(MN3NRN,
MATEMATUEN
N TCXHURU

No3 (40) 2019




HAYUYHO-TEXHUYECKHI
KYPHAJI

«ITPOBJIEMbBI ®U3UKMU,
MATEMATHUKHA
N TEXHUKWN»

T'JIABHBIN PEJJAKTOP:
C.A. Xaxomos (benapycn)

3AMECTUTEJIU I'VTABHOI'O
PEJAKTOPA:

A.B. Poraués (benapycn)

O.M. JIemuaenko (benapycn)

PEJAKIHIUOHHAS KOJIUIET USI:
B.E. Aragexos (benapycs)

I1.H. BornanoBuy (benapyce)
A.®. Bacuases (benapycp)

I'o Bonnounsb (Kuraii)

C.C. T'upreas (benapycs)

B.N. I'pomax (benapycs)

A.H. Iynun (benapycs)

B.A. EpoBenko (benapycn)

A.M. Kanunwun (Benapycs)

Martc Jlapccon (I1IBerus)

B.JI. Ma3zypos (Poccus)

H.B. Makcumenko (benapycs)
10.B. MasnunkoBckuii (berapycs)
A.P. Mupotus (benapycs)

B.B. Mo:xaposckuii (benapyce)
B.C. Monaxos (benapycs)

H.K. Mbiukun (benapycs)

FO.M. IlnneckaueBckuii (benapycs)
M.B. Ceanknn (benapycs)

N.B. Cemuenko (benapycsn)

A.H. Ceparokos (benapycs)

A. CuxBoua (Dunnsaans)

A.H. Cknba (benapycs)

C.A. TperbsikoB (OUHISHUSA)

OTBETCTBEHHbI CEKPETAPD:

E.A. Py:xxuukas (benapycs)

AJIPEC PEJAKIIMA:

T'omenbckuii rocy 1apCcTBEHHBIN

yHuBepcuteT UM. O. CkopuHBI

yi. CoBerckas, 104,

246019, r. 'omens, benapyco

Ten. +375(232)51-00-77
+375(232)51-03-21

E-mail: pfmt@gsu.by

WnTepner-aapec: http://pfmt.gsu.by

SCIENTIFIC AND TECHNICAL
JOURNAL

«PROBLEMS OF PHYSICS,
MATHEMATICS
AND TECHNICS»

EDITOR-IN-CHIEF:
S.A. Khakhomov (Belarus)

DEPUTY EDITORS-IN-CHIEF:
A.V. Rogachev (Belarus)
O.M. Demidenko (Belarus)

EDITORIAL BOARD:
V.E. Agabekov (Belarus)
P.N. Bogdanovich (Belarus)
A.F. Vasilyev (Belarus)

Guo Wenbin (China)

S.S. Girgel (Belarus)

V.I. Gromak (Belarus)

A.N. Dudin (Belarus)

V.A. Erovenko (Belarus)
A.l. Kalinin (Belarus)

Mats Larsson (Sweden)
V.D. Mazurov (Russia)

N.V. Maksimenko (Belarus)
Yu.V. Malinkovsky (Belarus)
A.R. Mirotin (Belarus)

V.V. Mozharovsky (Belarus)
V.S. Monakhov (Belarus)
N.K. Myshkin (Belarus)
Yu.M. Pleskachevsky (Belarus)
M.V. Selkin (Belarus)

L.V. Semchenko (Belarus)
A.N. Serdyukov (Belarus)
A. Sihvola (Finland)

A.N. Skiba (Belarus)

S.A. Tretyakov (Finland)

EXECUTIVE SECRETARY:
E.A. Ruzhitskaya (Belarus)

EDITION ADDRESS:

F. Scorina Gomel State University

Sovetskaya Str., 104,

246019, Gomel, Republic of Belarus

Ph. +375(232)51-00-77
+375(232)51-03-21

E-mail: pfmt@gsu.by

Website: http:/pfmt.gsu.by



INPOBJIEMbI ®U3UKU,
MATEMATHUKHN U TEXHUKHA

HAYYHO-TEXHUYECKHUM )KYPHAJI

H30aemcsa c oexaopa 2009 2.
Brixoaut 4 paza B roj

Ne 3 (40) 2019

COJIEP)KAHUE

OU3UKA
Mooy B., ITununuos J.I'., H3san C., Kynem E.A., PynenkoB A.C. bop-yrneponHbie MOKPBITHUSI:
METO/IbI MOJTYy4EHHsI, 0COOEHHOCTH CTPYKTYPBI M MEXAHUUECKUX CBOMCTB . .« ¢ v vt v eeee e eae e
Kyanak I'.B., Kpox I'.B., Hukonaenko T.B. AxycToontudeckass TMarHOCTHKa yJIbTPa3ByKOBBIX
BOJIH J19M0a OeccesIeBBIMY CBETOBBIMH ITyYKaMH B KPUCTAIIAX CHIITEHUTOB . .« ¢ . v v v e e e een e
Oscuwok E.M., KopaaskoB A.Jl. PensiTuBucTCKast 4acTuua co CIMHOM 1 B KyJIOHOBCKOM TOJI€,
KBAaHTOBBIE COCTOSHHS C MUHUMAJIFHBIM YTJIOBBIM MOMeHTOM j = 0 B Mozemnsax JlobadeBckoro n Pumana
Cemuenko N.B., XaxomoB C.A., Camodainos A.Jl., ®anses U.A., Muxaako U.C., Conr 4.,
®@amn 1., Banr /I:x. Pa3zpaboTka IByXCTOPOHHETO HEOTPAXKAFOIIETO MOTJIOTUTENS MUKPOBOIH HA OCHOBE
METaMaTePHAIIOB C TIPSIMOYTOIBHBIMUA OMETA-DIIEMEHTAME . . « .« ¢ v e ettt e e e et e e e e e e e
CepmiokoBa ML.A., CepaioxoB A.H. MaccuBHOE rpaBHTAIIIOHHOE TT0JI€ B IIIOCKOM MPOCTPAHCTBE-
BpemeHHu. 1. 3aKoHBI COXpaHEeHHUS U IPaBUTAIIMOHHAS N3MEHUYMBOCTh HHEPTHOW MAaCChl . . . . .. .. ... ...
CeparokoBa M.A. MaccuBHOE TpaBUTAIIOHHOE TII0JI€ B IUIOCKOM HPOCTPaHCTBE-BPEMEHH.
[II. I'paBuTaLIMOHHAS 3aBUCUMOCTD PAAUOAKTUBHOTO PACIIAMIA . .« « v v v e et e et e e e e e eaee
Tumomenko E.B., IOpeBuu 10.B. Pacuér sdpdexkruBHocTH OMCTaOHIBHOTO TOHKOIUIEHOUYHOTO
OTPAMKATEIIS - « . ¢ v e v e ettt e e e e et e e e e e e e e e e e e e e e e e e e e e
Y:xkao L., Conr 5., Ban JI., Cemuenko U.B., Camodanos A.JL. [IpoexkTupoBaHne MHOIOCION-
HOM CTPYKTYPBI OMQDHIIIPHON CIIMPATTBHON QHTEHHDBI . . . ¢« v vttt ettt te e et e e e e

MATEMATHKA
AntoneBu4 A.B., Illarosa T.I'. PartnonanbsHeie MHEMO(DYHKIIUN HA OKPYKHOCTH . . . . o . o v e ..
JepraueBa .M., 3agopoxHniok E.A., ladamuna WU.II. O p-cBepxpa3penmMoCT OJHOTO Kiacca
) (S 103 0.00 04 115
Koraap C.II., Koraas C.H., Kyasioa A.W. Hccnenosanue ocumuisatopa Ban aep [lomns c
3aI1a3/(bIBalOIYM OTPAXKEHUEM OT Harpy3KU IPU PA3IMUHBIX TUIAX CIIyYalHbIX BO3JEHCTBUM . . . . . . ..
Kamopuukos C.®., IllemerkoBa O.JI. O mepecTaHOBOYHOCTH © -CyOHOPMAJIBHBIX IMOATPYIII
002 (12 (0] 00 ) 0005
Jlyooukun A.B. OcyuiecTBiieHue 3aJaHHBIX JIBKEHUIN TUHAMUYECKUX CUCTEM OTpaHUYCHHBIMU
OINTUMAJIBHBIMU YIIPAaBJICHUAMU ﬂHHeﬁHO-KBaﬂpaTH‘IHbIX 1 1 L
Merpanue SI.T., Anmzage Y.C. O 3ajgaye MISHTUQHUKANMM JUHEHHOTO WCTOYHMKA JUIS
THIIEPOOINYECKOTO YPAaBHEHUS TPETHETO IOPS/IKA C MHTETPATIBHBIM YCIOBUCM . . . o e v vee e e e e .
Momnaxos B.C., Tpodumyk A.A., 3yoOeii E.B. Koneunsle rpynmsl ¢ OrpaHUYEHUsIMH Ha JIBE
MaKCHMAIIBHBIE TIOITPYIIIIBL . « .« ¢ v et ettt e et et e e e e e e e e e e e e e e e e et e e s
Mypamko B.A. O600meHHO paHroOBbIe KOMIIO3UITUOHHBIE (POPMALINN KOHEYHBIX TPYI . . . . . . . .
CrapoBoiiToB A.Il., Psiouenxo H.B., [Ipame3a A.A. O cymecTBOBaHHUH W €IHHCTBEHHOCTH
MHOTOWIEHOB DPMHUTA — [TaI€ TIEPBOTO POMA . « « . ottt ettt e e e e e e e e e e e e
TiotsanoB B.H. Ilpocteie HeaOeneBbl Tpynmsl ¢ MPOHOPMAIBHBIMUA BTOPBIMH MaKCHMATbHBIMU
0014937 110 1 P
Xy b., Xyan L., Ckuba A.H. Koneunsie rpynmsl ¢ 3aJaHHBIMH JOKAJIbHBIMH CEKIHSAMH . . . . . . . .

NH®OPMATHUKA
I'ay6okos A.B., ’Kagan M.HU., Bepe3oBckas E.M. Web-cepBuc aBToOMaTu3upoOBaHHOTO POCK-
THPOBAHISI U PACTETA PYHIAMEHTOB . .« .« . o v e toe e et ettt e e e et e e e et et e et et e e s
Tapanuyk B.B. CpenctBa u mpuMepsl HHTEIUIEKTYyalbHOH 0OpaOOTKHM NaHHBIX IJISI TEOIOTHYe-
1637050 Y (0 Y1 (<) (=) (P

13

19

26

33

40

43

49

53

63

67

70

74

80

88
93

100

104
107

111

117



Yupenuresb — YupesxaeHue o0pazoBaHusi «I'omMe/1bCcKkHii rocy1apCcTBEeHHbIH YHUBEPCUTET
umenu @panuucka CKOpUHbD»

2Kypnan 3aperucrpupoBan B MuHucTepcTBe nHpopManuu Pecniyonuku benapych
(cBuzmerenbcTBO 0 peructpauuu Ne 492 ot 15 utons 2009 r.)

Kypnan BkiawoueH B Ilepedyennr HayuHbIx m3nanHuii PecnyOnmkn Benapyces nist omy0amkoBaHusi pe-
3yJbTATOB AUCCEPTALIMOHHBIX HCCICIOBAHNI 110 CJICAYIOIHM OTPACISAM HAYKH (HAy4YHBIM HANPABJICHHUSIM):

— TeXHHYecKue (MH(OPMATHKA, BBIYUCIUTE/ILHAS TEXHUKA U yIIPaBJIcHHE);

— pusuko-maremaTnyeckue (pusnka, MaTeMaTuKA).

Ipuka3 Beicuieit atTectannonHoi komuccuu Pecriyonuku Benapycs ot 4 urosist 2005 . Ne 101 (B penak-
MM TIpHuKa3a Breicmeld arrectanmonHoit komucenu PecriyGmuku bemapycs ot 2 deBpanst 2011 1. Ne 26), pere-
HHe Koyulernn Bricmed aTrecTanoHHoi komuccun Pecnyomiku benapycs ot 8 mronst 2011 1. Ne 13/1, npukas
[pencenarens Briciueii arrectanmonHoi komucenn Pecyonuku benapycs ot 1 deBpans 2012 r. Ne 21.

Kypnan «IIpoGreMsr pr3nkn, MaTeMaTHKH U TEXHUKW» pedepupyercs B PedepatuBHOM xypHane u bazax
IaHHBIX Bceepoccuiickoro MHCTUTYTa HaydHOW W TexHuueckoil mapopmarmu (BUHUTU) Poccuiickoit Akane-
mun Hayk (MockBa) u B pedepaTuBHOM MateMatuueckoM xypHaie «Zentralblatt MATH» (bepaun, ['epmanus).

Exeroqro BUHUTU PAH nopmaer cBeAeHNS B MHPOBYIO CIIPABOYHYIO CHCTEMY MEPHOINYECKAX M3TaHHUN
«Ulrich's Periodical Directory» o pedepupoBanuu xypHaia «[Ipobiembl GpuU3nNKH, MATEMATHKA U TEXHUKN» B
Pedeparusnom xypuane BUHUTU PAH.

Kypnan BriroueH B O0miepoccuiickuii Matemarudeckuii mopran Math-Net.Ru u Hayunyto syiekTpoHHYIO
oudmmorexy eLIBRARY.RU.

Texuuuaeckuii penakrop E. A. Pyswcuyxas
Koppexrops! 1. H. Ilemyxosa, T. A. Quynep
Juzaita 0010xku 4. B. Epumakos

IMoamucano B meuars 12.09.19. ®opmar 60x84 ¥ . Bymara odcerras. apautypa Times.
Ve ned. 1. 14,65. Yu.-m3a. . 12,76. Tupax 100 sk3. 3aka3 Ne 598.

Wznatens u noaurpaduaeckoe HCIOTHEHNE: YIPEXKICHHE 00pa30BaHI
«I"omenbckuii TocyaapcTBeHHBIN yHUBEpcuTeT MMeHN Opannncka CKOpUHBD).
CBUIETENIBCTBO O ITOCYJAPCTBEHHOMN pEerucTpaliy u3aaTesi, U3TOTOBUTEIS,
pacnpocTpaHuTess neyatHbix n3ganuid Ne 1/87 or 18.11.2013.
CrenmansHoe paspenierue (Jumensus) Ne 02330/450 or 18.12.2013
yi. CoBerckas, 104, 246019, I'omenn

© Yupexnenue o0pazoBaHus

«l"oMeNnbCKUi rocy 1apCTBEHHBIN

yHuBepcureT uMeHu dpannucka Cxkopuns», 2019
© [pobnembl PU3UKU, MATEMATHUKU U TeXHUKH, 2019
© Problems of Physics, Mathematics and Technics, 2019



PROBLEMS OF PHYSICS,
MATHEMATICS AND TECHNICS

SCIENTIFIC AND TECHNICAL JOURNAL

Published since December, 2009
There are 4 times a year

Ne 3 (40) 2019

CONTENTS

PHYSICS

Zhou B., Piliptsov D.G., Jiang X., Kulesh E.A., Rudenkov A.S. Boron-carbon coatings: methods
of deposition, structure features and mechanical properties . ... ........... .. .. .. ... ... ...
Kulak G.V., Krokh G.V., Nikolaenko T.V. Acoustooptical diognostics of ultrasonic lamb waves
by the Bessel light beams in gyrotropic sillenite type crystels . . ............. ... .. .. ... ... ....
Ovsiyuk E.M., Koral’kov A.D. Relativistic particle with spin 1 in presence of Coulomb field,
quantum states with minimal angular momentum j = 0 in Lobachevsky an Riemann models . .........
Semchenko 1.V., Khakhomov S.A., Samofalov A.L., Faniayeu I.A., Mikhalka LS., Song Y.,
Fan S., Wang J. The development of a double-sided nonreflecting microwaves absorber based on the
metamaterials with rectangularomega elements . .. ........... .. .. .. . . i
Serdyukova ML.A., Serdyukov A.N. A massive gravitational field in flat spacetime. II. Conservation
laws and gravitational variability of the inertial mass . .. ........ ... .. .. .. i
Serdyukova M.A. A massive gravitational field in flat spacetime. III. Gravitational dependence of
radioactiVe dECAY . . . . . ottt et e
Timoschenko E.V., Yurevich Yu.V. Estimation of the bistable thin-film reflector efficiency . . . .
Zhao J., Song Y., Wang L., Semchenko LV., Samofalov A.L. Design of a multi-layer structure
of abifilar helical antenna . . .. ... ... e

MATHEMATICS

Antonevich A.B., Shahava T.R. Rational mnemofunctionsoncircle .. .....................
Dergacheva .M., Zadorozhnyuk E.A., Shabalina L.P. On p-supersolubility of one class finite
BIOUPS -+« ettt et e e e e e e e e e e e e e e e
Zhogal S.P., Zhogal S.I., Kulyba A.l. Research of the van der Pol oscillator with delayed
reflection from load at various types of randomeffects . .. ....... ... ... ... .. .. ... .. .. . ...,
Kamornikov S.F., Shemetkova O.L. On permutability of o -subnormal subgroups of finite group . .
Lubochkin A.V. The given motions realization of dynamic systems by bounded optimal controls
of linear-quadratic problems . . .. ... ... ..
Mehraliev Ya.T., Alizade U.S. On the problem of identifying a linear source for the third-order
hyperbolic equation with integral condition . .. ......... .. .. .. .. .. ..
Monakhov V.S., Trofimuk A.A., Zubei E.V. Finite groups with restrictions on two maximal
SUDGIOUDS . -« o ettt et e e e e e e e e e e e e e e e e e e e e e
Murashka V.1. Generalized rank composition formations of finite groups ... .................
Starovoitov A.P., Ryabchenko N.V., Drapeza A.A. On the existence and uniqueness of type I
Hermite — Padé polynomials . . . ... ..o
Tyutyanov V.N. Simple non-abelian groups with second maximal pronormal subgroups . .......
Hu B., Huang J., Skiba A.N. Finite groups with given local sections . . .....................

INFORMATION SCIENCE

Glubokov A.V., Zhadan M.L., Berezovskaya E.M. Web service of the automated design and
calculation of the bases . . . ... ...t
Taranchuk V.B. Tools and examples of intelligent data processing for geological models . ... ...

13

19

26

33

40
43

49

53

63

67
70

74

80

88
93

100
104
107



Founder — Francisk Scorina Gomel State University

The journal is registered in the Ministry of information of Belarus
(registration certificate Ne 492 from June, 15th, 2009)

The journal is included in the List of scientific editions of Belarus for publication of dissertational
researches results on the following branches of science (scientific fields):

— Technics (Informatics, Computer Science and Control);

— Physics and Mathematics.

The journal «Problems of Physics, Mathematics and Technics» is reviewed in Abstract journal and Data-
bases of the All-Russia Institute of Scientific and Technical Information (VINITI) of the Russian Academy of
Sciences (Moscow) and in abstract mathematical journal «Zentralblatt MATH» (Berlin, Germany).

Annually the VINITI of the Russian Academy of Sciences submits data review of the journal «Problems of
Physics, Mathematics and Technics» in Abstract journal VINITI of the Russian Academy of Sciences to the
world Help of periodicals «Ulrich's Periodical Directory».

The Journal is included in all-Russian Mathematical Portal Math-Net.Ru and Scientific Electronic Library
eLIBRARY.RU.



Ipo6remvr uzuxu, mamemamuru u mexnuxu, Ne 3 (40), 2019

YK 669.14.018.8: 621.45.038.72

PU3UKA

BOP-YIJIEPOJAHBIE ITOKPBITUA: METOAbI IOJIYYEHMUA,
OCOBEHHOCTHU CTPYKTYPbI U MEXAHUYECKHX CBOMCTB

B. Txoy', I.I. IInmunuos’, C. M3au', E.A. Kyaeur’, A.C. Pynenkos’

1 o
Hanxunckuii ynueepcumem HayKu u mexHono2uu
2 o .
Tomenvcruti 2ocyoapecmeennwiii ynugepcumem um. @. Cxopumnvl

BORON-CARBON COATINGS: METHODS OF DEPOSITION,
STRUCTURE FEATURES AND MECHANICAL PROPERTIES

B. Zhou', D.G. Piliptsov’, X. Jiang', E.A. Kulesh’, A.S. Rudenkov’

'Nanjing University of Science and Technology
’F. Scorina Gomel State University

PaccMOTpEeHBI OCHOBHBIE METOABI ()OPMUPOBAHYS IIOKPHITHH Ha OCHOBe Oopa H yriepona. OmucaHbl OCHOBHBIE (pa3OBBIE CO-
CTOSIHMSI, 0Opa3yIolMecs B IIPOLECCE CHHTE3a TaKHX MOKPHITHH. YIeleHO BHUMAaHHE aHaJIU3y B3aHMOCBS3H CTPYKTYphI H Me-
XaHW4ecKuX cBOUCTB. IIpenoskeHa METOAMKA U YCTPOUCTBO UL OCAXIEHHS OOpP-YIJIEPOAHBIX NMOKPHITHH M3 COBMEIICHHBIX
IIOTOKOB yIJIEPOJHOH IIa3Mbl, HOPMHpPYEMOH 3a CUET IEKTPOUCKPOBOr0 HCIIapeHHs rpadUTOBOro KaToja MMITYJIbCHON JIyToM,
1 HOHOB 00pa, FeHEPHPYEMBIX B PE3YJIbTaTe HCIIAPEHHS MUILICHH UMITYJIbCHBIM JIA3€PHBIM H3ITy4ECHUEM.

Knroueswie cnosa: yenepoonvie nokpvimusi, necuposanue, 60p, MUKpOmMeepoOChs, U3HOCOCMOUKOCMb, KOd(Dduyuenm mpenus.

The main methods of forming coatings based on boron and carbon are considered. The main phase States formed during the
synthesis of such coatings are described. Attention is paid to the analysis of the relationship between the structure and mechani-
cal properties. A method and device for deposition of boron-carbon coatings from combined flows of carbon plasma formed by
electrospark evaporation of graphite cathode by pulsed arc and boron ions generated by evaporation of the target by pulsed laser

radiation is proposed.

Keywords: carbon coatings, doped, boron, microhardness, wear, coefficient of friction.

BBenenne

Pa3zpaboTka BakyyMHO-TDIa3MEHHBIX METOIOB
HaHECEHUS TOKPBITHHA IS YIPOYHEHHS IMOBEPXHO-
CTH SBIIETCS MEPCIIEKTUBHBIM HampasiieHueM [1] u,
CIIEZIOBATENIFHO, ONTHUMH3AIMS 3JIEMEHTHOrO U (da-
30BOTO COCTaBa, KOHCTPYKIMHA KOMIIO3HUITHOHHBIX
MHOT'OKOMIIOHCHTHBIX HOKpLITHﬁ, alaliITUPOBAHHBIX
MOJT pCIICHHE KOHKPETHOW MpPOOJEMBI, SBISCTCS
aKTyaJIbHOU 3aJauei.

Cpenr TOKPHITHH TPUOOTEXHHYESCKOTO Ha3Ha-
YeHUs] 0c000e MECTO 3aHMMArOT KOMITO3MLMOHHEIE
cucrembl Tuia B—C—-N, B—-C u C—N, roe C —
yrieponHas KOMITOHEHTa, COJAepKalias B CBOEM
00BEME aTOMBI yTiiepofa C pPa3sTUYHBIMH THIIAMHA
cBs3eit, N — azot [2]-[4]. CoenuHeHns Ha OCHOBE
Oopa 00JMaarOT Pa3NMYHBIMH KPUCTALIMYECKUMH
CTPYKTYpaMH U 0Opa3yroT OOJIBILIYIO TPYIIy TBEp-
JIbIX, TYTOIUIABKWX COeAMHEHUH, Hampumep, BgO,
B4C u cyOonutpun 6opa B3N, ¢ cuibHO oTiHuaro-
HIMMUCS (l)I/l3I/l‘IeCKI/lMI/I, XUMHUYCECKHNMU U MEXaHHUYC-
CKUMHU cBoMcTBamH [5]-[7].

IMoxpeiTus Ha ocHOBe Kapbuna 6opa (B,C,) xa-
PaKTepU3yOTCs BBICOKON TBEPAOCTHIO [8], ycTONHUN-
BOCTEIO K m3HOCY [9] u xoppo3un [10], a Takxke BbI-
COKOM TEIIONPOBOIHOCTBIO M TEPMOCTOMKOCTHIO,
KOTOpas He XapaKTepHa IS OpYyTuX KapOWITHBIX
coenuHenuit [11], ¥ 3aHMMAIOT TpeThe MECTO IO
BEJIMYMHE TBEPAOCTH TIIOCIE aIMa30MOJO0HBIX U
MOKPBITUH Ha OCHOBE KyOHMUYeCKOro HHUTpHAa Oopa

© Hocoy b., Hununyos J1.1°, [[3an C., Kynew E.A., Pyoenxos A.C., 2019

[12]. OcoOeHHOCTBIO TpEeHUsI MOKPHITHH, COAepKa-
IOIMX B CBOEM COCTaBe OOp, SBIAETCS CIIOCOOHOCTH
00pa30oBEIBATh Ha MOBEPXHOCTH CIOM OKCHAa Oopa
(B,05) [13], koTOpHBIi B mpoliecce TPEHUS MPH BbI-
COKHMX KOHTaKTHBIX TeMIIEpaTypax BCTYyMaeT B XH-
MHYECKOEe B3aMMOJEHCTBHE C MOJIEKYJaMH BOJBI,
YTO MPHUBOJIUT K 0Opa3oBaHWIO OOpPHOM KHCIOTBHI,
KOTOpasi BBIIOJIHSIET (DYHKINIO CMa3KH U MOXKET 3Ha-
YUTENBHO CHU3UTH TPEHHE U U3HOC MOKphITHHA [14].

B pabore [15] moka3aHo, 4TO NpH CHHTE3E
O00BEMHBIX MaTEepHalOB CO CTPYKTypoH KapOunaa
0opa, paBHOBECHAs! pACTBOPUMOCTB O0pa B yriiepoe
cocrasister 2,3 at. % Oopa mpu 2620 K. B 10 *xe
BpeMsl, ISl TOKPBITHH, TONyYEeHHBIX BAaKyyMHBIMH
METOJaMH, YAAJIOCh TOCTUYh KOHIICHTpaluii 6opa B
moKpeITHN Ha ypoBHE 50 at. % [16].

Lenpto maHHOW pabOTHI SABJISETCS aHAINA3 OC-
HOBHBIX METO/OB ()OPMHUPOBAHUS M ONpE/ICICHHs
OCHOBHBIX TCXHOJIOI'MYCCKUX, (bHSPlKO-Xl/IMl/l‘ieCKHX
0COOEHHOCTEH OCaXKICHUS KOMITO3HUIIMOHHBIX OOp-
YIJIEPOIHBIX TOKPBITHH, OCHOBHBIX NPHEMOB Ha-
MIPaBJIEHHOTO YINPAaBJIEHUsI UX CTPYKTYpOH M Mexa-
HUYECKHMH CBOMCTBaMHU.

1 Ilma3MoXuMAYeCKHE MEeTOABI CHHTE3a

Just GpopMHUpOBaHHsT KOMIO3UIUOHHBIX, JIETH-
POBaHHBIX OOPOM YIJIEPOAHBIX MOKPBITHH J10CTATOY-
HO 3¢ dekrrBHO ucnonp3yror CVD merox mpu pea-
JIM3alMKd  PEKUMOB M YCJIOBHH, OOECIICUMBAIOIINX
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obpa3oBanue kapOuma 60pa B COOTBETCTBUHU C Peak-
nueit 4B + C — B4C [17]. Ansa ocymiecTBieHus Ta-
KOro Iporecca HeoOXO0ANMO MOJIYYUTh HOHHU3UPO-
BaHHBIC MOTOKH Oopa u yriepona [18] 3amaHHOrO
COCTaBa, HEOOXOIMUMOro it (OPMUPOBAHUS II0-
KpbITHIA co cTexuomerpueit B,C.

OpHuM 3 Hamboliee pacrpoCTpaHEHHBIX Me-
TOJIOB TOJYYEHHUS MOKPHITHH Ha OCHOBE KapOmma
Oopa sBISETCS OCaXKICHHS TOKPBITHS W3 IUTa3MEI,
00pa3oBaHHON B pe3yJbTaTe pAa3IOKEHHUS HETOK-
CHUYHOTO, HEB3PHIBOOIIACHOTO M CPABHUTEIBHO -
IEBOTO OOPOPTaHUYECKOTO COSTUHEHMs KapOopaHa
(CaBjoH2) [19].

MornekynsipHast CTpyKTypa kapOopaHa — 3TO
JI0ZIeKadlp, TMOCTPOCHHBI M3 aTOMOB Oopa W yriie-
polla M OKpY>KeHHBIH aTOMaMu YIjiepoja, KOTopble
npucoenuHeHs! K Kaxaod B/ C-cssu. Temnepary-
pa muiaBsieHust kapoopana pasHa ~370 K, ogHako oH
3aMeTHO CYOJIIMMEpPYET yXe MpH KOMHATHON TeMIle-
parype. Kak npasuio, npu (popMHPOBaHUH JIETHPO-
BaHHBIX OOP-YTJIEPOAHBIX TOKPBHITHA HEOOXOIUMO
MEPEeBECTH KPUCTAJUTMYECKUH KapOopaH B ra30BOIO
(hazy, Ui 3TOTO €ro MOMEIIAIOT B IUIa3MEHHBIH pe-
aKTop, TeMIepaTypa KOTOPOro HaXOAWUTCS B Juama-
3oHe 300-450 K [19]. [lyreM n3MeHeHus Temimepa-
TYPBI peaKkTopa peryJupyercsi CKOpoCTh MPOTEKaHHs
napoB kapOopaHa 4epe3 peakTop, B KOTOPOM Iaphbl
MOHHM3HUPYIOTCS U CO3JAIOTCSl YCIIOBHS JUIS OCaxie-
HUS ¥ POCTa MOKPHITUA. J{J1s1 yBeTHMUCHHS KOJIHYECT-
Ba MOHOB yIJIEPOJia B PEAKTOP JONOJHUTEIBHO I10-
JAIOT YTIIEPOACOAepIKaIlre Ta3hl, HAPUMep, aleTH-
nen, npomnad iy O0yTan [20]. Kak moka3ano B pabo-
Te [21], ocaxkaeHHbIE TaKUM METOJOM TMOKPBITHS
obnamanm CTPYKTypoil kapOuma 60pa, XOTs UX CTe-
XHOMETPHS OCTaBaJach HECOBEPIICHHOM.

CKOpOCTh OCaXKJCHUS MOKPBITHH TaKXkKe 3aBH-
CHT OT MeToja BO30YXIEHHUS IUIa3Mbl, Tak, HAIpPH-
Mep, npu ucnoib3oBaHuu BY paspsaa ckopocts
OCaXJeHUs AocTuraina 3HayeHuil 30 HM B CEKyHIy,
YTO COTJIACHO JaHHBIM pPa0oTHl [22] 3HAYHUTEIHEHO
MPEBBIIAET CKOPOCTh OCAXKICHHsSI OOp-yriIepoIHBIX
MOKPBITUH M3 IUIa3Mbl Tierowero paspsaa. Iloiy-
YEHHOE IpH ucnoyib3oBanuu BY pa3psiaa nokpsiTue
XapaKTepU3yeTcss MajJbIM pPa3MepoM KIIacTepOB, OT-
CYTCTBHEM IIOp M XOPOLIEH aire3neil K MoBEpXHO-
ctu. Beicokas mukpoTtBepaocth (mopsuaka 17 I'Tla)
a-C:H:B mokpeITHil omnpezensercs pasMepoM 3epeH
W 3aBUCUT OT CTCIICHU HMOHHU3allMM U JUCCOLHMalluN
kapbopana B BY ruasme, umeromieit HamHoro 0oJiee
BBICOKHE IIJIOTHOCTH M 3JIEKTPOHHYIO TEMIEPATypPy
(~40 »B) Mo cpaBHEHUIO C IUIA3MOW TJICIOIIETO pa3-
psina, 3JIEeKTPOHHAs TeMIIepaTypa KOTOporo He Ipe-
BhIaer ~1 3B.

Kak moxazano B pabore [23], dopmupoBanme
KOMIIO3UITMOHHBIX ~ OOp-YTIACPOTHBIX  MOKPHITHH
ocymectBisiercst CVD mMeTonom 3a c4eT ocakaeHus
YTIAEPOTHONH KOMIIOHEHTHI HOKPBITHS U3 MPOAYKTOB
BUY pasznoxenus cmecu CH, + H, u BBenenus B yr-
JICBOJIOPOIHYIO TUIa3My MMapoB TPUMETHIOOpa, 00pa-
30BaHHBIX B pE3YJIbTaTe €ro TEPMOJECTPYKIHH.
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HemoctatkoMm,  OTpaHHYHMBAIOIINM  NPHMEHEHHE
JAHHOTO METO/a, SBIISIETCS HEKOHTPOJIHPYEMOe
NPUCYTCTBHE B 00BEME MOKPBITHA Kak Oopa, Tak U
BBICOKOMOJIEKYJISIDHBIX coenuHeHuid Oopa. Hamuuue
BBICOKOMOJIEKYJISIPHBIX COEIIMHEHUH TPHUBOANUT K
nedexkraM CTPYKTYpbl M OTrpaHHYMBAacT 00JIacTbh
MPUMEHEHHSI TAKUX TOKPBITHH.

B pabote [24] onmcaH 1a3MOXUMUIECKUAN Me-
TOJI IOJYYEHHUS TIOKPBITHI HAa OCHOBE KapOuma 6opa,
KOTOPBIN 3aKJIF0YaeTCs B BAYBAaHUU MOpOIIKa 6opa B
aproH-BOJOPOIHYIO IUIa3My BMECTE C Ta30BOU CMe-
ChI0 Ha OCHOBe TpomaH-OytaHa. OOpasyrommiics
IpY MUPOJIU3E MpoMaHa U OyTaHa yriepox B3auMo-
JeWcTByeT ¢ OOpOM, M TIPH OCAXKICHUH (POPMUPYET-
Csl TIOKPBITHE C Pa3MEPOM KPUCTALIMYECKUX 00Jiac-
teit nopsaka 0,1-0,2 mxm. TodmuHa NOKPBITUS ON-
penelsieTcss MOLIHOCTBIO pa3psja M BpEMEHEM oOca-
KIEHHS, €€ MaKCHUMaJbHOE 3HAa4YCHHE JOCTHUTaeT
4 mxm. Kak mokazano B pabote [25], mpu KOHIIEH-
Tpauy Oopa B yIJIEpOJHOM HOKpbITUH 10 4 at. %
MIPOUCXOMUT CHI)KCHHE BHYTPEHHHX HAIPSDKESHHHA
no 3Hadenmid 1-3 I'Tla, mpu 3TOM KOHIIEHTpAIHs
K/1aCTepOB, 00PA30BAHHBIX ATOMAMHU yIIIEPOIa C Sp
THOpUIN3AIUN CBsI3EH, CHMXKaeTcst a0 45 ar. % 3a
CUeT NPEUMYIIECTBEHHOI'0 B3anMOJIeicTBHS Oopa ¢
aToMaMH yrjepoja ¢ JaHHOW rubpuau3anuen Cps-
3eit [25].

B pabote [26] mpeanoxeH METOH OCaKICHUS
MIOKPBITHH KapOuaa 06opa METOZOM TEepMHYECKOTO
pasnoxenus cmecu BCl;, CHy u H, Ha Harperoii B
Bakyyme g0 1800 °C momroxke. B kauectBe mate-
pHuana MoAyI0XKKH UCHONB3YIOTCS MOJIUOIEH, BOIb(-
paM, TaHTaJl, THTaH W TpaduTr. YCTAaHOBIEHO, YTO
CTEeXHOMETpHS, CTpyKTypa u cBoiictBa a-C:H:B mo-
KpPBITUM OINpPEAEIAOTCS TEMIIEPaTypOr IOJIOXKKH,
JaBJICHUEM U OTHOIICHUEM KOMIIOHCHT B CMCCHU PE-
aKTHBHBIX ra3oB B kamepe. CyIecTBEeHHBIM HEZOC-
TaTKOM [laHHOﬁ TEXHOJIOTHUHU ABJISICTCA BO3MOXHOCTb
OCAXJIATh TOKPBHITUS Ha MOIJIOXKH, HarpeTbie 10
BBICOKHX TEMIIEpaTyp, 4TO CYIIECTBEHHO OIPaHUYH-
BaeT KJIACC MCIOJIb3YEMBIX MaTepHaJIOB B KaueCTBE
TTOITTIOXKEK.

B pabote [27] mokazaHO, 9YTO CKOPOCTh OCaXK-
neans a-C:H:B mOKpHITHHE ¢ HWCHONB30BaHUEM
TICIOLIETO pa3psAla 3aBUCUT OT TeMIIEpaTyphl HOI-
JIOKKH U coctarisger okojo 200 mxm/4a mipu 1300 °C
u 700 mxm/a mpu 1700 °C. TIOKpbITHS XapaKTepH-
3YIOTCSl CJIOKHBIM COCTaBOM M COJIEp)KaHHEM KH-
clopojia B MOKphITHUM Topsaka 7 ar. %. Hamuuwme
KHCIIOpoaa, a Takxke cBsa3ed Tuna C-H, onpenenser
HU3KHE 3HAYCHUS] MUKPOTBEPJIOCTH M HU3KYIO ajre-
3MI0 K METANIMYECKUM MoJyIokkam. Heobxonu-
MOCTh HWCIIOJIB30BaHUS BBICOKHX TEMIIEpaTyp Orpa-
HUYHABAET THI TOJJIOKEK, Ha KOTOPHIE BO3MOXKHO
OCaXX/1aTh TIOKPHITHE.

CornacHo manHbIM pabotsl [28] a-C:H:B mo-
KpbITHE TodmmHONH 1,1 MKM OBUIO CPOpMUPOBAHO
METOJJIOM XHUMHYECKOTO OCAKICHHS C HCIIOJIB30Ba-
HHEM UMITYJILCHOTO BO30YKACHHS IJIa3MEHHOTO I10-
TOKa, B KayecTBe IUIa3MOOOpa3ylolero rasa
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ncnonbs3oBanu TpumeTiioop B(CHz);. 3a cuet oco-
OeHHOCTeH BO30YXK/IEHHsS HMMIYJIbCHOM IUIa3Mbl U
JMCCOLMALIUM PEAaKTUBHOIO rasa B CTPYKType IIO-
KPBITHSL 00pa3oBajioch 3HAYUTENBHOE KOJIMYECTBO
MOp, HAJIMYUE KOTOPBIX B ITPOLIECCE TPEHHS PUBEIIO
K OBICTpOMY pa3pyLICHHUIO MOKpBITHA. OIHAKO Me-
TOJJAMU MHCTPYMEHTAJIbHOTO HAHOWHJCHTUPOBAHUS
MOKa3aHo, YTO HAHOTBEPIOCTh B MOAyh FOHTa mis
a-C:H:B nokpsrtuii cocrasmsiet 8,1 ['Tla u 62,2 I'Tla
COOTBETCTBEHHO, YTO MeHbIue, dyeMm miusi a-C:H mo-
KPBITHH.

[IpoBenennsie B padote [22] TpuboIOTHIECKUE
HCHBbITaHUA IMPU HAJIUYHUKU CMAa3Ku U 663 HECC ITOKa3a-
JM CWJIBHOE pa3linuue B M3HOCOCTOMKOCTH JIaHHBIX
nokpbITHid. Tak, B pexxuMe Cyxoro TpeHus (KOHTp-
Teno mapuk u3 crann) a-C:H:B nokpeitue B cpas-
HeHuu ¢ a-C:H nokpeiTHeM xapakrepusyercs Oojee
HU3KAM 3HaueHHeM Kod(dduienTa TpeHus u ooiee
HHM3KOH HM3HOCOCTOMKOCTBIO, YTO OBUIO CBS3aHO C
HaJIMYHEM TIOp B 00BEME MOKPHITHS, KOTOPHIE MIPH-
BEJIH IO/ BO3IEHCTBHEM BBICOKHX KOHTAaKTHBIX Ha-
TPy30K K 00pa3oBaHUIO 0oJiee KPYHMHBIX Ie(EKTOB H
paccioennto a-C:H:B moxkpeitus. Ilpu Hanmmaum
cMasku B 30He TpeHus a-C:H:B mokpeiTme mmeer
OoJiee BBICOKYIO M3HOCOCTOMKOCTBH (pecypc paboThl
cocramsi 100000 nMKIOB) M Xapakrepusyercst 00-
Jiee HU3KMMHU 3HaueHusIMH KoddduimeHTa TpeHus.
VYcranoBieHo [22], yTo cMa304yHas cpenia 3arnoiIHsIeT
MOPBI TIOKPBITUSL ¥ TTOCTYIIAET B 30HY TPEHUS, CHU-
Kasg M3HOC KOHTpTeNla W crocoOcTBys Oonee cra-
OmITBHOM paboTe mapbl TPEHUS.

B pabote [29] nmerupoBaHHBIE OOPOM IMOKPHI-
THS OBUTH TTOTyYEHBI U3 TUIa3MBI TIICIOMIETO pa3psaa,
TOPSILETro B ra30BOM CMECH aleTH/IeHa M TPUMETHII-
6opa mpu masieHnn nopsaka 107 ITa. OtHomeHue
KOHLeHTpaluii 6opa u yriepona B nokpeituu (B/C)
n3mensioch ot 0 10 0,4 u ompenensyioch OTHOIIIE-
HHEM Pacxo/I0B T'a30B, MPOXOMISIINX YEPE3 PEAKTOP.
TpuborexHNUYeCKHEe HCIBITAHUS TIOKa3alH, 4TO Jie-
THpOBaHHE OOpPOM C OTHOLICHHWEM KOMIIOHEHT
B/C=0,03 npuBOoOUT K CHIXXECHHUIO TBEPIOCTH,
yMeHbIIeHnt0 kodduuuenta Tpenus (L=0,1) u
MU3HOCOCTOMKOCTH B cpaBHeHHH ¢ a-C:H mokpwiTu-
em. [Ipu orHOomenwu B / C B mokpertin paBaOM 0,03
n 0,4 TOKpHITHE XapaKTepu3yeTcs BHICOKOM CMadH-
BAaEMOCTBIO B CpeJie TOIUTUB M Macell.

2 MeToasb! pu3dnueckoro pacnbliieHust

Jnsa cunresa 6e3Bogopoausix a-C:B mokpsITHii
Meronamu PVD wucnons3ytor maraerponnoe [30],
WOHHO-JIy4eBoe [31] U MMITyJIbCHOE Jla3epHOE pac-
npUIcHUe [32] Kak KOMIIO3HIIMOHHBIX OOp-Tpaduro-
BBIX MuIlleHed [33], Tak M HECKOJBKHX KaTOJOB,
M3TOTOBIICHHBIX U3 Oopa u rpadura [34], [35].

B pabore [24] nerupoBanHbie 6opom a-C mo-
KPBITUS TIONTy4YaJld B Pe3yibTaTe PACIBUICHUS KOM-
MO3UIIMOHHOTO OOP-YIIepOTHOrO KaToaa JTyrou IMo-
CTOSIHHOTO TOKa. J[J1s1 yMEeHbIICHUsI KanelbHO# (a3bl
B TIOKPBITUM HCIOJB30BaJIM CUCTEMY MarHUTHOH
cemapalMy IIa3MEHHOro mnortoka. IlodydeHHble
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TIOKPBITHUSL XapaKTePU30BAIMCH XOPOILIeH aare3ueit u
BBICOKOI MHKpOTBepAOCThI0. O/IHAKO 3aBHCUMOCTB
MEXaHHYECKUX CBOICTB ocakaeHHBIX a-C:B moxpsl-
THI OT KOHIIEHTpalUXu 00pa HE YCTaHOBJICHA.

[IpoBenenusie B pabore [9] wucciaemoBaHus
TPUOOTEXHNYECKMX CBOHCTB KOMITO3MIIMOHHBIX O0p-
YTICPOTHBIX TMOKPHITUH IMOKA3aJId, YTO JJISl TaKUX
TTOKPBITHH Ha HAYaJBHBIX CTAIUSAX IPOIECcca Xapak-
TEPHBI BBICOKHE 3HAYCHHA KOA(PQUIMEHTa TpPEHHUS,
OJTHAKO ITOCJIC MPUPAOOTKH 3HAYCHUST KO3(duineH-
Ta TPEHUS CHU3UIIUCH 10 3HavueHui 0,25.

B pa6ore [36] ycTaHOBIEHO, YTO JIETHUPOBAHHE
00pOM YIJTICPOHBIX MOKPBITUH, MOJYYCHHBIX C UC-
NOJIb30BAaHUEM MarHeTPOHHOTO METOAA PAaCHbUICHHS
KOMITO3MIIMOHHOM OOp-YIJIepOAHON MHIIEHH, NpH-
BOAUT K POCTY MUKpoTBepAocTH Ha 40% B cpaBHe-
HUU C HEJICTHPOBAHHBIMU MOKPBITUSMH U JOCTHTACT
3HaueHuit 28 I'Tla.

B pabore [19] moka3aHo, 4TO B Tporecce Tpe-
HUS B Cpelle Maciia CO CTaOWIM3UPYIOIMMH T00aB-
KaMH B BHJE HaHOYACTHII Mo, JIeTUpOBaHHOE OOpOM
aIMa3zonoA00HOe MOKPHITHE TOKa3ajJ0 HU3KHE 3Ha-
yeHus kodpduumenta tperus (menee 0,03 B nmuamna-
30He OT 2 m0 12 ar. % KoHIeHTpanuu Oopa) mpu
BBICOKOW TemIlepaType TpeHus. JlaHHble 3Ha4YEHHUs
K03 pHIIMEHTa TPEHUSI OKA3AIUCH HIDKE YEM y MO-
HOKOMITOHEHTHOTO a-C TMOKPLITHUA. Bbreu10 BRICKa3aHO
MIPEATOIOKEHNE, YTO HU3KHE 3HauUeHUsT KOd(pPHULH-
enra TpeHust anst a-C:B mokpbiTus 00ycioBIEHBI
CEJIeKTUBHOM aOcopbumeil kuciopopa U3 00bEMa
Macla, 9TO IpUBOIUT K (POPMUPOBAHHIO HA TTOBEPX-
HOCTH TIOKPHITHS OKCHIa O0pa, XapaKTepU3yIOIIETO-
C BBICOKOM XMMHYECKONH MHEPTHOCTHIO MPHU BHICO-
KO TeMmepaType U CTaOMIBHO HU3KUM K03 duim-
€HTOM TPEHHS B IIUPOKOM JHAINIa30HE TEMIIePaTyp.

B pa6ore [19] a-C:B nokpeiTue ocaxxpanu me-
TOAOM HMOHHOI'0 PacCIbUICHUS MHWIICHH, BBLIIOJIHCH-
Hoii 3 B4C, B kauecTBe JIOMOJHHUTEIIBHOIO MCTOY-
HHUKa YriepoJia MCHOJIb30BaJlM HOHBI yriepozaa, 00-
pa3oBaHHble B pe3yinbrare pasnoxkennss CHy B
TieromeM paspsge. IIpoBenéHHoe wucciienoBaHue
MMOKa3aJ0, 9TO B 0OO0BEME IOKPHITHA COIEpIKATCA
YTIEPOTHBIE KIACTEPhl C KPUCTAIUIMICCKOH CTPYK-
TypO#, CIy4aifHEIM 00pa3oM pacmpenciEHHBIE B
00BpéMe mokpeITHI. Metomom POOC ycraHoBieHO,
YTO B TOKPHITHH TNPHCYTCTBYET 3HAYUTEIHHOE KO-
nuaecTBO Kuciopona (okomo 17 art. %), a Takke
ycTaHoBlieHO Hanmuuue cBszedd Tuma B—Ou B - Cu
OIIPEe/IeTICHO, YTO OOp B MOKPBITHH XUMHYECKU CBSI-
3bIBAETCS C YIJIEPOJIOM, a 4acTb aTOMOB Oopa, He
BCTYNHMBIIAs B B3aUMOJICHCTBHE C YIIEPOAOM, CTpe-
MUTCSI BCTYIIUTH B B3aUMOJAEHCTBUE C KUCIIOPOIOM C
obpazoBanuem B,0;.

