEPXHOCTH,
YHciIa ¥ pa3Mepa OTIEIbHBIX CTPYKTYPHBIX 00pa3o-
BaHui. [lannsle KP-cieKTpoCKONMM KOCBEHHO yKa-
3bIBAIOT HA CHIDKCHHWE COJICPXKAaHHS CBOOOIHBIX
Sp°-rHOPUIM3UPOBAHHEIX ATOMOB YIIEPO/a, UTO, 1O
BCEH BUIMMOCTH, CBSI3aHO C OOpa3oBaHUEM CBsI3eid
tuna Si— C.

O6pazoBanne Si—C cBs3ell NMOATBEPKIACTCS
pe3yJibTaTaMH pacyeToB MOBEPXHOCTHOW SHEPruy Ha
OCHOBaHHMH{ M3MEPEHUsI KPaeBoro yriia CMauyuBaHUsL.
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IIpu yBennyeHHH KOHIIGHTpAIMK KPEMHUS B COCTa-
BE€ KOMIIO3UIIMOHHBIX YTJIEPOJHBIX TMOKPBHITUNA Ha-
Omo1aeTCs YMEHBIIICHUE TMMOBCPXHOCTHOW SHEPTHU
3a CUET CHIDKEHHUS €€ JMCIEPCHOHHON COCTaBIISIO-
weit. [lpu 5ToM mossipHasi cocTaBIsOMIAs MOBEPX-
HOCTHOW SHEPTHUU BO3PACTACT, YTO MOXKET OBITh CBsI-
3aHO ¢ 00pa30BaHMEM XUMHYECKUX COCIMHCHHMA
Si— 0, Si— C ¢ BEICOKUM JUIIOJIBHBIM MOMEHTOM.
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MACCHUBHOE I'PABUTAIIMOHHOE I10JIE B IINTIOCKOM

IPOCTPAHCTBE-BPEMEHM. 1V. BEKOBOU JIPEH® ATOMHBIX CIIEKTPOB

N OIITUKA CBEPXHOBBIX THUIIA Ia
M.A. CepawokoBa, A.H. Ceparokosn

Tomenvckuil cocyoapcmeennulii ynugepcumem umenu @panyucka Ckopumvl

A MASSIVE GRAVITATIONAL FIELD IN FLAT SPACETIME.
IV. THE SECULAR DRIFT OF ATOMIC SPECTRA AND OPTICS
OF TYPE Ia SUPERNOVAE

ML.A. Serdyukova, A.N. Serdyukov

Francisk Skorina Gomel State University

KocMmonoruueckoe npuiioxenue npeioxkenHoi panee B pamkax CTO kaanOpoBOYHO-MHBAPUAHTHONW TEOPHH MaCCHBHOI'O I'pa-
BHUTALIMOHHOTO IIOJIS TIPECKa3bIBACT CyIECTBOBAHNE BO BCeeHHOH AMHAMUYECKH OJHOPOJHOTO (DOHOBOTO IPAaBUTAL[IOHHOTO
TIOJISL C €IMHCTBEHHOM HEHYJIEBOW BPEMEHHOH KOMIIOHEHTOH, KOTOpPOe JOMHHHpPYET Bo BceleHHOM, ynpaBiss ee IUKIHIeCKOH
9BOJIIOLHEI TOCPEICTBOM COATAHCHPOBAHHOTO OOMEHa JHEprue ¢ rpaBUTHpYoleld MaTepuei. [IpenecTByomee U Ipogo-
JKAIOIeecs] YBEIMYCHHIE YHEPIHH [OKOSI aTOMOB IIPEKPACHO 0OBACHIET KOCMOJIOIHYECKOE KPACHOE CMEIICHHE UX CIIEKTPOB Oe3
THIIOTETHYECKOTO pa3beraHus NaleKuX rajakTHK. [IpeBocXoHOe YHCIEHHOE COIIacHe TEOPUH C HAOIIONaTeNbHBIMU OITHYe-
CKUMH JIaHHBIMH OT CBEPXHOBBIX THIIA [a JOCTUTHYTO B pe3ysbTaTe (PUTHPOBAHHS TOJBKO JIBYX MapaMEeTPOB: BO3PACTA TEKYILEro
nuKiIa (24 MIIpZ JIET) M TeKYIEro 3HAa4eHUs CKaISpHOW (POHOBOH HANpPSHKEHHOCTH, BBIPQKEHHYIO Yepe3 MOCTOSHHYI0 XabOna
(68 km/c/Mric). IpesckazaHHOE KOCMOJIOTHYECKOE YCKOPEHHUE paciiajia HeCTaOWIBHBIX SJIep U YacTHUI] TIOTBEPIKIACTCS pacTsi-
JKEHHEeM KpPHUBBIX Oliecka cBepXHOBBIX la ¢ koaduimentom (1 + z), HabnomaeMoe MocaecBedeHHEe KOTOPBIX MPOUCXOIHUT 3a

6re
CUET BHICOKOSHEPTeTHUECKUX (POTOHOB TaMMa-H3ITydeHHNs, HCITyCKaeMBbIX B Lienouke Geta-pacmanos °Ni —°° Co - Fe.

Knrouesnie cnosa: ¢onosoe epasumayuonnoe noie, 6exosoil opeligh amomMHbix CHEeKmMpos, KOCMONOSUYECKoe KPACHOe cmeuye-
Hue, Onmu4ecKkoe usiyyeHue ceepxHosvix muna la.

The cosmological application of the proposed early special-relativistic gauge-invariant theory of a massive gravitational field
predicts the existence in the universe of a dynamical spatially uniform background gravitational field with a single non-zero
time component, which dominates in Universe controlling its cyclic evolution through the balanced exchange of energy with
gravitating matter. The previous and continuing increase in the rest energy of matter perfectly explains the cosmological red-
shift of atomic spectra without the hypothesis of a general recession of distant galaxies. The excellent numerical agreement of
theory with the data from SNe Ia is achieved by fitting only two parameters: the age of the current cycle (24 Gyr) and the cur-
rent value of the background scalar strength expressed through the Hubble constant (68 kms™ Mpc™). The predicted cosmo-
logical acceleration of the decay of unstable nuclei and particles is confirmed by (1 + z)-stretching of the light curves of SNe Ia,
the observed afterglow of which occurs owing to the high-energy gamma-ray photons released in the chain of beta decays

*Ni —»> Co —™ Fe.

Keywords: background gravitational field, secular drift of atomic spectra, cosmological redshift, optical radiation of type la

Supernovae.

Introduction

The cosmological redshift of the atomic spectra
is one of the main directly observed global phenom-
ena in the universe. Due to the finiteness and con-
stancy of the speed of light, this phenomenon is a
reliable source of unique information about the cos-
mological evolution of matter and the evolutionary
history of the universe as a whole. Two circum-
stances allow us to look into the history of the evolu-
tion of matter itself, rejecting the hypothesis of an
expanding universe: the obvious connection between
the “age” of the observed cosmic event and the dis-
tance from it and the Hubble law — the redshift of the
observed objects increases with their distance from
the observer. In short, the greater the redshift of the
galaxy’s radiation, the further away it is located, but
the further away the galaxy, the earlier the events
© Serdyukova M.A., Serdyukov A.N., 2021
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observed in it took place. The astronomical mosaic
of observed “redshifted” events happened at differ-
ent epoches will, of course, add up to a realistic his-
tory of the universe if, moreover, we have an appro-
priate theory that correctly reflects the physical na-
ture of the cosmological redshift. In the application
here presented of the offered scalar theory of the
gravitational field to the entire flat universe, the
cosmological redshift of the atomic spectra finds a
natural explanation, without requiring the Hubble’s
“radial velocities of «...» extra-galactic nebulae”,
increasing as they recede from the observer [1], and
any other unavoidable ad hoc assumptions.

As we will see, in the model of the universe
based on this theory, the redshifts of atomic spectra
and their growth with increasing cosmological dis-
tances are alternatively explained as a manifestation
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of a part of the cyclic process of synchronous change
in the inertial mass of atoms throughout infinite
space in the visible past epoch up to the present
time. The inertial masses and rest energies in various
quantum states of atoms, as well as the distances
between their energy levels and the frequencies of
the emitted photons, were increasing at this epoch at
the expense of the energy of the existing slowly
varying background gravitational field. This field is
significantly different from what we knew about
gravity before. In a homogeneous universe, the four-
vector strength of this field is represented by a single
time component, which is a three-dimensional
scalar.

By the way, it should be admitted that Edwin
Hubble himself understood the possibility of an al-
ternative to the Doppler redshift mechanism pro-
posed by him. At that time he had serious reasons to
suspect this, because, according to the then scale of
cosmological distances, “The familiar interpretation
of red-shifts seems to imply a strange and dubious
universe, very young and very small” [2]. But start-
ing with Hubble’s first publication [1], due to the
lack of a better alternative to the expansion of the
universe, the far-reaching myth of the recession of
distant galaxies became firmly “established in most
astronomer’s minds” and has “survived through the
decades until the present” [3, p. 417-418].

We present in this peper the alternative sce-
nario of the evolution of the dust-filled universe
eternally dominated by the background gravitational
field. The proposed model of the cyclically evolving
universe is based on the canonical linear theory of
the massive scalar field, which we use as a working
model of the gravitational field. It is amazing how a
completely new dynamics of a non-expanding uni-
verse, confidently explaining the results of astro-
nomical observations accumulated over the past cen-
tury, directly follows from the updated scalar model
of gravity in combination with the cosmological
principle, which postulates only a homogeneous and
isotropic distribution of matter. It is especially im-
portant that the adopted simplest non-geometric ap-
proach to the problem of relativistic generalization
of Newtonian gravity is sufficient for an unambigu-
ous interpretation of astronomical observations
without the previously mentioned speculative theo-
retical artifacts of presently existing cosmology.

1 The equations of the background gravita-
tional field

In this section, we will try to reconstruct a dy-
namical model of the universe filled with gravitating
dust-like matter, homogeneously and isotropically
distributed in space, in the presence of the evolving
background gravitational field. We would like to
prevent the appearance in the new model of the uni-
verse of ‘dark clouds’, similar to the mysterious
concepts of “dark energy” and “dark matter”, which
have long been entrenched in the existing
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cosmology. We now turn to a consideration of the
customary model of a dust-filled homogeneous uni-
verse, treating it as a unified gravitating system. In
the following, we will mainly be interested in the
collective gravitational field created by all the dust
particles forming such a system, whether it be whole
galaxies, individual atoms in intergalactic clouds or
simply massive elementary particles. To calculate
the background field we use the Klein — Gordon
equation

2

(D—ZZ-Z”GO @jq):o, (1.1)
C

where O is the spatially averaged source of the field:

1 Vi 2
®:7(7[)Z,,“m” /1—6—26 (r-r,)dv (12)

(see [4, Egs. (3.2) and (3.3)]). Here we assume that
the averaging is performed in the rest frame of the
universe over a cosmological volume 7~ whose lin-
ear dimensions in all directions are much larger than
the averaged distances between individual “dust
particles”, such as separate galaxies and their clus-
ters, that is of about 10® to 10° light years. It is also
assumed that upon averaging, the individual contri-

. %
butions m, (l—vj /cz) * to the common source of

the background field are taken at the same fixed in-
stant of the standard (special-relativistic) cosmic
time ¢ counted by a photon clock.

In order to refine the gravitational field equa-
tion (1.1) by presenting the field-dependent source
density ® explicitly in terms of the desired field
variable ¢, we must express in (1.2) the square of

the velocity of each individual particle in terms of
the square of its conserved momentum. For this we
use two (ordinary and Hamilton’s) forms of particle

energy,
c’md’
& =—————=,/p +c'm*d*, (1.3)
N1=v/¢?

relating v’ to p° for solving our preliminary task.

In this way, we represent the source (1.2) as a
somewhat complicated but explicit function of the
conserved momentum of particles and the variable
¥ of the field itself (we omit the index a):

1 m
o) =Y ————  (14)
v p
1+ 2 2,4
cmd
The time-dependent strength Q(z) of the back-

ground gravitational field initiates, as we know from
[5] (see Section 2), the appearance of the radial
(convergent or divergent, dependently of sign of Q)
energy fluxes directed along a local field g created
by individual gravitating bodies, such as stars, at-
oms, or, simply, elementary particles. This means
that, contrary to the current opinion, the inertial
mass of each particular gravitating body and,
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ultimately, of every individual elementary particle is
their variable characteristic, which slowly changes
together with the strength Q(f) of the background
field throughout the history of the modeled universe.

This process must be balanced as required by
the law of energy conservation. To proof this, we
start from the field equation (1.1), which we rewrite
again, using the detailed expression (1.4) for the
field source:

I:|—%2—2’H:G0i + ¢=0 (15)

e /1+ P
cm*yt

Note that the equation (1.1) in form (1.5) remains
invariant with respect to the gauge transformation
& — C¢', since this transformation also generates a

scale transformation p —p'=C’p of the particle

momentum, which is proportional in this case to ¢°.

In our further analysis of global processes in
the universe, we will refer to the frame of reference
associated with all matter filling the space. In this
fundamental frame, which is inertial by definition,
the dustlike matter is distributed uniformly and isot-
ropically and is at rest on the average. From symme-
try considerations it follows that the instantaneous
picture of the distribution in space of the background
gravitational field coupled to this background matter
should inherit its spatial homogeneity. This means
that in the fundamental frame of reference, which
will be adopted henceforth, this field should depend
on time alone, that is ¢(x)=Y¥(¢). In this case,

equation (1.5) can be rewritten as follows:

2
?+czzz‘{’+2ﬂGoizL‘P:0,(ll6)
t V& - P’
cm* !

where, as before, in the summation over all particles
in a volume 7', the squares of their random mo-
menta are assumed to be time-independent. Multi-
plying the equation (1.6) with the expression

(c2 /ZnGO)d‘I’/dt and using the connection (1.3),

after some simple transformations we get the equality

d
E(WM +1,)=0. (1.7)
Here the quantity
2 2
w, Ly em? (1.8)
7o 1 v’
CZ

is the energy density of the dust matter, averaged
over the space, whereas the density of the energy
stored in the field itself is

4 2
W, =— iz(d—\yj 13292 | (1.9)
2nG, | ¢\ dt

In complete agreement with the results presented in
[5] (see Section 1), this expression denote the
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density of the energy accumulated by this field in
two forms, kinetic and potential. Thus, the equation
(1.7) shows that the sum of the energy densities W),

and W, of these two main constituents of the not

expanding as well as not contracting universe does
not change with cosmological time.

2 Gravitational background in the quiet
homogeneous universe

In order to remove the complexities in our dis-
cussion of dynamical cosmology, we must, as usual,
accept a simplified idealized model of the universe
endowing it with the minimum number of necessary
averaged parameters.

The first simplified assumption that we have to
accept is that the matter filling the space is nonrela-
tivistic. This means that the velocities of the vast
majority of randomly moving masses of “dust parti-
cles”, that is of stars, galaxies, and their clusters in
the visible universe are much lower than the speed
of light. Therefore p <« c¢m for all of them, so that,

in the range of values of W(x) different appreciably

from zero, the ratio p°/ (cm‘I’z)2 in equation (1.5)

can be neglected in comparison with unity. In fact,
in this way we can replace the precise source (1.4) of
the Dbackground field by the expression

1 _ . o
] z—Zm =p is constant. However in this case
)
the illegality of the given limiting transition with
disappearing value of W¥(x) becomes non-obvious.

As can be seen from (1.4), the exact value of the
averaged parameter ®(Y) depends on time together

with the field W and tends to zero if this field vari-
able vanishes. So this case requires a separate con-
sideration.

In our consideration, we will also neglect the
global mass defect accumulating over space time
due to the stellar nucleosynthesis and structural
changes in matter after its gravitational condensa-
tion. This will allow us to consider the averaged
density p of the gravitational mass of matter un-

changed for a long cosmological era. Of course, only
in a universe without expansion or contraction, the
spatial density of gravitational mass can be consid-
ered unchanged over very long (by cosmological
standards) time intervals, and we assume that this is
indeed the case.

Thus, under the above assumptions that our
Universe during a long cosmological epoch is filled
mainly with nonrelativistic dust-like matter, the
complex nonlinear equation (1.5) [as well as (1.6)]
for the background field in an acceptable approxima-
tion is reduced in an arbitrarily chosen inertial frame
to the linear Klein — Gordon equation

(E\—Q—;J‘P(x) =0. @.1)
C
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Here, for brevity, we have introduced the notation
for the new combined cosmological parameter

O’ =c’5 +27G, 1 (2.2)
with the dimension of the squared inverse time
(squared frequency). Its more precise physical sig-
nificance as a characteristic of the evolving universe
will be explained below. But even a cursory glance
at equation (2.1) is enough to understand that this
parameter should play a huge role in our investiga-
tion of the dynamics of the universe. Primarily we
see that the value of () determines the space and
time changes of the logarithmic potential ¢ of the
background field. But W, in turn, governs the en-
ergy content of gravitating matter from elementary
particles to macroscopic bodies and stars and, there-
fore, controls the cosmological evolution of their
inertial mass.

Parameter (2.2) is certainly a fundamental
characteristic of the universe, combining two main
contributions to the total “effective source” of the
background field ¥ in (2.1). One of them is the
averaged density p of the gravitational mass of the

background dust-like non-relativistic matter that fills
the space, while the second is related to the parame-
ter »r presented in theory and having a purely field
origin inherent in a massive field. Thus, the hy-
pothesis that the graviton as a quantum of the scalar
gravitational field is an exotic elementary particle

with a nonzero gravitational mass mg; = s /c, cre-

ates an additional degree of freedom. In cosmologi-
cal applications of the theory, the nonzero graviton
mass, as seen from (2.2), can alternatively param-
eterize the well-known lack in the observed Uni-
verse of hadronic matter, established when trying to
interpret some key astronomical observations within
the currently accepted theory of gravity.

Having discarded the commonly accepted hy-
pothesis of accelerated expansion of the universe, as
well as the cosmological expansion as such, as erro-
neous in order to explain the Hubble redshift as such
and its observed nuances, we find no reason to be-
lieve that the average kinetic energy density of ran-
domly moving galaxies and, therefore, the universe
parameters ® and Q could be noticeably different
their current values in directly observed past cosmic
history. In this case, it can also be assumed that
these parameters will not noticeably change over a
long cosmological time in the future history of the
universe.

Considering the model of the Universe uni-
formly filled with nonrelativistic matter, we choose
a simple monochromatic solution of equation (2.1),

W(x) = .o sin(—k,x* + ), (2.3)
as a global gravitational field that permeates all infi-
nite space along with matter. In this expression, pa-
rameters &/ and o are the usual integration con-

stants. We emphasize that our choice of the simple
particular solution (2.3) for the background
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gravitational field and not any other was not random.
It was motivated by considerations of reasonable
sufficiency and corresponds to the model of a ho-
mogeneous universe accepted here.

By virtue of the Klein — Gordon equation (2.1),
the components of a constant four-dimensional wave

vector
W[ o
(k )—(—C,kj (2.4)

in (2.3) satisfy the condition

QZ
kuk“ = _c_z.

2
The inequality kA" =k’ _(1)_2 <0, which results
c

from this, means that for the four-vector k" there
exists a preferred inertial reference frame in which
the ordinary wave vector k, formed by the spatial

components of k", vanishes. Hence the frequency

of the wave

0=(Q+ck?)" 2.5)

reaches in this frame its minimum value o, = Q.

Using, in addition, the fact that the phase constant

o, without loss of generality, can also be made equal

to zero by a suitable choice of the time origin, we
can rewrite (2.3) in this preferred frame in the form

Y(t) = &7 sin Q. (2.6)

Thus, the wavelength A =2mn/|k| of the flat

harmonic gravitational wave (2.3) is stretched to
infinity on going to the mentioned fundamental ref-
erence frame. As a result, for the observer catching
up with this frame, the wave behavior of the back-
ground field is leveled and completely disappears.
Hence, in the fundamental frame of reference the
background gravitational field, being spatially ho-
mogeneous, exhibits only oscillatory behavior. We
will call the frequency Q of these oscillations the
cardinal or fundamental frequency of the cyclically
evolved universe.

If we choose the spatial homogeneity of the
background gravitational field as an unconditional
preliminary restriction, then the Klein— Gordon
equation (2.1) can be reduced in the fundamental
frame of reference to a simple equation of a pendu-
lum oscillations without spatial derivatives:

d*v
ar’

The physical acceptability of the solutions of
this equation, independent of spatial coordinates, is
completely obvious from the point of view of an
observer in the fundamental frame of reference.
From symmetry arguments, it becomes obvious that
in this reference frame a scalar source of whatever
nature (such as, for example, the gravitational mass
of gravitating matter), which is at rest and uniformly
and isotropically distributed throughout the space,

+ QPP =0. 2.7)
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cannot create any global scalar field that would de-
pend on the coordinates and thus distinguish a cer-
tain direction in space determined by a nonzero gra-
dient.

Therefore, the spatial components of the
strength four-vector g" =(Q,g) of the background

gravitational field, expressed in terms of its variable
Y as

1
L, ey, 1 28 2.8
g ¥ (2.8)

are zero, that is, g" =(0,0,0,0). In contrast, the

temporal component
1 d¥Y
=2c—— 2.9
0 ¥ @ 2.9)
of this four-vector, if we take into account (2.6), is a
nonzero periodic function of time:

0 =2cQcot Q. (2.10)
Unlike W(¢) given by (2.6), this field changes in
time with frequency 2€), that is, with the fundamen-
tal period

s
T=—. 2.11
o 211

Of course, the equation (2.1) admits a wide set
of other solutions besides the chosen above. How-
ever, our choice of a solution (2.6) harmonically
oscillating in time is the most preferable of them. It
is motivated by considerations of simplicity and rea-
sonable sufficiency, and also by the fact of isotropy
and homogeneity of the modeling dust-like universe,
established by astronomical observations and fixed
as a cosmological principle.

But besides the original symmetry arguments
that simplify the model of the universe, the corre-
spondence of the subsequent theoretical conclusions
to real astronomical observations was crucial for our
final choice of field variables (2.6) and (2.10) among
other admissible solutions that determine the evolu-
tion of the universe. The adopted solution (2.6) de-
scribes a field possessing precisely these properties
of spatial homogeneity and isotropy. Consequently,
the strength (2.10) represents the large-scale back-
ground gravitational field in the already introduced
fundamental frame of reference existing together
with matter of the entire universe.

So, the state of the background gravitational
field is given by its wave function W¥(¢), the loga-

rithmic time derivative of which determines the ob-
servable of this field — its scalar strength QO(¢).

3 Cyeclic evolution of the inertial mass

In our previous search for a suitable “minimal”
dynamical generalization of Newtonian static grav-
ity, compatible with the special-relativistic conserva-
tion laws and satisfying Maxwell’s principle of the
positivity of energy density of the field, we did not
seek to construct in advance a theory of variable
inertial mass of matter. As we have discussed earlier
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in [5], the gravitational variability of the energy,
stored by a massive body or classical point particle
at rest, arises as a completely natural phenomenon
from the point of view of the theory of a mass-
coupled canonical scalar field. In a weak local (non
background) field, this looks like a small mass defect
accompanying the gravitational interaction.

But apart from this, the proposed theory of the
gravitational field, which meets the stated require-
ments, unexpectedly reveals the physical essence of
the concept of mass hidden in the phenomenology of
two equivalences: mass-energy and also inertial and
gravitational masses. We have to be convinced of
the limitations of our current understanding of iner-
tial mass as a passive form of accumulated energy
“‘dormant’ in massive bodies, that is released in part
during chemical and especially nuclear reactions”
[8] as well as in the cosmic processes of gravita-
tional clustering of matter. The rest energy also does
not participate in the transformation into other forms
of in separate stable elementary particles (with the
exception of matter-antimatter annihilation).

Up to our time, the classical relativistic me-
chanics, having discovered the rest energy, did not
give any keys to understanding its physical nature
and the mechanism of its formation, hidden in the
phenomenology of perhaps the most famous physi-
cal formula & =mc’. Remaining within the frame-
work of generally accepted physical concepts, we
can only talk about the binding energy and mass
defect, that is, about a completely insignificant im-
balance of the rest energy accumulated in the inertial
mass, arising as a result of the formation, transfor-
mation, or decay of complex material structures,
such as atomic nuclei, atoms, molecules, or cosmic
bodies formed with the participation of various
physical fields. For example, the mass defect in the
splitting of a helium nucleus bound by strong inter-
action is only 0.75% of its total inertial mass.

As for the contributions to the inertial mass
produced by the other three fundamental interac-
tions, they are known to be even more negligible. A
simple calculation leads to the conclusion that the
gravitational binding energy of the earth contributes
a fraction 8.4x107" of its total rest energy [3]. The
fractional mass defect of a star such as the sun is ~10°°.

In the case of an individual atom, the contribu-
tions of the strong, electromagnetic, weak and gravi-
tational interactions to its binding energy and, there-
fore, to the inertial mass are estimated respectively
as 1:107%: 10" : 10 relative to each other [6].
(Meanwhile, Richard Feynman a year earlier gave a
different relationship between fundamental forces,
another in relation to weak interaction, namely:
1:102:107°:10™ in the same sequence [7] (see
Table 2.3 on the page 2.10).) However, the compari-
son presented for individual atom is actually mis-
leading. In the case of the gravitational condensation
of large amounts of electrically neutral matter, the
formation of compact supermassive objects is
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limited only by centrifugal forces, which are of a
random nature. The gravitational binding energy of
compact cosmic bodies, such as a white dwarf, neu-
tron star or black hole, increases sequentially and
reaches tens of percent in the case of a black hole. A
calculation using simplified models of a homogene-
ous white dwarf and a neutron star with the mass of
the Sun shows values of the fractional mass defect of
about 10* and 107" respectively.

But the alternative special-relativistic approach
to the gravity problem and its cosmological applica-
tion that we develop here, breaks this restriction with
respect to the gravitational interaction: we come to
the conclusion that the rest energy and therefore the
inertial mass itself are completely of gravitational
nature. Of course, the existence of a small additive
correction term Am =m® /¢* in the nonrelativistic
and weak-field approximation, keeping only first-
order terms in small quantities v*/¢*> and ®/c?,

against the background of the relativistic value mc
cannot be a sufficient reason for changing the tradi-
tional view, which is confirmed at every turn, that
the entire rest energy of matter can be transformed
into other forms of energy only in the processes of
matter-antimatter annihilation. However, a remark-
able feature of the scalar gravitational field is that in
the general case it leads not only to small corrections
in the rest energy, that is, in the inertial mass of a
gravitationally coupled system. This is equally ap-
plicable both to the mass of black holes, neutron
stars, white dwarfs, then to individual macroscopic
bodies, atoms, nuclei and even to the entire mass
spectrum of elementary particles due to their energy
exchange with gravitational fields. And this applies
not only to small but rapid (on a cosmological time
scale) variations of inertial mass in local familiar
vector fields g. Especially and above all this conclu-
sion refers to the interaction of listed objects with
the background gravitational field, what is particu-
larly important — to its slow, very long, but deep
evolution, from maximum value up to zero and vice
versa, in the cyclic background scalar field Q.

We will see that a simple zero-spin gauge-
invariant theory of a gravitational field is very effec-
tive and looks nontrivial even against monumental
general relativity. Being applied to the universe, it
forces us to raise the status of the inertial mass of
elementary particles from a phenomenological con-
stant to the level of a dynamical variable, and there-
fore pushes the physics of fundamental interactions
beyond the existing Standard Model.

Now we will continue to discuss the phenome-
non of gravitational variability of the rest energy and
inertial mass of gravitating matter, focusing our at-
tention on the participation of the background gravi-
tational field in this process. As before, our subse-
quent reasoning will relate to the absolute frame of
reference associated with the universe. As we have
so far assumed, the matter in this frame is at rest on
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the average and uniformly and isotropically distrib-
uted throughout space, so that the varying in time
background field must be also spatially uniform.

As was already shown in [5], in space where
exists the vector field of strength g, the scalar
strength Q involves in the formation of flows of the
gravitational energy directed along or opposite vec-
tor g. Therefore converging or diverging energy
fluxes around gravitating bodies are invariably pre-
sent during successive long stages of positive and
negative background field Q(¢) in the evolving uni-
verse. This means the existence of the replacing each
other long half-cycles of slow synchronous increase
and decrease in the inertial mass of all individual
elementary particles, atoms, stars and other con-
densed bodies.

It follows from (1.3) and (2.6) that the cosmo-
logical evolution of the inertial mass m associated
with the rest energy of nonrelativistic matter, con-
tained in each individual gravitating particle, atom,
body, or star with the constant gravitational mass m,
is given by the formula

m(t) = mo/? sin® Qt, 3.1
where Q is the cardinal frequency (2.2) of the cy-
clically evolving universe.

So far we have used the previously determined
solution (2.6) for the logarithmic potential W(¢) of
the background field without worrying about the fact
that the integration constant %/ in it remained un-
certain. Formula (3.1) shows that it would be rea-
sonable to get rid of the ambiguity in this solution by
choosing an initial condition for it, establishing that
at the current time ¢,

Y(t,) =/ sinQt, =1. (3.2)
Now, using this convention, we can rewrite field
(2.6) as
sin Qf
sinQt,
Such convention applied to the background field is
extremely convenient, since in this case the present
value m(t,) of time-dependent inertial mass of

¥(r) = (3.3)

every particle or condensed body
sin® Q¢
sin® Q¢,
coincides with their gravitational mass m. Therefore
the current value of the evolving rest energy
, sin® Q¢

sin” Qt,
is given by the customary Einstein’s formula

E(t,) =mc’.

At the same time, the maximum value of the evol-

ving inertial mass of a particle is reached in the mid-
dle of the cyclic epoch and takes a well-defined

quantity

() =m (3.4)

&(t)=mc (3.5)

~ m

= 3.6
™ sin® O, (36
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Thus, any body at rest or just a massive ele-
mentary particle serves as a natural pantry for the
energy of the background gravitational field. Each of
them has a certain limiting energy capacity, prede-

termined by its gravitational mass m:

2
mc

= 3.7
sin® Q, 3.7)

max

The current value of the phase ¢, of the pre-

sent evolutionary cycle was determined by fitting the
measured relation between redshift and peak lumi-
nosity of SNe Ia with the correspondent theoretical
formula (for details in Section 6). This significant
cosmological parameter with a great degree of cer-
tainty is about Qf, =0.68. This leads in turn from

(3.6) and (3.7) to the numerical connections
m_ =25m and &  =2.5mc’,

while the gravitational mass m remains unchanged.

Thus, according to (3.4), the inertial mass m
corresponding to the energy accumulated in a certain
epoch in a resting particle has, in a true sense, a
gravitational origin. In fact only “gravitationally
charged” particles can have the rest energy and,
therefore, can possess the inertia with a possibility of
a movement with velocities smaller than speed of
light and even to be at rest. In turn they become, due
to this, successful in formation of atoms, their vari-
ous groupings, and condensed macroscopic and
cosmic bodies.

The varying energy content &(¢)=c’m(t) of
resting elementary particles (and gravitating bodies
in general) is formed at the expense of the energy of
the background gravitational field O and controlled
by it forming the energy flows proportional to the
product Og. Along with this, their inertial mass and
rest energy also are slightly corrected by the inter-
vention of local contribution to the background field
O produced during the change in time of the local
potential @.

And finally, the rest energy accumulated in the
form of the inertial mass can be completely pumped
out of the particles under the influence of the back-
ground field, and this instantaneous massless state of
matter regularly repeats in the Universe after the
time interval 7 given by (2.11). Our estimates, based
on observational data from Type Ia supernovae,
show that the last such dramatic event in the uni-
verse occurred about 24 billion years ago.

4 Gravitational nature of the cosmological
redshift of atomic spectra

It is well-known the Lev Landau's aphorism
cited, for instance, by Michio Kaku in [9, p. 10]:
“cosmologists are often in error but never in doubt”.
However, the lack of alternatives to the generally
accepted explanation of the cosmological redshift by
the expansion of the universe, which for ninety years
seemed so obvious to everyone, made it possible in
the book [10] of Landau and Lifshitz to make an
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exception to this rule. On page 383 we read the au-
thors’ categorical statement: “There is no doubt that
this property (“the expanding universe”) gives a cor-
rect explanation of the phenomenon of the red shift,
which is fundamental for the cosmological problem”
[italics added].

The search for an explanation of the cosmo-
logical redshift under the tacit assumption that the
physical conditions that existed in the material world
in the remote past, like matter itself with its elemen-
tary particles, atoms and atomic nuclei, did not differ
from existing ones, inevitably led the discoverers of
this phenomenon to its naive Déppler interpretation.
Then, within the framework of general relativity,
this explanation was transformed into the now com-
monly accepted, but from many points of view, vul-
nerable model of an expanding universe created
from a big-bang singularity. This hypothetical ex-
pansion is interpreted by the general theory of rela-
tivity as the stretching of space itself, in which
wavelengths of light waves also stretch during the
long journey to observer, manifesting itself as a red-
shift of atomic spectra.

Repeating partially the arguments that we have
already presented in [5, Section 3], we will show
below that the theory of the canonical massive scalar
field, adapted as a dynamical special -relativistic
theory of gravity and applied to the model of the
homogeneous dust-like universe, predicts cosmo-
logical redshift as a natural periodic phenomenon,
which is inevitable at certain stages of its cyclic evo-
lution. We will see immediately that the cosmologi-
cal redshift of atomic spectra can be alternatively
explained as a result of the grows of the inertial
mass — rest energy of atoms, occurring presently and
in the visible past on the scale of the entire non-
expanding universe. This growth is initiated by the
background gravitational field (2.10), which has
transferred own energy to the elementary particles of
gravitating matter for 24 billion years and continues
to replenish their rest energy in the current era.
Moreover, as we will see below, the proposed theory
of gravitation applied to the homogeneous dust-like
universe predicts (without any additions!) the phe-
nomenon of cosmological redshift with surprising
details in its relation versus the luminosity distance,
which were discovered from observations of SNe Ia
[11]-]13].

Thus, accepting the scalar theory of gravity,
one must admit that the observed cosmological red-
shift of atomic spectra has nothing to do with the
idea of an expanding universe. To show this, it is
merely enough to assume that all available cosmic
processes and events, both recent and sufficiently
distant in the past, belong to the first half of the cur-
rent evolutionary cycle of the universe, which is one
of an infinite number of identical cyclic epochs. This
means that observed events, we believe, have hap-
pened at the time ¢ satisfying to the condition
0<t<t,<m/2Q. At this time in the past, the
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energy content factor W’(¢), and therefore the rest

energy

E(t)=c"m V(1) 4.1
of elementary particles, then of atoms, stars, and
other cosmic bodies and their structures as they
formed, appeared to grow monotonically and con-
tinue to increase at present.

Like the rest energy of an atom in the ground
or excited state, the spacings between its energy lev-
els also change with cosmic time ¢ in accordance
with the same cosmological generalization (4.1) of
the fundamental law of proportionality of inertial
mass and rest energy. Consequently, for the frequen-
cies of photons emitted at a certain instant ¢ of cos-
mic time by an atom at rest as a result of a quantum
transition from an initially excited state with energy
& (¢) to a lower state with energy & (¢) in the gen-

eral case we can write

v, () =VOP (1), 4.2)
where v is the frequency of the photon currently
emitted by the similar atom:

© _ o0

v = é _6? )

" 2nh

Each of the values £” in this expression is evi-

dently the present quantity of the rest energy of atom
in the n-th excited (or in ground) energy state.

For the already found normalized harmonic
background field (3.3), the formula (4.1) gives the
already known cyclic time dependence (3.5) of the
rest energy for all individual atoms (or nuclei) in any
quantum state

.2
sin” Q¢
én)(f)=¢f(o)T~ 4.3)
sin” Qf,
Corresponding to this, the epoch-dependent spectral
frequencies of every atom vary with cosmic time ¢ as
© sin” Qt
" sin® Q1

The observed discrete frequency spectra of
electromagnetic radiation from very distant galaxies,
quasars, or other cosmic objects are clearly quantum
in nature. The photons, emitted by ancient atoms at a
much earlier instant of cosmic time, arrive to an ob-
server on the earth at present time #, with a very

v, &)=V (4.4)

large (up to ten billion years or more) retardation
time ¢, =1, —t.

Being massless, a free photon do not create the
proper vector gravitational field g which would par-
ticipate in a pair with the scalar background field O
in the formation of energy fluxes of the gravitational
field, which, in turn, could change its energy con-
tent. Consequently, the long travel of photons during
time 7, in a flat non-expanding universe filled with
the energy of the evolving background field O took

place without any changes in their energy, and hence
in frequency. For this reason, the spectra currently
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observed by astronomers are the spectra of atoms
from the distant past of our universe. They are
shifted to the red compared with the laboratory spec-
tra of similar, but more massive, currently existing
atoms: the rest energy of both young and aged atoms
is determined by the evolving factor P, which has
undergone a corresponding gradual increase over
time f,. We observe a cosmological shift in the

frequency of arriving photons exactly to the red edge
of the spectrum, because during the time z_, of their

ret

propagation, the rest energy and inertial mass of
today’s atoms have become higher, so that the fre-
quency and energy of the photons emitted by them,
which we use as reference ones, have proportionally
increased.

The parameter z of the cosmological redshift is
determined in this case as usually by comparing of
the wavelengthes A__. or frequencies v_ of elec-

emit emit
tromagnetic radiation, emitted by the faraway atoms
in the remote past and presently observed, with their

laboratory analogues A, or v, received presently

from similar atoms on the earth:
z = }\‘emit _}\‘0 — VO _Vemit (4 5)
Ao v

emit
For a certain energy transition of an atom, we should
make in (4.5) the replacement
VO - Vnm (tO)’ Vemit - Vnm (tO - tret )’
so that the definition of redshift (4.5) reads as follows:
z = Vnm (tO) _Vnm (t() _tret) — Vnm (tO) _
Vnm (tO - trct ) Vnm (tO - trct )
Keeping in mind (4.2), from this we obtain the gen-
eral definition of the parameter of cosmological shift
of spectral lines in the form
(1)
= Vol
\Pz (tO - tret )
For the slowly oscillating logarithmic potential (3.3)
of the background field this gives
sin® Q¢,
zZ= T~
sin” Q(t, — 1, )
So once again, briefly. While free photons have
traveled through the universe for billions of years
having fixed frequencies, all atoms in the universe
have been exposed to the background gravitational
field all this time and have continuously experienced
a secular increase in their rest energies. This increase
happened with the universal factor W>(¢), regard-

1. (4.6)

-1. (4.7)

less of whether atoms were in excited or ground
states. Therefore, the spacing between energy levels
of atoms gradually expanded in the same extent,
determined by the factor W*(¢) too. This is an alter-

native to the model of the expanding universe and
the “tired light” hypothesis, successfully explaining
why the arriving cosmic photons, emitted long ago
and far away as a result of atomic transitions, are
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softer than the photons emitted today by exactly the
same but aged atoms in similar energy transitions.
Applying formula (4.7) to real astronomical
observations, one should, of course, take into ac-
count the uncertainty in the cosmological redshift
caused by the longitudinal Doppler shift of the spec-
tral lines because of the peculiar nonrelativistic mo-
tion of the galaxies. In turn, the Doppler shift,
caused by the participation of the Milky Way itself
in this movement, should lead to a dipole anisotropy
of the cosmological redshift, similar to the dipole
anisotropy of the cosmic microwave background.
The question may arise: how should the magni-
tude — redshift (or blueshift) diagram look like for
hypothetical observers at different epochs in the his-
tory of our Universe? We address this problem in the
next section. Here we only note in passing, that for
any previous or future time of hypothetical observa-
tion ¢ the equation, connecting cosmological

obs ?
shift z of atomic spectra (red in the case of positive z
or blue if z is negative) with the time of the journey
of photons having the spectral frequencies
v, (t ) shifted with respect to the correspon-

nm \Yobs tret

dent “laboratory” frequencies v, (¢,
tained from (4.7) by replacing the current time ¢, by
t

follows:

), can be ob-

In this case the required connection reads as

obs

o sin? Qr,
==
sin® Q (1, — 1)
When the present cycle was young, so that the con-
dition Qr,, < 1 for early hypothetical observations

l+z (4.8)

was satisfied, the formula (4.8) gives for ¢, <t

the approximate equality
2

4zt (4.9)

(tobs - tret)
We emphasize that under the conditions just speci-
fied the parameter z in this formula is positive. This
corresponds to the redshift of photons that were
emitted at time ¢, —t , by “young” distant atoms

compared to photons emitted later at a certain cos-
mological epoch ¢,  of the supposed observation by

similar but “aged” by the time ¢, atoms as a result

of the similar radiative quantum transitions.

A formula very similar to our approximate
formula (4.9), in which, however, the current obser-
vations of the cosmological redshift are assumed
[i. e., in (4.9) one must put ¢, =t,], was obtained

by Hoyle and Narlikar [11], [12] as a strict conse-
quence of their “Conformally invariant theory of
gravity”. This theory was announced later by Arp
and Narlikar in [13] as “a unified framework for
extragalactic redshifts”.

The Hoyle-Narlikar consideration is based on
the Mach’s idea of the appearance of the inertia
(must be read ‘the inertial mass’) in an individual
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particle from the rest of the particles in the universe.
This idea was understood and interpreted in [11],
[12] as a result of the interaction of a particle with a
hypothetical “mass field”, which, in turn, arose
“predominantly from particles at great distance”. In
fact, the variability of the inertial mass appears in
[13] as a result of a separate, not related to the gravi-
tational interaction and poorly grounded ad hoc hy-
pothesis of the instantaneous action of bodies at
cosmological distances.

Let us suppose now that we observe the atomic
spectra of light from a galaxy located at the distance
d =ct, not very large on a cosmological scale.

This means that the light, which spectra we analyze,
was emitted by atoms in past at time ¢, —¢_ suffi-
ciently close to the present epoch in the sense that
t, <t,. In this case, we can expand the function of

ret

two time variables, z(¢,,t ), in (4.7) [or in the gen-
eral formula (4.6)] in a power series in the small
ratio ¢, /t,, limiting ourselves to the linear ap-
proximation. The result of this approximation, of
course, is a linear relationship between the redshift z

and the time ¢ of light propagation to the observer:
z=Hyt (4.10)

This linear in time ¢, approximation of (4.7), we

ret *

can now rewrite in terms of the redshift z of the opti-
cal spectra of atoms in not very remote galaxies and
the light travel distance d = ct,, from them:

z:lHOd. (4.11)
c

In the formulas (4.10), (4.11), we denote by H, a
coefficient that represents the current value of the
logarithmic time derivative of the square of the
background field ¥(¢):
1 d¥*(r)
i) dr
Because of the general harmonic solution (2.6) for
Y(¢) [or its normalized example (3.3)], from this we
find

H(t) =

(4.12)

H,=2QcotQt,. (4.13)
The constant H,, in (4.10), (4.11) is the same

as in the well-known Hubble linear empirical con-
nection

v=Hd. (4.14)
Edwin Hubble is known to have explained the cos-
mological redshift as a result of the Ddppler shift
associated with the hypothetical general recession of
galaxies [1], [17] (the last together with Milton Hu-
mason). At that time, ninety years ago, the idea of
scalar gravity, with its gravitationally dependent
Nordstrom’s mass, experienced an “early demise”,
and the general recession of distant nebulae was
perhaps the only reasonable explanation for the dis-
covered astronomical phenomenon, which has since
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become firmly established in modern cosmology.
Based on this interpretation, Hubble expressed the
“Doppler redshift parameter” z=v/c in terms of
the “radial recession velocities” v of galaxies and
related it by the empirical formula (4.14) with the
distances d at which the currently registered photons
were emitted by young atoms ¢, =d /c time ago.