B pabote [10] meTomoMm IyampbHOTO MarHe-
TPOHHOTO pacHbUICHUS MHIICHEH n3 Kapouaa Oopa u
rpagura OBUIM  MOJyYEHBl  KOMIIO3HMLIMOHHBIC
a-C:(B4C) nokpeitus. Konnenrparus 6opa n3MeHs-
nack oT 0 1o 7,9%, 9To ompenemnseT BEICOKYIO aHU-
30TPOIHUIO0 TOBEPXHOCTHBIX CBOMCTB MOKpHITHUS. Me-
TomoM PJIA OBLIO yCTAaHOBJICHO HAJIMYKE KIIACTEPOB
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CO CTPYKTYypoO# KapOuma 60pa, BHEAPEHHBIX B 00BEM
yIJIepoAHOW MatTpulbl. Merogamu CKaHUpYHOLIEH
3JEKTPOHHOW MHKPOCKOIMH IOKa3aHO, YTO MOKPHI-
THe o0Jiamaer CToj04Yaroil CcTpykTypou. Meromom
P®OC Obuta oOHapykeHa XMMHYECKasi CBS3b THIIA
B — B, uT0 yka3biBaeT Ha 00pa3oBaHHE YHCTOTrO 0O-
pa BO BpeMs Ipolecca OCaXKACHUS. YCTAaHOBICHO,
gto a-C:(B4C) TOKpHITHS XapaKTepU3yIOTCs BEHICO-
KOW, B CPaBHEHHMH C MOHOKOMIIOHEHTHbIM a-C mo-
KPBITHEM, MHKPOTBEPAOCTBIO, YAAPHOH BA3KOCTBHIO,
a TaKXKe aAre3MOHHON MPOYHOCThIO. ONTHManbHOE
OTHOILLICHHE MHKPOTBEPAOCTH/BHYTPEHHUE HAmps-
JKSHHSI JJOCTUTaeTCs MPU KOHIIEHTpaIuu 6opa B Io-
kpbiTuu 2,92 at. %. YcranoBneHo, uro a-C:(B4C)
MOKPBITHE C KOHLIEHTpaluel oopa 2,92 ar. % xapak-
tepusyetcs kodddumumenrom tpenus 0,05, yto sB-
JSIeTCsl caMbIM HHM3KMM 3HaYeHUEM ISl MOKPBITHH,
(hopMHpPYEMBIX 3TUM METOIOM, a TaK)Ke MOKa3bIBAET
CaMyI0 BBICOKYIO M3HOCOCTOMKOCTbH IIPH CYyXOM Tpe-
Hun. OcobenHocThio TpeHus a-C:(B4C) moxperTuit
IPU OTHOCHUTENBHON BiaxHocTH 20% sBIsieTCsl OT-
CYTCTBHE O00pa30BaHMs HA MOBEPXHOCTH M B 30HE
TpeHUs: OOPHOM KUCIIOTHI.

B pa6ote [32] xommosunmonnsie a-C:B mo-
KpbITH noslydanu merogoM BY marnmerponHOro
pacnbuteHus B,C Muenn ¢ oJHOBpeMeHHOi o0pa-
00TKO# pacTymero mokpeituss woHamu Ar u CH'.
JlaHHBIIT MeToX OCaXIeHHs II03BOJMI IOJIYYUTh
MOKPBITHSL ¢ MUKPOTBEPAOCTHIO B JManasoHe oT 15
nmo 20 I'Tla. YcraHoBieHO, 4yTO K03(D(UIUEHT Tpe-
HUS TIOKPBITHS 3aBHCHUT OT KOHIEHTpanuu Oopa.
IIpn xoHueHTpanmu 6opa pasHoi 10% mponcxoamno
peskoe CHKeHne Kod((HUIHEeHTa TPEHUS 10 3HaUe-
Hu# 0,2, 9TO OmMpenessuioch 00pa3oBaHWEM Ha IIO-
BEPXHOCTH MOKPBITHS coenrHeHuit Tuma B — O.

OCHOBHO# HetocTaToK (POPMUPOBAHUS KOMIIO-
3UIMOHHBIX a-C:B MOKPBITHIA 3aKIII0UaeTCsl B CIOXK-
HOCTH OCaXJIeHUSl, MHOTO(AKTOPHOH 3aBUCHMOCTH
CTPYKTYpbl U CBOWCTB YyriiepoaHoi maTpuusl. Kak
NPaBWJIO, IIPH ATOM HCIIOJB3YIOT METOABI XMMHUeE-
CKOT'O OCaK/IEHHS U3 ra30BOH (a3bl, YTO MPHUBOIUT K
(hOpMHUPOBAHHUIO OTHOCHUTEIBHO MSTKHX (MHKpO-
TBeprocTh He Oonee 7-9 I'Tla) yrirepoaHbIX MOKpPHI-
THH, WIX METOJbl PACIBUICHUS KOMIO3HUIIMOHHBIX
B,C mumeneit [37], uTo 00yciaBIHBaeT BBICOKYIO
KOHIIEHTPAIIHIO aTOMOB YIIEPOaa C Sp° FHOPH/IM3a-
el ceszer [34]. [lpu mpuMeHeHHH JTa3epHBIX Me-
To10B st hopmupoBanus a-C:B mokpeITHil 32 cueT
pacnbUIeHUsT KOMIIO3ULIIMOHHBIX MuieHel [31] cko-
POCTb pOCTa MOKPBITUH ABJIAETCS HU3KOM, 4TO Orpa-
HUYHMBAET UX WCIIOJIb30BaHUE HA IpakTHke. [Ipume-
HEHHE )K€ METOJO0B XMMHUYECKOTO OCAKAEHHS, Xa-
PaKTEpU3YIOIIMXCS BBICOKON TEMIEPATYpOil CHHTE3a
(=750° C), [38], mpenssiBisieT TpeOOBaHHUS IO BEI-
COKOM TEpMOCTOMKOCTH MaTepuaa Mo1JI0KEK.

Ha ocHoBaHuM aHanmn3a M3BECTHBIX TEXHOJOTHYE-
CKHX METOJIOB B KauecTBE Hauboiee yHUBEpPCAllb-
HOM, peayu3yIolEel pa3Iu4HbIe YCIOBUS U PEKUMBI
réHepaiuuy aToOMapHbIX IMOTOKOB, ONPCACIIAIOIINX
3aaHHbI ()a30BBIA M 3JIEMEHTHBIAH COCTaB CIIOCB,
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MIPeAJIaracTcsi METOIMKA U yCTPOMCTBO (hopMHpOBa-
HHS JITUPOBAaHHBIX OOPOM YIJIEPOJHBIX MOKPBITHI,
B COOTBETCTBHU C KOTOPBIMH OCQXICHHUE YIIIEPOJ-
HOM KOMITOHEHTHI IMOKPLITUA OCYUICCTBJIIACTCA W3
YIJIEPOIHOHN IUIa3MBl, IOJy4aeMOH 3a CUET pacHbl-
JIeHns1 TpaUTOBOTO KaroJia MMITYJILCHOM Iyroi, a
BBezieHHe Oopa B 00BEM pacTyIIero MoKpbITHS MPO-
HCXOJHT 33 CUET UCTIAPEHUS JIA3EPHBIM H3ITyYCHUEM
MHILECHN, U3TOTOBJICHHOW METOJIOM IIPECCOBAHUS M3
nopomrka 6opa guctoToit 99,95%.

Jlist ToyydeHus JIETMpOBaHHBIX YTIIEPOHBIX
MOKPBITUH  MCHOJB30BAIM  MOJEPHU3HPOBAHHYIO
YCTaHOBKY BakyymHoro HameuieHus YBHUIIA-I-
001, conepxaryro:

1) ra3oBbIif HOHHBIH UCTOYHHUK TUIA «AWA»,
C IOMOIIbI0O KOTOPOTO IPOM3BOAMTCS OYHCTKA M
HarpeB MO/JI0XKEK;

2) UCTOYHHMK TUIA3MBbl CTAI[HOHAPHOTO KATOIHO-
JYTOBOTO pa3psiia ¢ KaTOAOM M3 THUTaHa (TOACIOH
tUTaHa ToauHoN 100 HM UCOIB3yeTCs B KAYECTBE
aZITe3MOHHOTO CJI0S);

3) MCTOYHMK IUIA3Mbl UMITYJIBCHOTO KaTOIHO-
JYrOBOTO paspsja ¢ KaToJoM U3 rpadura, UCTIONb-
3yeMOT0 AJIsl HAHECEHUs YIIIEPOIHBIX IOKPBITHII;

4)  TBepAOTENBHBIM  Jla3ep HA  OCHOBE
YAG:Nd3+, pabGoTaromuii B UMITyJIECHOM PEKHUME
(pucynoxk 2.1).

CreneHb JIeTHPOBaHUS OOPOM PETYJIHpPYETCs
IyTeM W3MEHEHMs MOIIHOCTH H3JIy4YEHUs], YAaCTOTHI
CJIeJIOBaHUS UMITYJIbCOB B MHTepBaie oT 1 po 50 I'u.
[Ipennoxennas Mmeronuka (OPMHUPOBAHUS KOMIIO-
3UIHOHHBIX OOp-YIJIEPOAHBIX MOKPBITHH MO3BOJISET
(GOopMHpOBATh YIIIEPOAHYI0 MATPHIYY C Peryjupye-
MBIM COJEpP)KaHHEM aTOMOB YIJIEpOJa C Sp° H SP
CBSI3SIMH M 3a CYET BAPbUPOBAHUS YaCTOTHl HM-
MyJIBCHOTO T'eHepaTopa W MOIIHOCTH HCKPOBOTO
pa3psaa. Mcnonp30BaHNE XMMHUUECKH YHUCTHIX MaTe-
pHaJoB, a TakkKe OTCYTCTBHE BOJOpPOJAa U BBICOKO-
MOJIEKYJIIPDHBIX COEIMHEHUI I03BOJISET MOJy4aTh
TIOKPBITHS ¢ Oe31e(eKTHON CTPYKTYPOH U, cieqoBa-
TEJIbHO, BEICOKMMH MEXaHHYECKUMH CBOHCTBAMH.

Oco0eHHOCTBIO pa3padOTaHHON TEXHOJIOTHUH
(hopMHpPOBaHUS KOMIIO3UIIMOHHBIX OOP-yTJIEPOIHBIX
TIOKPBITHH SIBJISIETCS UCIIOIb30BAHHUE TSI TTOYIEHHS
JIETHPOBAHHBIX OOPOM alIMa30MOJOOHBIX MOKPHITHH
JBYX BBICOKO HOHM3MPOBAHHBIX HE3aBUCHMBIX IIO-
TOKOB HMOHOB YIJIEpOZa C dHEprueu, odecrneunBaro-
IIMX OCAXKIEHHE YTIIEPOTHON MaTpulbl ¢ BHICOKHM
COJEPKAHMEM aTOMOB YITIEPOJA C SP° CBA3AMH H
BBICOKYIO PEaKIIMOHHYIO aKTHBHOCTH IIOTOKa MOHOB
6opa. IIpiMeHeHNe TaknX HOHW3UPOBAHHBIX HE3a-
BHCHMBIX HMOHHBIX IOTOKOB MO3BOJIIET OCYIIECTB-
JSITh PEAKIUN TUIA3MOXUMHUYECKOTO CHHTE3a MOKPHI-
THiT ¢ BBICOKHMM cojepxkanneM Csp® dassl U coemu-
Henui B,C,, a Takxke OCyIECTBUTh BEICOKHE CKOPO-
CTH POCTa NOKPBITHM C KOHTPOJIHUPYEMOH TEIIOBOM
Harpy3KoH Ha IOJUIOXKKY.

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019
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13 6opa
Pucynok 2.1 — Cxema 5KCIEpUMEHTAIBHOIO yCTPOUCTBA,
NpeHa3HAYEHHOT'0 JUISl OCaXIEHHsI OOp-yTIIIepOIHBIX TOKPHITHIT

BriBoabI

[IpoBeneH aHanu3 OCHOBHBIX METOJOB IOJY-
YeHHsI YTICPOTHBIX TOKPHITHH, JIETHPOBAHHBIX 00-
pom. Iloka3aHbl mpeuMylecTBa U HEAOCTATKH, Xa-
pakTepHble Uil METOJO0B XMMHUYECKOIO OCAKICHUS
13 Ta30BOH (a3bl KOMIIO3MIIMOHHBIX MMOKPHITHH. YC-
TaHOBJIEHBI OCOOEHHOCTH ()OPMUPOBAHUS CTPYKTY-
PBI OKPBITUI IpH UX (OPMHUPOBAHMU C HCHOJIB30-
BaHHEM METOJI0B (PU3NYECKOTO PACHBUICHHS] KOMIIO-
3ULHOHHBIX OOp-yIiIepoHbIX MUIlIeHeH. B kayecTse
Hanbonee YHHBEPCAJIBHOTO, pEATU3YIOIIEro pas-
JIMYHBIE YCIIOBUSL U PEXKUMBI T€HEPaLlMi aTOMapHBIX
MIOTOKOB, M, COOTBETCTBEHHO, MO3BOJISIOLIETO OCAXK-
JaTh CJIOW C Pa3IMYHBIM (Pa30BBHIM H AJIEMEHTHBIM
COCTaBOM, TIpejIaraeTcs METOAWKa (HOPMHUPOBAHUS
JIETUPOBAaHHBIX OOpPOM YTJICPOAHBIX IMOKPBITUH W3
YTIAEPOTHON IUTa3MbI IIOTOKa MOHOB Oopa, TeHepH-
PYEMBIX JIa3€PHBIM HUCIIAPEHUEM.
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DOU3HUKA

AKYCTOOINTHYECKASA IMATHOCTHUKA YJIBTPA3BYKOBBIX BOJIH JISMBA
BECCEJIEBBIMH CBETOBBIMMU ITYYKAMMU B KPUCTAJUVIAX CHJUIEHUTOB

I'.B. Kyaaxk, I'.B. Kpox, T.B. Huxkosaenko

Mo3zvipckuii eocyoapcmeennblil nedazoeuveckutl ynusepcumem um. U.11. lamsaxuna

ACOUSTOOPTICAL DIOGNOSTICS OF ULTRASONIC LAMB WAVES

BY THE BESSEL LIGHT BEAMS IN GYROTROPIC SILLENITE TYPE CRYSTELS

G.V. Kulak, G.V. Krokh, T.V. Nikolaenko
LP. Shamyakin Mozyr State Pedagogical University

IToka3zaHo, uTo JuIst GEecceneBoro CBETOBOTO ITyYKa BO3MOXKHO pa3/ielibHOE HAOIFOeHIE H30TPOIHOI 1 aHM30TPOITHON OP3TTOB-
CKOI AU(PAKIMH UPKYIAPHO MOJNSPU30BAHHBIX BOJIH HA Mojax JIamMba B THPOTPONHBIX KyOuueckux Kpucraimiax. [Ipu stom
3((heKTHBHOE aKyCTOONTHYECKOE B3aHMO/CIHCTBHE B MPOIICAIINX M OTPaXKEHHBIX AH(PAKIUNOHHBIX MOPSAIKAX peaan3yercs B
Y3KOM HHTEpBaJIe TOJIIHMH CJIOS BOJIM3U TONIIIHBI OTCEYKH MOJbl. HanGonbmmii HHTEpec Ul akyCTOONTHISCKON THarHOCTHKA
MoJ JIamOa mpezcraBisieT HyJeBas Moja OEcceleBOro CBETOBOIO Iy4Ka MPH YCIOBUM M30TPOIHON NU(PAKIMK LHUPKYJISAPHO
HOJISIPU30BAHHBIX BOJH [PH TOYHOM IIONIEPEYHOM (pa30BOM CHHXPOHH3ME AU(PparupOBaHHBIX My4YKOB.

Knrouegvie cnosa: nnockonapainenvhviii ciou, 6oanvl Jomba, akycmoonmuyeckas Ou@ppakyus, 2upomponnulii Kyouueckuu
Kpucmarni, Ko3ghuyuenmelr Ompasxcenust u RPONYCKAHUSL.

It is shown that, for Bessel light beam, it is possible to separately observe isotropic and anisotropic Bragg diffraction of circu-
larly polarized waves on Lamb modes in gyrotropic cubic crystals. In this case, the effective acousto-optical interaction in the
transmitted and reflected diffraction orders is realized in a narrow range of layer thickness near the mode cut-off thickness. Of
greatest for acousto-optic diagnostics of Lamb modes is the zero mode of a Bessel light beam under the condition of isotropic
diffraction of circularly polarized waves with accurate transverse phase synchronism of the diffracted beams.

Keywords: plan-parallel slab, Lamb’s waves, acousto-optical diffraction, gyrotropic cubic crystal, reflection coefficients and

transmission coefficients.

Beenenue

B pabote [1] Teopermdeckdn u SKCIIEpUMEH-
TaJIbHO HCCIIEI0BaHBI MHOTOCIIONHBIE aKyCTOONTH-
YeCKHe CTPYKTYpPbl HA OCHOBE KPHCTA/UIOB KPEMHUS,
OKHCH IIMHKa, KBapla U naparemtyputa. IlokazaHo
[1], [2], yTO B MHOT'OCIOMHBIX CTPYKTypax HpHU BO3-
6y)K[leHI/ll/I MOBEPXHOCTHBIX AKYCTHYCCKHUX BOJIH
(ITAB), naTeHCHBHOCTH YNIBTPa3BYKOBbIX (¥Y3) BOJIH
B TOHKOM CJIO€ TOJILIMHOHK /4 ~ 1 MM MOryT HOCTH-
rath ~ 1 MBr/cM” i amMmuTyaa nedopMariy yibT-
pasBykoBoii (V3) Bomubsl U~ 1072 B pa6ore [3]
BIIEPBBIC HMCCIIEAOBAHO OTPAKEHUE W MPOITyCKAaHWE
Iu(parupoBaHHEIX BOJH B IUIOCKONAPAIIEIHHOM
MEPUOTNIECKH MOAYJIHPOBAHHOM (BO3MYIIICHHOM)
cioe. B pabore [4] uccnemoBana mudpakius CBETO-
BBIX BOJIH B IUIOCKOIAPAUIENIEHOM CJIO€ C OJHOPO-
HBIM pacrpelielieHueM YIpyrux negopManui, a B
[5] — B cnoe, Bo3Oyx)nenHoM BosmHamu JIsBa. K Ha-
CTOALIEMY BPEMEHH XOpPOULIO M3Y4YEHBI YJIBTPa3BY-
KOBBbI€ BOJHBI JI3M0a MIIaCTUHBI CO CIIOXKHBIM HEOJI-
HOPOJIHBIM pacrpeliefieHneM YIpyrux aehopManuii
[0 €€ CEYEHHMIO, IIMPOKO NMPHUMEHSEMbIE JUIs Hepas-
pYLIAIOIIET0 KOHTPOJS M CO3IAaHUS aKyCTOdJIEK-
TPOHHBIX YCTPOHCTB 00pabOTKM curHaioB [6]—[8].
IIpu 5TOM 0COOBIIf MHTEPEC MPEACTABIAIOT KyOmde-
CKHMe KpUCTaJUIbl TuMa cuiuiennta [7], [8]. B pabote
[9] sxcneprMeHTaIBHO MCCIEI0BaHa aKyCTOOIITHYE-
CKasl AMarHocTuka BoJH JIomOa BhICIIMX HOPAIKOB

© Kynak I'.B., Kpox I'.B., Huxoaaenko T.B., 2019

MIPH WX PACHpPOCTPAHEHUH H OTPAKECHUH OT Kpas
IUTaCTUHBI U3 KBapua. B [9] teopermueckue mccie-
JOBAaHUS OTPAHUYWINCH JIUIIb W3y4YeHHEM Op3rTOB-
ckoil akycroontudeckoil (AO) audpakiym B ONTH-
YeCKH H30TPOITHOM MaTepualie U3 IUIAaBICHOTO
kBapua. Ilpu 3ToM, ogHAKO, KPUCTAJUIBI THUMA CHII-
JICHUTA (BinSiOzo, BilzGeOQO, Bi]gTiOQO) 06na)1a10T
3HAYUTENBHONU TUPOTPOIUEH, KOTOpask MPUBOJUT K
CYIIECTBEHHOMY H3MEHHIO TIOJISIPU3ALMOHHBIX U
SHEPreTUYECKUX XapaKTEPUCTUK TH(parupoBaHHBIX
Ha yJIbTpa3ByKe cBeTOBHIX BoiH [10], [11].

XapakrepabiM cBoiictBoM BCII sBnsercs wux
Manas yrioBas pacxoaumocts [12], [13]. B cBs3u ¢
STHM TPHU 3aJaHHOH YacTOTe YyJIbTpa3ByKa HM3MEHe-
HUEM yTia TMaJeHUs CBETa BO3MOXKHO DPa3leNbHOE
HaOJIOJICHHE BCEX YeThIpeX AU(PPAKIMOHHBIX IMPO-
LIECCOB JJIsl COOCTBEHHBIX LUPKYJSIPHO IOJISIPU30-
BaHHBIX BOJIH B TUPOTPOITHOM KpUCTAJLJIC. le/l 3TOM
nudparupoBaHHbIE CBETOBBIE IyYKH COXPaHSIOT
ctpykrypy BCII ruporponHoro xpucramia. s
pacxoasIuXcsl CBETOBBIX ITyYKOB, HAIpUMEp rayc-
COBBIX, BO3MO)KHO HAJIOKCHUE Pa3IMYHBIX TU(paK-
LIMOHHBIX IMPOLIECCOB U30TPOIHON M aHHU30TPOIHOMN
IUppaKkIny, TPUBOIIMNAX K BOSHUKHOBEHHIO TPEX-
MMTYKOBOM CTPYKTYPHI OPATTOBCKOTO MaKCHMyMa CO
CIIOHOW IHOJsIpU3alMeil BOJHOBOIO IOJISI B JH-
¢dpakuuonrom mpsiake [11].
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Pucynok 0.1 — Cxema AO audpakuun Ha Moaax JIsmOa BEICOKUX MOPSIKOB (a);

pacrosoXeHre BOJIHOBBIX BEKTOPOB IU(PparupoBaHHbBIX IIyYKOB C npaBoit (k,

) u neBoi (/?0_!]_)

0+,1+

LUPKYJSIPHOH MoJisipu3anuei u ynpTpassyka K, (i = 1-4) B pa3IW4HBIX F€OMETPUYECKHIX YCIOBHUIX

H30TPOITHOM U aHU30TPOIHOM Audpakiuu (6)

1 TeopeTnueckue pe3yabTaThl

[onoxxuM, YTO IUIOCKOMAPAJUIENBHBIA CIIOH
TOJIIIMHON /I C TUDJICKTPUUECKOM MPOHUIIAEMOCTBIO
€ PacCIIOJIOKEH MEXIy OJHOPOJHBIMU IPO3PAayHbI-
MH CpelaMH C JUAJIEKTPUUECKHMH ITPOHHUIIAEMOCTSI-
MM € ¥ € (pucyHok 0.1, a). Hayano cucremsl koop-
JIuHAT XYZ pacnoioskeHO Ha BEpXHEW IpaHuLe ClIos,
a och Y nepneHAuKyJsipHa I0CKOCTH naaenus. [lpu
ycrmoBuu h >> A,/ 27, tne A, — JUIMHA BOJHBEI 00B-
e€MHOH cABUTOBOH Y3 BOJHHI B CIIOE, B HEM PaCIpo-
CTpaHsoTCs MOkl JIaMOa BBICHIMX TOPSAKOB BIOJb
och X W MCKPUBJICHHEM TPaHUI] CIOS MOXKHO IIpe-
HeOpeus [6]. [lpyrume orpaHmuYeHHs Ha TOJIIUHY
ci1osi 00yCJIOBJICHBI YCJIOBUSIMH OpATTOBCKOM M-
dpaxuuu csera B cnoe (A hf” /2n,0°) >>1 [2], e
f(v) — uactora ((pa3oBas CKOPOCTh) Y3 BOJHBI, Ay —
JJIMHA CBETOBOMU BOJIHBI B BaKyyME€, 1, = \/87 .

JlucniepcroHHbIe ypaBHEHHs Ui BoaH JIamOa
HaxXOJIATCS W3 TPAHUYHBIX YCIOBUH C Y4eTOM He-
MIPEPBHIBHOCTH Y3 CMEIICHUH U HATIPSHKCHUH Ha Tpa-
HuMax cnos [6]. IIpu 3ToM paccMaTpUBarOTCS CHM-
METpPUYHEIE (S) U aHTHCUMMETpH4HbIe (a) Oerymime
BOJIHBI JI3M0a GECKOHEUHOTO TIIOCKONAPaIIeIbHOTO
ciosi. KOMIIOHEHTBI BeKTOpa CMEIICHWH VIS CHM-
METPHUYHOMH MOJIBI HIMEIOT BUI:

Ux — UO Ch(qz) _ qu 5 Ch(SZ) ei(Kx_Qt),(l.l)
sh(gh) (K~ +s°) sh(sh)

2
Uzz—iUoi sh(qz) 22K : ch(sz) Jikeon
K| sh(gh) (K~ +s7) sh(sh)

rae U, — ammuryna Bonael; K =Q/v (Q — nuk-

JM4eckas yactora, L — (azosast ckopocts Y3 BoI-
we); g=(K’-K})", s=(K’-K})", rne
K, =Qlv,, K =Q/vg (v, (vg) — dasosas cKo-

pocTh MpoaoabHOI (caBuroBoit) Y3 Bomubl). [Tone
CMCIICHUIA IS aHTUCHUMMETPUYHOW Moxabl JIamba
JIaeTCsl COOTHOILIEHHUSAMU:

14

U =U sh(gz) _ 2gs sh(sz) o K=o (1.2)
7 eh(gh)  (K*+5s%) ch(sh) T
U =—

; q ch(gz) _ 2K° ch(sz) o K
: " K| ch(gh) (K*+s*) ch(sh) '

Da3zoByl0 CKOPOCTb CHUMMETPUYHONM M aHTHU-
CUMMETpHYHOH MoJbl JIamMba HaXoIUM COOTBETCT-
BEHHO 13 COOTHOIIICHMI:

th(sh)  4K’gs th(sh) (K’ +S8%)

th(gh) (K*+S8*? " th(gh)  4K’gqs

VY3 Bonna (1.1) m (1.2) co3maer mepuoaude-
CKYI0 B MPOCTPAHCTBE M BO BPEMEHH DEIICTKY IH-
3JIEKTPUUYECKON MPOHHULAEMOCTH BIOJAb OCH X U

MIPOCTPAHCTBEHHO-HEOAHOPOAHYIO BIOIb OCH Z, TO
ecTb

€,(x,z,t) =€, + Ag, (z) exp[i(Kx — Q1)],
rae Ae, =—&,p,,U,,(2) (U,,(z) — sbdexrusuas
ammuTyna aepopmanun V3 Bonubl, p,, — dbdek-

TUBHAs1 OTOYIPYTas MOCTOSHHAS).

Ecian naparomas Ha clIoil cBeTOBas BOJIHA SB-
JIeTCs TMHEWHO TMOJIAPU30BaHHON, TO B Cpesie BO3-
MOJKHBI YeTBIPE THUIA B3aUMOACHUCTBHI ILUPKYIAp-
HBIX MOJ, I/ KaXXI0ro M3 KOTOPBIX CYILIECTBYET
cBoil yron bporra. Jlns B3auMoneHCTBUS BOJH C
OJIMHAKOBBEIMH TIOJIAPU3AIMSIMA  (M30TPOITHAS  JIH-
(bpakuus) ycrnoBus bparra BBITONHSIOTCS OJHOBpPE-
MEHHO TIpH OJHOM H TOM XK€ VIJie IaJaHus
¢ =arcsin(A, /2nA), roe A, ¥ A — AnMHA CBETO-
BOH U yJNbTPa3BYKOBOH BOJIH COOTBETCTBEHHO; n —
MOKa3aTeh MPeIOMIICHU KpUcTamia 0e3 ydeTra ru-
porponuu. B ciiydae B3aMMOJEHCTBUS BOJH C pas-
JIMYHBIMH TOJISIPU3ALMSIMU (AaHU30TPOIHAs Anu(paK-
1ys) yriasl bparra oTinyaioTcs oT ¢, Ha BEIMYUHY

Ap=128/(nsin2¢,) (pucynok 0.1, 6), rne & —
napamerp ruporponuu [14]. IIpu cobmopeHun
ycnoBus O >>An, (An, — riayOuHa MOIYJALMU

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019
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MOKa3aTessl MPEIOMIICHUS aKyCTHYECKOH BOJHON),
BO3MOYXHO HE3aBHUCHUMOE PACCMOTPEHHE BCEX YEThI-
pex nupPaKIMOHHBIX MPOIECCOB B THPOTPOITHBIX
cpenax. JlaHHOE yCIIOBHE BBITIONHSETCS I OOJb-
IIMHCTBA TUPOTPOIHBIX CPeJll UCTIOJIB3YEMBIX B aKy-
CTOOINTHKE.

[Ipeanonoxum, uyro magatoumii BCII ¢ yacto-
TOU ® >> () ¥ BOTHOBBIM BEKTOPOM

1; =eék, +ek

1£x 1z
(kyy, =kn sing,,, k., =kn, coso,,),
k=w/c, n,=ncosy £6 (n — nokasarenb Ipe-

JOMJIEHHS cpelbl Oe3 ydeTa TMPOTPOIUH, Y, — Yrol
koHycHocTH BCII B mepBoit cpene npu z < 0) umeer
MpaByl0 (HWKHUAH WHICKC «+») WIN JIEByIO (3HaK
«») LDUPKYISPHYIO IOJSAPH3ALMIO. YTJbI MPEIoM-
JeHUs LMPKYJSIPHO MOJIAPU30BAHHBIX BOJIH Pa3iny-
HbI, TO €CTb ©,, = arcsin(n,, /n,, sin@,,) U OIU3KH
k yriny bparra ¢,, = @5 =~ K /2k,,, tne k,, =kn,,
(n,, =n, cosy, £, rae y, — yron konycaoctd bCII
B cnoe ipu 0 <z < h).

Pemenue BOIHOBOIO ypaBHeHHs 11 n1udparu-

POBAHHOTO TIOJS 3JICKTPOMATHUTHOW BOJIHBEI B CJIOE
nMeeT Bua [3]:

T & + — .
E=Y A4 (2)e.(p,9)expli(K .z~ t—7p/2)],(1.3)

p=—0

e k,.. = k.. +pK, o, =0+ pC; 3necs é,(p,p) —

ptz
BEKTOP-(YHKIMK TOJISIPU3AMK  TU(PparupoOBaHHBIX
BOJIH Uil OECCEeNIeBBIX CBETOBBIX ITYYKOB IPOM3-
BOJILHOTO TOpsiaka (m). Bekrop-QyHKuMU mossipu-
3a1M1 UMEIOT BUJ] [13]'

e, = =e,.¢€,te

Nl

¢

Q)
II

+
S

>

|
‘D
S

| m
ep+ =1 _Jm (qp)(l+COSY+)_Jm+1 (qp)COSY+ >
qp
m
ey, =| J,(gp)——J,(gp)1+cosy,) |,
qp
A m
e, =-i q—me(qp)(l—cosv,)+Jm+1(qp)cosv, ,

e‘P* = m+l (qp) +— p Jm (qp)(l COS ’Y )

rae é,,é,,6, — CAMHUYHbIC BEKTOPBI B LIAIMH/PHYC-
CKUX KOOpIHMHATAX P,(,z (TPOMOJIbHBIE KOMIIOHEH-

ThI BCJICJICTBUE X MaJOCTH HE YUUTHIBAIOTCA); M —
LeJ0e Yucio, ykasbiBatouiee nopsiiok moasl bCIT;
qg=k,v, kyv,;
cos(y.) = cos(y,)[1£(c8/ on,) te(y,)].
Ipu k,,. = K/2 w3 cosokynHoctu (1.3) nu-

(hparupoBaHHBIX BOJH BBIICIIIOT IBE HanOoiee
CYIIECTBCHHbIE C JU(PPAKIHMOHHBIMU IOPSIIKAMH
p =0wup=-1. Cucrema HEOTHOPOTHBIX YPaBHEHHH
CBSI3aHHBIX BOJH MMEET BUJ!
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dzAi + + +
Ltky Ay —in (2)k} AT =
A7, .
p Lk AT i (Dk,, 4 =0, (14)
Z

2 2 12 2 2 gz
rne k()iz (k _k0+x) 5 1+~ - (k —k l+x)
Koro =bky, SINQ,, k—1+x =k,, sinQ@y,

n (Z)_ n2+g++ 3¢(Z)/2COS(P2+
(gi’J_r — HHTETrpaJibl NEPEKPLITHUA ]II/I(bpaFI/IPOBaHH])IX
BOJ'IH). I/IHTeraJ'H)I NEPCKPLITUA ﬂHq)paFHpOBaHHBIX
BOJIH [JIs1 pa3jiIMdHbIX TUIIOB H30Tp0HHOI>i n aHHu30-
TpOHHOﬁ ﬂI/I(bpaKIII/II/I HUPKYJIAPHO-TIOJIAPU30BAHHBIX
BOJIH HaXOOWUM U3 COOTHOIIICHHM:

8is =

(1.5)

g 2 2 R 2
! (|Epi +le,. )pdp ! (|epi +]

rae R, — pamuyc BCIL; 30ech cienyer ucnonb3oBaTh
Tr00ble KOMOMHAIMN 3HAKOB «1+» M «—» B HIKHHX
MHJIEKCaX, COOTBETCTBYIOIIMX PAa3HBIM IH(PAKIH-
OHHBIM IIpOLIECCaM, MPEACTABICHHBIM Ha PHCYHKE
0.1, 6. B npuBeneHHBIX BbIIe (opMynax IS gy
CHUMBOJI « ¢ -0ap» 03HaYaeT, 4YTO CUMBOJI ¢, COOTBET-
CTBYIOILIMH ITONIEPEYHOMY BOJTHOBOMY YHCIy IU(pa-
TMPOBAHHOW CBETOBOM BOJHBI MHHYC IIEPBOTO IIO-
psanka (p =—1), caemyer 3aMEHHUTh Ha CUMBOII ¢ IS
IdparnpoBaHHON BOJHEI HYJIEBOTO Topsaka (p = 0).
C ygerom pesymeTaToB pabot [3]-[5], pemre-
HUE cucTeMbl ypaBHeHUH (1.4) B OparroBckoMm pe-
KHUMe AUPPaKIUE MOKHO IIPEICTAaBUTh B BUIE:

A =U;+UN) /2, 4 =(U; -U))/2.

Benuunnbl U,’, HaXOOWMM U3 PENICHUS HEOJI-

2
e(pi )pdp

HOPOJIHOTO YPAaBHEHHUS:
d*U; 1
—2 4k} [cos2 0,. izni (z)}Uﬁ2 =0.

Pemenne ypasuenwmii (1.5) 8 BKb — npu6nu-
>keHun umeeT Buj [15]:

U, =C; + g () +Cye k() (1.6)

dz

rac
kzii (2)=k,.z (l_nlzi /nzzi)Sinz ¢ ) E

z/2

i(”ipipUﬂ"K oS ,. ) j 2 (2)dz |;

-z/2
C;, — nocrosiHHble KOO)OHUIMEHTBI, OIpeENseMbIE
W3 TpaHWYHBIX ycnoBuid, U — ammumTyna aedopma-
mun. B pamkax npubnmwkenns BKb npeamonaraert-
Cs, YTO MHOXHTENH Tepea dKcrnoHeHTamu B (1.6)

c1ab0 U3MEHSIOTCS IO CpaBHCHUIO C SKCIIOHCHIIU-
AJIbHBIMHU  COMHOXHUTCIIAMU, COACPKAIINMU 00J1b-

IO OJIOKUTENBHBII MapameTp k,,z >> 1.
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CuiMBasi HanpsDKEHHOCTH 3JIEKTPUYECKOrO U
MarHuTHBIX moJiei B cioe [3]-[5], a Takxke B obOiac-
X z <0 U z > h, HaX0IUM KOI(PPHUIIMEHTHI OTpaKe-
HHSL U TPOIYCKaHHs (OTHOCHUTENbHbIE HWHTEHCHBHO-
CTH) IU(PPArUpOBAHHBIX BOJH Ha TPAHUIE CIIOSL.
Pemenue cucteMbl BOCBMH aireOpanvecKux ypas-
HEHHUH MOKHO HAWTH B 3aMKHYTOH (opme. Dddek-
THBHBIC BOJHOBBIC uncna Kk, VIS aHTHCHMMET-

PHUYHBIX BOJH JIbmba JAr0TCA COOTHOIICHUCM

ki =k, (1 - (nlzir /n§¢ )sin2 ¢t

U [shigh/2)  4qKsh(sh/2)
" 2hcosg,, | Keh(qh) (K +s)ch(sh)

B ciywae mudpakimm Ha CHMMETPHYHBIX MOJAX
JI>Mba criemyeT MON0XKHUTE:

ki =k, (1 - (nlzi /nzzr )Sin2 0 E

PuU [ sh(gh!2)  4gsh(sh/2)
(K2 + 52 )sh(sh)

Koaddunuenrsr orpakenus (R,,) H Impolryc-

 2hcose,, | gsh(qh)

kaHusa (7.) LMPKYJSAPHO MOJIIPU30BAHHBIX COCTaB-

JSIFOLMX TU(parupoBaHHBIX BOJIH HYJIEBOTO M Tep-
Boro (R, ,7,.) TOpSAKOB OIPEAEIAIOTCS COOTHO-

HICHUSAMU:
2 2
r r
R = on _ ZAlt
0t s M+ T s
Ai nliAi
. ()
t t
T o= ny, | 24, _ny | 2A
0+ > flx T
ny, n}iAi Ny, n3iAi
rac

A, =(-a 050, +o, 05 e.)x
X(OL;;OLLG;: - a;—a‘;—e;) +
ooy e, o0 e )y o e — oo e),
o, e [a;bﬁi +ny,05 +os, (bl —b, )/2},
A =(—o,aye. +o ae,)x
(o 0, e), —af o] el)+
H—ooge) +ar ol e ) (o age. o, 05 e,
Alyi = (bl; _blt_r )((’“;—a;elt;el;* - a;+a;—el;elt+*) + (1 8)
b —bi)| (0 Y ele (0 ) el el |,
Ay =7y e [l by +m.0s, +o; (b, —bL)2 |+
o) e [ of b +ny.05 +ag, (b —bL)2]-
_a’;+e;t* [a;fbll t1,.0;, + (x;_ (blt; - bl; )/2] +
o,_e [a;bfi +n,,05 +a,, (b, —b, )/2}.

31mech BBeAEHBI 0003HAYEHU:
+ -1 + + -1 +
A3 = 1+ nli,}ibli ), A5 = (1- nli,}ibli)9

by =kj Ik, e, =exp(ihk;),
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npuYeM H,, = n,C0sY; £d (Y3 — Yron KOHyCHOCTH
BCII B Tperbeii cpene (MOAnoXKKe) 1pu z > h); 3Ha-
KOM «*» 0003Hau€HO KOMIUIEKCHOE conpsbkeHue. 13
Belpakenuit (1.7), (1.8) cnenyer, 4TO BBITOIHSIOTCS
cootHomenus: R, +R, +T . +T, =1.

2 YuciieHHbIE pacyeThl U UX 00Cy:KAeHue

YucneHHble pacyeThl MPOBOAMINCH IS TUIOC-
KOTIapaJUIeNIbHOTO CJIOS U3 THPOTPOITHOTO KyOmue-
CKOT0 KpHcTrajuia repmanara BucmyTa (Bij;GeOy) B
crydyae  AMQpPaKkUUM JIMHEHHO MOJISPHU30BAHHOTO
u3nnydyeHuss He-Ne-na3epa C  JUIMHOM  BOJIHBI
Ao = 0,6328 MKM Ha CHMMETPUYHBIX U aHTUCHMMET-
puaHEbIX Y3 BomHax JIhmOa pasmMYHBIX TOPSIKOB.
[Ipennonaramock, 9ro cioil Matepmana (n, = 2,55,
8=13,9-10") rpammuur ¢ Bo3gyXOM (n,=n3=I,
6=0). Ammiutyna  TeHzopa  JedopMmanmnit
U=(21,/pv)"?, rae I, — uateHcHBHOCTb Y3 BOJI-

HeI JIoM0a; U, — da3oBas ckopocTs Y3 BOMHEI JIam-
0a, mpuyeM K — ee MOPSIOK [6]; p — IIOTHOCTH KPH-
cTaia.

Boipaxxenus (1.7), (1.8) onmuchIBarOT BCE THITHI
B3aUMOJCHCTBUS  LIMPKYJSIPHO  MOJISIPU30BAHHBIX
MoJI, mpeacTaBieHHbIXx Ha pucyHke 0.1. Ilpu mnu-
¢pakmmn Ha Y3 momax JIamba, pacmpocTpaHsio-
LIMXCS BAOJIb KPUCTAIIOTPa(UIECKHX OCei BTOPOTO
pf{]) =[(p cos’ P = P2 sin’ ¢.)Ep,l,
Il BEpXHUI 3HAK IJIIOC COOTBETCTBYET U30TPOITHOM
IUQpakIny, a HIDKHIHA 3HAK (MHHYC) — aHH30TPOII-
HOU (P11, P12 — PoTOynpyrue nocrosiaubie [16]).

Ha pucynke 2.1 mpezacraBieHBl 3aBUCHMOCTU
MHTETPANIOB TIEPEKpHITH g, =g, , (1.5) or mapa-

opsiAKa

MeTpa q, = |q — qol| / qo 111 audpakun 6ecceaeBoro
CBETOBOTO ITy4YKa HYJICBOTO IOpsiAKa (a) U MEepBOTO
nopsizka (0).

U3 pucynke 2.1,a cremyer, 9TO HHTETPajbl
TICPEKPBITUSI OCHOBHOW MOABI OecceneBoro CBETO-
Boro my4ka (m = () ZOCTHTaroT MaKCUMAIFHOTO 3Ha-
YEHUs! [IPU BBINOJIHEHUH YCJIOBHSI IOIEPEYHOTo (ha-
30BOT0 CHHXPOHH3MA, TO €CTh 1pH ¢, = 0. [Ipu sTom
MHTErpanbl NEpPEeKpBITHS OISl aHU30TPONHON Ju-
¢bpakiuu (KpuBas 2) BBIIIE, YeM JJIS U30TPOITHON
mudpakumu (kpuBas 1). MHTerpaisl nepekpbITHS
JUISl BCEX BO3MOJKHBIX THIIOB aHM30TPOITHOM M H30-
TPOIHON IN(PaKIUU OANHAKOBBL

B ciyuae azumyrtansHo-HeogHOpoaHbx BCII ¢
a3UMyTaIbHBIM uHuciaoM m =1 (pucyHnok 2.1, 6),
MHTErpajbl TEPEKPBITHS BCEX BO3MOXKHBIX THIIOB
AO mpeoOpazoBaHHA OTIMYAOTCS IO BEIHYMHE.
[Ipu manpix 3HaUeHMX ¢, ~ 0,01 Hanbonpmiee 3Ha-
YeHWEe NMPHHUMAET MHTETpal NEPEKphITHS g _. B

HIMPOKOHM 00JaCTH MaKCUMAaJIbHOTO 3HAUYEHHs MHTe-
rpanoB mnepekpeitus 0,05 < ¢,<0,07 nHanbonbiice
3HaYeHHE NPUHUMAECT MHTETpajl MEpeKphITHA g .
I[Ipu TouHOM momepeyHoM cuHXpoHU3ME (g, = 0)

MaKCHMAaIJlbHOE 3HaYCHHE MHTErpalia MepeKPHITH HE
JIOCTUTaeTCs.
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0 0.05 0.1 0.15

&1 n

a)

Pucynok 2.1 — 3aBucUMOCTb HHTETpalla NIEPEKPHITHI g, OT mapaMerpa ¢, = |q — qol / qo s mudpaxiuu BCIT
HyJIeBOTO Topsiaika (a) 1 nepBoro nopsiaxa (6); a) uzorpornHas audpakuus (kpusas 1), aHU30TpONHAS
mudpaxuus (kpuBast 2) 1t m = 0; 6) audpakiyst MpaBoONOISIPU30BAHHON BOJIHBI B JIEBOIOJISIPU30BAHHYIO
(xpuBast 1), 1€eBOMONIIPU30BAHHON B IPAaBONOISIPU30BaHHYIO (KpUBas 2), IPaBONOISIPU30BaHHON
B IIPABONOJISIPU30BaHHYIO (KpUBas 3), JIEBOIMOJSPU30BAHHOM B JIEBONOISIPH30BaHHYO (KpuBast 4)
st m = 1 (xpuctami Bij;GeOsy, 72 = 0,5°,6=3,9-10°, R, =5 MM)

(h10d,m 0 2 0

05 ) : 5 U0

t-hproim M 2 0

PucyHok 2.2 — 3aBucumocTtb ko3¢ duunenra mnpomyckanus 7+ (a) u koadduimenra orpaxenus R+ (0)
oT aMIuuTyAb! Aedopmanun Y3 BosHb! U 1 TONIIMHAX CIIOS /1 AJIs1 aHTUCUMMETPUYHBIX MoJ| JIamba

(021 = 2885 M/c, iy =0,0016 mmM, f=900 MI't;; m =0, g, =0, g, = 1; cTpykTypa: Bo3ayx — Bi;;GeOyy — BO31yX)

(-h)103.m 1 5 0

0.05

0.5 1 ) 5 u-10
1.5
(h-h )10%, M

%]
(=

0)

PucyHok 2.3 — 3aBucumocTtb ko3¢ dunnenra mnpomyckanus 7+ (a) u koadduimenra orpaxenus R+ (0)
OT aMIuIUTy bl geopmariu Y3 BosiHbl U M TOJIIMHBI CIIOS A 1715l CAMMETPHYHBIX Mo JIamba

(v, = 2888 m/c, 1, =0,0019 MM (6), f=900 MI'; m =0, g, =0, g,= 1;

>

CTpyKTypa: Bo3nyx — BijpGeO, — Bo3ayX)

3aBucuMocTH KO3()(HUIIMEHTOB IPOITyCKaHUS
T\+ (a) n orpaxenus R, (0) mudparupoBaHHOMH
BOJIHBI IIEPBOTO TMOpsAKa Ui AU(pPaKIUM Ha JBa-
IIaTh TEepPBOH aHTHCHUMMETpHYHOW Moxae JIamOa,

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

BO36y)Kﬂa€MOI71 B IUIaCTUHKE M3 KpHUCTalla repma-
HaTa BUCMYTA, OT TOJIIWHBI IIJIACTUHKU h u amium-

Tynel nedopmanuu Y3 BoaHBI U mpeicTaBiICHBl Ha
pucynke 2.2.