According to (4.12), the natural unit of the
Hubble parameter should be the inverse unite of
time, that is the inverse second or inverse year. Any
of these two simple units of the Hubble constant H

should be accepted in the proposed alternative model
of the universe without the mythical cosmological
expansion. The use in this work of a non-standard
artificial unit, kms'Mps™', for the current value of

the Hubble constant, which is convenient in the
Friedmann — Robertson — Walker  cosmology, is
forced for obvious reasons. But over time, its use in
the model of a quiet universe without a big bang will
look like a meaningless anachronism.

5 Redshifted spectra of distant atoms as
dating tool of past cosmic events and processes

We call attention to the fact that if we adopt the
scalar approach to the gravity problem and the pre-
sented model of the evolution of the universe as true,
we could use the Hubble’s redshift as an independ-
ent readily accessible precision indicator of cosmo-
logical distances. To demonstrate this specifically,
we will have to return to (4.7), but now we must
express the travel time ¢, of photons from a distant

ret
source as a function of the cosmological redshift z,
bearing in mind that at the moment of emission the
source was at rest in the observer’s frame of refer-
ence. Of course, one should remember in this case
some uncertainty in determining the distance d and
time of light propagation ¢, =d/c, introduced by

the Doppler frequency shift, arising from the uncon-
trolled peculiar motion of a distant source.

Thus, using (4.13), from (4.7), we can find the
time ¢, of a long journey to the Earth of photons
emitted by atoms whose optical spectra are shifted to

the red side. Expressed through the redshift parame-
ter z of the observed spectra, this time is

2cot ), in Qt,
tm:LKQto—arcsin i OJ. (5.1)
H, Vi+z

This formula involves only two freely specifiable
parameters; these are the Hubble constant /, and
the present phase Qf, of the current cycle of the
evolution of the universe.

Starting from (5.1) and using the numerical
values (6.10), (6.11) of these parameters derived
from astronomical observations, we can offer a
working formula for the convenience of numerical
calculations of the distance d = ct,, traveled by the

light radiation with the observed redshift z:
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sin 0.68
d(z)=35.27| 0.68 —arcsin ——— |x
@ ( Vi+z j (5.2)

x10° lightyears.

Thus, we obtained this formula using the re-
sults of high-precision astronomical measurements
of peak values of the brightness of supernovae type
Ia, which were observed in a few random galaxies.
Now formula (5.2) should ensure the same accuracy
of determining the distance to any galaxy exclu-
sively through its redshift.

Having thus installed in (5.1) the high-pre-
cision data of astronomical observations of SNe Ia,
we obtained a formula that should provide the same
accuracy in determining distances to galaxies only
through redshifts, which was achieved for not nu-
merous random galaxies by means of careful meas-
urements of the peak apparent luminosities of their
supernovae.

The travel times of radiation from distant cos-
mic objects with large z, calculated by formula (5.2),
significantly exceed the corresponding estimates
made in the conventional big bang cosmology with
suitable cosmological parameters. (In contrast to the
two parameters presented in formula (5.1), in the
A CDM model, to calculate d(z), at least three pa-

rameters must be specified. As a rule, these are:
Q =03, Q, =0.7 and current value of the Hub-

ble parameter H, =70 kms'Mps™.)

As examples, we presented in Table 5.1 for
comparison the corresponding estimates of the time
of light propagation from several relatively recently
discovered galaxies and quasars with large redshifts.

Table 5.1 — Revised light travel distance from
known high-z sources in the nonexpanding universe

Light travel distance,
Gly
Object z Big-bang Variable-
mass cos-
cosmology mology
Galaxy GN-z11 [18] |11.09 13.4 17.57
Galaxy Egsy8p7 [19] | 8.68 13.2 16.81
Quasar 7.642 13.1 16.38
JO313-1806 [20]
Quasar ULAS 7.54 13.1 16.33
J1342+0928 [21]
Galaxy 7.51 13.0 16.32
z8 GND 5296 [22]
Quasar ULAS 7.085 12.9 16.12
J1120+0641 [23]
Quasar J043947.08+ | 6.51 12.8 15.82
163415.7 [24]

6 Evolved Chandrasekhar’s limit and lumi-
nosity of distant SNe Ia

As a result of Chandrasekhar’s fundamental re-
search of the stability conditions of ideal spherical
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nonrotating carbon-oxygen white dwarfs [25], [23,
Chapter XI], [27], it is commonly accepted in to-
day’s astrophysics and cosmology that the mass of
progenitors of all SNe Type Ia, as well as their peak
absolute luminosity must be standard and do not
depend on cosmic time [28]. However, the observa-
tional data from SNe la with identical redshifts
showed that there is a noticeable spread in their peak
brightness. Those individual deviations from stan-
dard are natural and can be caused primarily by un-
avoidable deviation in the critical amount of carbon-
oxygen substance in pre-exploding white dwarfs
because of their rapid rotation with different random
angular velocities [29], [30]. But such a variety in
the peak brightness of different supernovae with
identical redshift can be corrected because of the
presence of correlation between their absolute mag-
nitude and duration of the bright phase: brighter
stars have accumulated more substance and naturally
radiate longer than dim ones [31], [32]. Thus, the
distances to these standardizable candles can be
compared with the unprecedented in observational
cosmology precision by measuring and correcting
their peak apparent magnitude.

However, according to the above analysis,
these bright sources of light adopted in astronomy as
standard indicators of distance appear to be more
“difficult” than that is commonly believed today,
first of all, because of the cosmological variability of
the inertial mass. The point is that the Type Ia su-
pernovae explosions, registered at different cosmo-
logical distances, occurred at various cosmological
epochs. Hence the registered peak luminosity of the
supernova of this type is influenced by a number of
facts which are changed themselves in the conditions
of cosmological evolution. Therefore there are sev-
eral reasons why the luminosity distances, deter-
mined by using the SNe Ia, must be analyzed and
defined anew, from the standpoint of the developed
theory. Among them, three circumstances raise sus-
picions, as capable of causing a change in the peak
absolute luminosity of SNe Ia over cosmic times:

(i) As we look further and further out into
space, we register photons that were emitted by at-
oms or nuclei consisted of younger and younger
elementary particles having smaller and smaller rest
energies. This means that any two identical nuclei or
atoms in two different supernovae, currently seen at
very different distances, and therefore radiated at
various epochs give different energy release Ae of a
nuclear transmutations or chemical reactions (or
other transformations), which decreases with dis-
tance. Hence, according to (4.3), we can write

Ag,  sin’ Q(t,—-1,,)
A_ao  sin? Q-

Here and throughout this section, the indices 1 and 0

refer to the time ¢, =7, —¢_ of sending the electro-

ret

magnetic signal from supernova explosion in the
past and to the present time ¢, of its detection on the
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earth, respectively. Finally, keeping in mind (4.7),
we get from the previous formula
1
Ag, 1+ZA80. (6.1)
(ii) As it follows from the quantum mechanical
uncertainty relation between the width of energy
levels and the lifetime of excited states, simultane-
ously with the decrease of the rest energy of unstable
particle and nuclei in the local external gravitational
field, their lifetimes increases [33]. Since the pro-
genitors of distant Type Ia supernovae exploded at
an earlier stage of the matter evolution, the evolved

half lives of unstable nuclei of **Ni (synthesized
from >C and 'O during the explosion) and then of

its daughter **Co isotope would be correlated, ac-
cording to (6.1), with their redshifts and current half-

life 7% as
% =1+ )17, (6.2)
This means that the nuclear transformations of the
explosion products of two faraway Type la superno-
vae, whose progenitors were two identical carbon-
oxygen white dwarfs, occurred more slowly and
continued for a longer time in that of them that was
placed at a greater distance from the observer.
Therefore, the energy of more distant type Ila
supernovae, which is released per unit time during
spontaneous transformations of unstable nuclei, will
be further reduced, according to (6.2), by a factor of
1/(1+ z). From this, in turn, it follows that, because

of the increase in the delay of the emission of secon-
dary photons with distance, the peak absolute lumi-
nosity of more distant white dwarfs, exploded as
SNe Ia, will additionally decrease with increasing z
by the same factor 1/(1+z).

(iii) Finally, as was noted at the beginning of
this section, due to the longer duration of the bright
phase of SNe Ia having more massive progenitors,
but with the same redshifts, their apparent peak
brightness can be confidently standardized to elimi-
nate the spread in the observed data brightness —
redshift correlation due to the exceed of Chandrase-
khar’s limiting number of baryons calculated for a
non-collapsing ideal non-rotating white dwarf.
However, the loss of stability of non-rotating white
dwarfs in binary systems accreting matter from a
companion is achieved at different epochs with dif-
ferent limiting values of their inertial mass, which is
modulated on cosmological time scales by the en-

ergy content factor W (¢) determined by (3.3), so that
sin” Qf

sin?Qr,

in accordance with formula (3.4). Parameterizing as
before the age ¢, of photons emitted from the visible
by their red-
shift z in agreement with formula (4.8), we find that

M () =

white dwarf at the past time ¢ =¢, —¢

ret
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M (2) = L‘JJTOCh
1+z

At the same time, since the mass of each indi-
vidual elementary particle changes in proportion to

the same factor P (¢), explosions of white dwarfs —

the progenitors of each of SN Ia have been and will
happen with the same (on average) number of bary-
ons, that is with
M =37.0-10" baryons. (6.3)
Therefore, the invariant characteristic of the
stability of ideal non-rotating white dwarfs in the
evolving Universe is their limiting gravitational
mass or the limiting total number (6.3) of baryons
calculated using the current limiting Chandrasekhar
mass and mass of hydrogen atom, but by no means
their total inertial mass, which changes with cosmo-
logical time.
The peak value (¢, -

distant supernova la with cosmological redshift z is
decreased by the factor (1+z)°, due to the first two

t,) of the power of a

circumstances (i) and (ii) compared to the peak
power I(tz,) of a local supernova with z close to

zero. Thus from (6.1) and (6.2) it follows
I(t
I(t,—t,)= ( 0)2 :
(1+2)
Because of this, the supernova will look dimmer and
it will seem to us that it is located (1+z) times far-

6.4)

ther than the real distance d =ct_ traveled by the
light.

Taking into account (6.4), we obtain that in
perfectly transparent universe without expansion or
contraction the luminosity distance defined from
Type la supernova depends on its redshift factor
(1+z) and the light travel time ¢, as follows:

ret
d, =(1+z)ct (6.5)
Using this formula and taking into account
(5.1), we represent the luminosity distance d, in

ret*

terms of the red shift parameter z, as it is usually
required for cosmological applications. We get thus
finally the following redshift — luminosity distance
relation for Type Ia supernovae:

2¢(1 Q
d,(z)= c(1+z)cotQt,

. sin Q)
[Qto arcsin L

: N j (6.6)

The foregoing considerations show that the
correlation between red shifts and luminosity dis-
tances from cosmic sources having other light emis-
sion mechanisms than SNe Ia during their afterglow
may be different from that determined by formula
(6.6). This will be the case, for example, when using
standard stationary sources as distance indicators,
such as a specific sample of bright stars, globular
clusters or galaxies. Other types of supernovae,
which, unlike SNe Ia, emit light simultaneously with
the explosion without noticeable delay, can also be
such sources.
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Using the rich available data of redshifts and
apparent magnitudes of Type Ia supernovae at the
peak of their brightness, we can now quantitatively
verify the validity of the proposed description of the
evolutionary dynamics of the universe.

Substituting the expression (6.6) for the lumi-
nosity distance for Type Ia supernovae in the well-
known formula that presents the definition of the
bolometric distance modulus,

d (z)

10pk

we shall write it for the case of SNe Ia as standard
candles in the form:

Hyg =518

My (2) = (6.7)
2¢(1 tQ in QQ
—5lg M(% resin SN roj ,
10pk - H, V1+z

where the numerical values of the light velocity ¢
and the Hubble’s constant A, must be expressed in

units of km sec ™' and km sec'Mpc ', respectively.

This formula would remain true also in the case
when the observer would compare the brightness of
the same, but differently red-shifted spectral lines
from SNe la appeared at various distances. How-
ever, it is known that the photometry of supernovae
with different z is performed by means of photode-
tectors with special filters (templates) that are trans-
parent at fixed narrow spectral band. For this reason,
the measured apparent magnitude of distant source
of light will be additionally smaller by the factor
(1 + 2) than that for a similar local source [33]. This
fact requires to modify the formula (6.7) by adding a
correction term — the so-called K-correction associ-
ated with this “non-selective” effect:

K =25l1g(1+2). (6.8)
This correction was proposed and justified by John
Oke and Alan Sandage in [33] (see “effect (b)” in
formula (2)).

In order to compare the presented theory with
the existing results of astronomical observations of
SNe Ia in the blue band, we restrict ourselves to this
basic correction. For the more scrupulous fitting of
the universe parameters responsible for the correla-
tion of SNe Ia peak brightness with their redshift, it
is necessary, instead of (6.8), to use the empirically
found progressively finer K-corrections [35] caused
by the non-uniformity of the spectral distribution of
the light energy in SNe la. But it seems that further
refinement of the cosmological parameters would
lead to additional calculations unreasonably cumber-
some for the purposes of this article.

Finally, introducing the correction (6.8) into
(6.7) we find the test formula for the peak apparent
magnitudes of SNe Ia measured in any X band:

Ry (2) =25+ (6.9)
% .
+5lg 2c(1+z)” cotQt, [Qto _ arcsin S Qt, ) '
IMpk - H, Vi+z
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Despite the unsightly form, this formula, as well as
the initial redshift-distance relation (5.1), contains
only two free adjustable parameters. These are the
present values of the Hubble parameter H, and the

phase Qf, of the background field W(¢), that make

the formula very simple and convenient in fitting the
observational data.

Next, we can use (6.9) to obtain the best suit-
able curve for an ensemble of measurement results
for Type Ia supernovae characteristics by fitting
these two parameters. According to our preliminary
“manual” fitting to these data, the best values for the
two adjustable parameters in (6.9) are

H, =68 kms'Mps”, (6.10)
Qt, = 0.68. (6.11)
From (4.13) it follows that the age #, of the

current cycle can be calculated through parameters
(6.10), (6.11) by the formula

t, =2H,'Qt, cot Q.
Thus, we find the value #, = 24 billion years, which

we gave several times earlier.

Thus, the proposed gauge-invariant model of
the massive scalar gravitational field, which under-
lies the presented cyclic scenario of the evolution of
the universe without a hypothetical expansion,
agrees well with the observational data from Type Ia
supernovae accepted in extragalactic astronomy as
standard candles.

We note straight away that our result (6.10) for
the present value of Hubble parameter coincides
with the recent (2020) result that was reached in [36]
using the collaborative data from SNe Ia collected in
[37]. And it is in excellent agreement with the value

H,=(674%0.5) kms'Mps™
of the Hubble constant obtained in [38] by careful
processing of precision data of 2018 from the Planck
mission. [The previous two results,
(67.3%1.2) kms'Mps™ and (67.8+0.9) kms'Mps™,

received early by Planck Collaboration in 2013 [39]
and in 2015 [40] respectively, are also in perfect
agreement with our estimate (6.10).]
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VK 539.3

W3I'UB TPEXCJIOMHOM IIJIACTUHBI PABHOMEPHO PACIPEJEJEHHON

HAT'PY3KOM B HEUTPOHHOM IOTOKE
9.U. CrapoBoiiToB

Benopycckuii 2cocyoapcmeennulii ynusepcumem mpancnopma, I omens

BENDING OF A THREE-LAYER PLATE BY A UNIFORMLY DISTRIBUTED
LOAD IN THE NEUTRON FLUX

E.IL. Starovoitov

Belarusian State University of Transport, Gomel

PaccmoTpeH M3rud KpyroBOi TPEXCIIOHHON HECHUMMETPHYHOI MO TOJIIMHE IUIACTHHBI B YCIOBHAX HEHTPOHHOrO OOIyYeHUsI.
OcecuMMeTpHYHAs HETIPepBIBHAS HATPY3Ka IepIeHIHKYIApHA INIOCKOCTH MNAacTHHBL. KuHeMaTuKa makeTa OMHCBHIBAETCS C IO-
MOIIBIO TUIIOTE3b IOMAaHO! JIMHUH. J[JI Hecymux clIoeB MPUHUMAIOTCS runore3sl Kupxroda. OTHOCUTENIBHO TONCTSHI 3aMo-
HUTEJIb MOJYUHACTCS TUnoTe3e TUMOLIEHKO O MPSIMOJIMHEHHOCTH U HECKUMAEMOCTHU J1e(hOpMUPOBAHHON HOpMAJIU. YUHUThIBA-
eTcst paboTa KacaTelIbHBIX HaNpsDKeHHH B 3amonnutene. Juddepennnanbuble ypaBHEHHs PaBHOBECHS MOIYYeHbl BAPUAI[HOH-
HBIM MeTonoM Jlarpamka. KonTyp mmacTuHbl mapHupHO omepT. IIpuBeneHa mocTaHOBKa KpaeBOH 3a4adu AT HaXOXKACHUS
TpeX UCKOMBIX (YHKUMIL: mporuda, cBUra ¥ pajMajibHOr0O MepeMelleHNs] CPEJAMHHON TUIOCKOCTH 3aroiHuTeNs. Pemenne npu
PaBHOMEPHO pacIpe/esICHHOM Harpy3Ke NoIy4eHo B KOHeYHOM Buje. IIpoBeieH ero uiucieHHbIi napaMeTpuIecKuii aHaIu3.

Knrouesvie cnosa: mpexcnoiinas kpyeosas niacmuna, uzeud, pacnpedeiennas ocecuMMempuinas nagpy3ka, ynpyeocmo, Heti-
mponHoe obyueHue.

The bending of a circular three-layer plate with an asymmetric thickness under neutron irradiation conditions is considered. The
axisymmetric continuous load is perpendicular to the plate plane. The kinematics of the package is described using the polyline
hypothesis. For load-bearing layers, the Kirchhoff hypotheses are accepted. The relatively thick filler obeys Timoshenko's hy-
pothesis about the straightness and incompressibility of the deformed normal. The work of tangential stresses in the filler is
taken into account. Differential equilibrium equations are obtained by the Lagrange variational method. The contour of the plate
is pivotally supported. The statement of the boundary value problem for finding the three desired functions: deflection, shear
and radial displacement of the median plane of the filler is given. The solution for a uniformly distributed load is obtained in the

final form. Its numerical parametric analysis is carried out.

Keywords: three-layer circular plate, bending, distributed axisymmetric load, elasticity, neutron irradiation.

BBenenue

ITocTpoeHno MaTeMaTU4EeCKUX MOJENIEH YIIPY-
TUX TPEXCJIOWHBIX 3JIEMEHTOB KOHCTPYKIUH, yaens-
eTcsi OOJIBIIIOE BHUMAaHHE B CBSI3U C HX HIMPOKHM
NPUMEHCHHEM B TEXHHUKE, MAIIUHOCTPOCHUU U
CTPOUTEJBCTBE. JTa NpoOiieMa OTpakeHa B psije
pabor.

B wmonorpagusx [1]-[4] mpuBenmeHsl mocta-
HOBKHM KpaeBbIX W HAYaJbHO KPAeBBIX 3a/a4 O KBa-
3UCTATHYECKOM M JHHAMUYECKOM JIe(OpMHUPOBAHUH
TPEXCIOWHBIX CTEPKHEH, TNIAaCTHH U 00oJouek. Pa3-
paboTaHbl METO/BI MX PELICHUS M INPHUBEACHBI pe-
3yJIBTaThl MCCIIEIOBaHMS HaIpsDKEHHO-AehopMUpO-
BaHHoro coctosHus (HIAC) mpu cuiioBBIX Harpyxe-
HUSIX C Y4€TOM BO3AECHUCTBUS OKPYKAIOLIEH Cpebl.

CBOOOZHBIC ¥ BBIHYXJICHHBIC KOJICOaHUS, B
TOM YHCJIE PE30HAHCHBIE, TPEXCIOMHBIX 000JI0YEK U
TUTACTHH PAacCcMOTpPeHHI B cTaThsx [S]-[8]. [IpoBene-
HBI YHCJICHHBIC FICCIECIOBAHUS BIUSHUS KECTKOCTH
YOPYroro OCHOBAaHWSI Ha YacTOTHI M aMIUIHTYIIBI
Koyle0aHnH, pacCMOTPEHBI CIlydyal KOHEYHBIX Je-
(hopMmanmii ¥ BHE3AITHO MPHUIIOKECHHBIX HAIPy30K.

Pa6oter [9]-[12] mocBsimieHbI HCCIEIOBAHHUIO
KBa3UCTaTHYECKOro  Je(OpMHUpOBaHMS  YHPYTHUX
CJIOUCTBIX 6an01< n IMpAMOYTOJIbHBIX IIJIACTHH.
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OnHOKpaTHOE U IUKIWYECKOe Harpy>keHue Heympy-
TUX CIOUCTHIX IIACTUH paccMmoTpeno B [13], [14].
Maremaruueckass Mojenb AehOPMUPOBAHUS TpEX-
CJIOWHBIX KPYTOBBIX IIACTHH, CBS3aHHBIX C OCHOBa-
nueM Ilacrepnaka, paspaboraHa B crarhsx [15],
[16]. Pe3ynmpTaThl UCCIeIOBaHHUS U3rHOa TPEXCIIOW-
HBIX KPYTOBBIX IUTACTHH CO C’KMMAaeMbIM 3aIlOJHU-
TeneM tpuBeneHsl B [17], [18]. Pemenus BrImcaHbI
B KOHEYHOM BHJE, IPOBECHA MX YUCICHHAs arpo-
Ganus.

BiusHue TemmepaTypbl Ha  HalpsXKEHHO-
ne(opMUpOBaHHOE COCTOSIHHE TPEXCIOMHBIX (QYHK-
IUOHAIBHO T'PaJMeHTAIbHBIX COHABHUY IUIACTHUH HC-
cienoBano B [19], [20]. TepmocunoBoe HarpyxeHue
TPEXCIOMHBIX IUIACTUH U IMIMHAPUYECKUX 000II0-
YeK paccMaTpuBalioch B myoOnukanusx [21]-[24]. B
crathe [25] mccnenoBaHbl MPOOIEMBl ONIpeeNeCHUs
HauaJIbHOTO HANpaBJCHUS Pa3BUTHS TPEIIMHBI B
MOMEHT CTpParuBaHHUA.

3aBUCHMOCTh MEXaHWYECKMX CBOWCTB Mare-
pHaIOB OT HEUTPOHHOTO OOJIyYEHUs! ONMCAHO B MO-
vorpadusx [26], [27]. Tlocrpoenuio maremaTmye-
CKMX MoJeleil M pa3paboTKe METOIOB DEIIEeHU
KpaeBbIX 3a]ad, YYUTHIBAIOIIMX BIUSHHUE paaualii-
oHHbIX 3((dexToB, nocesiieHa kuura [28]. B crarbsax
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[29] uccnenoBano nedopmupoBaHHE TPEXCIOWHOTO
CTCPIKHA CO C)KUMACMBIM 3aIIOJIHUTCIIEM B HeﬁTpOH-
HOM moToke. Paborta [30] mocBsieHa HcCliea0Ba-
HUKO HU3MCHCHHS BCJINYUHBI HeﬁTpOHHOFO IIOTOKa
TIPY TIPOXO’KAEHUH Y€Pe3 TPEXCIOWHYIO IIACTHHY.

B nanHOlif pabore npuBeneHa IOCTaHOBKA M
MOJIy4€HO aHAJIMTHYECKOE PEeLIeHNE KPaeBoH 3a1aun
00 ocecHMMETpPHYHOM H3THOE, pacipenesieHHOH 1o
TOBEPXHOCTH BEPXHETO CJIOSI HATPY3KOM, TPEXCIOM-
HOM ynpyroi KpyroBoi IUIACTUHBI B YCIOBMSIX HEU-
TPOHHOTO O0JTy4eHHS.

1 HeliTpOHHBII NOTOK B €J10M1X IVIACTHHBI

KunemaTtnueckue rumoressl aehopMHUPOBaHUS
IJIaCTUHBI COOTBCTCTBYIOT T'HMIIOTE3C JIOMaHO# Ju-
Hun. ToHKHME Hecylne CJIOM TOJIMHOW hy # Iy
BBITIOJIHEHBI U3 00Jiee IPOYHBIX MaTepUalioB U IPH-
HUMaIOT Ha ce0s OCHOBHYIO CHJIOBYIO HarpysKy.
Jus Hux cnpaBemanuBel Tunore3sl Kupxroda. B 6o-
Jilee TOJICTOM 3amoiHuTene (A3 =2c¢) IMpUHUMAaeTCs
runore3a THMOIIEHKO O MPSIMOJIMHEMHOCTH M He-
C)KUMAaEeMOCTH Ae(OPMHPOBAHHON HOpMAlH, y4H-
TBIBACTCSl OTHOCHTENIBHBIN CIBUT y U paboTa Kaca-
TEJbHBIX HanpsbkeHud. [unuuapuueckas cucrema
KOODJMHAT 7, (b, Z CBA3BIBAETCSI CO CPEANHHOM IJI0C-
KOCTBIO 3aIlOJHUTENS, OCh z HalpaBJieHa IepIIeH -
KyJISIPHO BBEpX, K IepBoMy cioto (pucyHok 1.1).
IIpoexnun ocecUMMETPUYHONH  pacHpeAeIeHHON
Harpy3ku Ha KOOpAMHaTHbIE ocu 0003HaueHsl ¢(r),
p(r). KoHTyp rutacTHHBI MIADHUPHO OTIEPT U HAa HEM
COZIEPIKUTCS JKeCTKas auadparma, MpensTCTBYONIas
OTHOCHTEIIFHOMY CABHTY B 3amosHuTene (v = 0 npu
r=ry).

IIpennonaraercs, 4To B Ha4YaJlbHBIE MOMEHT
BPEMEHHU Ha BHEIIHIOI MIOBEPXHOCTb BEPXHETO CIIOS
z=c + h; paccMaTpuBaeMoii IJIACTHHBI BO3/ICHCTBY-
€T OCeCUMMETPHYHasi paclpeleieHHas CUIIOBas Ha-
Tpy3Ka U HelmpoHHbIL NOMOK TUIOTHOCTBIO ()g = const
B HAaIpaBJICHUH, NTPOTHUBOIOJIOKHOM BHEITHEH HOp-
Maiu (pucyHok 1.1). B cuimy ocecummerpu4HOCTH
Harpy3ku TaHT€HIMAIbHBIE TEPEMEIICHUS] B CIIOSAX
OTCYTCTBYIOT: u¢(k) =0 (k=1,2,3 - HoMep cios),

|44

a Tporud IMIACTHHBI W, OTHOCUTENBHBIA CIBUT B
3aI0JIHUTENE Y U PaJualIbHOE TepeMeIeHne Koop-
[lHHaTHOﬁ IMOBEPXHOCTU U HEC 3aBUCAT OT KOOpAWHA-
Thl ¢. B panpheiimem stu Qynkumu w(r, t), u(r, f),
(7, f) cunTaroTcsl NCKOMBIMH. VX 3aBHCUMOCTH OT
BPEMEHH ¢ OIPEJEIsIeTCs] BEIMYMHONW W3MEHSIOIe-
TOCsI HHTETPAJIbHOTO HEHTPOHHOTO 1oToKa. Yepes /i
0003HaYeHa TOJIINHA k-TO CIIOS.

[Ipu oOmydeHNH »HIIEMEHTOB KOHCTPYKIHH
HEHUTpOHAMH, HMOHAMH, DJIEKTPOHAMH H3MEHSIIOTCA
MEXaHWYEeCKHE CBOWCTBA MAaTEpUaOB: TBEPAOCTH,
mpenesl TEeKy4eCTH, IUIaCTHIHOCTh, IIOJI3Y4eCTh.
Oco0bIii UHTEpPEC NPEACTABIICT HEHTPOHHOE 00JTY-
YEHUEC, B PE3YJbTATC KOTOPOIO B TBEPALIX TElIax
NPOUCXOIUT paclyXaHue Marepuaja, BO3HUKAET
obbemHas nedopmanus 0, BiumsHue HEHTPOHHOTO
o0JNy4eHHss Ha MapaMeTpbl YOPYrocTd — MOMYIIb
IOnra, xospduuuent Ilyaccona u T. 1. He3HAUYU-
TENBHO W B NaJbHEHIIIeM He yuuThIBaeTcs [26]-[28].

CornacHO SKCIEPUMEHTAIbHBIM ITaHHBIM TPU
MalbIX OepOopMalusaX B JIMHEHHOM NPUOIIDKESHUH
MOJKHO CUHTATh, YTO M3MEHEHHE 00BbeMa MaTepuaia
B ciosx 6, OpsAMO HNPONOPLHOHAIBHO HHTErpajb-
HOMY HEHTPOHHOMY IOTOKY, HpOLIECAIIEMY 4Yepes3
HUX [26]:

0y =B, (2), (1.1)
rae I[(z) = oi(z) t — WHTETpaNbHBI HEHTPOHHBINA
MOTOK B k-OM CIJIO€; )y — MHTEHCHBHOCTH IOTOKA
(HeiTpoH/(M?+C)), DOMIEAIEro 3a BPeMs ¢ K IOBEPX-
HOCTH C KOOPJIMHATOH z B k-OM cltoe; B, — KOHCTaHTa
Marepuara, IoJyJyaeMas U3 oIbITa.

B pabote [30] noka3aHo, 4To K MOMEHTY ¢ 4e-
pe3 ceueHue z B BEPXHEM CJIOE NPOMIET NHTETPalb-
HBII TOTOK

L(z.)=gptexp(—p(c+h-2)),  (12)
r7e |} — BEeTMYNHA MaKPOCKOIMYECKOTO (P PEKTHB-

Horo cedeHus (1/cm).
B 3anonnurene uHTErpanbHbId MOTOK /,(z,t)

K MOMEHTY ¢ Oyner
I(z,t) = (|)13texp(—u3 (c—z)), (1.3)

ST
(
J

\

g
—_
=
-

w(r)

u(r)
y(r)

Pucynok 1.1 — PacueTHast cxema TpexCIoOiHOH MIacTHHBI
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TAC @3 = O, eXp(—thl )
B HuKHEM cll0€ UHTETpalbHbIA NOTOK 1,(z,t)
K MOMCHTY ¢ CTaHCT
L,(z,0) = oyt exp(—p, (—c - 2)), (1.4)

TAE @5 =@y eXp(—2H30)~

B 3aBuCHMMOCTH OT SHEpPruM HEHTPOHOB U 00-
Jy4aeMoro MaTepHaja BeIHMYMHa mapamerpa B B
(1.1) Moxer GbiTh opsaka 102°~10 m* / ueiiTpon.
OTMeTHM, 4TO 3HaYECHHUE L OOPATHO BEIMYUHE CBO-
GoxHOrO Mpobera HEHTPOHOB, KOTOpast Ul OBICT-
PBIX HEUTPOHOB B aitoMuHNK — A = 14,1-15,9 cm, B
MOJIMATHIIEHE — A3 = 5,5-13,9 cm.

Takum obpazoMm, popmymsr (1.2)—(1.4) mo3Bo-
JIAIOT paccYUTaTh WHTETPaIbHBIA HEHUTPOHHBIN IO-
TOK B TPEXCIIOMHOM IUIaCTUHE, MPOLIEIINM 3a Bpe-
M f 9epe3 TNIOCKOCTh ¢ KOOPINHATOM Z.

2 IlocTaHOBKa KpaeBoOil 3aJa4u paaualMOH-
HOM yIIPYrOCTH JJIsl TPEeXCJI0iHOM MJIaCTHHBI

s onmcanus neopMUpPOBAHUS MaTEPHATIOB
CJIOEB IUIACTUHBI UCTIOJIB3YETCS 3aKOH ['yKa, yUUuThI-
BaIONIHIA paalliOHHOE N3MeHeHne oobeMa (1.1):

(k) _ (k) (3) _ 3)
s, =2G,a,”, =2G;s

rz 2

Y :Kk(38(k) _Bk[k) (k:1929 39 CX,ZV,(P), (21)

e s©, 0" — nesuaropubie, ¢, * — mapossie
YacTH TEH30pPOB HANPSDKEHUA ¥ JedopMarlii;
G,, K, — Monynu casura 1 00beMHOro AedopMu-

PpOBaHUA; S(3) 3(3)

- ) — KacaTeIbHOE HAIpsDKEHUE U
cBUTOBas Ae(hopMaIys B 3aIIOTHHUTEE.
PanyanbHble epeMelneHus B ClosX U, ', B CO-
OTBETCTBUH C NPHHATHIMH T'MIOTE3aMH, BBIPAKAIOT-
csl 4epe3 UCKOMBbIe (DYHKIMH CIEeTYIOMIMA (HopMy-

JJaMH:

(k)

“)—u+cw zw, , c<z<c+h,

G) _
w”’ =ut+zy—zw, , —c<z<gc,

uiz) =u—-cy—zw, , c—h,<z<-c, (2.2)
TJie 3aIsiTas B HIOKHEM MHIEKce 0003HavaeT orepa-
o auddepeHpoBanus o clienyoomeid 3a Hel
KOOpANHATE.

O0001IeHHBIC BHYTPEHHHE YCHIIUS U MOMEHTBI

BBOJATCA COOTHOIICHUAMMU
3

T, = ZT“‘) > [old,

klhA

M, = ZSZMS‘) = ZIGS‘)ZdZ,
k=1

k=1 Iy

H, =M +c(1"-T), 0= j 6Vdz, (2.3)

) g

rae G(k , O, — KOMIIOHCHTBI TCH30pa HaHpHX(CHHﬁ.

CucremMa ypaBHEHHI PaBHOBECHS PacCMaTpH-
BacMOM IUIACTHHEI B O0OOIIEHHBIX ycmimusax (2.3)
MOJyYeHa BapHAlMOHHBIM MeToJoM Jlarpamxka u
npuBenena B [3]. Ilpu ee BBIBOIE HE HCIOJIB30Ba-

58

JIUCh YPaBHEHUsI CBSI3U HANPSDKEHUH U JieopMalui,
MO3TOMY OHA OCTaeTCs CIIPaBeAIMBOI U B paccMart-
pI/lBaeMOM ciryyae:

r,,+(T I)=p, H, +(H -H,)-0=0,

M

rorr

+—(2M,,, M,,.)=q. 24)
r

Hcnons3ya 3akon I'yka (2.1), BeIpa3uM Hamps-
xeHus B Gopmynax (2.3) uepe3 pedopmaiyu u ja-
Jiee ¢ nomolpio cootHoweHnit Ko [1] yepes me-
pememienus. B pesynprare momyd4MM BBIpajKEHHS
BHYTPEHHHX YCHJIMH depe3 TPH NCKOMBIE (pyHKINH,
B KOTOPBIE BOMJET UHTETPAIbHBINA HEUTPOHHBIN MOTOK:

3 . u o
T =; h, (Kku,"—k;Kkj—KkBkj‘lkdz +
- ;

(K —Kih )., + (K hy —K;hz)%—

—[K;'hl (c +£j -K;h, (c +h—2ﬂ w,, —
2 2

+ 2 h22 2 3+
+K h, | ¢ +chy+— |+=c'KS |w,, —
3) 3
h h
- thl(c2+ch‘ +?1)+K2h2[c2+ch2+?2j+

2
+3c3K} ZKlezdz
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H, =c(K'h Ky )u, +c(Kh —Kz‘hz)%+

+[c2 (K]*}q + K§h2)+%c3K;}\y,r +

+{c2 (Kl’h‘ + K2h2)+§c31<3}%—

—|c| KAy c+ﬁ +K;h, c-l-h—2 +gc3K3+ w,, —
2 2 3

—lc Kl'hl(c+£j+K2'h2(c+h—2] +203K3_ Do _
2 2 3 r

KB, [ I,zdz— {KIBJ Idz-K,B, | Izdz],
Iy Iy hy

0=2cGy,
4 N 2 _
Kk+§Gk EKk, Kk —gGk EKk' (25)

AHaJIOTHYHBIE COOTHOIICHUS A BHYTPEHHHX
MoMeHTOB M, H, cnenyroT u3 (2.5), ecnmu B OfHO-
UMEHHBIX BHYTPEHHUX ycUmusx M,, H, TOMEHSTbH
Mectamu mapametpsl K, u K, .

IToxcTaBUB TIONMyYCHHBIE BBHIPAKCHUS BHYT-
peHHEX ycmnmit (2.5) B ypaBHeHUs (2.4) 1 mposens
HeoOXoAuMBIe TIpeoOpa30BaHus, MOIYUNM CHUCTEMY
i depeHanbHbpIX YpaBHEHUI PaBHOBECHS B HC-
KOMBIX MepeMerieHusx w(r), u(r), y(r):

L,(aqu+a,y—aw, )=p,
L,(au+a,y—aw, )—2cGy =0,
L,(a;u+ay—aw,, )=—q, (2.6)
rne L,, L; — muddepenunansapie onepaTopsl

! g,
LZ(g) E(:(rg)srjsr =g,,t - _;%s

1 2g’rr g’r
Li(2)==(rLy(9)), = &, + 2 - Er s £
r r rroor
a; — k03 OUITHESHTHI

3
a, =Y hK;, a,=chK' -hK;),
k=1
1 . 1 .
a, =h, c+5hl K ' —h, c+5h2 K;,
2 + + 2 +
a,=c" | hK +hK; +§cK3 ,
1 . 1 . 2 5.
a;=c|h|c+=—h |K +h|c+=h, K, +=cK; |,
2 2 3
a,=h (cz +ch, +§hij{ +
2 1 2 + 2 3+ .
+h,| c +ch2+§h2 K, +§c K.
Crnemyer OTMETHTB, YTO XOTS O0OOOIICHHBIC
BHYTpEHHHUE yCrIHs (2.5) 3aBUCAT OT MHTETPAITbHO-

ro HEHTpOHHOrO TOTOKa [K(z), OTHAKO B CHUCTEMY
ypaBHeHHH (2.6) OH SIBHBIM 00pa3oM HE BXOJIUT,
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T. K. IPOU3BOJIHBIE OT HETO 10 pajnalbHOI Koopau-
HaTe paBHBI HYJIO, @ B Pa3sHOCTAX OO0OOIIEHHBIX
YCUJIMH B IIEPBOM U BTOPOM YypaBHEHU:X (2.4) cooT-
BETCTBYIOIINE CIaraéMble COKPAIAFOTCS.

3 PemieHue KpaeBoi 3agauun

B nanbHelineM paccMaTpUBaeTCs MONEPEUHBIN
n3rud KPYroBOW TPEXCIIOMHOM IUTACTHHEI TOJ M-
CTBHEM paBHOMEPHO paCIpelelICHHONH HarpyskH,
T. €. p(r) =0, q(r) = go = const. Torna pemierne cuc-
TeMbl (2.6), ¢ y4eToM OrpaHHYCHHOCTH B Hadaie
KOOpAUHAT, OyAET CIIeYIOIIIM:

w=CL (B -0y,

4cb,G,
b,(C b
w== =21 PBr) - 2oy |y
b\ B 8ch,G,
2
s oy G +C",
64b, 4b,
u:L2 @r03+ as—% y+Cr|, (3.1)
aa,—a; | 16 a,
rae C,, Cy4, Cs, C; — KOHCTaHTbl MHTETPUPOBAHMSI,
L(Br) — moouduyuposannaa @yukyus beccens;

Ki(Br) — @ynxyua Makoonanvoa; iHTETpaBl OEPyT-
cs1 B ipenenax ot 0 1o 7; ko3 uitueHTsr

2
B = 2¢b,G, _4a,—a
2 1 s
b1b3 _bz a

2

b = a,as —a,a, b = a,as —as
h = > b3 = .

a a,

B kadecTBe TpaHWYHBIX YCIOBHH IPHHAMAETCS
LIAPHUPHOE ONHMpPAaHUE KOHTYPA IIACTHUHBIL:
u=y=w=0, M, =0, mpu r=r,. (3.2)
IToncraBus pemenue (3.1) B rpaHUYHBIE yCIIO-
Bus (3.2) 1 yuuThIBask BBIpaKEHHE Uil 0000IIEHHO-
ro BHyTpeHHero MoMmeHrta M, (2.5), momyunm cie-
JyIOIINe KOHCTaHThl HHTETPUPOBAHUSL:
_ b,q,7,
2= s
4cb, G, 1, (Bry)

g[ Br,) - b,q, 22| 9 r4_C57’02
B "% 8ch,G, " ) 64b, °  4b,

C, =- 26, 3+i o2,
’ a, +a, ba, )16 °

+{%KIBI (h‘ +c —L—[c —LJexp(—M}H)J +
mn

() _
C" =

Ly K !
K,B
LY L
Hy Ha H
+(P13K333 C_L+[C+Ljexp(—2u3c) ,
Hs Hs Hs
B9y - a4
C. =— 310 re— 3 C.. 34
7 8a,b, ‘ a,b, i G4
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Takum oOpaszom, pemenue (3.1) ¢ KOHCTaHTa-
MH HHTerpupoBaHus (3.4) maroT mnepeMemieHus B
HIAPHUPHO 3aKpPEIUIEHHON TPEXCIOWHOW KpyroBoi
IJIACTHHE, IpU U3rube paBHOMEPHO pacIpeelieH-
HOW Harpy3koi B HEHTPOHHOM IOTOKE.

4 YnciieHHbIE Pe3yIbTATHI

UYucnennas amnpoOaunust penieHus MpOBeieHa
IUIsl TUIACTHHBI, CIIOM KOTOpOW HaOpaHbl M3 Mate-
puanoB J[16-T-¢dropormiact-4—J[16-T. Bee HeoOxo-
JUMBble MEXaHNYECKUE TapaMeTpPhl ATUX MaTepUaioB
npuBeneHbl B MoHorpaduu [3]. IIpu pacuerax npu-
HHMAaJIOCh: MHTEHCUBHOCTH PaBHOMEPHO pacIpejie-
JeHHOM Harpysku g =—1 Mlla, HelitpoHHOTO HO-
toka ¢ = 10" neiitpon / (M*c), ecrn apyroe He yka-
3aHO; TOJIIHHEI clioeB 7, = 0,04 M, ;=04 M; pa-
JIMYC TUTACTUHBI 79 = | M.

Paccmorpum cHavana pedopMmupoBaHue InIa-
CTUHBI TOJBKO MOJA ACUCTBHEM HEHUTPOHHOIO MOTO-
Ka, T. e. go = 0. Ha pucynke 4.1 moka3aHo m3MeHe-
HHe Mporuda w BIOJb paanyca IUIACTHHBI 3a CYET
O0Ny4eHHs HEHTPOHHBIMH IOTOKAMU Pa3IMYHBIX
WHTEHCUBHOCTEH (HEHTpOH / (m?c)). TONMIMHBI CITO-
eB: h; =0,02 m; 7, =0,06 M; A3 =0,4 M. Bo3zeiict-
BUE HEHTPOHHOrO OOJIyYCHUs BBI3BIBACT YBEIUUE-
HHEe 00BbEeMHOH aedopMalu B KaXIOM CJIOe, MpH
9TOM BEPXHHUH CJIOH 00JTyyaeTcst OTOKOM OOJIbILEH
MHTEHCHBHOCTH, YTO BBI3BIBAET OOJIBILIEE €TI0 PaCITy-
XaHWe W MPOTrHO, HallpaBJICHHBIH BBEpX. YCHIIEHHE
MHTEHCUBHOCTH ITOTOKA Ha MOPSIIOK BBI3BIBACT IPH-
MEpHO TaKoe K€ yBemudeHue mporuda. [Ipm Hei-
TPOHHOM OOJyYEeHHH OTHOCHTEJIBHBIA CIBHUT B 3a-
HIOJIHUTEJIE OTCYTCTBYET.

1.2 peemsma

3
wl0 | 2 R
0.9

0.6 S

0.3

e —————

0 0.2 0.4 0,6 08 r 1.0

Pucynok 4.1. — [Iporu6 w, M 3a cueT HEWTPOHHOTO
o6nyuenus (HeiiTpon / (Mc)):
1—¢=10"7,2-¢,=10"

Crnenyer OTMETUTh, YTO BEJIMYMHA U 3HAK MPO-
ruba IJIACTHHBI, MOSBIIAIONIErOCs 3a CYET paciyxa-
HUS Marepuana, 3aBHCHT OT TONIIMHBI BEPXHETO
ciost. Ilpm 3TOM CymiecTByeT Takoe KPUTHYECKOE

3HaUeHUE A, = h,, IpU KOTOPOM Nporud odpaiiaer-
cst B HOJIb. JI1s1 OMpejieNienus 3HaueHust /i, B pelle-

Hun (3.1) HE0OXOIUMO IOIOXKHUTH w(h?):O pu

qo = 0. TIporu® paBeH HYJIO, C€CIH BBIMOJHACTCS
ypaBHeHue, cieyomiee u3 ycaosus C; =0:

60

K B 1 1
| 22 e — | e~ — |exp(p i) |+
Y, K H
K,B 1 1
+ Pt c+h, +— |exp(—p,h)—c—— |+
M, Ha K.
K.B 1 1
+(p13 373 c——+| c+— exp(—2u3c) 20(41)
M Hs Hs

VYpaBHenne (4.1) mncciaenoBaIOCh YHCIICHHO.
Bruto momydeHo, 9To mpu BBIOPaHHBIX IapamMeTpax
mnactuHbl (B3 =0,4 M, h; =0,04 M) ¥ BeTUUHUHBI
HefiTpoHHOro MoToKa ¢ = 10" HeitTpoH / (M’c) KpH-
THYeCKasi TOJIIMHA BepxHero cios /i, ~ 0,012 wm.
Ecnu A, < h], To nporu6 HanpasiieH BHU3, B Cllydae
h,=h, — nporu6 HyneBOMH, pu h, > h; TIacTHHA
BBIITYKJIa BBEPX.

PucyHnok 4.2 wutrocTpupyeT 3aBUCUMOCTB IIPO-
ruba IUIACTHHBI W, M OT €€ aCHMMETPHUH TI0 TOJIIMHE
MIPA TIOCTOSTHHOW TONIIWHE 3amoiHuTeNnst h; = 0,4 M.
31ech MPH OTHOCHTENFHO TOHKOM BEpXHEM HeECy-
IIEM CJIO€ TIPOTHO OTPHLATEIbHBIN, HO 10 MEpe poc-

Ta €ro TOJIIMHBI U OCTAOICHNN HIDKHETO HECYIETO
CJI0sI IPOTHO U3MEHSIET CBOE HAIIPaBJICHHE.

0,03
4
Ll s S
0.02 R
()ﬂ{}i '-_‘—"m-.--—-_. <z e, -
2 i, _‘\:::\::
{) RN AR S v . M—_"——'—_’}
1
-0,01
0 0.2 0.4 0.6 0.8 r 1.0

Pucynox 4.2 — 3aBucuMOoCTb iporuda w OT achM-
METPHH IJIACTHHBI IO TOJIINHE (M):
1—h;=0,01,7,=0,07;
2—h=0,02, h, =0,06;
3—h,=0,04, h, =0,04;
4—h;=0,06, h, =0,02

0,2 0,4 0,6 08 r 1,0

0
0,003

-0,003

-0,006

-0,009

Pucynok 4.3 — smenenne nporuda w BIOJIb
panyca IUIaCTHHBI:
1-hm=001m2-h=002m
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W3menenue nporuda w (M) BAOJb pajuyca Iia-
CTUHBI TIPH BEJIWYMHE WHTEHCUBHOCTH HEHTPOHHOTO
noroka ¢ =10" wmeiitpon /(M’c) ®  Harpysku
qo = —1 MIIa nokazano Ha pucynke 4.3. TonuuHa
3anoaHUTeNs /i3 = 0,4 M, HIDKHETO citost /1, = 0,04 M.

Eciu h, <h] ~0,012 M, To nporn® HampasieH

BHU3 B CTOPOHY JEHCTBHUSI Harpy3Ku M 3a CUeT He-
TPOHHOTO MOTOKA BO3pacTaeT Mo MoAymo. B ciyuae

h,>h, Tporu® HampaBieH BBepX W BO3ICHCTBHE

HeﬁTpOHHOFO MOTOKa €T0 YMCHbIIACT.

3akJiouenue

[IpennoxxeHHast MOCTaHOBKA KPaeBOM 3a/1auyl U
MOJy4YeHHOE 00IIee pelieHne ypaBHEHHH paBHOBE-
CHSL ITO3BOJIAIOT MCCIEIOBATh BIHMSHUE HEUHTPOHHOTO
oOydeHus Ha HanpsHKEHHO-NEe(OPMHPOBAHHOE CO-
CTOSHHE YIPYTHX TPEXCIOHHBIX KPYTOBBIX ILIACTHH
IPY HENPEepPHIBHBIX OCECHMMETPUYHBIX Harpyskax.
YucneHHble pacyeThl IOKa3ald  CYyLIeCTBEHHOE
BIMSIHUE BEIMYMHBI HHTETPAIBHOTO HEHTPOHHOTO
MOTOKa Ha MPOTU0 MIACTHUHBEIL.
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MATEMATHKA

O NOPOXKJTAKOIINX MHOKECTBAX I-APHOM I'PYIIIIBI < Ak, [l x> 10
A.M. TI'aapmak

Benopycckuii cocyoapcmeennulii yHueepcumem nuyedbix u Xumuieckux mexuonoauti, Mozunés

ON SETS OF GENERATORS OF I-ARY GROUP < 4, [ 1,6 >. II

A.M. Gal'mak
Belarusian State University of Food and Chemical Technologies, Mogilev

B crartbe mpomomKaeTcst H3ydeHHe yCTaHOBICHHON paHee CBSA3H MEXTY IOPOXKAAIOIIMYI MHOKECTBAMH TPYIITH A U IOPOXK-
JAIONIMMH MHOXKECTBAMHE TOHaMaecKkolt rpymst < A, [ 1, . > ¢ [-apHoii onepanwueii [ |, o 4 KOTOpas onpesensercs Ha k-oit
JIEKapTOBO# CTEIEHN MPOU3BOJIBHOM IPYIIIBI 4 [UIsl TF000T0 11esoro / > 2 1 000# MOACTAHOBKH G M3 MHOXECTBA Sy BCEX MOA-

CTaHOBOK MHOecTBa {1, 2, ..., k}.

Knrouegwie cnosa: epynna, l-apnas epynna, noposcoaroujee MHONCECMEO.

The article goes on with the studies on the described earlier relationship between sets of generators in group 4 and sets of gen-
erators in polyadic group < 4% [ ;4.5 > with l-ary operation [ ], 5 that is defined on Cartesian power 4* of group 4 for arbi-
trary integer / > 2 and arbitrary substitution ¢ from the set S; of all substitutions of the set {1, 2, ..., k}.

Keywords: group, I-ary group, set of generators.

BBenenue

JlaHHas cTarhsi, NOCBSILEHHAS U3YYEHUIO IIOPO-
JKTAFOIIIX MHOYKECTB /-apHOI TpyYTIIBI <Ak, [Nioi>s
SIBJISIETCS TIPOJIOJDKEHUEM CTaThy [1] M cocTaBiseT ¢
Hel eArHOoe 1IeJI0e, YTO OTPaKEHO B Ha3BaHUsX 00e-
ux crared. B cBs3u ¢ 3TUM Hymepanus pas3ienoB B
HACTOSIIIEH CTaThe MPOJOIDKAET HyMEpaluio pasJie-
noB B [1]. Coxpansiercss NpeeMCTBEHHOCTh B OTHO-
IICHUU COTJIANICHUH, ONpeeNICHHH 1 0003HAYCHHUI
u3 [1], Bce OHU OCTalOTCS B CUJIE M B JAHHOM CTaThbe.
B Heil ccpuTky Ha pe3yabTaThl U3 paboTH [ 1] maroTes
0e3 ykazanus Ha 3Ty paboty. Hampumep, ccpiika Ha
Teopemy 4.1 o3HaYaeT, YTO UMEETCS B BUAY TeopemMa
4.1 uz pazgena 4 B [1].

OTMeTnM, 9TO paHee aBTOPOM H3yYaIUCh I10-
pOXmarone MHOXECTBAa [-apHOM  MOJYTPYIIIEI
<Ak, [ 1i6.x>. B wactHOCTH, B [2, cneactBue 4.5]
YCTaHOBJIEHO, YTO €CIH MOoJIyrpynna 4 ¢ eauHuIen
MOPOXKIAETCSI MHOKECTBOM M, G — IUKJI [UTHHBI k U3
S, k memur [—1, To mnsg moboro j e {1,2, ...k}
l-apHast momyrpymma <A [ li.c.x> moOpoxmaeTcs
muoxectBoM U(M) U {e}.

B [1] nomy4eHn aHanoTWYHBIA pe3ynbTaT (Teo-
pema 4.1) mis [-apuoit rpymmer <A [ liox>:
Ilycmo epynna A noposcoaemces muodxcecmgom M, o
— yuxa onunvl k uz Sy, k denum [ — 1. Toeoa ons nio-
b6oco j=1,2,...,k l-apuaa epynna <Ak, [lio.x>
noposcoaemes muoowcecmsom U(M) U {e}.

Bcro HEeoOxoamMyro MH(POPMAIMIO U3 TEOPHU
MOJIMaINIECKUX TPYTII MOXHO HaWTH B [3], [4].

OcHOBHAas 1eNb JaHHOW CTAaThH — HAaXOXKICHHE
yCﬂOBHi/ll, MO3BOJIAOINUX 3aMCHUTb B YKa3aHHBIX
BBILIE pE3yJibTaTaXx MOPOXKAAIOIIEE MHOXKECTBO
U;(M) U {e} nopoxnaromum muoxxectsoM U, (M).

© Ianomax A.M., 2021

6 Ilopo:xnaromee muoxectso U (M)

[Toxaxkem, 94TO BO3MOXKHA CHTyanus, IpU KO-
TOPOH DJIEMEHT € MOXKET OBITh HCKJIFOUEH U3 TIOPOXK-
JAIOIIAX MHOXECTB Kak [-apHOW MOJyTrpYIIIbI
<A, [ 1i. 6. x>, Tak u [-apHO¥ TpyHIIBEI < A, [liox>

Teopema 6.1. [Tycmov epynna A noposcoaemcs
MHoocecmeom M, ¢ — yukn onunvl k uz Sy, r>2,
cyuecmeyiom demMeHmol

ULy Uy vy Upily VI, V2 coy Ve €M
maxue, Ymo
Uiy ... U =V Vo ... V.= 1. (6.1)
Toeoa ona nmwboco j=1,2,....k l-apnas epynna
<Ak, [lio.k>, 20e l=rk+1, nopoocoaemca mno-
acecmeom U (M).

Jokazamenvcmeso. Ilo Teopeme 4.1 mist m060-
ro j=1,2, ...,k [-apnas rpymma < A", [ 1i.6,x> mo-
poxpaercs muoxecrsoM U;(M) U {e}.Tax kak eau-
HULA TPYNIbl HE IPHUHAUIEKUT MHOXKECTBY M, TO
e g UM).

3adukcupyem j € {1,2, ..., k}. [To nemme 4.1,
eciu

a=(L...,1,a,1,..,1)ed i=1,2,..,1,

[a12s ... &)y 6,6 = (D1, ..., BY),
TO
b; = ajarax1. .. Gents (6.2)
b, =a,4, 0 Qerm +1%kemg+1 - Vr-tykorm, +1
s oboro s € {1,...,j—1,j+1,...,k}, tne my
OJTHO3HAYHO OIpeAeisIeTcs U3 ycloBus G (s)= j.
Tak Kak 151 yKa3aHHBIX S UMEEM d; = 1, TO
b=, .y opim 1 Yiyprmr- (0.3)
Ecnu nonoxuts
ay = Uy, Qg1 = U, Aojrl = U3, oo i1 = Uptl,
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Ayt =Vl Qpypar = V2 oor Qe ppims1 = Vr
JUTS yKa3aHHBIX BeIIe s, TO U3 (6.2) u (6.3) ¢ yuérom

(6.1) cnemyer

TO €CTh
[a12y ... 4] 5= ¢,

rae aj, a, ..., a; € U(M). CrneoBatensHo, 2JIEMEHT e
MOYET OBITh UCKIIIOUEH W3 MOPOXKIAFOIIETO MHOMKE-
crea U(M) U {e} l-apuoit rpymmsr < A%, [ 154> O

3ameuanue 6.1. BeinuieM B SIBHOM BHIE dJIe-
MEHTHI by, ..., by, onpenensemMbie paBeHCTBaMu (6.2)
u (6.3) s j =1 B ciayyae o=(1, 2, ..., k). Tak kak B

3TOM citydae u3 ycioBust 6™ (s) =1 crnenyer

m2=k— l,m3=k—2, eey My :2, my = 1,
TO
by = a\aays ... A(r-1)k+1rk+15
by, = araxyas ... A(r-1)kCrks
by = ajaxy1a3 ... AG-1)k-1Ark-15

bi1 = a3ap3az03 ... A-2)k+3A(—1)k+35
br= axagnax:, ... AG-2)ke+ 2 (1 )k+2-

Jloxa3zatenbcTBO ClleAyIoed TeopeMbl MOYTH
JIOCJIOBHO TOBTOPSIET JOKA3aTeNIbCTBO TeOpeMbl 6.1.
Tonbko BMecTO TeopeMbl 4.1 ucnonb3yercs mnpen-
noxenue 4.1.

Teopema 6.2. [Iycmv nonyepynna A noposicoa-
emcsi MHodcecmgeom M, He codepoicawum eé eOuHu-
Yy, 6 — yuxn onunsl k uz Sy, r>2, cywecmsyrom
S1eMeHmbl

Uy Uy vy Upi1, Vi, Voy s Vo EM
makue, 4mo
Uiy ... U1 = ViV2 ... V.= 1.
Toeoa ona arwboeo j =1, 2, ..., k l-apnas nonyepynna

<A [ lio.x>, 20e [=rk+ 1, nopooxcoaemca mmo-
acecmeom U(M).

Crnenyroliye J1Be TEOPEMbl SBISIFOTCSI CIECT-

BHUSIMH TeopeM 6.1 u 6.2, eClii B HUX TTOJIOKHUTh
U =U= ... U1 = U, VI = V)= .= V=V

Teopema 6.3. [Iycmov epynna A nopoowcoaemcs
MHOdMCcecmeom M, 6 — yukn Onunsl k uz Sy, r>2,
cywecmeylom  djieMenmul U, v € M maxue, umo
Wt =Vv'=1. Toeoa ona mo6oco j=1,2, ...,k l-ap-
Has epynna <Ak, [ 166>, 20e [ =rk+ 1, nopoocoa-
emcs muoxcecmeom U (M).

Teopema 6.4. [Iycmov nonyzpynna A noposicoa-
emcst MHodcecmeom M, ne codepoicawem eé eOunu-
Yy, G — yuxn onunsl k uz Sy, r=>2, cywecmsyrom
onemenmul u, v € M makue, umo "' =v = 1. Toz0a
ona moboeo j=1,2,...,k Il-apras nonyepynna
<Ak, [lio.x>, 20e I=rk+1, noposcoaemcs mmo-
acecmeom U(M).

Crnenyroliye JBe TEOpeMbl SBISIFOTCS  (op-
MaJIbHBIMU 000011eHusIME TeopeM 6.3 u 6.4 cooT-
BETCTBEHHO, TaK KaK BBITCKAIOT U3 HUX.

Teopema 6.5. [Iycmv epynna A noposicoaemcsi
MmHoxcecmeom M, 6 — yukn onunsl k uz S, r>2,
d denum r+ 1, ¢ denum r, cywecmgyom s1emMeHmbl
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u, v € M maxue, umo u®=1°= 1. To2da ona 1106020
j=12,...,k l-apnaa epynna <Ak, [li6.6>, eoe
[ =7k + 1, nopoxcoaemcs mmoxcecmeom U (M).

Teopema 6.6. [Iycmv nonyepynna A nopoacoa-
emcsi MHodcecmeom M, He codepoicawum eé edunu-
Yy, 6 — yuka onunvl k uz Sy, r>2,d denum r+ 1, ¢
denum r, cywecmayiom snemenmsl u, v € M maxue,
umo u'=v"=1. Toz0a ora mo60o20 j=1L2, ..k
l-apnaa nonyepynna <Ak, [lio.x>, 20e I=rk+1,
nopocoaemces muoxcecmeom U(M).

7 CaeacTBusi 1 MpUMepPsI

ITonaras B Teopemax 6.1 u 6.3 =2, noaydum
CJICIYIOIIVEC JBA CIICCTBHS.

Cneocmeue 7.1. I[lycmov ecpynna A nopoowcoa-
emcst MHodicecmeom M, ¢ — yuxn onunst k uz Sy, cy-
wecmayiom dnemMeHmul Uy, Uy, Us, Vi, v € M, maxue,
umo uyusus =viv, = 1. Tozoa ona mwbozo j=1,
2, ..., k 2k + 1)-apuas epynna < A" [ Jok+1, 0, x> noO-
pooicoaemces muodicecmeom U (M).

Cneocmeue 7.2. I[lycmov epynna A nopodwcoa-
emcst MHodcecmeom M, G — yuxn onunsl k uz Sy, cy-
wecmeyiom anemenmul  u,v € M, maxue, umo
w=v'=1. Tozda ons mobozo j=12, ..k
2k + 1)-apnas epynna < A, [ Jok+1,6.6> nopoocoa-
emcs mHodcecmeom U (M).

Hmns teopem 6.2 u 6.4 crpaBeINIUBBI CIEICT-
BUS, aHAJIOTHYHBIE clieacTBusIM 7.1 u 7.2.

Crnenyromuii mpuMep MOKa3bIBaeT, 4TO B Qop-
MynupoBKe Teopeme 4.1 Henmb3s oboiTHcs 6e3 3e-
MEHTa e.

Ilpumep 7.1. PaccMOTpUM IUKINYECKYIO TPYII-
ny A= {1, a}, xoropas NOPOXAAETCS MHOKECTBOM
M= {a}. Torma

A ={e=(1,1),u=(1,a),v=(a, 1), w=(a, a)},

Ui(M) = {v}, U,(M) = {u}, UM) = {u, v}.
CornacHo TeopeMme 4.1, KaxxJ10e U3 MHOXECTB

UiM)U {e} = {e, v}, Ux(M) U {e} = {e, u}
TIOPO’/IaeT TepHApHYIo rpymy < A2 [ 15, a2),2>

Tak kax

[uuuls (122 =V, [VVV]3 12,2 = u,

[wuv]s, (12),2 = [vauls (2),2] = u,

[vvuls (12,2 = [uvv]3 12,2 =V,

[uvuls (12,2 = u, [Vuv]s (12,2 =V,
to <UWM)={u,v},[]5012,2> — TepHapHas NOJA-
rpymIa TepHAPHOU TPyl < A4 [ 15, (12),2 >. Caeno-
BaTeNbHO, Kaxaoe u3 muoxects U(M), U(M) u
U,(M) He TmOpOXAaeT TEPHAPHYH  TPYIILY
<A [ bs.a2.2>

PaBenctBa

[uau]s 12 2=V, [VWV]3 12)2] = u
MMOKA3bIBAIOT, YTO MOPOXKAAIOMICE MHOXKECTBO
{e,u, v} He sABIIETCS HETPHUBOAMMBEIM, TaK KakK U3
HEro MOXHO YHalUTh JHOO 3JIEMEHT u, JIMOO 3e-
MeHT V. [loydeHHBIE TOPOXKIAIONINE MHOXKECTBA
{e, u} u {e, v} OyayT y>ke HEIPHBOINMBIMH.

Tak kak

[wuw]s (12),2 = €, [uwels (12,2 =V,

Ipo6remvr pusuxu, mamemamuru u mexnuuru, Ne 3 (48), 2021



O nopoarcoarouux mnodrcecmeax l-aproti epynnot < A%, [ 1, 6, x>, 11

To {u, W} — elie OIHO MOPOXKJaroliee MHOXKECTBO,
npUdeM HempuBoAnMoe. HempuBOIMMBIM TIOPOXK-
JAIOIIAM MHOXECTBOM SIBIIETCS. M  MHOXKECTBO
{v, W}, TaK KaK

[vWW]5 (12,2 = €, [VWe]3 (12,2 = u

Takum  oOpa3oMm,  TepHapHyH  TPYIIY
< Az, [ 15, (12), 2 > TOPOXKIAET KAKA0€ U3 CIEYIOLIMX
YETBIPEX ABYXDJIEMCHTHBIX HEIMPUBOJAUMBIX MHO-
JKECTB

{e,u}, {e, v}, {u, w}, {v, w}.
OTMeTuM, 9TO TOCJIETHHE JBa MHOXECTBA HE CO-
JiepKar e.

Kpome wmHOXecTBa {e,u,V}, TEepHApHYIO
TpyHITy < A% [ 15, (12),2 > mopoxkIaeT TakkKe Kakmoe
U3 CIIEAYIOUINX TPEXIIIEMEHTHBIX MHOKECTB

{e,u, w}, {e,v,w}, {u, v, w}.

3ameuanue 7.1. Cayqait =1 wuckimouéH wu3
TeopeMbl 6.1, Tak Kak B 3TOM CIlydae MHOXXECTBO
U/(M) moxeT ObITh KaKk HOPOKAAIOIINM, TaK M HE
nopoxaarouM. B npumepe 7.1, cooTBETCTBYIOIIEM
ciydato 7 = 1, mHO)ecTBa U (M) n Uy(M) He aBns-
IOTCSl TOPOXKIAIIUME JUII TEPHAPHOW TPYIIIBI
<A2, [ I5,a2,2> A B cremylomux OpuMepax, s
KOTOpBIX Takxke 7= 1, MHoxkecTBo U{(M) saBnsercs
MOPOXKTAIOIIAM JIJIsI COOTBETCTBYIOIINX TEPHAPHBIX
TPYIIIL

Ilpumep 7.2. lluxknuueckas rpymnmna 4 nopsaka
3, IOpOXKACHHAS 3JIEMEHTOM d, TOPOXKAAETCS TAKKe
JIBYXdJIEMEHTHBIM MHOXecTBoM M = {a, a’}. Torma
o teopeme 4.1 TepHapHas rpymnmna <A4[ 15.02,2>
nopsiaka 9 nopoxkaaercs muoxecteom U (M) U {e},

e

UI(M) = {(Cl, 1)a (a2= 1)}9 €= (13 1)
Tak xax

[(a, 1)@, 1)@ 1)@, 1), D2~

=@, a)=(1,1)=
TO DJIEMCHT € BBIPAKACTCS C HOMOIIILIO TEePHAPHOM
onepam [ J3 (12,2 4Yepe3 DBIEMEHThl MHOKECTBA
U,(M). CnenmoBarenpHO, TepHapHas  Tpyma
< A% [ 15, 12,2> mOpoKHaeTcss ABYXIJIEMEHTHBIM
MHOXkecTBoM Uj(M). JIByX3nmeMeHTHOE MHOKECTBO
Uy(M) Taxke SBISETCS TOPOXKIAIONUM IS
<A [ 1az,2>
Ilpumep 7.3. Huxknuueckas rpynna 4 = Zg 10-

psnka 6, HOpOXKACHHAs 3JIEMEHTOM d, TOPOXKIAETCS
TAKKE JBYXIIEMEHTHBIM MHOKECTBOM M = {d°, a’}.
Torma mo Teopeme 4.1 TepHapHas rpynmna

< Z.,[ 15 (2.2 > nopsiuka 36 NOPOXKIAETCS MHOMKE-
creom U (M) U {e}, rue
UI(M) = {(azs 1)’ (a33 1)}’ €= (1’ 1)

Tlomoxum
:[(a 1)(‘12 1)(“ D13, (12), 25
[(a 1)(a (@, D3, 12,2
=[(@, Duvls 12, 2.
Tak xak
u=(1,ad"),v=(d", d),
TO

= [(029 (1, az)(a4a az)]a, (12),2 = (025 az)’

OTKyz1a

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

[WWW]3 (12),2 = [(a a )(a a )(a a )]3 (12,2~
- (1’ 1)
TO €CTh [WWW]3’ (12,2=¢€
TakuM 00pa3oM, 3JEMEHT € BBIPAXKAETCS C MO-
MOILBIO TEPHAPHON onepanuu [ ]s (12)» 4epes3 die-
MeHThl MHOXKecTBa U (M):
e=[(d 1)@, D)@, D@, 1)@ 1) 1) 1)
(@, D)@, 1)@, 1)@, 1)(d, 1)@, 1)@, 1)
(@, )@, (@, D@, (@, D@, 1)@, D], 2,2
CrnenoBatenbHo, TepHapHas rpymma < Z, , [ 1z 12,2 >

MMOPOXKAACTCS  IBYXDJIIEMEHTHBIM  MHOXECTBOM
U, (M). Iopoxxgaromum Aiist 3TOM TepHApHOH Tpy-
TIBI SIBTISIETCS M ABYXAJIeMeHTHOE MHOkecTBO U,(M).

Ilpumep 7.4. Ilycte xaxk uw B mnpumepe 7.3
A =7 — nuKIMYecKas Trpymnmna mnopsaka 6, Iopox-
JlaemMasi MHOKeCTBoM M = {az, a }. Torma mo cnen-

ctBuio 7.2 (u=d*, v=a’) ons 106020 yuria c Onu-

ot k uz Sy (2k + 1)-apnas spynna < Zi; , [ g1, 6.5 >
nopodicoaemcs  08YX2NEMEHMHbLIM — MHONCECHBOM
U/M) onsa mobozoj=1,2, ..., k.

[Tpumep 7.4 MoxeT OBITH U3BJIEYEH U U3 CIIEl-
cTBUs 7.2.

3ameuanue 7.2. B npumepe 7.4 3HaUCHHIO
k=2 cootBercTByeT S5-apHas Tpymma. I[losTomy
npumep 7.3, B KOTOpoM (urypupyer TtepHapHas
TpyTIa, He MOXET OBITh MOTyYeH U3 mpumMepa 7.4.

Tak Kak cuMMeTpUUecKas rpymmna S, mopoxnia-
€TCs1 JIIOOBIM U3 CIICAYIOIINX YEThIPEX MHOXKECTB [S]:

My={o,=(12),0,=(12...n)};
My={o,=(12),0001=(23...n)};

M3 = {Bl = (1 2)9 BZ = (2 3)3 cees anl = (}’l -1 7’!)},
M4 = {Yl = (1 l’l), Y2= (2 l’l), vy Y1 T (I’l -1 l’l)},
TO Teopema 4 1 mo3BOJIAET CHOPMYITUPOBATH CIIE-
CTBHE, B KOTOPOM € — TOXKJCCTBEHHAs ITOJICTAHOBKA

MHOXecTBa {1,2, ..., n},e= (s HE).
k
Cneocmeue 7.3. [[na  moboeco j=1,2,...,k
l-apuas epynna < S'; o [ 1i6.5>, 20€e G — yukn Onumsl
k uz Sy, k oenum [— 1, noposwcoaemcs nr0dvim u3z
CReOVIOWUX YembIPEX MHONHCECTNSE:
U(MI)U{e}_{(S » €, 0, 85""8)5
—
I k=j
(&,....€, 0 &, 8) (8 S E)}
%/_J
j-1 k*/ R
U(Mz)U{e}f{(s L€, 0, ..oy €),
—
j*l k—j
(g...,€, 000, & 8) (s,.. 8)}
—
j-1 k*/ k
U(M3)U{e}_{(g , €, Bl’ €.ty )’
g\/__/

./*1 k=j

( 8 Bn 1, € 8) (8 )}
U (My) U{e}—{(a b€V € eees €), on.
/71 T
s (8 85015 & 8) (8 e)}.

Jj-1 k*] k
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B yacmuHocmu, nopoofcda}omumu AsjiAomces  cie-
()ylomue MHOIHCEeCmMea:

U(My) U {e} =

={(a, &...,€), (A, &...,€),(&,...,€)};
— — —

U0 Ute) =
={(o, &...,€), (o, &...,€),(&,...,€)};
k-1 k-1 k
U, (M;) U {e} =
={Bw &..s€)s o, Bus &, 8) (8 e}
k-1 k
UMy U {e} =
:{(’Yl’ € ..., € ) (Yn 1 & 8) (8 )}
k-1 k 1 k

Jlnst HekoTopeIxX [ B ciaencTtBun 7.3 3IEMEHT e
MOJKET OBITh YAaJIEH U3 TOPOXKIAIOIIETO MHOXKECTBA
l-apHO¥ TpyIIBI < S'; s 165>

Tax xak Jis 4€THOTO 7
(12)'=Q23...n)" "' =¢,
To, Tomarasi B Teopeme 6.3 r=n-1, u=(1 2),
v=(23 ... n), moxyaum
Cneocmeue’1.4. /[na  moboeo j=1,2,..k

l-apnas epynna < S' | [ 1, 6.4 >, 20e n>4 — uémnoe,

n?
I=(n—-1Dk+1, o — yuxn onunvt k uz S, noposcoa-
emcsi MHOHCEeCMBOM

Ui(M)) = {(8 ,€,(12), 6,...,8),
(g,...,e,(23...n), ¢,...,€)}.
-1 k=

B uvacmuocmu, ona nopoofcdaemc;t MHOIHCECBOM
UiM)=1((12), &,....£), (23 ... m), & ... £)}.
k 1 k*l
Tak Kak a1 HEUETHOTO 1
12...n)=012""=¢,
TO, monaras B Teopeme 6.3 r=n—1, u=(1 2 ... n),
v =(12), momy4anm
Cneocmeue’1.S. /[na  moboeo j=1,2,..k
l-apnas epynna < 8* [ 116.4>, 20e n>3 — neuém-
noe, l=(n— Dk + 1, o — yuxn onunvt k uz Sy, nopo-
2HCOaemcst MHONCECBOM
UMy = {(8 8,(12...n),¢,...,¢),
J- 1 k=j
(g,...,e,(12),¢,...,€)}.
NS NS
-1 k=j
B uacmnocmu, ona nopoofcaaemc;i MHOICECMBOM
UM =1 2...n),&....£).((12), &....£)}.
k 1 k 1
Hpumep 71.5. Tax xax (1 2 3’ =(1 2)*=¢, 10
MOJIOXKUB B ciencTsuu 7.5 n=3, k=2, j=1, momy-
unm S-apuyro rpynmy < S7,[ 522>, KoTopas
COIJIACHO 3TOMY CJICICTBHIO MOPOIKIACTCS JBYXIJIC-
MeHTHBIM MHOXecTBOM {((1 2 3), €), ((1 2), €)}.
PaBeHCTBO, MO3BOIIAIONICE BHIPA3UTh AJIEMEHT €
C IOMOILBIO 5-apHOH omepanuu [ Js (i2), 2 4yepes die-
MeHTel MHOKecTBa U (M) uMeeT BHIT
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[((123),&)((12), e)((123), e)((12),¢)
((123), 9)s.a2.2= (123), (129) = (. ©) = .
DTO paBEHCTBO IMOJY4YaeTCs M3 PaBEHCTBA, 3aBEp-
IIAIONIETO J0Ka3aTelIbCTBO TEOpeMbl 6.1, M3 KOTO-

poii u3BneueHa Teopema 6.3.
Tax kax Jjs HeYETHOTO 1
A2)"'=12...n)=¢,
TOo, Tomaras B Teopeme 6.3 r=n, u=(1 2),
v=(12...n), noxyanm
Cneocmeue 7.6. [na  awboco j=1,2,...k
(nk + 1)-apnas spynna < S* | [ lys1.0.4>, 20e n>3 —

HeuémHoe, G — yukn oaunwvt k uz Sy, noposcoaemcs

MHOIMHCECMBOM
U](Ml) = {(87 e &y (1 2)’ €...,€ )s

-1 k=
(g,...,e,(12...n), ¢,...,€)}.
- k=j
B wacmnocmu, ona nopoofcc)aemc;z MHOHCECTNBOM
Ui(M1) = {((12), &, 8) (A2...n), ¢, 8)}
k 1 k 1

Hpumep 7.6. Tax xax (1 2)*=(1 2 3)’=¢, 10
TTOJIOKUB B cleAcTBU 7.6 n=3, k=2, j=1, momny-
unm 7-aphyto rpynmy < S, [ 17.(12).2 >, KoTopas co-
[JIACHO 3TOMY CJICICTBHIO TOPOXKIACTCS BYXDJIe-
MCHTHBIM MHO>XK€CTBOM

{(12),8), (123), 8)}.

PaBeHCTBO, MO3BOIISIONIEE BHIPA3UTH HJIEMCHT €
C HNOMOILBIO 7-apHOM onepauus [ ]7 (12) > 4epe3 ane-
MeHThI MHOXKecTBa U, (M) nmeer B

[((12), &)((1 2 3), )((12), e)((1 23), ¢)
((12), 8)((1 23), 8)((1 2),9)l7.a2.2=
=((12%(123)=(8) =e.

DTO paBeHCTBO MOJYYaeTCs W3 PABEHCTBA, 3aBep-
IAIONIETO JOKa3aTeNbCTBO TEOpeMbl 6.1, U3 KOTO-

poii u3BieueHa Teopema 6.3.

IIJ'IH HaX0XACHUA ITOJINAAUYCCKUX I'pyHH BUaA
<Ak, [ 1;,6,«>, nopoxnaemMbix MHOXKecTBOM Ui(M),
MOJKHO BOCIIOJIB30BaThCSl HEMOCPEACTBEHHO TEope-
MoiHi 6.1.

Cneocmeue 1.7. [[na  moboco j=1,2,...,k
l-apuas epynna < A/; s [ 166>, 206 n >4 — neuém-

noe, [=(2n—1)k+ 1, 6 — yuxn onunvl k uz S, no-
POACOAEC MHOIHCECTNBOM
{(s ,€,(34...n),¢,...,8),
NS
rl k=j
(g,...,e,(123), 8 ,E)}.
%,_/
j-1 k J
Jlokazamenvcmeo. VI3BECTHO, 4TO IJIs HEUET-
HOTO 7 >4 3HaKoIepeMeHHas Ipymnmna A, Mopoxja-
etcs [5] MHOKeCTBOM

{fu=@B4..n,v=»123)},
TIPU 3TOM
W=V =) =¢. (7.1)
IMomoxwuB B Teopeme 6.1 r=2n—1,
U =U, Uy =V, U3 = U, Ug =V, ..., = Upy | = U, Upy =V,
VIi=WV= o=V a= UV 3= V2= Vo1 = Vs

u, yaurbisas (7.1), momyaum
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O nopoarcoarouux mnodrcecmeax l-aproti epynnot < A%, [ 1, 6, x>, 11

uy ... Uy, = uv)' =g,
VIVa e Vo =PV = (e =
ITo Teopeme 6.1 mis moboro j=1,2, ..., k [-apHas
rpynna < AX [ 116.4>, tae [=(2n— 1)k + 1, mopo-
JKIACTCS MHOXECTBOM, YKa3aHHOM B YCJIOBHH.
Crencreue I0Ka3aHo.

Cneocmeue’1.8. /[na  moboco j=1,2,..k
l-apuas epynna < Aﬁ o[ 1 6.k>, 20e n >4 — uémnoe,
I=02n-2)k+ 1, o — yuxa orunvt k uz Sy, noposicoa-
emcsi MHOJICeCmEoM

{(g,...,e,(12)34...n), &,...,€),
—_—

—_—

J-1 k=
(&...,e6,(123), ¢&,...,8)}.
\_w_/ [ ——

J-1 k=j
Jloxazamenbcmeo. VI3BeCTHO, 4TO 1J1s1 YETHOTO
n > 4 3HaKOIepeMeHHas TpyImna A, mopoxaaercs [5]
MHOXKecTBoM {w=(12)3 4 ...n),v=(123)}, npu
3TOM

W=y = (w)" ! =e. (7.2)
[TonoxwuB B Teopeme 6.1 »=2n — 2,

U= U= .. T U4 =W, Upp3 = Uy = Upp1 =V,
VISW, V=V, V3=W, W=V, ..., =V 3= W,
Vo2 =V,

u, yuntsiBas (7.2), moiay4um
_ . 2n4 3 _ n-2\2 . __
Uiy ... Ugy =W V=W ) e=g,
— n—-1 _
ViVy .. V= () =el
ITo Teopeme 6.1 must moboro j=1, 2, ..., k [-apHas
rpynma < Afz s [ )i6.k>, THe [=(2n—2)k+ 1, nopo-
JKTAETCSl MHOJKECTBOM, YKa3aHHOM B YCIIOBHH. a

8 O6001menust reopem 6.3 u 6.4

OtmetnM, 4To TeopemMy 6.3 MOXKHO chopMyITH-
poBats B Ooiee o0meM BUe, ITOKa3aB, 4To B e yc-
JIOBUSIX CYIIECTBYET HE OJiHa, & OECKOHEUYHO MHOTO
nonmagmaeckux rpymn < A [ li6.x> pasTUUHBIX
apHOCTEW /, KOTOpbIE MOPOXKIAIOTCS MHOKECTBOM
U(M) nna moboro j=1,2,...,k VkaszaHHas B
(hopmynmpoBke Teopemsl 6.3 (rk + 1)-apHasg rpymma
< Ak, [ 1k+1, 6, >— Wb OfHA U3 HUX.

Teopema 8.1. [Iycmov epynna A nopoocoaemcs
MHOdCcecmeom M, 8 KOmopom umeiomcs d1emeHmbl
a u b maxue, umo d"'=b"=1 ona nexomopozo
r>2, 6 —yuxn onunsl k us Sy. Tozoa I-apuas epynna
<A [ 164>, 20e

r((r+Di+Dk+1, eciul+7i >0,
—(r+D(A+ri)k+1, ecru1+ri <0,

nopoxcoaemcs. muoxcecmeom U(M) ons mobozo
j=12,.. .,k

IIpu »>2 MHOXECTBO BCEX IENBIX PEIICHUI
HepaBeHctBa 1 +7i>0 wmmeer Bum {0, 1,2,....},
COOTBETCTBEHHO MHOXXECTBO BCEX IIEJBIX PEIICHUI
HepaBeHcTBa 1 +7i<0 ummeer Bug {—1,—2,...}.
[ToaTomy Teopemy 8.1 MOXHO nepedopMyIHPOBATH
CIIEYIOLIMM 00pa3oM.

Teopema 8.2. [Iycmv epynna A noposicoaemcsi
MHOdCecmEom M, 8 KOmMOpom umeiomcs dnemeHmbl
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a u b maxue, umo d"'=b"=1 Ona nexomopozo
r=>2, 0 —yuxa oaunvt k uz Sy. Toeoa l-apnas epynna
< Aka [ ]l, o,k >7 206
r((r+i+Dk+1, i=0,1,2,...,
—(r+DA+r)k+1, i=-1,-2,...,
nopooicoaemesi muodxcecmeom U (M) ona nwobozo
j=1,2, ..,k

3ameuanue 8.1. Teopems! 8.1 u 8.2 Bkioyaer
B ce0st Teopemy 6.3 mipu i =0, TO ecTh TeopeMsl 8.1
7 8.2 MOXHO paccMaTpHUBaTh Kak OOOOMICHHS TeEo-
pemsI 6.3.

Msr momyunm teopemsbl 8.1 u 8.2 xak cienct-
BHe Oostee o0mIero pe3ysbrara.

W3 Teopun uymcen m3BecTHO [6], 4TO AN B3a-
HMMHO MPOCTBIX IETIBIX YHCET 711 U N ypaBHEHHE

mx+ny=1 8.1
uMeeT OECKOHEYHO MHOTO pEelIeHMH B LENbIX YHC-
nax. Ecmu (xg, y9) — OMHO W3 TaKUX pEIICHHH, TO
MHOXXECTBO BCEX pEIICHHH IUO(aHTOBOTO ypaBHeE-
Hus (8.1) umeer BuA

{(xo—ni,yo+mi)|ieZ}
WM, 9TO PABHOCHIIBHO,
{(xo +ni,yo—mi)|i e Z}. (8.2)

SIcHO, 4YTO HEHyJeBble KOMIIOHEHTHI JII0O0TO
pemreHus (xo, yo) ypaBHeHus (8.1) mMeroT pa3HbIe
3Haku: xy < 0.

Teopema 8.3. Ilycms epynna A nopoocoaemcs
MHOXCcecmeom M, 8 KOMopom umeromcs 2nemMeHmsbl
a u b makue, umo a" =b" =1 0na nexomopwvix 63a-
uUMHO npocmelx m>2 u n>2, G — yuxa1 Oaunsl k u3z
Sk, (x0, ¥o) — Kaxoe-1ubo peuienue OUOPAHMOB020
ypasuenus (8.1). Tocoa lI-apnas epynna < A liok>,
20e

n(mi—y,)k+1, ecau x, +ni >0,
/= i . (8.3)
—m(x, +ni)k +1, ecnu x, + ni <0,
nopoxcoaemesi muoxcecmeom U (M) ors mobozo
j=L2 ..,k

Jloxazamenvcmeo. TloactaBum mo0oe perire-
HHe u3 (8.2), KoTopoe nMeeT HeHyJIeBble KOMITOHEH-
TolL, B (8.1):

m(xy + ni) + n(yo — mi) = 1. (8.4)

Ecmu xo +ni=0 wiu yo—mi=0, TO cOOTBET-
CTBeHHO 7= *1 wmm m = 1, 9TO TPOTUBOPEUHUT
HEPaBEHCTBAM m > 2 u n>2 W3 YCIOBUS TEOPEMEI.
IToTomy cunrtaem

Xo+ni#0,y,—mi#0. (8.5)
Ecmu xy + ni > 0, To u3 (8.4) u (8.5) cnenyer
}’l()/o - ml) < 09

OTKyza nonydaeM y, — mi < 0. Tak kak B JIeBOH uac-
TH 3TOTO HEPAaBEHCTBA CTOUT LIEJIO€ YHCIO, TO Ha
caMoM jene yo—mi<—1 Huau, 94TO0 PaBHOCUIIBHO,
mi—y,>1. V3 nocnegHero HepaBeHCTBAa U Hepa-
BEHCTBa 71 > 2 caenyet n(mi — yy) > 2. Ilonoxus

r=—n(yo— mi) = n(mi — y,),
rae r > 2, u, yautsiag (8.4), moryuum

r+ 1 =m(x, + ni).