17



I'.B. Kynax, I'.B. Kpox, T.B. Huxonaenxo

U3 pucyHka crneayer, 4To KOIQQUIHEHT Ipo-
nyckanus 17, 1 oTpaxeHust R;; IOCTUIaeT MAaKCH-
MaJIbHOTO 3HAUEHHMs JIMIb B Y3KOM HHTEpBaJIe TOJ-
nwmH 1wiactueel Al ~ 0,01 mm. Ilpu yBenmuenun
ammutyapl negopmannu U K03 GHUIUEHT MpoIryc-
KaHWs BO3pacTaeT, JOCTUrasi MaKCHMaJIbHOTO 3Ha-
yeHusl. PacueTsl MpoBOAMIMCH JUIS TOJIIMHBI IUIA-
CTHHKH, Ha4WHasi C KPUTHYECKON TONIIMHBI A, JUIs
Kaxmoi w3 mox JIhmba. PesoHaHCHEI XapakTep
K03 HIreHTa MPOITyCKaHUs OOBICHICTCS TEM, YTO
B TIOTIEPEYHOM CEUCHHUH IUIACTHHBI (OPMHUPYETCS
KBa3ucTosidasi Y3 BoJHA, oOpazyemas HalloKCHHEM
MPOJOIBHBIX Y3 coCTaBISIIOIIMX BOJHBEI JIamba [6].
MakcumanbsHoe 3HaueHHe Kod(p UIIMEHTa OTPaKeHUsI
Ha 0,5% Hike, yeM k03(h(HUIMEHTa POy CKaHUS.

Ha pucynke 2.3 mpencraBieHa 3aBHCHMOCTh
ko3 dunuenra npomyckanus 17+ (@) U OTpaxKeHUS
R+ (6) nudparupoBaHHOIl BOJIHBI NEPBOTO MOPSIIKA
JUTS TBaJNATh MEPBO CHMMETpUIHOH MobI JIaMOa,
B030y’K/1laeMOH B IUIACTWHE M3 repMaHara BHCMYTa,
OT ee TONIOUHBI /& W aMIUTUTYyAbl nedopmarmu Y3
BOJHBI U.

Kak crnenyer u3 pucyHKa, 3aBUCUMOCTB KO3(-
¢umnmenta npomyckaHus 1)+ OT TOJIIUHBI coA K
TaK)Ke MMEEeT PE30HAHCHBIN XapakTep; MaKCHMallb-
HOe 3HauyeHue 7). JIOCTHraercst B y3KOM WHTEpBaje
TOMIUHBI acTuHKA Al ~ 0,01 mm. [Ipu pacuerax
10JIarajgoch, YTO TOJIIMHA IUIACTUHKH YBEJINYMBa-
eTCsl, HaYMHasi OT TOJILUHBI OTCEYKH /1, COOTBETCT-
Bytouield cummerpudHoid moxsl JIamba. Pesonanc-
HOE TIOBeJIeHne KOI(QQHIMEHTa MPOITyCKaHUs 00b-
scHsieTcst JOpMHPOBAaHUEM KBasucTosdel Y3 BOJIHEI
B MIOIIEPEYHOM CEYCHUH IITACTHHKU NPU HAJI0XKEHUN
CABHUTOBBIX Y3 COCTaBIIAIONINX CHUMMETPHUYHON BOJI-
HBI JIamba. MakcumansHbIe 3HAYEHUST KO3 PPHIIeH-
TOB OTPaXCHUS M TPOITyCKaHWS NMPUMEPHO OJHHA-
KOBBI 10 BEIUYHHE.

3aki0ueHue

3HaveHus Kod(QOUIMEHTOB OTPaKEHUSI U TIPO-
MyCKaHUsl ITU(QParupoBaHHBIX BOJIH ONPENEIISIOTCS
BEJIMYMHAMHU HHTETPAIIOB MEPEKPBITUS U dPPECKTHB-
HOW ()OTOYIPYToi MOCTOSHHOW JJISI M30TPOITHON U
aHU30TponHOM audpakmun ( p;'d, > p,;)- Axycroon-

THYECKHH METO]| TO3BOJISIET OCYIIECTBHUTH JHAarHO-
CTHKY YJIBTPa3BYKOBBIX BOJH JI3M0a BBICOKHX IIO-
psaaKoB B pexxume nudpakuun bparra. Hanbospmuit
unTepec st AO ITMarHOCTUKH MPEACTABISIET HyJle-
Basg mMozxa BCII mpu ycinoBHM HM30TPOMHON TU(paK-
UM LUPKYISPHO HOJSIPU30BAHHBIX BOJH HPU TOY-
HOM IOIepeYHOM (ha30BOM CHHXPOHHM3ME IuUdparu-
poBaHHBIX My4koB (g, = 0). DpdexTuBHOE NMpHUME-
HEHHE a3uMyTanbHO-HeoxHopoaHbix BCII mepsoro
HOpsiAKa JOCTUTaeTcsa NpU OTCYTCTBUU MONEPEUHOrO
CHHXpoHM3Ma s ¢, ~ 0,055 u npu audpaknun
JIEBO-LIUPKYJISIPHO TIOJIIPU30BAHHOI BOJIHBI B IIPaBO-
LIUPKYJLIPHO TOJISIPU30BAHHYIO.
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PU3UKA

PEJATUBUCTCKASA YACTHILHA CO CIITMHOM 1 B KYJIOHOBCKOM IOJIE,
KBAHTOBBIE COCTOAHUA C MUHUMAJIBHBIM YI'J/IOBBIM MOMEHTOM

j=0B MOIEJIAX JOBAYEBCKOI'O U PUMAHA
E.M. OBcuwok, A.Jl. KopaiabkoB

Mos3vipckuii 2ocyoapcmeennulii nedazozuyeckuil ynugepcumem um. M.I1 Llamakuna

QUANTUM STATES WITH MINIMAL ANGULAR MOMENTUM
j=0IN LOBACHEVSKY AN RIEMANN MODELS

E.M. Ovsiyuk, A.D. Koral’kov
LP. Shamyakin Mosyr State Pedagogical University

PaHee ObUIM HCCIIEIOBAHBI HEPEISATHBHUCTCKHE YPABHEHHs JUISl BEKTOPHOM YaCTHIBl BO BHEIIHEM KYJIOHOBCKOM IOJIE B IIPO-
crpaHcTBax JlobaueBckoro u Pumana, mpy 3TOM HCHOJIb30BanIoCh MoauduuipoBanHoe ypasHeHue ladduna — Kemmepa, uro
[03BOJIMJIO B HEPEISATUBUCTCKOM MPUOIIMKCHUH MOTYy4YHUTh TPH HECBA3aHHBIX YPABHEHMS IS OTACIBHBIX PAJHAIBHBIX (yHK-
Uil 1 HAlTH TPH Cepuu ypoBHei sHeprun. OHAKO COCTOSHHUS C MHHUMAJIBHBIM 3HaueHHeM j = 0 [OJHOTO YIJIOBOrO MOMEHTa
IIPU 3TOM HE paccMaTpUBaIUCh. B Hacrosiiel pabore ucciaenoBanbl cocTOsHUSA ¢ j = 0, IPU 3TOM AJIsl YIPOLIEHHsS MaTeMaTu-
4eCKO# 3a/1a4i HeT HEOOXOANMOCTH TIEPEXOAUTh K HEPEISTHBICTCKOMY MPHOIIKEHNIO. B 006enx MpoCcTpaHCTBEHHBIX MOAEISAX
[OPUMEHSIOTCS  00bldHOE M MoauduimpoBaHHoe ypaBHeHus J[ladduna — KemMepa, IOCTpPOSHBI pELICHHS —ypaBHEHHMI
B TMIIEPreOMETPUUYECKUX (YHKIHAX U B TPAHCICHACHTHBIX 00muxX (GyHKiusax ['ofiHa. B kaxaoi U3 NPOCTPaHCTBEHHBIX MOJE-
neit 3TH PeLICHUs COOTBETCTBYIOT HE3HAYHTEIBHO DPA3iMYaIONIMMCS CIEKTpaM. MOXKHO MpPENONOKHUTh, YTO aHATOTHYHOE
CBOWCTBO MMEET MECTO H Ul OOJIBIINX 3HAYCHHUH MOJHOTO MOMEHTA j, JaXe €CIIM W3BECTHBI PELICHHS TOIBKO MOAH(MHUINPO-
BaHHOTO HepeATHBUCTCKOro ypaBHeHus ladduna — Kemepa.

Knrouesvie cnosa: wacmuya co CNUHOM 1, ypaesHernue ﬂagi)d)una - KeMMepa, Ky]lOHO(?CKuuV nomeHyual, MUHUMAIbHblEe 3HAYEeHUA
NOJIHO20 )2/106020 MOMeHnma, ypasHenue I"oziua, movHoe peuierue, auepzemultecxuﬁ cnekmp.

Previously, the nonrelativistic problems of a vector particle in the Coulomb field on the background of Lobachevsky and Rie-
mann space models were studied, when a s modified Duffin — Kemmer equation was applied with additional spin-orbital inter-
action, which permitted to get three independent second order differential equations in nonrelativistic Pauli-like approximation
and obtain three series of energies levels. However, the states with minimal value for quantum number of total angular momen-
tum j = 0 were not considered, in the present paper these states are investigated. Conventional and modified Duffin — Kemmer
equations provide us with solutions in hypergeometric and transcendental general Heun functions, even without transition to the
nonrelativistic limit. These equations lead to slightly different energy spectra. Because the difference between two energy spec-
tra at j = 0 turn out to be insignificant, we may expect similar property for states with larger values of j, even though solutions
for conventional equation in Pauli approximation are not known.

Keywords: particle with spin 1, Duffin — Kemmer equation, Coulomb potential, minimal values of total angular momentum,
Heun equation, exact solution, energy spectrum.

RELATIVISTIC PARTICLE WITH SPIN 1 IN PRESENCE OF COULOMB FIELD,

Beenenne

B paborax [1], [2] ObuT BHIITONHEH aHANN3 TI0-
BEICHUSI HEPEJATHBUCTCKOW KBAaHTOBO-MEXaHHYEC-
KOI YaCTHIIBI CO CTUHOM | B IPHUCYTCTBUH KYJIOHOB-
CKOTO TIOTEHIMajla Ha (hOHE TeOMETPUH IIPOCTpPaH-
ctBa Jlo6aueBckoro. AHaJIN3 PENSATUBUCTCKON 3aja-
YW U1 BEKTOPHOM YacTHIBI CO CIIMHOM | B KyIo-
HOBCKOM TI0JIE€ TIPEJICTABJIAET 3HAYUTENbHO OoJjee
CJIOXKHYIO TIPOOJIEMyY JTaKe B IJIOCKOM IPOCTPAHCTBE
[3], [4]. B [1], [2] ucnosab3oBagock MOIUPHUIIAPO-
BaHHOe ypaBHeHue Jladduna — Kemmepa ¢ momnodn-
HUTEIHHO BBCJCHHBIM CIICIIUATLHBIM WICHOM CITHH-
OpOHTANBEHOTO B3aUMOJCHCTBUS, 3TO IO3BOJIHIIO
3ama4y B HEPEJATHBHUCTCKOM IIpelelie MPHUBECTH K
aHaIM3Y TPEX pa3desIbHbIX YpaBHEHHM 2-ro mopsia-
Ka, TocIie 4ero OBUIO HalIeHO TPH CepHH YPOBHEH
sHeprun. OIHAKO OCOOBIN Ciy4all MHHHMAIBHOTO
3HaueHus kBaHToBoro umucia j=0 B [1], [2] HE

paccMatpuBaiics. B Hactosieii pabote 3TOT mpoden

© Oscurok E.M., Kopanvros A.7]., 2019

BOCIIOJIHEH. AHAJI3 3TOTO CiIydasi HHTEPECEH TaKxkKe
1 TIOTOMY, 9TO 37iech 00a BapuaHTa ypaBHeHUs [Jad-
¢una — Kemmepa, o0pr9HOE W MOAH(HIIIPOBAHHOE,
MIPUBOIAT K YpPaBHEHUSIM 2-TO TIOPS/AKA, KOTOPBIE
MOTYT OBITH PEIIEHbI COOTBETCTBEHHO B THIIEPIeo-
METpPUYECKHX (YHKIMAX M  TPAHCLEHASHTHBIX
¢bynkupsx ['oiiHa, npuBoAsS K HEMHOIO pasiinyaro-
HIUMCs CIICKTPpaM SHCPIHUU.

Hcxonnoe (HemoauUIMpoOBaHHOE) ypaBHCHUE
Had¢puna — Kemmepa 111 gacTupl co ciiHoM | B
cdepudeckoii TeTpane mpoctpancTsa JlobaueBckoro

dS? = c*dt* —dr* —sinh’r(d0” +sin” 0d¢*)

umMeet BuA [5]

1 .31 2 .32
iBOa,+i BSa’+B] +B .] +
tanh »
(0.1)
+.;Z’g¢—M ®° =0,
sinhr
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_ o, 4 i0, + 1:j12 cos 0
sin®
Zanuiem (0.1) B kpaTkoii hopme Tak:
W,0" =0,
OHO OTJIMYACTCS OT MOTU(DHUIIMPOBAHHOTO YypaBHE-
Hus Hadpuna — Kemmepa

1 .31 2 .32
{iﬁoat+i(ﬁ36r+—ﬁ B J+
sinh »
(0.2)
! Ek M}CI):O.
smhr

Iepexon ot (0.1) k (0.2) MoxxHO OCymecTBUTH [2],
nobaBuB B ucxonHoe ypasnenue (0.1) momoiHu-
TEJILHBIN YJIEH B3aUMOAEUCTBUSA

[, +A0) [0 =0, Wy =W, @ =0,
rze 100aBKa 3a7aeTcsi PABEHCTBOM
1—coshr
A()—l (Bl 31+B2 32)
sinh
JlomonHUTENbHBIN WieH B3auMoneiicTBui A(r) B
ypaBHEHHH BBeJIcH B Oa3uce chepruecKoi TeTpabl.
B o0bluHOM mpencTaBieHWM ypaBHeHHs B Oasuce

JIEKapTOBOW TETPajbl BHIpAXKEHUE IS A" MOXKHO
3amnucaTh CeIyronmM oopazoM [2]:
Cart _ 1—coshr [ﬁ(BX 5)]
sinh r

Ionyuennas ¢opma omepatopa A’ mo3Bomser
paccMarpuBaTh MOTU(DHKAIIMIO YPABHEHHUS KaK yueT
JIOTIOJTHUTEIHHOTO CITUH-OPOUTATBHOTO B3aMMO/ICH-
CTBHSI YACTHIIBI C TEOMETPHUCCKON CTPYKTYPOH TpO-
CTpPaHCTBA.

1 Cayuaii muanmaabHoro j =0, Hemoaudu-
HHPOBaHHOE YPABHEHUE

OO0mmas moICTaHOBKA I BOTHOBOHM (hyHKIIMK
BEKTOPHOM YacTULIBI B COCTOSIHMSIX ¢ j=1,2,3,...

uMeeT BU [5]
®,, =e [ £,(r) Dy, f,(r) D, f3(r) D,
Ji(r) Doy, /5(r) Dy, f5(r) Dy, f(r) Dy,
fs(r) D713 f;(r) D(): f]()(r) D+1 ] b
TJIe UCIIONIb3yeTcs Oe3pa3MepHBIN MapameTp SHep-
ria € =pE/ch, p — pagmyc KpUBU3HEI MPOCTPaH-

ctBa JloGaueBckoro.
ITpu 3TOM TIOCIE pa3aeNeHuUs IEPEeMEHHBIX M0~
ny4daeM cuctemy u3 10 paauanbHBIX ypaBHEeHH# [1]

(mycte v =4/j(j+1)/2; KyJIOHOBCKHH MOTEHIHAI
ydTeM Mo3XKe)

d
_(dr tanhrjfs_vs1 hr(f5+f7) mf, =0,

igfs +z(d + ! jfgﬂ'v

dr tanhr

Jo—mf, =0,

sinh

igfy +iv——r

( f8+f10) mfz =0,
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. (d 1 1
—i|—+—
i/, l(dr tanhr]f10 Y sinh sy o=

—igf, +v—— ! fi—mf; =0
sinh »
. d
—igfy —— f, —mf, =0
dr

1
—igf, +v—— fi—mf; =0,
S

inhr
_i(%—i_tanlhr)fz - sinlhr Sy mmfs =
ivsinlhr (ﬁ_ﬂ)_m »=0.
lq}(%thanhrjﬁ‘ ,nlhrf3—m10:0.

B cucteme ypaBHeHuWi ucnosibdyercs 0e3pas-
MepHas pajualibHas IIepeMEeHHas r, IoJydaemas
JIeJICHUeM OOBIYHOM KOOPJMHATHI Ha DPaanyC KpH-
Bm3HBL. Ciy4aili MHHHMaJIbHOTO 3HadeHus ;=0

CJIelyeT paccMaTpUBaTh OTAENBHO. [ Takux co-
CTOSIHUH HYXXHO HCIIOJIb30BAaTh C CaMOro Hadaia
6oee MPOCTYI0 MOJACTaHOBKY U BOJHOBOH (DyHK-
1M, B KOTOPOH HEKOTOPBIE pajualibHble (QYHKIHH
JOJDKHBI 00paIaTbes B HyNb:

£1=0,/=0,1,=0,/=0f,=0,/=0/,=0;
COOTBETCTBEHHO HMMEeM OoJliee MPOCTYIO CHUCTEMY
YpaBHEHUH

—(" jfé mf; =0, igf, ~mf, =0,

dr tanhr

. d
—18f3—d—f1—mf6=0, /=0
r

VYurteMm BHEIIHEE KYJIOHOBCKOE MOJIE
a=e/(ch)=1/137,

d . o
- 12 + = 5
(dr tanhrjf6 1(8 tanhrjf6 s

—i[ — hrjjg Lr=m,. D)

Hckmrouas QyHKIMU f; U f;, HOIydUM

d? 2 d
—+t——+
dr® tanhr dr

i , (12)
o 2
+ e+ -
( tanhrj " i }f6

[epeiinem B (1.2) Kk HOBOI IepeMEHHO
72r

=l-e
ypaBHCHHE IPUMET BUJT

x(l—x) f6 +(2-2x )df {2;(124_

dx X
2
1 1
b I ae) | £, =0

Boimonuum nozctanosky f, = x' (1-x)° F, :
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Pensmusucmckas uacmuya co CHUHOM le KYJIOHOBCKOM noJjie, K6aHmoebvle COCMOAHUSL C MUHUMATIbHbIM )2/I08bIM Momeumwuj =0 ..

2
d F6+[2+2A—(2A+2B+2)x]ﬂ+
dx

x(l—x)

xZ
+[—(A+B+1)(A+B)+%m2 —%(a—8)2+

A -2+0>+4
e S

X
4B(-B+1)+m’ - ’
L (-B+1)+m’ —(e+a) F =0,
4 x—1
IIpu
A:—%—%1/9—4a2 <0,

A:—%+%«/9—4a2 >0,
le—l./1+m2—(a+a)2<0,
2 2
B:l+l\/1+m2—(s+a)2>0
2 2

ypaBHEHHE YIIPOIAETCs

d’F, dF,
dx; +[2+2A—(2A+23+2)x]d—x6+

x(l—x)

+[—(A+B+l)(A+B)+%m2 —%(a—a)2+}F6 =0

U ABJMCTCA YPAaBHCHHUEM THUICPIreOMETPHUUCCKOIO
TUIIA C MapaMeTpaMu

a=l+A+B+l«/m2—(oc—8)2+1,
2 2
1 1 2 2
b=—+A+B——\m’ —(a.—g)’ +1,
2 2

c=2+24.
Pemenus, koneunsle B Toukax » =0 (x=0),
r=ow (x=1), crposrcs npu A>0, B>0. Coor-

BETCTBEHHO, IMEEM CIIEAYIOIME NapaMeTphl THIIep-
TeOMETPUUECKHUX (DYyHKILMIL:

a =l+l«/9—4oc2 +% 1+m? —(s+a) +

2 2
1 2 2
+—=m —(o—¢g) +1,
2\/ (au—¢)
1 1 — 1]
b=5+5 9—40(,2 +E l+m2_(8+a)2—
1 2 2
——m —(on—g)" +1.
2\/ (a—¢)

O6opBaTh TUIEPTEOMETPHUCCKINA P O TOJTHHOMA
MOJKHO, HaJIOXHB TpeOoBaHue b =—n:

%+%J9—4a2 +%Jl+m2 ~(s+a)’ -
—%\/1+m2 —(o—g)’ =-n, n=0,1,2,...;

TOrJa nmojryqyacm

9—40?
N U R TR P
2 2
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N=l+m’ —(a-g) —l+m’ —(e+a)’,
Nin
487 (N* +4a’ |-4N* —4m’ N> +4’ N> + N* = 0.

Otcrona HaxoauM (HGOpMyITy AJIs CTIEKTpa SHEPTUi

m a’+v’+1
€= 1- > s
_o m
V2
2
1 49-4a
vV=n+—+—-—.
2 2
OtMmedaeMm, 9TO CTPYKTypa 3TOW (pOPMYIBI IS
SHEepPruil Moxoka Ha (OPMYIIBI sl SHEPTHH B CITy-
yae ypaBHeHHs KiieiiHa — ®oka B THpoCTpaHCTBE
Jlo6auesckoro. Kpome Toro, ormMeuaem, 4To 37€Ch
TaK)Ke BBITIOJIHAETCSI BaXKHOE CBOMCTBO CIIEKTpa B
npoctpaHcTBe JloOaueBCKOro: 4YHCIO YpOBHEH Ko-

HeuHo. COOTBETCTBYIOIICE OTPAaHUYCHHUE CICAYET U3
HepaBeHCTBA

2 2
o +v+1
l-————>0. (1.3)
m
Uro6s! B (1.3) mepeiiti kK OOBIYHBIM €AWHHIIAM, JT0C-
TaTOYHO YYECTh CMbICIT 0€3pa3MepHOro napamerpa m:
Mcp n
m= > 3222
n o Mcp
HaroMUHAEeM, 4YTO P — PaJNyc KPUBHU3HBI IPOCTPaH-

(@ +vi+1) <1,

ctBa JlobGaueBckoro (BeIHMUMHA C Pa3MEPHOCTHIO
MeTpa).

2 Cayuaii j =0, Mmogn(uIIupoBaHHOE YPaB-
HeHHe

IIpn wncnonp30BaHNM  MOANGDHIMPOBAHHOTO
ypaBaenus Hadpuna — Kemmepa Bmecto (1.1) mis
cocrossHUN ¢ j =0 MMeeM HECKOJIBKO JIPYTYIo CHC-

TEMY:
d 2
—| —+— | fs =mf,,
(dr sinhrjf6 !

: o
+—— | [, =mf,,
1[8 tanhrjf6 s

—i(s+Ljf3 —%fl = mf,.

tanh

HcknrounB QyHKIUK f, U f;, HOITy4UM

d? 2 d
—_— —+
dr*  sinhr dr

a Y coshr @h
+(g+ j —mz—Z—}fézo.
tanh

sinh? r
Vcronk30BaHHAs BBIIIE TIEpEMEHHAs X 37ech
HE TOJWUTCS, ITIOCKONIBKY B YPABHEHHH OCTaeTcs

KBaapaTHbIN KopeHsb. [Ipeobpasyem ypaBHenue (2.1)
K IepEeMEHHOM

z= tanh%, ze[0,1),

B Pe3yJIbTaTe MOTydacM
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dz z z-1 z+1|dz
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+ + +
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l(—zgz 20’ +2m’ +44B-4ca
2
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5B+2A+C+23C+4j
+ +
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(z-1)°

| (—Zm2 +202 +2¢* —4dea

2

—4AC—5C—2A—B—2BC—4)

+ +
z+1

z+1

2 2 2_9 2
. m°-+a” +¢ 280L+C F,=o0.
(z+1)

IIpu

Az_%%.b—mz, B=t\ym —(atey,
C=+ym’ —(a—g)?

ypaBHEHHE yIPOIIAeTCs
d*F, [2+24 1+2B 1+2CdF,
<+ + + -
dz dz

1
+—
z(z—=1)(z+1)
+4-2¢% +2m* - 20 +3C]z+

z z—1 z+1

{{(2B+2C+2)4+(3+2C) B+

+(-2C+2B) A-4ca+2B-2C| F, =0,

OHO MOXET OBITh OTOXKIAECTBICHO C OOIIUM ypaBHE-

Huem [oitHa [6]—[8]

d*H [y S a+b—y—6+ljdH
+] =+ + —+

dz* z z-1 z—p dz
N (abz—q)
Z(z—l)(z—p)

H=0
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C mapaMeTpamu

a=A+B+C+%+

+%\/4A2 +4A4+4B> +4C* =7 +80” +8¢> —8m”

b:A+B+C+%—

—%\/4A2 +4A4+4B% +4C? —7+80” +8¢” —8m” ,

y=2+2A4, 6=1+2B,
qg=—(—2C+2B)A+4e0.—2B+2C.

st monmy4yeHus pelieHni, OTBEYAOLUX CBSA3aHHBIM
COCTOSIHMSIM, HCIIOIB3YeM IIOJIOKHTENbHBIC Mapa-
MeTphl 4 u B:

r—>0(z—>0), z' >0,

A:—%%\/mm,
r— 40 (z = +1), (z-1)* >0,

B=+ym’ —(a+e)’ >0,

A+B:—%+%\/9—40L2 +\/mz—(0t+8)2 > 0.

Mycts C =+ym*—(a—g)*, mpu 3TOM s Tapa-

METPOB a M b MMeeM BBIPAKEHUS

a=1+%\/9—4a2 +fm’ —(a+e) +
+\Jm* — (0 —g)’ +%\/l—4a2,
17:14—%\/9—4012 +\/m2—(oc+fs)2 *

i\/mz —(a—¢) —%\/1—4(12 .

Jliist onyueHus: npaBuiia KBaHTOBaHUSI TpeOy-
eM a =—n (3TO yCJIOBHE BIACISIET TAK HA3bIBACMBbIC
TpaHcHeHneHTHEIe QyHkmu ['oitHa [6]-[8]) u BEHI-
OupaeM HIDKHUI 3HaK B onpeneneHun napamerpa C:

1+ o ao + 140 +
2 2

Jm? —(0+8)* —Jm* —(0—g)> =—n, n=0,12,...
Orcrona ¢ UCIIOIB30BaHUEM 0003HAUECHUS

N=n+1+%\/9—40c2 +%\/l—4a2

TOJTyYaeM TIPABHIIO KBAHTOBAHHUS
N = \/mz —(o—g)’ —\/m2 —(e+a)’.

Takum oOpazom, HaxoauM (OpMyIy Ui YpOBHEMH
sHepruit ipu j = 0:

m a’ N’
€= ==
14 42 m- 4m
VI

OTMedaeM, 9TO OHAa HE3HAYUTEIHHO, HO OTIIH-
YaeTcss OT IOJMY4EeHHOH BbIme (OpMYyJBl IPH HC-
I0JTb30BaHUU HEMOJU()UIUPOBAHHOTO yPaBHEHHSL.
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3 3amaua B cdepuyeckoM NPOCTPAHCTBE
Pumana, cayyaii j =0

PaccMoTpuM CHauajla ONHMCaHHE HA OCHOBE
HemonuduuupoBanHoro ypaBHenusi [ladduna —
Kemmepa. nst cocroanuii ¢ j =0 mMmeeM cucreMmy

ypaBHEHHH (Cpa3y YYIWTBIBAEM BHEIIHEE KYJIOHOB-

CKOE TI0J1e)
. o
, | e+
tanr

d
_(dr tanr)f6

—l[8+ jﬂ_%fl:mfé 3.1

Hckmouas B cucreme (3.1) dynknuu f; u f;, mo-
d’ 2 d
—t——
dr- tanr dr

o : 2
+| e+ -m’ - fo =
tanr sin® r
721r

Ilepetinem B (3.2) x mepemMeHHONH x =1-e OHa

jf6=Wlf3,

Ty4InM

(3.2)

npoOeraeT OKpY>KHOCTb EAMHHYHOTO pajuyca Ha
KOMIUIEKCHOM IUIOCKOCTH C IIEHTPOM B TOYKE
(+1,0). YpaBHeHHE IpUMET BU

d’f, df,
(l—x)x?;+(—2x+2)d—;+
[—2+oc2 1 (o —ig)’ +m?
+ + -
x 4 I-x

1, 1 L \2

——m" ——(o+ig =
oo
Beimonuum noactanosky f, = x"(1-x)* F, :
2

F, dF,
x; +[2+2A—(2A+23+2)x]d—;+

x(l—x)d

+[—(14+B+1)(A+B)—%m2 —%(a+is)2+

A*-2+a’+4
== =4

X
_ 2 o 2
+l4B( B+1)-m’ —(a—ig) £ =0,
4 x—1
[Tpu
A:—%—%«/9—4a2 <0,
A:—%+%\/9—4a2 >0,
B:%—% l—mz—(a—is)z,

B =%+%1/1—m2 ~(a—ig)’

ypaBHEHHE yNpOLIaeTcs
2

x(l—x)d fﬁ +[2+2A—(2A+23+2)x]%+
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+[—(A+B+l)(A+B)—%m2 —%(ane)z}Fﬁ =0;

3TO ypaBHEHHE T'MICPreOMETPHYECKOro THMA C Ta-
pameTpamu

a=%+A+B+%\/—m2—(a+iS)2+l,

b=%+A+B—%\/—m2—(a+i8)2+l, c=2+24.

VureM NOBENEHNE BBIIECIEHHBIX MHOXKUTEIEH OKOJIO
0COOBIX TOUYEK

r—or, x' =1-e) = 2idr) =
A= ——+—\/9 4o’
r—>(n-9o6r), x =(1—e+2’6’) =(=2idr)" =

A=—%+%\/9—4a2;

—2idr )B N 1,

nycts B =%—%wll—m2 ~(a—ig)’;

r—(n=6r), (1-x)’ =(™)? -1,

mycts B :%—% 1-m? —(oc—is)2.

r—or, 1-x) =(e

COOTBETCTBEHHO, UMEEM CIEAYIOIIUE MapaMeTpsl
THIIEPreOMEeTPHUECKUX (DYHKIUHA, TPUTOAHBIC IS
OTIMCAHUSI CBSI3aHHBIX COCToaHHﬁ'

:l+— 9 40’ +—«[1 m’ — —18

+—\/—m2 —(a+ig) +1,

:—+—\/9 4a 2——,[1 m® — —18

——J-m? —(a+ig)* +1.
ZJ (cu+ie)

Ob6opBath p;m JI0 TIOJIMTHOMA MO>KHO, HaJIOXKHB Tpe-
60BaHI/Ie b=-

—+—\/9 4o 2——«[1 m’ — —18

—E\/—m2 —(o+ie) +l=—n, n=0,1,2,..,

OTCr0Jia MoJry4acm
2
N=n+ l + ﬂ ,
2 2

N:%\/—mz —(o+ig) +1 +%1[1—m2 —(oc—ia)z,

wi & (N> +a’)= N> (N> —1+m” +a?).
Janbine Haxoaum
\/NZ(N2—1+m2+oc2)
&=
N +a?
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\/l+°‘ N?
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Ilpn wucnosnp30BaHUM  MOJU(ULIUPOBAHHOTO
ypaBuenust lapdpuna — Kemmepa Bmecro (3.1) mme-
€M CHCTEMY:

(d +,ijf6:ml, 1(84-
dr sinr

. o d
—i| e+—— | f; —— f, = mf;.
tanr dr
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+0. e +m +§’ + 2ieq, F,=0.
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Ilpu

:——+—\/9 4o’
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YPaBHEHHE YIPOIIAETCS
d’F, L [2+24 1+2B 1+2C|dF,
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1
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z(z+1)(z-1)

+4—2a2+282+3C—2m2)z+

z z—1 z+1

[((2C+2B+2)A+(3+2C)B+

+(2B-2C) A+4iga-2C+2B| F, =0

U MOXET OBITh OTOXXIECTBIICHO C OOIIUM YPaBHEHHU-
eM [oitHa [6]-[8]

d*H [y 5 a+b—y—8+1JdH
+| =+ + —+

dz’ z z-1 z—p dz
(abz—q)

+z(z—l)(z—p)

C mapamerpamu

H=0

a=%+A+B+C+

A4 +44+4B° +4C* —7+8a> —8c” +8m’ ,

b=%+A+B+C—

AL +44+4B% +4C° —T+8a> 8¢ +8m’
y=2+4+24, 6=1+2B,
—(28—2C)A—4isoc+2C—ZB.
HUcnons3yem crnemyromue mapamerpsl 4, B, C:
r—0, z—>0, z' >0,

A_——+—m>0
r—+mw, z—>+l, (z-1)" >0,

P 3TOM JUIsl TAPAMETPOB @ U b UIMEEM BBIPaXKEHUS

a =1+%\/9—4(12 —\/—m2 —(a—ig)* —

—\/—m2 —(a+ig)’ +%\/l—4a2 ,

b:1+%\/9—4a2 —J-m* —(a—ie) -

—J-m* = (a+ie) —%\/1—4(12 .

J7st mony4eHusl IpaBuiia KBAHTOBAHHS BBIMOJ-
HUM OrPaHHYCHHE K TPAHCLCHACHTHBIM (DYHKIUSIM
loitna [6]—[8], aust aTOTO TpEdyeMm a = —n,
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1+%\/9—40{2 —J-m* —(a—ig) —

—J-m* — (o +ie)’ +%\/l—4(x2 =—n,

1+%\/9—4oc2 —J-m* —(a—ig) -

—J-m* = (o +ie) +%\/1—4a2 =-n,

OTCrO0J1a C UCIIOJIb30BAHUEM 0003HaUYEeHUS

N= n+1+%x/9—4(x2 +%\/1—40c2
IoJTy4aeM IpaBUJIO KBAHTOBAHUSA
N = \/—m2 —(a—ig)? +\/—m2 —(a+ig),

WIIH
—&(N? +40’ |+ m*N* +a’N* +1/4N* = 0.
B urore momyyaem hopMyiy s ypoBHEH SHEpTUn
m o’ +N?/4
g= =1+ 5
4

N m
Otmedaem, 4YTr0 B COEpPUIECKOM TPOCTPAHCTBE
CIEKTPbI SHEPTHH, ITOydCHHBIC HA OCHOBE aHAIN3a
OOBIYHOTO ¥  MOAWMUIIMPOBAHHOTO ypaBHEHHHN

Hadoduna — Kemmepa, Tarxoke pasnnyarorcs He3Ha-
YHUTEIIBHO.

3ak/rouenue
ITocKkONBbKY pa3muuus B JBYX CIIEKTpax HEP-
THHA JUIS COCTOsIHME ¢ j =0 mpu HCHONB30BaHUM

OOBIYHOTO YpaBHEHHS W MOAU(DUIIMPOBAHHOTO OKa-
3BIBAIOTCS HE3HAYUTEIbHBIMH, TO MOXHO 3aKIIIO-
YUTh, YTO CIIEKTPHl DHEPTUH IS COCTOSHHUH C
j =12,.., HaiineHnsle B pabotax [1], [2], Ha ocHOBE

UCIIONIb30BaHMUsl MOJU(UIIMPOBAHHOTO ypaBHEHHMS
Hadduna — Kemmepa U COOTBETCTBEHHO TPaHCIICH-
JIEeHTHBIX QYHKIMHA [oifHa, ONM3KKM K CcIeKTpam
9HEPTUH, KOTOPHIE TOJDKHBI BO3HUKATH JJISI COCTOS-
HUM ¢ j=L12,. TOpu HCIOIB30BAaHUHA OOBIYHOTO
ypaBrHeHust [Jladhduna — Kemmepa, XoTs pemeHus

OTOI'0 YPaBHEHUS )11 YaCTHULBI B KYJIOHOBCKOM IIOJIE
HC U3BCCTHBI.
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OU3UKA

PA3BPABOTKA JIBYXCTOPOHHEI'O HEOTPAXKAIOHIEI'O NOI'IOTUTEJIA
MHUKPOBOJIH HA OCHOBE METAMATEPHAJIOB C IPAMOYI'OJIbHBIMH
OMET A-2JIEMEHTAMUA

N.B. Cemuenko', C.A. XaxomoB', A.JI. CamodasioB', U.A. ®anses',
N.C. Muxaaxo', SI. Conr?, III. ®an?, JI:x. Banr’
'Tomenvcxuii 2ocydapemeennviii ynusepcumem um. @. Cropumbl

2 . N
Hanxunckuil ynugepcumem Hayku u mexvono2uti, Hankun
3
Ynusepcumem L{3annans, Ycu

THE DEVELOPMENT OF A DOUBLE-SIDED NONREFLECTING MICROWAYVES
ABSORBER BASED ON THE METAMATERIALS WITH RECTANGULAR
OMEGA ELEMENTS

LV. Semchenko', S.A. Khakhomov', A.L. Samofalov', I.A. Faniayeu',
L.S. Mikhalka', Y. Song?, S. Fan’, J. Wang®
'F. Scorina Gomel State University

Nanjing University of Science and Technology, Nanjing
3Jiangncm University, Wuxi

HCIIB}O CTaTbU SABJIACTCS BBIABIICHUC 3aKOHOMepHOCTeﬁ B3aUMO/ICHCTBUS MUKPOBOJIH ¢ M€TaMaTCpuaiaMu, COCTOAIIUMU U3
TIPAMOYTOJIBHBIX OMEra-3JIEMEHTOB, a TaAKKE pa3pa60ﬂ<a OTHOCTOPOHHEI0 U ABYCTOPOHHETO «HUACAJIBHOI0» IOIJIOTUTEISA MUK-

POBOJIH Ha OCHOBE TaKUX CTPYKTYD.

Knroueswie cnosa: omeza-daemenn, memamamepuai, nociomumeis, AfiMKPOSO/IHOSblIJ ()uanasou, ompabjicerHue, no2ioujerue.

The paper aims to identify the interaction patterns of the microwaves with the metamaterials, consisting of rectangular omega
elements, as well as to develop a one-sided and double-sided “ideal” microwave absorber based on such structures.

Keywords: omega-element, metamaterial, absorber, microwave range, reflection, absorption.

Introduction

The theory and means of implementing elec-
tromagnetic radiation absorbers have a long history.
There are a large number of such devices, especially
in the microwave range [1]-[11]. However, most of
these devices have the absorbent structure on a re-
flective metal surface, since the most common pur-
pose of creating such devices is to reduce the wave
reflection from metal surfaces.

Electrically thin absorbers, the thickness of
which is much smaller than the wavelength, can be
implemented in various ways, but only some of them
have been studied recently. One of the ways is to
combine two thin layers of metamaterials with con-
trasting characteristics [4]. Another way is to com-
bine a thin conducting sheet with an array of reso-
nant open rings, which produces the necessary mag-
netic response [5], as well as multilayer absorbing
structures with a metal substrate [6], [7]. The paper
considers the simplest option — a single-layer ab-
sorber. This choice allows us to call the thickness of
the absorber extremely thin, as the layer thickness
cannot be less than the thickness of one layer of the
particles constituting the metamaterial. This paper
deals with the implementation of a single-layer
metamaterial that would completely absorb the

incident electromagnetic waves in the THz fre-
quency range. In doing so, this metamaterial would
be low reflective not only at the resonant frequency,
but also in a wider frequency range.

The conditions for the complete absorption of a
normally incident plane wave by an infinite periodic
array of electric and magnetic dipoles are known
from antenna theory [7]. It is of interest to consider
the absorption coefficient for both normal and
oblique incidence of waves on the absorber. Tradi-
tional absorbers, consisting of at least two layers,
have certain thickness. As a result, the resonant fre-
quency of the array shifts when the incidence angle
deviates from the normal. This is because the effec-
tive thickness of the absorbing layer varies for the
waves falling at different angles. However, this type
of absorber is an extremely thin layer, so a heavy
change in the resonant frequency is expected not to
be observed when the angle of wave incidence
changes. A change in the angle of incidence will
nevertheless influence the interaction of waves in the
structure and, consequently, the absorption effi-
ciency.

It is known that for a single uniaxial omega
resonator, formed of a conductive material, while
approximating electrically small dimensions, the
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following relation is true for individual polarizabili-
ties [1]:

2
co_,co __ cr o _ cr
oo ==—0l o ——((x ) . 0.1)

mm em " me em

Here, the subscripts ee, mm, em, me denote the
dielectric, magnetic, electromagnetic and magneto-
electric polarizabilities of the particle; the super-
scripts co and cr refer to the covariant and con-
travariant components of tensor polarizabilities. This
relation is a condition for the polarizability balance
or a kind of restriction on the electromagnetic prop-
erties of a wire omega particle. On the other hand, it
is also a condition for obtaining zero reflection from
the electromagnetic material, i.e. when electric and
magnetic dipoles are simultaneously induced in the
resonator at the same resonant frequency. Therefore,
it is necessary to find the polarizability of a single
Q-particle and make sure that its properties satisfy
the balance conditions (0.1).

1 Simulation

Using the analytical approach described in [2],
it is possible to determine the desired polarizability
components of an electrically small conductor of
arbitrary shape. This approach is based on the de-
termination of scattered fields upon excitation by a
plane linearly polarized incident wave at various
directions of its propagation and polarization azi-
muths. The use of this approach and computer simu-
lation, based on the finite element method, made it
possible to determine the scattered fields and, con-
sequently, the desired components of the polarizabil-
ity tensors of the omega resonator.

Figure 1.1 shows the Q-resonator with struc-
tural parameters and its polarizabilities for the mi-
crowave frequency range. A balance of polarizabili-
ties has been achieved by changing the structural
parameters of the omega element. As can be seen,
this Q-resonator is balanced and exhibits resonance
properties near the frequency of 3 GHz, as the in-
duced electric and magnetic dipole moments are
equally significant and make the same contribution
to the radiation of an electromagnetic wave. It
should be noted that the dielectric, magnetic, elec-
tromagnetic and magnetoelectric polarizabilities are
also approximately equal to each other with a high

degree of accuracy. The polarizabilities o, and

o, are normalized to the 1, and 1 coefficients,
Mo

which allows us to obtain the same dimensions for

all polarizabilities. Hence, this Q-resonator with

balanced polarizabilities fully satisfies the condition

for the absence of microwave reflection.

Figure 1.2 shows a unit cell of a metasurface
based on balanced Q-resonators, which were devel-
oped using computer simulation. The arrangement of
the resonators is chosen in such a way as to compen-
sate for the omega-coupling (electromagnetic and
magnetoelectric couplings), as required by the
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condition for complete absorption [3]. The unit cell
of the proposed absorber consists of 16 omega-
resonators. It includes four Q-resonator blocks, as
shown in Figure 1.2. The blocks containing four
resonators, the ends of which are oriented in one
direction, are staggered in the unit cell. This design
uses nichrome Q-resonators, which provides the
required level of dissipative losses. The inter-
element distance and the array period are indicated
as 2s and P (P = 4s), respectively.
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Figure 1.1 — A schematic illustration of the
Q-resonator with the structural parameters:
¢=3mm,d = 23.25 mm, t= 0.2 mm and frequency
dependence of the main components
of the normalized polarizability tensors of a single
Q-resonator in the microwave range

Figure 1.2 — A schematic illustration of the
metamaterial unit cell based on balanced
Q-resonators with the opposite direction of the ends

To determine the electromagnetic properties of
the proposed structure, the reflectivity (R), transmis-
sion (7) and absorption (4) coefficients of the
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Figure 1.3 — The reflectivity, transmission and absorption coefficients of the metamaterial based on the
Q-resonators with optimized structural parameters; ¢ = 3 mm, d = 23.25 mm, ¢t = 0.2 mm and P = 4s = 40 mm
for the normal incidence of TE (a) and TM (b) waves

absorber were simulated on the basis of balanced
Q-resonators depending on the frequency at a differ-
ent array period (P = 4s), different diameter values of
the conductor, different polarization of the incident
wave (TE and TM) and different angles of incidence.

The analysis of the results allows obtaining the
optimal parameters of the metamaterial with the use
of Q-resonators. Figure 1.3 (a) and (b) show the re-
flectivity, transmission and absorption coefficients
of the metamaterial based on the Q-resonators with
optimized structural parameters for incident TE and
TM waves. The spectra are shown to be almost in-
dependent of the incident wave polarization. The
absorption coefficient reaches a maximum value of
78% at a resonant frequency of 3.08 GHz, while the
reflection coefficient does not exceed 12% in the
frequency range from 2 to 4 GHz. It is also shown
that the wave passes completely through the meta-
material outside the resonant frequency band. There-
fore, the proposed metamaterial on the basis of bal-
anced Q-resonators exhibits weak reflective proper-
ties in the entire frequency range under study and, at
the same time, demonstrates effective resonant ab-
sorption.

The analysis of the metamaterial absorbing
properties with an oblique incidence of the micro-
wave waves has also been carried out, which is es-
pecially important for many applications of the ab-
sorbers. The reflectivity coefficient of the absorber
for TE and TM polarizations does not exceed 10%
with an oblique incidence up to 20°. The reflection
coefficient increases with a further increase in the
angle of incidence.

The analysis of the properties of various mate-
rials has been done to obtain an absorbing low re-
flective metamaterial in the microwave range. These
materials are suitable for use as a medium for the
placement and mechanical support of a two-
dimensional periodic array of the conductive ele-
ments. The literature suggests using polystyrene and
fluoroplastic as materials that are radiotransparent in
the microwave range. Therefore the simulation with
these polymeric materials has been carried out.
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When an electromagnetic wave enters a me-
dium with a relative dielectric permittivity €, a cer-
tain decrease in the resonant frequency is observed.
The maximum absorption in the microwave range is
observed at this frequency. This is due to a decrease
in the wavelength of the incident electromagnetic
radiation during the transition from air to medium

7\'0 7\’0

n A /gp ’
is the vacuum wavelength, &, p are relative dielectric
permittivity and magnetic permeability of the me-
dium. Accordingly, to obtain the resonance proper-
ties of our metamaterial at a frequency of 3 GHz

(A, =10 cm) it is necessary to adjust the parameters

with a refractive index n: A = where A,

of a rectangular omega-element taking into account
the dielectric permittivity and magnetic permeability
of the medium. On maintaining the height and width
ratio of a balanced rectangular omega-resonator and
using the main resonance condition with considera-
tion for the wavelength reduction in the polymer
filler of the metamaterial, we obtain

Mo

L'= ,
2\/epn

where L' is the length of the nichrome wire to make
a balanced omega-resonator considering the dielec-
tric filler.

The parameters value of the balanced rectangu-
lar omega-resonators for various polymer materials
are given in Table 1.1.

Table 1.1 — The parameters value of the bal-
anced rectangular omega-resonators

No Polymer L', | Width | Height
B material ® | mm |(c), mm|(b), mm

1 [Fluoroplastic 2,1 34,5 2,11 16,17

2 [Polyethylene 2,25 33,3 2,04 15,65

3 |Polyamide 43 24,1 [1,48 11,34

Figures 1.4—-1.6 show the frequency depend-
ence of the absorption coefficients for the metamate-
rial immersed in a polymer material at different in-
ter-element distance and an array period for normal
wave incidence.
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3.00
Freq [GHz]
Figure 1.4 — Frequency dependence of the absorption coefficient for the metamaterial immersed
in a fluoroplastic at different inter-element distance and an array period for normal wave incidence

3,60
Freq [GHZ]
Figure 1.5 — Frequency dependence of the absorption coefficient for the metamaterial immersed
in polyethylene at different inter-element distance and an array period for normal wave incidence

3.00
Freq [GHZ]
Figure 1.6 — Frequency dependence of the absorption coefficient for the metamaterial immersed
in polyamide at different inter-element distance and an array period for normal wave incidence
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2.5 mm

Figure 2.1 — The drawing (a) and the template photo (b) for producing rectangular omega-elements
with calculated parameters (1— cross-section of the template, 2— cross-section of the wire)

Based on the analyses of the graphs it is evi-
dent that the maximum absorption (75%) at the
resonance frequency occurs in the metamaterial im-
mersed in the fluoroplastic at s =6 and 7 mm, but
the reflectivity coefficient takes on quite high values
in the range of 12-15%. At s =8 and 9 mm the ab-
sorption coefficient decreases to 68%, but the reflec-
tion also decreases to 3—5%.