Taxk xak
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ar‘+1 _ am(xUJrni) — (am )x¢,+ni — 1’
br — bn(mifyﬂ) — (bn )mifyn — 1’
To o Teopeme 6.3 (u=a, v=">), l-apHas rpynmna
< A" [ 1.6.x>, Toe [ =n(mi—yo)k + 1, nopoxnaercs
mHOkecTBoM U{(M) st moboroj=1,2, ..., k.
PaccMmoTpuM Tenepb HepaBEHCTBO Xy + ni < 0, B
JIEBOI YacTU KOTOPOro cTouT uenoe uucio. [Toato-
My Ha caMmMOM jene xo+ni<—1, oTKyza BBUIY
m=>2, cuemyer m(xg+ ni)<—2 WIH, 9TO pPaBHO-
CHIIBHO, — m(xy + ni) > 2. [Tonoxus
r=—m(xo + ni),
rae r > 2, u, yautsiag (8.4), momryqum
r+ 1 =n(yy— mi).
Tak xak
br+l — bn(yofmt) — (br/)yofmt — 1,

ar — afm(xnﬂri) — (am)*(xg+m') — 1’

To o Teopeme 6.3 (u=b, v=a), l-apHas rpymmna
<A [1ox> re

=—m(xo+ni)k+1,
nopoxxaaercs MHoxectBoM Uf(M) nana  moboro
j=12,...,k O

3ameuanue 8.2. B teopeme 8.3 dhopmyiy (8.3)
MOYHO 3aMEeHUTH (HOpMYyJIOn

- { n(mi—y,)k+1, ecru y, —mi <0,
—m(x, +ni)k +1, ecnu y, —mi > 0.

Tak kak uucna r u ¥+ 1 B3aMMHO TPOCTBIE, TO
ClIeiyIoIasl TeopeMa SBJISIETCS CIEICTBUEM Teope-
MHI 8.3.

Teopema 8.4. [Iycmv epynna A noposicoaemcsi
MHOdCecmEoM M, 6 Komopom umeiomcs d1emeHmbl
a u b maxue, yumo d”"'=b"=1 ona nexomopozo
r>2, 6 — yukn onunsl k uz Sy, (xg, Vo) — Kakoe-1ubo
peuterue 0uopanmosozo ypagHeH sl

r+Dx+ry=1. (8.6)
Tozoa l-apnas epynna < A, [ 1io.k>, 20€
| r((r+Di—y )k +1, ecnu x, +ri > 0,
{—(r +1)(x, +ri)k +1, ecru x, +ri <0,

nopooicoaemes. muodscecmeom U (M) ons mobozo
j=12,.. .,k

Tak xak napa (1,— 1) sBisieTcss OTHUM U3 pe-
meHui 1nodanToBoro ypaBHeHus (8.6), To TeOpeMsbl
8.1 u 8.2 coBnanaror ¢ Teopemoil 8.3 mpu xo=1,
Yo=— 1.

3ameuanue 8.3. Teopemsr 8.1-8.4, ob6obmaro-
mme TteopeMy 6.3, sBisieTcs (opMalbHBIMH e€
00001IIeHNsAMH, TaK KaK MpU JA0Ka3aTeIbCTBE Teope-
MBI 8.3, a 3HAYNUT U BBITEKAIONUX 13 Heé TeopeMm 8.1,
8.2 n 8.4, Oputa Hcnoap30BaHa TEopeMa 6.3.

PesynbraTsl, aHamoruuHele Teopemam 8.1-8.4,
CITPpaBCAJINBbI n JIIsL Z-apHOﬁ TOJIYTpYIIIIbI
< Aka [ ]l, o,k >,

JlokazaTenbCcTBO CIENYIOLIEro aHalora Teope-
MBI 8.3 oTnMuaercst OT €€ J0Ka3aTelbCTBAa TOJBKO
CCBUIKOU Ha TeopeMy 6.4 BMECTO CCBUIKHM Ha Teope-
My 6.3.
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Teopema 8.5. [Iycmv nonyepynna A nopoaicoa-
emcsi muodicecmseom M, ne codepoicawum eé eOuHu-
Yy, 8 KOMopom umelomcs dnemenmel a u b maxue,
umo a" =b" =1 019 HeKOMOPbIX 63AUMHO NPOCMIbIX
m>2un>2,6— yukn onunsl k uz Sy, (xo, yo) — Ka-
Koe-ubo peuerue ouopanmogozo ypasuerus (8.1).
Tozda l-apnas nonyepynna < A", [ ] Lo, k>, 20€
; { n(mi— y,)k+1, ecau x, +ni > 0,

—m(x, +ni)k +1, ecnu x, + ni <0,
nopooicoaemes muoocecmeom U (M) ona nobozo
j=1,2, ..,k

W3 Teopemsl 8.5 BBITEKAIOT pe3yJbTaTbl, aHa-
snoruunele Teopemam 8.1, 8.2 u 8.4. Orpanuunmcs
aHAJIOrOM TeopeMbI 8.2.

Teopema 8.6. [Iycmb nonyepynna A nopooicoa-
emcst muodicecmeom M, ne codepoicawum eé eounu-
Yy, 8 KOMOpPOM UMelOmcsL dnemenmol a u b maxue,
umo a™' =b"=1 ona nexomopoeo r=>2, G — yuxa
onunvt  k usz S, Tozda [-apwasa nonyepynna
< Ak’ [ ]l, o,k >7 2()6

- r((r+Di+)k+1, i=0,1,2,...,

—(r+D)(A+r)k+1, i=-1,-2,...,
nopocoaemesi muoxcecmeom U (M) onsa mobdozo
j=L2 ..,k

3ameuanue 8.4. 3amennB B Teopemax 8.1, 8.2,
84 u 8.6 pasenctBa a ' =b"=1 paBeHcTBaMH
al=p'= 1, rtoe d nemut r + 1, ¢ genaut r, MOITydIuM
(hopmaibHbIE 0000IIEHHUS STHX TEOPEM.

[IpuBenémM HECKOJIBKO CIEACTBUNA U3 TEOpEM
9TOro pasjena.

Tak kak choenuagbHas JIMHEHHas TIpymma
SLy(Z) nopoxnaetcs [5] MaTpuiiamu

0 -1 (0 1
1 0) \-1 =1)
IpU 3TOM
o - (o 1Y (10
= = =F,
1 0 -1 -1 0 1

TO U3 TEOPEMHI 8.2 BBHITEKAET
Cneocmeue 8.1. /[na n06020 yukia 6 oaunvl k
uz Sy l-apnas epynna < SL(Z), [ 11,61 >, 20e
| 34i+Dk+1, i=0,1,2,...,
- {—4(3i+1)k+1, i=—1,-2,...,

nopoo;cdaemc;z ()6yx3ﬂ€M€HmelM MHOMNCECMBOM

0 1
= (—1 —J kAR

k=j
ons moboco j=1,2, ..., k.

W3BectHO, uTO TpocTas rpymnma Matbe My,
paccmarpruBaeMasi Kak TpyIia MOJCTaHOBOK, MMOPO-

skpaercs [ 7] AByMsl MOACTaHOBKaMU
(12...11),(56410)(11837),
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O nopoarcoarouux mnodrcecmeax l-aproti epynnot < A%, [ 1, 6, x>, 11

nopsaka 11 m 4 coorBercTBeHHO. Tak kak mHapa
(3, — 1) sBIIsIETCSL ONHUM W3 PELICHUN TUOPAHTOBOTO
ypaBHeHHst 4x + 11y=1, T0 U3 Teopemsl 8.3 BHI-
TEKaeT
Cneocmeue 8.2. [[ns 1106020 yuxna G oaunsl k
u3z Sy l-apnas epynna < Mfl o[ 6.k >, 20e
| 14i+Dk+1, i=0,1,2,...,
—4(11LE+3)k+1, i=-1,-2,...,
nopooicoaemcs deyx:a/zefweymybm MHOJICECTBOM
{(s ,e,(12...11), a €),
J- 1 k J
(g,...,6,(56410)(11837), ¢,...,e)}
-1 k=j

ons moboeo j=1,2, ..., k.

9 Cayuaii MHBOJIIOIU

B psine ciywaeB moposkaaromiee MHOXKECTBO
TPYIIIbI COJCPIKUT UHBOIIOIMU U AJIEMEHTHI, HEYET-
Hasl CTEINeHb KOTOPBIX COBMAIACT C €AMHUIICH IpyI-
mel. K TakuM rpymmaM npuMeHuMa teopema 8.3. mpu
m=2un=2t+1,ronet>1umun=2t—1,rnet>2.
CdopmynupyeM COOTBETCTBYIOIIMK pe3ybTaT IS
crysasm=2,n=2t+ 1, tnet> 1.

Teopema 9.1. [Iycmo epynna A noposicoaemcs
MmHodcecmeom M, @ KOMOPOM UMEIOMCS dneMEHMY]
a u b maxue, umo a*=b*""=1 ona nexomopozo
t>1, o — yuxn onunvt k uz Sy, (xo, yo) — Kakoe-1ub60o
peuierue 0uopanmoso2o ypagHeH sl

2x+ (2t +1)y=1. ©.1)
Tozoa l-apnas epynna < A, [ 1io.k>, 20€
| Qe+D(Q2i =y )k +1, ecnu x, + (2t +1)i > 0,
—2(x, + (2t +Di)k +1, ecnu x, + (2t +1)i < 0,

nopooicoaemes, muodcecmeom U (M) onsa mobozo
Jj=12, ...,k
Tak kak mapa (¢+ 1,—1) sBusiercst oXHUM U3
pewennii quodanToBoro ypasHenus (9.1), To Hepa-
BEHCTBO X, + (2¢ + 1)i > 0 mpuHUMaeT BUA
Xo+QRt+1Di=¢t+1+Qt+1)i>0.

. t+1
W3 sToro HEPABEHCTBA CJIIEAYET 1 > — 5 1
+

, OTKyJa
i=0,1,2,.... CoOTBeTCTBEHHO U3 HEpaBCHCTBa
. . t+1
Xo+(2t+1)i<0 cnengyer i< -———, OTKyZAa

2t+1
=—1,-2,.... Iloatromy u3 Teopemsl 9.1 BbITeKkaeT
T eopema 9.2. [lycmo epynna A noposcoaemcsi
MHOdMCecmBom M, 8 KOmopom umeiomcs nemeHmol
a u b maxue, umo a*=b*""=1 ona nexomopozo
t>1, o — yuxn dnunvl k uz S. Tozoa l-apuas epynna
< Aka [ ]l, o,k >, 20e

B 2t+D)Q2i+Dk+1, i=0,1,2,..., 92)
20+ 1+ Qt+Dik+1, i=-1,-2,...,
nopooicoaemes muooicecmeom U (M) ona mobozo

j=12,.. .,k
Husnpanshas rpynna D, nopsaka 2n, To eCTb
MOJHAs TIpynma InpeoOpa3oBaHWil  CHMMETPHHU
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MIPaBWIIBHOTO  /-MHOTOYTOJIFHMKA — MOPOXKJAaeTcs
IBYXAJIEMEHTHBIM MHOecTBoM M = {a, b}, Tne a —
mob0e oTpakeHHe, b — TMOPOKHAOUINIA SIEMEHT
LMKJINYeCKOW moAarpynnsl Z, mOBOpPOTOB. Tak Kak
a=b= 1, To, monoxxus B Teopeme 9.2 4 = Dyi11),
rae ¢ > 1, momyyum

Cneocmeue 9.1. /[na nob6020 yukia o oaunvl k
uz Sy u moboeo wyenozo t>1 l-apnas epynna

k
< D2(2t+l),[]1,5‘k>, 20e apnocmv | onpedensemcs
paserncmeom (9.2), noposwcoaemcs 08yxanemeHm-

HbLM MHOJICECTBOM
{(s ,E€,4, €, s) (s b, &,...,€)}.
NS
Jj- 1 k —j 1—1 k—j
ons moboco j=1,2, ..., k.

[Momoxue B Teopeme 9.2 A =Sy, a=(12),
b=(12 ... 2t + 1), noay4nm cienyromui pe3yabTar,
BKITIOYAROIINH B cebs tipu i = — 1 ciegctBue 7.5.

Cneocmeue 9.2. /[ niob6oco yukia 6 onunvl k
uz Sy u moboeo wyenozo t>1 Il-apnas epynna

k
< SZt+] s

[ 1i6.4>, 20e apnocms | onpedensemca pa-
sencmeom (9.2), nopoowcoaemcsa 08yxaneMeHMHbIM
MHOHCECBOM
{(gy...,e,(12),¢,...,8),
J-1 k=j
(&...,e,(12...2t+1), ¢,...,€)}.
NS NS

J-l k=j
ons moboco j=1,2, ..., k.

Crnenyromuil pe3ysibTaT MoJydaeTcs U3 Teope-
MBI 83 mpum =2, n=2s—1,tmes > 2.

Teopema 9.3. Ilycms epynna A nopoocoaemcs
MHONMCECMB8OM M, 8 KOMOPOM UMEIOMCSL dNEeMeHNbl
a u b maxue, umo @A=b""=1 ona HEKOmMopo2o
§>2, 6 — yuxn oaunsl k uz Sy, (xo, yo) — Kakoe-1bo
peuterue OUohaHmoso2o ypagHeHus

2x+(2s—1)y=1. 9.3)
Toeoa l-apuas epynna < Ak, [ 164>, 20e
(2s =D)(2i -y, )k +1, ecnu x, +(2s —1)i > 0,
=2(x, +(2s =Di)k +1, ecnu x, +(2s =1)i <0,

nopoxcoaemesi muoxcecmeom U (M) orsa mobozo

j=1,2,..,k

Tak xak mapa (s, — 1) SBIsSETCSI OMHUM U3 pe-
et auodanroBoro ypasuenus (9.3), To Hepa-
BEHCTBO X, + (25 — 1)i > 0 nmpuHUMaeT BUJ

Xot2s—1Di=s+@2s—1)i>0.

. s
U3 sToro HepaBeHCTBA CIENyeT [ > — 5

T OTKyZIa

i=0,1,2,.... COOTBETCTBEHHO M3 HEPABEHCTBA
. . s
Xot(2s—1)i<0 cmegyer i< — , OTKynaa
2s—1
i=-1,-2,.... [TosToMy U3 TeopeMsI 9.3 BBITEKAaET

Teopema 9.4. [Iycmov epynna A nopooswcoaemcs
MHOXCecmeom M, 8 KOmopom umeromcs 2nemMeHmsl
a u b maxue, umo @A=b""=1 ona HEKOmMopo2o
s> 2, 0 — yukn onunsl k uz Sy. Toeoa l-apnas epynna
< Ak’ [ ]l, o,k >7 2()6
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2s—-DQRi+Dk+1, i=0,1,2,...,
l_{(s YRi+Dk+1, i 9.4)

2(s+2s-Dik+1, i=-1,-2,...,
nopoxcoaemcs. muoxcecmeom U(M) ons mobozo
j=12,.. k.

ITonoxuB B Teopeme 9.4 A=S,,, a=(12),
b=(12 ... 2s — 1), momyYuM CIeAyIOMHUN Pe3yIbTaT,
BKITIOYAOIIH# B ceOst ipu [ = 0 cnenctue 7.6.

Cneocmeue 9.3. [[ns 1106020 yuxkna G oaunst k
us Sy u mobozco yenoeo s=>2 l-apnas epynna
< S’;H o[ 1i.6.5>, 20e apuocms | onpedensiemes pa-
sencmeom (9.4), nopoosicoaemes 08yXINEMEHMHBIM
MHOICECMEOM

{(e,...,e,(12), ¢,...,8),
-1 kj

(g...,e,(12...25-1), ¢,...,8)}
-1 k=
ona moboeo j=1,2, ..., k.

IMonoxus B TeopeMe 9.2 A = Sy;i1y, a=(1 2),
b=23...2(t+ 1)), HOdy4IUM CIEAYIONIMHA PE3Yib-
TaT, BKIIOYAONIHi B ceds nipu i = 0 cnenctue 7.4.

Cneocmeue 9.4. [[na no6020 yuxkna 6 onunst k
uz Sy u moboeo wyenozo t>1 Il-apnas epynna
< Sl;(,ﬂ) s [ ]l, o,k >> Zae

/- 2t+D)Q2i+Dk+1, i=0,1,2,...,
2 +1+Qt+Dk+1, i=-1,-2,...,

nopoofcdaemc;l MHOIMHCECMBOM
{(8’ €, (1 2)’ g..., & )3
[

[—
- k=
(g...,,(23...2(t+ 1)), ¢,...,e)}
-1 k=j

ona moboeo j=1,2, ..., k.

ITonoxuB B Teopeme 9.4 A=S,, a=(1 2),
b=(2 3...2s), nonyuuMm cieqyIOINH pe3yJbTaT,
BKITIOUatonuii B cebs nipu i = 0 cneacteue 7.4.

Cneocmeue 9.5. /[na nobozo yuxna G onunst k
uz Sy u moboco yenoeo s>2 l-apnas epynna
<83, [Jnox>, 20e

| @s=D@i+Dk+1, i=0,1,2,...,
2(s+2s=Dk+1, i=-1,-2,...,
NOPOACOAEMCA MHOHCECTIBOM
{(gy...,e,(12),¢,...,€),
N N
1 k=j
(g...,8,(23...29), ¢,...,€)}
N N
j-1 k=j
ona awboeoj=1,2, ..., k.

3ameuanue 9.1. Teopempr 9.1 u 9.3 paBHO-
CHJIBHBI, TaK KakK BTOpas IMOJydaeTcsi U3 MepBOH 3a-
MeHOH ¢t=s—1, a mepBas U3 BTOPOM — 3aMeHOH
s=t+1. Ilo 3TOi Xe MpUYKMHE PABHOCUIIbHBI TEO-
pemsl 9.2 u 9.4, cnenctBus 9.2 u 9.3, a Taxke cnen-
ctBust 9.4 1 9.5.

Kaxxnpiii pezynbrar pa3aenoB 8 u 9 xapakrepu-
3yeTcsl TeM, 4To (Urypupyromeil B HEM Tpymnmne A,
MOPOXK/TaeMON MHOXECTBOM M, COOTBETCTBYET Oec-
KOHEYHO MHOTO MOJIHAANIECKIX TPy
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<A* [ 1i6.x> DA3MUHBIX apHOCTEH [, TOpoXIae-
MbIX MHOkecTBOM U (M) mns moboro j=1,2, ..., k.
[Ipu GpUKCUPOBAHHOM k 3TH apHOCTH 3aBUCST TOJIb-
KO OT m u n. VI3MeHeHue m u n NPUBOAUT K HUHOMI
CepUHU MOJMHATUIECKUX TPYII <A [ lio.k> pas-
JIUYHBIX apPHOCTEH [, TOPOMKTAEMBIX MHOMXKECTBOM
U(M) nna moboro j= 1,2, ..., k. IIponsmoctpupy-
€M CKa3aHHOE IIPHUMEPOM.

IIpumep 9.1. Tak kak cUMMeTpUYecKas rpymnmna
S5 moposkmaercs [5] TpeMs MoACTaHOBKAMH,

(54321),(1234),(12)345)

AMEIOMIAMU TIOPSAAKH 5, 4 1 6 COOTBETCTBEHHO, TO
cormacHo Teopeme 8.2 (r=4), [-apHas rpymma

<82, [ 1, a2.2> o€
[ 40i+9, i=0,1,2,...,
—40i-9, i=-1,-2,...,

HOPOXKAAETCS JIIOOBIM U3 JIBYX CIEAYIOIIMX TPEX-
3JICMCHTHBIX MHOXECTB

{(54321),8),((1234),¢),((12)345),¢)},
{(6,(54321)),(e,(1234)), (e, (12)(345))}.09.5)
MHOXeCTBO Bcex YKa3aHHBIX BBbILIC apHOCTeﬁ /
HUMEECT BUJ

{9,49, 89,129, .. YU {31, 71, 111, 151...}. (9.6)

Tak kak (1 2)3 4 5)°=(5432 1))’ =¢, 10

comtacHo Teopeme 8.2 (r=15), [l-apHas rpymma

<8I, [1La2.2>, rae
| 60s+11, s=0,1,2,...,
—-60s—-11, s=-1,-2,...,
MOPOXKJAETCST JIIOOBIM M3 TPEXIIEMEHTHBIX MHO-
xecTB u3 (9.5). MHOXKeCTBO BceX YKa3aHHBIX BBIIIE
apHOCTel [ nmeeT BUA
{11,71,131, ...} U {49, 109, 169, ...}. (9.7)
u otnuuaercs oT (9.6). IIpu aTom MHOkecTBa (9.6) u
(9.7) uMeroT HeMmyCTOE MepeceveHue.
Tak Kak paBHOCHJIbHbBIE PaBEHCTBA
40i+9=60s+11,-40i —9=—-60s— 11
IIPYU LENBIX { ¥ §, UMEIONIMX OJMHAKOBBIE 3HAKH,
HEBO3MOXHBI, TO JUISl HAXOXJIEHUS OOIIUX 3JIeMEH-
TOB MHOXecTB (9.6) 1 (9.7) moCTaTOYHO HAWTH i H s,
yIOBJICTBOPSIIOIIHE PABHOCHIBHBIM PABEHCTBAM
40i +9=-60s—11,—40i -9 =60s + 11,
TO €CTh PEIIUTh TUO(HAHTOBO ypaBHEHHE
2i+3s=-1.
oTHOCUTEINBHO i U 5. Tak kak mapa (1, — 1) — gyactHOe
peLlIeHne 3TOro ypaBHEHHS, TO
(i=3v+1,s==-2v-1)
— ero obmee pemenue. Takum oOpazom, oOmme
aseMeHThl MHOXecTB (9.6) u (9.7) HaxopmsTcs 1o
¢dopmyie
B { 120v+49, v=0,1,2,...,

—-120v—-49, v=-1,-2,....
CornacHo cneactButo 9.2, mpu k=2, t=2,
o = (12) l-apnas rpynna < S, [ 11 122 >, /1€
[ 200411, £=0,1,2, ..,
- {—20;—11, t=-1,-2,...,
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O nopoarcoarouux mnodrcecmeax l-aproti epynnot < A%, [ 1, 6, x>, 11

MOpOXKAAaeTcs JIOOBIM W3 JBYX3JIEMEHTHBIX MHO-
JKECTB
{((12),2),((12345),¢)},
{(&,(12)), (s, (123 45))5.
MHOXeCcTBO BceX YyKa3aHHBIX BBIINIE apHOCTEH [/
UMeeT BUJ
{11,31,51,71, ...} U {9,29,49, 69, ...}. (9.8)

MOHO 3aMETHTh, YTO BCe apHOCTH U3 (9.6) u
(9.7) conmepxarcs B (9.8), HO B (9.8) mMeroTcs apHO-
cTH, He BXoasmue HU B (9.6), Hu B (9.7). 10 00B-
SICHSICTCSI TEM, UTO, C OJJHOH CTOPOHEI,

20i+11=—-40r—-9,—20i — 11=40¢+9
npu i =—2¢— 1, a ¢ ApyToii CTOPOHHI,

20i+11=60s+11,—20i—11=-60s — 11
npu i = 3s.

IlopuepkHéM, 4YTO NOAMAJAUYECKUE TPYIIIbI
< 8%, [).a2.2> apHocreii (9.8) nopoxnaroTcs ABYX-
JJIEMEHTHBIMH MHOXECTBAMH, a TIOJHAIMYECKHE
rpynnet < S2, [ 11, 12).2 > apHocreit (9.6) u (9.7) mio-
POXKAAIOTCS TPEXAIIEMEHTHBIMIA MHOKECTBAMH.

Teopema 8.3 mpuMeHHMa B TEX Clydasx, KOrjaa
rpynna 4 nopoxjaaercs MHOXECTBOM M, B KOTOpPOM
MMEIOTCS JJIEMEHTHI ¥ ¥ V Takue, uto 1" =V"' =1 md
HEKOTOPBIX B3aHMHO MPOCTHIX m >2 U n>2. Eciu
MHOXXECTBO M COZIEPXKHT OoJiee IBYX 3JIEMEHTOB, TO
TeopeMy 8.3 MOXKHO IIPUMEHSATh HECKOJIBKO pas3, YTo
YBEIIMYMBACT BBIOOP apHOCTEH [, ompenenseMbIx
tdhopmymoii (8.3). B aToM cmpIciie HAaMOONBIINI WH-
Tepec MPEACTABIAIOT TPYMIbI, Y KOTOPHIX BCE 3Je-
MEHTHI MTOPOXKIAIOIIET0 MHOXKECTBA UMEIOT pa3HBIC
MOPSIIKH, JIIOObIE /1Ba U3 KOTOPBIX SIBIISIIOTCSI B3aUM-
HO TPOCTBIMH.

Taxk kak npocras rpynna Matse M4, paccmat-
pHuBaeMas Kak rpyrnmna IOJICTaHOBOK, MOPOXKIAaeTcs
[7] Tpemst moacTaHOBKaMu

a=(123,...23),
B=(B171079)(54131419) x
x (111223 818)(21 16 15 20 22),

v=(124)223)3 12)(4 16)(5 18)(6 10) X

X (7 20)(8 14)(9 21)(11 17)(13 22)(19 15)
mopsiAKoB 23, 5 U 2 COOTBETCTBEHHO, TO K HEH Teo-
pema 8.3 MOXKeT OBITh TPUMEHUMA TPYIKIBI.

Cneocmeue 9.6. /{1 1106020 yuxna G oaunst k
us S l-apnas zpynna < Mb, , [ 11.6.x >, 20e [ npunu-

Maem nioboe u3 nepevducieHHblx Huaice 3HAYeHUl

232i+)k+1, i=0,1,2,...,
= . ‘ 9.9
=212+ 230k +1, i=-1,-2,...,
52s+Dk+1, s=0,1,2,...,
= (9.10)
=2@+59)k+1, s=-1,-2,...,
23(5t-2)k+1, t=1,2,...,
= (9.11)
=-5(23t-9k+1, t=0,-1,-2,...,

nopoofcaaemc,q MPEXINEMEHMHBIM MHOICECHEOM
{( e ,€,0, s ,€), (s ,€, P, s ,€),
j*l k —J _/*1 k*j
(&..0 €579, & ..., €)Y}
NS NS

J-1 k=Jj
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ons moboco j=1,2, ..., k.

Jloxazamenvcmeo. TlonoxxuB B Teopeme 9.2,
SIBILTIOLICHCS CTIEICTBHEM U3 TeOpeMbl 8.3, 4 = My,
a =1, b=a, nomyanm (9.9).

[Momoxwus B Teopeme 9.2 A =My, a=7vy, b=,
moygum (9.10).

ITomoxus B Teopeme 8.3 A=M,y, a=p, b=aq,
m =35, n=23, u, yuutsIBasi, 4to napa (-9, 2) sBmusi-
C€TCA peuIicHueM IlI/lO(l)aHTOBOFO YpaBHCHUSA
5x + 23y =1, monyuum (9.11). Bo Bcex Tpéx cimydasx
l-apuas tpynma < M4, ,[],c.4> Topoxnaercs yka-
3aHHBIM B YCJIOBUH ’I‘péXSJ’IeMeHTHI)IM MHO>KECTBOM. [

3ameuanue 9.2. 3navenus t=1,2,... B (9.11)
SIBIISIETCSI CIICJICTBUEM HEPABEHCTBA

Xot+tnt=—9+23t>0
m3 Teopemel 8.3, a 3Hawenus t=0,—-1,-2,... —
CJICZICTBHEM HEPABEHCTBA

Xotnt=—-9+23t<0
U3 TOM K€ TeOPEMBI.

3ameuanue 9.3. llpu k=2 ¢dopmynsr (9.9) —

(9.11) npuHUMarOT BUL
/= 92i+47, i=0,1,2,...,
-92i-47, i=-1,-2,...,
/= 20s+11, s=0,1,2,...,
-20s-11, s=-1,-2,...,
/- 23091, t=1,2,...,
-230t+91, t=0,-1,-2,....
Juis xaxmoit u3 3THX (QOopMyN YKaKeM HEKOTOpEIC
3HaueHus /:

(47,139,231, ..} U {45, 137,229, ...},  (9.12)

{11,31,51,71, ...} U {9, 29,49, 69, ...}, (9.13)
{139,369, 599, ...} U {91, 321, 551, ...}. (9.14)
MmuoxectBa (9.12) u (9.13) umeror HemycToe
TepecedeHre, BCE 3JIEMEHTHl KOTOPOTO OIpeJels-
1otcst hopmyIion
_ 460m-231, n=12,...,
—460n+231, n=0,-1,-2,....
Nmerorcst o0Omme smeMeHTs! n'y MHOXecTB (9.12) u
(9.14), Bce onm 3agarorcs popmynoit
_ 460 —-139, p=1L2,...,
—460pu+139, u=0,-1,-2,....
AHanorn4yHo, Bce OOIIME 3JIEMEHTH MHOXKECTB
(9.13) u (9.14) 3amarorcs popmyoit
460v-369, v=1,2,...,
—460v+369, v=0,-1,
OOmux apHOCTEH, MPUHAUISKAIINX MHOXKECT-
BaM (9.12), (9.13) u (9.14), He cymecTBYyeT, TO €CTh
nepecedeHre TPEX yKa3aHHBIX MHOXKECTB ITyCTO.

Crepyronye JiBE TEOPEMBI COOTBETCTBYIOT
teopeme 9.1 mia mpocroro umcna p =2t+ 1 u teo-

+1
peme 9.2 nns xp = pT’ yo=-1.

Teopema 9.5. Ilycms epynna A nopooicoaemcsi
MHONHCECMBOM M, 8 KOMOPOM UMEIOMCSL dNeMeHMbl
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a u b makue, umo a> ="V =1 ons Hekomopozo He-
YEMHO20 NPOCMO20 p, G — YUK1 Oaumvl k uz Sy,
(x0, y0) — Kakoe-1ubo pewenue OuUOGaHM06020
ypagnenus
2x+py=1.
Tozoa l-apnas epynna < A, [ 1io.k>, 20€
p(2i—y,)k+1, ecau x, + pi > 0,

{—2(x0 + pi)k +1, ecnu x, + pi <0,
nopooicoaemes muooicecmeom U (M) ona mobozo
j=1,2,.. .,k

Teopema 9.6. [Iycmv epynna A noposicoaemcsi
MHOdCecmEom M, 8 KOmopom umeiomcs d1emeHmbl
a u b maxue, umo a* =V =1 s nexomopozo He-
uémHo2o npocmoeo p, 6 — yuxa oaunvl k uz Sy. To-
20a l-apnas epynna < A\, [ 1i6.k>, 20€

pQRi+Dk+1, i=0,1,2,...,

{—(p+l+2pi)k+l, i=-1,-2,...,
nopooicoaemes muooicecmeom U (M) ona mobozo
j=1,2,.. k.

Chopmynupyem CcIeICTBHE K3 Teopembl 9.6
st p = 3.

Cneocmeue 9.7. Ilycmo epynna A nopoocoa-
emcs muodcecmeom M, 6 komopom umeromes die-
Menmol a u b makue, umo a*=b* =1, 6 — yurn onu-
uot k uz Sy. Toeoa l-apnas epynna < A, [1i.6.k>, c0e

; 32i+D)k+1, i=0,1,2,...,
{—(4+6i)k+1, i=-1,-2,...,
nopooicoaemes muooicecmeom U (M) ona mobozo
j=1,2,.. k.

[Monaras B cnencreuu 9.7 k = 2, nosryunm

Cneocmeue 9.8. Ilycmov epynna A nopoocoa-
emcsa  mHodcecmeom M, 6 Komopom umeromcs
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anemenmol a u b maxue, umo a*=b"=1. Toz0a
l-apuas epynna < A%, [ 11 a2),2 >, 20e

| 12i+7,i=0,1,2,...,

- {—121'—7, i=-1,-2,...,
nopoxcoaemesi muoxcecmeom U (M) orsa mobozo
j=1,2, ..,k
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MATEMATHKA

KOHEYHBIE I'PYIIIIbI C CYBHOPMAJIBHBIMUA KOMMYTAHTAMHA
B-ITIOAI'PYIIII

B.H. Kasaruna

T'omensckutl 2ocyoapcmeenviii ynusepcumem umenu @panyucka CropuHul

FINITE GROUPS WITH SUBNORMAL DERIVED SUBGROUPS OF B-GROUPS
V.N. Kniahina

Francisk Skorina Gomel State University

KoHeuHass HEHWJIBIIOTEHTHAs TpyINa Ha3bIBaeTCs B-Tpymmoil, ecnu B ee (akrop-rpymme mo mnoarpymme OpaTtuHH Bce
COOCTBEHHbIE MOATPYIIIbI HUIBIIOTEHTHBI. B HacTos1el padoTe ycTaHaBIMBAETCS METAaHWIBIIOTEHTHOCTh KOHEUHOH IPYIIIIbI, Y

KOTOpPOH KOMMYTAHT KaXJI0H B-NOArpybl CyOHOpMAJIEH.

Knrouegwie cnosa: koneunas epynna, B-epynna, cyonopmanvuas noo2pynna, KOMMymatm.

A finite non-nilpotent group G is called B-group if every proper subgroup of the quotient group G / ®(G) is nilpotent. In this
paper, it is established that the metanilpotency of a finite group for which the derived subgroup of each B-subgroup is subnormal.

Keywords: finite group, B-group, subnormal subgroup, derived subgroup.

Beenenune

I'pynmoit  IllMuara Ha3bplBaeTCsl HEHWIIBIO-
TEHTHass KOHEYHas IpyIina, BCe COOCTBEHHBIE IOJI-
TpYyNIbEl KOTOpoit HUbnoTeHTHH [1]. Tak kak rpyn-
nbl [IMunTa IPUCYTCTBYIOT B KauyeCcTBE MOATPYIIIBI
B 000N HEHWIBIIOTCHTHOW KOHEYHOU TpyIIe, TO
OHU SIBJISIFOTCSL YHUBEPCAIBHBIMH O0BEKTAMH B TEO-
pHUM KOHEYHBIX TPYII, & UX CBOWCTBA U PACHOJIOXKe-
HUE CYLIECTBEHHO BIUSAIOT Ha CTPOCHUE BCEU IpyIl-
nel. CTpoeHHe KOHEYHBIX T'PYyMI 10 CBOMCTBaM co-
nepxamuxcs B HUX noarpynn Imunara uccnenosa-
Jock, HarpuMep, B padbotax S.I'. bepkosnua, B.A. Be-
nepHukosa, B.JI. Ma3syposa, B.C. Monaxosa, C.®. Ka-
MopHukoBa,  B.H. Kusruno#t,  3.M. [lanbuuka,
A.H. CkuOb1, 1 IpyTUX aBTOPOB.

BriepBeie KOHEYHBIE TPYHIBI, Y KOTOPBIX BCE
noarpynms! [IMunra cyOHOpMaibHBL, H3ydaJIuCh B
pabore B.H. Cemenuyka [2], KOTOpBIil yCTaHOBHII,
YTO TakWe TIPYMNIBl METAaHWJIBIIOTEHTHBI. B pabote
B.C. Monaxosa n B.H. Kusruno# [3] HalizeHsl uH-
BapUaHThl KOHEYHBIX TPYII, y KOTOPBIX CYOHOp-
MajbHbl HEKOTOpble Tunbl noarpynn Imuara
(p-3aMKHYTBIE, p-HUIBIIOTEHTHBIE, CBEpXpa3pelIn-
MBble, HeCBepXpa3pemnMeie). B aToii pabore B kaue-
CTBE CJEICTBUS OTMEYaeTcss HWIBIOTEHTHOCTh
KOMMYTaHTa KOHEYHOW TpyIBI, Yy KOTOPOH Bce
noxarpymnmns! [lImunra cyonopmanersl. [loxke B pa-
6orte B.A. BenepraukoBa [4] moka3aHo, 9TO (akTop-
rpyIna Mo KOMMYTAaHTY [UKIHYECKas.

Ecmu noarpynma [lMuara S KoHEUHOH TPYIIIBI
G cybHOpMasbHa, TO €e KOMMYyTaHT S’ — Takke
cyOHOpMmanbpHag moxarpymma rpynnsl G. B moGoi
p-3aMKHYTOH  {p, ¢}-Tpymie, CHJIOBCKas ¢-NOJ-
rpyIna KOTOPOi HENMKINYECKasi, KOMMYTAaHTbI BCEX
noarpynn IlImunra cyOHOpMaibHBI, U €CTh HecyO-
HOpMaJjbHble noarpynns! lIMuara.

© Kusieuna B.H., 2021

ITo Teopeme B.II. Bypuuenko [5] mna xaxaon
KOHe4YHOH rpynmnsl G Haiinercs rpymnna K u ee abe-
JIeBa HOpMaJIbHas rmoArpynma N Takas, 4Tto (axkTop-
rpymma K / N uzomopdHa G, 1 BCe OATPYIITHI TIPO-
CTBIX TIOPANKOB U Topsinka 4 w3 K comepxarcs B V.
B xommyrante mroboit momrpymmer [lImuara Bce
HEEMHUYHBIE HJIEMEHTBI UMEIOT IPOCTHIE TOPSAIKH
U TOpsAAoK 4, mo3ToMy B rpynne K U3 TEOpEeMBI
B.IL. BypyueHKO KOMMYTaHTBl BCEX IOAIPYIIL
IImuara comepkatcst B rpymme N, MO3TOMYy CyO-
HopMalibHBI B G. CliefioBaTeNbHO, JiF00asi KOHEUHAs
rpylma MOKeT ObITh (DaKTOP-TPYHIIOH KOHEYHOH
IpyINBl ¢ CyOHOPMajdbHBIMH KOMMYTaHTaMH IO[-
rpynn Hmunra.

S.T. BepxoBuu mpemmoxmn [6, c.461] Ha3bI-
BaTh B-rpymIoi KOHEYHYIO TPYIITY, Y KOTOPOii (ak-
TOp-rpynmna mo mnoarpymne @PpaTTuHH — Tpymmna
IImuara. HavaneHble cBOMCTBA B-Ipymi yCTaHOB-
neHsl B pabore B.H. Kusrunoit. B cTpoenun
B-rpynns! u rpynns! [lIMuara ectb Kak CXOICTBA,
Tak M pasauuus. Tak, B-rpynma, Kak u TIpynna
Imuara, GunpuMapHa, OIHA U3 €€ CHJIOBCKUX TOJ-
rpynIn HOpMajibHa, a Jpyras — IHUKIMYECKas, CM.
nemmy 2.2 [7]. Opnako, ecnu B rpynne IImuara
noarpynna OpaTTUHU HOPMaIbHON CUIOBCKOM MOA-
TpyNNbl COAEPXKUTCSI B LIEHTPE TIpyNIbel, TO B
B-rpynne 310 cBoiicTtBO Hapymaerca. I[Ipumepom
CIy)XHUT IU3JpaibHasl rpynma nopsaka 18, oHa sB-
Jisercss B-rpynnoii u He sBisiercs rpynnoi [lMuara.

B Hactosmeii paboTe ycTaHaBIHMBaeTCS MeTa-
HUJIBIIOTEHTHOCTh KOHEYHOW TIPYIIBL, Y KOTOPOil
KOMMYTaHT KaKA0# B-noArpymnmsl cyOHOpMaJieH.

1 BenomoraresibHbIe pe3yabTaThl

PaccMaTpuBaloTCst TONBKO KOHEYHBIE TPYIIIHL.
B oTHOmeHNN TepMUHONOTHH W 0003HaueHW Oy-
nem npunepxuBatees 8], [9].
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B.H. Kusieuna

Hanomuum, uto rpynna G Ha3bIBaeTCsl MeTa-
HWIBIIOTEHTHOM, €ClIM CyIIeCTBYeT HOpMaibHas
noarpynna K rpymnsl G Takasi, yto K u dakrop-
rpynna G / K — HUIbIOTEHTHBIE TPYIIIIBI.

[Momynpsimoe npousBeaeHue AByX moAarpymn 4
U B ¢ HOopMmanbHOW moArpynmnoil A 3amuchIBaeTcs
[A]B. IlenTp, xoMMyTaHT, noArpynmnel OpaTTUHU U
®urrunra rpynnsl G 0003HAYAOTCS COOTBETCTBEH-
HO uepes Z(G), G, ®(G) u F(G). 3amuck
Y <X (Y <X) o3nauaer, yto Y —noarpymnma (cob-
CTBEHHAsI) TPYIITHL X.

Crnenyst [10] Gymem mcmonb30BaTh 00O3HAUE-
Hust S, At rpynnst HIMuara ¢ HopMaibHOH cH-
JIOBCKOW p-TOATPYNNON U HEHOPMAJIbHOW CHJIOB-
CKOM  @-OATpyNmou. B-rpymimy, y  KOTOpOM
B/®(B) sBusercs S, . -Tpynioi, Oyaem Hasbl-

BaTh B, . -IPYIIION.

[IpuBenem ucnoab3yeMble IpU JOKa3aTeIbCTBE
TEOpPEMBI CBOMCTBA B-rpynil.
Jdemma 1.1 [7, nemma 2.2]. Ilycmv B -

B, -epynna, p u Q — ee cunosckue p- u g-noo-

(pq)
epynnsl. Tocoa cnpasednusvl credyrowue ymeep-
JHCOCHUSA:

(1) B=[P]Q;

(2) Pn®(B)=®(P), P=B" u P/®(P) -
2naenwlil paxmop epynnvl B nopsioka p", rne m —
noKazamenb Yucia p no Mooy g,

(3) O0=(y) — wyuxmuecxkas nooepynna u
y? e Z(B). Kpome mozo,

D(B) = D(P)x(y*)

Z(B) < ®(B);
(4) ecnu H — nopmanvnas 6 B nooepynna u
H # B, mo H nunbnomenmua,
(5) ecru M — makcumanvnaa 6 B nooepynna,
mo aubo M nopmanena 6 B u M = Px(y?), aubo

M =[®D(P)]Q" ons nexomopozo x € B.
Jdemma 1.2 [7, nemma 2.5]. Ilycms U — HOp-
manvnas 8 epynne V nooepynna u V/ U saensemcsa

B, ,, -epynnou. Ecnu H — naumenvwiasn 6 V nooepyn-

na maxkas, umo HU =V, mo H 6yoem B, , , -epynnoii.
Taxoke MoHamO0ATCS CIIeaYIONINE PE3YIIbTATHI.
Jdemma 1.3 [11, nemma 8] Ilycmv § — Hacoi-

wennaa Qopmayua, u G — paspewumas epynna.
Ipeononoscum, umo G He npunaonexcum 3§, HO

G/ N €§ 011 6cex HeeOUHUUHBIX HOPMATBHBIX NOO-

epynn N epynnot G. Toeoa G — npumumuenas epynna.
Jdemma 1.4 [12, nemma 1.1]. Ilyems M — max-
cumanvras nooepynna epynnvt G u K <M. Eciu

nooepynna K cybnopmanvna ¢ G, mo K<M,. B

yacmuocmu, eciu K — maxcumanvhas noozpynna 6
M u M nenopmanvna 6 G,mo K =M.
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2 OCHOBHOM pe3yabTaT

Teopema 2.1. Eciu B KOHEUHOH Tpymme KOM-
MYTaHT Ka)KAOW B-TOATrpyNIbl SIBISETCS CyOHOp-
MaJIbHOW MOATPYIIIOH, TO TPpYIIa METAHIIBIIOTCHTHA.