Consequently, the optimal structure for fluoro-
plastic is a structure with an inter-element distance
2s = 16 mm and an array period of P =4s =32 mm.

Based on the analyses of the graphs it is obvi-
ous that the maximum absorption (70-74%) at the
resonant frequency occurs in the metamaterial im-
mersed in polyethylene at s =8 and 9 mm; the re-
flection coefficient does not exceed 3.5%. Conse-
quently, the optimal structure for polyethylene is a
structure with an inter-element distance 2s = 16 mm
and an array period of P = 4s =32 mm.

Based on the analyses of the graphs it is clear
that the absorption is maximum (72%) at the reso-
nance frequency at s =4 and 5 mm, but the reflec-
tion coefficient takes on fairly high values, 18% and
8% respectively. At s =6 mm the absorption coeffi-
cient decreases to 63%, but the reflection also de-
creases to 2%. Therefore, the optimal structure for
the metamaterial immersed in polyamide is a struc-
ture with an inter-element distance of 2s =12 mm
and an array period of P = 45 =24 mm.

2 Experiment

The technology for producing such elements
has been developed to obtain a more accurate corre-
spondence of rectangular omega-elements to the
calculated parameters. The idea of this technology is
that a 0.5 mm diameter nichrome wire bends along
the contour of a pre-produced template (Figure 2.1).
And in doing so the axial length of the wire corre-
sponds to the half-wave resonance condition, and all
axial dimensions (length, width) of the element
(Figure 2.1, a) correspond to theoretically found
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balanced parameters. This manufacturing process
ensures the mutual identity of the rectangular
omega-elements and the accuracy to the given sizes.

1024 rectangular omega elements with calcu-
lated parameters for 64 cells of the metamaterial
have been manufactured to produce a test sample.

PENOPLEX, extruded polystyrene foam (syn-
thetic heat-insulating material), was taken as the
basis for producing a two-dimensional lattice sam-
ple, as it has all the necessary requirements, i.e. ra-
dio transparency, lightness, strength and accessibil-
ity. A foam sheet with a size of 0.5 by 0.5 m and
with a thickness of 20 mm was drawn in accordance
with the arrangement of rectangular omega-
elements.

Figure 2.2 shows the photo of the metamaterial
test sample on the basis of balanced omega-
resonators.

S § ?&

Figure 2.2 — The photo of the metamaterial test sample

%

The experimental studies were carried out in a
modern anechoic chamber, which has the shape of a
rectangular parallelepiped with a size of 4.5m x
7.4 m x 3.1 m. This is the most common shape of
anechoic chambers, since it is best to fit into the con-
figuration of the building. Figure 2.3 shows the lay-
out of the experiment and anechoic chamber.
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1, 2 — transmitting and receiving antennas P6-23A;
3 — atest sample; 4 — a protective screen coated with
an absorber with a window for fixing the experimen-

tal sample; 5 — vector circuit analyzer AKIP-6602;

6 — computers for receiving and processing a signal

from a vector analyzer; 7 — an anechoic chamber;

8 — electromagnetic wave absorber “TORA”
Figure 2.3 — The layout of the experiment
and anechoic chamber

Figure 2.4 — The test sample fixed in the window of
the protective screen and surrounded by the absorber
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Figure 2.5 — The graphs of the amplitude frequency dependence of the reflectivity,
transmission and absorption coefficients
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Figure 2.6 — The graphs of the power frequency dependence of the reflectivity,
transmission and absorption coefficients
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The measurements were carried out at a normal
incidence of an electromagnetic wave on the meta-
material sample in the frequency range from 2 to 4
GHz. The test sample was fixed in the window of
the protective screen (Figure 2.4) and surrounded by
the absorber.

The parameters S11, S21, S12, S22 were
measured with a sample, without a sample (back-
ground measurement) and with a metal sheet (for
normalizing the reflected signal) in the frequency
range from 2 to 4 GHz.

Figures 2.5-2.6 present the measurement data
in the form of graphs of the frequency dependence
of the reflectivity, transmission and absorption coef-
ficients.

The graphs in figures 2.5-2.6 show that the
produced test sample exhibits high absorption prop-
erties near the resonant frequency of 3 GHz. In this
case, the sample demonstrates a reflection coeffi-
cient close to zero not only near the resonant fre-
quency, but also in a wide frequency range. This
property makes it possible to call the resulting
metamaterial “transparent” outside the absorption
band. The reason for this property of the samples is
the balance of the dielectric dipole moment and the
magnetic moment of each rectangular element and
the optimality of its parameters.

Summary

It can be concluded that such a unique property
as zero reflection in a wide frequency range in com-
bination with frequency-selective absorption pro-
vides exciting opportunities in various applications,
thus making it possible to create perfect electrically
thin electromagnetic radiation filters with an arbi-
trary frequency. The use of absorbers, transparent
off resonance, allows the development of various
complex multi-frequency filters, combining them
into parallel stack metamaterials that resonate at
different frequencies. The neighboring metamateri-
als will not interfere with each other's work, and the
total thickness of such a multilayer structure will
still be of one wavelength order or even less. An-
other interesting opportunity to implement the pro-
posed absorbers is to develop new types of “invisi-
ble” bolometers and sensors. When using a multi-
layer absorber, it becomes possible to create a single
bolometer, which simultaneously measures the
power of the incident radiation of various spectral
lines. Moreover, the narrow-band response of the
proposed absorbers makes them perfect candidates
for implementing in bolometric arrays in astronomy
at millimeter wavelengths. Due to the transparency
properties, these absorbers can be successfully used
for visibility reduction technologies, especially for
non-metallic objects. Unlike conventional metal
absorbers, they do not increase the scattering cross-
section of the radar of a hidden object outside the
absorption band.
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I1. 3AKOHBI COXPAHEHUSA U TPABUTAIIMOHHASA U3BMEHYNBOCTD
WHEPTHOMN MACCBI
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A MASSIVE GRAVITATIONAL FIELD IN FLAT SPACETIME.
II. CONSERVATION LAWS AND GRAVITATIONAL VARIABILITY
OF THE INERTIAL MASS

ML.A. Serdyukova, A.N. Serdyukov

F. Scorina Gomel State University

INocTpoeH kKaHOHWYECKUH TEH30p YHEPIUH-HMITyIbca U C(OPMyIHPOBAHbI 3aKOHBI COXPAHEHHUS YHEPTHU U HMITyIbca JTUHEHHO-
IO MAaCCHBHOTO OECIIMHOBOIO IIOJISL, aAalTHPOBAHHOTO B KauecTBe KaIHOPOBOYHO-WHBAPHAHTHOW MOJENH TPaBHTAIIHU B paM-
Kax CIIeHalIbHOW Teopuu oTHOcHuTeNnbHOCTH. [Toka3aHo, uTo obIee TpeOOBaHNE MONOXHUTENBHOI ONPENeIeHHOCTH TNIOTHOCTH
SHEPruH JI000H PU3NUECKON PeabHOCTH B CIIyyae IPaBUTALHOHHOTO HOJIS IPEIONpEJIENsieT ero CKaIapHyIo PUPOIY U Jane-
KO UJIYIIYIO TPaBUTAI[HOHHYIO H3MEHUYNBOCTh HHEPTHON MacChl YaCTHI{ MAaTEPHHU.

Knrueswie cnoea: maccusnas CKasApHas epasumayus, dHepeus 2pasumayuuOHHo20 NoJid, cpasumayuoOHHasl USMEHYUBOCNb
maccel.

For a linear massive spinless field adapted as a gauge-invariant model of gravity in the framework of the special theory of rela-
tivity, a canonical energy-momentum tensor is constructed and the laws of conservation of energy and momentum are formu-
lated. It is shown that the general requirement of a positive definiteness of the energy density of any physical reality in the case
of an attractive field determines its scalar nature and far-reaching gravitational variability of the inertial mass of matter parti-

cles.

Keywords: spinless massive gravity, gravitational energy, variable mass.

Introduction

By all the criteria of the modern Standard
Model of particle physics, the depressing fact of the
absence of ten special relativistic integrals of motion
in the general theory of relativity is the worst thing
that should have happened with a physical theory in
order to abandon it without hesitation as a model of
one of the four existing fundamental interactions.
Each time, referring to general relativity and fitting
Riemannian geometry to physical reality, we must
not forget that on the other side of the scale there is
the outstanding achievement of a higher physical
and philosophical resonance, obtained almost simul-
taneously with the advent of the general theory of
relativity. This is 100-year-old Emmy Noether’s
brilliant theorem on the nature of conservation laws.
This theorem is the exciting result, which explains
the origin of conservation of energy, momentum,
angular momentum, and center-of-mass velocity for
the matter and physical fields from the undistorted
symmetry of the Minkowski space-time. The princi-
ples of conservation that nature obeys, which, thanks
to Emmy Noether, have become a theorem, are an
outstanding achievement of physical science, and
they cannot be sacrificed even for the fascinating
Einstein’s idea of a strong equiavalence, which

© Serdyukova M.A., Serdyukov A.N., 2019

creates the Riemannian curvature of spacetime and
makes it one of the physical fields capable of spec-
tacularly interpreting the four well-known tests.

On the other hand, although the approximation
of a weak gravitational field within general relativity
allows us to distinguish it as a tensor field against
the background of the flat Minkowski metric and to
formulate the law of conservation of energy, never-
theless this well-known trick does not resolve all the
energy problems associated with gravitation. Postu-
lating gravity in such an approach as a classical ten-
sor field of the second rank, we immediately en-
counter the insoluble problem of the lack of positive
definiteness of the energy density of this field.

Our consideration of the law of energy conser-
vation has shown that among the force fields of
various tensor dimensions, which could have attrac-
tive properties, only one, simplest of them, the field
of zero rank, can satisfy the necessary general physi-
cal requirement for the field energy density to be
positively defined. This means that in the classical
field-theoretical approach to the problem of con-
structing a dynamic theory of gravity, in which all
ten special-relativistic integrals of motion are pre-
sent, definitely only a scalar field can be considered
as a candidate to represent the gravitational field.
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1 The law of energy-momentum conser-
vation of massive spin-zero gravitational field

Continuing, begun in [1] , the adaptation of the
canonical scalar massive field as a possible model of
gravity for its further use in solving existing prob-
lems of dark mass and dark energy in cosmology, in
this article we formulate the law of energy-mo-
mentum conservation, which is a stumbling block
for the general theory of relativity.

For a system of interacting scalar field and
massive particles, we form the action invariant with
respect to the Lorentz group. Obeying the principle
of simplicity we use the expression quadratic in the
field as the Lagrangian density for a system of inter-
acting classical particles and a massive scalar field,

C2m2
ﬂ“vau¢av¢+h—2g¢2 , (LD

4
[

2nG

N

%eld ==

and the spatial density of the Lagrangian of gravita-
tionally interacting classical particles (dustlike mat-
ter) coupled to this field, is given by the expression

2
Z ==Y m I —z—‘;¢28(3) (r-r,). (12)

In the case of the real classical scalar field ¢

described by the Lagrangian density (1.1), the ca-
nonical energy-momentum tensor

= zst -2 5 4 (1.3)
v v a v
N

leads immediately to the expression

1 o
0,$0,¢ =7 (0,40 ¢+’ ), . (14)

As we see, this tensor is symmetric, as it should be
for the spin-zero field. Using the definition

g, =—2¢"—0,¢ (1.5)

4
C

w T
Gy

of the strength vector in terms of the field variable
#(x) and its derivatives with respect to four-

dimensional coordinates, we can represent the en-
ergy-momentum tensor (1.4) in the form [2]

2

T,= /
4nG,
The densities of energy, energy flux, momen-
tum, and momentum flux of the field appear in this

formalism in the usual way as the following compo-
nents of the energy-momentum tensor:

W=T,=T", S =T, =cI",
G =-"T,=c'T",

i0
and o, =T, =T" respectively.

1 o
8.8~ (8.8 +4c*x’ ), | (1.6)

Thus, from (1.6), using the notation
g" =(0.g). we obtain all four dynamical character-

istics of the field listed above:

2
W :¢—(g2 +0% +4c' ), (1.7)
8nGy
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c¢2
S= , 1.8
4G, Og (1.8)

¢2
G= , 1.9
4nG,c g (1.9)

2
o, = v (g.g; +Q26i/.)—W6i/.. (1.10)
N

Now we return to the equation of motion of a
test particle in the field, expressed in the four-
dimensional form (equation (1.5) in the previous

paper [1]):
n
lap—— (1.11)
dt
We recall that in this formula u* =c¢™'dx* /dz is the

four-velocity of a particle, dz =c 'ds =+/1-(v/c) dt
is its proper time. The four-vector p* =cmg’u",
represented in components as
1
" z(—g,pj, (1.12)
¢
consists of the canonical expressions p=0L,/0v

and & =vOL,/ov—L, for momentum and energy

of a separate particle, if we keep in mind its La-
grange function

2
L, =[Zzav =-cmp’ 1—2—2. (1.13)

As can be seen from the equation (1.11) represented
in unpacked three-dimensional form, these are the
same field-dependent expressions that were first
introduced by Nordstrom in [3] :

gzﬂ, 1.14
JI=(v/e) ( )
po IV (1.15)

Ji—w/ef

Presented in these formulas the energy content
factor ¢’ is the same that has already appeared in

formula

i =mg’ (1.16)
in [1] for the inertial and gravitational masses of a
particle. It is important to note as a significant
achievement of a theory that this factor presents also
in (1.7)—(1.10) for the densities and fluxes of the
corresponding physical quantities of the field itself.
Thereby the numerical values of all these physical
quantities are multiplied by the same conversion
factor k°> under the gauge transformation
¢ — ¢’ =x¢, just as in the case where the adopted

unit of mass is replaced by another one.

We emphasize the fact that in other numerous
scalar relativistic models of the gravitational field,
motivated by different reasons, this is not the case.
Particularly, in Nordstrom’s theory presented in [4],
the mass of a particle, its energy and momentum
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depend on the gravitational field, as in (1.14)—(1.16),
by the factor ¢ (denoted by Nordstrdm as e’ ),
whereas the densities of energy and energy flux of
the field itself are proportional to ¢* (for details of
analysis, see in [5]).

From the exact expression (1.14), it is useful to
get an approximate formula for estimating the small

changes in the energy content of nonrelativistic par-
ticles moving in a weak gravitational field. Setting in

(1.14) ¢* ="
ient gauge condition ® =0 for the gravitational
potential at infinity, we arrive at the known expres-
sion (see formula (87.10) in [6])

2
my
& ~mc’ +

< and taking the traditional conven-

+m® (1.17)

for the energy of particle (1.14) in the non-
relativistic and weak-field approximation, linear in
small quantities v* /c* and ®/¢’.

It is straightforward to verify that in empty
space in the absence of gravitating masses, the ex-
pression (1.6) obtained as the energy-momentum
tensor of the field satisfies the continuity equation

o'T, =0. (1.18)

This equation expresses in a differential form the
conservation of energy and momentum of a free
gravitational field, which in the case under consid-
eration is a closed physical system.

In the presence of massive particles, the total
four-divergence of the energy-momentum tensor of
the field is no longer equal to zero due to the energy
and momentum exchange between the field and mat-
ter. Using (1.5) and the field equations (3.4) and (3.5)
of our previous paper [1], it can be shown immedi-
ately from (1.6) that, instead of (1.18), in this case

2
0T, ==X m g |1--58 (-1, )g,. (119)

Of course, for the closed system consisting of
the gravitational field and the massive particles
gravitationally interacting with each other, the full
energy and momentum are strictly conserved. In
fact, integrating equation (1.19) over a certain vol-
ume ¥ bounded by a closed smooth surface X
with the aid of equation (1.11) for the four-vector
(1.12) and using the Gauss theorem, we obtain the
balanced equation for the energy and momentum in
the integral form

d 1 0 Wi e
E(%pu e dez—(j}T a1, (120

where df = (df;) is an infinitesimal normal vector of

the the closed surface X directed outward of the
chosen volume V. The summation in (1.20) extends
over all the particles contained in this volume. This
equation expresses the law of conservation of total
energy and momentum of the field and matter in the
integral form.
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Setting in (1.20) the index p equal to zero and

using the formulas (1.14), (1.7), and (1.8), we find
the equation expressed the conservation law of total
energy of the particles and field:

3 ‘m¢’
pbR e

(g2 -i—Q2 +4c4%2)dV =

(1.21)

This equation asserts that the rate of change of the
total energy of particles given by formula (1.14) and
of the field with the positive density defined by (1.7)
in a certain volume ¥ is exactly equal to the amount
of energy passing per unit time with the field energy
flux of density (1.8) into the surrounding space or
back through the closed surface 2 bounding this
volume.

Along with (1.21), choosing the spatial compo-
nents of (1.20) and omitting the indexes, we obtain
the separate three-dimensional vector equation

m¢V $0g | e
dt| & \/1 HI 4nGchV = g;ﬁc df, (1.22)

which expresses the momentum conservation of
particles and field. The three-dimensional tensor of
second rank & on the right-hand side of this equa-
tion represents the momentum flux density of the
field; its components are defined by (1.10).

Analysis of the integral relation (1.22) reveals
that, if we use the perturbed Lagrangian (1.13), the
generalized momentum OL/0v, canonically conju-
gate to r coincides with (1.15) and participates in the
conservation law as a momentum of a particle in a
gravitational field. Whereas it is well known that in
classical mechanics of a charged particle in an elec-
tromagnetic field, the unperturbed Lagrangian of a
free particle should be used for this purpose. For this
reason, after obtaining formulas (1.14) and (1.15) for
the energy and momentum of a particle using in their
canonical definition (1.3) the Lagrange function
(1.13), some doubts can still arise against the actual
physical meaning of these quantities.

The proved theorems of conservation of energy
and momentum in the form of equations (1.21) and
(1.22), containing expressions (1.14) and (1.15),
demonstrate the groundlessness of such doubts. Pre-
cisely the covariant form (1.20) of these equations

enables us to associate 7"’ with p" and gives the

final arguments to identify with confidence the cor-
responding components of tensor (1.6) as densities
of energy, energy flux, momentum, and momentum
flux of the field listed in (1.7)—(1.10).

Let us turn for the moment to the post-
Newtonian equation of a static gravitational field
(equation (3.6) in [1]). As we have already noted in
[1], this equation in the case of massless field, that is
in the form
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V.g= ngz —41G, 0, (1.23)
2c
was proposed by Brillouin [7] and Hooft [8]. In this
connection we note that the appearance in it of the
nonlinear term quadratic in field g was motivated by
these authors by the necessity to include the field
energy into the source of the field itself. This was
done in [7], [8] “by hand”, using the negative
pseudo-energy density
2

L — (1.24)
&G,

principally different of positive expression (1.7). In
different dynamical theories of gravitation, including
general relativity, this expression is indeed widely
known and currently accepted as the energy density
of static gravitational field in Newtonian approxima-
tion. Indeed, formula (1.24) is derived by many au-
thors. It can be found, for example, in books [7], [8],
which were already quoted, and also in [6], [9], [10],
[11].

In this connection we note that, although the
post-Newtonian equation (1.23) (similarly to the
covariant four-dimensional equation (3.4) in [1])
represents the field g as a self-acting one, as it
should, our starting equation (3.2) in [1] for the main
scalar field variable ¢ has the canonical form; that

is, it is essentially linear and homogeneous, as re-
quired by gauge symmetry.

Returning now to the equation (1.13) in [1], we
see that if a particle moves in static external field
#(r), which is characterized by the vector strength

g # 0, while its scalar strength Q =0, then the en-

ergy (1.14) of this particle is conserved.
In turn, as can be seen from (1.12) in [1], if the
field variable ¢ depends only on time, so that

g =0, the particle momentum (1.15) is conserved

despite the presence of field Q in this case. Although
field strength Q causes, according to (1.21) in [1], a
change in the velocity of a moving particle, its mo-
mentum in the presence of this field is conserved.
From formula (1.15) of the present paper, it follows
that this is possible simultaneously with a suitable
balanced change in the variable inertial mass
m=mg¢" of a particle.

We make now one remark relating to the ex-
pressions for the densities of the field energy and
momentum and of their fluxes in formulas (1.7)—
(1.10) and in (1.21), (1.22). From these formulas, it
may seem at first sight that if ¢ vanishes at some
instant of time or within a finite region of space,
then the total energy and momentum of particles and
fields together with fluxes of the field energy and
momentum vanish simultaneously. However, this is
not the case, as can be seen by comparing the formu-
las (1.4) and (1.6). We recall that the factor ¢’

arises in energy-momentum tensor (1.6) and
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naturally in expressions (1.7) and (1.8) as a result of
the replacement in (1.4) of the ordinary gradient
0,4 by logarithmic derivatives of ¢ that are hidden

in the observables g, .

As for the expressions (1.14) and (1.15) of the
energy and momentum of a moving particle, these
quantities do not vanish also when ¢ — 0. This can
be easily proved by writing down the Hamiltonian of
the particle

OL
H =v,—L—L, =cyp*+m’e*, (1.25)

ov

i

which corresponds to the Lagrangian (1.13) and re-
produces the equation of motion (1.12) in [1] as the
canonical Hamilton equation

dp _ _oH

dt or
From (1.25) it follows that if ¢ — 0, then the rela-
tion between the energy and momentum of the parti-
cle takes the form & = cp, that is, as in the case of a

massless particle moving with the light velocity.

2 Gravitational variability of the inertial mass

Our consideration of the law of energy conser-
vation in the previous section shows that the logic of
the scalar field approach to the problem of gravity
within the framework of the special theory of rela-
tivity that we follow here allows us to specify the
initial concepts of inertial mass and mass, under-
stood as a gravitational charge, which were intro-
duced in the construction of the Lagrangian (1.2).
The results already obtained in previous sections
make it possible to establish a clear connection be-
tween these two fundamental physical concepts and,
therefore, to better understand the physical essence
hidden in them.

In order to clearly trace the connection between
the parameter m identified by (1.13) as the gravita-
tional charge of a particle and its inertial properties,
resulting from the adopted Lagrangian (1.1) [ac-
counting (1.2)], we first turn to the general definition
of the inertial mass as such in the case of a moving
particle. Very reasonable arguments in favor of the
special-relativistic definition of this physical quan-
tity as the magnitude (in sense of pseudo-Euclidean
Minkowski metric) of momentum-energy four-vec-
tor are given by Taylor and Wheeler in [12] (Section
12). But even carlier, such a Poincaré-invariant defi-
nition of inertial mass as a measure of the rest en-
ergy of a relativistic particle, given by the expression

%\/—ppp“ =CL2\/g2 - p?,
was used by Herman Weil [13] (pp. 407—408), and
then was especially convincingly and persistently
advocated by Lev Okun’ [14], [15] .

Two previously obtained formulas (1.14) and
(1.15) for the energy and momentum enable us to
calculate this quantity. The expression found in this
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way is already known to us: it coincides with (1.16),

so that
.1
m==\-p.pr"

c
as it should. Using, as before, the definition

¢ =e®< of potential ®, we write it again in the
original form

i = me™’* 2.1
obtained for the first time by Hunnar Nordstrom in
his “first” theory of gravitation (see [3], formula
(1.5)) and also in the “second” one ([4], formula (53)).

The orthodox (non-metric) field-theoretical ap-
proach to gravity, presented here, shows that the
gravitational variability of the inertial mass with
necessity is predetermined by the very scalar nature
of the field coupled to it, independently of the spe-
cific type and form of field equations. This fact is
caused already by the special form of the gravita-
tional analogue of the Poynting vector. It is easy to
see that energy flow vector, as the only possible
three-dimensional vector quadratic form in the com-
ponents of the strength four-vector

g' =(0.9)= [laaif,—ij, (2.2)

c
must be proportional, as in (1.8), to the product Og.

We write it again in the form
®/c?

S= G Os. 2.3)

This means that the flow of gravitational energy
arises only in the presence of two fields of strengths,
g and O, simultaneously. But in all cases, the field
energy is transferred exclusively along or against the
strength field g.

Consequently, in space where a gravitating
substance is present, an external gravitational field
with a time-varying potential ®,, and, therefore,
with non-zero strength @, initiates the redistribu-
tion of field energy in space. The transfer of the en-
ergy around each individual body occurs along or
opposite the direction of its proper convergent field

g,.,» thatis, into or out the body, depending on the

sign of the scalar strength Q,, of the external field.
It is worth recalling that the described gravitational
mechanism of changing the inertial mass of a gravi-
tating body was known still to Nordstrom over a
hundred years ago and was presented in his pioneer
work [3].

If the gravitational potential @, increases,

that is, if the time component Q,, =c™'o®,, /ot of

the four-vector strength g" of the field in (2.2) is
positive, then the induced energy flux, according to
(1.8), will be convergent, just as the strength g,

of the field produced by the body. Thus, in this case,
because of the energy inflow of the gravitational
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field from the surrounding space, there is an increase
in the energy & =mc’ stored in the body in the
form of its inertial mass 7. On the contrary, an ex-
ternal field with negative strength O, (that is, with

a decreasing potential ®@__) will provoke the proc-

ext
ess of evacuation of energy accumulated in the body
into the surrounding space and its transformation in
the form of the energy of gravitational field. The
actual inertial mass 7 of the body, determined by
formula (2.1), will decrease in this case. Of course,
the same applies to the inertial mass of the atoms
that make up the body, and in general to all massive
elementary particles.

A similar mechanism of mass change due to
energy transfer works in the absence of the field O, ,
if the massive gravitating particle moves in an exter-
nal static field g,, produced by another massive
body at rest. In this case, the nonzero field O, which
provokes, according to (2.3), the transfer of the field
energy, appears in the rest frame of the moving par-
ticle. This fact can be easily verified by going to this
reference frame.

As an example, let us consider the case when a
test body (particle) moves uniformly with a certain
velocity v in the external static gravitational field
g, produced by some other massive body, for ex-
ample, by the earth. Suppose that in the rest frame of
the earth (the daily rotation is neglected), this body
at the point x" of its own world line has a velocity
v directed upward, opposite the field strength g ..
Now we choose in the reference frame associated
with the earth the three-dimensional coordinate sys-
tem in which the x’ -axis is directed along the veloc-
ity of the particle. So, in the frame chosen in this
way, v=(0,0,v) and the strength four-vector in the

indicated world point x" is

gzn = (Oa gext) = (Os 07 Os ~8ex )
Then, as a result of the Lorentz transformations, the
set of transformed components of this four-vector

g,zvct = (Q’ext’ g,ext)
in the rest frame of the particle at the same world
point is
ru — (V/C)gaxt 0 O _gext .
1= le T \I=@ley

As expected, the nonvanishing scalar strength of the
gravitational field

0, = (4

-y
appeared among them as the time component.
The formula (2.4) thus obtained determines the

positive scalar strength Q! of the external field,

which together with the vector self-field g, of

the particle forms a convergent flow of gravitational
energy (1.8):
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2
&

_ 1 vgext ed)/m ' g
4nG, \/1—(\//0)2 e
that increases the particle rest energy and, conse-

quently, its inertial mass as it moves opposite the
external field g ,. On the contrary, the motion of a

S

particle along g, leads to the appearance of a scalar

field strength Q! in its rest frame, similar to (2.4),

but negative. Accordingly, this field will provoke an
outflow of energy accumulated in the particle and a
corresponding decrease in its inertial mass.

There exists the essential difference between
the geometric patterns of energy transfer arising in
two similar cases: around a massive particle in a
scalar gravitational field, where the density of en-
ergy flux S is proportional to Qg, and around a

charged particle in a vector electromagnetic field,
where S is proportional to ExH. The additional
electromagnetic energy flows associated with the
proper electric field of a charged particle, which
arise when it appears in an external electromagnetic
field, are strictly orthogonal to the radial direction of
the Coulomb field of this particle. For this reason,
there never arise radial convergent or divergent flows
of electromagnetic energy that could change the rest
energy of a charged particle. As a result, unlike the
scalar model of gravitation, in the Maxwell — Lorentz
electrodynamics, the proper energies of particles and
hence their inertial masses remain inviolable.

The above elementary reasoning shows that the
variability of the inertial mass (mass defect) of iso-
lated material particles is absent in electrodynamics
and inherent in scalar theories of the gravitational
field. It is easy to understand that this difference in
the features of mass with respect of these two types
of fields is due to the difference in their tensor di-
mensions (tensor ranks). In other words, this differ-
ence is due the vector nature of the electromagnetic
field and the scalar nature (adopted in our study) of
the gravitational field. [Note, by the way, that the
scalar-tensor theory of gravitation proposed in [16],
which parametrizes the hypothetical evolution of the
gravitational constant by means of an auxiliary sca-
lar field minimally coupled to matter, also leads for
the same reason to the correctional variability of the
inertial mass on a cosmological time scale. ]

Thus, we have found answers to the fundamen-
tal questions arising in the scalar model of gravity,
how and why the actual inertial mass of particles
(1.16) or, equivalently, (2.1) changes as they are at
rest in a gravitational field that varies with time, or if
they move in an external gravitational field. We
stated also that there is a big difference between the
gravitational variability of the rest energy of any
massive particles (macroscopic bodies, atoms, nuclei,
and even elementary particles), on the one hand, and
the usual small defect of mass associated with other
fundamental interactions: electromagnetic, weak,
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and strong, which manifests itself, for example, in
the decay of unstable particles, as well as in nuclear
and chemical transformations, on the other hand. We
see that in the first case the inertial mass of elemen-
tary particles can be changed up to zero when the
logarithmic potential of external gravitational field
varying in time or space goes through zero.

In connection with the unexpectedly discov-
ered progress in understanding the variability of the
inertial mass, we recall that Vladimir Fock in [17]
(Section 34) formulated the problem: why does the
rest energy of elementary particles in all processes
except annihilation “behaves passively”, so that even
its small part never turns into other types of energy,
in particular, in “active” kinetic form? Since the spe-
cial theory of relativity neither in itself nor with the
help of general relativity can explain the special sta-
bility of the prevailing part of the rest energy of mat-
ter, Fock actually leaves the problem unanswered,
stating that the cause of the inviolability of the en-
ergy stored in the mass of elementary particles is of
a quantum nature.

Leaving aside the Fock's hypothesis about the
quantum nature of the inertial mass, in all other re-
spects he is undoubtedly right. The rest energy of
particles participating in electromagnetic interaction
is inviolable, and the inclusion of Einstein's theory
of gravitation does not make the understanding of
the problem raised by Fock more profound.
Whereas, having overcome Einstein’s “taboo” and
turned to the scalar special relativistic theory of
gravitation, we can meaningfully discuss the dynam-
ics of the formation of the inertial mass of elemen-
tary particles, hidden in the phenomenology of
& =mc®, with the participation of gravitational
interaction.

3 Special-relativistic effect of the gravita-
tional shift of atomic spectra

According to the general expression (1.14), the
energy of atom in n-th stationary state located at rest
in gravitational field with potential @ is

@ = g0 ecln/cz
Here &° is the rest energy of this or another

identical atom in the same quantum state removed
far from gravitating matter, where we choose the
gauge condition @ =0. Therefore, the frequency of
the photon emitted by the atom changes with a
change of potential as
0 0
oo”m(d)):—éf —%, e
h

From this formula it follows that the wave-

length

2mc _ %chho _a/e 3.1)
0)’”71 ((D) g; _g;
increases with decreasing potential. Introducing the
usual “redshift”™ parameter equal to the fractional

7\’}1"1 ((D) =
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increase in the radiated wavelength when the poten-
tial decreases by an amount A® :

by, (P-AD) R, (D)

nm nm

A (P)

nm

>

we get from (3.1) the rigorously valid relation re-
gardless of the value of A®D:

z=e" 1. (3.2)
In cases of a weak field or small potential
variations, when |A® |/c* <1, we can easily dedu-

ce from (3.2) the well-known approximate formula
AD
-

A detailed analysis of the classical phenome-
non of a decrease of the characteristic frequencies of
atoms and nuclei placed in a static gravitational field
on the basis of a formula that coincides with our
approximate formula (3.3) is given in a methodo-
logical article [18] by Okun’, Selivanov, and Teleg-
di. As in our article, the decrease in the frequency of
a photon or gamma-quantum emitted by atom or
nucleus in a static gravitational field is considered in
[18] as a result of a “blue shift” of these sources, that
is, due to increase in their rest energy with height; at
the same time, it is assumed that the frequency of the
propagating electromagnetic radiation is unaffected
by the presence of a gravitational field.

The special-relativistic “blue shift” of mass-
energy (2.1) in the gravitational field has been
known thanks to Nordstrom [3] for more than a hun-
dred years. But unfortunately, in the literature there
is sometimes an erroneous statement that the gravita-
tional redshift cannot be explained within the special
theory of relativity. A characteristic examples of this
are the books [19] and [20] by Norbert Straumann.
In the first of them a brave verdict “The Gravita-
tional Red Shift is not Consistent with Special Rela-
tivity” author has made as the title of the relevant
section. But we just saw a completely opposite con-
clusion, therefore, the author’s pseudo-arguments
given to prove the quoted statement, as well as the
pseudo-proof itself, we leave without comment.

Z =

(3.3)

We are grateful to N.V. Maksimenko and
Yu.P. Vyblyi for the fruitful discussions, careful
reading of the manuscript, and helpful comments.
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MACCHUBHOE I'PABUTAIIMOHHOE I10JIE
B IINIOCKOM ITPOCTPAHCTBE-BPEMEHM.
III. TPABUTALIMOHHAS 3BABUCUMOCTDb PAIMOAKTUBHOI'O PACITAJTIA

M.A. CepaokoBa

T'omensckuti 2ocyoapemeentuiii yrusepcumem um. @. Ckopumsi

A MASSIVE GRAVITATIONAL FIELD IN FLAT SPACETIME.
ITII. GRAVITATIONAL DEPENDENCE OF RADIOACTIVE DECAY

ML.A. Serdyukova

F. Scorina Gomel State University

INoka3aHo, YTO U3MEHEHHE HHEPTHOH MacChl HECTAOMIBHBIX YacTHUIl (M aTOMHBIX SIep) B CKaIPHOM TPAaBUTALMOHHOM IIOJE,
BO3HHKAIOIIEe B pe3yIbTaTe Iepejadu OO0 YacTU SHEPrHU IIOKOS YacTHUIl, MM, HA000POT, IpU yBEIHICHUH UX YHEPTUH IO-
KOSl 3@ CUET aKKPEL[MHU IOJIEBON SHEPIUH, CONPOBOXKIAETCA N3MEHEHUEM TEMIIOB paJlMO0aKTUBHOro pacnaja. IIpuiioxenue cka-
JSIPHOU TEOPHM TPAaBHTALMU K OJHOPOAHOH BCEIEHHOH Hpe[CKa3biBaeT BEKOBOE YCKOPEHHE TEMIIOB Paciafa HeCTaOHIbHBIX
siIep M 9acTHIl B COBPEMEHHYIO 3I0Xy. B kocMonormyeckoM macmrabe BpeMEHH 3TOT IPOLEcC HOATBEp)KAaeTcs Habmoxae-
MbIM (1 +z)-pacTsDKkeHHEM KpUBBIX OJieCKa IIOCIECBEUCHHS CBEPXHOBBIX THIIA la, KOTOpoe BBI3BAaHO MXECTKHM TraMMa-
M3JIydeHHEM OT PACTIAAIOIINXCA HecTaOMIbHBIX HyKIua0B “*Ni and *°Co, co3naHHBIX MpH B3pbiBE aKKPELMPYIOMUX GelbIX
KapJIUKOB.

Knroueswie cnosa: maccusnas CKaJIsIpHas epasumayusi, nepemernas Macca,pa()uoaKmusubtﬁpacnad.

It is shown that a change in the inertial mass of unstable particles (and atomic nuclei) in a scalar gravitational field that occurs
as a result of the transfer of part of the rest energy of particles to the field, or, conversely, when their rest energy increases due
to accretion of field energy, is accompanied by a change in the rate of radioactive decay. The application of the scalar theory of
gravity to the homogeneous universe predicts the secular acceleration of the rate of decay of unstable nuclei and particles in the
current era. On a cosmological time scale, this process is confirmed by the observed (1 + z)-stretching of the light curves of su-
pernovae type Ia afterglow caused by the hard gamma-radiation from the decaying unstable **Ni and **Co nuclides created by

the explosion of accreting white dwarfs.

Keywords: spinless massive gravity, variable mass, radioactive decay.

Introduction

Along with the gravitational shift of the atomic
and nuclear spectra of electromagnetic radiation,
discussed in a previous article [1], the variability of
the rest energy of massive particles in a gravitational
field predicted by the scalar special-relativistic the-
ory of gravity leads to another quantum-mechanical
effect. This phenomenon manifests itself in the form
of a small change in the rate of radioactive decay of
unstable nuclei and elementary particles under the
influence of local gravitational fields created by the
condensed matter of stars, the sun, and the earth.

On the other hand, the application of the pro-
posed scalar gauge-invariant theory of gravity to all
the mass in the entire universe predicts the existence
of a slowly varying in time collective cosmic gravi-
tational field. The theory predicts also that this back-
ground field, which also changes the mass of parti-
cles, should affect intranuclear processes, and this
effect of gravity should manifest itself, in particular,
in the form of secular acceleration or deceleration in
large time scales of the rate of radioactive decay.
Small deviations in the physics of nuclear processes
that gradually took place in the past era, being mo-
notonously accumulating in time, should have
© Serdyukova M.A.,2019
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significantly increased on a cosmological time scale
and should be clearly visible now against the back-
ground of well-studied similar nuclear transforma-
tions in the current time. The cosmological manifes-
tation of this phenomenon was detected twenty years
ago by observing the “dilation of light curves” in the
afterglow of the explosion products of accreting
white dwarfs as this cosmic event recedes from the
observer. It is established by astronomical observa-
tions that this afterglow arises at the expense of en-
ergy of hard radiation from decaying [ -unstable

nuclei *°Ni and *°Co created in the fusion process
from carbon and oxygen during the explosion, which
was identified as a Type Ia supernova.

The use of this type supernovae as cosmic
“standard candles” [2]-[5] has shown that the time
of their accessible to observation bright glow in-
creases with increasing distance and, consequently,
with an increase in the time interval separating our
time from these cosmic events of the long past. Spe-
cifically, it was measured that the time intervals of
the afterglow after SN Ia explosion increase with
distance or, in other words, the light curves of a
distant supernova with a high cosmological redshift
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z are stretched by the factor (1+z) compared to
similar curves in neighboring supernovae of this

type.

A theoretical description of this phenomenon in
the framework of a conformally flat model of the
universe with a background gravitational field with
cyclic dynamics was proposed in my earlier publica-
tion [6]. Later, when we turn to cosmological prob-
lems without going beyond the framework of the
accepted gauge-invariant model of gravity, we will
also return to a more detailed discussion of the prob-
lem of cosmological acceleration at present epoch of
the rates of radioactive decay of both rapidly decay-
ing and long-lived isotopes under the influence of a
background gravitational field.

1 The effect of gravitation on the rate of ra-
dioactive decay
If the quantum-mechanical system such as
atom, atomic nucleus, or other real massive struc-
tural object is placed in the external gravitational
field, simultaneously with the gravitational change
of its rest energy [1], [7], [8]
g=czme®/‘2, (L.1)
the change in the natural width A& of its energy
levels should also occur when the gravitational po-
tential @ changes. This change must be, of course,

in the same proportion as in (1.1), that is, with the
same Nordstrom’s energy content factor

¢2 _ e@/CZ'
Therefore from the law (1.1) of mass—energy trans-
formation in a gravitational field and the quantum
mechanical uncertainty relation between the width
A& of energy levels and the lifetime At of excited
states,

At-AE ~h,
it follows that the lifetime of a system in bounded
state depends on the potential in such a way that

At-e®< = const. (1.2)

Noting the obvious fact that the lifetime At
with respect to the radioactive decay of a particular
type of radionuclide (or other unstable particles,
such as, for example, neutrons) is proportional to

their half-life T (%), we conclude from the connec-
tion (1.2), that the half-life of unstable particles in a
gravitational field varies with the field potential ©
according to the relation

TV (@)= T2 e @ (1.3)
Obviously, the value of the half-life of the consid-
ered unstable particle locater in the space region,
where for the gravitational potential we choose the
gauge condition @ =0, should be taken in (1.3) as
the constant TO(%).

So, taking into account the above arguments,
the usual law of radioactive decay
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N(t) = Nye ™,
where
_ In2
AN
in the presence of a static (or stationary) gravita-

tional field, whose potential is constant in time,
should be rewritten in the form:

®/c2
Nm(t)zNOexp[—%tJ. (1.4)
7“0 2

We will be interested next in the ratio of the
numbers N ,(¢) and N,(¢) of unstable particles that

survived at time ¢ in every of two initially identical
their amounts, which were located in different re-
gions of field, 4 and B, with different constant

values ®, and @, of potential. From (1.4) it is
easy to see that
N, [ n2

Dy/c? CDA/CZJ
= €X] e —e t|.
Ny (1) P ]})(%) }

For a weak field in the linear approximation with

respect to the small parameter ®/c¢?, from this we
obtain

NA(t)zex _ In2 -Q)ABt '
Ny(2) 7})(%) ?

where © ,, =® , —D,. If the decay time ¢ is com-

parable to the half-life TO(%), which, of course, is

implied, the last formula is further simplified:
N,@) - In2 ®,
Ny(1) ]z)(%) ¢

(1.5)

2 Gravitational variability of the decay rate
of 2*U on the Earth

Now, on the basis of this formula we estimate
the order of magnitude of the ratio of non-decayed

fractions for long-lived ***U isotopes that were lo-

cated in the center of the Earth and on its surface for
the entire time after completion of its formation as a
planet. For this purpose, we use the well-known so-
lution of the Poisson equation for the potential of the
Newtonian theory of gravitation (see, for example, [9])

2
GNM(r_2_3j for r <R,
o(r) = 2R \R

GyM

r

which determines the field of a massive homogene-
ous spherical body of mass M and radius R both
inside it and in the entire surrounding space under
the gauge condition ® =0 at infinity. Assuming
next M =My, R=Rg, and bearing in mind that
the acceleration of gravity on the surface of the
planet

@.1)

for r > R,
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GN M &)

= F

we find from formula (2.1) the expressions for the
potential in center of the Earth (» =0):

3
q)A = q)center = _EgR®’

>

and on its surface (r = R):
(DB = (Dsurface = _gR® .
From this it follows

1

AP,y == gRs.

Now from (1.5) we find the final formula for
calculating the relative content of undecayed unsta-
ble isotopes of a certain kind in similar geological
rocks in the center and on the surface of the Earth
(or another planet) after a long period of time ¢
elapsed after their formation:

Ncemer(t) =1+ lIl 2R®gt

Nsurface (t) ZCZZ)(%) .

In carrying out a numerical calculation on the
example of uranium-238 isotopes, which half-life is

equal T =4.468-10"years [10], we note addi-

tionally that the approximate age of the Earth is es-
timated at 4.5 billion years, and remember also that

R, =6371x10°m, g¢=9.8ms™, and ¢=10°"ms™".
As aresult, we have

Ncenter (t)
N, surface (t )
As calculations show, due to the extreme
smallness of the dimensionless relative magnitude of
the gravitational field on the Earth’s surface,

2 — R@ Esurface

2 2
Cc c

the ratio of the concentration of long-lived isotopes
on its surface and in the center during the Earth’s
existence can very small differs from unity.

But if radioactive decay had to be used as a
clockwork, then the deviation from unity calculated
in (1.5) is two orders of magnitude greater than that
which allowed Richard Feynman in [15] to state that
“the center of the earth should be a day or two
younger than the surface”.

~1+24x107"°,

~7-107",
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PACYET D®®EKTUBHOCTHU BUCTABUJIBHOI'O
TOHKOILUIEHOYHOI'O OTPAXKATEJISA
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ESTIMATION OF THE BISTABLE THIN-FILM REFLECTOR EFFICIENCY

E.V. Timoschenko', Yu.V. Yurevich?

'Mogilev State A. Kuleshov University
*Mogilev State University of Food Technologies

ITpoBeneHa pacyéTHasl OLlEHKA THCTEPE3HCHBIX CBOMCTB OTPajKeHHsl TOHKOIO CJIOsl HA OCHOBE IUIOTHOM PE30HAHCHOM Cpesbl Ha
LIKaJIe MOIHOCTH U JIMHEHHOW YacTOTHOM OTCTPOWKHM BHEIIHEro curHana. OmpezeneHa poib Nogo0HOT0 KOMIAKTHOTO Pe3o-
HAHCHOTO OTpaXkKaTells B Ka4eCTBE MOJIYJISTOpa JOOPOTHOCTH PE30HATOPA B JIA3EPHOI CXeMe.

Knrouesvie cnosa: Ppe3oHancHoe ompasicenue, niomuas pe3OHancHas cpeaa, MOHKUe onmu4ecKue n/7éHKu, OUNONb-OUNONbHOE
83(114‘110()6126}7181,{6, Kea3upe30HanCHAs NOJAPU3AYUSL.

The analytical evaluation of the hysteresis reflection properties of a thin layer on the basis of a dense resonant medium on the
power scale and the linear frequency detuning of the external signal is carried out. The role of such a resonant reflector as a

Q-factor (compact modulator) of the resonator in the laser circuit is determined.

Keywords: resonant reflection, thin optical films, dense resonant medium, dipole-dipolar interaction, quasi-resonance

polarization.