Loxazamenvcmeo. IlpUMEHUM WHAYKIHIO IO
nopsiky rpynmsl G.

Ecnu B rpynme Her B-moArpymil, TO OHa HUJIb-
moteHTHa. [lycth R — coOCTBeHHass MOATpyIIa
rpymmsl G, L — B-noarpynma u3 R, K — KOMMYyTaHT
rpynnel L. Ilo ycioBuro TeopemMbl KOMMYTaHT K
cyonopmaner B G, a no nemme 2.41 [9] K cyOHOp-
MaJieH B R. 3Ha4UT yCIOBUs TEOPEMbI HACIEAyOTCS
BCEMH MOATpymmnamu rpynmsl G.

Tak rpynna G coneput B-noarpynmy L u no
yemoButo 1# L' cybHopManbha B G, To rpymma G
Henpocta. Ilycte N — HoOpManbpHas NOArpyNIa
rpymmbel G. Paccmotpum dakrop-rpymmy G/ N. Ec-
7 OHA HE COAEPKUT B-TOATPYII, TO OHA HHJIBIIO-
tentHa. [Iycts B G/ N ectb B-noarpynmna U/ N. Tlo
nemme 1.2 MunumanbHoe no6aBinenue U, k N Oyner

B-nogrpynmnoi, to ecte U =U/N. Ilo ycnosuwo
TEOpeMbl KOMMYTaHT noiarpynnsl U, cyOHopMmaineH
B G. CnenoBarenbHO, KOMMYTAaHT (DaKTOP-TPYIIIBI
U/N
U/N)=UN/N=U,N)N/N =
=U/N'TU,,NIN/N=U/NN/N=U/N/N
cyoHopmanen B G/ N. 3pech yYUTHIBAIOCH, YTO
[U,,N] — noarpynmna rpynmst N, a TaKXxe, 4T0
U'=U/N'TU,,N],
[9, nemma 4.8]. 3HauUUT ycaOBUS TEOPEMBI paclpo-
cTpaHslOTCS Ha Qakrop-rpynnsl. Ilo wHEyKIMHN
G/ N MEeTaHWIBIIOTCHTHA.

Krnacc MeTaHWMJIBNOTEHTHBIX TPYHI — HACHI-
mienHas popmanus. [lo nemme 1.3 G — npumMHUTHB-
Has rpynma, T.e. G=[N]M, ©(G) =1, F(G)=N —
€IMHCTBCHHAs MWHHUMalbHas HOpMalbHAs MO-
rpynmna, M — MakcumanbHas B G moArpynma u
M, =1

Ecnu noarpymnmna M HEHUJIBIIOTEHTHA, TO B HEM
comepxwurcs moarpynma Imunra S. o ycmoBuio
TEeopeMbl KOMMYTAHT Ipynmsl S cyOHOpMaieH B G.
Ho no nemme 1.4 S' comepxurcs 8 M, =1, npo-
tuBopeune. Ecimu M HuUNBNOTeHTHa, TOrJa
G/N =M wnunbnorentHa. Tak kak G paspeninma,
To N — snemeHTapHas abeneBa p-noarpymnma. Cre-
J0BaTenbHO, G METaHUIIBIIOTEHTHA. O

IIpumep. Ilycte p U g — pa3nu4HbIE NPOCTbIE
gncna U G — p-3aMKHYTas {p, q}-Tpynmna c Heabeme-
BOH CHJIOBCKOHW g-moarpymnmnoi. Takoi rpynmnoi ss-
nsieTcsl, Hampumep, rpymna [E,]Q; (SmallGroup

(200,44), [13]), 3neck E, — oneMeHTapHas abeseBa

rpynna nopsaka 25, a ¢, — rpynna KBaTepHUOHOB

mopsiaka 8. [TockobKy Kaxkaash B-moArpyrma rpyi-
mel G p-3aMKHYTa, TO KOMMYTAaHT KaXmoi B-mon-
rpymmsl cyOoHOpManeH B G.
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Koneunvie epynnei ¢ cyonopmanvuvimu kommymanmamu B-noozpynn

OTOT mpuUMep MOKa3BIBAET, YTO B TEOpPEME Me-
TaHWIBIIOTEHTHOCTh TPYIIBI HENb3s OCIA0UTH [0
HUJIBIIOTEHTHOCTH €€ KOMMYTaHTa.
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GENERALIZED 5-SUBNORMAL AND 6-PERMUTABLE
SUBGROUPS OF FINITE GROUPS

L.N. Safonova'?, A.N. Skiba®
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Ha npotsxkeHuu Beeil cTaThby Bce IpyIIbl KOHeYHbl U G Bcerzia 0003HauaeT KOHEYHyto rpynmy. bosiee Toro, ¢ — HeKoTOopoe

pa3bueHre MHOKecTBa Bcex mpocTeix umcen P, T.e. o={c,|iel}, rne PZUHG‘. U o,Nc, =D s Beex i#j.
i

G-CBOMCTBOM IPYIIIbI HAa3bIBAIOT BCIKOE €€ CBOWCTBO, HE 3aBHCsIIEE OT BbIOOpa pa3doueHus ¢ MHokectBa P. [lanHas pabora

MOCBAIICHA HaﬂbHCﬁIlIeMy U3YUCHUIO G-CBOWCTB TPYIIIBL. 06061]16}{})1 MHOI'€ U3BECTHBIC PE3YIbTATHI.

Kniouegvie cnosa: xoneunas epynna, G-HuIbNOMENMHAs SPYNna, G-paspeutumas epynna, G-cyonopmanbuas nooepynna, 2pynna

LImuoma.

Throughout the article, all groups are finite and G always denotes a finite group. Moreover, G is some partition of the set of all

primes P, i.e. o={c,|iel}, where P:U,-E,G: and o,nc, = for all i=j. A o-property of a group is any of its

properties that do not depend on the choice of the partition ¢ of the set P. This work is devoted to further the study of the

o-properties of a group. A lot of known results are generalized.

Keywords: finite group, 6-nilpotent group, c-soluble group, c-subnormal subgroup, Schmidt group.

Beenenne
B nanHO#t cTaThe Bce IpyIIbl KOHEUHBl U G
BCerja o3Hayaet KoHeunyw rpynmy; L£(G) 0003Ha-

YaeT peuieTky Bcex noarpymn rpynnsl G; w(G) —
9TO HabOp BCEX MPOCTBIX YHCEN, AEISIIIUX MOPSIOK
| G | rpymmsr G.

[Iycte § — xmacce rpymn. [loarpynma A rpym-
el G HA3BIBACTCH §W -HOPMAAbHOU (COOTBETCTBCH-
HO, § -HopmanvHou) B G, ecu A°/ A; €§ (coor-
BETCTBEHHO, ecnu mbo A<LG, aubo A, #4% n
Kaxablil TaBHEIN haktop H /K rpymmel G Mexay
A, n A° ssasercs § -yenmpanouviv g G [1], 1. €.

(H/K)x(G/C;(H/K))e5g.

B nampHeitmem, ¢ — HekoTopoe pa3OucHHe
MHOXKECTBa BCE€X TPOCTHIX uyucen P, T.e.
oc={c,|iel}, tne P= _Ulq u 6,Nc; =0
BCEX i # j, W MBI Ionaraem, cieays [2], [3],

o(G)={o, |0, nn(G) = J}.
Kpowme toro, [1c o u I1'=c\II. I'pynma G Ha3sb-
Baetrcs: 1 -rpymmo#t, ecmu o(H) < IT; 11 -mpu-
MapHOH, eciu G ABIAETCA O, -TPYNIION A HEKO-

toporo o, €Il. CumBon Oy(G) o6o3Hauaer
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noArpynmny rpynnsl G, TOPOXKICHHYIO BCEMH €€
IT -moarpynnamu.

I'pynna G HaswiBaetcs [4]: 6-paspewumot, ec-
JIM KaXIbli rnaBHbld Gakrop H /K rpynmsl G siB-
asieTcst  o-npumapHuim, T.e. H/K  saBusercs
o, -Ipynmnoii i Hekotoporo i =i(H / K); o -nune-
nomenmmuoti, ecnmi G =G, x---xG, I HEKOTOPBIX
o-npumapHelx rpymn G,...,G,; mema-G-HunbnO-
menmuotl, ecii G SBISETCS PaCIINPCHUEM C-HUJIb-
MIOTEHTHOM TPYMITBI IPH MOMOIIY G-HWJIBIIOTCHTHON
TpYIIIBL.

MsI ucnonszyem cumBonsl S, u I a1 o6o-
3HA4YEHHs KJIACCOB BCEX O-pa3pelluMbIX TPYNI H
BCEX O-HWIBIOTEHTHBIX TPYMI COOTBETCTBEHHO;
M? — KIIace BCeX MeTa-G-HUIBIMOTEHTHBIX TPYIIIL.

Hamomaum Ttaxxe, 4ro noArpymna A rpymbl
G HazpIBaeTcst 6-cyoHopmanvrou B G [4], ecnmu B G
MMEETCSI LeTIb TTOATPYIIT

A=4 <4 <---<4 =G
Takas, yro mbo 4, 14, mbo A /(4_),

G-TIpUMapHas Ipymmna s Bcex i =1,...,7.

[TonsarHo, uro G pa3permmMa (COOTBETCTBEHHO
HWJIBIIOTEHTHA) TOTAAa M TOJNBKO Tornma, korma G
C-paspemmMa (COOTBETCTBEHHO G-HIJIBIIOTEHTHA),



0606wenno G-cybHOpManbHbIE U G-NEPECAHOBOUNbIE NOOZPYNNbI KOHEUHBIX 2PYIN

e c=c' ={{2},{3),...}; moxrpymma 4 cy6HOp-
ManbHa B G TOrAa M TOJNBKO TOTJa, KOrZa OHa
G' -cy6HopManbHa B G.

MHOXECTBO BCEX O-CyOHOPMaJbHBIX IIOA-
rpynit £ (G) 4, B 4aCTHOCTH, MHOXKECTBO BCEX
cybHopManbHBIX moarpymn L (G) o6pasyioT mon-
peuterku B pemietke L£(G) (cm. [4] u [5] coorBeter-
BEHHO). OTO Ba)KHOE CBOWCTBO G-CyOHOPMAaIBbHBIX
MOATPYII TPENONPEAETHIO BO3MOKHOCTh HCIIONb-
30BaHUS TaKUX MOATPYIIT HPH aHAIN3E MHOTHX OT-
KPBITBIX BOIPOCOB (CM., HAallpuMep, HelaBHHE CTa-
o1 [2]-{4], [6]-{19]).

[Inpoxue cepum APYTHX MOAPEHIETOK pEIeT-
ku L£(G) Obun HalZieHbl B HEAABHUX CTaThsX [3],
[12] (cm. Taxke [10]-[22]). B wacTHOCTH, OBLIO 11O-
Ka3aHo (cM. Teopemy 1.4 B [3]), uro ecnmm § — Ha-
cinenctBeHHas ¢Qopmarst  OurtuHra, TO Habop
L., (G), cocTosmmui W3 BCEX FW -HOPMAIBHBIX

noArpyn, odpasyer noxapemerky 8 L£(G), u ecnu
$ — HacneICTBEHHas HacblleHHas QopManusi, TO
MHOKecTBO L (G), cocrosmiee U3 BCEX § -HOp-
MaJIbHBIX TOATPYII, TaKKe 00pa3yeT MoJIpenIeTKy B
L(G).

B naHHO# cTaTbe Mbl aHANU3UPYEM [aJIbHEW-
mue npuMenenus pemerok L (G), L, (G) n
L;,(G), wucnonp3ys i 9TOro crefyromue 0600-

IEHHS G-CyOHOPMAaJIbHOCTH.

Onpeodenenue 0.1. MpI TOBOpPHM, HYTO IIOA-
rpynmna H rpynmsl G SBISETCS:

(1) SwAc-6r00cennoli  (COOTBETCTBEHHO

§ Ao -enoocennon) B G, ecmu H = ANB i He-
KOTOPOH §W -HOPMaJbHOW (COOTBETCTBEHHO, [UIS
HEKOTOPOH § -HOPMAaIbHOH) MMOATPYTIEI A U G-Cy0-
HOpMaITbHOHM MoATpyNIEl B rpynms! G.

(i1) crabo Fw A G -6100icentol (COOTBETCTBEH-

HO c1abo § A G -610dicennoil) B G, eCli I HEKO-

TOpPO# G-CyOHOpMaJIbHOM MoArpyIbl 7' 1 HEKOTOPOit
W A G -BIIOKEHHON (COOTBETCTBEHHO, § A G -BJIO-

JKeHHOH) moarpymmsl S B G umeeT Mmecto G = HT u
HNT<S<H.

Muoxectso L (G), cocrosiuee u3 Beex
$W A G -BIOXKEHHBIX NOArpyNI rpynmsl G, obpasyer
meet-noopewémxy [23, ctp. 7] pemwerku L(G), T. e.
ANBeL;

A,BGLEW(G); emeé onxHa meet-TOApeNeTKka B

(G) nns mroOBIX  JOBYX IOATPYIII

WAG

L(G) — muoxectBo L, (G), cocrosiee U3 BCex
§ A © -BIOXEHHBIX NOArpynn B G.

OtmernM, 9TO TMH00ast §w -HOpPMaJbHAs ITIOA-
rpynmma A=ANG tpynnel G §w A G -BIIOXKEHa, a
Kaxmas o-cyOHOpManbHas moarpymma B=GNB
SBISIETCS. §WA G -BIIO’KEHHOHM B TpyMIly. AHAJIOIUYHO,
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KaXaasg 5§ -HOpMalbHasi TMOATPYNINA § A G -BIIO-

xeHa B rpynmy. OTMeTHM, HakoOHeLl, 4YTO Kaxjas
SWA O -BIOKEHHas] TOATpYIHa sBisieTcst cnabo

SWA C -BIOKEHHOH M BCAKasg § A G -BIIO)KEHHAs

TIOJTpYyTIa SIBISIETCS C1ab0 § A G -BIIOKESHHOH.
Teneps paccMOTpuUM CHEIYIOIIUI TpUMeEp, B

KOoTopoM il — 3TO Kilacc BCEX CBEPXPa3peIluMbIX

TPYIIL
Ilpumep 0.2. IlycTs p, ¢ — IpoOCThIE UUCIHa, T

g nmemutr p-1 m {p,gn{2,3}=C. Ilycrs
H=0x Cp, rae Q — npocToi FqCp -MOAYJb, TOY-
He g C " Ilycts P — IE‘pH -MOJyJIb, TOUHBIHA ISt
H. Tlycte A=Px(QxA4,). I'pynna PQ cBepxpas-
pemMa, IOCKOJIBKY ¢ AENUT p — 1, M03TOMy HEKo-
Topas noArpynna Z rpynmnsl P nopsiika p HopMaib-
Ha B PQ.

(1) Ilycts G =AxA4,, toe A, — 3HaKkomepe-
MeHHas rpynmna crenenu 4. [lyctes V' =Z0xC,, rae
C, — moarpymma rpymmsel 4, mnopsiaka 2. Torma
V=AC, N"ZQA,.

Iycrs teneps o ={{p}.{q},{2,3},{p.q,2,3}'}.
Torna AC, o-cybHopMmansHa B G u ZQA, Uw -HOp-
MaisHa B G, HO He il-HOpManbHa, ITOCKOJIBKY
(ZOB)° = PQA, u (ZQA,), = A,. CnenosarenbHo,
V — 3w A © -BIIOXKECHHAS, HO HE Ll A G -BIIOXKCHHAS B
G noxrpymnma.

Haxonen, nokaxem, 4to V' He sBiseTcs HU
O-CyOHOpMaJIbHOW, HU §w -HOopManbHOH B G. [Ipen-
noJoxkuM, uto V o-cyObHopmameHa B G. Torma
VNA=ZQ sBngerca c-CyOHOPMaNbHOH H, CIENO-
BaTeNbHO, CcyOHOpManbHOW B PQ. Ho Torma
ZQ = ZQ"™ = PQ, mporusopeune. ClenoBaTensHo,
V He sBIsIeTCs G-CyOHOpPMabHOM B G. AHAJIOTHYIHO,
V' He sBnserca LUw-HopManbHOW B G, MOCKONBKY
VeIV, =AA, | A= A, wWe sBIsETCS CBeXpa3pely-
MOM TpYMIIOH.

(2) Ilycts B:Cp >4Cq — HeabeneBa rpynma
nopsiaka pgu G = AxB uwnycrs H =ZC,.

Torma H = ACq NLB, tne ACq — 3l -HOp-
ManbHas B G monrpymma u LB cybHopMmaneHa B G.
CnenoBatrensbHo, H U Aoc-Bnoxkena B G, rIe
c=c'". Scno,uro H, =1 u H° = OB, nosromy H
He il-HopMasibHa B (G, Tak Kak IJIaBHBIN (hakTop
Q/1 B G He muknuueckuid. OTMETHUM TaKXKe, YTO
noxarpymnmna / ve cybnopmansta B G [24, 111. A, nem-
ma 14.1 (a)], mockonbky C, =H N B He sBISETCS

CcyOHOpMabHOM B B.

[IpuBeneHHbIC BHIIEC HAOMIOACHUS JIEKAT B OC-
HOBE BO3MOXHBIX TMPUIOKEHUH BBEJIEHHBIX HAMHU
noHsATHl. W Takue mpuiiokeHHs YxKe HaWICHbl B

KJIaccMueckoM ciydae o =o' ={{2},{3},...} [25].
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B nanHO# paboTe MBI OYCHb KPATKO aHATH3HPYEM
o0mmii cirygaii.

1 I'pynnsl ¢ 00001eHHO CyOHOPMAJIBHBIMHA
noarpynnamu llImuara

Hanomuuwm, uto epynna [lImuoma — 310 He-
HWJIBIIOTEHTHAsT TpyIna, Bce COOCTBEHHBIC IIOJ-
TPYIIIBI KOTOPOW HWJIBIIOTEHTHBI. XOPOIIO U3BECTHO
YTo XapakTep BIOXeHWs moArpymn Illmuara B
TPYIILy BO MHOTOM OIPEEIISIET €€ CTPYKTYPY.

Hammmu mepBbIMH pe3ynbTaTaMH  SBIISIOTCS
CIIeIyIOIe TPU TEOPEMBl, pa3BHBAIONINE MHOTHE
M3BECTHBIC PE3YJIBTAaThl M, B YACTHOCTH, Pa3BUBAIO-
IIME COOTBETCTBYIOIIHNE PE3YIIbTaThl pa0dOTHI [25].

Teopema 1.1 [26, Teopema A]. IIpeononoscum,
umo kadicoas nooepynna Illvuoma epynnet G sens-
emcsi Fw A o -enodicennoii 6 G. Toeoa

(1) G o-paspemiumMa B ciydae, korga §=6_, u

(i1) G sBysIeTCSE ME€Ta-G-HUJIBIIOTEHTHOW B CIIy-
vae, korna § =912.

Teopema 1.2. Eciu G paspewuma u Kasicoas
noodzpynna llmuoma zpynnvr G N’ A G -en001cena 6
G, mo G aensemcs mema-G-HuibnOMeHMHOLL.

Cneocmeue 1.3 (Cemenuyk [27]). Eciu xaogxc-
das nooepynna IlImuoma epynnet G sesiemcs cyo-
Hopmanvuotli ¢ G, mo G MemaHuIbLNOMEHMHA.

Teopema 1.4 (cm. Teopemy B B [26]). IIpeono-
Joxcum, umo Kascoas nooepynna Lllmuoma epynnol
G asnsemca § A G -6noxcentoni 8 G, 20e § — kiacc
6cex epynn X ¢ G -HUTLNOMEHMHOU NPOU3BOOHOI
nooepynnoi X'. Ecau G paspewiuma, mo npouszeoo-
Has noozpynna G' epynnel G maxsice G-HUILNO-
meHmHa.

Cneocmeue 1.5 (Monaxos, Kusruna [28]). Ec-
au Kkagicoasi nooepynna Lllmuoma epynner G sensiem-
ca cyornopmanvhot 8 G, mo npou38o0Has noo2pynna
G' epynnol G nunbnomenmua.

Hanomuuwm, uto noarpynna M B G Ha3bIBaeTcs
MOOynApHOU, ecnu M — MOAYJSApHBIN 31eMeHT (B
cmbicnie Kypomra [23, 2, crp. 43]) pewerku L(G)
Bcex moArpynn B G, T. €.

1) (X,MnZ)y=(X,MynZ mua Bcex
X<G,Z<G takux,uyto X <Z u

i) M, YNZy=(M,YYNnZ nmns Bcex
Y<G,Z<G Takux,yto M < Z.

BBuny Teopemsr 5.2.5 u3 [23] kaxnmas Momy-
JsipHas moarpymmna i -HopmainbHa B rpymme. OTcro-
Jia ¥ U3 TeopeMHI 1.4 moxyyaeM cieayolee

Cneocmeue 1.6 (bnuznen, Cenbkun [29]). Ec-
au kaxcoaa nooepynna Llmuoma epynnet G mooy-
napua 6 G, mo npouszeoonas noogpynna G' epynnol
G HunbnomenmHa.

2 I'pynnsl co c¢1a6o S_w A G -BJI0KEHHBIMH
HNOATrPyNNaMu

Hens moarpymn ---M, <M, <M <M;,=G
rpynnsl G Has3blBAaeTCsl MAaKCUMAJbHOH, eCiH
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KQXKIbIH ee WieH SIBISEeTCS MaKCUMaJbHOW IoJ-
TPYIIION B CIAEAYIOLIMM 33 HUM WIEHOM 3TOH LIETH.

Teopema 2.1 [26, Teopema C]. Ecau 6 xaswcoou
maxcumanvHoti yenu My, <M, <M <M,=G
epynnwt G xomsa 0vl 00Ha u3 nodepynn M,, M, uiu
M, crabo G wnAG-6r0ixcena ¢ G, mo G G-paspe-
wuma.

OTOT pe3yNbTaT TakkKe HOKPbIBAET MHOTHE W3-
BECTHBIE PE3yJbTaThl. B 4acTHOCTH, UMEIOT MECTO
CIICIYIOIINE €TO CICICTBHS.

Cneocmeue 2.2 (I'o, Ckuba [6]). Eciu 6 kascooti
maxcumanonou yenu My <M, <M, <M;=G

epynnwt G xoms 0vl 00Ha u3z nodepynn M, M, uiu
M, o-cyonopmanvua 6 G, mo G G-paspewiuma.

Cneocmeue 2.3 (Criencep [31]). Ecnu 6 kaswcooii
maxcumanvHoti yenu <M, <M, <M <M,=G
epynnwt G 00Ha u3 nodepynn M,, M, unu M, cyo-
Hopmanvua ¢ G, mo G paspewuma.

Cneocmeue 2.4 (WImunr [32]). Ipynna G s6-

JISIemcs paspewumon, eciu Kaxcoas ee 3-maxcu-
ManvHas nooepynna mooyasapua 6 G.

3 Ycuiienne oCHOBHBIX pe3yJibTATOB TEOPHH
S-nepecTaHOBOYHBIX H C-NePeCcTAHOBOYHBIX IO[-
rpynn

[onrpymma H rpynmel G Ha3pIBaeTcs S-mepe-
cranoBouyHo# B G [33], [34], ecnu H nepecTaHOBOY-
Ha C KaXIO0H CUJIIOBCKOH moarpymmoi P rpynmsl G,
T. . HP = PH. lloarpynmna H rpynns! G Ha3bIBaeTCA
T -KBazuHOpManbHOH [35], [36] wmm T -miepecTaHo-
BOYHOM B G, ecii H miepecTaHOBOYHA C KAXKAOH CH-
JIOBCKOM p-noArpynnoii rpynmnsl G A1 BceX p € T.

OCHOBHBIMU pe3yJbTaTaMH TEOpHH S-Tepe-
CTQHOBOYHBIX M T -II€PECTAHOBOYHBIX MOATPYIIIT SB-
JSIOTCS CICAYIOLIHE TEOPEMBIL.

Teopema 3.1 (Kerens [35]). Eciu w-nooepyn-
na H epynnet G w-nepecmanosouna ¢ G, moeoa H
cyonopmanvia 6 G.

Teopema 3.2 (deckuns [36]). Eciu nooepynna
H epynnot G S-nepecmanosouna ¢ G, mozoa cexyusi
H / H, nunvnomenmnua.

U3 Teopem 3.1 m 3.2 BBITEKaeT CIEAYIOMIHUN
¢axr.

Teopema 3.3. Ecnu nooepynna H epynnvt G
S-nepecmanoeouna ¢ G, mozoa cexyus H®/H,
HUNbNOMEHMHA.

Teopema 3.4 (Kerens [35]). Muoowcecmeso ecex
T -NepecmanHO80 HbIX  CYOHOPMATbHBIX — NOOSPYIN
epynnul G saensemca noopeuwemkoii 6 L(G).

Teopema 3.5 (Aiizexc [37]). Eciu w-nooepyn-
na H epynnet G 1’ -nepecmanosouna ¢ G, moeoa
HY o6radaem nunvnomenmuoti xonno6oii T -noo-
2PYNHOLL.

[epBbie Tpu pesynbTata ObUIM 00OOIICHBI B
paMKax TEOpHH G-CBOWCTB Tpymmbl B pabote [4],

Ipo6remvr usuxu, mamemamuru u mexuuru, Ne 3 (48), 2021



0606wenno G-cybHOpManbHbIE U G-NEPECAHOBOUNbIE NOOZPYNNbI KOHEUHBIX 2PYIN

KOTOpas SBUIACh OCHOBHOI MOTHBALIUEH K JalbHE-
IeMy aHalu3y pe3yJbTaTOB TEOpHH S-TiepecTa-
HOBOYHBIX M T -IIEPECTaHOBOYHBIX IOATPYIII B
paMKax Teopuu G-CBOUCTB B pabortax [9], [38]. Cy-
IIECTBEHHBIM HEIOCTATKOM BCEX IIOJNyYCHHBIX B
9TOM HAalpaBJICHUH Pe3YJbTaToOB SBISIETCS TO 00-
CTOSITENBCTBO, YTO B  KJIACCHYECKOM  Cllydae
c=0'={{2},{3},...] Bce OHH He ABIAIOTCS HOBBI-
MH U 103TOMY OHM HUYEro He JAroT Ul JalbHEeH-
IIEr0 aHAJIM3a U Pa3BUTHSA TEOPUU S-TIEPECTaHOBOY-
HBIX ¥ TU-TI€PECTAaHOBOYHBIX MO PYIIL.

B mamnO#t paboTe MBI 00CYy)XmaeMm HICHO, TO-
3BOJIAIONIYIO YCTPAaHUTh 3TOT HEIOCTATOK HCCIENOo-
Banwmii [4], [9], [38].

Ms1 roBopuM, crienys [1], uro moarpynma H
rpynmnsl G SBIsETCS:

(1) IT -nonynpoexmopom B G, ecnu HN /N —
MmakcuMmanbHas I1-mogrpynma B G/ N s mo0oi
HOpMansHOU noArpynmsl N rpynisl G.

(i1) IT -mpoexmopom B G, ecnu H sBusercs
I -nonynpoexTopoM B IH000H MOATPYIIE TPYIIIBI
G, conepxaeit H.

B ciyyae, xorna Il ={c,} m11 HekoTopoOroO i,
MBI IPUMEHSAEM TEPMUH G, -HOJYNPOEKMOp BMECTO
{c,} -nonynpoexmop.

Onpedenenue 3.6. Msbl TOBOpHM, dYTO
X ={X,,....X,} sasugerca Il -naxpuieaioweii cuc-
memotl nodepynn ons H 6 G, eclnu Bce DIIEMEHTHI
MHOXeCTBa A  SBISIFOTCS G-NPUMAapHBIMH MOJ-
rpynnamu B G ¥ Uit Kaxaoro o, € 6(H)NI1 Haii-

JyTcs MHAEKC j U o, -noiynpoektop U B H Takue,
qro U< X i

3ameuanue 3.7. (1) Ecrm o=0' ={{2},{3},..}

U T — HEKOTOpOE MHOXKECTBO HPOCTHIX YHCEN, TO
BCSIKAas T -HAKPHIBAIOIAsl CHCTEMa  MOATPYIII
P={F,...,P} nna H B G cOCTOUT U3 NPUMapPHBIX

noArpynn rpynnsl G u 1 kaxuaoro p e n(H)Nn

HaltyTcs MHAEKC j M cuinoBckas p-noarpynmna U B H
Takue, uto U < Xj.

(2) Ecin cunosckast p-noarpynma P rpynmst G
MePeCcTaHOBOYHA ¢ moArpymmoit H rpymmel G, TO
H NP — cunoBckas p-noAarpynna B H U mo3tomMy
BCSIKO€ MHOXKECTBO P CHJIOBCKUX MOATPYIII TPyI-
bl G, IEpPecTaHOBOYHBIX C , SBIETCA T -HAKpPbI-
Baroliel cucreMoit moarpynm anst H B G pu ycio-
Buy, uro 1 (P) u n(H) c =

Teopema 3.8 [26, teopema D]. Ilycmv H —
I1 -nooepynna epynnor G u nycmo X ={X,,...,X,} —
I1 -naxpwisaiowasn cucmema nooepynn oaa H ¢ G.
Toeoa cnpaseonusst ciedyrougue ymeepicoeHus..

(1) Ecru HX*=X"H ona ecex XedX u
xeE:=(X,--X,)°, mo nooepynna H sersemcs

c-cybropmansroii 6 Gu HY <0, (G) .

Problems of Physics, Mathematics and Technics, Ne 3 (48), 2021

(1) Kpome moeo, cexyus H/H, asraemcs

G-HULNOMEHMHOLL.

BBuny 3amedanus 3.7, Mbl HOJIy9aeM H3 TEO-
pemsl 3.8 clieyronye KIacCu4ecKUe pe3yibTaThl.

Cneocmeue 3.9 (Kerenb [35]). Ecau m-noo-
epynna H epynnot G 1 -nepecmanogouna ¢ G, mo H
cyornopmanvha 6 G.

Cneocmeue 3.10 (leckuns [36]). Eciu noo-
epynna H epynnvt G S-nepecmanosouna ¢ G, mo
cexyusi H/ H; nunohomenmua.

Cneocmeue 3.11. Ecnu nooepynna H epynner G
S-nepecmanoeouna 6 G, mo cexyus H® | H, nuno-
NOMeHMmHA.

Teneps, B KadecTBe AajbHEHIIENH HILTIOCTpa-
MU, MBI JIaeéM eIle TPU CIECACTBHUS TeopeMbl 3.8 B
citydae, koraa 6= = {{2},{3},...}, KoTopkle sB-
JISFOTCS pa3BUTHEM TeopeM 3.1 1 3.2 COOTBETCTBEHHO.

Cneocmeue 3.12. [Iycmv H — m-nooepynna 6
G u n(H)={p,,....p,}. Ilycmv P. — cunoscxas

p,-nodepynna ¢ H ona ecex i=1,....,t. Ecu ¢ G

umeromcsl maxue npumapmvle nooepynnol
X

e X,, umo P. <X, u H nepecmanosouna c

X onaecexiu x G, mo H cybnopmanvha 6 G.
Cneocmeue 3.13. [Iycmov H — nooepynna 6 G u
©(H)={p,,....p,}. IIlycmv P — cunoeckasa p,-noo-

epynna 6 H ons ecex i=1,...,t. Eciu H nepecmano-
souna ¢ P ona ecexiu xe€ G, mo H cybnopmans-
Ha 6 G.

Cneocmeue 3.14. [Iycmo H — nooepynna 6 G u
n(H)={p,,....p,}. IIlycmv P. — cunoecxas p,-noo-
epynna 6 H ona eécex i=1,...,t. Ecu ¢ G umeromcs

makue npumapuvie nooepynnel  X,,...,X,, umo

12

P <X, u H nepecmanosouna ¢ X; ona ecex i u

xeG, mo cexyua H/H,, 20e E:(Xl---Xt)G,

HUTLNOMEHMHA.

B camom obmiem ciydae u3 Teopemsl 3.8 BbITe-
KaeT ClIeAylIWil HOBBIA  pE3ylbTaT  TEOPHHU
G-CBOWCTB KOHEYHOH I'PYIIIbI, YCUJIMBAIOLIUN COOT-
BETCTBYIOIIME HaOmroneHus pador [4], [38].

Cneocmeue 3.15. I[Iycmv H — nooepynna 6 G u
nyecme H={H,,...,H,} — nonnoe xon1060 G-mHo-
aicecmeo 6 H. Eciu HX" = X"H onsaecex X e H u
x € G, mo nooepynna H sgrisemcsi G-cyonopmans-
Hoti 6 G.

Hama cnenyrommast Teopema sIBISIETCSl pa3BUTH-
€M OCHOBHOTO pe3yibTaTa padotsl [37].

Teopema 3.16 [26, Teopema E]. Ilycmv H —
I1 -nooepynna epynnvt G u nycmo Y ={Y,,...,Y.} —
IT' -naxpwiéaiowas cucmema noozpynn ona H e
G. Ecnu HC sensemca T1' -noanoii 2pynnoii cunoe-
ckoeo muna u HY* =Y'H ona eécex Ye) u
xe G, mo epynna H® obradaem G-nunvnomenm-
notl xonnogoti T1' -nodepynnoil.
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Cneocmeue 3.17 (Aizexc [37]). Eciu w-noo-
epynna H epynnet G =’ -nepecmanogouna ¢ G, mo
HC o6nadaem nunvnomenmmnoii xonno6oi ' -noo-
2pynnotl.

Cneocmeue 3.18. Ilycmv H — m-nooepynna
epynnot G u nyemos P ={P,...,P} — n' -naxpwisa-
owas cucmema nooepynn ona H® ¢ G. Ecuu
HP*=P'H ona 6cex PeP u xeG, mo epynna

HC ob6radaem nunvnomenmmoii xonno6oi T’ -noo-
2PYNNoll.

Teopema 3.8 cioyXuT MOTHBaLMed Ui cle-
JTYFOIIIETO HAIIETO OMPEICIICHIS.

Onpeodenenue 3.19. Mb1 roBOpHM, YTO TOA-
rpyrmna H rpynmnsl G SIBISIETCSL cmpo2o G-CyOHOp-
manvhoii 8 G, ecnmu H®/H_ — G-HUIBIOTEHTHas
rpymnma.

Cnenyromiasi Teopema SIBISIETCS Pa3BUTHEM
Teopemsl 3.4.

Teopema 3.20 [26, Teopema F]. (i) Eciu noo-
epynna H sensemcs Il -nomynpoexmopom G, mo
MHOMICECMBO 6CEX CUNLHO G-CYOHOPMANLHLIX NOO-
epynn epynnvt G, nepecmanosounvix ¢ H, obpazyem
noopeutemxy 6 peutemke L(G).

(i1) Ecau H aenrsemca 11 -npoexmopom G, mo
MHOJICECB0  6CeX  G-CYOHOPMANBHBIX  NOOZPYNHN
epynnwl G, nepecmarnosounvix ¢ H, obpazyem noo-
pewemxy ¢ L(G).

Cneocmeue 3.21 (Kerenb [35]). Muoosicecmeso
8cex T -nepecmano8OUHbIX CYOHOPMATLHBIX NOO-
epynn epynnvl G signsemces noopewemioii 8 L(G).

Cneocmeue 3.22 (Cxuba [4]). I[Iycmv G —
G-noamHasa epynna cunogckozo muna. Toeda mabop
6cex G-nepecmanogoynvix noozpynn epynnet G 06-
pasyem noopeuwiemky 8 peuiemke 6cex G-CYOHOp-
MansHuIX nooepynn epynnel G.

Teopema 3.20 mo3BONSET MOTYyYUTh U MHOTO
HOBBIX PE3yJbTaTOB. B yacTHOCTH, U3 3TON TEOPEMBI
BBITEKAIOT CIIeyIonne (GpakThl.

Cneocmeue 3.23. Eciu nooepynna H aenaemcs
xoanosoti T -nodepynnoii G, mo MHON*CECMB0 8cex
CUNbHO CYOHOpManbhblx nooepynn epynnel G, nepe-
cmanogounvix ¢ H, obpazyem noodpewemky 6 pe-
wemxe L(G).

Cneocmeue 3.24. Eciu nooepynna H siensemcs
xoanoseou T -nooepynnoi G, mo MHONCECME0 6cex
cyornopmanvusix noodepynn epynnet G, nepecmauo-
sounvix ¢ H, obpazyem noopewemxy ¢ L(G).

Cneocmeue 3.25. Eciu nooepynna H siensemcs
xoanosoti I1 -nooepynnou G, mo mHOHMCECmMB0 8cex
CULHO G-CYOHOpManbHbIX nodepynn epynnel G, ne-
pecmanosounvix ¢ H, obpazyem noopewemxky 6 pe-
wemxe L(G).

Cneocmeue 3.25. Eciu nooepynna H saensemcs
xoanosoti 11 -nooepynnou G, mo mHOHMCECmMB0 8cex
G-cybHopmansvHelx nooepynn epynnul G, nepecma-
Hosounwlx ¢ H, obpazyem noopewemxy ¢ L(G).
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IHOBBINEHUE DOHEPI'OO®P®EKTUBHOCTHU
®OTOTEPMODJIEKTPHUECKON BATAPEH

A.K. Ecman, I'.JI. 3bikoB, B.A. IloTaunix

Benopycckuu nayuonanvnulii mexnuueckuil ynugepcumem, Munck

IMPROVEMENT OF THE ENERGY EFFICIENCY
OF THE PHOTOVOLTAIC THERMOELECTRIC BATTERY

A.K. Esman, G.L. Zykov, V.A. Potachits

Belarusian National Technical University, Minsk

B paboTe paccMOTPEHO OJHO M3 OPHIMHAJIBHBIX PEIICHUH (OTOTEPMOIIEKTPHUECKOM GaTapen, pealn30BaHHOM B IPOrpaMM-
Hoit cpene COMSOL Multiphysics. IIpu 3TOM yYHTBIBAIHCh CYTOYHBIE U CE30HHBIC H3MEHEHHs TEMIIEPAaTypPhl OKPYKaroIuei
Cpelbl U BO3ACHCTBUS KOHIEHTPHPOBAHHOTO COJHEYHOTrO M3ITy4eHHs. PaccuuTaHbl mpouik pacipe/e/icHus: TeMIepaTypsl B
pa3IMYHBIX CEUCHUsX OarapeH, a TAKXKe PaJMEHTHl TEMIIePaTypbl BHYTPU €€ TEPMOAJICKTPHYECKUX mpeobpasosareneil. [Toka-
3aHO, YTO 3a CYET TEPMOCTAOMIIM3ALNU THUIBHOH CTOPOHBI BHELIHUX 3JIEKTPOJOB YAANOCh JOCTHYb YBEIMYCHHs BBIXOJIHOTO
HaIpsDKEHUS 10 MaKkcUMalbHbIX 3HaueHuit 0,635 u 0,78 B B siHBape U MI0JI€ COOTBETCTBEHHO.

Knrouesvie cnosa: uyucnennoe mooenuposanue, COMSOL Multiphysics, ¢pomo- u mepmosnexmpuyeckue npeobpazosament,
KOHYEHMPUPOBAHHOE COIHEYHOEe U3LyUeHlUe, 2PAOUCHIN MEeMNEPAmypbl, 8bIX0OOHOE HANPAX CEHUE.

The paper considers one of the original solutions of the photovoltaic thermoelectric battery, which was implemented in the
COMSOL Multiphysics software environment. Furthermore, the diurnal and seasonal variations of the ambient temperature and
the effects of the concentrated solar radiation were taken into account. The temperature patterns in the different sections of the
battery as well as the temperature gradient patterns inside the thermoelectric converters are calculated. It is shown that the in-
creasing of the output voltage up to maximum values of 0,635 and 0,78 V in January and July, respectively, was achieved due
to the temperature stabilization of the back side of the external electrodes.

Keywords: numerical simulation, COMSOL Multiphysics, photo- and thermoelectric converters, concentrated solar radiation,

temperature gradient, output voltage.

Beenenne

Cpenu anbTEpPHATHBHBIX W BO300OHOBIISIEMBIX
9KOJIOTUYECKH YHCTHIX UCTOYHHUKOB YHEPTUU 0C000€
MECTO 3aHUMAIOT (OTOIIEKTpHUECKHe OarapeH
[1]-[3]. OgarM M3 BO3MOMKHBIX ITyTEH MOBBIIICHHS
1X 3HeprodOPEKTUBHOCTH SIBJIICTCS HCIIOJIb30BAHKE
KOHIIGHTPAaTOPOB COJIHEYHOro wm3mydeHus. OgHako
IpH 3TOM TemIeparypa (hoTOTepMOINEKTPHUECKON
OaTaper 3HAYMTEIHHO IMOBBIIIAETCS 3a CUET pajgua-
IIMOHHOTO HArpeBa. ITO MOXKET MPUBOIUTH K Mepe-
IPeBY KaK OTJCIIbHBIX JJIEMEHTOB, TaK U Bcel OaTa-
peu B LENIOM, K YXYIIICHHUIO €€ YKCIUTYaTallMOHHBIX
XapaKTEPUCTHK W COKPAICHHIO CPOKAa €€ CIYXKOBI
[4], [5]. Ucnonb3oBaHuEe NMPUHYIUTEIHHOTO OXJIAXK-
JIEHHUS C IIeTbI0 YMEHBIICHUST pabodux TeMmepaTyp
VBEIIMYMBAET C OJHOW CTOPOHBI CTOMMOCTH TaKHUX
Oatapeili, a ¢ Apyroi — jaenaeT uX rpoMo3aKuMu. B
HaCTOsIIee BpPEMS BEAETCS IOMCK KOMIIpOMHCCA
MEXIy TMOBBIMIEHUEM JHEprodOPeKTUBHOCTH U
CHIDKEHHEM CTOMMOCTH (DOTOTEPMOIIEKTPHUECKUX
Oarapeil ¥ yMCHBIIICHUEM HX rabapuToB [6].

Lenbto craThu siBIseTCS pa3paboTKa M peau-
3amus TPEXMEPHOW Mojend (POTOTepMOIIEKTpHYe-
ckoil Oarapen B mnporpammuoi cpere COMSOL
Multiphysics, onTtumm3amus ee TeMIepaTypHBIX
XapaKTEPUCTHK W BBIXOIHOTO HANPSIKCHUS, IOITY-
YaeMBIX B YCJIOBUSAX W3MEHCHHS TEMIIEPaTyphl
© Ecman A.K., 3vikos I'JI., [Tomauuy B.A., 2021
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OKpY’Kalole cpeabl U BO3ACUCTBUS KOHLIEHTPUPO-
BAHHOTO COJHEYHOI'O M3IIy4YEeHHUs, a TaKKe MpOBeJe-
HUE TOWCKAa IyTeHd MOBBILEHNU 3()(HEKTHBHOCTH
MIpeo0pa30BaHMsI COJTHEYHOW SHEPTUH B JJIEKTpUYE-
CKYIO.

1 KoHCeTpyKIUsl COJTHEYHOT0 3J1eMEeHTa

CrpykTypa npemiaraeMoil (poToTepMOdJIeK-
TpuyecKkoi OaTapeu npuBeneHa Ha pucynke 1.1 [7].

B Hell momynpoBonHHKOBBIE (oTOIIEKTpHUE-
CKHE 3JIeMEHThI 1 COeMHEHBI MEXAy cOo00il uepes
MeTajuiyeckue cion 5 (pasmepom (x =25+ 90) x
X (y =1000) x (z=700 + 1000) mxm™m, pucyHku 1.1 u
1.2) 13 MonuOaeHa, pacHoOKEeHHbIE Ha [TOBEPXHO-
CTH pa3jeia 3THX 3JeMeHTOB. Kaxnmeri u3 ¢oro-
AIEKTPUUECKUX 3JeMEHTOB | BKmouaer mud¢ysu-
OHHBIC JICTHPOBAaHHBIC CIOM KPEMHUs p-THIA 2 U
n-tuma 3, pasmepom  (x =0,8) X (y = 1000) x
X(z=500) Mxm kaxnaprii. CTpyKTypHpOBaHHBIC IHU-
aJIeKTpuUecKre MOKphITUsA 4 (pazmepoM (x = 300) %
x (y=1000) x (z=0,5) mxm) u3 TiO, HaHeceHbI Ha
JIUICBYIO CTOPOHY UG (GY3HMOHHBIX JIETHPOBAHHBIX
CJIOEB KPEMHHsS p-TUIa 2 M n-TUMA 3, a TaKkkKe Ha
MOJYIPOBOIHUKOBBIH ~ Marepuain 6  (pa3mMepom
(x=298,4) x (y =1000) x (z=0,5) MKM),  BBIITIOJI-
HEHHBII U3 KpeMHUsl. 3epKaJlbHble NOKPBITUS 7, U3-
TOTOBJICHHbIE W3 AQIOMHMHHS, pPAaclOJOXeHbl Ha
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TepmosnekTpudeckre mpeodpa3oBaTean 8 Ha OCHO-
Be CulnSe, ¢ BHemnumu 10 u BHyTpeHHMMH 11
JNIEKTPOJIAMHU U3 MOJIMOJIEHa TEPMUYECKU CBSI3aHBI C
METAUIMYECKUMH CJIOSIMH 5 W3 MOJMOJeHa uepe3
cion JjudnekTpuka 9 (pasmepoMm (x =27+92) x
x (y=1000) x (z= 1) Mxm), BenonHeHHbIE 13 AL O;.

JIMLIEBOM BHEIIHEH TOBEPXHOCTH METAITMYECKUX
CJIOEB 5 M ONTHYECKH CBSI3aHBI YEPE3 CTPYKTYPHUPO-
BaHHbBIC JUAIICKTPUYCCKHE MOKPBITUS 4 ¢ nmuddy3u-
OHHBIMH JIETUPOBAHHBIMH CJIOSIMA KPEMHHUS p-THUIIA
2 W n-tuna 3, a Takke ¢ MOJyNPOBOJHUKOBBIM Ma-
TepuaioM 6 (HOTOSICKTPUYCCKUX 3JICMEHTOB 1.

o/ 1
I I
L 7 7
2 4 3 2 43
p 6 n P 6 n
S
5
| S 1
10 11 98 10 11 98 10 11 9 8
Pucynox 1.1 — Ctpykrypa poToTepMOIIEKTpHUECKOM OaTapeu:

1 — poTodMEKTpHUYECKHIA JIEMEHT,
2 u 3 — mudPy3nOHHBIE JETUPOBAHHBIEC CIION KPEMHISI p- U n-THUIIA,
4 — CTpyKTypHUpPOBaHHOE JHAJIEKTpUIECKoe MOKphITHe u3 Ti0,,
5 — METaITINYECKUH CJIOH M3 MOJINO/IeHa,
6 — NOTYNIPOBOJHUKOBBIHM MaTepual u3 KpeMHHUS,
7 — 3epKajbHOE IIOKPBITUE U3 AJIFOMUHUS,

8 — TepMoanexTpuueckuii npeodbpazosarens Ha ocHoBe CulnSe,,

9 — croit nuanekTpuka Ha ocHOBe Al,Os,

10 n 11 — BHEenIHUI 1 BHYTPEHHHUH 3JIEKTPOABI N3 MOJIMOIEHA
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Pucynox 1.2 — Canmok sxpana nporpammHoii cpeast COMSOL Multiphysics, Ha KOTOpoM 1oka3aHo pa3OreHue
(hoToTepMorIeKTpHYECKOi OaTapen Ha KOHEYHBIE AIIEMEHTHI B (DOpMe TeTpasApoB
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2 Auaroputm padoTel (oTOTEPMOIIEKTPHU-
yeckoii 0arapen

dotorepmoanekTpuueckas Oarapess padoTaeT
crenyrompM obpa3zoM. BxopHoe cosmHeyHOE H3ITy-
YeHue, MNaJaloliee Ha IOBEPXHOCTb CTPYKTYPHPO-
BAaHHOTO IMJICKTPUUECKOTO MOKPHITHS 4, MPOHUKA-
eT yepe3 Hero HerocpeacTBeHHo (Jiyun | Ha pucyHKe
1.1) u mocie OTpaXKeHHS OT 3ePKaJBHOTO MOKPHITHS
7 (ayuu II ma pucyske 1.1). IToatomy, OGmaromaps
MPOCBETIISIOMEMY AEHCTBUIO CTPYKTYPHPOBAaHHOTO
JV3JIEKTPUYECKOTO TIOKPBITUSL 4, 3TO H3IydeHHUE
MPaKTHYECKN MOJHOCTBIO MOCTYIAeT BHYTPhb (hoTo-
QJICKTPUYCCKUX DJICMCHTOB 1u TIOrJIOACTCA B HUX,
BbI3bIBast (hoTOreHepanuo Hocutened 3apsnoB. On-
Ha 4acCTb MOJYYCHHBIX 3apsA10B pasaACiiaeTCs MOJIAMU
p-n 1epexosoB (POTOAIEKTPUIECKUX 3JIEMEHTOB 1,
cozmaBasi ¢oro-0/IC, a npyras — peKOMOMHUpYET,
HarpeBsasl OJyIpOBOAHUKOBBINA MaTepuai 6. Temo-
Basl 3HEPIUs MOIYNPOBOJHUKOBOTO MaTepHuana 6 3a
CYeT TEIUIONEPeaayd HarpeBaeT METaJUINYECKHe
CJIOM 5 TIO OTHOIIEHWIO K TEMIIEpaType OKpY’Karo-
uieil cpeasl. B pesynbrare BHyTpU TEpMO3IeKTpUYe-
CKHX TmpeoOpasoBaTenell 8 MOSABISAETCS TPagueHT
TeMIepaTypbl, TaKk Kak BHEMIHKE 3JeKTpoasl 10 Ha-
XOAATCSl TIPH TeMIlepaType OKpY)Kalollei cpeipl,
BBI3bIBAsI MOSIBIIEHHUE COOTBETCTBYIOIIEH TepMO-D/IC —
teM cambiM noBbImas KI1J] ycrpoticTsa.

3 KoMnboTepHOE MO/IeTUPOBAHUE

Jlist MOJeMpOBaHMST XapaKTEPUCTUK Mpesa-
raeMoii OTOTEPMOIIEKTPHUICCKOH OaTaper HCIOIb-
3oBaiack mporpammHuas cpexa COMSOL Multiphy-
sics, KOTopasi MO3BOJISIET yYUTHIBATh BCE W3 3aJaH-
HBIX W/WJIK U3MEHIEMBIX MapaMeTpoOB MPH PELICHUN
OoBPIIMHCTBA NMPUKIATHBIX 3a1a4. MonenupoBanue
MPOBOJIMIIOCH C MoMolIbio Moayns «Temonepena-
ya» (Heat Transfer Module) nannoit mporpamMmHoi
cpenst [8]-[10], B koTOpOiil ObLIa peaar3oBaHa YHC-
JICHHast MOJIeNIb (POTOTEPMODIIEKTPHUIECKOH OaTapen
W paccuuTaHbl € XapaKTepUCTUKH NPH HAIHYUU U
OTCYTCTBUM cTabmmm3anuu eé temneparypsl. Hamu-
yHie TepMOCTaOMIM3aluy O3HAYAET, YTO TEMIIepaTy-
pa BHEIIHUX 371eKTpoAoB 10 moaaepKuBaeTcst pas-
HOM TeMIiepaTrype OKpy»Karoweil cpenbl. Pacuerst
BBIMIOJIHSUTMCE 11  TeorpauyuecKux KOOPIUHAT
r. Muncka. Ilpu MonenupoBaHUM yUUTBIBAIUCH YC-
peIHEHHBIE CyTOYHBIE M CE30HHBIC M3MEHEHHS KakK
OHEPrur COJHEYHOT'O U3JTYUCHHs, TaK U TCMIIEpaATy-
PBI OKpY’Kalolllel Cpeibl, a TaKKe IIOTHOCTh MOII-
HOCTH COJIHEYHOTO WU3Iy4yeHus crekrpa AMI,S,
MaKCHMaJIbHbIE 3HAYEeHHUsI KOTOPOH BapbHpOBAINCH
B npezaenax ot 1 go 500 kBr/M? TIpY UCTIOJIBb30BaHUU
KOHIIGHTPaTOpPOB. B KIMMaToMOTHH OOBIYHO pac-
CMaTPHUBACTCSI CYTOYHBIA XOJ TeMIIEPaTyphl BO3IY-
Xa, OCPEIHEHHbIN 32 MHOIOJETHHHM Nepuoj, Koraa
HETIEPUOIMYECKIE N3MEHEHUSI TEMIIEPaTyPhl B3aNM-
HO TIOTAIIAlOTCS M KPUBAasi CyTOYHOTO Xo/a OJm3Ka K
CHUHYCOUJAIBHOM.

Takum o00pa3oMm, (HOTOTEPMOIIEKTPUIECKAS
Oarapest B mpolecce MOJETMPOBaHHs pa3OuBaiach
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Ha KOHEUYHbIe O5JEMEHTHl B (OopMe TeTpadsapoB
(pucynok 1.2). IInoTHOCTE CeTKH AN KaXJ0ro eé
CJIOS HacTpauBajlach C YYETOM TI'eOMETPUYECKOU
KOH(UTypalnuy TeTpasApoB IIyTeM BbIOOpA OIHOTO
U3 JEBATH NPEAYyCTAaHOBJICHHBIX PEKUMOB: OT 4pe3-
BBIYAHO TOYHOrO J0 4pe3BbIUaiiHo rpyboro. Ilpu
HEOOXOMMOCTH HCIOJIB30BaHUs OoJiee MENKOH ceT-
KH B KaKOW-1mHO0 00sacT pa3OneHne BBITOIHAIOCH
Bpy4HYI0. TeXHHYECKHe CpeAcTBa NMPOTPAMMBI I10-
3BOJISITM 00pabaThIBaTh M BU3yaIn3UPOBATh PacyeT-
HBIE YHCIIOBBIE JaHHBIE [UIS BCEX PACCMATPUBAEMBIX
PEKUMOB PabOTHI POTOTEPMOIIEKTPUIECKON OaTapen.

4 AHAJIM3 NMOJTyYeHHBIX pe3yJIbTaTOB

CoriacHO TMOJIy4EHHBIM pe3yJbTaraM, Mpu
9KCIUTyaTalu (POTOTEPMOAIICKTPHUECKOI Oarapen
0e3 TepMOCTaOMIM3AaLMKM B YCIOBUSX H3MEHEHMS
TEeMIIEpaTypbl OKpYXaromel cpeasl M IUIOTHOCTH
MOIITHOCTH COJHEYHOTO H3JIYYEHHUs MPOUCXOIUT e
HEPaBHOMEPHBIM HarpeB. YBEJIWYEHHE IJIOTHOCTH
MOIITHOCTH COJHEYHOTO H3JIy4EeHUs, MaKCHMalbHOE
3Ha4YeHHE KOTOpPOH BapbuUpyeTcsi B IpeAenax
1 kBt/m?> < P, < 500 kBr/n?, NPHUBOANT K H3MEHE-
HUIO  TeMIepaTrypsl  (hOTOTEPMOAIEKTPHUECKOM
Oarapen B mpenenax ot 36,5°C mo Temmeparyp,
COOTBETCTBYIOIIMX BbIX0Ay €€ u3 crpost. Kak cneny-
et u3 [1], [11], paboune Temneparypsl GoTOTEpMO-
UIEKTPUYECKUX Oarapeil B pPas3iIMYHBIX CHCTEMax
MOTYyT U3MEHAThCA B mpenenax ot 25° C go 60° C B
3aBUCHMOCTH OT HCIIOJIb3yEeMBbIX MaTepuajioB, KOH-
CTPYKTHBHBIX OCOOCHHOCTEH M KOHLCHTPALMH COJI-
HewHOro m3nmydeHus. Crabmwin3anus TemIepaTypsl
TBUIBHOW CTOPOHBI BHELIHUX 3JEKTPOLOB (OTOTEp-
MO3JIEKTPUYECKOHN OaTapen Ha ypOBHE TEMIIEPATYPhI
OKpYXaIoIIel Cpelbl MO3BOJISIET CHU3UTh TeMIIEpa-
TYpy ¢ororepmoanexTpryeckoi darapeu (1o 22,8° C
B sHBape (pucyHok 4.1,a) u nmo 48,2° C B wurone
(pucyrok 4.1,6) mpu  P,. =500 kBt/™M?) u, B
YaCTHOCTH, TEMIIEpaTypy TEepMORJIEKTPHYECKOTO
npeobpaszosarens (1o —0,7° C B sHBape u 10 24,7° C
B wutone npu P, =500 kBr/m?) u YBEIUYUTH
(8 ~ 10 pa3 B urone u B ~ 20 pa3 B ssHBape) TpagucHT
TEeMITEpaTypbl BHYTPHU TEPMOBIIEKTPHUECKHX MPE00-
pazoBaredneii (kpusble 2 u 2', pucyHok 4.2). Cnenyer
OTMETHUTh, YTO CYLIECTBEHHBII IPafueHT TeMIlepa-
TYpBbI BO3HUKAET BHYTPH TEPMOAJIEKTPHUECKUX Mpe-
oOpa3zoBaTenell HE3aBUCHMO OT TEMIIEPATypPHI OKpY-
JKarollei cpessl.

Pacuetsl nmo3Boymian OLCHUTHL HAa CKOJIBKO OT-
JINYaeTCsd KOJIMYECTBO IMAJal0IIe COJIHEYHON pa-
JMali Ha I0r0-BOCTOYHYIO W FOT0-3allafHyI0 CTO-
POHBI (POTOTEPMOINIEKTPUUECKON Oarapen MeExXmy
co0OW W Ha OCTaNbHBIE CTOPOHHL. [Ipm 3TOM FOTO-
BOCTOYHAsi CTOPOHA 3TO KOJMYECTBO COJHEYHOH
panuanuy mojydaeT okojo 12 JacoB AHS, a FOro-
3amaaHas CTOpoHa — OKojio 14 gacoB gHS. DTO MpH-
BOAWUT K TOMY, 4TO 0e3 y4dera OONavyHOCTH MaKCH-
MaJIbHbIE TPAJUEHTHl TEMIIEPATYPbl JOCTUTAIOTCA
CHauaja C IOro-BOCTOYHOH cTOpoHB! (B 12 yacoB
JIHS), @ 3aTeM — C FOro-3amajJHOW CTOPOHBI (OKOJIO
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Pucynok 4.1 — IIpodunu pacnpeseneHus TeMneparypbl B QOTOTEpPMOIIIEKTPHUECKOIl OaTtapee B CEUCHUSIX,
MapaJuIeNbHBIX MI0CKOCTH YZ, B 12 4acoB OHS B cepeauHax sHBapA (a) u utond (0) B YCIOBHUIX BO3JIEHCTBUSA
KOHILIEHTPUPOBAHHOTO COJIHEYHOT'O U3JTy4eHHs, MAKCHMAJIbHOE 3HA4Y€HHE IJIOTHOCTU MOILIIHOCTH KOTOPOTO
coctapsuio 500 kBr/m?

14 gacoB). C ceBep0o-BOCTOYHON 1 CeBEepO-3ara Hon
CTOPOH TPaJUEHThI TEMIEpaTyphl HUXkeE Ha ~ 12%. B
paboTe MpHBENEHBI TOJIBKO 3aBUCHMOCTH T'PaJeH-
TOB TEMIEpaTypsl Ui FOTO-BOCTOYHOH CTOPOHBI
TEPMODJICKTPUIECKHUX TpeoOpazoBaTeneil. s Bcex
OCTalbHBIX CTOPOH 3aBUCHUMOCTH  T'DaJHEHTOB
TEMIIEpaTypbl aHAJIOTUYHBI, TOJBKO CMEIIEHBI II0
BPEMEHH (CeBEpO-3amagHasl U I0ro-3amajaHas CTOpo-
HI)I) I/I/I/IJ'II/I MAaKCUMAJIBHBIC 3HAa4YCHUA T'PaJUCHTOB
TeMIepaTypbl HUXKe (CeBEpO-BOCTOYHAS U CEBEpPO-
3anajHasi CTOPOHBI).

»
(9]
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1|
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Pucynox 4.2 — 3aBHCHMOCTH MaKCHMAJIBHBIX 3HAUeE-
HHUH TPaJUeHTa TEMIIEPATyPbl BHYTPH TEPMOIIIEK-
TPUUECKUX MTpeodpazoBareseil PoToTepMOIIEKTPH-
yeckoi Oatapen rpu oTcyTcTBUH (KpuBble 1 u 1) n
Hanuuuu (KpuBble 2 1 2') crabuimu3annu
TEeMIIepaTyphbl THUIbHONW CTOPOHBI BHEIIHUX
3JIEKTPOJIOB B cepeinHax sHBapsi (kpusbie 1' v 2') n
ntonst (kpuBble | ¥ 2) OT MJIOTHOCTH MOLTHOCTH COJI-
HEYHOT'0 M3JTy4YeHHs, MaKCUMaJIbHbIC 3HAYECHMSIMU
KOTOPBIX BapbupyroTcst oT 1 10 500 kB1/™m

Makc. rpaguent temnepatypsi, 106 K/m

0,0
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Kak cremyer U3 mpoBeIeHHBIX PacuyeToOB, Mak-
CHMaJIbHBIE 3HAYECHUS TpajdeHTa TeMIepaTypsl Kak
B cepemHe siHBaps (2,5x10° K/M), Tak u B cepeuHe
momst (2x10° K/M) mocrurarorcst okomo 12 gacos
JHS TIPU BO3JCHCTBHM KOHICHTPHPOBAHHOTO COJI-
HEYHOTO H3IYyYeHHs, MaKCHMalbHOE 3HAa4YCHUE
IUIOTHOCTH ~ MOIIHOCTH  KOTOPOTO  COCTaBIISUIO
500 kBr/M*>. B siHBape MaKCHMAaibHBIC 3HAYCHHUS
rpaaueHTa TemnepaTypsl Ha ~ 20 % Bblllle, 4eM B
utone (pucyHok 4.2), yto 0OYyCJOBJICHO, C OJIHOU
CTOPOHBI, HAJINYUEM CTAOMJIM3ALUH TEMIIEpaTyphl
TBUIBHOW CTOPOHBI BHEUIHUX 3JEKTPOIOB (OTOTEp-
MOJJIEKTPUYECKOH OaTapen Ha ypoBHE TEMIIEPaTyphI
OKpYXalolIeH cpebl, KOTopas B sSHBape HIWKE, YeM
B HIOJE, U, C JAPYroil CTOpPOHBI, BO3IAECHCTBHEM
KOHLIEHTPUPOBAHHOTO COJHEYHOTO W3IY4YCHUs Ha
BCE JJIEMEHTHI (POTOTEPMOIIIEKTPUIECKOM OaTapen B
TeueHHe CBETOBOTO AHS. OJHAKO BCIEICTBHE TOTO,
YTO CBETOBOH JICHb B MIOJE OOJIbIIE, YEM B SHBApe,
CYMMAapHBIH SHEPreTU4ecKUil BBIUIPHILI, IMOJydae-
MBIl B TE€UEHHE CYTOK B HIOJIE BHYTPH TEPMODJICK-
TPUYECKOTO TMpeodpasoBaresis (HOTOTePMOINIEKTPH-
YecKoii Oaraper, OKa3bIBacTCs OOJIbIIE, YEM B SIHBApE.

Kpowme Toro, Bapeupyst Beicotol (z=0,7 ... 1,0 Mmm)
n mupuHOM (x =25 ... 90 MKM) MeETaIMYECKUX
ciioeB 5, ObUIM MOTyYeHBI UX ONTHMAJbHBIC 3HaUe-
Hus z=1,0 mm (pucyHok 4.3,a) u x=25 MKM
(pucynox 4.3,0) (C TOYKH 3pEHUS MOIYUCHHUS
MaKCHMaJIbHO BO3MOJKHBIX 3HAUEHMH TIpaJucHTa
TEMIIEpaTypbl BHYTPH TEPMONIEKTPUUECKOTO IIpe-
obpa3zoBarteins). Bce 3aBucumMocTy, npuBeCHABIE HA
pucyHnke 4.3, a, NOXy4eHbl NIpU UIMPUHE METaJUIU-
yeckux clo€B 5 x =40 MKM, a 3aBUCUMOCTHU, TpPH-
BeJICHHbIE Ha pucyHke 4.3, 0, IoJTy4YeHbI IIPU BBICOTE
Mmetaimnyeckux cinoés 5 z =0,75 mm. Kak BugHO u3
MOJY4YEHHbIX 3aBUCHUMOCTEH Ha pucyHke 4.3,
TpaJWeHT TeMIepaTypbl B stHBape (KpuBble 1'u 2,
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PucyHok 4.3 — 3aBHCHMOCTH TpagleHTa TEMIIEPATYPhl MEXIy 00EUMH IIOBEPXHOCTSIMU TEPMOIIEKTPHUECKOTO

npeoOpa3zoBatels (hOTOTePMOIIICKTPUIECKOM OaTaper OT BBICOTHI (@) ¥ IIUPHUHBI (6) e€ METAITMYECKUX CIIOEB B

cepenmae utons (kpusble | u 2) u ssHBaps (kpuBbie 1’ 1 2') MpH IUIOTHOCTAX MOIIHOCTH COJTHEYHOTO M3ITyUYCHHUS,
MaKCHMaJIbHbIC 3HAYCHHs KOTOPBIX paBHbI 1 (kpusbie 1 1 1) u 2 (kpuBbie 2 1 2') kB1/M*

pucyHok 4.3, 6) 6ounbiie (~ 10%), uem B utose (Kpu-
BbIe | U 2, pucyHok 4.3, a).

JlocTurHyThIE MaKCHMaJbHBIE 3HAYEHUS Tpa-
JUEHTOB TeMIepaTyphl (PUCYHOK 4.2) MeXAy BHYT-
PCHHUMU W BHCIIHUMHU DBJCKTPOJaMHU TCPMOIJICK-
TpPUYECKUX IpeoOpa3oBatenell GpoToTepModNIeKTpu-
YyecKkoi Oarapen Npu BO3/EHCTBHM HAa Hee KOHIICH-
TPUPOBAHHOTO COJIHEYHOTO W3IyYeHHS C P, =
=500 kBT/M” IPUBOAAT K TOMY, Y4TO Pa3HOCTH IIO-
TEHIMAJIOB, TCHEepHpyeMasi MEXIY STUMH 3JIEKTPO-
JlaMH, B SIHBape U UIOJIE TAKXKE IOCTUraeT OKoJio 12 ya-
COB IHSI MaKCHUMAaJIbHBIX 3HAYEHHUH, KOTOPBIE COOT-
BEeTCTBeHHO paBHHI 81 u 65 MB. Cymmapnas reHe-
pupyeMasi pa3sHOCTh IOTEHIIMAIOB B TEYEHUE CYTOK
(IpH P g = 500 KBT/M?) B cCepeHe sSIHBApS U HIOIS
cocrasiser ~ 0,635 u 0,78 B cooTBETCTBEHHO.

3akiouenue

PazpabotanHas n peann3oBaHHAs TpeXMEpHas
MOJIETIb TMPEUIOKEHHON (POTOTEPMOIIIEKTPUIECKON
Gataper MO3BOJMJIA PACCUUTATh U OLIEHUTH €€ TeM-
NEPATYPHBIC XAPAKTCPUCTHUKNU W BbIXOAHBIC HAIIpsA-
JKCHHS B YCIIOBHSIX CYTOYHBIX M CE30HHBIX M3MCHE-
HUM, KaK SHEPTUU COJIHEYHOTO H3IyYCHHS, TaK U
TEeMIepaTypbl OKPYXKAIOMICH Cpeasl, a TaKXke BO3-
JIEHCTBUS KOHIIEHTPUPOBAHHOTO COJTHEYHOTO H3ITY-
yeanss AMI1,5. MakcumanbHBIe 3HAYEHHS IUIOTHO-
CTH MOIIHOCTH WM3MEHSUIHCh B Tpeaenax or | 1o
500 kBr/M*. Crabuimsarms TeMIepaTypbl THUIBHON
CTOPOHBI BHEIIHHX OAIJIEKTPOAOB (POTOTEpMOIIEK-
TpHUYECKON OaTapen Ha ypOBHE TeMIIEPaTyphl OKpY-
JKAIOILEN Ccpellbl MO3BOJIIET YMEHBUIUTh HEPABHO-
MEPHOCTH Harpe€Ba MOBEPXHOCTU, CHUSUTH TEMIICPA-
Typy (oToTepmoanekTpuueckord  Oarapen (1o
+22,8°C B saHBape u go +48,2°C B wurone mnpu
MaKCUMAaJIbHBIX 3HAYCHUSX IUIOTHOCTA MOIIHOCTH
P,...=500 kBr/M® KOHLIEHTPUPOBAHHOI'O  COJIHEY-
HOTO W3JIY4€HHUs) U YBEIHIUTh (B ~ 7,6 pa3z B Hroie
u B ~ 10,9 pa3 B sHBape) rpaiWeHT TeMIIEPaTypHI
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BHYTPH TEPMOIIEKTPHUECKUX Ipeodpa3oBaTeeil.
CornacHO TONYy4YEHHBIM pacdeTaM, MaKCHMaJIbHBIC
3HAYeHHS TPAINEHTa TEMIIEPaTypBl TEPMOIIECKTPH-
4ecKoro mpeobpasoBareist (HOTOTEPMOIIEKTPHUEC-
Koii Oarapeu B siHBape Ha ~ 20% BbIlIE, YEM B HIOJIE.
OpHako CyMMapHBIH SHEPreTHUECKUIl BBIUTPHILI,
MMOJTyYaeMbIil B TEYEHUE CYTOK B HIOJIC BHYTPHU Tep-
MODJIEKTPUYECKOro TpeoOpa3zoBareist (HOTOTEPMO-
2JIEKTPHUYECKOI OaTaper, OKa3bIBaeTCs OOJbIIE, YeM
B siHBape. [Ipu 3TOM aMIUIATyja BBIXOIHOTO HAIpPs-
KCHHS, TEHEPUPYEMOTO TEPMOIIICKTPUIECKUM TIpe-
oOpa3zoBaTeneM, ITOCTHUTAaeT OKOolo |2 dWacoB mHA
MaKCHUMaJIbHbIX 3HaueHWil: ~ 81 MB B sHBape u
65 MB B mrone. CymMMapHasi aMIDIHTY/1a BBIXOTHOTO
HAnpsDKCHHUST  (POTOTEPMOIJICKTPHUCCKOM OaTapew,
TCHEPUPYEMOr0 TEPMODIICKTPUYCCKUM Tpeodpa3o-
BaTelIeM B TCUCHHE CYTOK, B CEpelMHAX SHBApS U
urons cocrasnsger 0,635 u 0,78 B coorBeTCTBEHHO.
[IpoBeneHHBIN aHANIH3 TIOKA3aJl, YTO PACCMOTPEHHAS
(otoTepmoaiekTpryecKkas O0aTapes B YCIOBHIX WH-
TEHCHBHOTO COJHEYHOTO HW3JIYYCHHS IO3BOJISET HE
TONBKO YBEIMYHUTH DHEPTOOTHAYY C COMHHUIBI ILIO-
waau, noauate KIIJ[, HO U onTUMH3UpPOBaTh €€
KOHCTPYKIIHIO.
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TEXHHUKA

AHAJIMTUHYECKOE MATEMATHYECKOE MOJAEJIMPOBAHUE
BXOJHBIX XAPAKTEPUCTUK PAIMOTEXHUYECKHUX CUCTEM

B.O. Ucaes, I1.B. boiikayeB

Boennas axademus Pecnybnuxu benapyce, Munck

ANALYTICAL MATHEMATICAL MODELING
OF INPUT CHARACTERISTICS OF RADIO ENGINEERING SYSTEMS

V.0. Isaev, P.V. Boykachev
Military Academy of the Republic of Belarus, Minsk

IlpencraBieHbl pe3yIbTaThl MPOBEACHHUA 0030pa U aHAIN3a CHOCOOOB MPEACTABICHHUS BXOJHBIX XapaKTEPUCTHK PaJHOTCXHHU-
geckux cucteM. [IpencraBieHs! pe3yabTaTsl pabOThl CIOC00a HAXOXKICHHS aJeKBATHBIX MaTEMAaTHIECKUX MOAENEH pagHoTex-

HUYCCKUX yCTpOfICTB B aHAJIUTUYCCKOM BUJIC.

Knrouesvie cnosa: annpoxkcumayus, 4acmommuvle xapakmepucmuku, mamemamudeckue Mooenu pa()uomexnuqecrcux cucmem,

WUPOKONONOCHOE co2racosanue, pa()uomexuuka.

The results of the review and analysis of ways to represent the input characteristics of radio engineering systems are consid-
ered. The results of the work of the method for finding adequate mathematical models of radio engineering devices in an ana-

Iytical form are presented.

Keywords: approximation, frequency characteristics, mathematical models of radio engineering systems, broadband matching,

radio engineering.

Beenenne

3HAYUTENbHBIN Mporpecc B Pa3BUTUU PaaNO-
texHuuyeckux cucteM (PTC) cBszan ¢ ucnonbs3oBa-
HHEM LIMPOKOIIOJIOCHBIX W CBEPXIIMPOKOIIOIOCHBIX
curHaioB. [ 3pQeKTUBHOrO NpUMEHEHUs TaKUX
curHaioB K Tpaktam PTC npenbsiBisrorcs ocoOble
TpeboBaHNs, TaKue KaK MHHHMAJIBHBIC HCKaKEHHS
aMIUIMTYZIHOTO U (ha30BOTO CHEKTpa AAHHBIX CHUTHA-
noB. BaxHo# cocTapmnstomell obecrieueHns yKa3aH-
HBIX TpeOOBaHWH SBISETCS pELIeHHE 3aJaud OITH-
MaJIbHOTO CHHTE3a YCTPOHCTB (HMIbTPALUK U COIJIa-
COBaHMS B MpHeMo-niepenatonux Tpakrax PTC. Dta
3a/la4ya 3aKJII09aeTcsl B MOUCKE CTPYKTYPHl U HOMHU-
HaJlOB JJIEMEHTOB PEaKTUBHOH wLenu, obecneyu-
BAIOIIMX HEOOX0aANMYyI0 (hOpMY 4aCTOTHOW XapakKre-
PUCTHKHM B 33JaHHOM JHMaIla30HE YacTOT IPH KOM-
TUIEKCHBIX COINPOTHUBIICHUSX TeHEpaTopa W Harpys-
k. PemeHme momoOHBIX 3amad MMeEeT OOJBIIYIO
MPaKTHYECKYI0 3HAYMMOCTh, TaK Kak OOecre4ynBaeT
ONTHMAIBHBIE TIAPAMETPhI PHEMO-TIEPEIAIOIINX TPaK-
TOB, pabOTAIOIIUX B IIMPOKOM JHANa30HE YacToT.

CoBpeMeHHbIE METO/IbI HIMPOKOIIOIOCHOTO CO-
TJIACOBAHUS XapaKTEPU3YIOTCS 3HAYUTEIbHBIMU BO3-
MOXHOCTSIMH 110 pa3paboTKe paJuOTEeXHHYECKUX
ycrpoiictB (PTY) paznuuHOro Ha3Ha4yeHUs C BBICO-
KHMH TeXHHYECKUMH Xapakrepuctukamu [1]. Hesa-
BHUCHMO OT HCIIOJIB3yEMBIX METOJIOB IIEPBBIA 3Tarl
CUHTE3a COMIACYIOIUX IeNed 3aKIr4YaeTcd B UC-
CJIC/IOBAaHUM W 33/IaHMU HMCXOJHBIX CBOWCTB COTIJIa-
cyemoi Harpy3ku. Kak npaBuio, BXOJAHbIE XapaKTe-
PHUCTHKH COTJIaCyeMOW Harpy3KH IIPEACTaBIICHBI B
BUJIE JUCKPETHBIX TOYEK peasbHO ReZ(w) u

© HUcaes B.O., botikaues I1.B., 2021
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MHUMON ImZ(®) cocraBmsmronmx (QyHKINH, OIMH-

ChIBAIOLIEH paccMaTpUBAEMbI NapaMerp KOM-
TiekcHoro compotuBieHus — Z(w) [2]. Taxoe

IpPE/CTABICHUE HE BCErAa SBIETCS JOCTaTOYHO
MH(OPMATUBHBIM ¥ HE NMPUMEHUMO JUISl MCIOJB30-
BAaHUS BO MHOTHMX COBPEMEHHBIX METOJaX CHUHTE3a
LIMPOKOMOJIOCHBIX ~ COTJACYIOIIMX M YacTOTHO-
N30MpaTeNbHBIX YCTPOMCTB, TPeOYIOIINX 3KBHBA-
JICHTHBIE CXEMbl WJIM aHAJUTHYECKHE IpeCcTaBIIe-
HUs Z(®) cornacyeMelx Harpysok. Ilo aToi mpuun-

He mpobJyieMa BbIOOpa Croco0a MpeaCTaBICHUS Ha-
IPY30K JOCTAaTOYHO JaBHO IPUBJIEKAET BHUMAaHUE
uccienoBateseil 1 pa3padoTINKOB paauoanapary-
pei [10]-[12].

Takum 00pa3oM, BOSHHKAET HHTEpEC B peasu-
3allM¥ COBPEMEHHOW METOIMKH IPEICTaBICHHs CO-
TJIACYEMBIX HArpy3ok, 3((eKkTuBHOW B pelIeHuH
3aJa4d CHUHTE3a PAAUOTEXHUYECKUX YCTPOWCTB C
OIITUMAJIbHBIMH YaCTOTHBIMH XapaKTEPHCTHKAMH.

1 IlpeacraB/jieHHMe HMMIIEJAHCHBIX XapakTe-
puctuxk PTY B pemienun HHKeHEPHO-TeXHHMYeC-
KHX 337124

Uacto it peuieHus 3ajad4 CHHTE3a IIUPOKO-
MOJIOCHBIX COTJIACYIOIIMUX LEMed HCIONb3YHTCS
aHanutuyeckue meroasl [1], [3]-[7], B koTOpbIX cO-
rilacyeMasi HarpysKka MpeICTaBIsIeTCS B BUAE JKBH-
BAJICHTHOW CXEMBI, COAEpIKaIled B CBOEH CTPYKType
(uKCHpOBaHHBIEC TApaMETPHI 3HAUCHH JIEMEHTOB B
COCPEIOTOYCHHOM 3JieMeHTOM 0Oaszuce. C mOMOIIBI0
SKBUBAJICHTHOH CXEMbI MOYKHO MPEICTaBUTH BXOJHOE
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COTIPOTHUBIICHUE OOJBIINHCTBA KOMIUIEKCHBIX HArpy-
30K (aHTEHH, BXOJHBIX CONPOTHUBICHUNA TPaH3HCTO-
pa, peoOpa3oBaTeie, ycuiuTeneii u ap.) B pado-
4yeil mosioce yactot. Hampumep, B [8] mpenioxeHo
KIaccu(UIMPOBATh COTJIACYEeMbIe HArpy3KH Ha OC-
HOBE aHaJWM3a YaCTOTHOW 3aBHUCHMOCTH AaKTHBHOW
YaCTH BXOJHOTO CONPOTHBJICHUS WM POBOIHMO-
ctu. JlaHHas knaccupuKanus ACIUTCSA Ha IBa THUIIA.
K cormacyemeM Harpy3kaMm MEpBOTO THITA OTHOCST
SKBHBAJICHTHBIE CXEMBI, Y KOTOPBIX aKTHBHAs 4acTh
COTIPOTHUBIICHUS WJIH TIPOBOANMOCTH MOXKHO CUUTAThH
MOCTOSIHHOW B paboueil mojoce 9acToT. B kadecTBe
OKBUBAJICHTHBIX CXCM MEPBOI0 TUIIA HMCIHOJIB3YIOTCA
corjlacyeMble Harpy3ku, COJEpKallde B CBOEH
CTPYKTYpE MOCIIE/IOBATENIbHbIE WM TapajljieibHbIe
RLC-KOHTYpBI, YaCTHBIM CIy4aeM KOTOPBIX SIBIISI-
IOTCSI SKBHBAJICHTHBIC CXEMBI, COJICPIKAIIUE B CBOCH
CTPYKTYpE OIUH PCAaKTHBHBIA W OIWH TAaCCHBHBIN
aneMeHT (pucyHok 1.1, a).

K cormacyempIM Harpyskam BTOPOTO THIIA OT-
HOCST KBUBAJICHTHBIE CXEMBI, Y KOTOPHIX B paboueit
MOJIOCE YacTOT TNPOUCXOAWUT HM3MEHEHHE aKTUBHON
YacTH BXOJHOTO CONPOTHBJICHUS WM HPOBOIHMO-
ctu. Ha pucynke 1.1, 6, mpeacraBieHsl IpUMEPHI
OKBUBAJICHTHBIX CXEM COIVIACYEMbIX Harpy3o0K BTO-
poro THIa, CoAEpKAIIMX JBa MPOU3BOJIBHO BKIIIO-
YCHHBIX PCAKTUBHBIX DJICMCHTA U OJHOI'O MIaCCUBHO-
O 3JIEMEHTA.

Jlns pacueTa peakTHBHBIX JIIEMEHTOB COTJIa-
CyeMBIX Harpy3ok mepBoro tuma (pucyHok 1.1, a)
UCTIONB3YETCSI YCIOBHE COBIAICHUS PEaKTHBHBIX
CONPOTHUBIICHUN HKBHUBAJIEHTAa M 33JaHHOM corjia-
CyeMO# Harpy3k# (B 4aCTHOCTH, aHTCHHBI) Ha JIBYyX
gactotax [9]. [Ipu 3TOM aKTHBHOE CONPOTHUBIICHUE
JKBUBAJICHTA COTJIACYyeMON Harpy3ku Oepercsi pas-
HOM BELIECTBEHHON 4YacTH KOMIUIEKCHOTO COIpO-
THUBJICHHs1 HAarpy3ku. Eciu nocnenHee n3aMeHsercs ¢
YaCTOTOM, TO aKTMBHOE COIPOTHBIIEHUE BHIOMPAIOT

paBHI’IM RH = RH maxRH min > rae RH max " RH min

MaKCHMaJIbHO€ U MUHHMAJIbHOE 3HA4YEHHE BEIECT-
BEHHOM YacTH KOMIUIEKCHOTO CONPOTHUBIICHHS CO-
rJ1acyeMoOM Harpys3KkH.

OKBHUBAJIIEHTHI BTOpOro Tuna (pucyHok 1.1, 6)
YIOPOILIEHHO PAacCUUTHIBAIOTCS M0 YPABHEHUSIM, CO-
OTBETCTBYIOIIMM PaBEHCTBY AaKTHBHBIX 4YacTel
BXOJIHOTO COIPOTHBIICHUS! HATPY3KN M KBUBAJICHTA
Ha JBYX 9aCTOTaX, a TaKK€ — PAaBEHCTBY Pa3HOCTEH
PEaKTUBHBIX YacTe Ha ITHX K€ YaCTOTaX M Mpes-
ctasjieHsl B [8], [9].

OpHako Ha MPAKTHKE B CIIydae CIOXHOW 3aBHU-
CHMOCTH BXOJHOTO COIPOTHBJICHHS DPAacCieT CXEeM
COTJIaCyeMBIX Harpy3okK, COZEpKalux Oosee ABYX
PEaKTHUBHBIX AJIEMEHTOB, NMPUBOAUT K TPYIHOCTIM
BBIUMCIUTENBFHOTO IIpoliecca, TaKk KaK pacyeTHbIe
BelpakeHust B [8], [9] mpeoOpasyrorcst B cuctemy
HEeNUHEHHbIX ypaBHeHUH. [TosToMy B mpuKIagHOM
IUTaHe OOBIYHO PpeIIaroTCsl 3a7ayd COTJIaCOBaHMSA
Harpy3oK, coJep)Kalnx He Ooliee IByX PEaKTHBHBIX
JIEMEHTOB, JJISl PacdeTa KOTOPBIX HCIIOIb3YIOTCS
pe3ybTaThl N3MEPEHNH Ha ABYX 4acTOTaxX. JTO 3a-
YaCTYIO MPUBOJUT K HU3KOM TOYHOCTH BOCIIPOU3BE-
JeHWS LIeNeBbIX (QYHKIMH, ONUCHIBAIONINX PealbHbIC
Harpy3ku [11].