Brenenne

W3 ocHOBHBIX ()YHKIMOHAJBHBIX 3JIEMEHTOB
YCTPOUCTB YIIPABICHHUS CBETOM, IIHPOKO BOCTpeOO-
BaHHBIX B ()OTOHHMKE, HAHOONTHKE, ONTO- U MUKPO-
JJIEKTPOHUKE, OCOOBI MHTEpeC NpUBJICYEH K IUIa-
HapHBIM CTPYKTypaM W3 TOHKHMX IUIEHOK, H3T0-
TOBJICHHBIM Ha OCHOBE aKTHUBHBIX CPEJ C HEJIMHEH-
HOCTBIO B OOJIACTH OITHYECKOTO pe3oHaHca. BHex-
peHHE pEe30HAHCHBIX CIIOEB MPU BBICOKOH IDIOT-
HOCTH 0Opa3yloNmMX WX aKTUBHBIX [IEHTPOB B
CTPYKTYPY CXE€MBI ONTHYECKOTO YCTPOHUCTBA MOXKET
0e3 HapyleHUs] ero KOMIIAKTHOCTH OOYyCJIOBUTH
W3MEHEHNE PEaKIHWH BCEH CHUCTEMBI Ha H3Iy4YCHHE
[1]. CroiicTBamMM IUIOTHBIX PE30HAHCHBIX Cpej 00-
JIaal0T UCCIIEAyeMble HBIHE MOIYNPOBOJHUKOBBIE
HAHOCTPYKTYpHI [2]. B 3Tux 00beKkTax HeMMHEHHBIN
OTKJIMK Ha KOT€PEeHTHOE M3JIy4yeHHe 0C000 BBIPAXKEH
B CHEKTPaJbHOW 00JIACTH, COOTBETCTBYIOIIEH SKCH-
ToHHBEIM TiepexonaMm [3], [4]. B orpaxenunm cmeta
TOHKHM CJIOEM aKTHBHOW CpelIbl B YCIOBHAX OIITH-
YECKOT0 pPE30HAaHCa MOXKET OBITh CYIIECTBCHHBIM
JIOTIOJIHUTEJIbHBIA K ()peHeneBy OTpakeHuio (mpe-
JIOMJICHUIO) HEJIMHEHHBI KOMIIOHEHT. JTy Tepe-
MEHHYIO COCTaBIISIONIYI0 OTKJIMKA, BBIPAKAEMYIO
PE30HAHCHOW MOBEPXHOCTHOM MoJiApU3aluei, ume-
HYIOT CBEPXU3ITy4aTeNnbHOH [5] MMEHHO BBUIY TOTO,
YTO B YCJIOBUSX OJHOPOJHOTO MOJIsi B 0cO00 TOHKOM
CJI0O€ BBICBEUMBAHHME 3JIEMEHTApHBIX H3JIydaTeen
(aToMOB, MOHOB, 3KCHTOHOB), €CTECTBECHHEIM 00pa-
30M, IpoucxoauT cazupoBanHo. Pa3upoBKa AKTUB-
HBIX IIGHTPOB, OOpasylIuX Cpedy, B XOIe UX

© Tumowenxo E.B., IOpesuy FO.B., 2019

BBICBEUMBAHHUS M COCTaBISIET CyTh KOT€PEHTHOTO
ornTuyeckoro 3¢ pexra cBepxusiayueHus. B mioTHon
PE30HAHCHON cpelle JUHAMUYECKas pOJb CBEPXU3-
JIy4aTeIbHOTO KOMIIOHEHTa B HEJIMHEMHOM OTKJIMKE
BO3pAcTacT M3-3a B3aUMHOTO BIUSHHS OJMKHUX IO-
JIel JUMoJel, BBI3BIBAIOILIETO CIBUT PE3OHAHCHOM
JuHuU [6]. CylIeCTBEHHBIM OKa3bIBAETCS TaKXKe
CMEIEHHE PE30HAHCHON YacTOTHl W3-3a BIIHMSHUS
MOTJIOMICHUSI B KBa3WPE30HAHCHBIX mepexonax (B
PacUETHBIX OIEHKaX €ro YYHUTHIBAIOT Pa3IdddeM
MOJISIPU3YEMOCTH aKTUBHBIX LIEHTPOB B OCHOBHOM H
BO30YXIEHHOM COCTOSHUSX [7]).

B nacrosmei pabote n3ydeHa 3aBUCUMOCTH OT
MaTepHaJIbHBIX MAPAMETPOB OUCTAOMIIBHBIX CBOWCTB
OTpaXXEHHsI TUIAHAPHOM TUIEHKU TUIOTHON pe30HaHC-
HOH cpesibl ¢ yU€TOM BO3HUKAIOMIMX 110 MEpPE HaChl-
LIEHUS] TOTJIOLIEHUS! B3aUMOCBSI3aHHBIX HEIWHEH-
HBIX (pa30BBIX 3P PEKTOB.

1 PacuéTrHble COOTHOIIEHUS

B ocHoBy Mozenun pacuéra pe3oHaHCHOTO OT-
pakeHHs IJIEHOK HEpEeAKO MOJaraloT MPUOIIDKEHHE
CBepxTOoHKOro ciosi [8]. Otoro moxxoma OyaeMm B
JaTbHEHIIeM TPHICPKUBATHCA: JJIUHA  BOJIHBI
BHEIIIHETO U JIEHCTBYIOIIETrO B CJI0€ CBETOBOTO MOJIS
3HAYUTECJIbHO MCHBIIIC TOJIIHUHBI HHéHKI/l, HeﬁCTBy}O-
€€ Ha aKTUBHBIC LICHTPHI I1OJIC IIPU 3TOM YCJIIOBUU
OJITHOPOJHO.

BucrabunpHOCTE TpeacTaBisieT co0ol 0coOBIH
3¢ deKT, KpaiiHee BEIpaykeHne HETMHEHHOCTH OTKIIU-
Ka ONTUYECKOW CHUCTEMBI, KOTOPBIM MpOSBISETCS B
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BO3MOXXHOCTH JIByX €€ CTaOMIIbHBIX COCTOSIHWI Ipu
OJHOM U TOM K€ 3HAQUYCHUU CBCTOBOI'O IIOJIsI BHCUI-
HEro CWrHaja. B BO3HMKHOBEHHMH OMCTAOMIIBHOCTH,
KpPOME HEJIMHEHHOCTH, HY)KHa IOJIOXKUTEIbHAsT 00-
patHas CBsI3b, MOITOMY KpPOME aKTHBHOW Cpeipl B
cxemMe HeoOXOIMMO BHeEIIHee 3epKayio. bructaduib-
HOCTh B OINTHYECKOM CJIO€ C PE30HAHCHBIM OT-
KIIMKOM Ha3bIBAIOT BHYTPEHHEH [6], MOCKOIBKY €&
HaOmroeHne BO3MOXKHO 0Oe3 3epkana. OOparHas
CBSI3b BO3HHMKAET 3a CUET NEHCTBHSA B3aMMOCBS3aH-
HBIX HEITMHEWHBIX 3 ()EKTOB, CIEICTBHUS KOTOPHIX B
OTIPEICTICHU CTAOWIIBHBIX COCTOSIHUM OTpa)kKeHMs
WX [OpOoITyCKaHusd CJIod MOIr'yT YCWJIMBATL WU
KOMITEHCUpOBaTh Apyr apyra. C OGMcTaOMIIBHOCTBIO
CBsI3aH ONTHUYECKHH THcTepe3uc, 00IacTb KOTOPOro
Ha IOKale YpPOBHS BO30YXIEHUs 00O3HaueHa
PE3KMMHU IEPEKITIOUCHHUSIME COCTOSTHHH.

Henuneiinas peaknus cpesibl Ha INIOCKOBOJIHO-
BOE OJJHOPOJIHOE CBETOBOE MOJIE, BBIPaXkaeMasl BEpO-
ATHOCTHBIMHM TI€PEMEHHBIMH PE30HAHCHOM ITOJISPU-
30BaHHOCTH p(f) M pa3HOCTH HacelEHHocTed n(f),
OTIMCHIBAETCSI KBAHTOBOMEXaHNYECKUMHU YPABHEHNH-
SMH JIBYXYpOBHEBOH MaTpHIlsl IIoTHOCTH. O6pazo-
BaHHAsl COOTHOIICHMSAMH Ul TONS U MaTepHallb-
HBIMH YPaBHEHUSIMU COTJIACOBAHHAsI JMHAMHUECKas
MOJZIeIb B3aUMOJCHUCTBYSI IIPU IIOCTOSSHHOM YPOBHE
BO30y K/IeHHs BHEIIHUM TiosieM Eft) = E, xapakre-
pHu3yeTcsi paBHOBECHBIMH cocTosHusAMH. Konnuect-
BEHHO 3TH COCTOSIHUSI OIPENIEIISIOTCS HEJIMHEHHBIMA
COOTHOUICHHSIMH, CBSI3BIBAIOLIMMH CTaI[IOHAPHEIE
3HA4YEHHs IIEPEMEHHBIX C YPOBHEM BO30YKAEHHS U
MaTepualbHBIMU ITapaMETPaMHU.

B pabote [9] aBTOpaMu MOIy4eH KOHKPETHBIN
BUJ 3TUX COOTHOUIEHUM ISl IJIOTHOM PE30HAHCHOU
Cpenpl, B IpeJeax MUPHHBI CIIEKTPaIbHON JIMHUH U
C y4€TOM CMELIEHHUs] 4acTOThl PE30HAHCA PacCUH-
TaHbl AUCIIEPCUOHHBIE 3aBUCUMOCTH XapaKTEPUCTHK
PaBHOBECHBIX COCTOSHUM. Pacuérbl oOHapykuBalOT
BO3MOXKHOCTh OMCTAaOMIIBHOCTH PaBHOBECHBIX CO-
CTOSSHMH Ha IIKajgaX 3aBUCHUMOCTH OT YpPOBHA BO3-
Oy>XIEHUSI M YaCTOTHOH OTCTPOMKHM OT pe30HaHca.
COOTBETCTBEHHO, B 007aCTH OMCTAOMIIBHOCTH MOXK-
HO OXMWJIATh THCTEPE3NUCHOE IEPEKIIOUCHNE HEIH-
HEHHOro IMpOIyCKaHUsl WM OTpakeHus cios. B
MPUBEICHHBIX Jajlee YTOYHEHHBIX pacdy€Tax aHao-
TUYHO BBIBOJaM [7] paccMaTpuBaeTcCsl MpeacTaBlie-
HH€ KOMIUIEKCHOM MOBEPXHOCTHOW MOJIAPU30BaH-
HOCTH C Yy4€ToM 0000mEHHON IBYXYPOBHEBOH
CXEMBI:

P(t)= Ni[inp(t) -2 Aag, (1-n(¢))(t) ] (1.1)
3neck E(f) — KBa3UCTallMOHApHAS aMILTUTY/ja HaIpsi-
KEHHOCTH JICHCTBYIOIIEr0 Ha AaKTHBHBIC IEHTPHI
CBE€TOBOI'O IIOJIA, 4 — CPCAHsAA BCIWMYUHA JUIIOJIb-
HOTO MOMEHTa aKTHUBHBIX LEHTPOB, A@ — pa3HOCTb
UX MOJISIPU3YEMOCTEHl B OCHOBHOM U BO30YXIEHHOM
COCTOSIHMSX, NI — TUIOTHOCTH LEHTPOB (/ — ToNMIMHA
CJIOSI, KOTOpAsi CYMTAETCS] 3HAUYUTENBHO MEHbLIEH MO
OTHOIIECHHIO K JJIMHE BoJHbI). O000IeHne cxeMbl B
dbopme (1.1) ma€t BO3MOKHOCTH MPH OMpPEIEICHUN
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YCIIOBUI OMCTaOMIBHOCTH PABHOBECHBIX COCTOSIHHIA
XapaKTepu30BaTh B3auMojeicTBHe A(P(PEeKToB Ha-
CBIILIEHHS TOTJIOIEHUSI U HEJIMHEWHOI'o C/BUTA pe-
30HAaHCHOM 4acCTOTHI AUMOIEH ¢ U3-3a BIMSHUSA UX
OMDKHMX TIOJIEH B MPHCYTCTBHU Jpeiida yacToTs
JEHCTBYIOIIETO MOJS ® B CTOPOHY COCEIHUX C OC-
HOBHBIM PE30HAHCOB MOTJIONICHUS.

Amnanoruyno paboram [9], [10] popmymupyroT-
Csl CJICIYIOIINE COOTHOLICHHS JUIi HOPMHUPOBAHHBIX

BEJIMYMH YPOBHA BO30OyxkueHus e, =WE /17T, / /]

(TO ecTh, COOTBETCTBYIOIIMX MHTEHCUBHOCTH HACHI-
IIEHUs] PE30HAHCHOTO MOIJIONIEHHs) W YaCTOTHOM
OTCTPOHKN A® = (0 —®y)7,, ONpEeAeTAIOMUX CTa-
UOHAPHYIO PA3HOCTh HACENEHHOCTH Mg M aMILIU-
TyIHBIH HENWHEHHBIH KOA(POUIMEHT OTPaKCHHS
cnos r(ns):

1-ng 2 2 eé
1+p°(A-n) | = ———,
n, [ ’ ] (1+xng) +A?
A = Aw+ykng —B(1-ny),
2xng (1.2)

= X

I”(ns) Ty + (T]+l)|:1+ﬁz(l_”s)2:|
1+ (1+ng)A* +xng
1+ A +xng) + (kngA)*

rae k=p* oI, NI/ Fic g, — mapamMerp pe3oHaHCHOI
HENMHEHHOCTH TIOTJIOIIEHHSI PUIIOBEPXHOCTHOTO
CJIOSI, KOTOPBIM TaK)X€ XapaKTEepU3yHT €ro pe3o-
HaHCHBIA (B OTCYTCTBHE HACBIIIEHMs) I1OKa3aTelb
nornomenus; B =21 A g/ / p> Ty — mapamerp pe-
30HAHCHOM HENMHEHHOCTH pedpakiuuu, 00yCIoB-
JICHHOW BIJIMSIHMEM KBa3WPE30HAHCHOW TMOJIsIpH3a-
uuu, T u T, — BpeMeHa IPOJ0JIbHOM U NONEPEYHOU
(dazoBoit) penakcaiyu, Y — HOPMUPOBOUHBIH KO3 (-
¢unueHT B JOKadbHOHN mompaBke JlopeHma k Jeii-
CTBYIOILIEMY IIOJIIO, IPOIIOPIMOHAIBHBIA OTHOILE-
HUIO JUIMHBI BOJIHBI BHEIIHETO IIOJISI U TOJIIHMHBI /,
ro — ¢ppeHeneB Kod(PQUIMEHT OTpakeHus, oImpejie-
JISIEMBII 1] — HEPE30HAHCHBIM TI0Ka3aTeleM IpesioM-
JICHUS CII0S1.

2 Pacuér rucrepe3dMCHBIX XapaKTePHCTHK
P€30HAHCHOTO OTPAKEHUSs
BbruricieHust 3aBUCHMOCTH 7 OT BEJIUYUHBI

HOPMHMPOBAHHOM MOILHOCTH eé (He wMeroIIeH

pa3mepHOCTH) Ha ocHOBe pemeHuit (1.2) ymoGHO
MIPOBOJIUTH MAPAMETPUIECKUM PACIETOM — 3HAYCHUS
BEPOATHOCTHOM TEPEMEHHOMN ng JiexaT B Mpejesiax
(0, 1). Ha pucynke 2.1 mpuBeICHBI THITUYHBIC OH-
CTa0WJIbHBIE KPHUBBIE 3aBHCUMOCTH: Ha (parMeHTe
a) NTeMOHCTPUPYETCS] BOSHUKHOBEHHE TUCTEPE3UCHO-
ro m3ruba Mo Mepe M3MCHEHHUS IapaMmerpa K, Ha
(parMeHTe 6) yKa3aHO HAINpaBICHHE TUCTEPE3HUC-
HBIX CKa4KOB («KMHKOB») M 0003HAuYCHBI XapakTep-
HBIE pa3Mepbl THUCTEPE3UCHOW meTiu. [mcrepesuc
mpu OucTaOMIBHOW (HEOTHO3HAYHOH) 3aBUCHUMOCTH
OTpPaKEHHSI OT YPOBHS MOIIHOCTH JOJDKCH IIPOSIB-

JIATBCA TPU HUKINYCCKOM U3MEHCHUN eﬁ.
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N3meHeHne HOPMHUPOBAaHHOW HMHTEHCHBHOCTH
BO30Y)KIEHHs! NIPH PacuéTe XapakTepucTHKU 7 (e;)

npeamnojaarajiochb a,III/Ia6aTI/I‘IeCKI/IM, TO €CTh eé nus-

MEHSUIOCHh HACTOJIBKO MEIJIEHHO, UYTO B KaXKIbIH MO-
MEHT BpEMEHH aHcamOJib IUIOJIeH, 00pa3yroImnx
TOHKHH CJIOH, JOCTHUral PaBHOBECHOTO (CTallMOHAp-
HOTO) COCTOSIHUS.

Pacu€Trhl mOKa3bIBAIOT, YTO TOYKH IMOBOPOTA

THCTEPE3UCHBIX 3aBUCHMOCTER 7(e)) U ng(e;) Ha
IIKaJIe YPOBHS BO30yskAeHus coBmnajaror. ITostomy
TOJIOXEHUE TOYEK MOBOPOTa €., U €, (PUCYHOK
2.1, 6) ompenensercss 3IEMEHTApPHBIM aHAJIN30M Ha
SKCTpeMyMbl BDYHKIMH € (1), BBIPAkKAEMOH SBHO

nepBbIM U3 cooTHoureHui (1.2). Moxer ObITh 00pa-
30BaHO COOTBETCTBYIOIEE ypaBHEHHE OTHOCHTEIIb-
HO 7ig, WM HETPYyOHO TMOKa3aTh, YTO BEJIWYHHEI

SKCTPEMYMOB €, U €, , & TAKKe KPUTHUECKOe

,‘2
0.44

a)

0.40
q
3
0.36 T
L L 1 1
0 5 10 15 e2

3HaueHue 7, =r(e;,,) U MaKCUMAaJbHOE 3HAYEHHE Pe-
30HAHCHOTO OTpaskeHusi r=r(e; ), ONPENENIIOTCS
€ro HEOTPULIATENBHBIMI KOPHAMM:
2
A+B  |(4-B)
g1 = t -
’ 2 4
k—CD
Y 5 2
K +C?

BZ

A=05- 2.1)

1+ D’
B = 2 2 4
K’ +C?-2(xk—CD)
rme C=xy+B,D=Ao+p.
Bripaxenus (2.1) maioT BO3MOXHOCTh pacuér-

HOM OIICHKH C INpHMEHEHHeM CcooTHomeHui (1.2)
TaKUX XapaKTEPUCTUK OUCTAOWIBHOTO OTpaKCHHS

2
Kak moporoBasi MOIMHOCTb €T0 IPOSABJICHUSA (COC,,),

OTHOCHUTCJIbHASA BCINYNHA «KUHKa» OTPaXCHUS IIPU
TUCTEPE3NCHOM TNIEPEKITIOUYCHUN

S R S—

| |
1 I2 1 |2 3IU 5
10 20
0 eﬂm Cocr €0

Pucynok 2.1 — 3aBHCUMOCTbH PE30HAHCHOTO OTPAKEHUS OT MHTEHCUBHOCTH (B OTHOCHTENILHBIX STUHUIAX):
k= 1.3 (kpuBas 1), 1.5 (2), 1.8 (3), 2.2 (4), Ao =— 0.5 (a),
k=25 A0=-1.0(6); =025vy=3.17

Aej a)
20(
157
1.0
i 1 1 1
0 0.2 04 P
4 Aoy 8)

B RNW

-3 -2 -1 0

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

1',_Am

1A®

Pucynok 2.2 — JlucriepCHOHHbIE 3aBUCUMOCTH XapaKTEPUCTHUK TUCTEPE3UCHOTO OTPAXKEHHSI TOHKOTO CIIOS:
k=2.0, Aw =0 (xpusas 1), —0.25 (2), -0.5 (3), 0.8 (4) (a);
k=1.6(1),1.8(2),2.0(3),2.54),p=0.25(6-2);y=3.17

-3 -2 -1 0
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(Ar=(r,/r)* = 1), a Taxxke pasmep O6IACTH THCTe-
2 2 2
pe3nca Ha IIKaje MoIIHOCTH (Ae; = e, —¢€;,,)-

Macmitab sSBICHUII TPUMEPHO COOTBETCTBYET H3-
BECTHBIM U3 JIUTEPaTyphl (HampuMmep, IO pe-
3yJbTatam pador [2]-[4]) mapameTpam ciI0€B MOIy-
MPOBO/IHUKOBBIX ~ KBAHTOBOPA3MEPHBIX  CTPYKTYD
NPU YCIOBUH MX CyOMHMKPOHHOH TOJIIUHBL. DTUMHA
3HAYEHHUSIMH, B OCHOBHOM, OTIPEEISIETCSI B MOJIEIb-
HBIX pacuérax auana3oH M3MeHeHus koddduimen-
ToB (1.2), (2.1). 3HaueHHS HACHIIIAIOIICH MOIITHOCTH
MOTyT HMeTh TOpsiIoK He Menee 10° Br/em® B
nuanasoe JTiH BostH ~ (1.25 ... 1.30)-10m.

3aBHCHMOCTH Ha PUCYHKE 2.2, ) YKa3bIBaIOT
Ha 3HaYUMOCTb d(dekTa, 00yCIOBISHHOIO aBTOMO-
OYJTALUOHHBIM CMELIEHHEM YacTOThl CBETOBOTO
HOJIsL, — OT €ro MPHUCYTCTBUS CYILECTBEHHO 3aBHUCHUT
HIMpHHA THCTEPE3Hca.

KpuBbie Ha pucynke 2.2, 6) XapaKTepuU3ylOT
3aBUCUMOCTh TMOPOTOBOI MOIIHOCTH OT JIMHEWHOM
OTCTPOHKH YaCTOTHI: IPOSIBIIEHHE TUCTEPE3nca UMe-
eT 6oJsiee HU3KHUI MOPOT 10 MOIIHOCTH HA YacTOTax,
ONMM3KMX K MEHTPY PE30HAHCHOW JIMHWU IIOTJIO-
LICHUs, CMEIIEHHOMY B JJIMHHOBOJHOBYIO 00JacTh
CIEKTpa W3-32 UIOJIb-JUIIOIBHOTO B3aMMOJICHCT-
BUs. B 3T0if ke 00macTu, cyns MO XOAy KPUBBIX Ha
pucyHke 2.2, ), OOIBIIUM OKa3bIBACTCS THCTEPE3HC-
HBIM CKayOK OTpa)keHMsl. I'MCTepe3uc CUIIBHO 3aBH-
CHUT OT IIOKa3arelss MOIJIOIIEHHUs, XOTS IOJIOKEHHE
Y4acTOTHI, KOTOPOH ONpeessieTcs] ONTUMYM IUPHHEI
THCTEPE3NCHOI TIeTJIM, OT ITOTO MapaMeTpa 3aBUCHT
ciabo (pUCyHOK 2.2, 2).

3 Pe3oHaHCHBIN OTpaxaTe/b B cxeMe o0paT-
HOW CBSI3M Jia3zepa

I'mcTepesncHoe meEpeKiTioYeHne B CXeMe 00-
PaTHOI CBSI3M TEHEPUPYIOIIETO YCTPOKUCTBA CIIOCO0-
HO 0€3 IPUMEHEHUS B €r0 CXeMe BHEITHUX MOJYJIH-
PYIOIIMX 3JIEMEHTOB MEPEBECTH JIA3€PHYI0 CHCTEMY
B pekuM aBTOKoseOaHuil. [loaToMy BaXHBIM Tpea-
CTaBJISIETCSI AHAIM3 CIEACTBHH OMCTaOMIBHOCTH
OoTpakaTelss B KauecTBE IMACCHBHOIO 3JIEMEHTa B
Ja3epax, CIOCOOHBIX H3JIydaTh B TEPEXOAHBIX pe-
*uMax. Ha HaganpbHOM »Tame cCBeYeHHs! TUHAMHKA
KOT€PEHTHOIO M3JIy4eHHs] TaKuUX JIa3epoB B CHIY
0c0o00T0 COUYeTaHWs pPENaKCAIMOHHBIX IapaMeTpoB
Cpensl M TEXHWYECKHX XapaKTePHCTHK YCTPOICTBa
oTpenen¢HHO 00J1alacT OCHIIIIITOPHOI CTPYKTYPOIA.

[IpuOnuxEHHBIA aHANNU3 HETMHEHHOCTH, MPH-
BOJAIICH K OHMCTAOWMJIBHOCTH, Ui YCIOBHU pe30-
HAaHCHOTO OTP@KCHMS B CXE€Me OOpaTHOW CBSI3H
NPEe/ICTaBISIETCSl YIOOHBIM Ha OCHOBE CHCTEMBI KH-
HETHYECKUX YpaBHEHUU Ja3epa, aHaJIOTMYHON HC-
MOJIb30BaHHOW, Hampumep, B [11]. B 0Oananchoi
MOJIENIM, CUMUTAIOLIEHCS KIACCUYECKOW, paccMaTpu-
BaeTCsl MOJIENb Jla3epa, M3JIydyarollero B HeCTalluo-
HapHOM pEXHME, B YCPEIHEHHH TIOJIS BBIHYKACH-
HOTO M3JIy4yeHHMs M MHBEPCHUU MO JIJIMHE aKTUBHOMU
cpensl [12]. JlazepHas kuHETHKa ompenensercs Oa-
JIAHCOM STHX BEJIMYMH, XapaKTEePU3yeMbIX Pa3HbIMU
BpPEMEHAMH peJllakcali. PaccmarpuBacMas HIXKE
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MoAN(UIMPOBAHHAS AWHAMHYECKas MOJENb Xapak-
TEpU3yeTcs, OJIHAKO, TPEMs CTETEHSIMH CBOOOBI:
JOTIOJTHUTENIBHO YUYHUTHIBAETCS CKOPOCTH IHEProood-
MEHa TI0JISl TeHEePaIlM M aKTHBHBIX LIEHTPOB B IPH-
MEHSEMOM B KadecTBE HEIMHEWHOTo OTpa)kaTeiLd
TOHKOM PE30HAHCHO TOTJIOIIAIONIEM cJIoe (Bpems T
HOPMHPOBAHO II0 BPEMEHH IIPOJOJILHON peslakcallii
OCHOBHOTO Tepexona 7 B JIByXypOBHEBOW cxeme
YCHUJICHHSA):

au_af ]
dt =, v ryr(n)
dy
—=a-y(1+U),
a7 7 G.1)
dn _1-n n 10}

dv v 1+ =n) (1+xn) +A>

A = Ao+ykn—B(1-n),
rae U — MOIIHOCTh M3ITy4€HHs, HOPMUPOBAHHAs 110
WHTEHCUBHOCTH HACBIIIEHUSl YCHUJIEHUS; ) — HH-
BEpcHasl 3aceJEHHOCTh, HOPMHPOBAHHAsI IO IOpPO-
TOBOMY YPOBHIO MHBEPCHHU V; # — MTHOBEHHOE 3Ha-
YeHHE Ppa3HOCTH HACeNEHHOCTEH B OTpakaroleM
clioe; ompenenseMoe HACBILIEHHeM H 00paTHMO-
CTBIO, OOYCIJIOBJIEHHOIH CITOHTaHHBIMH IPOLIECCAMH,
r(n) — 3pdexTrBHBIN KOI(DDHULNEHT OTPaKEHHS, ET0
MTHOBEHHBIE 3HAYCHHUS! OIPEIEISIIOTCS COOTBET-
CTBYIOIIEH 3aBHCHMOCTBIO U3 cXeMbl pacuéra (1.2);
T, — BpeMsl )KU3HH (OTOHA B pe3oHaTOpe (BCE Bpe-
MEHHBIE ¥ YaCTOTHBIE MTapaMeTPhl B COOTHOIICHHUAX
(1.2), ucnone3yemsie B cucreme (3.1), HOpMUpPOBa-
HBI 110 BpeMeHH 7); 0L — YpOBEHb (CKOPOCTH) HaKad-
KH; G — OTHOILIEHUE CEYEeHHH Mepexo/ia B KaHaiax pe-
30HAHCHOTO TOTJIOIICHUSI ¥ BBIHYKIEHHOTO H3ITy-
YEHHSL.

Ousndeckasi CHUTyalys, ONMCHIBAEMas HEJH-
HeWHOW cucteMoil nud(epeHInaTbHbIX ypaBHEHHHA
(3.1), cooTBeTcTBYET JIazepy C pE30HATOPOM, OJIHO
U3 3epKal KOTOpOro MpeACTaBIsIeT COOOW Henmu-
HEIHBII TOHKOIUIEHOYHBIN oTpaxkaTensb. B oTknnke
€ro cpebl Ha M3Jy4eHHE B OTIIMUUe OT padotsl [11]
YUTCHBl KOHEYHOCTb BpPEMEHH peJaKkcalud M
00paTUMOCTh Pa3HOCTH HACENEHHOCTEW, a TaKke
OTJINYHE BEPOSTHOCTH TOTJIONIATEIFHOTO EPEXoaa
OT BEpOSITHOCTH BBIHY)KICHHOTO U3JIy4dCHUS B
KaHajle TeHepauuu. JIOTOJHWTENTbHAS MOIYJISIHS
MOTEPh B PE30HATOPE B COOTBETCTBHUU C TPaJULIUU-
OHHBIM TIO/IXO/I0M (COTJIACHO INpHUEMY, M3BECTHOMY,
Hanpumep, u3 [12]) onpeaencHa sorapuMUIECKUM
KOMITOHEHTOM B TIPaBOM 4YacTH YpaBHEHHUS I
HOPMHUPOBAaHHOM MOIIHOCTH. YPOBEHb HAKayKU B
XOJie TeHepaluy NOJIeP)KUBACTCSI HEU3MEHHBIM.

[IpencraBnser uHTEpeCc pacu€rHasi OllEHKA He-
TPUBHAJIBHBIX PABHOBECHBIX COCTOSHHH MOJICIIH
(3.1) B 3aBucuMoct OT ypoBHs Hakadku. CooOT-
BETCTBYIOUINE BEJIMYMHBI ONPENEISIOTCS W3 CHH-
TYJSIpHBIX TpenenoB cuctemsl (3.1). B pesymberare
oOpa3syeTcs cuCTeMa HEIWHEWHBIX allredpandecKux
YPaBHEHU OTHOCUTENBHO CTAllMOHAPHBIX 3HAYEHUI
Ug , Vs U ng:
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U, ) _
DEH a
031 TN
4
i 3
2
o1f To.
0 10 T1 13 T3¢0 i0 1.1 12 13«

Pucynok 3.1 — 3aBHCHMOCTS HOPMUPOBAHHOM CTAIIMOHAPHON MOIIHOCTH (&, B OTHOCUTENFHBIX SITHAIIAX)
W CTAaIlHOHAPHOW PAa3HOCTH HacelIEHHOCTEH (0) OT YPOBHS HAKAYKH:
k= 1.3 (kpuBas 1), 1.5 (2), 1.8 (3),2.2 (4), Ao =— 1.0 (6);
B=0.25vy=3.17,01,=25n1=3.6,v=1.0

a =1+ ys)Us,
yo=lstin— (3.2)
v rr(ng)
u, =127 [1+[32(1—ns)2][(1+ms)2+A2],
onr,

/i CTaIlIOHAPHBIE 3aBUCHMOCTH OTPaKeHHUs 7(ng) U
(hazoBoii OoTCTpOWKH A(71g) ONPEICIIIOTCS BBIpAXKE-
HUSMH cXeMkl (1.2).

VYpoBeHb HaKayKH @ SIBISETCS MMOCTOSIHHBIM B
XOZIe M3JIY4eHHsI, HO 3TO TOT IapaMeTp peabHOM
CXEMBbl Jla3epa, OT KOTOPOTO 3aBUCST BBIXOJHAS
MOITHOCTh W BPEMEHHAs pa3BEPTKA I'eHEepaluH, B
OOJNBIIMHCTBE YCTPOMCTB €r0 OTHOCUTEIBEHO MPOCTO
MOXXKHO IIepeHacTpanBaTh, M3MEHSAS OT OIHOTO
BKJIIOYEHHS 10 Apyroro. VIMEHHO MO3TOMY BakeH
pacuéT CTAIMOHAPHBIX XapaKTEPUCTHUK CXEMbI OT
storo mapamerpa. Kpome toro, pacuér Us(a) c
NPUMEHEHHEeM cooTHoureHuH (3.2) mpencraBiseT B
HOPMHPOBAaHHOW (popMe TPHOMMKEHHYIO OICHKY
3aBUCUMOCTH CTAL[IOHAPHOH MOIIHOCTH TeHepaliu
Jazepa OT YPOBHA Hakaykh (B YCpeIHEHHH
HEPEMEHHBIX 110 JUINHE PE30HaTOpa).

Brruncnenue 3aBucumocreit Ug(o) u ng(o) Ha
ocHoBe (3.2) TakXKe HECJIOXXHO MPOBECTH Napa-
MeTpudecku. Kak 3aMeTHO W3 BapHaHTOB PHCYHKa
3.1, a), 6), OUCTaOWIBFHOCTH (B JAaHHOM cCIydae Xa-
pakTepHBIA S-00pa3HBIA M3rU0 KPUBBIX) TPOSIBIISS-
€TCSl BBIIIE ONPEAENIEHHBIX NOPOrOBBIX 3HAYECHUM
HEHACBIIICHHOTO  TIOTJIOLNICHHS K.  3aBUCHMOCTH
Us(at) 1 ns(ol), B CYIIHOCTH, MPEACTABISAIOT COOOM
CHJIbHO /1e()OPMUPOBAHHBIN pE30HAHC, OPHEHTUPO-
BaHHBIN 10 BepTHUKanu (kpusble 2—4). Obmact Tuc-
Tepe3uca, KOTOpble MOXKHO Pa3IN4WTh aHAJOTWYHO
TOMY, KakK 3TO ClIeJIaHO Ha pUcyHKe 2.1, 6), Ha 00enx
3aBUCHMOCTSIX COBIaiaroT. [ToporoBselil ypoBeHs a.,
HEOOXOAMMBIN ISl BBIXOJA CHCTEMBI B T'€HEpAILHIO
(obs3aTenbHO O > 1), ¢ yBeNMUCHHEM IIOKa3aTels
MOTJIOIIEHHNST K JOJDKeH HapacrtaTb. M3 pacuéros,
NPUBENICHHBIX Ha pucyHke 3.1,a) cuemyer, dTO
Ja3ep C PEe30HAHCHBIM OTpa)kaTeJeM IPEeACTaBIACT
co0oii bucTabniTbHOE YCTPOHCTBO. B nnHAMHYECKOM
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aclekTe 3TO MPOCTO O3HAYaeT, 4TO INpPH OIpese-
JIEHHOM ypPOBHE HAaKauyK{ BO3MOXKEH CKa4OK CTallHO-
HapHOW MOINHOCTU. Pe3ko majmaer pa3HOCTH Hace-
néHHocTer (pucyHok 3.1, 6, kpussle 2—4), TO eCTh
KpaliHe JUHAMHYHO IPOCBETIISICTCS OTpa)kaTelb —
NPOUCXOJUT TEPEKITIOYCHUE BETBEH XapaKTepuc-
Tuk. [Ipu HapacTaHuW YpOBHS HaKauyku JiazepHas
cHcTeMa HaXOJWUTCSl Ha HIDKHEH BETBH IO TeX IIOp,
Mmoka e€ CTalMoHapHas MOIIHOCTh HE JOCTUTHET
KPUTHYECKOH TOYKH, B KOTOPOH MPOHCXOAUT «Opo-
COK» Ha BEPXHIOI0 BEeTBb. JTH 00€ BeTBH S-00pa3-
HOM XapaKTEpPUCTUKHU SIBISIFOTCS  YCTOMUYMBBIMHU.
[IpomexyTouHast BETBb (C «PEBEPCOM XOMAA» 3aBH-
CHUMOCTH) HE TPOSIBIIIETCS B aAnabaTHYeCKOM pe-
KHMMe — OHAa HEYCTOIYMBA U CIIOCOOHA BHECTH BKJIAJ
B JIMHAMUKY SHEpProoOMeHa Cpeibl M IO B UM-
MyJIbCHOM pexkuMe. Takoil pexum, Kak MpaBuio, 1
peanm3yercsi Ha TEPEXOAHOM JTare Pa3BHTHUS BBI-
HYXJICHHOTO M3JIy4eHHs B pe3oHarope. 3BecTHO,
YTO AWHAMUYECKasl CHCTeMa, obOJanaromasi 1moao0-
HBIM CBOMCTBOM THCTEPE3UCHOTO MEpPEKIIOYECHHS
CBOETO COCTOSIHUSI TIPH OTHOCHUTENBHO IUIAaBHOM H3-
MEHEHHH TIEPEMEHHBIX WM YPOBHS BHEIIHETO
BO30Y’KACHHS, XapaKTepHU3yeTCsl BHYTPEHHEH Heyc-
ToitunBoCThIO [2], [6], [11]. Oka3piBaeTCs BO3MOXK-
HBIM pa3BUTHE aBTOKOJEOATEJBHOrO IpOIecca, TO
€CThb Mepexosia K pEeryJsipHbIM CaMOIOAJIEP)KUBa-
IOIIUMCS  MyJIbCAalsiM  0e3 TPUMEHEHHs OCOOBIX,
YCIOXKHSIOIUX CXEMY M CHHXPOHHM3WPOBAHHBIX C
HAKayKOH! BHEIIHUX YCTPONCTB.

OTMeTHM, 4TO TOYHOE OIpEJETICHNE YCIOBHH
JOCTIKEHHUSI TaKnX PEKUMOB B paMKaxX KadecT-
BEHHOTO aHanm3a rosefeHust cucremsl (3.1) B ok-
PECTHOCTH OCOOBIX TOYEK (Pa30BOTO MPOCTPAHCTBA
Mozend, BbIpakaeMbIX (3.2), a TakKe YHCICHHOE
MOJIETUIPOBAaHNE AWHAMUKH H3IIy4CHHUs, TPEICTaB-
JISIeT OTHACNBbHYIO 33/ady, K Pa3pelIeHHI0 KOTOpOi
aBTOPBI HAMEPEHBI 0OPATUTHCS MO3KE.

3akjouenue

PesynbraTamu paboOTHI MOKa3aHO, YTO PeE30-
HAHCHBIA OTpa)kaTelb Ha OCHOBE TOHKOTO CJIOS
IUIOTHOH PE30HAHCHOW Cpenbl, Oxaromaps CBOMM
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HEITMHEHHBIM CBOWCTBAaM, MOXET IMPEJICTaBIsATh OH-
CTaOWJIBHBINA TMEPEeKNTIoYaTeNlb B ONTHYECKOH AMHA-
MHU4eckoil cucreme. s MaTepualbHBIX MapaMeT-
POB  TNOJYNPOBOAHUKOBBIX  KBAaHTOBOPa3MEPHBIX
CTPYKTYp OIIpezieseHa 00JIacTh €ro TMCTEPE3UCHBIX
CBOWCTB. B ycnoBusx HenmHeitHOH (a30Boil mepe-
CTPOMKHM MOJIS ¥ OTKJIMKA CPEbl OTpAXKATENsl pa3Mep
TUCTEPE3UCHOM METIM B 3HAYUTEIBLHOM Mepe ompe-
JIeNsIeTCsl Ha4aJlbHOM 4acTOTHOW OTCTPOMKOM M3IIy-
YEeHUs] ¥ IIEHTpa JIMHUU TorjiomeHus. Mcmnonb3oBa-
HHE ITOJOOHOT0 OTpa)kaTeNs B Ka4eCTBE KOMIIaKTHO-
ro MOAyJsTOpa MO0OPOTHOCTH Nasepa (MPUOIMIKEH-
Hble pPAacyETHBIE OLIEHKU IPOBEAEHBI Ui MapaMeT-
POB HMHXEKLUMOHHBIX Jla3epoB) Ia€T MEpCHEKTHBY
JIOCTYDKEHUSI NPAaKTUYEeCKH MHTEPECHOTo pekuma
U3ITY4YEHUS B BUAE CEPUM PETYISIPHBIX UMILYJIBCOB C
OTHOCHUTEJIBHO HEBBICOKOW CpeJHEH MOIIHOCTBIO.
XapakTepuCTUKaMH PeXHMa B 3TOM CIIy4ae MOXKHO
YTPaBISATh TOJIBKO YPOBHEM TOKA HaKayKH, MUHHA-
TIOPHOCTh M HAIE&XHOCTh YCTPOWCTBA IIPH 3TOM,
€CTECTBEHHO, HE HapyIIAIOTCA.
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DESIGN OF A MULTI-LAYER STRUCTURE OF A BIFILAR HELICAL ANTENNA

J. Zhao', Y. Song', L. Wang', L.V. Semchenko’, A.L. Samofalov’

'Nanjing University of Science and Technology, Nanjing
’F. Scorina Gomel State University

OcCHOBBIBasICh Ha OIBITE IIPOCKTHPOBAHNUS TPAJUIMOHHON CIIUpPaIbHOH aHTEHHBI H MHOTOCIOWHOM MEeYaTHOH IUIaThl, B JaHHOH
CTaThe MpeJUIaraeTcsi MHOTOCoiHas OuduisipHas criupanbHas aHTEHHA Ha IeYaTHOH IuiaTte, paboTtaromas B auanasone C. AH-
TEHHA COCTOUT U3 HECKOJBKMX CUMMETPUYHBIX METAIUIMYECKUX YT, KOTOPBIC PACIPEICIICHBI 110 Pa3HBIM CIIOSIM M COCIHHSIOT-
Csl CKBO3HBIMH OTBEPCTHSIMH. Pe3ysIbTaThl OKA3bIBAIOT, YTO aHTCHHA MMEET HU3KONMPO(QUIBHOE H3IyYCHHE C KPYrOBOi IOIs-
pH3anuet u JTydllee COracoBaHUE MMIIEIAHCOB, 00eCIeunBasi HOBOE pelleHUe JUIsl IPOEKTHPOBAHUS CTPYKTYPhl MHOTOCIIOM-

HOM aHTEHHBI.

Kniouegvie cnosa: nusxuii npoghuns, bugpunapnas cnupanshas aHmeHHa, MHO20CIO0UNAs NeYanHas naama, Kpy2o8as NOIapUu3ayus..

Based on the design experience of traditional helical antenna and multi-layer PCB structure, a multi-layer PCB bifilar helical
antenna that works in C band is proposed in this paper. The antenna is composed of several symmetrical metal arcs, which are
distributed on different layers and connected by plated via-holes. Meanwhile, the design and the simulation results are given in
the paper. The results show that the antenna has low profile, circularly polarized radiation and better impedance matching, pro-
viding a novel solution for the design of multi-layer structure antenna.

Keywords: low profile, bifilar helical antenna, multi-layer PCB, circular polarization.

Introduction

As a common circularly polarized antenna,
helical antenna can suppress the multipath reflection,
avoid the polarization mismatch, and support a
flexible alignment for the receiving and transmitting
antennas. It also has high gain and wide bandwidth.
So the helical antenna is very needed for airborne
and space tracking applications [1].

However, common axial mode helical antenna
often requires more than 3 turns of helical coils and
pitch angles between 12° and 14°, which leads to the
large axial sizes. So it is not suitable for surface-
mounted and space-constrained application [2]. To
reduce the size of the helical antenna, some scholars
have found that a helical antenna with a small num-
ber of turns and a small pitch angle is also capable of
radiating circularly polarized waves [3]. However,
short helical antenna is still of three-dimensional
structure and requires high precision in machining.

Multilayer structures are commonly used in the
design of metamaterials. Such structures have a low
profile, and are easier to be implemented using the
printed circuit board technology. Some scholars
have combined the printed circuit board technology
with helical antennas to make planar helical anten-
nas by using printed strips that are straight-edge
connected by plated through holes [4]. The antenna
has a simple structure, a low profile and excellent
CP performance with end-fire radiation.

© Zhao J., Song Y., Wang L., Semchenko L.V., Samofalov A.L.,2019

According to the theory of helical antennas, the
gain of a single-arm helical antenna is 2 dB lower
than that of a bifilar helical antenna [5]. In this pa-
per, a new bifilar helix antenna operating at 5.2 GHz
based on multi-layer PCB technology is described.
The radiation pattern and circular polarization per-
formance are optimized. The proposed antenna emits
mainly along the axis of the helix, in contrast to the
previously considered bifilar helical antenna [6], [7].
The radiation from the former antenna is directed
mainly perpendicular to the axis of the helix. The
thickness of the antenna is only 7.2 mm and the de-
sign reduces the height and volume compared with
traditional helix antenna. Also, the structure is sim-
ple and low cost. It can be easily fabricated using the
printed circuit board technology.

1 Antenna structure

The antenna model was built in Computer
Simulation Technology (CST) Microwave Studio
and the simulation was completed.

The configuration of the proposed planar multi-
layer bifilar helical antenna is shown in Figure 1.1.
The dielectric plate of the antenna part is hidden to
make the antenna structure more intuitive to see.

The material used in the system is FR-4, the di-
electric constant is 4.4. The substrate size is
20 mm x 20 mm.

In Figure 1.1, the antenna is composed of sev-
eral symmetrical metal arcs, which are distributed on
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different layers and connected by plated via-holes.
The circular arcs and columnar through holes are
used to generate horizontal and vertical electric
fields, respectively. In order to ensure the connection
of the upper and lower metal arms, pads are added
around the two via holes of the metal arm. The an-
tenna is fed at the bottom using a differential port
feed. Separation of the feeding arm and the helical
arm of the antenna with the metal plate, not only
realizes the differential feeding of the ports required
by the helical antenna, but also avoids mutual inter-
ference between the helical portion of the antenna
and the lower feeding network.

(a) 3D antenna structure (media board is hidden)

(b) Helical arms on each layers.

Figurel.l — Antenna model in CST
Microwave Studio

Traditional helical antenna usually needs to
consider parameters such as the number of turns N,
the radius of the helix R, the pitch of the helix S, the
cutting angle of the helix a, the height from the
ground H, and the width of the line W. Therefore,
similar parameters should be considered.

In this design, the radiation of the bifilar helical
antenna can be considered as the synthesis of the
radiation fields of multiple arcs and the radiation
fields of multiple short dipoles.

The short dipole's radiation field has only a
vertical component:

E, :j%sine-ﬁ.
r A

The radiation field of the arcs has only the

horizontal component:

2
E =2 L gng. 4
)

r
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A is the area of the small rings. D is the diame-
ter of the rings 4 = D>/ 4.

When |Ee| =|E¢|, a circularly polarized wave

is generated. At this time, the following relationship
should be satisfied between the parameters of the

helical antenna: D =~/2SA.

If the radiated wave propagates along the helix
axis, that is the OZ axis, then this wave is created
only by circular arcs. Vertical holes do not
contribute to the radiated wave in this case. Then the
circular polarization of the radiated wave can be
obtained under the condition, which is often used for
helical antennas:

A
—=S+nD.
Je

This formula means that the wavelength is
approximately equal to the length of the helix turn.
In this case, the wavelength is calculated taking into
account the dielectric constant of the material
surrounding the helix.

In this design, the thickness of the PCB board
is fixed, so the parameter S is fixed, and the diameter
of the arcs can be calculated. A multi-layer structure
helical antenna operating in the C-band is designed.
The relevant parameters are shown in Table 1.1.

Table 1.1 — The parameters of the antenna

IR Radius of helix 4.262 mm
IH1  |Pitch 3.6 mm
W Helical arm width 2 mm
\H2  |Height from the ground 1.2 mm
a helical arm curvature 120°
Rs  |radius of pads 0.9 mm
IRvia [radius of via-holes 0.5 mm
N INumber of helix 1

2 Simulated performance and parameter
study

Simulated performance

The S-parameters and radiation directivity ob-
tained from the time-domain analysis using Com-
puter Simulation Technology (CST) Microwave
Studio are shown in Figure 2.1. As can be seen, the
impedance bandwidth for |S11|<=-10 dB is from
4.9 GHz to 5.5 GHz.

Sharemetes [Veyrtude v o]

/

Frequency { GHz

Figure 2.1 — S11-parameter
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(a) 3D radiation pattern at 5.2 GHz

Farfield Gain Abs (Theta=0)

180

Phi / Degree vs. dB

farfield (f=5.2) [1]

Frequency = 5.2 GHz

Main lobe magnitude =  6.41 dB
(b) YOZ direction

Farfield Gain Abs (Phi=0)

180

Theta / Degree vs. dB
farfield (f=5.2) [1]
Frequency = 5.2 GHz

Main lobe magnitude =  6.41 dB
Main lobe direction = 0.0 deg.
Angular width (3 dB) = 94.6 deg.
Side lobe level = -18.2 dB

(c) XOZ direction
Figure 2.2 — Radiation pattern of the antenna at 5.2 GHz
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It can be seen in Figure 2.2 that the antenna has
good omnidirectional radiation characteristics at a
resonant frequency of 5.2 GHz with a gain of ap-
proximately 6.5 dB. As it is shown in Figure 2.3, the
axial ratio at 5.2 GHz of the antenna is less than
5 dB. The results are: the designed antenna has good
circular polarization and can achieve similar radia-
tion characteristics of the traditional helical antenna.