Hekotopeie 13 3THX TpyIHOCTEH cTano BO3-
MOXHBIM 000HTH ¢ mosiBieHueMm padot [10]-[12].
Taxk, asropamu [10], [11] npennoxen nmoaxon, mo-
3BOJIUBIIUI TONYyYUTH IIECTUIIEMEHTHYIO SKBHBa-
JIEHTHYI0 CXE€MY BXOJIHOTO CONPOTUBJIECHHUS TPaH3U-
ctopa ATF-34143 [10] u antennoro ycrpoiictea KB
muamazoHa Alll-4 [11] B Bune Harpy3Kd JapIHHTTO-
HOBCKOTO THIIA, COJAEPXKALIyl0 BO BXOAHOW ILENH
HOCIIEIOBATENIbHO BKJIIOYEHHBIN pe3ucrop R, (pu-

cyHok 1.2). Ha pucynke 1.3 mpejicraBiieHbsI 3aBUCH-
MOCTH JI€ACTBUTENBHON U MHHMOW COCTaBJISIOLIUX
BXOJIHOTO COINPOTHUBIIEHUSI PACCUUTAHHOW SKBHUBA-
JICHTHOW CXeMBI 3alaHHOTO Tpan3ucropa [10] (pu-
cyHOK 1.3, a) u anTeHHoro yctpoiictBa KB nnamna-
3oHa Alll-4 [11] (pucyHok 1.3, 6).

LH CH CH
o_rW\_| o
Zuy R, Ziy R, ﬁ»@%cﬂ R,
o, e =

o
a)
Ly Gy L,
o_fYY\ o I I o J_
iy G | |R, Ly Lu R, Ly, R,
c c |
0)

Pucynok 1.1 — [IpuMeps! 5KBUBAJIEHTHBIX CXEM COTJIaCyeMBIX Harpy30K
nepBoro (@) u BToporo tumna (0)
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o

Pucynok 1.2 — Mogenb BXOJHOTO COPOTUBICHUS
tpan3ucropa ATF-34143 u antenns! Alll-4

R, X, oTH.en.
A

5

>

| o, orH.ex.

0 0,2 0,4 0,6 0,8

0 0,33 0,66

0)

Pucynok 1.3 — @yHKIMH BXOJHOTO CONPOTHUBIICHUS
tparzuctopa ATF-34143 (a)
u auteHHbl Alll-4 (6) (cuMBOIBI),
u ux mozenei u3 [10], [11] (crutonrHast TUHMS)

|l o,oTH.en.

HemocraTtkom npeyio)KeHHBIX TTOAXOI0B SBIISI-
€TCs TO, YTO HAa HAYaJIbHOM JTalic Tpe6yeTC$1 BHHMa-
TCJIbHO aHAJIM3UPOBATH UCXOAHBIC TaHHBIC U yraJbl-
BaTb CTPYKTYPY 9KBUBAJICHTHOM CXEMbI, KOTOpas, B
MPEICTABICHHBIX TOIXO0JAX, CIY>KUT MOJCIBI0 Ou-
MOJISIPHBIX ~ TPAH3UCTOPOB, TYHHENBHBIX JHOJOB,
KBapLEB U MITBIPEBBIX aHTEHH [§].

Jlnst obecriedeHusi OOJBIIETO YHCIA DJIEMEH-
TapHBIX KAacKaJOB B SKBHUBAJCHTHOW CXEMeE COTrJia-
cyeMoil Harpy3ku B [12] mpeanoxeH anbTepHATHB-
HBIA TOJXOJ MOJENHPOBAaHHUS HAa OCHOBE ammapaTa
T-matpuil. B xauecTBe MCXOIHBIX AAHHBIX MPU MO-
JIEJIMPOBAHUH HArpy30K SIBIIAIOTCS MapaMeTphbl BOJI-
HOBOM MaTpulbl nepeaadyn MOIACIUPYEMOI'0 YCThbI-
PEXIIONOCHNKA, 3aIaHHOHN aHanuTHIecku 1 () WiIn

muckpetHo T'(®,) B paboueii monoce 4acToT. DKBH-

BaJICHTHAsl CXeéMa COIJIaCyeMOW Harpy3Ku MpeJCcTaB-
JII€TCA B BUAEC YCTBIPCXIIOJIOCHUKA C JIECTHUYHOH
CTPYKTYpOIl, cocTosiiell U3 dYepeayroIuuxcs 3Jje-
MEHTapHBIX Z- U Y-KackaloB (puCcyHOK 1.4).

B xauectBe mpumMepa B [12] paccunran 3kBUBa-
neHt anteHHbl Thna BI'J] (BuOpaTop ropusoHTab-
HBII UaNa30HHBINA) B JWAla3oHe 4acToT OT 6 [0
27 MTI'ny [13]. C ucrons30BaHHEM METOAMKH, TIPE-
CTaBIICHHOH BHIIIE, ITOyYeH JKBUBAIICHT AHTEHHBI
tuna BI'Jl (pucynok 1.5) u ee 4yacTOTHBIE XapakTe-
PHUCTHUKH BXOJHOTO COTIPOTUBICHUS (PUCYHOK 1.6).

AHanu3 TpeACTaBICHHBIX PE3YIbTAaTOB I03BO-
JIACT CAcsiaTh BBIBOA O TOM, UTO HU3JIOKCHHBIC BBIIIC
MOJXO/BbI TTO3BOJISAIOT PAacCUUTaTh MOJIENIN Harpy3oK
HE BCerja C J0CTaTOYHON TOYHOCTBIO M/WIIM IIpUMe-
HUMBI TOJBKO JUIS THUIOBBIX HArpy30K, OCHOBHEIC
SKBUBAJIEHTHI KOTOPBIX MpeICTaBIeHbI B [9].

OcHoBHast mpoOjeMa pemieHus WHXEHEPHO-
TEXHUYECKHX 3ajad 3aKJII0YacTCs B TOM, YTO Xapak-
TEPUCTUKU CcOBpeMeHHBIX PTY, KoTopwie OOBIYHO
OTIPENIEIIAIOT C TOMOIIBIO SKCIIEPUMEHTAIBHBIX HC-
CJIEIOBaHUI, MMEIOT CJIOKHBI BHJ M COAEpKAT
Clly4aiiHble COCTABJISIOIINE CAMOM pa3Iu4HOMN IpU-
poabl, 00yCIIOBJICHHBIE KaK CTATHCTHYECKOH IPHPO-
JIOM M3y4aeMbIX IPOLECCOB, TaK U BHEHIHUMHU (ax-
TOpaMH MPOLECCOB M3MEPEHHH U MpeoOpa3oBaHUs
JMAHHBIX (IIYMBI, TIOMEXH, JAECTaOWIM3HPYIOUIHE
(axTOpHI ¥ OIMOKN U3MEPEHH).

MOJCIUPOBAHUC ~ ~
[T (@) le(co) ° ':’ﬁ':' [@1(03) le(@)}
T((D)_[Tzl(ﬂ)) Too(®) : r<n> Te= In(@) T»©)

o] un [

Pucynox 1.4 — IIponecc MoaenmupoBaHus CXEMBI SKBUBAIICHTHON HArpy3KH

0,8 MmxI'n
Y'Y\

o—t 2100 .

4 mxI'n 32| IHCD

I —— 40 n® ¢ 5,4 mxl'H

=—32n® ¢ 13,9 mkl'H| 420 Om

Pucynok 1.5 — Paccuntanubiii s5kBUBajieHTa aHTeHHBI B[]

90

Ipo6remvr pusuxu, mamemamuru u mexnuuru, Ne 3 (48), 2021



Ananumuyeckoe mamemamuiecKoe Mobeﬂupoeauue B8XOOHBIX xXapakmepucmuk paduomexuuqecxux cucmem

R, X,0Om
1000
800 £\
600 \
400( /%
200 :
oA
—-200 \
—400 T

_ | MT
6009 13 15 18 21 24 277 MM

Pucysox 1.6 — @yHKIINH BXOJHOTO CONPOTHUBIICHUS
anTeHHsl BI'J] (mTpuxoBas nuHUA) U ee
PacCYMTAaHHOTO SKBUBAJICHTA (CTUTOIIHAS JIMHUS )

B kadecTBe mnpuMepa pacCMOTPHM BXOIHOE
CONPOTHBIIEHHE AaHTEHHOro ycrpoiictBa (AY) AD-
25/CW-3512  (pucyHok 1.7), mpeaCTaBIISAIONIETO
co0oil crubaemblii JICHTOYHBIH H3ITydarenb, pado-
TalolMi B auamna3zoHe 4actoT or 30 mo 512 MI'm
[14]. HanHoe AY mnpumensiercss Ha MOPTaTUBHOMN
pamnocrannuu P-181, a ero yactoTHast 3aBUCIMOCTD
W3MEHEHHUSl aKTMBHON W PEAKTHMBHOW 4YacTU HMMIIE-
JaHca TpeicTaBiIeHa Ha pucyHke 1.8.

' i

\__AHTeHHa

—
—

Cornacytowiee

I: \_ YCTpoiictBo

Pucynok 1.7 — Bueuinuii Bug AY AD-25/CW-3512
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Pucynok 1.8 — @yHKUMH BXOJHOTO CONPOTUBIICHUS
AY AD-25/CW-3512

W3 mpencTaBieHHBIX XapaKTEPUCTHK CIIEAYET,
4YTO BXOAHOE compoTuBicHre AY AD-25/CW-3512
CHJIbHO 3aBUCHT OT YaCTOTBI (MMEET PE3KO H3Me-
HSIOIIMNCS XapakTep). DTO MPUBOAUT K TOMY, YTO
MpCACTAaBJICHHBIC BbIINIC MCETOJUKU J'II/I6O HC II03BO-
JIAIOT PacCcUUTaTh CXEMHBIN AKBUBAJIIEHT corjacye-
MO HarpyskH, Ju00 pacdeT CTaHOBHUTCS JOCTaToY-
HO CJIOKHBIM, 3aHHMAET MPOAOJDKUTEIBHOE BpEMs,
TpeOyeT crennanbHOi MOArOTOBKY pa3padoTdnKa, a
caM pe3yJbTaT MOXET IOJIYyYUTHCS HEYIOBIETBOPH-
TenbHBIM [12]. JlaHHBIE 00CTOSITETHCTBA MIPUBOAAT K
TOMY, 4TO Ul PELICHHUsS WHXXEHEPHO-TEXHHYECKUX
3aJja4y BCE 4allle 0OpamaroTcsi K MPOrPECCUBHOMY H
BEChbMa HKOHOMHYHOMY CIOCOOY HCCIIEIOBAHUS H
npoextupoBanusi PTC u PTY — matemaruueckomy
MojenupoBaHuio Ha DBM, 310 mo3BonseT paccMat-
PpUBATHL BXOAHOC COIMPOTUBJICHHUC HAIrpy3KU B BHUC
MIPOCTBIX MaTEMaTHYECKUX MOJIEJIEH ¢ BBICOKOH cTe-
TICHBIO a/IEKBaTHOCTH U HE PAaCCUNTHIBATh €T0 B BUJE
CXEMHBIX SKBUBAJICHTOB.

2 MartemaTtnyeckasi MofieJib HAarpy3Ku, aje-
KBaTHas ee GU3NIECKOI CYIIHOCTH

YcnemHoe pelieHne MHXKEHEPHBIX 3a7ad Me-
TOJaMH MAaTeMaTHIECKOTO MOJIepoBaHusI Ha DOBM
B 3HAUNTEIBHON CTETICHN 3aBUCHUT OT COCTOATEIILHO-
CTH HUCIOJIb3YCMBIX MAaTEMATUYCCKUX MOﬂeﬂeﬁ: oT
UX CIIOCOOHOCTH JaBaTh HOBYIO WH(OpMALHUIO O
CHCTEME B IPOIIECCEe UCCIIEAOBAHMS €€ MOJIENU U OT
BO3MOXKHOCTH peanuzaiuy ee Ha 9BM. Breibop Toro
WIN WHOTO METOJia MaTeMaTH4eCKOro MOJEIHPOBa-
HUSI ¥ TIOCTPOCHUE MAaTEMaTHIeCKOH MOJIETH paIfo-
CUCTEMBI, OTBEYAIOIIEH OCTABIEHHOW MHXEHEPHOU
3amade, He MOXeT OBITh (popManu3oBaH U TpedyeT
OT pa3paboTyMKa TBOPYECKOTO MOAXOJAa M JI0CTa-
TOYHO TTyOOKUX 3HAHUI B OOJIACTH TEOPUHU MaTeMa-
THYECKOTO MOJEIHpOBaHMs paanocucteM. Kak mo-
Ka3bIBaeT MPAaKTUKA, BEIOOP aJeKBaTHOW MaTeMaTH-
YEeCKOM MOJIEIH, MO3BOJISIFOIEH JOCTATOUYHO OBICTPO
U 3(Q(EeKTHBHO PpEIINTh IOCTABJICHHYIO HH)XEHEp-
HyI0 3amady Ha DBM, 0OBIYHO MpENCTaBIICT HAU-
OoJipIIMEe TPYAHOCTH U €llle HEJJOCTaTOYHO OCBELICH
KaK B OTEYECTBEHHOM, Tak U B 3apyOeXHOH JuTepa-
type. IlosToMy pa3BuTHE TEOPHUHM ITOCTPOCHUS
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MaTEMaTHYECKUX MOAENEH PagMOTEXHHUYECKUX YCT-
pPOMCTB U cucteMm, peaindyeMbix Ha OBM, umeer
BaXXHOE NMPAKTHYECKOE 3HAUCHUE.

OmuM U3 moaxomoB MojaenupoBanus PTY,
Bxomsmux B cocraB PTC (ycmimurenu, 4acToTHBIE
¢uneTpHI, aHTEeHHBIE ycTpoiicTBa (AY) u np.), sIBIS-
eTCsl aHAIMTHYECKOE MaTeMaTHYeCKoe MOJIEIMPOBa-
HHE, TTOCTPOEHHOE Ha OCHOBE PE3YJBTaTOB 3KCIIE-
PUMEHTAIBHBIX JaHHBIX. Takas MaTeMaThdecKas
MOJIETIb CTPOUTCS] HA OCHOBE BCECTOPOHHETO aHAIH-
32 MOBEICHHS CHCTEMBI U IIUPOKOTO HUCIIOJIb30BAHUS
pE3yNbTaTOB IPOBEACHHBIX PAHEE CTATHCTHUECKHUX
uccienoBanuii. OHa JI0JDKHA OBITH JOCTATOYHO MOJI-
HOM, YTOOBI aJeKBATHO OITMCHIBATH CHCTEMY, HO
TaKkK€ W JIOCTATOYHO MPOCTON, 4YTOOBI MOIyYaro-
IIMeCsT MOJIENI MOXKHO OBUIO peajn30oBaTh Ha BbI-
YHCIIUTENBHBIX MAaIIMHAX B BUAE (U3NYECKH peanu-
3yeMbIx GyHKnui [15].

(o)
l

3aaHue HayaJlbHBIX yCIOBHUH U
mapamMeTpOB MOJIEIN HATPY3KH

}

Omnpenenenue HeOOXOTUMOr0 KOIUIECTBA
IIPOBOAMMBIX H3MEPEHU IS 0OeceueHUs
napaMeTpOB MOJIENIN HATPY3KH

Y

O0paboTKa NOJTY4YCHHBIX PEe3yJIbTATOB
(Mo, S0)
u GOPMHUPOBAHKE YCPEITHEHHOTO 3HAYCHUS
paccMaTrpuBaeMoi XapaKTePUCTHKH
(peryJsipHOi COCTaBIISFOLIEH)

l

Wnrepnomnsmms KyOH4ecKUMHY cIutaiHaMu
peryaspHOi cocTaBIsIOLIEH
paccMaTpuBaeMoi XapaKTepHCTUKH

(S0P

l

PacyeT onTHMaNBHOrO MOPSIIKa MOJIETH
(2.1) mo xpHuTEpUIO MEHIMYMa JIUCIIEPCUH
pasHOCTH (YHKIMH aNIpOKCHMAIHU U
PEryasipHON COCTaBIIIOLICH

(%, q)

!

DopMUPOBAHHE ATMPOKCHMHPYIOLINX
GyHKIMH elicTBUTENBHOU (Re) 1 MHUMOU
(Im) cocTaBISIOIKX paccMaTpHBaeMOoit
XapaKTePUCTUKU COTIACHO ONMTUMAIEHOTO
HOPsIIKA MOJIEIH

(Ref (s), Imf (s))

Tak B [16] usmoxkeH crmoco® pacdera mareMa-
TUYECKHUX MOJIeNIell BXOJHOTO MMIIEIaHCa Harpy3KH,
OCHOBAHHBIM Ha WCIOJb30BAaHUM CTAaTUCTHYECKOH
00paboTKM W METOJ0B anNpOKCUMAIMH, aJITOPUTM
KOTOPOrO IpeACTaBlIeH Ha pUcyHke 2.1.

CyTb NPEeUIOKEHHOTO CIOCc00a 3aKItoYaeTcs B
TOM, 4YTO BXOJHBIE U nepenarounsie Gy PTY,
HUCXOAS W3 YCIOBUH (DHU3WYIECKOH peann3yeMOCTH,
SIBISIFOTCSL JPOOHO-palMOHAbHBIMA (PYHKIMSAMH OT
KOMITJIEKCHOM 4acCTOTHI (§) BUAA:

2 k
1) = a, +a1s+a2(s)2 +..4a.(s)
by +bs+by(s)" +...+b,(s)"

rae Bce K03 (OUIMEHTH TP § JOJDKHBI OBITH Belle-
CTBEHHBIMU M HEOTPHLATEJIbHBIMHU, a BBICUINE CTe-
reHn noiuHoMa gucnutens (k) n 3HameHarens (q),
TaK e, Kak U UX HU3MIME CTENeHH, HE MOTYT OTJIU-
yathcs Oosee yem Ha 1 [17].

. (@21

2

>

A 4

PacyeT k03 HUnIEHTOB ypaBHEHHH
Ref (s) n Imf'(s) BCcIONB3ysI YNCTICHHBIHA
METOJI PEeIIeHHs HEMMHEHHBIX YpaBHEHHUH,
HaJIO)KUB Ha BEIpakeHue (2.1)
OTpaHUYEHHUS TONOKUTETLHON
BEIIECTBEHHOH (DYHKITUH U yCIIOBHH
(u3naecKoit peann3yeMocTH

dopMupOBaHIE MaTEeMaTHIECKON MOJIEIH
Harpy3Ku

()

Pacuet abCOMIOTHON MOTPEIIHOCTH
ANNpPOKCUMAIMHA OTHOCUTEIIBHO CIITIaliH-
uHTepromanun S(f)

G

COOTBETCTBYET JIN
MOTy4eHHAst MOJENb
BEIOpaHHOMY KPUTEPHUIO
(A < A‘rpeﬁ)

()

Pucynok 2.1 — AnropuTtm peanuszanuu aJeKBaTHbIX MaTEMaTHUYECKUX MOJIENe
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B kxaudecTBe nmpumepa uccieayeM BO3MOXKHOCTh
anMpOKCUMAIlUM YaCTOTHOW XapaKTepUCTUKU AY
AD-25/CW-3512 ¢ wuCHOJb30BaHUEM QJITOPHUTMA,
MpeacTaBiIeHHOro Ha pucyHke 2.1. s HaxoxaeHus
HanboJiee ONTUMAIBHBIX KO3(P(PHUIIMEHTOB AarmIpoK-
CUMHPYIOIUX (YHKIUH, OMUCHIBAIONINX PEABbHYIO
U MHHMYIO YacTh BXOJHOTO COINpOTUBIEHHA AY
AD-25/CW-3512, HeoOXOIMMO HCIOJIL30BaThH Me-
TOJIBI HEJTMHEHHBIX ONTHMHU3UPOBAHHBIX IPOLIEAYP C
ucnonb3oBanneM DBM. Ilpennaraercs mist pacdyera
anMpOKCUMHUpYIOMEH  (QYHKIMH, OIMUCHIBAIOMIEH
peabHyl0 W MHHUMYIO COCTaBJIIIOIIYIO BXOIHOTO
CONPOTHUBIICHHSI UMIIeZiaHca AY, HCHOJIB30BaTh Me-
Toj ontumuzaimu JleBenoepra — Mapksapara [18],
[19]. Tlonyuyennass AMM, onuckiBaroIas peaabHyIO
¥ MHUMYIO COCTaBIISIOIIME BXOJHOTO CONPOTHUBIIE-
HUs AY AD-25/CW-3512, umeet Bug (2.1), k03¢-
(unmeHTH KOTOPOH MpescTaBieHb! B Tabuuie 2.1.

YacToTHBIE XapaKTEPUCTUKH  AIMPOKCHMHU-
pyromieid (QpyHKIMH BXOIHOTO COMPOTHUBICHUS AY
AD-25/CW-3512 npencraBieHsl Ha pucyHke 2.2.

Ha pucynka 2.2 HarmsgHO BHIHO, YTO PAcCUH-
taHHass AMM BxopHoro conpotusieHus AY AD-
25/CW-3512 obecnieunBaer Tpedyemyro aOCOIIOT-
HYIO TIOTPEUIHOCTh alIPOKCUMALUH K XapaKTepu-
CTHKaM BXOJHOTO COIPOTHBICHUS W COCTaBIISIET
menee 10%.

Jliist cpaBHEHUsI IPE/ICTABICHHBIX B paboTe an-
TOPUTMOB Ha PUCYHKe 2.3 MpencTaBlIeHbl pe3yJibTa-
Thl MOJICTTUPOBAHUSI BXOJHOTO COMPOTHUBJICHUS aH-
terHsl BI'J] crioco6oM, npencTaBieHHOM Ha PUCYH-
ke 2.1 u npemyoxxenHoMm B [12]. IIpu atom paccuu-
TaHHast AMM BXOJHOTO CONPOTHUBIIEHUSI AHTEHHBI
BI'l umeet niectoil mopsiiok U UMEET BUL

Zyyy(s) = (1,845-10° +3,182-10°(s) +
+2,506-10°(5)* +1,792-10%(s)’ +1,069-10% (s)* +
+18,554(s)° +0,989(s) ) /(7,765-10* +
+6,088-10°(5)+1,526-10° (s)* +57,414(s)’ +
+4,448(s)* +0,075(s)* +0,003(s)° ).

AHanu3 TONXYyYEeHHBIX pPEe3yJIbTAaTOB ITO3BOJISET
cienaTh BBIBOJ, YTO paccuntaHHas AMM ammpok-
CHUMHPYET BXOAHOE COMNpOTUBIIeHHE aHTeHHbl BI'J]
[0 OTHOUICHUIO K MOJENH, IpeAcTaBiIeHHoN B [12]
Ha 18% TouHee s pearbHON COCTaBIISIIOIICH
BXOJHOTO CONpOTHBIIEHUS U HA 17% - MHUMOI co-
CTaBIIAIONICH COOTBETCTBCHHO. Takke HEOOXOIUMO
OTMETUTh, UTO NoiydeHHass AMM umeer mecrtoit
MOPSZIOK, B CBOIO odepenb (DYHKIHS BXOTHOTO CO-
NpoTUBIIEHUsI MoJenu anTeHHsl BI'/], npeacraBnen-
HOM B [12], mMeeT § mOpsAIoK.

Tabnmma 2.1 — KoaddumnmeHnTsl 1poOHO-panroHaIbHON (DYHKINH, amIpOKCUMHPYIOMIEH HMITCIaHCHBIC
xapakrepuctuku AY AD-25/CW-3512

Koapdumment | 3nauenne | Koadpdunment | 3nauenne | Kosddumnment | 3nagenue
ag 1,792:10™ a0 443,957 bs 0,267
a; 0,032 an 536,812 be 2,476
a, 0,119 apn 439,399 b, 1,851
a; 1,701 ap 248,709 bg 10,838
ay 4,173 aig 153,796 by 5,74
as 24,51 by 6,059-10° bio 23,01
ag 44,376 b, 1,706-10™ by, 8,059
a; 147,751 b, 7,996-107 bi» 22,854
ag 203,863 b; 0,014 b3 4,131
ay 417,306 by 0,249 by 8,304
R, X, Om

71 165 251

512 fMI'n

339 426

Pucynok 2.2 — ®ynkuuu BxonHoro conporusienus AY AD-25/CW-3512 (cumBoutbr)
u ero paccuntanHoi AMM (crutonnele JIMHUM) B paboyeii monoce 4acTor
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Pucynox 2.3 — @yHKIMM BXOIHOTO conpoTuBieHus anteHHsl BI'/l (Toukn),
€€ pacCUUTaHHOTO dKBUBaNEHTA [ 2] (yHKTHpHAS THHAA) U paccuuTaHHOH AMM (crutonrHast JTHHWS)

3akii0ueHue

B mporiecce pa3pabOTKH M MCIIBITAHHEA pagno-
3JIEKTPOHHON anmapaTypbl 9acTO BO3HUKAIOT 3a/1a4H
HaXO0XKXACHUS 3KBHBAJICHTHBIX CXE€M M CHUHTE3a HINU-
POKOIOJIOCHBIX COTIACYIOIIUX LENeil IS CIOXKHBIX
Harpy3ok. K coxaneHuro, JHIllb HEMHOTHE U3 JTUX
3aad MOTYT OBITh pELIeHbl TOYHBIMU aHAJMTHYe-
ckumMu Meronamu. OIHAaKoO Jaxke B cllydae yAadu
pa3paboTyrK He MOXET OBITh YBEPEH B BBICOKOM
KayecTBE IONYYCHHBIX TEXHUYCCKUX PpCIICHHH.
[IpruuHa 3TOTO 3aKIFOYAETCS B TOM, YTO aHAINUTH-
YeCKHEe METOIBl [AlOT [IOCTOBEPHBIC PE3YIBTATHI
JUIIb TIPH TOYHOM COOTBETCTBHM 3KBHBAJICHTHOM
CXEMBI M PEaNbHOW HAarpy3Kh. DTO COOTBETCTBHE —
CKOpee UCKITI0YEeHNE, YeM MIPAaBUII0, KOT/Ia pedb UACT
o coBpemenHbix PTC, paboraromux B YCIOBHSX
BBICOKOM aIlpHOpHON HEONPEAeIEHHOCTH OTHOCH-
TCJIbHO CTaTUCTHUKH BXOAHBIX PAaAUOCUTHAIIOB U I10-
MeX, YCIOBUH UX pacrpoCTpaHEHHUSI.

B 3THX yCcnOBHSAX €IMHCTBEHHBIH BBIXOI IS
pa3paboTyrKa — IpOBEAEHNE MaTeMaTHYECKOTO MO-
JENMPOBAHMS pacCMaTpUBAEMON HArpy3Kd W TIpen-
CTaBJIEHUS €€ B BUJIE aJIEKBATHONH MaTeMaTHYECKOM
Mojenu. Takoe mpencTaBiIeHne SBISIETCS YKOHOMHU-
YECKH BBITOIHBIM CIIOCOOOM IPOBEPUTH Ka4eCTBO
(hyHKIIMOHMPOBAHUS PATUOIEKTPOHHOHN ammapary-
PHBI Ha dTarne ee MPOSKTUPOBAHUSA U OTIAAKH.

Tak, ans aHanmM3a M pacyera HKBUBAICHTHBIX
Henel MpeyioskeHO UCIONb30BaTh MaTeMaTHIecKue
MOJIEIH, TPEJCTABISIOMNE COOOH aHAIMTHYECKOe
BBIPa)KCHUE, OIMCHIBAIONIEE BXOAHBIC XapaKTepH-
CTHKH{ B BUJI€ JJOCTATOYHO ITPOCTHIX (PU3NUECKH pea-
JTN3yEeMBIX JIPOOHO-PAlMOHATBHBIX (QYHKIUH BHOA
(2.1). laHHBIH TOOXOM TIO3BOIISIET ANIPOKCHMHUPO-
BaTh BXOJHbIE Xapakrepuctuku PTY c¢ yuerom ux
CTAaTUCTHYECKON 00pabOTKM M paccMaTpUBaTh YHUC-
JIEHHO 3aJlaHHble XapakTepucTUku B Buae AMM c
BBICOKOW CTETEHbIO aJeKBaTHOCTH (JIOBEPUTEILHOM
BEpOATHOCTHIO He MeHee 0,9 M OTHOCHUTENbHOH Io-
rpemHocThio He 6onee 10%).
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AJAIITUBHAA CUCTEMA YIIPABJIEHUA TEXHOJIOI'MYECKUM
IMPOLECCOM ITPOU3BOJICTBA

B.C. Cmopoaun, B.A. IIpoxopenko

T'omensckutl 2ocyoapcmeenviii ynusepcumem umenu @panyucka CropuHul

ADAPTIVE CONTROL SYSTEM OF A TECHNOLOGICAL
PRODUCTION PROCESS

V.S. Smorodin, V.A. Prokhorenko

Francisk Skorina Gomel State University

HW31105KeHBI PUHIUIBI IIOCTPOCHHS aAaNTUBHON CHCTEMBI YIPABICHHS TEXHOJIOTMYECKUM [IMKIJIOM IPOM3BOACTBA TIPU HATHYUK
BHEIIHNX YIPABISIOMUX BO3JeHCTBHI. [locTpoeHre afanTHBHEIX OOPATHBIX CBS3€H IO YIPABICHHIO OCYLIECTBISIETCS Ha OC-
HOBE Pe3yJIbTaTOB 00OpabOTKH JaHHEIX MOJEIH HEHpOperyiasTtopa 1 HMUTAIMOHHON MOJEIH B COCTaBE TEXHHUYECKHX CPEICTB
CONPSDKEHUS C CHCTEMOM YMpaBiieHUs U MHGOPMALMOHHOM 6a30i MMHUTALIMOHHON MOJENH TEXHOJOTHYECKOTO IMKIIA MPOU3-
BojcTBa. [IpuBenena dopmanu3amys mporecca agalTHBHOTO YIPABICHUS C UCIONB30BAHHEM METOJIOB HEHPOCETeBOro Moje-
JIMPOBAHMUS JUISl HOJICPIKKY TIPUHATHS YIPABISIIONINX PEIICHHH, OlMCcaHa MOJelb HeHPOoperyIsaTopa, Ipoleaypa ee 00ydeHus
U TECTHPOBAHMSL.

Knrouesvie cnosa: adanmugnoe ynpasnenue, mexHoio2uueckuii npoyecc npouseoocmed, HeUpoHHas cembv, HeupopecyIsmop,
@azosas niockocmb COCMOSIHUIL, ONMUMATHASL MPAEKMOPUSL.

The principles of construction of an adaptive control system are described for technological cycle of production with external
control actions. Adaptive control feedback connections are created based on data processing for the neuroregulator model and
the simulation model included in the technical means of coupling with the control system and the database for the simulation
model of a technological cycle of production. Formalization of an adaptive control process that uses neural network based mod-
eling for decision making processes is given. Neuroregulator models, their training and testing procedures are described.

Keywords: adaptive control, technological production process, neural network, neuroregulator, phase plane of states, optimal

trajectory.

Beenenune

IIpu ocymecTBIEeHHN MPOLECCOB YNPAaBICHUS
TEXHOJIOTUYECKAM LUKJIOM IPOU3BOJACTBA YaCTO
BO3HHKAET MOTPEOHOCTh KOMIUIEKCHOTO ydeTa MHO-
rooOpasus pakTopoB BO3IEHCTBUS HA TEXHOJIOTHYE-
CKHH TIpOLIECC CIyYaWHBIX COOEB WCIOIB3yEeMOro
o0opynoBaHUS, a TakXKe BO3ICHCTBHH BHEUTHEH
cpenbl, BKIIOYas M 4ejoBeueckuid Qakrop. B aroit
CBA3U ABJIACTCA aKTyaﬂbHOﬁ pcaiusanusda agarTuB-
HOTO YITpaBJIeHHs INPOLIECCOM MPOU3BOJCTBA (C 00-
PaTHBIMH CBSI3SIMH I10 yNPABJICHUIO) B COCTABE TEX-
HUYECKUX CPEICTB YINPABIEHUS TEXHOJIOTMYECKHM
IIUKJIOM W MPOrPaMMHOT0 O0ecHeyeHus ajanTalyun
mpolecca YNOpaBI€HHs Ha ClIydaliHblE BHELIHHE
BO3MYIIEHHUS B XOJI€ €T0 PeaTn3alny.

Crnenyer OTMETUTH, YTO HCIIOIb3YEMbIC B Ha-
CTOslIee BPEMS TEXHMYECKHE CPEACTBA YIPABICHUS
MOTYT B IOJIHOI Mepe He YYUTHIBATh BCE MHOT000-
pasue CyLIECTBYIOIIMX BHELIHUX BO3ICHCTBHM, YTO
omnpeneseT He0OX0UMOCTh Pa3pabdOTKU KOMILIEKCa
METOJOB aJalTally yIIPaBiIE€HUs CYILIECTBYIOLIIUMU
TEXHOJIOTMYECKIUMHU TIponieccamu rpounssoctsa (TIIIT)
C BEpOSITHOCTHBIMU XapaKTEPUCTHUKAMHM, YUHUTHI-
BAIOUIVMU NPUCYTCTBHUE CIIy4alHBIX BO3MYIIEHHUN B
MpOLECCe UX PEATU3ALNH, A TAKKE METOIUKH U TEX-
HOJIOTMH MCIOJIB30BaHUS IPOrpaMMHOTO obecrede-
HUSl, pEAU3YIOLIET0 AlTOPUTMBI aJalTallluy YIpaB-
JICHHs] TEXHOJIOTMYECKUM HUKJIOM IPOU3BOJICTBA.
© Cmopooun B.C., IIpoxopenko B.A., 2021
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MeToabl UCKYCCTBEHHOTO HUHTEJIEKTa M Ma-
IIMHHOTO OOY4YeHHMs, B TOM YHCIE HCKYCCTBEHHBIC
HEHpOHHBIE CETH, B HACTOALIEE BpPEMs MHIMPOKO
TIPUMEHSIOTCS ISl PEIICHNS PANa BaXKHBIX NPAKTH-
YEeCKHX 337a4, CBS3aHHBIX C paclo3HaBaHUEM OOpa-
30B, NPEICKa3aHUEM BPEMEHHBIX PSIOB, ANIPOKCH-
Malvei U aHaJIu30M JaHHBIX, a TAKXKE MPU HCCIIEN0-
BaHUM TPYAHOGOPMAIM3YyEeMOro Kjiacca CyIIecT-
BYIOIIMX CJOXHBIX TeXHHUECKuX cucteM. K maHHO-
MY KJIACCY MOTYT OBITh OTHECEHbI Pa3IM4YHbIC BHJIbI
CHUCTEM YINpPAaBJIEHUs TEXHOJOIMYECKHM LIUKIOM
npousBoacTBal 1], mpouecc GpyHKINOHUPOBAHUS KO-
TOPBIX MOXEM COINPOBOXKIATHCS CYIIECTBEHHBIMH
W3MEHEHMSIMH TEKYIIMX MapaMeTpoB peaIn3alin
TEXHOJIOTHYECKOTO MpOoIecca, a TAaKXKe CTPYKTYpBI
TEXHOJIOTUYECKOTO LIUKJIA.

ITpu 3TOM BO3HMKaIOIIME HA MIPAKTHKE TPeOo-
BaHMA 1O OOECHEYCHHI0 HAa COOTBETCTBYIOILEM
YpOBHE HAICKHOCTH M 0€30MaCHOCTH (PYHKITHOHH-
pOBaHHUS MOTEHIMAJIBHO OMACHBIX MPOMBIIIIEHHBIX
00beKTOB [2] mpHBOAAT K HEOOXOIMMOCTH paspa-
0OTKM W peajM3alii HOBBIX CHENU(HYECKHX IOJ-
x0moB[3] ans mpuUHATHA OOOCHOBAHHBIX PELICHUH
IIPY TIOCTPOSHNUH OOpPaTHOHN CBSI3M 110 YIPABJICHUIO U
aJalTUBHOM  COCTaBIIIOLIEH  COOTBETCTBYIOLIEH
CHCTEMBI yNpPAaBJICHUS HAa HAINYNE PEATH30BaBIIHNX-
Csl BO3MYIIEHU TEXHOTEHHOTO M aHTPOIOT€HHOTO
Xapakrepa.
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Taxoif MoaXxoa MOXKET OBITh OCYIIECTBIIECH IO-
CPEICTBOM MOCTPOCHUS BCIIOMOTaTeIbHbBIX MOJEIeH
WCKYCCTBEHHBIX HehpoHHBIX ceredt [3][4] (MHC)
JUIs HAXOXKICGHUS ONTHMAJBbHOTO (aJalnTHBHOTO)
yIpaBJeHUs, B COCTaBE KOHEYHOHW COBOKYITHOCTH
MaTeMaTHYeCKUX MOJIeNIe, BKIIIOYAs HMUTAIHOH-
HBle, peayu3yIoliell eAnHyI0 MoJelb 00beKTa Hc-
CJIeIOBaHUs, KOTOpas UCHOJIB3YeTCs B KadecTBe Oa-
30BOM i1 MOJAENU HEUpPOpEryssiTopa, OCYLIECTB-
JISIOMIETO aIalTalliI0 YTIPABICHHUS K BHELITHUM BO3-
MYIICHUAM B COCTaBE€ TEXHHUUYECKUX CPEICTB COIPS-
JKCHHS TJIIABHOW MOJEIH C TEXHOJIOTUYECKUM ITHK-
JIOM IPOU3BOJICTBA.

Heobxoaumo mpu 3TOM NHOAYEPKHYTh, YTO
IIPUMEHEHUE MaTEMATUYECKUX MOJEIEN Helpopery-
JSITOPOB YISl aJanTalliM YIPaBIISIOINX BO3JEHCT-
BUI Ha BHEIIHWE BO3MYIICHHUS TEXHOT€HHOTO W aH-
TPOIIOTEHHOTO XapakTepa HMEET CYIIEeCTBEHHbIC
MpeuMyIIecTBa Hepea TPAJUIHOHHBIMA METOIAMHU
KOPPEKIMH YIPaBJICHUS, TOCKOJIBbKY NCKYCCTBEHHAs
HEHpOHHAs ceTh CIOCOOHA MOCTPOUTH HOBBIE (DYHK-
[UOHAJIbHBIC 3aBUCUMOCTHU MEKIY BXOJHBIMH U BbI-
XOJHBIMH ITaHHBIMH B TIpollecce OOYYEeHHsS C TIpe-
JIOCTaBJIEHUEM HEOOXOIUMBIX 0000IIEeHHH.

Takum o0pa3oM, IpeaMETOM HCCIECIOBaHUSI B
JAHHOW paboTe SBIISIOTCS METOABI U aITOPUTMBI
aJanTaluy yIPaBICHUS] BEPOSTHOCTHRIMHI TEXHOIIO-
TMYCCKMMHU MponeccaMu, METOJUKHU U TCXHOJIOI'MHU
WCTIONB30BaHUS  COBOKYIHOCTH MAaTeMaTHYECKUX
Mojiesield 00beKTa MCCIIe0BaHUs MPU MOCTPOSHUN
ONTUMANIEHBIX OOPAaTHBIX CBs3€H IO YIPABICHUIO
O6’beKTOM HUCCJICA0OBAaHUSA — aAallTUBHBIC CHCTEMBbI
VOPaBICHUS BEPOSTHOCTHBIMU TEXHOJOTHUECKUMH
IporieccaMy IPOU3BOJICTRA.

1 ®opmasmzaums mnpouecca aganTHBHOIO
yhpaBJIeHUsI

B ocHOBYy Qopmanuzanuyd CTPYKTYphI ajar-
TUBHOTO YIPaBICHHUS TEXHOJIOTHYCCKUM ITHKIOM
MIPOM3BOJICTBA TIOJIOKEHBI PE3yNbTaThl HCCIEI0BA-
HUM aBTOPOB B OOJIacTH aHanu3a (pyHKIMOHHpPOBA-
HUSL  BEPOSATHOCTHBIX  TEXHOJIOTHYECKHX  CHC-
teM[ 1][3][4].

Ilox amanTUBHBIM YIIpAaBJIEHHWEM B TAaHHOM pa-
00Te MOHMMAaEeTCs CIOCOOHOCTh CHCTEMBI YIpaBiie-
HUSl U3MEHATh CBOM IapaMeTphl B 3aBUCHUMOCTH OT
MITATHBIX YIPABJSIOIINX BO3JCHCTBUN KOHTPOJIIEpa
CHCTEMBI U BHEHIHWX Bo3MymieHmi[4]. TexHomoru-
YECKHUI UK MPEACTaBIsIeT COO0H MHOMKECTBO OI-
PEIeIeHHBIX PEeCypCcoB, a TakkKe HabOp TEXHOJIOTH-
YECKHX OIepanuii, KOTOpbIe MOTPEONSIOT 3TH pe-
CypcHl B mporecce cBoeil peammsarmu[1]. [Jomycka-
€TCsI KOHKYPEHIIMS TEXHOJIOTHYECKUX OTepalui 3a
TpeOyeMbie pecypchl. Takum oOpa3om, B paMKax
OPHUHATON (hOpMAITU3aIli TEXHOJIOTHYCCKUHN ITHKIT
paccMaTpuBaeTCcsd B Ka4eCTBE 3aMKHYTOH CHCTEMEI,
JUIS aHaliM3a W U3y4YeHHs KOTOPOH MOTYT HpuMe-
HATHCSI HEHpOCeTeBbIe TEXHOIOTHH, OCHOBAaHHBIC Ha
nocrpoennu Marematuueckux moxeneit MHC. Ma-
TeMaTH4decKass MOJEIbh CTPOUTCS B IIPOCTPAHCTBE
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COCTOSIHUH M BKIIfouaeT B ce0si HaOOp BXOJHBIX U
BBIXOZHBIX JAHHBIX, a TAKXKE IEPEMEHHBIX COCTOS-
HUSI KOHEYHOI'O Ha60pa B3aUMOCBsA3aHHbBIX MaTcMa-
TUYECKHAX MOJIeIeld KOMITOHEHTOB yIIpaBiIeHus [4].

Dopmanuzanus mporecca ynpasIeHUs] TEXHO-
JIOTUYECKUM LIUKJIOM IPOM3BOACTBA C BEPOATHOCT-
HBIMH XapaKTEPUCTHKAMU OCHOBaHA Ha HCIOJIB30-
BAaHWU B CTPYKTYpE€ KOHTYypa yIPaBICHUSA CIEIUAIb-
HBIX CHTHAJIOB M CTAHJIAPTHBIX 3JIEMEHTOB, KOTOPHIE
B JAIbHEHIIEM y4YacTBYIOT B (DOPMHPOBaHUU peEry-
JUPYIOMINX BO3JCHCTBUH Ha HCIIOJIB3yeMoe 00opy-
JIOBaHHE ITOCPEACTBOM HX JIOTHYECKOH KOMOWHAIINH
[2]. duHamuka B3aMMOJEHCTBHS KOMITOHCHTOB CHC-
TEeMbl aJaNTHBHOTO YIPABICHUS H €€ CTPYKTypa
HCCIIEYIOTCSI HA OCHOBE COBMELICHUS MMHTALMOH-
HOTO MOJIEITUPOBAaHHS TEXHOJIOTNYECKOro 00OBEKTa B
pEeKHMME pEalbHOTO BPEMEHH C OTOOpaKEHHUEM
(YHKIMOHAJIBHBIX OCOOEHHOCTEH OCHOBHBIX KOM-
NOHEHTOB cucTeMbl. [lomoOHOE coBMelieHue co-
CTaBJIIET OCHOBY TEXHOJIOTMYECKOTO0 MOJIEIHPOBa-
HUSI 1 OOBIYHO CBSI3aHO C MOJICJIMPOBAHHWEM KBa3u-
MapaJuIebHBIX MPOLIECCOB.