Farfield Avial Rate (Phi=C)
0

——

20 -150 100 50 0 50 100 150 200
Theza / Degree

farfield (f=5.2) [1]
Frequency = 5.2 GHz

Main lobe magnitude = 40 dB
Figure 2.3 — Axial Ratio

As is shown in Figure 2.4, the electric currents
along the spiral arm and the through hole are almost
equal. According to the introduction in Chapter 2,
circularly polarized radiation can be realized.

However, the through holes between each layer
are relatively small compared with the helical arms,
so the electric field in the horizontal direction is
stronger than the vertical direction, which makes the
axial ratio of the planar helical structure worse than
the traditional helical structure.

JHHE :
Figure 2.4 — Surface current at 5.2GHz

Parametric study

Because the number of PCB antenna layers
should not be too large, the design is similar to a
short spiral unit.

The traditional helix antenna has some impor-
tant parameters, such as: the helical diameter, pitch,
pitch angle, number of turns and axial length.
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The multi-layer bifilar helix antenna has the simi-
lar parameters.

A parametric study is conducted in order to ex-
amine the effects of the key parameters on the radia-
tion performance and it helps to optimize the per-
formance of the antenna.

Helical diameter. In the design of helical an-
tenna, the resonant frequency is closely related to the
helical diameter. A parametric sweep analysis of the
effect of changes in the diameter of the designed
helical antenna on the resonant frequency of the en-
tire antenna system is shown in Figure 2.5.

S-Paramecers [Vagivde i dE]

— SLIRI=1SR)

— 511 (Ri=4.062)

— 1,1 (Ri=4162)

58 4 62
Frequeney | Gtiz

Figure 2.5 — Effect of spiral diameter on resonant
frequency

It can be seen from the results that as the di-
ameter of the helical antenna increases, the resonant
frequency of the antenna gradually decreases, which
is consistent with the theory of the classical helical
antenna. This shows that the designed planar helical
antenna has similar properties to the traditional heli-
cal antenna.

Size of the ground.
SPerameers [Megniaide in d8]
1 :
5 e
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Figure 2.6 — Effect of size of the ground on resonant
frequency

It can be seen that as the floor changes, the
resonant frequency is almost constant, but the S-pa-
rameter increases and the gain of the antenna is re-
duced to about 2dB.
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Conclusion

In this paper, a multi-layer structure helical an-
tenna is realized by symmetrical metal arcs con-
nected by plated through holes. According to the
designed antenna structure and the principle of cir-
cular polarization, the relevant parameters of the
antenna that works in C-band are calculated. To
simulate the antenna we use CST Microwave Studio.
The simulation results show that the designed an-
tenna can realize circularly polarized radiation from
4.9 GHz to 5.5 GHz, and analyze the influence of
key parameters on the performance of the antenna.
The results show that the designed antenna has simi-
lar characteristics to the traditional helical antenna.
In addition, the proposed planar helical antenna is
fabricated using an FR4 dielectric substrate, so it has
a low profile, high stability and low cost, and can be
easily extended to an array configuration. Besides,
quadrifilar helix antenna requires the feeding phases
to be 0°, 90°, 180°, 270°. So the bifilar helical is
easier to implement.
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PAIIMOHAJIBHBIE MHEMO®YHKIHNHU HA OKPY)KXHOCTH
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RATIONAL MNEMOFUNCTIONS ON CIRCLE
A.B. Antonevich, T.R. Shahava

Belarusian State University, Minsk

PaccmarpuBaetcst crioco0 BIOXKEHHS IIPOCTPAHCTBA PACIPEIEICHUI Ha OKPY)KHOCTH B anre0py MHEMO(YHKIHHA, TOPOXKICHHBII
aHAINTHYECKHM IIpe/ICTaBIeHHEeM pacIpe/eneHuil. Brienena noganredpa MEEMO(YHKINHA Ha OKPYKHOCTH, IOPOXK/IEHHAs pa-
LIMOHANIBHBIME MHEeMOGYHKUMAMHU. [IpuBeicHO MOJIHOE OIMCaHUe 3TON MojanreOpsl: BhIICICHBI 00pasytoiue, chopMyInpo-

BAaHO B SIBHOM BHJI€ IPABUJIO YMHOXKEHHS PACIIpeie/ICHHH B HEi.

Knrouegvie cnosa: mnemodynxyus, anaiumuieckoe npeocmasienue pacnpeoenenus, aneeépa payuoHaibHbIX MHEMOQYHKYUIL.

The method of embedding of the space of distributions on the circle into the algebra of mnemofunctions was considered in this
paper. The subalgebra of mnemofunctions, generated by rational mnemofunctions, was detached. A complete description of this
subalgebra was given. Its generators were singled out, the multiplication rule of distributions in this subalgebra was formulated

explicitly.

Keywords: mnemofunction, analytical representation of distribution, algebra of rational mnemofunctions.

Beenenne

OO0muii MoaXod K PEeIeHHI0 MPoOIeMBbl YMHO-
JKeHUs1 0000mIeHHbIX (yHKUMi (pacnpenerneHuil)
3aKII0YAeTCsl B IMOCTPOCHUM IIO 33JaHHOMY IIpO-
CTpaHCTBY 0000meHHbIX GyHKuuH E auddepen-
MUansHON anredpsl (G, KOTOPYIO Ha3BIBAIOT aired-
poit Tuna Komom6o, win anredpoit MEEMOQYHKITHH,
u Bioxenust R:E — G. B pab6ore [1] B kayecTBe
MOJIETIBHOTO TpuMepa Obula IOCTpoeHa anredpa
G(S') MHemoMyHKIHMII HA OKPYKHOCTH, TaK Kak

JUIA 3TOW anreOphl yIaeTcs MONyduTh Oollee Ha-
TJIAJHBIE OTBETHI Ha BOIPOCHL O €€ CTPYKType, mpa-
BWJIaX YMHOXeHHUs u np. B pabote [2] Opummr pac-
CMOTPEHBI pa3IWYHBIE CIIOCOOBI BIOXKEHHUS TIPO-
CTPAHCTBA NMEPHOANYECKUX O0O0OLIEHHBIX (YHKIMNA
B aiireOpy MHEMOQYHKIMH U HCCIIEN0BaH BOIPOC O
JIOIIOJIHUTEJIHBIX CBOMCTBAX TaKUX BJIOKEHUM.

B nannoili pabote, kKoTopast SIBISIETCS IIPOIOJI-
xkeHueM pabdor [1], [2], paccmarpuBaercs crocod
amNMpoOKCUMAIMN paclpeieeHnH, MOPOXKICHHBIN UX
AHATMTHYECKUM TPEICTABICHHEM, TaK KaK C psja
TOYEK 3PEHUS OH SBISIETCS HaMOOJIee eCTECTBEH-
HeIM. [ToydyeHo siBHOE OmHCcaHue paBriIa YMHOXKe-
HUSL JJIs1 3JIEMEHTOB 0Janre0pbl MHEMO(DYHKIUN Ha
OKPYKHOCTH, IOPOXKACHHOH pallMOHAIbHBIMU (yHK-
IIUSIMH.

1 lIpenBapurebHble CBeeHUS
IIpocTtpancTBO 0000IIEHHBIX byHKIMH
D'(S"), rne S' ={zeC:|z|=1}, onpenensercs Kak
conpsikeHHoe K mpoctpanctBy C”(S'), T.e. cocro-
UT U3 HENPEPHIBHBIX JIMHEHHBIX (DyHKIMOHAIOB Ha

C*(Sh).

© Aumonesuu A.b., lllazoea T.I"., 2019

Kaxnas pynxims ¢ uz C*(S') pasnaraercs B
pan Oypse

o(2) = Z 02",

cxonsmmiics B C*(S'), rae xospdunments: Dypobe
HaxoJsTcs 1Mo (hopmyIie
1 —k —k
0 == [o2)z* |dz|= <.z >,
2n

IpHYeEM IOCIEeIOBAaTENILHOCT (, YOBIBaeT ObIcTpee
Mo00H cTenenn ;.

Kaxnas o0o0menHas GpyHkuus f pasnaraercs B
psan @ypse

[=2CC=<fz"> (1.1)

MIPUYEM TIOCIIEIOBaTeNHHOCTE Kod(pdummenToB Oypre
C, BO3pacTaer He ObICTpee HEKOTOPOH CTEIeHH | K |.

Tonosnorus 8 C*(S') 3amaercs cueTHOi cc-
Temoii Hopm p,, () = > (I+ | k)" |y |-
k

Anrebpa MHEMO(YHKIMI Ha OKPYXHOCTH
G(S") crpoutcs cieayrommM 06pazoM.

CHauana paccMaTpuBaercs MHoxkecTBo G(S'),
cocrosilee U3 BceX ceMeHcTB {f.} OeCKOHEYHO
muddepenrmpyeMbix GyHKumMii Ha S', 3aBHCAIIEX
OT MaJIoro MOJIOXKUTEIBHOTO Mapamerpa &, TaKHX,
4TO JUI KaXI0ro {f.} CyIECTBYIOT uucia L U V,
IpH KOTOPBIX HMEET MECTO OIICHKA

PRGES=3 (12)
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[anee paccMmaTpuBaeTcsi IOAMHOXKECTBO B

G(S"), cocrosimee U3 ceMeicTB, OBICTPO CTpeMs-

IUXCS K HYJIIO:
JS)={g, :Ypum3C: p,(g,)<Ce’}.

G(S') sBnserca muddepeHunanbHoil anre6-
poi, a J(Sl) €CTh HJeal B Hel, CIea0BaTeNbHO,
ompezieneHa (akrop-anredpa

G(S") =G/ IS,
KOTOpasi Ha3blBACTCS aleeOpol MHeMOpYHKYull Ha
OKpysicHoCmu. DIEMEHT alreOpsl [ f,] — Kiacc SKBU-

BaJIEHTHOCTH, cofieparmii cemeiictso f. € G(S'), —
HaspiBaeTcss MHeMo(yHkiuei. B amrebpe G(S')

comepkuTcs nomanrebpa Maemouncen C°, mopox-
JIeHHAsl TIOCTOSIHHBIMH, T.€. ceMehcTBaMu w(g), He

3aBUCALINMH OT Z.

CBs3p MHeMO(YHKIMII ¢ pacnpeaeneHusIMU
yCTaHaBIMBAeTCs CleAyronM oOpazoM. I'oBopsrT,
YTO MHEMOQYHKIUS accoyuuposana ¢ pacnpeoene-

nuem f, ecnu ceMeiictso f, cxomutcs B D'(S') K f.
B oOmiem ciywae uHdopmaiuo o MHEMODYHKIIUA
JlaeT aHaJU3 ACHUMITOTHUYECKOTO IOBEICHUS BeEU-
YuH < f,, >, I KOTOPBIX 4acTO B IIPOCTPAHCTBE
D'(S') cymiecTByeT aCMMITOTHYECKOE Pa3jIOKEHHE
BUJIA
o0
k rrQl
<[ 0>=)Y <u,o>¢", u, eD'S), (1.3)
k=k,

rae paBeHCTBO (1.3) o3HawaeT acCHMOTOTHYECKYIO
CXOOUMOCTh, T.€. mId Jgoboro N u Jr0060ro

peD'(S)
N
D <u, 9> —< f,9>=o0(e").
k=k,

Cnocobom annpoxcumayuu R HazpIBaeTcs Ta-
KOM JTMHEWHBIN onepaTtop

R:D'(S") — G,
IpH KOTOPOM JUIS KaXJIOTO paclpeleNieHus f ero
obpas R(f)=1{f.} accouuupoBan ¢ f. Cnocob

anMnpoKCUMAaIMK TOPOXKAAET BIOXEHUE IMPOCTPaH-
CTBa pacIpenesieHnii B anredpy MHeMO(QyHKIHN

G(S') u mo3BonseT 3ajaTh MPOM3BENCHUE MPOM3-

BOJIBHBIX pacIpelie]eHNil Kak 3JIeMEHT alreOpsl
G(S") no popmyme

f®, g:=R(/)R(g) € G(S"). (1.4)

Ecmm mpomssenerne R(f)R(g) accouumpona-

HO C HEKOTOPBIM PAacIpeiesieHUeM /i, TO Iojiaraem

9TO paclpefeneHle /i MPOU3BEICHUEM fg, TOPOX-

JCHHBIM 3aJIlaHHBIM CIIOCOOOM ammpoKcHUManuu R.
B obmem ciaydae mHDOpMAIMIO O TOBEACHUHU TPO-
n3BeneHuss R(f)R(g) naer ero acMMNTOTHYECKOE

pasznoxenue (1.3).

54

2 AHajluTHYecKOe MNpecTaBJIeHHe pachnpe-
eJeHu

PaccMoTpum croco0 anmpokcumanuu pacrpe-
JICTICHUH, 4acTO WCIOJIb3yeMBbIH B aHalli3e, OCHO-
BAaHHBI Ha W3BECTHOM AHAJUTHYECKOM IPEICTaB-
JIEHUH pactpeneneHui [3].

Ha npoctpanctee D'(S') onpenemum asa ome-

paropa

PN =1(=3C @)

(P D) =1 ()= C2. 2.2)

W3 onenku kodpdunuentos C, ciemyer, yTo
ans mo6oro f € D'(S') pan (2.1) cxoautes B Kpyre
|z|<1, ero cymma [ (z) SIBISETCS aHATUTHYECKOM
¢bynkupen, a psaa (2.2) cxomures ipu |z [> 1, u ero
cymma f(z) sBiseTcs QyHKIMCH, aHATUTHYCCKON
mpu |z |> 1 u cTpeMsIencs K HyJIf0 Ha O€CKOHEYHO-
cru. Tlapa ¢yukmmit (f7, f7), yIOOBIETBOPSIOIIAs
9THUM YCIIOBUSIM, Ha3bIBACTCS AHATUMUYECKUM NPeO-
cmasnenuem pacnpedenenus f € D'(S).

[MocpencTBoM oTOOpaXKeHUsI

fo>@fP =)
AQHAJMTHYECKOE MPEACTAaBICHNE MOPOXKAAET BIIOXKE-
HHE TIPOCTPAHCTBA PACIIPENCIICHUH B IIPOCTPAHCTBO

KycouHo aHanuTHdeckux dynxmumii A(S'), 1. e. map
(f*,f), tme dyukuus [ SBISETCS aHAIMTHYC-
ckoif ipu |z |< 1, a yHKIHA f CTpPEeMHUTCS K HYIO
Ha OECKOHEYHOCTH M aHanuTH4Ha npH |z |>1. [pn
3TOM aHAIUTHYECKUE PYHKIMU [ (z) TaKOBBI, YTO

IPU UX Pa3iIoKEHHU B CTENEHHOU psija Kod(ppuLu-
€HTBI PacTyT He OBICTpee HEKOTOPOH cTerneHu k. ITo

CBOICTBO PKBUBAIEHTHO TOMY, 4TO QYHKLIMH f~ (2)
UMECIOT POCT HE BBIIIE CTEIICHHOTO MpH | z |[— 1, T. €.
HUMECHKT MECTO OLICHKH BHUJa
C
| f@) € ——r
Iz]-1]

AHaIUTUYECKOE TPEACTaBICHUE O00OOIICHHOM

(YHKIMHM TOPOXKAAET €CTECTBEHHYIO ammpoKcHMa-

10%8:0) paCHpCZ[eHCHI/IHfFHaHKI/IMI/I (1)yHKIII/I$IMI/I C IIO0-
MOIIBIO 3HAYCHHMI aHAJIUTHYECKOrO npeacTaBJICHUA

Ha OKPYXXHOCTSIX paauyca | —¢& u paguyca 1% :
R ()= fi(2)=f ((A=e)2)+ f~ (Tj -
3

=Y C.(1-¢)"z".
IMockonbky ¢yHKUMU f,(z) YHOOBIETBOPSAIOT

ouenkaMm Buna (1.2), dopmyna (2.3) 3amaer uHBapu-
aHTHOE BNoXeHue npoctpanctsa D'(S') B anrebpy
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muemodynkimit G(S'), u npousBeaeHne onpeers-
eTcst ¢ noMouibto popmyist (1.4).

OnuoieM  NpousBelleHHE  MHEMO(YHKIUH
R, (f)R,(g) Gonee neranbHO. Pe3ynbTar yMHOME-
Hus pacrpenenennit (f°, /7 )x(g",g") Moker ObITh
NPE/ICTaBIICH B BUJC

R, (IR, (g) =

{f*((l—s)znf (EH

{g* (1-8)2)+g [EH =

=f*((1—8)2)g*((1—8)2)+f(ﬁjg[ z ]+

1-¢

+f (ﬁjg*((l—S)ZHf* (1-8)2)g [E)

3nech
f ((A-2)z2)g (1-#)z) =R ((/ & ,0)),
s (ijg (—j = R,((0.f g,
1-¢ l1-¢
M UX CyMMa €CTh allllPOKCHMHPYIOIIEE CeMEHCTBO
LTS pactpe/IeNieHHs ¢ aHAIMTHIECKUM MPEICTaBIIe-
aueM (f'g", f g ). Ilpu GuKCcHpOBaHHOM €& CyM-
Ma JIBYX MOCIEIHHUX CIaraeMbIX
z

V.(2):= /" (—)g+((l—€)2) +

1-¢

N | z
+f ((1-¢)z)g (—)
1-¢
eCTh (DYHKIIHSI, aHATUTHYECKAst B KOJIBIIE
1
K, ={z:l-e<|z|<—}
1-¢

Ee anamutuueckoe mpeicraBieHHE 3alaeTcs C Io-
MOIIBIO IPUMEHEHHUS OTIEPATOPOB P .

Crenyromiasi TeopeMa OIHCHIBAET NIPABUIIO yM-
HOXKEHHUSI paclpelielieHHid B IPOCTPaHCTBE KyCOYHO
aAHAJIMTUYECKUX (PyHKLUIA.

Teopema 2.1. B npocmpancmee A(S') pesyno-
mam ymnodicenun (f*, f )x(g",g") moocem Goimo
npedcmasnen 8 uoe

R, (/)R,(g) = (h;(2),h, (2)), 24)
20e
hi(2)=R,((fg".0)+ P (v,(2),
h (2)=R,((0, /g )+ P (v,(2)).
3ameTum, 4To Kaxnas u3 Gpynkumii A (z) pas-

naraetcsi B psaa Jlopana 1o creneHsM € ¢ KOHEUHOM
TJIaBHOHM 4YacTblO, B pe3ysbTaTe 4ero Mpu paccmar-
pHBaEeMOM CIOCO0E aNmnpOKCUMALMK Ul JII0O0TO
npousBeneHus f,(z)g.(z) cyLlecTByeT aCUMITOTU-
4ecKoe pasjiokeHue mo creneHsM € suza (1.3).

Crnenyroliee yTBEpXKJIEHUE €CTh CIEICTBUE M3
Teopemsl 2.1.
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Teopema 2.2. B npocmpancmee A(S') npous-
sedenue pacnpeoenenuti [ =(f",0) u g=(g",0)
ecmb pacnpeoenienue ¢ aHATUMUYecKuM npeocmas-
nenuem (f*g*,0), m. e. cnpaseonuso pasencmeo

(f",0x(g",0)=(f"g",0). (2.5)

Ananocuuno, npouszgedenue pacnpeoeieHull

f=0,") u g=(0,g") ecmv pacnpedenenue c
annanumuyeckum npedcmasienuem (0, fg7):

0,/7)x(0,8)=(0,/"g). (2.6)

3 Aaredpa panuMoHAJIBLHBIX MHeMO(QYHKIUHA
HA OKPYKHOCTH

Pacnpenenenne f Oynem Ha3bIBaThb payuoHAlb-
HbIM, €CIIH TIPU €0 aHAJUTHYECKOM IPEICTaBICHHN

GyHkuuu  f  ABNAIOTCA palUMOHANLHBIMU. IlycTh
D;(S") ects noanpoctpancteo B D'(S'), cocros-
mee U3 paloHaBHBIX pactupeneneHnii. O603HaYNM
uepes R(S') HammeHnbmryro mopanre6py B anrebpe
MHEMO(YHKIUH Ha OKPYXKHOCTH, COJEPIKAIIYIO
muemModynkuuu Buma R (u),u € Dy(S'), u Bce

0606miennsbie uncna C.

Beinenenne Takoil anredOpsl MOTHBHpPYETCS
JIBYMs NIpU4YMHaMH. Bo-mepBbix, MHOTHE Hamboiee
YIOTPEeOHUTENIbHBIE pacIpeAeIeH s SBISIOTCS pa-
LMOHAJBHBIMH, U B IIPWJIOKEHUSIX BOIIPOC O MpHUIa-
HUH CMBICJIa IPOU3BEACHHUIO BO3HUKAET MMEHHO JUIS
TaKUX MpoU3BeACHUN. B yacTHOCTH, pacnpeneneHust
B npumepe JI. IlIBapua, KOTOpBIM WILIOCTPUPYET
HEBO3MOXKHOCTb KOPPEKTHOTO OIIPEIEICHUs olepa-
UM YMHOXKEHHSI PACTIPENICNICHNH, SBISIOTCS PaIHo-
HaJIbHBIMU.

Bo-BTOpBIX, Kak OyJeT Moka3aHO HIKeE, Ipa-
BUJIO yMHOXKeHHUs B anredpe R(S') 3anaercs B ss-
HOM BHZE, YTO IIO3BOJISIET IOJNYYUTH OoOJiee KOH-
KpPETHBIE pe3yJbTaThl, YeM B OOIIEM CiIydae IIo
dbopmyie (1.4) unu o popmyne (2.4).

Beenem crnepyiomme o6o3HaueHwms. Pammo-
HaJIbHOE pACIpEleNICHHEe C AHAIUTHYECKUM IIpel-

CTaBJICHUEM (ﬁ,O),\ﬂZ 1, Oymem 0003Ha4aTh
-

1
(z=m)™"

a gepes — pacnpeneneHue ¢ aHaJIuTH-

PR
(Z*&)VH’ >

YECKHUM IMPEICTABICHUEM (0,(;),,,), [InI<1.
-

Byznem oGo3Hauars z"' aHaaMTHUECKOE TPEj-
craBienue ¢Qynkuuu z", T.e. (z",0). MHorowieHn
p(z) uUMeeT aHAJIUTHUYECKOE  Ipe/CTaBlICHHE
(p(2),0) u ero obpa3s mpu BIOXKEHUM R, ecTb ce-
MelcTBO p,(z) = p((1—¢)z).

OnuuieM NpaBWIO YMHOXEHUST B anredpe
R(S"). Cornacno Teopeme 2.2, Npou3BeJeHUE
(f7,0)x(g",0) onpexneneHo s JHOObIX (QyHKIHUIA

f" m g, aHamurmyeckux B obmactu |z|<l, ®
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Haxoautcs o dopmyne (2.5). Taxxke mms Tr0OBIX
¢bynkmmii  fT w g, aHanMTHYeCKHX B oOmactu
| z|>1, mpomssenenue (0, f )x(0,g ) ompeneneHo
o hopmyie (2.6).

ITosToMy mis 3ajaHus NpaBUiIa YMHOXKCHUS B
anre6pe R(S') nocraTouHo HaiiTH HpoM3Be/CHME

amementoB Buma (f,0)x(0,g7).
PaCCMOTpI/IM CHayajga MPOM3BEIEHHS IPO-
u 1
é) (=)
Jdemma 3.1. Ecnu | § |Z L In£1, mo
! ,0 x| 0, ! =
z-§ z-M
C(&n) G g
z—-§ ’ z—m
20e Cl(r;é;n)zi’ Cz(r;é;n):ﬁ, r=1-e.

Hoxazamenvcmeo. MHeMODYHKIMH, COOTBETCT-
BYIOIIUE PACCMATPUBAEMbIM pacIpeeTICHHAM, ECTh

1 1 1 1

(z-8)") rz-¢ (z-m)) i-n
Nx mpousBeneHne ecTh CEeMEHCTBO IITagkuX (HyHK-
LM Ha OKPYKHOCTH
! R ! — |= ! ! . (32)
(z-9)") "\(z-m) ) rz-&i-m
CornacHo npaBHILy YMHOXEHUS B IPOCTPAHCT-
BE€ KYyCOYHO-aHAJIUTHUECKUX QYHKIMH (Teopeme 2.1)
TpH KKAOM € s GyHKOuH (3.2) Hy)KHO TOCTpPO-
WTh AHAJIWTHYECKOE MPEACTAaBICHUE, T.€. IPHMe-
HUTb onepaTopLI P HonyqaeM

! =G+ GED L 6
-n -§

>

r 1
C, ——:G, =—
(rgm) = P (r;&m) ——

1 K03 PUIIUEHTHI CBSA3aHBI COOTHOLIIEHUEM
C(r&m) = -’ Cy (&)
[TpaBast yactb paBeHcTBa (3.3) €CTh ammpPOKCHMHU-
pyromee cemeiictBo ans (3.1), uro u TpeboOBaIOCh
II0Ka3aTh. O
OTMeTHM, YTO OCHOBHOE YIIPOILICHHE VIS pac-
CMOTPEHHBIX (YHKLIUHA 3aKII0YaeTcss B TOM, 4YTO
NPUMEHEHUE ONEPATOPOB P PaBHOCHIIBHO pasiio-
KEHHIO TPOM3BENCHHS KOHKPETHBIX pPalOHAIBHBIX
GyHKIMA Ha CyMMy DSJEMEHTapHBIX JApoOei, dTo
OCYILECTBISICTCS C MOMOIIBIO MPOCTHIX BEIYUCIICHUIA.
Eme omHuM MoKa3aTeNnbHBIM MPUMEPOM TMpO-

N3BCICHUA pallMOHAJIbHBIX pacnpeneneﬂuﬁ SABJISACT-

Cs POU3BEIEHUE pacnpeneeHnii z* u (; KO-

-
TOPOE HE COTTACOBAHO C YMHOKEHUEM U HAXOAUTCS
10 CIIEAYIOUIEMY MTPABHITY.

Jemma 3.2. Ecniu |n <1, ToO

56

2
o[ 0, |=[ 2] (34
z—m z—m
(z".0)x| 0,—— | =
z-1
(3.5)
— zzk 2(n— k) k’annnL
zZ—n

Llokazamenvcmeo. PaccMOTpuM IIpOU3BENECHUE
aNMpOKCUMHUPYIOIIHUX ceMeIcTB
1 1 r
R,(z")R, =rz =2y
- Z Z
(z=m) 7 n !
ITocnennee paBeHCTBO 3/1€Ch COOTBETCTBYET IPHMe-
HEHHUIO OIIEpaTopoB P,

IIpu Beravcenyy npousseaenus (z",0)x (0,4 n)

BO3HHKAIOT JPYrHe BBIPAKEHHS. ANIPOKCUMUPYIO-
miee cemeicTBo Juis pacnpenaenenus (z",0) ecTb

r"z", TMO3TOMY TpPU YMHOXEHUU AaIPOKCUMAIUIA
MOJy4aeM CeMEHCTBO TIaKuX QYyHKIMH

r'z" x

z b

>N
UL KOTOPBIX HYXKHO IIOJIYYUTh AHAJIUTHYCCKOE
NpCACTaBJICHUC, COACPKAIICEC TIOJIOXKUTECIbHLBIE U
OTPUIATCIILHBIC KOMITOHCHTEI. 3[[60]) HCKOMBIHM pe-
3yJbTaT MOXHO IMOJYYWUTH C MMOMOIIBIO MPOUCAYPHI
JCICHUA MHOI'OYJICHOB C OCTaTKOM:

n
n

r X

1
=p,._ ](rz)+M—
z _ n i_l

z
rae uuciio M :n”rz”, a p, ,(z) ecTb MHOTOWIEH

creneHn n—1 mepeMeHHOW z ¢ kodddureHTamu,
3aBHCALINMHA OT 7 H OT 1. OTH KOA()OUIMECHTHI

MOTYT OBITH HaMJICHbI HETIOCPEACTBEHHBIM JIEJICHH-
€M WIN C IOMOIIBI0 METOJa HEONPEICICHHBIX KO-
a¢¢unmentoB. Hambomnee mpocto Tpedyemoe BhIpa-
KEHHUE TTOy9IaeTcs C MOMOIIBIO PA3JIOKEHHUSI B PAA
®ypre. Ecin
—1
1 — = Z n—k—lzk ,

(z-m =

TO

n-l1

1
- Z (r2) P ey ——
=0

VZX

——1

HOCHGHHCB BBIPOKEHUE SIBISIETCSl  ANPOKCHMH-
PYIOUIMM CEMEHCTBOM JUIS paclpeieeH sl C aHau-
THYECKHUM TIpeicTaBiIcHreM (3.5). a
Crnenyer OTMETUTh, YTO B CHIIy TOTO, YTO CY-
HIECTBYET MpeJet MpaBoi YacTh B paBeHCTBE (3.4)
npu r—> 1, mpousBeneHue pacnpeneieHuit z' wu
1

acCoMMUpoOBaHO C pacnpeaACICHUEM, Y KOTO-

(z-=m)~
pOro aHAMTUYECKOE IIPEACTABICHUE PABHO
RN R
z—m (z—m)

Takke W TPOW3BEICHHE paclpeneieHuii z"° u
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1
(z-m)

MpeACTaBJICHUEM

n—1

Zznnlk_

-n
CJ'ICI[yIOHIa?[ TEOpEMa AACT IMOJHOC OIMMCAHUC

SABJIACTCA paclpCACICHUCM C AaHAJTTUTUICCKUM

anreGpbl palMoHATbHBIX MHeMO(yHKImH R(S').

Teopema 3.1. Ancebpa payuonanbHbiX MHEMO-
yuxyuii na oxpyscnocmu R(S') cocmoum u3 sne-
MeHmog 8uod

+ k _k C (8)
ZA (&)l ~e)'z +;;«1 0z 6y
Con By(e)
DD

k=1 j=1 (1 L_nk)j
2de |, |21, [m|<L, 4 (e),B;(e),B,(e)eC . B

(3.6)

>

i 1 +
(-8"" (z-m)”
ABIAIOMCA 00pA3VIOWUMU. 3AKOH YMHONMCEHUA 300a-
emcsi oOHosznauno coomuowenusmu (2.5), (2.6),
(3.1), (3.4).

Hokazamenvcmeo. Taxk kak HaJl HOJEM KOM-
TUIEKCHBIX YHCEN TOJBKO MHOTOWIEH NEPBOH CTere-
HH SIBJISICTCS] HEPHBOUMBIM, TO JIFOOYIO PaIlIOHAITb-
HYI0 (YHKIIMIO MOXKHO TPEJCTABUTH B BHIC JIMHEH-
HON KOMOWHAIINH 3JIEMEHTapHBIX Npo0eii: ecin

amoll aneebpe 31emeHmbl 8UOA

0@ =[]G-2)".
TO
P S
Q(Z)_ZO:A ;;(2_ -, 4,,B,€C,z, eC.

[lpy aHANMTHYECKOM IIPEACTABICHHH palHro-
HaneHOro pacnpenenenus f =(f",f ) dyuxuus
[ SIBISETCS aHAMTHYECKOM TIpH | z |[< |, mosToMy,

€CJIM OHA palMOHaJIbHA, €€ Pa3JIOKCHUC Ha 3JICMCH-
TapHBIC Hp06I/I HUMECT BUJ

f(2) = ZA*zk+zz & y

PammonanbHas QyHKIUSA f "~ SBISETCS aHAINTHYE-

,rae &, [21.(3.7)

CKO¥ mpH | z [> 1 M CTpeMHTCS K HYJII0 Ha OECKOHEY-

HOCTH, TOATOMY €€ pa3lIOKEHHE Ha DIIEeMEHTapHbIC
JIpoOu cieayroniee:

n_ P

(@)= ZZ

k=1 j=1 k)j

Takum 00pa3oM, YMHOKESHHE alMPOKCHMAIIHI,
MOPOXKICHHBIX AHAJUTHYCCKUMH MPEICTaBICHUSIMH
PAIOHANBHBIX PACIIPEIe/ICHHU, CBOMUTCS K BBIYHC-
JICHHUIO TIPOU3BEICHUH (B YKa3aHHOM BBIIIE CMBICIIC)
cllaraeMbIX B IpUBeNeHHBIX Gopmynax (3.7) u (3.8),
T. €. 2IeMEHTapHBIX Apobeit u GyHKIuH z* .

Kak GbUT0 OTMEUEHO paHee, TPOM3BEICHUE MOJIO-
JKUTENBHBIX PACHIPENEIICHUI ONIPENICNICHO, U TIPU STOM

(f",0)x(g",0)=(f"g",0).

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

;raefn, <1 (3.8)

Taxxe
0,/7)x(0,g)=(0,/"g").

[ToaTomy it BBIUMCIIEHUS] POU3BEIEHUS pa-
[IMOHATBHBIX MHEMO(YHKIIHA OCTaIOCh OMPEICITUTh
MPaBHJIO, MO KOTOPOMY TIPOMUCXOAUT YMHOXKCHHE
MTOJIOKUTETHHBIX AIIEMEHTOB HA OTpHIATENbHEIE. B
paccMaTpuBaeMOM CITydae PalMOHAIBHBIX pacipe-

nenenuii 910 mpoussenenus Buma (f,0)x(0,g7),

rae f ecTb diueMeHTapHas Ipo0b WiH (YHKIHS

z*, a g~ ecTh aneMeHTapHas npo6b.

g =%, TaKoe

st cinydas, korma f = — a7

MPOM3BEIICHNE OMUCAHO B JemMMe 3.1 W HaxomuTcs
mo ¢opmyne (3.1). IIpousBeneHus 3meMeHTapHBIX

npobeil Apyrux —cTemeHe#, korma  f =ﬁ,

g :W, MOJIyYaroTCs ¢ MOMOIBIO PEKYPPEHT-
-

HBIX COOTHOUICHWH dYepe3 MPOWM3BENCHUS IEePBBIX
CTemeHel, T.e. ¢ momoursio paBeHcTBa (3.1). Ha-
npuMep, npu n=1, m=2:

1 [ 1 1 L
(z-8" z-m)" (-8 (z-m) J(z—m)
c(&EM) ¢ (e&m) o 1

z-¢ 7 z-m .
_[dEED aEEneEED  o@ED) o
z-& z—m (z-n)’

Ampun=2, m=1:
1 1

(-8 (z-m)
a@®&n) oEEN) (1 0

z—-& ° z-7 z-8&’
_[a&8n) | a@GEENGEEN o5
(z-¢)’ z-§ Tz

3HaYUT, PAaBEHCTBO (3.1) 3a/1a€T MPaBUJIO YMHOXKEHUS

—L_ panre6pe R(S").

acrpeeneHnii ——
pacnpen e E—

1
(z—

nemMe 3.2 W HaXOOWTCS depe3 cooTHormeHue (3.4).
Kak ObI10 MOKa3aHo paHee, U3 Hero nonydaem Qop-

[MpaBuio yMHOKeHHsT z' Ha OIKCaHO B

MyJIy YMHOKEHHS Ha CTENEHb Zz', COOTHOIICHHE
(3.5), u GopMynel AN YMHOXEHHUS z Ha CTEIICHU

> Hampumep,
. 1 L1 1
z X _ 7 =|Zz _ — ~ — =
(z—m) (z—m) J(z—m)
2 2 2
=|r, n x| 0, =10, n >+ d
z-m z-Mm (z=m)” z-nm

IIpousBeneHust Apyrux CTENEHEH ONPEIEIISIOTCS
aHaJOTUYHO.

Takum o0pa3oMm, NHpPOU3BEAECHHE 3IEMEHTOB
Buja (3.6) mpeacTaBisieTcsl B TAKOM K€ BHIE H, Clie-
JIOBaTEJIbHO, MHOXKECTBO TaKHX OJJIEMEHTOB €CTh
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1 1
(z-8)"’ (z-m)

anrebpa R(S'), a >reMeHTH BHa
z" ABISIOTCS OOPa3yOIUMH B HEll. O
4 AHaju3 HEKOTOPBIX MPOU3BeIeHU paluo-

HAJBHBIX pacnpeaejeHuil
PaCCMOTpI/IM MPOU3BEACHUE paCIpeAeiIeHUu

( 1§)+ L ), OoJee meTambHO W HCCIIEAYyeM IIOBe-
z— z-n

JICHWE TPOM3BEJCHUH COOTBETCTBYIOIIMX MHEMO-
(yHKIHIA, B 4aCTHOCTH, TOCTPOUM TIEPBBIE U BTOpPHIE
WICHBl WX AaCHMIITOTHYECKHX DPa3JIOKEHHH. 3/1ech
MBI HCHOJIB3yeM TaKHe pa3lIoKEeHUs He B crabom
CMEBICIIE, T. €. B IIPOCTPAHCTBE PACIIPEACIICHUH, a B
anrebpe MHeMO(QyHKIMHA. B kadecTBe Oa3MCHBIX
3JIEMEHTOB, TI0 KOTOPBIM OCYLIECTBIISCTCS Pa3oikKe-
HHe, OyZeM paccMaTpuBaTh MHEMOGYHKLIUH BHIa
R, (u),u e Dy(S").

I. Ilpoananu3upyeM cHayanga IIPOU3BELCHUE

1 1 > <
o Xy Forma E#n u [S2 1 [nf< 1.

Ecmu & # 1, TO cymIecTByeT KOHEUHBIN Mpeel
ko3¢p¢puunenros  C (r;&m) u G, (r;&m) mpu
r —1, T.e. UX Pa3NOKEHMs] HAUMHAIOTCA C KOHEU-
HOTO YHcia, a8 UMEHHO

C(r:&m) = a L 25
SN " T e
| 1 o

C,(r;Em) = =+
b 9 2 2

-& n-¢ (E-m
[osToMy mpu ycnoBuu, 4to & # 1, MHEMOQYHKIHS
Buja (3.2) acconuupoBaHa C paclpenereHueM u,,
HUMCIOIIUM aHAJMTHYECKOE MPEICTABIICHHUE

1 1 1 1
E-Mmz-& n-¢z-m
A BTOpOH 4iieH pa3loKeHUsi B IPOCTPAHCTBE MHe-
Mo(QyYHKIMHU HMeeT BUI &R, (1,), U aHAIMTHYECKOE

Uy, =

HpeZ[CTaBJ'IeHI/Ie ul €CThb
2% 1 m
E-n)'z-¢ (-1 z-n

OOpatuMm BHMMaHWE Ha ciydai, xorma & #m,

U,

HO ipu 3ToM | E|=1 u |n|=1. Torma oba pacmpene-

JIeHUs f U g IMEIOT CUHTYJIIPHOCTH Ha OKPY>XHOCTH,
MX TPOU3BEACHHE B CMBICIIC PAacHpeiCIeHUH HE ON-
penesneHo, HO TIPOM3BENEHHWE B CMBICIE MHEMO-
(GyHKIUI acCOMMPOBAHO C PACIpPENEICHUEM U,.

OTO sBISETCS TMONTBEPXKACHHEM OOLICPUHITOTO
MHEHUsI, YTO €CIIM MHOXECTBAa TOYEK CHHTYJISIPHO-
CTH IIBYX pacIlpejelieHnii He IepeceKaroTcs, TO UX
MPOU3BEACHUE MOYKHO ONpPEECNIUTh JOCTATOUHO €C-
TECTBCHHBIM 00pa3oM.

II. KadecTBeHHO Ipyryr CUTyallMl0 HMEEM,
eci & =1, 9TO BO3MOXHO TOJIBKO, eciil |E|=1 u

Im|=1. Ilokaxem, 4YTOo 37€Ch TJAaBHBIM UWICHOM

ACHUMIITOTHYCCKOTI'O Pas3jIOKEHUST TPOU3BEACHUS
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SIBIIICTCS IENbTa-PYHKIUSA ¢ OECKOHEYHO OOJBIINM
koaddurenToMm.
B cunty Toro, uto psin @ypbe nenbra-QpyHKINU

ecth 5, = ) £7"z", ee amamummaeckoe npencras-

JIeHHE PaBHO

& &
8. =| ———,
z-§ z-§
Torna 3, BeIpaXkaeTcs C MOMOUIBIO PACTIPENENEHUI
1 " 1
(-8 (8
g g
o, =— —+ —.
(z-8)" (z-9
Ecnu &=n, L1

(z=8)"  (z-8)
UMECT aCUMIITOTHUYECKOE pPAa3IOKEHHUE, B KOTOPOM
TJIAaBHBIM YJICHOM SBJISACTCA —2; 6&.

e &

B paccmarpuBaemMoM cirydae Ko3(QQUITHEHTHI
G =c(e8) n ¢(nE=c(s8) mouores
0ECKOHEYHO OOJBIIUMH MPH 7 —> 1 W UMEIOT clie-
JyHoIlee pa3IoskKeHUe 0 CTEHNEHIM € !

o (-g®
S o)

1 3 1 3,
=t —gt+——& +..;

26 4 8E 16

1
R (T

11 1 1,
e——=¢
26e 45 8 16
Orcrofa TonyYaeM acHMIITOTHYECKOE pPas3iio-
YKEHHUE TS [IPOU3BEICHUS

1
(-8 (-8

:q“@%pfr B o ar

4.1)

11 11 (1}
~— B — +0| — | =
e (z-8)" 28e(z-§) s

()
28’ © g)

To ecTh TJIaBHBIM WICHOM aCHMITOTHYECKOTO
pa3joXKEHUs SBISACTCA AenbTa-QyHKIMS ¢ OECcKo-
HEYHO OOJIBIIUM KOI(PPHUIIUESHTOM.

B 3akimroueHun paszena pacCMOTPHM IpUMEpP
JI. IlIBapria ¥ BBISCHHM, YTO MPEACTABISIET COOOM

npomssenenne P(Z5), z—1 n §,. Hamomuum, uto

(4.2)

NPOU3BENICHUE OTUX paclpelelicHHd NpPHHHUMAeT
pa3HBIC 3HaYCHHS MPU Pa3HOI pacCTaHOBKE CKOOOK,
a UMEHHO

P( ! Jx(z—l) x8, =1x8, =9,
z-1
HO TIPH 3TOM

1 1
P(Z_Jx{(z—l)xﬁl}=P(Z_lj><0:o.
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A Tpu mepecTaHOBKE MOpPSIIKAa COMHOKHUTENEH
MOJTy4aeM BbIpaKEHHUE, KOTOPOE HE ONPEEICHO

1
P(z—ljxsl x(z-1).

Ymeeparcoenue. Ipu ymnosicenuu, 3a0aHHom ¢
NOMOWBIO AHAIUMUYECKO20 NPEOCABNICHUL, NPOU3-
geoeHue

P( ! j><(z—1)><81
z-1

accoyuuposaHo c %81 U nepevle 4jieHbl eco acum-

NMOMUYECKO20 PA3NIONCEHUSL UMEIOT BUO
1 1 € 1

| -¢€ [ 2—
2 (z=1)" 2(z-1
Hokasamenscmeo. Tak Kak pasioxkeHue o, B

psan Oypbe

+o0(¢).

+90
k
S, = Z z,
TO 8, MOXHO MIPEJCTABHUTH B BUIE
1 1
| Ee
(z-D" (z-D
Amnanormano mis P(L

L) 1S, 1e
P[ j_zgz 27

z—1

Torga

z-1) 2\ (z=-1)" (z-1)
ITycTh TOMMHOMBI BKIIAABIBAIOTCA B anredpy

panroHaNBHBIX MHEMO(YHKIWI depe3 aHaJIuTH4YecC-
Koe npejcTasinenue. Toraa

z=1- (z=1) =lim((1-)z = 1) = lim(z—1).

P( ! j(z—l)+5l—>l LN

z—1 2{2-1 rz-1

1 1 1 g 1 1
PRIl Y t o7
-1 2(G-D7) 201 G-D

1 1 e 1

——90,—-¢ —— —+

2 (z=1)" 2(z-1
3ameuanue. MHOTOUIEHBI MOXKHO BJIOXKHUTH B

anredpy MHeMOGYHKLIUH APYTUM CIIOCOOOM, TOCTa-

BUB C COOTBETCTBHE p(z) CTAallHOHApHOE CeMEHCTBO —

o(e). a

MHEMOQYHKIMIO p,(z) = p(z). Ilpu TakoMm Bioxe-

HUU TTOJTy4aeM HNPOU3BCACHHUEC, KOTOPOC OTINYACTCA
OT OIMMCAaHHOI'O BBIIIC MJIAJIINMHU YICHAMMU:

P( ! j(z—1)61—>l SN

z-1 2{2-1 rz-1
el 1 1 1 1
- + + +
2{ -1 (f—l)2 rz—1 (rz-1)
1 |
— =9, —ieP ( )+o(s).
2 z—-1

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

5 Ilpou3sBeneHns1 paMOHAIBHBIX pacnpese-
JIEHHii, ACCOLMMPOBAHHBIE C pacnpeeIeHusIMU

B of0mem ciyuae mpou3BeleHUE pacipeserne-
HUH f ¥ g, TMOPOXACHHOE 3aJaHHBIM BIIOXKCHHEM,
ecTh MHeMO(dyHKIMsA. B nureparype oco6o Bblie-
JSIFOTCS TIaphl f ¥ g, POU3BEICHUS KOTOPBIX KOHEU-
Hbl, T. €. aCCOLMUPOBAHHBI C HEKOTOPBIM pacrpee-
JICHHEM U, TaK KaK TOTJia MOXXHO CYHTATh, YTO
fxg=u. B oOmem ciydae BpsI JIM MOXHO Oy~

YUTh SIBHOE OMHCAaHHE TAaKUX Map paclpeneneHuil.
ITokaxkeM, 4TO AN Hap palMOHANBHBIX paclpese-
JIHWI MOTYT OBITH OIMCaHBI BCE CIIydad, KOT/a MX
MIPOU3BEJICHNE KOHEYHO.

Kak yxe oTmedanoch, MPOW3BEICHHE pamno-
HAIBHBIX paclpeleNicHH eCTh JIMHEeWHas KoMOWHa-
sl TIPOM3BEACHUH 3JIEMEHTapHBIX pAIMOHAIBHBIX

MHEeMO(YHKIUIH Buaa u z"". Co-

1 1
" ()"
TJIACHO TIOJTyYEHHBIM BHIIIE YTBEPKICHUAM, KaxkI0€
npousBeneHue R (f)R,(g) mpeacTaBisercs B BUIE
JIUHEHHOW KOMOWHAIIMY 3JIEMEHTAPHBIX PaIlOHAIb-
HBIX MHEMOQYHKIMH C KO3(pPHUIUCHTaMH, 3aBHUCS-
uMu oT €. Ilpu 3ToM, ecii B COOTBETCTBYIOLIEE
BBIp@XECHUE U MIPOU3BEACHUS BXOJAAT WICHBI BUIA

( la X 1& 7> BOSHHKAIOT CITATaCMBIC C 0GECKOHEUHO
z=§ z—

O6onpmMH KO3 QHUIMEHTaMH, KOTOpPBIE HE acco-
LMHUPOBAHbI C pacipeneneHusiMu. Onpenennm ycio-
BUS, KOTJia TPOW3BEICHHE PallMOHAIBHBIX pacrpe-
JieJIeHUH, cozieprkalliee TaKue claraeMble, KOHEUHO.