Perynuposanne nosenenus TIIII peanusyercs
ITyTeM MYJISIIIUA OCHOBHBIX (DYHKIMH KOMIIOHCHTOB
TEXHOJIOTUYECKOH CHCTEMBI HA OCHOBE MMUTAILOH-
HOW MoJeNnu 0O0BbeKTa HCCIENOBAaHUS, OCTPOCHHOM
B pPaMKax CHCTEMBbI aBTOMATH3aLUU NMUTALHOHHOTO
MOJCIIMPOBAHUS arperaTHoro tuma [3].

AﬂaHTaLII/IH yOopaBJICHUA  TEXHOJOTHMYCCKUM
IUKJIOM BBITIOJIHSETCS. Ha OCHOBE OCYILIECTBIICHMS
(bYHKIMI KOHTPOJIS 32 BBIXOJIOM 32 TIPEJIeNIbl AOITyC-
THUMBIX IPaHMI] TMara30Ha U3MEHEHUH KOMIIOHECHTOB
{U,} muepemenHbix Bekropa ynpasienus {U,}.

Bo3Bpar 3HaueHUMH NEPEMEHHBIX YIPABICHUS B
PaMKHU JIOITyCTHUMBIX MHTEPBAIOB BBIOIHACTCS IIO-
CPEACTBOM CHEUUAIBHBIX CPEICTB KOPPEKTHPOBKU
Ha OCHOBE AarperaTtoB-IpoLERyp  YIpPaBICHHA
{UPROC,,}. CrpykTypa B3aUMOCBsI3eil alaTHBHOI

CHCTEMBI YIIPABJIECHHUS C KOMIIOHEHTAMH HMHUTAIHU-
OHHOM MOJIETH BEPOSTHOCTHOTO TEXHOJIOTMYECKOTO
npoliecca NpoM3BOCTBA IPUBEEHA Ha pucyHKe 1.1.

Cucrema ympasnerus (CY) Ha TaHHOM PHCYH-
K€ IPEeCTaBICHa UMHTAaTOPOM YIIPABJICHUS, COIEP-
JKALMM PErMCTPBI COCTOSHUI CUCTEMBI {Z ,} W pe-

TUCTPHI NIEpEMEHHBIX ynpasienus {U,}, depes Ko-

TOpPBIE OCYILIECTBIISICTCS B3aHMMOJCHCTBHE C MMHTa-
LIUOHHOM MOJIEIBIO TEXHOJIIOTHYECKOTO IIUKJIA.

B o6mem cimyuae aganTuBHas CHCTEMa YyIIPaB-
JIEHUSI COCTOMT M3 D3JIEMEHTOB, MNPEACTaBIISIONINX
co00i1 CIIOKHBIM 00pa3oM OPraHU30BaHHYIO CXEMY
BSaHMOﬂeﬂCTBMﬂ YHOpaBJIAOIUX CUTHAJIOB TUIIA
«» u norumueckux cxem ciuexxeHus: tuna «MJIN»,
KOTOpbIe BBIpa0aTHIBAIOT COOTBETCTBYIOLIME BbI-
XOJHBIE CHTHAIBI TOCIEe 00pabOTKHM MOCTYIMHBIINX
BXOAHBIX curHaioB. Ilpu sTom mHpOpManus o cu-
Tyalyax, BOHUKAIOUIUX MPU BBIITOJHEHHH JIIOO0TO
3JIEMEHTA B CHCTEME YNPABICHUS, XPAaHUTCS B Tele
COOTBETCTBYIOIIETO HHUIMMPOBAHHOTO CHUTHAJA.
K TakoBBIM OTHOCSATCSI HOpPMaJbHOE HCIIOJHEHUE
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(hyHKIHMH 3J€MEHTOM CHCTEMBI, OTKa3 00opymoBa-
HMS, BBIXOJ] IIapaMeTpoB Bekropa {U,} 3a mpeneisl

JOIyCTAUMBIX HM3MCHEHHI, COBMEIIEHHE OTKa30B
000pyIOBaHUS C BBIXOJIOM 3HAYCHUN TEPEMEHHBIX
MIPaBIICHHUS 3a JIOIYCTHMBIC HAIIa30HEI.

Takum o00pa3oM, CUTHAJ, TepeaaBacMbId OT
CHCTEMbI yIpaBlieHHss K O0OOpYJOBaHUIO, MOMKET
OBITh MHTEPIPETUPOBAH KaK HAOOP MPU3HAKOB, OTH-
ChIBArOMIMX OINCPAaTUBHYIO CUTYAIlUIO B XOIC TEKY-
Ero BBINIOJIHEHUS HEKOTOPOTO 3JIEMEHTA CUCTEMBIL
ynpaBlieHusl. B cucreMe ynpaBieHusi MpUCYTCTBYET
HECKOJIBKO THIIOB YCTPOWMCTB UCIIOJTHEHUS U aJariTa-
UM WUCIOJHUTENN (YHKIHMWA; YCTPOWCTBA oIepa-
TUBHOW JIMKBHUIALMU TIOCIEACTBUI aBapuii 000py-
JIOBAaHWS; yHHUBEPCAJbHBIC JSJEMEHTHI, JINKBHUIH-
PYIOIINE MTOCIENCTBUS aBapHii W TOCIEICTBHS BEI-
XOJ/I0B KOMIIOHEHTOB BekTopa {U,} 3a IOIycTUMBbIE

Jiana3oHbl U3MEHEHUH, B CBA3H C YEM HMMTALLOH-
Hasi MOJIENb CHUCTEMBI YIIPABICHUS T€HEpUPYETCA U3
CIEIYIOUIMX TUIOB HCIOJHUTEIBHBIX 3JIEMEHTOB:
ynxkums-ucnonuurens (CORF;) KOPPEKTHPOBKH

3HAYCHUH KOMIIOHCHTOB BCKTOpa YIIpABJICHUA Uk

MIPH BBIXOJIC TNIOOANBHBIX MMEPEMEHHBIX 3a JOMYCTH-
Mbl€ JMana3zoHbl WU3MEHEHUH; hyHKIHS-
ucnonuurens (LICV;) AMKBHAAUMU TIOCICACTBUM

aBapuu Ha 00OPYJOBaHUM; YHUBEPCAIbHBIN HCIOJI-
HUTENbHBIH dnemMeHT (UNIV), KOppeKTHpYIoLUmi

3HAaYCHUSA KOMIIOHCHTOB BEKTOpa Uk n JIMKBUU-

PYIOLINI TOCTENCTBUS aBapuii Ha 00OPYZOBaHHH;
MHJIMKATOP COCTOAHMN (INDS;) TEXHONOIH4eCKOro

uuknal 1][2].

2 O01mas MoCTaAaHOBKA 3a1a4H

B pabore paccmarpuBaeTcsi ynpaBieHHE TeX-
HOJIOTUYECKHMH IPOLIECCaMK, HMMEIOIUMHU Herpe-
PBIBHYIO TIPUPOJIY, B PEXHME pPEalbHOrO BPEMEHH
[1] mpu HamM4YMKM COOTBETCTBYIOIIMX TEXHHUYECKUX
CPEICTB aBTOMAaTH3aLMY yIIpaBieHus [4].

[Ipouenypa cuHTE3a aAANTHBHOTO YIPaBICHUS
OCHOBaHa Ha OOYYEHHWHU pPEKyppEeHTHOW HEWpPOHHOU
ceTH [5], IMeroIel B CBOEM COCTaBe OJIOKU IMaMSTH
LSTM [6]. Hannune cTpyKTypHBIX JIEMEHTOB, I10-
IYCKAIOIMX JOJITOBPEMEHHOE XpaHeHHe HHpopma-
uH [7], MOXKET MHTEpIPETHPOBATECS KaK HeHpoce-
TEBOW aHanor Oa3bl 3HAHWW O BHEIIHEH cpele Cuc-
TEMBl yIpaBieHHs. BpiOop omucaHHOro Merona
aJlanTanyy yAOBIETBOPSIET TPEOOBAHUSIM K OBICTPO-
JIEWCTBHIO aJalTaly ¥ KayecTBY Mpolecca yrnpas-
JICHUS B YCIIOBUSIX BO3MOXKHOTO OTCYTCTBUS MH(OP-
Maluy O MPHUPOJIE BOZMOXKHBIX CITyYaifHBIX ITOMEX.

Mopene HEHPOPETYIATOPA, OCYILIECTBISAIOLIAs
yTpaBiIeHNE CHCTEMOH, MpeAHa3HaYeHa I MONCKa
ONTUMAIIFHOW TPAaeKTOpUU Ha (ha30BOU IIIOCKOCTH
COCTOSHUH cucTeMbl yipasienus [4]. B peamsHOM
BPEMEHHU MOJIEJIb IPHHUMAET PELICHUs O IEPEX0/E B
HOBBIE COCTOSIHHSI CUCTEMBI yIIpaBiIeHuUs Ha (a30Boii
TUIOCKOCTH. PellleHnsi NMpHHUMAIOTCS C MOMOIIBIO
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MOJIENT Ha OCHOBAHUM JAaHHBIX O TEKYILEM COCTOS-
HUM OOBEKTa YNPABJICHUS, a TaKkKe COCEAHUX CO-
cTostHUAX. [IBrKeHne mo (a3oBOW IIOCKOCTH CO-
CTOSIHUH OCYIIECTBIISIIOTCS /IO TE€X MOp, IMoKa He Oy-
JIeT TIOCTPOEHA ONTHMANIbHAs TPACKTOPHUS B paMKax
OIIPEJIETICHHOTO KPUTEPHS KauecTBa yIpaBJICHUSI.

B pamkax mpeanaraemoil (opmannzanyuu Mo-
TYT OBITH MCHOJB30BAHBI MOIXOMBI C SIBHBIM MOJIE-
JTUPOBAHUEM YIIpaBIsieMON cucTeMsbl [8], momma-
JIAolIMe 0[] KaTeropuo o0ydeHHs ¢ yuutenem. B
9TOM Cllydae MOJeNb HelpoperynsiTopa oOydaercs
TakuM 00pa3oM, YTOOBI OHA MOTJIa BOCIIPOU3BECTH
NpaBWIbHbIE T1OCIIENOBATEILHOCTH CTHMYJIOB H pe-
akiuid. [Ipu pereHnn peanbHbIX MPUKIAIHBIX 3a/1a4
TaKhe MOAXOABI MOTYT OBITh CONPSDKEHBI C TPYIHO-
CTSIMH TIOCTPOCHUS JIOCTaTOYHO IIOJTHOTO M pempe-
3€HTATUBHOTO OOYYAIOIIEro MHOXECTBA, OTPaKaro-
LIEro BeCh CHEKTp AEUCTBUH HUCXOAHOW MOJEIH.
Haxxe HecMOTps Ha Hanmudwe OONBIINX HAOOPOB
JAHHBIX, COJEPXKAIINX CTATHCTHKH (YHKIIOHHPO-
BaHUS CHCTEMBI, TOKPBITHE BKHBIX oOnacteit (azo-
BOI'0 MPOCTPAHCTBA COCTOSTHUI HE TapaHTUPYETCs B
CllyyasiX, KOTJa OHH BCTPEYAIOTCSI OTHOCHTENBHO
penko, 100 CBA3aHbl C BOSHUKHOBEHHEM HCKIIIOUH-
TENBHBIX CHUTyallud, He HAOJIOJaeMBIX TNpPU HOP-
MaJIbHOM (D)YHKIIHOHHPOBaHUH CUCTEMEI [4].

Crenyer OTMETHTh, 4TO B paboOTe paccMarpu-
BaeTcsl aJbTEPHATUBHBIA MOIXOJ, CBSI3aHHBINA C HC-
TI0JIb30BAaHWEM AJITOPUTMOB OOYYEHUs C IOJKpeIN-
neHneM (a uMeHHO, Q-00ydeHHs), NMPUMEHSEMbIX
COBMECTHO C MMHUTAIIHOHHOW MOJIENIBI0 TE€XHOJIOTH-
yeckor cucteMsl. [lpn ucmonp3oBarnu Q-o0ydeHHs
[9] mpemmoxaraercss HcCleAOBaTEIbCKas eATENb-
HOCTh areHTa [8], ympaBisieMoro KOHTPOJUIEPOM,
YTO IO3BOJISIET POUTH B IpoLecce 00ydeHUs depe3
KPUTHUYECKHE COCTOSHHMS CHCTeMBL. B mpouecce
Q-00yyeHus: HEOOXOIUMO TIOCTPOHTH aJIeKBATHYIO
anmpokcuManui (GyHKIMA Q OICHKH CIICAYIOIIEro
COCTOSIHHSI, K KOTOPOMY MOJKET IPUBECTH BBIOOD
OIIpe/IeTICHHON MOJWTHKY ynpasieHus. B kadectse
annpoKCHUMaTopa AaHHON (QYHKIHHM MOXET OBITh
HCIONh30BaHA HelpoHHas ceth [4], [10], [11]. Ta-
KOH 1MOJX0J MOTEHIIMATBHO MOXET 00ECIeUUTh XO-
polre pe3yabTaThl MPH PEIICHUN CIOKHBIX 337a4 C
YaCTUYHO HaOMogaeMbIM okpyskeHueM [11]-[13].

3 Mogenb HeiipOKOHTpOJLIEpPa, ee 00y4UeHHe
U TeCTHPOBaHMe

OOyueHne HEHpPOKOHTpoJUIEpa TPENCTABISIET
co00i1 IMONCK TakuX 3HAUYEHHH BECOBBIX KOA(PHIIH-
€HTOB CBA3€H HEHPOHHOH CEeTH, IPU KOTOPBIX MpH-
ommkeHHast GyHKIWS OyIeT MOCTATOYHO OJNHM3KOU K
ontuManbHOW (QyHKIIHM Q* MaKCHMH3AaIMU TEKY-
el Bo3MOKHOM Harpazpel. Ilouck B mpocTpaHCTBE
HacTPaWBacMBIX MAPaMETPOB MOJENIN OCYIIECTBIIS-
eTcsi B pe3y/ibTaTe MHOTOKPaTHOTO IPOMIPBIBAHMS
3MM30/10B PELICHUS 3a/laud, B KOTOPBIX y4acTBYeT
MIPUHUMAIOIIUM pELIeHUs] areHT IOJ YNpaBICHUEM
HEWpOKOHTpOJIepa, NpPU O3TOM Ha OCHOBaHHWHU
pa3nuuuii, NpeicKa3aHHBIX HEHpPOPEryIsaTopoM, MU

99



B.C. Cmopooun, B.A. Ilpoxopenko

pEaIbHBIX 3HAYEHWH HArpajpl 3a JIEHCTBUS areHTa
CTpOUTCsl (PYHKLUS MOTEPh, KOTOpas MHUHUMHU3UPY-
eTcsl TpagueHTHBIMU MeTofamu [14], [15]. B onu-
CaHHOW (hOpMaNM3alMu 3IMU30J pEIleHHs 3aaadu
TIpEICTaBIsIeT COOOH MOMCK TPAEKTOPHU areHTOM B
JBYMEpHOI 00JacTH ¢ BO3MOXKHBIM HaJIW4HMeM He-
MPOXOANMBIX Ioj00nacTel (HEIOMYCTUMBIX COCTOS-
HUH CHCTEMBI).

s oOy4eHuss M TeCTUPOBaHUS MOJCICH OBLIH
CT€HEpPHPOBAHbl 3K3EMIUIAPHI 3a/a4d HaXOXIEHMs
TpaeKTopuu. Bbl1o creHepupoBaHO HECKOJIBKO JaTa-
CETOB, XapaKTePH3YEMBIX 00BEMOM HEIIPOXOAUMBIX
nozobaacTeld, 0003HaueHHBIX kKak Empty (oTcyrtct-
BYIOT HEJOIYCTUMBIE COCTOSIHHUS CHCTEMbI B o0Jiac-
TH (a30BOM IIOCKOCTH, TJI€ OCYIIECTBISETCS TIOMCK
Tpaektopun), CAS (5% HeromyCTUMBIX COCTOSHUN),
CAl15 (15% mnenonmyctumsbix cocrosumii), CA30
(30% HEnOMYCTUMBIX COCTOSIHUH).

B kadecTBe ONTHMM3AIIMOHHOTO AJITOPUTMA B
nIaHHOI pabote mcmons3oBaH RMSProp mpu o0yde-
HHUHU BCEX HEWPOHHBIX ceTel. B kauecTBe HEHPOKOH-
TpoJuiepa 00y4eHO U IIPOTECTUPOBAHO 3 HEHPOHHBIX
ceru. [lepeoie nBe u3 Hux (sfDQN, mfDQN) sBs-
I0TCS MHorocnoitHeiME  TiepcentpoHamu  (MCII),
tpethst — DQRN1 — pekyppenrtnast Ha 6aze MCII ¢
LSTM oOnokom [11]. Bee ¢yHkuum akTuBamuu Juist
TIOJTHOCBSI3HBIX CKpBIThIX cinoeB — SELU (Scaled
Liner Exponential Unit) [16].

ATEHTBI, HCIIOJB3YIOIIUE TTIePEUHCIICHHbIE HEl-
POKOHTPOJUIEPHI, TIOCIIE 3aBEPLICHUs] O0YUIEHHsS Tec-
tupoBamchk B TedeHue 10000 >mm3000B Ha AK3EMII-
Jsipax 3ajaqd, He WCIIOJIb30BAHHBIX MPH OOYyYEHHHU.
Pe3ynbTaThl 00yueHUsI U TECTUPOBAHUS B IpoLEcce
oOyueHHs TpeACTaBICHBl HIKE Ha pUCYHKax 3.1—
3.2. Ha Bcex puCYHKax KpacHBIM IOKa3aHBI JaHHBIE
areata sfDQN, 3zemenpiM — mfDQN, cuHEM —
DQRNI. IlepBblii Tpaduk cBepxy — ycpeqHEHHas
Harpaja B rpoliecce o0yueHus, BTOPOH — KOJINYECT-
BO JOCTW)KEHHH LIeneBoi obiacTH 3a mocienaue 50
uTepanuii (3MU30710B), TPETHH — CpeaHee YHUCIIOo
JOCTIXEHUH 1eTH (B MPOIEHTaX) BO BpeMs IpoMe-
JKyTOYHOW BalMJAlMd MOJIENA Ha HEOONBIIOH

Rewards during training

BBIOOpPKE JIaHHBIX (00sacTeil), He UCIONIb30BAHHBIX B
nporecce 0OydueHus, (BalMIalusi OCYIIECTBIIACh
kaxasle 1000 urepaumii oOy4yeHUs), YETBEPTHIH —
Cpe/iHee YMCIIO 3aBEPILIESHUI AMH30/1a COBEPLICHHEM
HEJIOIyCTUMOTO AEHCTBUS (B MPOIICHTAX).

Ha natacere Empty — Bce areHThI OTHOCHTEIB-
HO OBICTPO JOCTHUTAIOT BBHICOKOW IPOU3BOJAMTEIIHHO-
cTH (110 CPaBHEHHIO C OCTAIBHBIMU JATACETaAMH), IO
pe3ynpTaraM oOydYeHHsS BCE areHTHI CIIOCOOHBI YcC-
TMEITHO JOCTUTHYTh LIeNIeBOM obyacTu B Oojiee yem
95% cnyuaes.

Ha pucynke 3.1 (cmpaBa) BHIHO, YTO IpUMe-
HEHUE MOJIeNeH, YUYNTHIBAIOIIMX BPEMEHHBIE 3aBU-
cHUMOCTH, (pakTHueckH He HaéT HaOIIOJaeMbIX Mpe-
UMYILECTB MO CPAaBHEHHUIO C areHTOM I10J] yIpaBlie-
nueM sfDQN B cuTyanmu, Korna NpoueHT Hempoxo-
TUMBIX oOnactedt otHocuTenmbHO Man (CAS). Oto
MOXET OBITh OOBSICHEHO TEM, YTO TPH PEUICHUH
9K3eMIULsIpa 3aJadd, IJI¢ HENpOXOIMMBIE 00IacTh
W30JIMPOBaHbI U MBI IO 00BEMY, BEPOSITHOCTH MX
BCTPEUYHM areHTOM NPH OCYLICCTBICHHUH IepeMele-
HUI HU3Kasl, U OT HEPEKypPPEeHTHON Monenu (akTu-
4YecKH He TpeOyeTcsi yYWThIBaTh BPEMEHHOH KOH-
TEKCT CHUTyallid HAaXOXKAEHHS IO COCEACTBY C He-
NPOXOAUMON 00JaCThIO, U, CIEJOBATEIBHO, HYKHO
MEHBbIIIe TPUMEPOB sl 3allOMHHAHUSI HEIOITyCTH-
MOTO JeHCTBUS.

s matacera CA15 nHabGmromaercst nmpyrasi CH-
Tyanusl: areHT ¢ peKyppeHTHOH HeHWpoceTbio o0yda-
ercst ObICTpee M TIOKa3blBaeT ce0si He3HaYMTeIbHO
JIydIIle TI0 pe3ybTaTaM 00y4deHns (PUCYHOK 3.2 ciieBa).

IIpu obyuennu Ha matacete CA30 DRQN
TaKKe IMOKA3bIBaeT ce0sl JIydiie, IpH 3TOM JUIsl CETH
TaKOro THIA HEOOXOJMMO OOy4YeHHe B TeueHHe 0o-
Jee JIUTeNnbHOro nepuona. (YBenumyeHHe IUTeNb-
HOCTH OOyYeHUs] M Mojadop HapaMeTpoB Ul ABYX
JOPYTHX MOJeNieil He MO3BOJSIOT B JIAHHOM Cilydae
YBEJIMYUTh Ka4eCTBO ympasieHus.) Hampumep, 1o
pe3yJbTaTaM TeCTHPOBaHUS OOYUEHHBIX MOJIEIei Ha
CA30 ponst ycCHEIHBIX IOCTPOSHHH TpaeKTOpUi
ms  sfDQN, mfDQN, DRQN cooTBeTCTBEHHO
35,12%, 34,67%, 56,28%.

Rewards during training
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Pucynok 3.1 — CneBa — o0y4enue Ha natacere Empty, cpaBa — Ha garacere CAS
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Pucynok 3.2 — CneBa — oby4uenue Ha natacere CA15, cnpaBa — ra gartacere CA30

IToTeHnManbHO TOKa3aHHBIE PE3yJIbTAaThl MO-
I'yT OBITH YJIy4IIEHBI IyTeM MoA0Opa apXUTEKTyphl
HEHUPOHHBIX CETEH.

3akJlouenue

B Hacrosimieit pabote mpezsioxkeH HedpoceTe-
BOM MOAXOX K MOCTPOCHHIO aJaNTHBHOM CHCTEMBI
YIOPaBIECHUS TEXHOJIOTMYECKHM IPOLECCOM IMPOU3-
BOJICTBA C UCIIOIb30BAaHUEM HEUPOPETyIISITOPOB, IPU-
MEHSEMBIX [UI TIOMCKa ONTUMAalIbHOW TPaeKTOpPHH
Ha (ha30BOH IUIOCKOCTH COCTOSIHHUH TEXHHYECKOU
cucteMbl. MaTtemaTuueckass MOJENIb HEUpoperyss-
TOpa peajn30BaHa NPOrPaMMHO Ha si3bike Python ¢
ucronszoBanueM oubmmorex TensorFlow u keras.

B3aumonelicTBue HEMpOPEryasaTOpa U CUCTEMBI
YIOPaBJICHUS TEXHOJIOTMYECKUM LHKIIOM JIOCTUTaeT-
csl 3a CUET NMPOTrpaMMHO-aNNapaTHOro HHTepderica
MEXIy BBIUMCIHUTENFHON CHUCTEMON W OJoKamu
yopasienuss ACYTIL. VYcranoBineHO, 4TO peKyp-
pEHTHBIE HEHPOHHBIE CETH MOTYT OBITH YCIENIHO
MIPUMEHEHB! B KayecTBE HEHpOpEerysisTopa, ocyle-
CTBIISIFOILIETO pEUICHHUE 3aJaul B OMMCAaHHOH (opma-
JW3alUHA B YCIIOBMSX, KOTAA YaCTHYHO HaOIfomae-
Masi 00J1aCTh COCTOSIHUI CHCTEMBI UMEET CIO0KHYIO
CTPYKTYpY.

IIpencraBneHHble pe3yNbTaThl 00ECHEUMBAIOT
BO3MOYKHOCTh JJaJIbHEHIIe anropuTMHu3anuy ajgan-
TUBHOTO YINIPaBJICHUS TEXHOJOTMYECKHM MPOIECCOM
MIPOM3BOJICTBA Ha OCHOBE MOJEJeH HeHpoperynaro-
POB, MO3BOJSIOIIUX OCYILECTBIISAThH KOHTPOJIb BBIXO-
Jla IapaMeTpoB TEXHOJOTUYECKOro IUKIIA 3a Mpeje-
JIBI IOTTYCTUMBIX 3HAYEHUH W IOCTPOEHHE OOpaTHBIX
CBs3€Hl MO yIpaBieHUIO. Peanmuzanus anropuTMoB
ajlanTanyuy yNpaBJICHUS HA BHEIIHHE BO3MYIICHHS
JIaeT BO3MOXKHOCTH Pa3pabOTKH CXEM CTPYKTYPHOTO
PE3epPBUPOBAHUS CUCTEMBI YIPABICHUS HCCIEIye-
MOro OOBEKTa B YCIOBHAX HEONPENEeNCHHOCTH H
pHCKa BO3HHUKHOBEHUS] TEXHOT€HHBIX aBapuil B Mpo-
1iecce MpOM3BOJICTBRA.
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[TomyyeHHbIe pe3ynbTaThl MOTYT OBITH UCIIONb-
30BaHbl B KaueCTBE COCTaBHBIX KOMIIOHEHTOB IPH
aBTOMATH3aLMM TEXHOJIOTHUECKUX MPOLECCOB U
MPOM3BOJICTB, pa3paboTKe CHUCTEM aBTOMATH3aIHH
NPOEKTUPOBAHMUS, IIPH PEATU3ALNU ITPOSKTHOTO MO-
JICTTMPOBAaHKSI HOBBIX POOOTH3MPOBAHHBIX IPOM3-
BOJICTB M CHCTEM YTIPaBJIEHUs, B Y4eOHOM Ipoliecce
JUISl CTYJICHTOB, MAaTNCTPAHTOB M aCIIUPAHTOB.
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IMPABHUJIA JJISA ABTOPOB

Crarbsi, HanpaBiisieMasi B PeJakLHi0 KypHaia
«I[IpobGaembl (u3MKK, MaTeMaTHKH W TEXHHUKH»,
JIOJDKHA!

— COOTBETCTBOBATH NMPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM IPOM3BEICHUEM,
KOTOpOE€ HE MpPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
He IyOnmKoBajoch paHee B oboveme Oosee 25% B
JIPYTHX TEYaTHHIX W (MJIM) IEKTPOHHBIX M3AHMSX,
KpoMe IyOJMKAaNuy TPEeNpuHTa (PYKOMIICH) CTaTbU
aBTOPOB (COABTOPOB) HAa COOCTBEHHOM CaiiTe;

— colepKaThb BCE IPEAYCMOTPEHHBIE NEWUCT-
BYIOLIMM 33aKOHOJIATEJIbCTBOM CCHUIKM Ha LIUTHPYe-
MbIX aBTOPOB U HWCTOYHHUKHU OHy6HI/lKOBaHI/lﬂ 3auM-
CTBOBAaHHBIX MAaTEpHAaJIOB, aBTOPOM (COABTOpaMH)
JIOJDKHBI OBITH MOJIy4eHBI BCE HEOOXOAMMBIE paspe-
IIEHUs Ha HCIIOJIb30BAaHHE B CTaThe MaTEPHAIOB,
npaBooOanareneM (JISIMH) KOTOPBIX aBTOP (COaBTO-
pBI) He sSBIIAETCS (FOTCS).

CraTbs HEe JOJDKHA COAEPXKaTh MaTepHaibl, HE
MOJJIEKAIIHE OITyOIMKOBAHHUIO B OTKPHITON TEYaTH,
B COOTBETCTBHU C ACHCTBYIOUIMMH 3aKOHOAATEIb-
HbIMH akTamu Pecny0Osmku benapycs.

CraThs MpeACTaBIsIeTCsS HAa pyccKoM, Oeropyc-
CKOM HJIM aHTJIMICKOM SI3BIKaX B JABYX 3K3CMILIApax
Ha Oenoii Oymare gopmara A4 ¢ IpOHYMEpOBaHHbI-
MU cTpaHuniaMu. OZHOBPEMEHHO B pEIaKIMIO Ha-
MpaBIsieTCs JIEKTPOHHBIN BapuaHT cTatbu Ha CD,
WK IO 3JICKTPOHHOI mouTte (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKH CTaThbH MOXKHO HCIIOJIB30BaTh
pemakrop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce momst —
2 cMm, i cuctemy LaTeX c ommuei 12 pt B cran-
JIapTHOM cTuJIe article 6e3 mepeomnpeneneHus: cTaH-
naptabix cruieit LaTeX'a u BBeeHHsSI COOCTBEHHBIX
KoMaH[ (Bce Mo — 2 cM).

B neBoM BepxHEM yIUly IEPBOM CTpaHULIbI CTa-
Tbu cTaBuTcs uHAekc Y /K, Huxke mo ueHTpy Ha
PYCCKOM M aHIJIMMCKOM S3bIKax: Ha3BaHUE CTaTbU
NPONUCHBIMU OyKBaMH, MHUIMANbI U (paMiuIis aB-
TOpa (aBTOpPOB), Ha3BaHWE OPTraHHU3ALMH, B KOTOPOM
oH (oHHU) paboraer, anHOTaNUA (10 10 cTpOK) U Te-
pEUYCHb KITIOYEBBIX CIIOB.

Cratbsi, KaK NPaBUIIO, JOJDKHA COJCPKATh: BBE-
JICHHE, OCHOBHYIO 4acTh, 3aKIIFOUCHHUE U JINTEPATypy.

HasBaHue cTaThy JOMKHO OTPAXKaTh OCHOBHYIO
WJICIO MCCIIEIOBAHUS, ObITh KPATKHM.

Bo BBeneHun naercst kpatkuit 0030p JuTepa-
TYpbl, 00OCHOBBIBAETCS L1eJIb paboTHI U, eciu HeoO-
XOANMO, OTPAXKAETCsI CBSA3b C HAYYHBIMH U IIPAaKTH-
YeCKUMH HampasieHusIMA. OO0s3aTeNbHBIMA  SIBIIS-
IOTCSl CCBUTKMA Ha Pa0OTHI APYTHUX aBTOPOB, ITyOIIH-
Kallu{ MOCIEIHUX JIET B O0JACTH MCCIIEAOBAHUS,
BKJIFOUast 3apyOesKHbIE.

OCHOBHas1 4acTh JIOJDKHA COJIEPIKaTh OIMCaHUE
MCTOAUKH, O6’beKTOB HCCJICA0BaHMs C TOYKU 3PCHUA
X Hay4yHOW HOBHM3HbL. OHa MOXKET JEIHUThCS Ha
nojpasziensl (C PazbCHAIOIUMU 3aroJIOBKAMH) U
COJZICp)KaTh aHAIN3 MyOJHMKALUH, OTHOCSIIMXCA K
COJICP’KaHMIO TAaHHBIX MTOIPA3ZIETIOB.

DopMybl, PUCYHKH, TaOJIHIBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabnuma 2.1. Hymeparuu nojajiexaT TOJIBKO Te
(GhopMymBI, HA KOTOpBIE HMEIOTCS cChUTKH. Homep
(hopMyIBI TIPMKUMAETCS K MPaBOMY Kpar CTpaHU-
eI, a cama (opMmyna LOeHTpUpyercs. PUCYHKH H
TaOIUIIBI PACHOIATaIOTCS HEMOCPEICTBEHHO B TEK-
cte. Pa3mep pucyHKOB U rpa)MKOB HE TOJDKEH IIpe-
Boimate 10x15 cm. IlomyronoBeie  QoTorpadun
JOJDKHBI UMETh KOHTpacTHOe m3o00paxkenue. [1oBTo-
peHHe OIHMX M TeX K€ NaHHBIX B TaOIHIax W pH-
CYHKax He JIOIyCKaeTCs.

Kaxxmas tabnuma momkHa MMETh 3arojioBOK, B
Hell 00s3aTeNbHO YKa3bIBAIOTCS SIUHMIBI H3Mepe-
HHS pacCMaTpUBaeMbIX BeMUUH. PazMepHOCTBH Beex
BEJIMYMH JOJDKHA COOTBETCTBOBaTH MexkIyHapo.-
HoOW cucteme enuann m3mepennit (CH). He momyc-
KaeTcsl COKpAIICHUE CIIOB, KPOME OOMICTIPUHSATHIX
(T.e,uT. I,UT.IL).

B 3axmroueHnm B cxxaToM BHIE (OpMyYIHPYIOTCS
TTOTy9YeHHBIC pe3yIbTaThl, UX HOBH3HA, IPEHMYIIECT-
Ba M BO3MOYKHOCTH TPAKTUIECKOTO HCIIOIb30BAHHUSI.

Crncok JmTepaTyphl JOJDKEH COAEpKaTh IOJ-
Hble Oubmmorpaduueckue mnanueie. OH COCTaBIsAET-
sl B MIOPSIIKE YITOMUHAHUS CCBUIOK B TekcTe. Cehbll-
KU Ha HEOITyOJIMKOBaHHBIE pabOTHI HE AOIYCKAIOTCS.
CchUIKM 1aI0TCSI B OPUTUHAJIBHOW TPaHCIUTEPALIUH.
[NopsiakoBEIE HOMEpa CCBUIOK IO TEKCTY YKa3bIBa-
FOTCS B KBaJIPaTHEIX CKOOKax (Hampumep, [1], [2]).

CraThsi TIONNUCHIBaeTCS BCeMH apTropamu. K
CTaThe IMPUIIATAIOTCS:

— CONPOBOIMTEIHHOE MICEMO OpPTaHU3AINH, B
KOTOpOH BBINOJIHEHA paboTa ¢ MpockOoit 00 oryo-
JTUKOBAHUHY;

— cBeZieHHs 00 aBTOpax;

— 9KCIIEpPTHOE 3aKJIIOYEHHE O BO3MOXKHOCTH
OIMyOJMKOBAHUS CTAThbH B OTKPBITOM MICUATH;

— JIOTOBOp O TIepejade aBTOPCKOTO IpaBa (B
JIBYX 3K3EMILIAPaXx).

CeezneHust 00 aBTOpaxX MPEICTABISIOTCS HA OT-
JIECTTHHOM CTPAHUIIE U COIepkKaT: (PaMUITUIO0, UMsI, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTCIICHb, 3BaHUE,
MeCTO PabOTHl M 3aHMMAEMYIO TOJDKHOCTB, CIICITHA-
JINCTOM B Kakoi 00JacTH SIBISIETCS aBTOP, MIOYTOBBII
WHJIEKC ¥ TOYHBIN alpec AJSI MEePenucKy, Telae(OHsI
(cmyxeOHBI WM TOMAITHHUN), aapec 3JIEKTPOHHOU
noutsl. CrietyeT ykaszaTb aBTOpa, ¢ KOTOPBIM HY)KHO
BECTH IIEPENUCKY U HalpaBlieHHe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBlIeHHas padoTa ((hu3rka, MaTeMaTHKa,
TEXHHKA).

[MocrynuBmiasi B peakUio CTaThsl HATPABIIS-
eTcsl Ha pelieH3upoBaHue. B ciydae e€ oTkioHeHUs
pemakuus cooOIIaeT aBTOpy pelieHUe PeIKOIIICTHI
7 3aKIIOYCHHE PEICH3eHTa, PYKOIHCh aBTOpPYy HE
Bo3Bpamaercs. PerreHne o m0pabOTKe CTaTbU HE
O3HaJaeT, 9To OHA MpuHATA K medatu. [locme mopa-
OOTKH CTaThsg BHOBH PACCMATPUBACTCS PEIIEH3EHTOM
U PENAKIIMOHHON KOJIIETHEH.
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Penmakuus octaBisieT 3a co00Oi MpaBo MPOU3BO-
JIUTH PelaKIMOHHBIE U3MEHEHUS M COKPAIICHHS, HE
HCKa)KaIOI[1e OCHOBHOE CO/IEPIKaHUE CTAThU.

CTaT])l/I, HE OTBCHAIOIUEC NEPECUNCIICHHBIM TpE-
OOBaHUSM, K PAcCCMOTPEHMIO HE MPUHHMAIOTCS U
BO3BpalaroTcsl aBropam. JlaToil mosydeHus pyko-
MIHCH CUMTACTCS JIeHb IMOJYYEHHs pelaKnuei OKOH-
YaTeJIbHOrO BapHaHTa.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEIOAKIUIO Y)K€ paHee OITyOJNMKOBAHHBIX CTaTeH WIIH
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHUIMH.

Penakiwst mpemocTapisier IpaBo MePBOOYEPEIHO-
ro OmnyOJIMKOBAaHMS CTareil JIMLaM, OCYIIECTBISIIOIIIM
TMOCTIEBY30BCKOE 00yUeHHe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBepIUCHUs] O0y4eHUS.
Inara 3a omyOIMKOBaHKE CTATEH HE B3MMACTCSL.
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Bcro KOppecroHASHIMIO ClefyeT HaNpaBiIsATh
NPOCTHIMU WJIM 3aKa3HBIMU IMCbMaMu (OaHAEpOIs-
MH) Ha aJpec peAaKIuu.

O06pa3zer opopMIIeHHs CTaThU, CBEICHUI 00 aB-
TOpax, KCIEPTHOTO 3aKJIFOUSHUSI U TEKCT JIOT0BOpa O
nepeaye aBTOPCKOrO IpaBa pa3MelIeHbl HA caiiTe
XKypHaa 1o anpecy http://pfmt.gsu.by.

XKypHan BKIIOYEH B KaTajJor MeYaTHBIX
cpenctB MaccoBoir mHopMmaru Pecrybmiku bena-
pycb. Uanekc xyprana: 01395 (ans mHIUBUAYATH-
HBIX moAnmucYukoB), 013952 (s mpemmpustuii u
OpraHu3aIui).



GUIDELINES FOR AUTHORS

In order for papers submitted to be published in
the journal “Problems of Physics, Mathematics and
Technics” the following rules should be taken into
account:

— the paper should be in agreement with the
type of the journal;

— the paper should be an original work, it
should not have been submitted for consideration or
previously published in the bulk over 25% in an-
other scientific edition and (or) electronic publica-
tions with the exception of preprint publication
(manuscript) of the paper of the authors (coauthors)
on their own website;

— the paper should contain all statutory refer-
ences to the cited authors and published sources of
the borrowed material. The author (coauthors) must
obtain all the necessary permissions for the use of
materials in the article, in the event that he is (they
are) not their right holder (right holders).

The paper should not contain the materials
suppressed for publication in the press in accordance
with the laws of the Republic of Belarus.

Contents of a paper should be written in line
with the scope of the journal. The paper should be
written in Russian, Belarusian and English, edited
thoroughly and submitted in two copies to the Edito-
rial Office. The manuscript should be printed on A4
white paper with all pages numbered. In addition,
the authors must submit the electronic version
of their manuscript either on a CD or by e-mail
(e-mail: pfmt@gsu.by).

To prepare a paper it is possible to use MS
Word for Windows (2000/2003), Times New Roman
type, 14 pt. All margins are 2 cm. The author may
also use 12 pt LaTeX in standard style article with-
out redefinition of the margins and introduction of
the author’s commands.

Index UDC is sited in the left corner of the first
page. The title of the paper in capital letters is fol-
lowed by the name(s) of the author(s), authors' af-
filiations and full postal addresses next to which are
an abstract of no more than ten lines and keywords.
Relevant keywords should be placed just after the
Abstract.

A paper, as a rule, should include Introduction,
Body Text, Conclusion and Literature. The title of
the paper must be concise. It describes the main idea
of your research.

In the Introduction the author gives a brief re-
view of literature, his grounds and specific objec-
tives, he describes links with scientific and practical
branches. All background information such as refer-
ence to the papers of others authors and some
previous publications (including foreign ones) in the
field of investigation is necessary.

The main part should contain description of the
techniques used and objects of investigation within a
large scientific framework. This part may be divided
into subsection (with explanatory headings). It provides

the readers with the analysis of the publications on
the problem described in these subsections.

Formulas, figures and tables should be sequen-
tially numbered in the framework of the section, for
example: (1.1), (2.3), figure 1.1, table 2.1. The author
should number only the formulas with appropriate
references. The formula number is placed on the right
side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in SI units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i.e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e. g. [1], [2]).

The paper should be signed by all authors.

The following documents should be attached to
the article:

— covering letter of the organization in which
the work was done with a request for publication;

— information about the authors;

— expert opinion on the possibility of publish-
ing an article in the press;

— treaty on the transfer of the copyright (two
copies).

The authors should provide the following in-
formation on a separate sheet: surname, first name,
patronymic, science degree, rank and correct postal
address for correspondence, organization or com-
pany name and position, title, research field, home
or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.
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Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year

of the completion of a course. Publication of the
paper is free of charge.

Samples of the preparation of an article, infor-
mation about the authors, expert opinion and the text
of the treaty on the transfer of the copyright are
placed on the site http://pfmt.gsu.by.

The journal «Problems of Physics, Mathemat-
ics and Technics» is included in the mass media
catalogue of the Republic of Belarus. Index: 01395
(for personal subscribers), 013952 (for enterprises
and organizations).

MHNOITPABKHA
K CTaThe, ONMYy0JUKOBAHHOI B JKypHaje
«IIpobaembl puznku, MAaTEeMATUKH M TeEXHUKN», Ne 1 (46) 2021

B cratse C.C. I'uprens «Pemenns BOTHOBOTO YpaBHEHHS B MapaOIUIeCKUX BpPaIIaTEIbHBIX KOOPIUHATAX.
III. ITpocTpancTBEHHO-BpeMeHHbIE BONHOBbIE makeThl Kymmepa — Kymmepa u Tpukomu — Kymmepa ¢ Henpe-
PBIBHBIM YTJIOBBIM HHIEKCOM», OIyOJIMKOBaHHON B >kypHaie «IIpoOrmembl (GU3NKHA, MATEMAaTHKH U TEXHUKI,
Ne 1 (46) 2021, Ha3BaHHE cTaThH HEOOXOOMMO YUTATh B CIEAYIOIIEH penakiyn: «Permenus BOIHOBOTO ypaBHe-
HUS B MapaboMYecKuX BpamaTtedbHbIX kKoopamHartax. III. TIpocTpaHCTBEHHO-BpEMEHHBIE BOJHOBBIC MAKETHI
Kymmepa — Kymmepa u Tpuxomu — KymMepa ¢ HelpepbIBHBIM YTJIOBBIM HHIECKCOM).

Oneyarku ObLIM YCTPaHEHBI B JJIEKTPOHHON BEPCUH CTAThH, KOTOPAsl HAXOAUTCS Ha calTe )KypHaa.
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