Teopema 5.1. ITycmo f=(f",f), g=(g",g"),
rIe

. A Ay . B B;
f7 — 1 + 2 > ;g0 = 1 + 2 -
z-1 (z-1) z=1 (z-1)

Ecnu f* #0, mo npoussedenue pacnpedene-

HUll f u g accoyuuposano ¢ HeKomopvim pacnpede-
JlenuemM moz20a u MmobKo mozod, Ko20d Ol KO-
Puyuenmog suinoaHeHvl COOMHOUIEHUS

B =tA],B; =—t4;, j=1,2. (5.1)
Ecnu f7=0(f =0), mo npoussedenue xo-
neurno monvko, eciu g =0(g” =0).
Hoxazamenscmeso. Iycte f=(f", 1), g=(g",g).
Pacnmmem npousBenenue fg :
(f"+f)x(g +g )=
=g+ + g e S
Kak 6buTO TIOKa3aHO paHee, MMepBbIe JBa ClaracMbie

aCCOUMHUPOBAHHLI C HEKOTOPLIM PACIIPECACICHUEM, a

OCCKOHEYHO OOJIBIIKE CllaraeMble BHOCST pousBe-

1 1

JIeHHs BUJA o o

MOATOMY HaJg0 PaccMoT-

peTh TOJBKO CYMMY NBYX IOCJEIHUX ClaraeMbIX.
HNmeem

+p- - np+

B+ A4 B
AZ 2 272 +

[ rgS = T
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A'B + A B,
+—
(z=1)(z=1)°
A B, + 4, B/ N A'B + A Bf
(Z D'(z-D" (=)' (z-1)
¢ (e) + 2¢] (£)c, (e) N
(z-D*" (-1’
+201 (e)c3 () N (&)
(z-1)"  (z=D"
+[ ey (e)(45 B + 47 By)+
+c,(e)(4'B; +A‘B*)] _a@) +—02(8) +
1 ) H D) (Z—l)+ (Z—l)_

+(A B + 4 B )(—C] () + 28 (g)_ J+
(z-D" (z-D
6 (8)

+(A4'B, + 4, B )——-.
(z-1
koapdummentsr ¢, (e)=0(e') wu
1

c,(8)=0(e™), 10 ~ B HauOOJIbIIEH CTENIEHH BHE-

= (A4 B; + 4, B})

ﬂ£&+45%1©
z

Taxk  kak

CYT B pasioxeHMe npousseaeHus 2c;(g)c,(g) u

2¢,(g)c; (). Tak Kak TH MHOMKHTENH CTOAT TPH

1 1
(z-1)* (z-1

JIMHEHHO HE3aBHUCUMBIX BBIPDAXKEHUAX
TO CJlara€MbI€, pacTyIIUE, KaK %, HUCYC3aI0T TOJBKO

torna, korna A, B, + A, B, =0. Cpean ocraBumxcs

cJlara€MbIX UMEEM TOJIBKO OJHO, cozlepmamee 1)2+

¢ koaduumentom ¢, (e)(4, B, + A B,), cnenosa-
TENBHO, 9TO CJIAraeMOe HCYE3aeT TOJNBKO eCin
A’B + A B, =0. AHanoru4HoO TOJNyYaeM, HUTO
A'B; + 4; B =0. Ilpu BBIIIOIHEHUH 3THX YCIOBHIA
OCTAEeTCsI OJIHO CIIAraeMOe
MB+AB{C@) mw}
(z=-1)" (z-1)

Iuist o0pallleHdss KOTOPOro B HyJb HEOOXOIMMO,
atobbl A4 B + A B =0. CrenoBareibHo, s TO-
ro, 4toObl  Tpou3BelieHHE  MHEMO(YHKIU
R (f)R,(g) ObLIO accCOLMUPOBAHO C paclpenelle-
HHEM, HEOOXoauMo, 4Tobsl g +g'f  obparua-
J0ch B Hynb. Ompe/ennM yCioBHs, Kor/:[a 3TO BBI-

nonHsieTcss. O003HAYNM X = 7 11)* , Y= . Torna
-

(= 1)’
[g +g [ = x+ L) B y+ By + (52)
+(A4 y+ 4,y ) B x+B;x*)=0.
Ecm f" =0, 1o u3 (5.2) cuenyer, uro g* =0.
Ananornyno w3 f =0 crneayer, uto g~ =0. B
OCTABLIMXCS CIIyYasX MOJTyIaeM, 4To
B x+Bix’ _ny+Bz’y2

AX+ A Ay+ Ay
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CrenoBaTesbHO, KOA(GPHUIUEHTH MHOTOUYJICHOB
NPONOPIMOHANBHBI, & 3HAYHT, BBITIOIHSIIOTCSA COOT-
HomeHnus (5.1). JIocTaTOYHOCTh YTBEP)KACHUS TEO-
peMbl OuYeBH/IHA, TaK Kak mpu BeimoiHeHuu (5.1)
fTg +g'f obpamraercs B HyJb, ¥ 3HAUUT, ACHM-
NTOTHYECKOE Pas3NIOKEHHE MMPOU3BENICHUS HE COmep-
KHUT OECKOHEYHO OOJIBIIKX YJICHOB. O

B uwactHOM ciyuae, koraa kodddureHTs npu
BTODPBIX CTEIEHSIX PaBHBI HYJIO, MOJIY4aeM TOJBKO

oxHo ycnoBue A'B + A B =0, T.e. 310 ycnosue
PaBHOCHIBHO PaBEHCTBY HYIIO ONPEIENUTENsS Mart-
pHLBI KO3 UINEHTOB:

Al: Ao, (5.3)

B xnure [4] npuBeneHs! TOJNBKO TPU IpUMeEpa
KOHEYHBIX MNpou3BefeHuil. Ha okpykHOCTH aHaio-
raMy 3THX IPUMEPOB OyIyT NMPOU3BEICHHS

o)
ool

Bce 3t mpowmsBeneHHs yIOBJIETBOPSIOT YCIOBHIO
(5.3), a 3Ha4WT, SABIAIOTCS KOHEYHBIMH, T. €. SIBIISI-
FOTCSI pacipeie/iCHUsIMHU.

Omnmmem oOmmMiA cIydaid, KOTia MpOru3BeeHIEe
palMOHANBHBIX PACIPEeICHUI SIBIISETCS pacipe-
JeneHueM. PaHee ObLIO MOKa3aHO, YTO MPOU3BElIE-
HUE MPOM3BOJILHOTO PAlMOHAIBHOTO paclpeserne-
HUS. ¥ MHOTOYICHA SIBIISIETCS paclpesieieHHeM, I10-
9TOMY PacCMOTPUM TOJIBKO PacIpeNesieHNs], aHallU-
THUYECKOE TIPEJICTABICHHE KOTOPBIX IPEICTABIISET
co0OW TPaBWIBHBIC palMOHATBHBIC  (DYHKIHH.
[lycTh panuoHaIbHOE pacrpeieicHue / UMEeT CHH-
TyIspHblid HocuTenb S, =1{§,,| €, [=1}, a mHOX)ecCT-

Bo S, ={n,,|n, [=1} ecTb cuHrynsApHBIA HOCUTENH

panroHaNsHOTO pacrpeaeeHus g. [Iycts MHOXKeCT-
Bo §=8,nS, ={z,...,z,}. He orpanuunsas o6ur-

HOCTH, CYATACM, YTO KpPAaTHOCTb 7, OJUHAKOBa IJIsA

Touek z,, 1<k <m. Torma fz(f*,f’), rue

<Z)—ZZ I

Zes j=1 k)j &eS,1s j=1 (z— &k)j
n* I’; l)Jr

+ZZ—"’ roe|v, > 1.
kl]l(z )

re-ny .y $oS

zeS j=1 g eSS j=1 (z- E,.k)
n_ P -~

+ZZ - ,rael|v, |<1.
kl/l(z k)

U pacnipenenenue g = (g+ , g’ ), Tae

g (Z)-ZZ

zeS j=1 (Z Z )j
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nes, 1S j=1 (Z_nk)j a1y

3 i Ci N N
ness a (z—n) 3T )
Beigenum crnaraemble, MPpH yMHOXKEHHH KOTO-
PBIX MOTYT HOSIBUTBCSI OECKOHEYHO OoJblHe Kod(-
(DUIUCHTHI:

+ <& A]f + & Bki
fis=) ——, gis=>.——— (54)
ks jZ::‘ (z—z.) ks jz::‘ (z—z)

Teopema 5.2. Tlpoussedenue payuoHanbHbIX
muemopynxyuii R, (f)R,(g) accoyuuposano c me-

KOMOpbIM pacnpeodeiienuem mo2oa u moibko moaod,
Koeoa oasa kadicooeo k, 1<k <m, npu xomopom

fis #0, cywecmeyem uucno t,, umo 0ns kodppu-
YUEHMOB CNPABEeONUGbl COOMHOUUECHUSL
+ _ + - _ _ -

B, =t,4;, B, =, 4. (5.5)

Hoxazamenvcmeo. Kak ObLIO MOKa3aHO paHee,

O6eckoHe4HO OoJbIINe MHEMO(QYHKIMH BO3HUKAIOT
1 X 1 .
(=8 " (-8

OCCKOHEUHO OOJIbINKE cllaraeMbie B MMpOnU3BEACHUC
BHOCAT TOJIBKO BBIPDAXKCHUA

ny A}; ny B

2 2

7 (z-z, )" 7 (z—z, )"

7 AI: 1 B};
+Y — —,z, €8S.
H(z-z) T (z-z)

3aMeTuM, YTO MPOU3BENCHIE MHEMO(YHKIIHH,
MOPOXKACHHBIX (5.6), HAXOAUTCS IO TOMY K€ TIPABH-
11y, 4TO M IIPOM3BEACHHE MHOTOUJICHOB

MIPHU TPOM3BEACHUSIX BUAA [Toatomy

(5.6)

y

nk . _ _ .
)= A4x, p, ()= 4,5,
= =

g, (X)=D B;x', q, ("= B,y
j=1 j=1

B BBIPAXKCHUH
+ - - +
p, (g, (»)+p, (¥)q, (x).
OdeBHIHO, UTO €CITU BEIpakeHUE (5.60) TOXKIESCTBEH-
HO paBHO HYJIIO, TO OECKOHEYHO OOJNBLIMX Cllarae-
MBIX B aCHMITOTHYECKOM PAa3JI0KeHUH NPOHM3BExe-
Hua R,(f)R,(g) ner. OOpamwenue B Hynb (5.6)

PaBHOCHIILHO BBITTOJTHEHHIO
P, (g, M +p, (¥)g, (x)=0.  (5.7)
ITocne pa3genenus nepeMeHHbIX B (5.7) momyyaeMm:
4 () 4,
P P ()
U3 (5.8) cenyer, uto
q, (X)=t,p, (x).q, (¥)=-t,p, (¥).

t,. (5.8)

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

CrnenoBatenpHO, KO GHUIMEHTH MHOTOUJICHOB
MpOoNnoOpHIHUOHAJIbHBI, & 3HAYUT, BBITIOJTHAKOTCA YCJIOBUS
(5.5) u BeIpakenue (5.6) TOXKIIECTBEHHO PABHO HYIIIO.

[MTokaxem, uTo eciu BbIpaxkeHue (5.6) OTIMYHO
OT HYJI, TO OHO COJICPKUT OCCKOHEYHO OOJbIIHe
crnaraemble. CormacHo (3.1), mpousBeeHne Xy HMe-

eT B[

xy = F(x,¢,(e),¢,(8)) + O (,¢,(8).¢,(€)), (5.9)
rae F(x,¢ ()¢, (e))=c(e)x, a O(y,¢(e)c,(e) =
=c,(e)y, u xoddpdunueHtsl c (g), c,(¢) Bemyr
cebs kak ¢ . Jlna xy° umeem:

xy2 = F(x,¢,(€),¢,(€)) + O, (¥,¢,(8), ¢, (8)),

P(xc,(e).c,(8) = ¢ (e)x,

0,(y,¢(8),c,()) = ¢, (8)c, (8)y + ¢, (8) )",
Ilonyuunu BelpakeHHE, JTUHEWHO HE3aBUCUMOE OT
(5.9), xaxmoe cimaraemMoe KOTOPOTO BeAeT ceds Kak
HEKOTOpas CTereHb € . PaccMoTpuMm mpousBese-
Hue x°y°

Xy = P(x,6(2),, () + Qs (1,6, (8), ¢ (2)),
P,(x,¢,(g),c,(€)) = ¢ (g)x* +2¢] (g)c, (€)X,

0,(3¢(2), ¢, (2) = 26, (2)c; (8)y +¢5 () )"
U tax nanee. CienoBaTenbHO, TIOBBIIICHHE CTEIICHH
OJTHOWIEHA NPUBOIUT K IOSIBICHHIO OECKOHEUHO
OOJIBIINX ClIaraeMbIX, KOTOPHIC JIMHEHHO HE 3aBUCST
OT HpeAplymuXx BblpakeHuil. [loaTomy eciu mbl
paccMOTpUM JIMHEHHOoe oToOpaskeHne F mpocTpaH-
CTBAa MHOTOYJIEHOB OT JBYX IEPEMEHHBIX B IIPO-
CTPAaHCTBO MHOTOWIEHOB OT YEThIpEX MEPEMEHHBIX,
JICHCTBYIOIIEE HA OJHOWIEHAX IO IPABUITY
F(x"y™) = F,(x,¢,(e).¢,(e) + 0, (3, ¢,(€),¢,(8)),
TO, MCXOJs W3 BBIIIECKA3aHHOTO, OTOOpakeHue F
ABJISICTCS MHBEKTUBHBIM H €T0 SIIPO COCTOUT TOJBKO
U3 HyJL.
[Tpumenus otobpaxenue F K
p, (¥q, ) +p, Vg, (x)=
Ly (5.10)
= Z (Aijkl + Alekj)xjy s
Jol=1
NOJIyYUM KOMOWHALIMIO JIMHEWHO HE3aBHCHUMBIX
MHOTOWIEHOB OT Y€THIPEX MEPEMEHHBIX, I/l KaX10e

claraeMoe BEJIET celsl Kak HEKOTOpasl CTETIeHb € '

y,

> (4B, + A,B;)x
Jil=1
X(P,(x,¢,(€),¢, () + O, (1,¢,(8), ¢, (8))).

B cuny Toro, 4ro oroOpaxeHue F JTUHEHHO U UHB-
EKTHBHO, €ro 00pa3 He COJIEPKMT CTENEHH & Toraa
U TOJIBKO TOT[a, KOT/Ia UCXOAHBIH MHOTOWIEH (5.10)
€CTh TOXKIECTBEHHBII HYJIb, T. €. BbINoJHseTcs (5.7).
3HaynT, I TOrO, YTOOBI ~ MHEMO(YHKIHUS
R,(f)R,(g) Oblta accouuupoBaHa C HEKOTOPHIM
pacripeziesieHueM, He0OX0IMMO U JIOCTaTOYHO, YTO-
061 (5.6) TOXIECTBEHHO pPAaBHSUIOCH HYJIO, a 3TO
PaBHOCHIILHO BBITTOJIHEHHUIO (5.5). O
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3aki04ueHue

B nanHoii pabore mccienoBaiach nopaireopa
MHEMO(YHKLMI Ha OKPYXHOCTH, HOpPOXKACHHAs
paunoHanbHbIMU  QyHKUMsAMH. [lonmydeHo siBHOe
OIMCAHUE CTPYKTYPBI 3TOW MONANreOphl: MOKa3aHo,
YT0 00pPa3yIOIIMMHU B HEil SBISIOTCS 3JE€MEHTHI BUA

1 1

(8" @y
OIMKCHIBAIOLINE TPABUIIO YMHOXEHHUSI 00Pa3yOIInX.
[IpoBeneH aHAM3 MNPOW3BEICHUHA palMOHATBHBIX
pacnpeneneHlid U OMUCAHbl BCE CIIy4au, KOrJa mpo-
U3BEJCHUE NMPOU3BOJIBHBIX pPalMOHAIBHBIX pacipe-
JeJICHUH SIBISIETCSL PacIpe/iesieHHeM, a He MHEMO-
(hyHKIHEH, KaK B 00IIEM CiIydae.

U z', W BBIABIECHBI COOTHOIICHHS,
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ON p-SUPERSOLUBILITY OF ONE CLASS FINITE GROUPS
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JlokasaHo ciejyrolnee: KoHeyHas rpynna G p-cBepxXpas3pelinMa TOTJja M TOJIbKO TOT/a, KOTrJa OHa MMEET HOPMAJIbHYIO MOJI-
rpymiy N ¢ p-cBepxpaspemumoii dakrop-rpymnmoil G / N takoid, uto nu6o N — p' -rpynmna, mu6o p nenur |N|, u |G : Ng(L)| 8-

JISIETCSI CTETICHBIO YMCIIa p JUIs JII000H UKIMYEeCKO! p-noarpynmsl L u3 N nopsaka p win nopsiaka 4 (ecnmup =2 u B N cUIoB-

cKas 2-NOATpYIIA SIBIIAETCS HeabeneBoii).

Kniouegvie cnosa: koneunas epynna, p-HulbnOmenmHas epynnd, p-ceepxpaspeuiumas spynna.

The following is proved: A finite group G is p-supersoluble if and only if it has a normal subgroup N with p-supersoluble quo-
tient G/ N such that either Nis p’ -group or p divides |N| and |G : Ng(L)| equals to a power of p for any cyclic p-subgroup L of

N of order p or order 4 (if p =2 and a Sylow 2-subgroup of N is non-abelian).
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Introduction

Throughout this paper, all groups are finite. A
group G is said to be p -supersoluble if every chief
factor of G is either cyclic or is a p'-group. There

are a large number of criteria supersolubility groups
(see [1]). And at the same time p -supersolvable
groups remain relatively poorly understood. In this
note we prove the following result in this trend.
Theorem. Let G be a group and p a prime.
Then G is p-supersoluble if and only if it has a nor-
mal subgroup N with p-supersoluble quotient G/ N

such that either N is p' -group or p divides | N | and
|G:N.(L)| equals to a power of p for any cyclic
p-subgroup L of N of order p or order 4 (if p =2 and
a Sylow 2-subgroup of N is non-abelian).

Bercovich and Kazarin proved [2, Theorem 1]
that if for any cyclic p-subgroup L of G of prime
order or order 4, | G: C;(L)| equals to a power of p,

then G is p-nilpotent. From our theorem we obtain
the following similar result for the p-supersoluble
groups.

Corollary 0.1 Let G be a group and p a prime
divisor of |G |. If for any cyclic p-subgroup L of G
of order p or order 4, | G : N;(L)| equals to a pow-
er of p, then G is p-supersoluble.

Corollary 0.2 (Ito, Gaschiitz [3, IV, Theorem
5.71). If every minimal subgroup of a group G is
normal in G, then the commutator subgroup G' of
G is 2-closed.

Corollary 0.3 (Buckley [4]). Let G be a group
of odd order. If every minimal subgroup of G is
normal in G, then G is supersoluble.

© Dergacheva I.M., Zadorozhnyuk E.A., Shabalina I.P., 2019

All unexplained notations and terminology
are standard. The reader is referred to [5] or [6] if
necessary.

1 Some lemmas

In order to prove the theorem we need the fol-
lowing lemmas.

Lemma 1.1 Let L<G and p be a prime divi-
sor of L. Suppose that L is p-closed and |G : N;(L) |
is a power of p. Then the Sylow p-subgroup of L is
contained in O,(G).

Proof. Let L, be the Sylow p-subgroup of L, P
a Sylow subgroup of G containing L,. Since L, is
characteristic in L, N, (L)< N;(L,). Hence

(L) =) =(L,)" <0,6G). O

Lemma 1.2 [7, Theorem 2.4]. Let P be a p-
group, o. a p' -automorphism of P.

1) If [0, Q,(P)] =1, then a.=1.

2) If [0, (P)] =1 and either p is odd or P is
abelian, then o =1.

Proof. We use, following [5], A(p—1) to de-

note the formation of all abelian groups of exponent
dividing p-1. The symbol Z,(G) denotes the

largest normal subgroup of a group G such that
every chief factor of G below Z,,(G) is cyclic. O
Lemma 1.3 [8, Lemma 2.2]. Let E be a normal
p -subgroup of a group G. If E<Z,,(G), then
(G/CL(E)*"™" <0,(G/C4(E)).
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Lemma 1.4 Let P be a normal p -subgroup of a
group G. Let D be a characteristic subgroup of a p-
subgroup P such that every non-trivial p'-auto-
morphism of P induces a non-trivial automorphism
of D. Suppose that D < Z,/(G). Then P < Z,,(G).

Proof. Let C=C,(P), H/K any chief factor
of G below P. Then

0,(G/Cz(H/K))=1
by [1, Appendix C, Corollary 6.4]. Since
D<Z,(G), then (G/C, (D))" is a p-group by
Lemma 1.3. Hence (G/C)**™ is a p-group. Thus
G/C,(H/K)e A(p-1)
and so | H/K |= p by [1, Chapter 1, Theorem 1.4].
Therefore P<Z,(G). O

Lemma 1.5 Let G be a p-group of class at most
2. Suppose that exp(G/ Z(G)) divides p.

() If p>2, then exp(Z(G)) = p.

(2) If G is a non-abelian 2-group, then
exp(X(G)) = p.

Proof. See page 3 in [2].

Lemma 1.6 Let P be a normal p-subgroup of a
group G. Suppose that |G : N;(L) equals to a pow-
er of p for any cyclic p-subgroup L of P of prime
order or order 4 (if P is a non-abelian 2-group).
Then P<Z,(G).

Proof. Suppose that this lemma is false and let
G be a counterexample with |G || P| minimal. Let
Z =Z7,(G). If P is not a non-abelian 2-group we use
Q to denote the subgroup Q,(P). Otherwise, Q =
=Q,(P). Let D be a Thompson critical subgroup

of P.

(1) G has a normal subgroup R < P such that
P/ R is a non-cyclic chief factor of G, R<Z and
V <R for any normal subgroup V # P of G con-
tained in P.

Let P/R be a chief factor of G. Then the hy-
pothesis holds for (G,R). Therefore R<Z by the
choice of (G,P) and so P/R is not cyclic. Now let
V' # P be any normal subgroup of G contained in P.
Then V<Z. If V£R, then from the G — isomor-
phism

P/R=VR/R=V/VNR
we deduce P <Z, contrary to the choice of (G, P).
Hence V' <R.

2) Q=P=D.

Indeed, suppose that Q < P. Then, in view of
(1), Q<Z. Hence P<Z by Lemmas 1.3 and 1.4,
which contradicts the choice of (G,P). Hence
Q=P. In view of Theorem 3.11 in [9, Chapter 5]
we obtain similarly that P = D.

(3) The final contradiction.
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Let L/R be any minimal subgroup of
P/RNZ(G,/R), where G, is a Sylow p-sub-

group of G. Let x € P\R. Then |<x>| is ether prime

or 4 by Lemma 1.5. Hence |G : N ((x)) | is a power

of p. Hence L/R= =(x)R/R is normal in G/R,

which contradicts (1). O
Lemma 1.7 Let L<N be subgroups of a
group G, where N is normal in G. Then | N : N, (L) |
divides |G : Ny (L)|.
Proof. This follows from
INSNy(D)[FIN: N (L) NN |=
=|NN;(L): N,(L)|. O
Recall that a formation § is a class of groups

which is closed under taking homomorphic images
and such that each group G has the smallest normal

subgroup (denoted by G¥) whose quotient is in .
A formation § is said to be saturated if G e § for
any group G with G/ ®(G) e F. A group G is said
to be a minimal non- § -group if G¢§ but He§

for every proper subgroup H of G. In what follows
we shall need the following result.

Lemma 1.8 [5, Chapter VI, Theorem 25.4]. Let
§ be a saturated formation. Let G be a minimal

non- § -group such that G° is soluble.

(a) P=G?® is a p-group for some prime p and
P is of exponent p or of exponent 4 (if P is a non-
abelian 2-group).

(b) P/ D(P) is a chief factor of G and

(P/D(PYN(G/C,(P/D(P)) ¢

Lemma 1.9 Let p be a prime and G a p-soluble
group. Assume that O,(G)=1. Then the following
Statements are equivalent.

(1) G is p-supersoluble;

(ii) G is supersoluble;

(i) G/0,(G) is an abelian group of exponent
dividing p—1.

Proof. ()= (ii). Since G is p-supersoluble, for
every chief p-factor H/K of G, we have
|H/K|=p and so G/C,;(H/K) is an abelian
group of exponent dividing p—1 (see [1, Chapter 1,
Theorem 1.4]. Since O, (G) =1, the intersection of
the centralizers of all chief factors H/K of
|H/K|=pis O, (G)=0,(G). Hence G is super-
soluble by [1]. By using the same arguments, we
also see that (ii) = (iii) and (iii) = (1). O

2 Proof of Theorem
We have only to prove that if a group G has a
normal subgroup N with p-supersoluble quotient

such that either N is p'-group or p divides |N | and
|G:N;(L)| equals to a power of p for any cyclic
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p-subgroup L of N of order p or order 4 (if p=2

and a Sylow 2-subgroup of NV is non-abelian), then G
is p-supersoluble. Suppose that this is false and let G
be a counterexample with | G|+ | N | minimal. Then

p divides | N |. Let P be Sylow p-subgroup of N.

(1) 0,(G)=1.

Let D=0,(G) and H/D a cyclic p-sub-
group of ND/ D of prime order p or order 4. Then
in view of Schur-Zassenhaus Theorem, there is a
cyclic subgroup H, of G such that |H,|=|H/D]|
and H D=H. Since (|H,|,|D|)=1 and H, <ND
we have H,<N. Hence |G:N,(H,)| equals to a
power of p by the hypothesis and so
|G/D:Ng,,(H/D)| equals to a power of p.
Therefore the hypothesis holds for (G/D,ND/ D).
If D#1, then G/ D is p-supersoluble by the choice
of |G|+]|N|, which implies the p-supersolubility
of G. Thus D =1.

(2) N is p-supersoluble.

Suppose that N is not p-supersoluble. Then p
divides | N|. Moreover, N =G, otherwise N is p-
supersoluble by Lemma 1.7 and the choice of G.

(a) For any subgroup H of G we have
O,(H)<Z,(H).

By Lemma 1.6, O,(G) < Z,,(G). Let P=0,(H)
and H be a cyclic p-subgroup of H of prime order or
order 4 (f p=2 and a  Sylow
2-subgroup of N is non-abelian). If P is not a non-
abelian 2-group we use Q to denote the subgroup
Q,(P). Otherwise, Q=Q,(P). By Lemma 1.1,
H <0,(G). Hence

Q<Z, (G NnH<LZ,(H)
andso P<Z,(H) by Lemmas 1.2 and 1.4.

(b) G is not soluble.
Assume that G is soluble and let A be a mini-
mal non-p-supersoluble subgroup of G. Let § be the

class of all p-supersoluble groups. Then § is a satu-
rated formation by [3, Chapter VI, Theorem 8.6].

Hence by Lemma 1.8, P = H? is a p-group and P is
of exponent p or of exponent 4 (if P is a non-abelian
2-group). Moreover, P/®(P) is a non-cyclic chief

factor of H. But from Claim (a) we deduce that
P<Z,H), so |P/®D(P)|=p. This contradiction
shows that we have (b).

(c) O'(G)=G forall primes q # p.

Suppose that for some prime g # p we have
0’ (G) # G. The hypothesis is true for (O?(G),0(G))
by Lemma 1.7, so OY(G) is p-supersoluble by the
choice of (G,N)=(G,G). Since O,(0(G)) a

characteristic subgroup of O?(G), it is normal in G.

Problems of Physics, Mathematics and Technics, Ne 2 (39), 2019

Hence in view of (1), O,(0(G))=1. Therefore

C,(H/K) is supersoluble and C.(O(G)) is an

abelian group of exponent dividing p—1 by Lemma

1.9. Therefore by Claim (a),
0,(0°(6)=0,(6)<Z,(G)

and so G is p-supersoluble. This contradiction shows

that we have (c).
(d) 0,(G)<Z,(G).

In view of Lemma 1.1, O,(G) #1. Let H/K
be any chief factor of G below O,(G). By Claim
(@), |H/K|=p. Hence G/C;(H/K) a cyclic
group of exponent dividing p—1. Suppose that
C,;(H/K)# G. The for some prime g # p we have
0(G)#G, which contradicts (c¢). Hence
C;(H/K)=G for each chief factor H/K of G
below O, (G).

The final contradiction for (2).

Let H be a minimal non-p-nilpotent subgroup
of G. Then, by [3, Chapter IV, Theorem 5.4],
H =PXQ is a Schmidt subgroup of G, where P is
a Sylow p-subgroup of H and Q is a Sylow g¢-
subgroup of H for some prime Moreover, P is of
exponent p or of exponent 4 (if P is a non-abelian 2-
group). By Claim (a), P<Z,(H), so | P|= p. But
then by Lemma 1.1 and (d),

P<LZ (G)nH<Z (H),
so H is nilpotent. This contradiction completes the
proof of (2).

(3) O,(N) is a Sylow p-subgroup of N and
O0,(N)<Z,(G).

By (1), O,(N)=1, so N is supersoluble and
O,(N) is a Sylow p-subgroup of N by Lemma 1.9.
On the other hand, O,(N) is characteristic in N and
hence it is normal in G. Finally, O,(N) < Z,(G) by
Lemma 1.6.

Final contradiction.

Every chief factor of G below of N either is cy-
clic or is a p'-group by Claim (3). Hence G is p-
supersoluble since G/ N is p-super-soluble by hy-
pothesis, contrary to the choice of G. O
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HCCJIEJJOBAHME OCIIAJIJISITOPA BAH JIEP ITOJISI C 3ATTA3JBIBAIOIIIUM
OTPAXKEHUEM OT HATPY3KH ITPY PA3JIMUHBIX THITAX
CJIYYAHHBIX BO3JIEMCTBUI

C.IL. Koraasp, C.1. Koraab, A.U. Kyabi0a

T'omensckuti 2ocyoapemeentuiii yrusepcumem um. @. Ckopumsi

RESEARCH OF THE VAN DER POL OSCILLATOR WITH DELAYED
REFLECTION FROM LOAD AT VARIOUS TYPES OF RANDOM EFFECTS

S.P. Zhogal, S.1. Zhogal, A.l. Kulyba

F. Scorina Gomel State University

HccnenoBaHbl 0THOYACTOTHBIE KOJIeOaHUs B aBTOKOsIeOaTeNnbHOM cucteme BaH jiep [lons ¢ 3amasapIBaHusIMU B LIeTIH 00paTHOM
CBSI3U U OT OTPAXKEHHOW HArpy3KH MPU OJHOBPEMEHHBIX aJJUTHBHBIX U MYJIbTUILIMKATUBHBIX CIy4ailHBIX BO3JCHCTBUSX.

Kniouegvie cnoga: cmoxacmuueckue ouggpepenyuansvuvle ypagnenus, 00HOYaAcmomnble Koiedanis, 3anazovliéanue, ocyuis-
mop ean dep [lons, a0OoumusHvIx cryuaiinvle 6030€UCmaus, MyI1bmMunIuKamueHvle CIyyainble 8030eliCneusl.

Single-frequency oscillations in a van der Pol self-oscillating system with delays in the feedback circuit and from the reflected
load under simultaneous additive and multiplicative random influences are investigated.

Keywords: stochastic differential equations, single-frequency oscillations, delay, van der Pol oscillator, additive random ef-

fects, multiplicative random effects.

Beenenne

HccnenoBanne CHCTEM C 3ama3ibIBAaHUEM SIBILS-
€TCsI aKTyaJIbHOH 3a1aueil M peIMETOM UCCIIeI0BaHNH
MHOTHUX Hay4dHbIX padot [1]-[7]. Takue cucremsl Mo-
ryT CIYXHUTb MAareéMaTU4CCKUMHU MOICIAMU pPCalib-
HBIX OOBEKTOB W SIBJICHMA MEXaHWKH, OITHKH, pa-
JO0(U3UKH, KNOSPHETHKY.

AKTyaJIbHOW sBISieTCS 3ajaya MCCIEeIOBAHUS
Clly4aiiHbIX KoJieOaHWil B TOJOOHBIX CHCTEMax IIPH
HAJTMYUH CHWIOBBIX (AJOWTHUBHBIX) M TapaMeTprye-
CKMX (MYJIbTUIUIMKATUBHBIX) CIyYaiHBIX BO3AEHCT-

Buii [7], [8].

1 ITocranoBka 3axauu
Uccnenyem ¢mykryarmun xoieOaHWl B aBTOTe-
Hepatope BaH aep [lons ¢ yueTom Kak 3amnas/ipIBaHus
B LIENX OOpaTHOM CBSI3M T€HEpaTopa, Tak W 3ama3/bl-
BaHUs OTPAKEHHOTO CHUTHAJA OT YAAJICHHON HAarpys-
K. B xauecTBe MareMaTHYeCKON MOJEIN TAaKOH aB-
TOKOJIE0ATEIbHON CHCTEMBI MOXKHO DPaccMaTpUBaTh
cToxXacTuaeckoe muddepeHImanbHoe ypaBHEHHE
d’x(t)

" + wéx(t) =

- aa[l—sz(t)J%+kx(t—tz)+ (1.1)

e {q M ¢ xt-r,) dvst(’)},

dt
rie o,B,k,0,,C,C,,T,,T, — IOIOXUTEIbHbIE IO-
CTOSIHHBIE, € — MAJIbIii MOJIOKUTEIBHBIN MapaMerp,
w,(¢), w,(f) — CTOXaCTUYECKU HE3aBHCHMBIE BUHE-

POBCKUE TPOLECCHI e[lHHH‘lHOﬁ MHTCHCHUBHOCTM.

© XKoeanv C.II., Koearw C.H., Kynviba A.H., 2019

3neck ®, — COOCTBEHHAst 4acTOTa KoJIeOaHUI cHC-

TeMBI, k — KO3 (PHUIEHT OTpaKEHUS CUTHANIA OT Ha-
TPY3KH, T, — 3ala3fblBaHue OOpaTHOW CBs3W, T, —

3ana3/plBaHUE OTPAXKEHUS OT YAAJICHHON Harpys3ku.
Otmerum, uto (1.1) MOXeT clayXuUTh HpocTelIien
MaTeMaTH4eCKON MOJIENBIO OIUIEPOBCKOTO aBTOMH-
Ha [2]. UccaenyeMm ciyuail OHOYACTOTHBIX CTOXAcC-
THYeCKUX Koyebanuii B cucteme (1.1).

2 BoiBOJ yc10BUi YCTOYMBOCTH KOJ1e0aHMI
[Mpumensist x (1.1) merox ycpenHeHus: B code-
TaHWU C anmaparoM ypasHeHud Kommoroposa —
®oxkkepa — [Imanka [7], [8], Oyzmem nckaTh pemieHue
B BUJIC
x(t) = a(t)cos[w,t +6(1)]

(1.2)
d);(; ) — () = ~oya(t)sin[w,t + 0],
rae a(t),0(¢) — MeIUICHHO MEHSIIOLIMECs! CIIy4aiHble
(GhyHKIHN.

Bripaxas a(t),0(t) gepes x(£), y(f), nonydaem
1
2 l 2 2
at) =| x*(N+—=y @) | ,
© 2.1)
t

0(t) = -, - arctg&.

@, x(7)
[Tpumenss k Beipaxkenusim (2.1) popmymy HUto
I pepeHIPOBaHU CIOKHOW CITydaiHOH (yHK-
nuu [7], ycpenHsisi HeQIIyKTyallMOHHbIE 4WIEHBI B
MOJTyYEHHBIX CTOXACTHYECKUX AU(depeHIInaIbHBIX
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YpaBHCHUAX W OITyCKas 3ara3JbIBaHUSA y MEIJICHHO
MCHSAIOMNXCA IMEPEMEHHBIX, ITOJTyYaeM

da = {%saa cos(®,T,) —%8(1[3613 cos(®,T,) —

k . 1 1
asin(o,T,) +—2[£C]2 +—eCia’ ] +
2m, 4o,a 2

1
+W8C§a cos(20,T, )} dt -

0

L e sin(o, + 0)dw, —

@,

! VeCya, x| sin(,t, +0-0, )+

@,

+sin(2m,t — o,T, +0+0.) |dw,,

40 = {—%5(1 sin(®,T,) +%aaﬁa2 sin(o,T,) —

__k cos(morz)—%ssz sin(2w,t,) pdt —
2w, 8w,

1

0,

JeC, cos(w,t +0)dw, —

1
2m,

\/Eczan [cos((uor2 +0-0_ )+
od _ _

+c0s(2m,f —®,T, +6+6_ )J dw,,
rae a, =a(t-1,),0, =6(/—71,),i=12.

ITonydyeHHas cucreMa ONUCHIBAET IBYMEPHBIN
MapKOBCKUIl TIpolecc, Asi KOTOPOIO MOXKHO IO-
cTpouth ypaBHeHune Koamoroposa — @okkepa —
[Tnanka (K®II), B koTopom, coriacHo [7], mpoBenem
o0bluHOE ycpeaHeHue. IlomyuyeHHOe IOJIHOCTBIO
ycpennenHoe ypaBHeHne KOII mma cuctemsr (1.1)
UMeeT BHI:

%p(t, a,0) = —%{[%eaa cos(®,t,)(4—Ba’) -

. 1 1
asin(w,1,) +——¢C’ +—¢eCa+
®, 4o, 8wy,

+;28C22ac0s(2w012) p(t,a,0) ¢+
160

0

o0 ||1 . 3 .
= {[E easin(®,T,) —gsaﬁaz sin(w,1,) +

+Lcos(m07:2) + 2.2)
2w,

+$£C22 sin(2m0r2)}p(t,a,6)}+

0
2
+36—2 %Cﬁ + 12 x
2 0a” || 20, 4o,

xC;a’ (1 - % cos(20,1, )ﬂ p(t,a, 9)} +

68

o’ 1
+& ——C2asinQw,t,) p(t,a,0) t +
aaae{g(ﬂé 2 (20,7,) p( )}

2
+£a_2 %Clz +
200° || 2m,a

1 1
+ e C; (1 +Ecos(2morz)j:|p(t,a,6)}.

0

[Mockonbky B ypaBHeHUH (2.2) K03 duUIHEeHTHI
HE 3aBUCAT OT O(f), MOXXHO COCTaBUTh YpaBHCHHE
K®II nns miioTHOCTH pacnpeaeseHus] aMIUIUTY bl
konebanuii a(t), KOTOpoe UMeeT BUJ

0 0|1 2y
ap(t,a) = —a{{g eaacos(m,T,)(4—-Pa’)

k . 1
———asin(o,1,) +——¢eC’ +—eCra+
2COO 0 0

+%><8szacos(2®0r2) pt,a)r+ (2.3)
160,

0
2
+Ea—2 LZC12+
204" || 202
1

1
Yoo Ca? (1 —Ecos(Zmorz)H p(t,a)}.

0

Ucxona w3 ypaBHeHus (2.3), ans cTamuoHap-
HOﬁ IIJIOTHOCTHU pacCOpeaACICHUSA aMIUIMTYIbl KOJIC-
Oanuii, ucnomn3ys Gopmyiy [9]

B C K (a)
Pal® =& exp{zj K, (a) d“}’

rae

K (a)= %aa cos(®,7, )(4—Ba’) -

. 1
asin(w,1,)+——C; +
£, 4y,

P |
+—Cya+——C;acos(Cw,T,),
80)3 2 160)(2) 2 ( 0 2)

1, 1 5, 1
K”(a):RC1 +4m§ Cia I—Ecos(2o)01:2) ,
C — 1[oCTOsIHHAas HOPMHPOBKH, OIpejessieMas W3
paBeHCTBa

[ Po(@)da=1,
0
noJydaem
8w, Ca y
C; (2—cos(2w,T,))

X eXp {— ;oéoz[?) cos(®,,) az}x 2.4
C;(2—-cos(20,7,))

4C12 s 2(C,C5,1y,15)
x 2 ta s
C; (2-cos(2m,7,))

Pen(a@) =

rac
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1
X
C; (2—cos(2w,T,))

2(C,,C,,1,1,) =

k .
X 40)0[woacos((ootl)——sm((ootz)j—
€

-2C; (1- cos(Zmorz))} +

4C} ;B cos(w,T,)
Ci(2-cos(20,1,))*
Anamm3upys BeIpaxeHue (2.4), moaydaeM, 4To

HauOonee BepositHeiME B cucteme (1.1) OyayT ko-
nebGaHus ¢ aMIUTUTYAOH

2 2 2ksin(m,T,)

B ew,apcos(m,T,)
G5 (2-3c05(20,T,) .
4w, af cos(w,T,)

2.5)

2 2ksin(o,5,) ) Cl2-3cos2w,1,) 2+

B emyapcos(m,T,) dw;aBcos(w,T,)

1/2

2C7
e
wyopcos(m,T,)

3 AHAJIU3 NOJYy4YeHHBIX Pe3yJIbTaTOB
U3 aHanm3a MOJTYYEHHOTO IS a° COOTHOIIE-
HuA (2.5) nonyyaem, uto npu C, = C, =0 ogHouac-
TOTHBIE KoJieOaHMsl, BO3HHKaromue B cucteme (1.1),
COOTBETCTBYIOT KOJIEOAHUSIM B IETEPMUHHPOBAHHOM
cilyyae, NMpPUYEM YCTOHYMBBIMH OHHM OyIyT JIHIIb
IIPpU BBITTIOJIHEHUU YCJIOBUSL
ksin(w,T,) <1 3.1)
€0, 0L cOS(®,T,)
T.€. TIPH JIOCTAaTOYHO OOJIBIION BETMYUHE HaCTOTHI
®, ¥ TTapaMeTpa o, a TaKxKe NP Maloil BeTHIHHE

napaMerpa k BO3HMKAlOLIME B CHCTeMe KojieOaHus
OynyT ycroitunBeiMH. PaccmarpuBas 3amasabIBaHUs
T, U T, TAKUMH, 4TO

0< o, <=, i=1,2
2

(dTo BIIOTHE COOTBETCTBYET YCIOBHUSM pabOTHI pe-
QIBHBIX CHCTEM), TIOJIy4aeM, 4YTO aJJUTHUBHbIC IIYy-
MBI MPUBOIAT K BO3PACTAHHIO aMIUIUTYAbI KoJjieOa-
HUM, a caydaliHble BO3MYIIEHUS CUTHAJA, OTPAXKEH-
HOTO OT yJaJIeHHON Harpy3KH, BIUSIOT Ha aMILIUTY-
Jly KoJeOaHuil ClIeay oM 00pa3oM:

npu  cos(2m,t,)>2/3 yBEIMYUBAIOT AMIUIMTYAY

Kosnebanui, npu cos(2m,t,) =2/3 He BIHMAIOT Ha

BEJIMYMHY aMIUTHTY bl KOJICOAHUH, TpH
0<cos(2m,t,)<2/3

YMEHbBILAIOT aMIUTUTYAY KOJIeOaHHiA.
Crenyer Takke OTMETUTh, UYTO, KaK BBITEKAET
W3 aHajau3a COOTHOUIEHHs (2.5), yeM BBIIIE YacTOTa

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

KoJIeOaHu ®,, TEM MCHBIIC CKa3bIBACTCs BIUSHUC

IyMOB Ha paboTy cucreMbl. B pabote [4], B KoTO-
poli mcciemyercss aBTOAWHHAS cucTeMa 0e3 ydera
IIyMOB, ITIOKa3aHO, YTO C POCTOM KOd(pQHIneHTa
OTpaXXeHHUsT k Hapymaercss NepUOAWYHOCTH IIPO-
neccoB B aprofuHe. [loimydeHHOE HAMH yCIOBHE
(3.1) ycroitunBocTH KOJIEOAHWH BITOJHE COTJIACYET-
Csl C 3TUM BBIBOJIOM, TTOCKOJIBKY W3 HETO CIEIyeT,
YTO MpPHU JIOCTATOYHO OONBIINX 3HAYCHUSX Kk OIHO-
YaCTOTHBIE yCTOWYMBEIE KoeOanus B cucreme (1.1)
OyIyT OTCYTCTBOBATb.
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MATEMATHKA

O IEPECTAHOBOYHOCTH c-CYBHOPMAJIBHBIX ITOATI'PYIIII
KOHEYHOM I'PYIIIIbI

C.®. Kamopuukos', O.JI. IllemerkoBa’

1 . .
Tomenvckuii eocyoapemeennutii ynusepcumem um. . Ckopunoi

2 o o o

‘Poccuiickuii skonomuyeckuti ynueepcumem um. I'.B. [Inexanosa, Mockea

ON PERMUTABILITY OF o -SUBNORMAL SUBGROUPS OF FINITE GROUP
S.F. Kamornikov', O.L. Shemetkova®

'F. Scorina Gomel State University
?Plekhanov Russian University of Economics, Moscow

Ilycts o ={o,|iel} —HekoTOpoe pa3dHeHHe MHOXKECTBA BCEX MPOCTHIX uKcel. B pabote ucciemyercs nmpobnema nepectaHo-

BOYHOCTH C —Cy6H0pMaHLHBIX HoATpyIIl B KOHEYHOU rpymre.

Kniouegvie cnosa: xoneunas epynna, G -epynnd, G -CyOHOPMANbHAS NOO2PYNNA, (popmayus, KOpaouKal.

Let o={oc,|iel} be some partition of the set of all primes. In this paper the problem of permutability of & -subnormal sub-

groups of finite group is established.

Keywords: finite group, o -group, & -subnormal subgroup, formation, residual.

BBenenue

Pa3BuBas TeopeMy O IepecTaHOBOYHOCTHU CyO-
HOPMaJIBHBIX MOJTPYIHI, OJHA W3 KOTOPBIX IIep-
(exTHa (T.e. COBHAZaeT CO CBOMM KOMMYTaHTOM),
X. Bunanar [1] Ha ocHOBe pa3BUTOH UM TEOPHU
OIlepaTopoB IOKa3al, 4TO B KOHEYHOH rpymmne G
cyOHOpManbHBIe oArpynnsl H u K mepectaHoBOY-
HBI, eciu nMeer MECTO PaBEHCTBO
(|H:H'|,|K:K'])=1. DxBuBanentHas (popmyu-
pOBKa 3TOro pe3yjbTaTa COCTOUT B TOM, YTO
HK =KH , ecu n(H/H™)Nn(K/K")=@, rae
M — Gpopmanys Bcex HIUIBIIOTEHTHBIX TPYIII.

OTMEYEHHBIH pe3ynbTaT WHHUIUHPOBAI COOT-
BETCTBYIOIINI BONPOC ISl G -CyOHOPMANBHBIX MOJ-
rpymn KOHeUHoU rpymnmsel, noctaBaeHHblil A H. Cku-
Ooit B [2] mox HOMepoMm 4.1 (cM. Takke Borpoc 7.6
u3 [3] u Bompoc 6.7 u3 [4]):

Ilycmv o ={c,|iel} — nexomopoe paszbue-
Hue MHooicecmea écex npocmbix yucen. Ilycmov H u
K — o -cybHopmanshbie nodzpynnsi KOHEUHOU epyn-
not G. Beprno nu, umo HK = KH, ecnu

n(H/H*)Ynn(K /K" )=D?

B HacTosmielt paboTe maeTcs OTPHUIATEbHBIN
OTBET Ha JIAaHHBIA BOIPOC M NMPHUBOIATCS J[Ba KPHUTE-
pHs TEPECTAaHOBOYHOCTH G -CyOHOPMAaJIbHBIX IO
Tpynn KoHe4YHoM rpynnel. B cimywae, xkorma
o ={{2},{3},{5},...} , oTH KpuTepUHN MpeBpaIaAIOTC
B H3BECTHBIC MNPU3HAKH IEPECTAaHOBOYHOCTH CYyO-
HOpMAaJIbHBIX IOArPYII, IpeicTaBieHHble X. Bu-
naHAToM B pabote [5] m yTBepxknaromue, 4ro cyo-
HOpMalibHble ToArpynnsl - 1 K KOHEYHOH TpyIIbI

© Kamopnuxog C.@., [llememxosa O.JI., 2019
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MIepECTAaHOBOYHBI TOTJA U TOJBKO TOTJA, KOTJa MpH
mo6oM romomopdusme rpynmsl < H,K > B HHUJIb-
MOTEHTHYIO (MIPUMapHYyI0) TPYIIy o0pa3bl MOJ-
rpymn H u K iepectaHoBo4YHEL B [6] moka3aHo, 910
yCIIOBHE KOHEYHOCTH T'PYMIIBI B Teopeme Bumannra
MOHO OTOPOCHTb.

I'naBHas nenb JaHHOW pabOTHI — JOKa3aTelb-
CTBO CIENYIOLIMX JIByX TEOPEM, KOTOPBIC pEryLH-
PYIOT BOIIPOC MEPECTAHOBOYHOCTH G -CyOHOpPMAab-
HBIX MOATPYNI KOHEYHOW TPYHIIBI K BOTIPOCY O Iie-
PECTaHOBOYHOCTH COOTBETCTBYIOIIMX 00Pa30B 3THX
MOATPYNIT B G -HWIBIOTEHTHBIX U G -TIPUMapHBIX
rpyImmnax.

Teopema 0.1. IIycmv c={c,|ic€l} — nexo-
mopoe pazouenue MHONICECMBA 6cex NPOoCMbIX Yu-
cen. Ilycmv H u K — G -cyOHOpManvhble nooepynnel
xoneunot epynnvl G. Toeda cnedyrowue ycrosus

IKBUBALEHNHDL:

1) HK = KH;

2) <H,K >=HK < H,K >™;

3) H°K® =K°H® ona mo6o2o 2omomopghus-
Mma © epynnel <H,K > 6 © -HUIbNOMEHMHYIO
epynny.

Teopema 0.2. Ilycmv o ={c,|icl} — Hexo-
mopoe pazbuenue MHONCECMEA 6CEX NPOCHbIX Y-
cen. Ilycmv H u K — G -cyOHOpManvhblie nodepynnsl
xoneunoun epynnol G. Toeda u moavko moeda
HK = KH, ko20a H°K®=K*H® ona xascoozo
eomomopusma @ epynnvl < H,K > 6 G -npumap-

HYIO 2pynny.



O nepecmanogounocmu G -cyOHOPMATLHBIX NOOZPYNN KOHEUHOU 2PYNnbl

Teopemsr 0.1 u 0.2, Mo cyTH, SBISAIOTCS YacCT-
HBIMHU TPOSBIICHUSIMU O0OLIEi CXeMBbI IEpeCTaHOBOY-
HOCTH § -CyOHOpMaibHBIX (B cMbicie Kerens) mon-

TPYTIIL, IPEIIOKEHHOH B [7] (cM. Takxe [8]).

1 OcHoBHBIe ompefejeHUss W TNpeABapH-
TeJIbHbIE Pe3yJIbTaThI

B pabote paccMaTpuBaroTCsl TONBKO KOHEYHBIC
rpynnsl. Mcnonb3yeMele onpeaeneHust 1 0003Have-
HUS CTaHIAPTHBI U COOTBETCTBYIOT [9]. UTo Kacaet-
Csl TEPMHUHOJIOTHH TEOPHU © -CyOHOPMAJBHBIX MOJ-
TPy, TO MBI OTChLIaeM uuTarens k [10].

ITycte P — MHOXeCTBO BCEX MPOCTHIX UHCEI,
ncP u n'=P\n. Eciu n — HaTypaJbHOE YHCIIO,

TO 4epe3 T(n) 0003HAYAETCS MHOXECTBO BCEX IPO-
CTBIX YHCEII, NSILIMX #2; B 9acTHOCTH, T(G) = n(|G|) —
MHOXKECTBO BCEX MPOCTHIX YUCEN, ACIALIMX MOPSIOK
|G| rpynnsl G. Jlanee Bcerna 6 =1{c,|i€l} — He-
KoTopoe pazbuenue muoxectsa P, .e. P=U, G,
uo,Nc, = nuaseex i # j. Ilycts
o(n)={o, | o, N"n(n) =}

u o(G) = o(|G)).

Crnenys [10], 6ynem roBoputh, uTo rpymmna G

SIBJISIETCSL:

— o-npumapHoti, ecnu G ABIAETCA G, -TPyNIION
IJ1sl HEKOTOPOTO G, € C;

— O-HUMLnomenmHou (W  G-pa3IoHCUMOL),
ecni G SIBIISIETCSl IPSIMBIM TIPOW3BEICHHEM HEKOTO-
PBIX G -MIPUMapHBIX TPYIII, T. €. Tpynmna G npeacra-
BUMA B BHJIE IIPSIMOTO IIPOU3BEICHUS CBOUX G, -XOJI-

JIOBBIX MOJTPYIIL.
INpocras npoBepka NOKa3bIBaeT, 4TO Kinacc N

BCEX © -HWIBIMOTEHTHBIX IPYMII SIBISETCS HACIEACT-
BEHHOW HachleHHol (opmanuerr ®urrnara. OT-
CI0/1a, B YAaCTHOCTH, CJICAYET, YTO B JIOOOW Tpymre
G cymiecTByeT HaMMEHBINAs HOPMaJlbHas MOATPYI-
na, (akTop-TrpymIa Mo KOTOpoW © -HUJIBIIOTEHTHA.

Dra moxrpynma obo3Hauaercs G'° W Ha3BIBaeTCS
G -HUTLNOMEHMHbIM Kopaoukaiom (wm N _ -xopa-
Ouxanom) Tpynnsl G.

Konnenius 6 -cyOHOpPMaNbHOCTH, Pa3BHBAIO-
mas uAer CcyOHOpManbHOM moarpymmsl u3 [1],
npeanoxena A.H. Cku6oit B padore [10]. Dta KoH-
Henuysi 0asupyercs Ha CIEAYIOIEM OIpeeSICHUH.
Ioarpynma H rpynmel G HasbIBaeTci G -CyOHOD-
MANbHO, €CIN CYIIECTBYET LeNb HOATPYIII

H=H cHc..cH, =G
Takas, 4To Isi Kaxkjgoro i = 1,2, ..., n 1ubo monu-
rpynna fH,, HopMmameHa B H,, mubo rpynma

i

H,/Core, (H, ) sBisiercst & -npumapHoid. ITomst-

HO, uTO moarpynmna H cyOHopmansHa B G TOrHa U
TOIIBKO TOTJIA, KOT/Ia OHa G -CyOHOpMaibHa B G It

o =1{{2},{3},{5},...} .
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Hpyroe monsTHE, 0000mIaromee KOHIICIIHIO
CcyOHOpMaIbHOM MOArpYMIIEI, IpeioxkeHo Kererem
[11]. dnst HEemycToOrO Kiacca rpynm § mnoxarpynmna H
KOHEYHOU rpynnbl G Ha3bIBACTCS § -CYOHOPMATb-
Hot 6 cmobicie Keeens (wmm mpocto K- § -cybHop-
ManbHOIL), €CIU CYIECTBYET LETb MOATPYIIT

H=H,cH c.cH,=G
Takas, 4yTo 1100 noarpynna H, , HopMansHa B H,,
nubo H,/Core, (H,)e§ mmiBcexi=1,2,...,n.

Crenyromasi JeMMa, J10Ka3aTelbCcTBO KOTOPOH
OCYILECTBIISIETCSI NPOCTOH IMPOBEPKOM, YyCTaHABIH-
BACT CBSI3b MEXIY G -CyOHOpMasbHbIMH U K- § -cy0-
HOPMAaJILHBIMH MTOATPYIaMH rpymisl G.

Jemma 1.1. Ilooepynna H G -cybHopmanvha 6
G mozda u monvko moeda, kozoa ona K-N_-cyo6-
Hopmanvha 6 G.

Crnenys [12], 6ynem roBoputs, 4to (opmanus
§ obmamaer 0606wennbiM ceoticmeom Bunanoma
ona kopaduxanog (wmu sisasiercst GWP-gopmayueti,
the formation with generalised Wielandt property),
eCI [T JIFOOBIX ABYX K- § -CyOHOPMAanbHBIX MOA-
rpymn H u K xaxjaoi rpynnsl G BBIIOJIHSETCS pa-
BeHCTBO < H,K >=< H® K% > .

Cepun GWP-hopmanmii moctpoensl B [7]. B
YacTHOCTH, U3 [7, Teopema 2.1] ciemyer, 4To IJIst
mo6oro pazoueHns G (opMarisi BCeX G -HIIBIIO-
TEHTHBIX Tpyn siBisiercss GWP-(opmanueii.

B nanpHelimeM HaM MOHAHOOSTCS CleAyIOIINE
JIBa pe3yJsibTaTa, KOTOPbIE MBI MPUBEIEM B BHJC
JIEMM.

Jdemma 1.2 [7, teopema 3.1]. Ilycmv § -
GWP-gpopmayus. Ilycme H u K — K-F -cyoHop-
Mmanvhvle nooepynnel epynnvl J =< H,K >. Ecau
6ce abenegbl KOMNOUYUOHHBIE hakmopvl nodzpyn-
not H npunaonescam 3§, mo credyrwwue ymeep-
JHCOEHUSL PABHOCUTIbHDL:

1) HK = KH;

2) J =HKJ?S;

3) kaoicowiil comomopusm epynnol J 6 § -epyn-
ny nepeeooum H u K 6 nepecmanogoumvie noozpynnei.

Kak otmeueno B [12], mrobas GWP-bopmanus
§ sABIISIETCS HACKLIMIEHHOM, T. €. 00J1a1aeT TEM CBOM-
CTBOM, 9TO Iy r060it rpymel G u3 G/ O(G) € §
Bcerga cienyer G e§. IloaroMy Ha oOcHOBaHUU
teopembl ["anmnona — JIro6esenep — [lmuna [9, Teo-
pema 1V.4.6] mrobass GWP -popmarus § SBIseTCS
nokanpHOU. B wacTHOCTH, MiIst hopMaru § cylie-
CTBYeT TaKOe KaHOHMYECKOE JIOKAIbHOE OIpe/esie-
Hue f,uro § = LF(f).

Hamomuum omnpenenenne JiokaapHOH (opma-
mun. [Tycte P — MHOXKECTBO BCeX MPOCTHIX YHCEI.
Torna ¢pyHKUIHA

f P — {bopmanmu KOHEYHBIX TPy}
Ha3bIBACTCS YOPMAYUOHHOU QYHKYUET.
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C.®. Kamopnukos, O.JI. Lllememxosa

Jis hopmanmoHHO#M QyHKIMK f TIIaBHBIA (ak-
Top A/ B tpymnmsl G Ha3BIBACTCS f-YeHMpPanibHbIM
(fFoxcyenmpanvhvim), ecinu

G/C,(4/B)=Aut(4/B) e f(p)

JUig BceX TpocThiX p € m(A/B) (COOTBETCTBEHHO
G/C,(A/B) ne npunaunexut f(p) xoTs Obl O
onHOro Tpoctoro yncia p € n(A/ B)). Knace rpynm
§=LF(f) Ha3sBaeTCiI JOKaAIbHOU opmayuell,
€CII OH COCTOMT M3 BceX rpynn G TakWx, 4To JIHO0
G=1, mubo G=#1 u moboil TnaBHBIA (aKkTop
A/B tpymmel G sBugercs f-eHTpanbHBIM. [lpn
9TOM TOBOPSAT, YTO JIOKaNbHas GopManus § onpe-
densilemcsi ¢ NOMOWBIO POopMAYUOHHOU QYHKYUU f, a
f— nokanvroe onpedenenue popmarmu F.

[yers N, — knace Beex p-rpymn, f'— dopma-
muonHas GyHKMS U § = LEF(f). Torna dyakmus f
Ha3bIBACTCSI:

(a) emympennen, eciu f(p)c§ nas Bcex
pel;

(B) nomnou, ecom f(p)=N,f(p) mis Beex
peP;

(¢) kanouuueckoil, €CIM OHA SIBISCTCS MTOTHOU
U BHYTPEHHEH.

Kax noxazano B [9, Teopema IV.3.7], ans mro-
0ol nokanpHOI Qopmanuu § CyIIECTBYET €IHHCT-
BEHHasi KaHOHHWYecKas (opmaimoHHass QyHKuus f
Takas, uto § = LF(f). Dra QyHKIusS Ha3BIBacTCA
KAHOHUYECKUM JOKATbHbIM onpedeneHuem (Gopma-
uuu §.

Jemma 1.3 [7, Teopema 3.2]. Ilycms f— kano-
Huweckoe JokanbHoe onpedenenue GWP-ghopmayuu
$. Iycmv H u K — K-§ -cybnopmansusie noozpyn-

not epynnet J =< H,K >, npuuem ece abenesvi
KOMRO3uyuoHHvle axmopul epynnet H npurnaone-
acam §. Toeda u monvko moeoa HK = KH, xoeoa
ons écex p uz m(F) xaoccowvitl comomopghusm epynnoi
J 6 f(p)-epynny nepesooum H u K 6 nepecmaro-
60UHbBLE NOOSPYNNbL.

2 Jloka3aTeJibCTBO TeOpeM

Teopema 0.1 crmemyer u3 nmemmsl 1.2 u TOrO
(hakrta, 9TO I MOOOTO pa3OMEHUS G MHOXKECTBA
Bcex mpocThix uucen P dopmamua . Beex
G -HIWIBIOTEHTHHIX Tpymn sBisiercs GWP-hopma-
LUEH.

Ilycts o={o, |icl}. Torna u3s omnpeneneHus
G -HWIBIIOTEHTHOU
N, =x_,06

TpyInsl  cIexyeT,  49To
rae ®, — dopmanus Bcex G, -rpymil.

iel ~o;
IIpocTas npoBepKa MoKa3bIBaeT, uTo popmarmsa
OTIpeNeIsIeTCs ¢ TOMOIIBI0 (POPMAMOHHOW (HyHK-
uuu f Takol, uto f(p)=@®_ 1 Bcex p €o,. bo-

nee Toro, (QyHKUMs f SBISETCS KAaHOHUYECKUM
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JIOKAIBHBIM ompenencHueM hopmarmu §. Ecim H u
K — o -cyOHOpManbHBle TOATPYMIBI  IPYIIIBI
J=<H,K>, To u3 onpeneneHus kiaacca 1 cie-
JIyeT, 9TO Bce abeleBbl KOMITO3UIIMOHHEIE (DaKTOpBI
rpynnsl H npunamiexat 91, . Orcrona BBUIY JIEM-
™Mbl 1.3 HK = KH Torja u TOJIBKO TOr4a, KOrjaa JIJs
JIFO00TO MPOCTOrO YHCHA p KaKIBIA TOMOMOP(HU3IM
rpymnsl J B f(p)-rpymmy (T. €. B G -IPUMapHYIO

rpymiy) nepesoauT H u K B mepecTaHOBOYHBIE TOJ-
rpymnsl. Teopema 0.2 noka3aHa. a

3 CineacTBusi ¥ IpUMePHI

Ipu o ={{2},{3},{5},...} umeem

Cneocmeue 3.1 [5]. Ilycmv H u K — cybHOp-
manvhvle noocpynnsl epynnsl G. Tozo0a caedyrowue
VCNOBUA IKBUBANEHNHDL:

1) HK = KH,;

2) <H,K >=HK < H,K >™;

3) aroboii comomopduszm epynnvl < H, K > 6
Hunbnomenmmuyio epynny nepesooum H u K 6 nepe-
CMAHOBOYHBIE NOOZPYNNYI.

Cneocmeue 3.2 [5]. Ilyemv H u K — cybHop-
Mmanvhvle nooepynnel epynnvt G. Toeda u moavko
mozoa HK = KH, koeda rkaxicowiii 2omomopguszm
epynnwl < H,K > 6 npumapmnyro epynny nepesooum
H u K 6 nepecmanogounvle nooepynnai.

Teopewms! 0.1 u 0.2 penynupyroT BoIpoc mepe-
CTaHOBOYHOCTH G -CyOHOPMaJBHBIX TOATPYII KO-
HEYHOH TPYMITEI K COOTBETCTBYIOIIEMY BOIIPOCY IS
G -HWIBIIOTEHTHBIX U C -IIPUMApHBIX Ipymil. Takum
obpazom, Bompoc A.H. Ckubbl 0 mepecTaHOBOYHO-
CTH © -cyOHOpManbHBIX moarpymm H u K ¢ ycrmoBu-
eMm n(H/H™)Nn(K/K" )= cBomurca K BO-
Ipocy O TIEPECTAHOBOYHOCTH B G -NIPUMApHOH
rpymme G moarpynn H um K ¢ ycroBueM
w(H)Nn(K)=<. Beuay clieayioniero pe3yiprara,
NOJAYEPKUBAIONIETO  YHHKAIBHOCTh  pa3OueHHs
o ={{2},{3},{5},...}, Bompoc A.H. Ckubwel mmeer
OTPHIIATEINFHBIA OTBET IJISi BCEX pa3OHMEHU, KpoMe
pasouenus o = {{2},{3},{5},...}.

Cneocmeue 3.3. [nsa nobozo paszbuenus
6 ={o,|iel}, ommunozo om pasbuenus {{2},{3},
{5},...}, cywecmeyem bunpumaprnas epynna, ooaa-
oarowas Henepecmano8OYHLIMU G -CYOHOPMATbHbI-
MU G -Huabnomenmuvimu nooepynnamu H u K c
yenosuem T(H)NT(K) = .

[HeiictBuTensHO, Tak Kak o # {{2},{3},{5},...},
TO JUIsl HEKOTOPOTO i € [ HalJeTcsl TAKOe MHOMKECT-
BO G,, YTO |c5i| > 2 . IlycTb p 1 g — paznu4uHble Opo-
CThle 4ncHa U3 G, U G — PEerymspHOE CILUICTCHHUE
rpymn A u B ¢ ycnoBuem |A| =pu |B| =g . Illycts

N —6aza ciuterennst G. Torga N = N x N, x..x N,

Ipo6remvr usuxu, mamemamuru u mexnuxu, Ne 3 (40), 2019



O nepecmanogounocmu G -cyOHOPMATLHBIX NOOZPYNN KOHEUHOU 2PYNnbl

rne N,=zA nna Beex i=1,2,.,q. OueBugHo,
noarpynnsl N, u B rpynnsl G ABIAIOTC G -CyO-
HopManbHbIME B G. Kpome TOro, OHUM G -HHUJIBIIO-
TEHTHBI U BBINOJNHAETCS yenoue m(N,) Nn(A) =D.
B To ke Bpemsa N,B # BN,.

[IpuBenemM noCTaTOYHOE YCIIOBHE, NMPH KOTO-
poM © -cyOHOpManbHble oarpynn H u K ¢ ycnosu-
eM n(H/H™)Nn(K/K”" )= sBnsorcs mepe-
CTaHOBOYHBIMH.

Cnenys [13], nnsa pasobuenus o ={c,|iel}
OyleM TOBOPUTB, YTO HATypalbHbIC YHCIA M H N
SBISIFOTCSL G -KONPOCMbIMU, €CITU IS JTI000T0 i € [
Bcerna u3 m(m) Mo, #J cnenyer n(n) Mo, =0.

Otvetum, 4to ecnu uucna |H/H™ | u
| K /K" | SBI10TCA G -KOIPOCTBIMH, TO BBIIOJHS-

erca yenosue m(H/H™)nn(K/K™)=@. 06-
paTHOe yTBep>KAeHHE HEBEPHO.

Cneocmeue 3.4. Ilycmv c={c,|icl} — He-
Komopoe pasduenue MHOJICECmEA 6ceX HNPOCHbIX
yucen. Ilycme H u K — o -cybHopmanvusie noozpyn-
not koneunou epynnwt G. Ecau nopsaoku epynn
H/H"™ u K/K" sseusiomea o -konpocmuvimu
yucnamu, mo nooepynnol H u K nepecmanogounui.

JlelicTBUTENFHO, BBHAY TOTO, YTO TOPSAKA
rpymn H/H” wu K/K™ sBIsioTcs G -KOIpoc-
TBIMH YHCJIaMH, Ui JIo0oro romomop¢dusma ¢
noarpynnel < H,K > B G -IpUMapHyl0 TpyImy
onHa u3 moarpynn H® wnn K® sBisercs enuHUY-
HoH. [loaromy mist ar000r0 Takoro romomMopgusma
¢ BbINOJNHsETC paBeHcTBO HPK® =K*H®. Or-

Crofla Ha ocHoBaHUU Teopemsl 0.2 noarpynmnsl /4 u K
SBIISIFOTCSI IIEPECTAaHOBOYHBIMH.
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MATEMATHKA

OCYHIIECTBJIEHUE 3ATAHHBIX JIBUKEHUN TUHAMWYECKAX CUCTEM

OI'PAHMYEHHBIMH OITUMAJIBHBIMHA YIIPABJIEHUSIMHU
JIMHENHO-KBAJIPATUYHBIX 3ATAY

A.B. JIy0oukuH

Tomenvckuti 2ocyoapcmeennutii yHugepcumem um. @. Ckopumsl

THE GIVEN MOTIONS REALIZATION OF DYNAMIC SYSTEMS
BY BOUNDED OPTIMAL CONTROLS OF LINEAR-QUADRATIC PROBLEMS

A.V. Lubochkin

F. Scorina Gomel State University

B xiacce orpaHHYeHHBIX YIPABICHUH pacCMaTPUBAETCs 3aauya OCYIIECTBICHHS 3aJaHHBIX IBIKCHUN TUHAMUYECKHMH CHCTE-
MaMH. MeToxaMu ONTHMAJIbHOTO YHPABIEHHS CTPOUTCS allfOPUTM PadOTHI PETYISITOpa, KOTOPBI B PEXIME PealIbHOrO BpeMe-
HH BBIYHCIISIET (FeHEepUpYeT) TeKylHe 3HaUeHUs] OTPaHUYEHHBIX OOPaTHBIX CBA3€H, C IOMOIIBIO KOTOPBIX 3aMKHYyTas CHCTEMa
YCTOHYHMBO OCYIIECTBIISET 3a[JaHHOE JBIDKeHHUE. [ pelIeHus 3ToU 3aJauu IpelaraeTcsl UCIONb30BaTh Peal3aIuio OITH-
MaJbHOH 0OpaTHOM CBSI3M JIMHEHHO-KBAaIPATHYHBIX 3314 C OPAHUYCHUSIMH. Pe3ybTaThl WIUTIOCTPHPYIOTCS Ha 3aj1ade CHHTE3a
JIMHAMHYECKHMX CUCTEM, OCYIECTBIIIONIMX MPe/ielbHbIE IIUKIIBI.

Kniouesnle cnosa: ounamuueckas cucmema, 3a0aya ocywecmeienus 3A0aAHHBIX OeuofceHmZ, OCpaHUYeHHas cma6uﬂu3upyioma}l
06pamua}z C653b, BCNOMoO2amenbHas 3a0a4a ONMUMaIbLHO20 ynpaeienus, pecyiimop.

The problem of the given motions realization of dynamic systems in the bounded control class is considered. The regulator op-
eration algorithm is constructing with optimal control methods. According to this algorithm, in real-time, the current values of
limited feedbacks are calculated (generates), with the help of which the closed-loop system stably carries out a given move-
ment. To solve the problem the feedback optimal control realization of linear-quadratic problem with restrictions is suggested.
The results are illustrated on the problem of dynamic systems synthesis, realizing limited cycles.

Keywords: dynamic system, given motions realization problem, bounded stabilizing feedback, auxiliary optimal control prob-

lem, regulator.

BBenenue

Bo3HUKHOBEHNE TEOPUH ONITUMAIIBHOTO yIIPaB-
JICHHUSI CBSI3aHO C HEOOXOJMMOCTBIO PEIIaTh BO3HU-
KaIOIME HA MPaKTHKe (MM B JPYTUX pasjeiiax Hay-
kn) 3amaun. Cpeau TakuX UCTOYHUKOB MOYKHO IPH-
BECTU HECKOJBKO 3ajjau KJIACCUYECKOM TeopuH aB-
TOMATUYECKOT0 perynupoBanusa [1]: 3agaum pery-
JUPOBAHUS, CTAOWIU3AINH, ASMII(DUPOBAHUS, OCY-
MIECTBJICHUS 3aJaHHBIX aBrkeHuid. CormacHo [1],
HENBI0 3a1a4H CIC)KEHUS SBIICTCS OCYIISCTBICHHE
mporiecca «... M3MEHEHUS 10 33aJaHHBIM YCIJIOBHSAM
KaKoH-HHOyAb BEIMYMHBI B MAallIMHAX, almapaTax
WIA WHBIX TEXHWYECKHX YCTPOWCTBax». 3agada
OCYILIECTBJICHHUS IBIDKEHUH [2] sBiseTCs ONHOW U3
OCHOBHBIX 3aj1au Teopuu ciuesnmx cucreM [3]. Oc-
HOBHBIC METO/IbI YCTOMYUBOTO CIICKCHUS Oa3UPYIOT-
Csl Ha KJIACCUYECKOW TEOpUU YCTOMYMBOCTU JBUXKE-
Hus [4]. OnHaKko MpUMEHsIeMble METOJIbl HE YUMThI-
BaJlM OTPAHWYCHUS Ha yrpaBlieHUs (y4eT KOTOPBIX
€CTECTBEHEH Ha IPAKTHKE), a TAKXKe HE IPEIABSIBIS-
TN HUKAKUX TPeOOBaHMH K KA4eCTBY IEPEXOTHBIX
mporeccoB. Teopusi ONTHMAalIbHOTO YIPAaBICHUS 3a
[IpoLIeIIee BpeEMs IIPOLLIa OTPOMHBIN nyTh. EcTe-
CTBEHHO 3a7aTh BONPOC, YTO JAIOT METOIBI ONTH-
MaJIBHOTO YTIPABICHUS ISl PEIICHHUS KJIACCHYECKIX
3a/1a4 TEOPUHU PETYIUPOBAHUSI, aKTyaJlbHOCTh KOTO-
PBIX HECOMHEHHA U B HBIHEIIIHEE BPEMSI.
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Hcnonp30BaHue TEOPUH ONTHMAIBHOTO YIIPaB-
neHus [5] MOXXET CYIIECTBEHHO pPACHIMPUTH BO3-
MOYKHOCTH CPEJICTB TEOPHH CIEISIINX cucTeM. B ee
paMKax MOKHO €CTECCTBCHHLIM 06pa30M YUYUTBIBATDH
OTPaHUYEHUS Ha yIpaBieHUS (OHM BXOJAAT B COCTaB
COBPEMEHHBIX MOCTaHOBOK 3aJad ONTHUMAJIBHOI'O
VIOpaBJICHUs), HE 3aJaBaTh CTPYKTYPY OOpaTHBIX
CBs3ei (a moiryuarh ee Kak peleHne SKCTpeMaIbHON
3a/1a4n), He TOJIBKO YCTOHYHMBO OCYIICCTBIATH JBU-
JKEHHS, HO ¥ TOOMBAThCA BBHICOKOTO KadecTBa Iepe-
XOIHBIX TporeccoB. [lodaroe BpeMs NpHMEHEHHE
METOJIOB ONTHMAJBHOTO YIPABICHUS K PEUICHHIO
MoAOOHBIX 33a4 CACPIKUBAIOCH OTCYTCTBUEM 3(-
(l)eKTl/IBH])lX METOA0B CUHTE3a OIITUMAJIbHBIX CUCTEM.

B nanHOIi paboTe onuchIBaeTCs METO/ OCYIIie-
CTBJICHHUA 3aJaHHbIX )lBl/I)KeHl/Il\/II JAWHAMHUYCCKUMHU
CHCTEeMaMH, OCHOBAHHBI Ha NMPUMEHEHHH METOJIOB
ONTUMAJIEHOTO YIPABIEHHUS U HCIIONB3YET PEe3yiib-
TaThl, IOTYYCHHBIC 110 CHHTE3Y ONTHMAIBHBIX CHUC-
TeM Ui JIMHEHHBIX [6], a Takke JHHEHHO-
kBagpatnyHbiX [7]-[9] 3amau. HoBeni momxon k
mpo0iieMe KOHCTPYHPOBAHMS ONTHMAIBHBIX 00paT-
HBIX CBSI3€H OINMMpaeTcsi Ha pa3paboTaHHBIE paHee
OBICTpBIE METOABI KOPPEKIMH MPOrPAMMHBIX perie-
HUll 1 OypHOE pa3BUTHE BBIYMCIUTEIHHON TEXHUKH.
JanHyto paboTy MOXHO paccMaTpuBaTh KakK pa3BU-
the uaen pabot [10]-[13], B KOTOpBIX yKa3aHHbIE



Ocymecmmeuue 3A0AHHBIX OBUNCEHUL OUHAMUYECKUX CUCTEM O0CPAHUYEHHBIMU ONMUMATbHbIMU YNPABICHUAMU /mueﬁuo—xeadpamuwbm

METOABI ONTHMAIIBHOTO YIPaBIeHHUS OBLUTH HCIONb-
30BaHbl [T PELICHUS 33]a4 CTAOWIIM3AIUU U pPery-
nupoBaHus. VICMONB30BaHUIO C IIENIBIO  PEUICHUS
3a/1a4d OCYLIECTBJICHUS 3aJaHHBIX JBIKCHUH ITHU-
HEHHO-HETTIJAKIX 3a/1a4 MOCBseHa padora [14].

1 ITocTaHoBKa 3a7a4u
[lycts moBeneHHE AMHAMHYECKOH CHUCTEMBI C
yIOpaBICHHEM Ha NPOMEXyTke ¢ >0 OmuCHIBaeTCA
ypaBHeHUEM [14]
X =Ax+bu, x(0)=x, (1.1)
(x=x(®)eR", u=u@)eR, t20;
rank(b, Ab, ..., A"'b) = n).
Bynem cunrarh, 9TO AOCTYNHBIC YIPaBICHUS YHOB-
JIETBOPSIFOT HEPABEHCTBY
lu@)|£L, t20 (0< L <o).
Hapsny c ypaBuenuem (1.1) paccMotrpum aBu-

JKeHue Ha (ha30BOM TIOCKOCTH
x=x,(1), 120, (1.2)
3a/IaHHOE KYCOYHO-TTIafKoM QyHKumel x (1), ¢ =0.
loBopsar, uto nBwxkenue (1.2) pomyctumo
(ocyIIecTBUMO), €CIIU CYLIECTBYET TaKOe JJOCTYIIHOE
ynpasnenue u (1), |u (f)|<L, ¢=0, uro BBIION-

HACTCA paBeHCTBO
i, (6)= Ax, (6)+bu, (1), t20.

[Iycte G < R" — obmacth (ha30BOrO MPOCTpaH-
ctBa cucteMsl (1.1), BHyTpeHHOCTh KOTOPOH copep-
xuT nBwkenne (1.2): x, (1) eintG, ¢>0.

Onpeoenenue [14]. OyHKuus
u=u(t,x), xeG, t=0, (1.3)

Ha3bIBACTCSl OTPAaHMYCHHOW JUCKPETHOW 0OpaTHOU
CBA3BIO, OcyIlecTBIstonel apmwkeHne (1.2) B 006-
nactu G, eCli BBIOJHSIOTCS yCIOBUS:

1) u(t, x, (1)) =u, (1), t20;
2) |u(t, x)I£L, xeG, t=0;
3) TpaeKTOpUs 3aMKHYTOH CHCTEMBI
X = Ax+bu(t, x), x(0)eG, (1.4)
npencraBisier coOol HEeNmpephIBHOE pELICHHE ypaB-
HeHnd (1.1) ¢ IUCKPETHRIM YIpaBICHUEM
u(t) =u(kv, x(kv)), telkv, (k+1)v[, (1.5)
k=0,1,...;
4) pewienne x,(¢), =0, 3aMKHYTOH CHCTEMBI

(1.4) acumnrornuecku ycroiunso B G.

[Tpu 5TOM C TOUKHM 3peHUs] NPAKTHKU MpH (ak-
THYECKOM TNOCTPOSHHUU OOpATHOW CBSI3U €CTECTBEH-
HO TOTpe0OBATH BHIITOJIHEHHS CIICTYIONINX CBOWCTB:

5) obmacth npuTsHKeHUs G JOCTATOYHO OOJIBIIIAs;

6) nepexoanble npoueccsl x(¢) —> x, (), t >0,

B 3aMKHYTOI cucteme (1.4) ABISIOTCA B HEKOTOPOM
CMBICIIC HAWJIYYIIMMHU (10 OTHOIICHHIO K BBIOpaH-
HOMY KPUTEPHIO KauecTBa).

CuHte3 o0paTHbIX cBsizeit (1.3), obmamaronux
MepEYUCICHHBIME CBOMCTBAMHM, COCTABISIET CYTh
3a/1a4¥ OCYILECTBICHHUsI IBIKeHUs [ 14].
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OueBHAHO, YTO TaKUM 00pa3oOM ONpeAeIeHHAs
oOpaTHasi CBS3b MOXET OBbITh MOCTPOCHa MHOTHUMH
cnocodamu. IlocTpoenue peanusanuu B peanbHOM
BpeMeHU 00paTHOH cBsizu (1.3) B KaXKIOM KOHKpET-
HOM TIpoliecce ympaBiieHHs! (OCYLIECTBIICHUS JIBU-
KEHUS), T. €. BJOJb PEaTU3YIOIIeiics B KOHKPETHOM
mporecce TpaekTopuu X (¢), ¢ >0, IMHAMHYECKOi

CHCTEMBI, OyZeM BECTH, HCIOJb3Ysl MO3UIMOHHOE
pelIeHHe BCIIOMOTATENbHOW  (COMPOBOXKIAIOIICH)
3aJ]a4¥l ONTUMAJILHOTO YIIPaBICHUSI.

2 ConpoBo:kaaonias 3a1a4a ONTHMAJILHOTO
yhpaBJieHus
Bribepem mapamerp meroma 6, 0<0<oo, u
nenoe yucsno N >1. B kiacce AUCKpETHBIX ynpasiie-
Huii Bua (1.5) ¢ mepuogom kBaHTOBaHUSA vV =0/ N :
u®)=u(kv)=u,, telt+kv, 1+k+1)v[, (2.1)
k=0,N-1 (6=Nv),

paccMOTPUM BCIIOMOTATENbHYIO 3ajady ONTHMalb-

HOI'0 YIIpaBJICHUSL
+6

: 2
B, (t, z) = min j ((t)—u, () dt,
X=Ax+bu, x(1)=z,
x(t+0)=x,(1+6), 120, (2.2)
lu@®)|<L, teT =[1, T+6],
rie T — TEKyIMd MOMEHT BPEMEHH KOPPEKLUH
yIIpaBJIeHNSI.

Pemenne 3amaun (2.2) MOXKHO CTPOUTH B pa3-
JIMYHBIX Kjaccax ympasieHud. M3sectno [15], uro
TIPEAETBHBIM JUTS Hee SBIIAETCS KIacC HEMPEPhIBHBIX
KyCOYHO-TJTaAKNX (YHKIOHH. 37€Ch, yUUTHIBAs MpPH-
HSTBIE BBIIIE COTTIALLICHNUS, 3Ta 3ajlada paccMaTpuBa-
eTcs B KJlacce AUCKPETHBIX ynpaBieHui (2.1).

Homyctumolt  (DUCKpETHOH)  MpPOTpaMMOif
u(t|t,z), teT, 3amaunm (2.2) Ha3BIBAIOT TaKyIO
IUCKpeTHyIo ¢yHKuio (2.1), KoTopas BMecTe C co-
OTBETCTBYIOLLEH €H TpaeKkTopuend JITMHAMUYECKOU
CHCTEMBI yJOBJIETBOPSET BCEM OTPaHUYEHHAM 3aja-
yn (2.2). OnTuManbsHOW (AUCKPETHOM) IpOrpaMMoit
u’(t|1, z), teT, 3amaum (2.2) HA3BIBAIOT JOMYyC-
TUMYIO TIPOrpaMMy, KOTOpasi JOCTaBJISET MUHUMYM
KPHUTEPHUIO KayecTBa 3a1adH.

Oycets u’(t|t,z), teT, — onTuManbHas
(muckpertHas) mporpamma 3anaud (2.2) Ui Mo3UIHN
(1, z), Gy(t)c R" — MHOXECTBO BCEX BEKTOPOB

ze€ R", mns xotopbix 3ama4a (2.2) ¢ ¢pukcupoBaH-
HBIM T MMEET PEelICHHUE.
DYHKIHNIO
u'(t, 2)=u’ (|1, 2), zeG,(n), 2.3)
t=kv, k=0,1,2, ...,

Ha3bIBAIOT ONTHMAaJBHBIM CTAPTOBBIM (IUCKPETHBIM)
yIpaBIieHWEM TUIa OOpaTHOW CBSA3M Ui 3aJadd
(2.2). B [11]-[13] (s 3amad cTaOMIIN3AIAN H PETy-
JIUPOBAHUS JMHEHHBIX CHUCTEM) OIMCAH AaJrOPUTM
paboThI PErynsiTOpPOB, KOTOPBIE CIIOCOOHBI B PEIKHUME
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peaNbHOrO BPEMEHH CTPOUTH PEaN3aluio

u () =u’(t, x (1)), =0,
JUCKpETHON 00paTHOM cBsi3u (2.3) ms Kaxmoi pea-
nu3ylomeiics Tpaektopun X (¢), ¢ >0, IMHaMHYe-

CKOM CUCTEMBI.

[octpoenne ¢ynkuun (2.3) B 3aMKHYTOH
(dopme (32 MCKITIOYCHUEM TPHUBUAIIBHBIX CUTYyalnil)
BpS JIM BO3MOKHO. OJIHaKO MPH PEIICHUHU MTPaKTH-
YeCcKHX 3a/1a4 ONTUMAaJIbHOTO CHHTE3a MOKHO 000H-
THCH 0€3 3TOr0, €CJIM IPUBJIEYb MUKPOIPOLECCOPHI
(Ha ucmoNb30BaHUe KOTOPHIX, Kak u [11]-[13], opu-
eHTHpOBaHa AaHHas pabora). B kitacce quCKpeTHBIX
ynpasieHuit (2.1) 3amada (2.2) SKBHBaJIeHTHA clie-
IOyIOIeH 3afade KBaJpaTHYHOTO IPOrpaMMHpOBa-
HUs (TOPW3OHT ymnpamieHus [T, T+0], ouyeBHIHO,

MOJKHO 3aMEHHTH Topu3oHTOM [0, 0]):
N-1
D (u;—u,)* — min, (2.4)
=0

Y F@—1)b di = x,(0), 120,

v

N-1
FO)z+> u, |
=0
lu, I<L, j=0,N-1,

rne F = AF , F(0)=E. U torma myist BEIYUCICHUS

TpeOyeMbIX 3Ha4YeHWil oOparHOil cBs3u (2.3), He
3Hasl BHOTO BBIPAKCHUS UISI HEE, MOKHO HCIIOJIb-
30BaTh METOJ KOppeKuuu Omm3kux 3axad (2.4) c
MOMOUIBIO JIBOWCTBEHHOTO METOJA KBaJPaTUYHOTO
nporpamMupoBanus [16]. OueBuaHo, 4TO B pac-
CMaTpuBacMoM citydae (TIpH HMCIIOJIb30BaHUU JINC-
KpPETHOM O0OpaTHOHM CBS3M) OTIIANAeT BOINPOC O CY-
IIECTBOBAHNH PELICHUS 3aMKHYTOIH CUCTEMBI.

B kauectBe muckpeTHOH peanusanuu u(t, x),

xe€G,, oOparHoi cBs3u (1.3), ocymecTBisroueit
npuxenue (1.2), ¥ npeagaraeTcs UCIOIbL30BaTh pea-
musanmio u (t), t>0, obparHoii casu (2.3). He-
TPY/IHO MOKa3aTh, YTO OOpaTHas CBS3b

u(t, x)=u’(t, x), xeG,(t), (2.5)
peliaer 3amady OCYIIECTBIECHUS IBMKEHHUM, T. €.
YIOBJIETBOPSIET BCEM TPEOOBAHUSIM 1. 1.

3 CpojicTBa oNTHMAJIBHOI 00paTHOI CBSI3N
CONPOBOKAAIONLIEN 321241 ONTHMAJIBHOTO yNPaB-
JIEHUSI

O4eBHIHO, YTO

u'(t,x () =u, (1, x (1) =u, (1),
T.C. X, (1), 120, — ocymecTBUIMOE IBIKEHHE:
x()=x (1), 120
lu,(t,x (D)L, x (1) €Gy(r), T20.

ITo ompenencHUIO IUCKPETHON OOpaTHON CBS3H,
3aMKkHyTas cucrema (1.4) c oOpaTHOI CBSI3bIO

u(t, x(0) =u’ (¢, % (1), 720,
UMEeT PEeUICHHE TIPH JTI000M
x (1) € Gy(1), 120.
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Ucnonw3ys meron ¢ynkuuit JIssmyHoBa, anano-
ruyHo [13] HeTpyaHO TmoOKa3aTh, 4YTO peEIICHHUE
x(#) =x,(#), t20, cucremsl (1.4) acCUMITOTHICCKH
ycToituuBo (npu 3ToM B, (7, 2), z € Gy (1), >0, —
¢ynkums  JlanyHosa).  OueBunno, B, (t,x,)=0;
By(t,2)>0 npu z#x,; By(1,2),z€Gy(1), 1>0, —
HenpephIBHas (YHKIUSA, KOTOpas yObIBaeT (HE BO3-
pacTaer) BIOIb KaKA0H TpaeKTopuu cucteMsl (1.4).

Takum 00pa3oM, IIOCKOJBKY BBIIOTHSIIOTCS
TpeboBaHusi 1)—4) NpUBEIECHHOTO BBIIIE ONpeJelie-

Hust, obpatnas cBssb u(t,x)=u’(t, x), xeG,(t),
t >0, sBIseTcs OOpaTHOH CBS3BIO, OCYIIECTBIISIO-
el nprxenue (1.2) B obnactu G,.

Jlanee HeTpymHO TOKa3aTh, YTO C IOMOIIBIO
BBIOOpa mapamerpa O MHOXecTBO G, MOXHO MO-
CTPOUTH IOYTH COBMAJAOUIMM ¢ obnacteio G, T. e.
st Jroboro € >0 Haiimercs Takoe O < oo, 4YrO B
€ -OKPECTHOCTU MHOXecTBa G, OyayT comepxaTbcs

BCE COCTOSIHUS, U3 KOTOPBIX MOXKHO BJIOJIb TPACKTO-
pwuii cucremsl (1.1) momacte B TOUKy Ha TpeOyemoit
TpaeKTopun x =x,(¢), =0, ¢ IOMOLIBIO ynpasJie-
HUM, OrpaHUYEHHBIX [0 MOJYJIIO YUCIOM L.

KadecTBO mepexomHBIX IPOIECCOB B 3aMKHY-
TOH cHCTEME OIpejelsieTcs CIEeIYIOIUM 3KCTpe-
MaJIbHBIM CBOHCTBOM:

j:(u*(z)—uf (1) dt < j :(uo(t 10, 2" )~ u, (1)) dt.

INocnenHee HEpaBEeHCTBO O3HAyYaeT, YTO SHEPIHs,
3aTpaunBaeMas Ha BECh NEPEXOAHBII Ipouecc ocy-
IIECTBJICHUS NIBYDKEHMsI (Ha OECKOHEYHOM IIpoMe-
KYTKE BPEMEHH) HE NPEBOCXOIUT MHHUMAIBHBIX
3arpaT dHeprum Ha mnepesox cucremsl (1.1) u3 co-

crosamus  x(0)=z B cocTostHME x,(0) Ha 3amaH-

HO#i TpaekTopuu 3a BpeMs 0 (3mech u (¢),¢>0, —

peanu3yomeecss B KOHKPETHOM IIpoliecce yrpasiie-
HHE, COOTBETCTBYIOLICE HAYaIbHOMY COCTOSHHIO

x(0)=2z).
TakuM 00pa3oM, B HEKOTOPOM CMBICIIE BBITIOJN-
HSIIOTCS TaKXKe U TPeOOBaHUS 5) U 6).

4 Anroputm padoThl peryJsitopa
[Iycte wW3BECTHBI: HAaYabHOE  COCTOSHHE

X, :x; cucremsl (1.1), nBwkenne x,(¢), 120, u
ynpasienne u,(¢), |u,(t)|<l/ <o, t20.

Ha navanmsHOM mpomexyTke Bpemenu [0,V [
PETYISATOpP HCIONB3YyET ONTHUMAIBHYIO (IHCKpET-
Hyto) nporpammy u’(¢|0,x,), teT, 3anauu (2.2)
WM, 9TO TO K€ CcaMmoe, ONTHMAalbHbIM IUIaH
(ujq(O, X)), J :m) JKBUBAJICHTHOH el (B BBbI-
OpaHHOM Kjiacce yrpapiieHui) 3amauu (2.4), coOT-
BercTByromeii nosumuu (0, x,). DTa 3a1a4a MOXKeT

COZIep’KaTh JIMIIb arnpHOpHYI0 MH(OpManuio, u I0-
9TOMY yKa3aHHBII ONTHMAJBHBIN TUIAH MOXET OBITH
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HIOCTPOEH 3apaHee, 10 Havana Ipolecca yIpaBIeHuUs
B MOMeHT T =0, He B3Upas Ha 3aTpaThl MALIMHHOTO

BpeMeHH (monmHoe pemieHue). CTpOUTh pelIcHHe
3amaun (2.4) MOXXHO pa3sHBIMH MeToAaMH. 31ech (C
LeNBbI0 eMUHO00pa3Hs aJrOpUTMa) 3TOT IDIaH TMpe.-
Jaraercsi CTPOUTh C TOMOIIBIO IBOHCTBEHHOTO Me-
TOJa KBaJPaTUYHOTO MporpaMMmupoBaHus [16], mo-
CKOJIbKY B JAJIbHEWIIEM MMEHHO 3TOT METOH MpH-
MEHSIETCS I KOPPEKIMH PEIIeHUA ONM3KUX 3a1ad
(2.4). Yupasnenue

w () =u’ (210, x,) = u"(0]0, x;) = u (0, ;) =u" (0),
tef0, v,
mojaetcs Ha BxoJ cuctemsl (1.1):
u(my=u'(v), tel0,v],
* * *
U IOPOXKAaeT ee cocTosnue x (v) =x (v]0, x,).
[peamnonoxum, 4to s MOMeHTOB 0, Vv, ...,
(s—1)v perynsaropoMm OBUIM BBIYHCIICHBI 3HAYCHHS
obparroit cem3m  u (0), u (V), ..., u ((s=1)v),
rae u (kv)= ug (kv, x (kv)), k=0,5—1, u3aMKHy-
Tas cuctema (1.4) okazaiach B COCTOSTHUH
¥ ()=x(t]t-1, x (t-1)=x"(1]0, x;), T=sV.
Hcnonb3yss ONTUMAaJbHYIO TIPOrPaMMy COIIPOBOXK-
Jaroreit 3agauu (2.2), a TOuHee ONTHMATBHBINA IJIaH
9KBUBAJICHTHON €l B paccMaTpuUBaeMOM Ciydae 3a-
maun (2.4), s TpenBIayliero MOMEHTa T—V =
=(s—1)v, mepen pelreHHEM KOTOPOW CHCTeMa Ha-
* *
xonuiach B coctostHEM X (T—V)=x ((s—1)v) =
* * o
=x ((s—=1v|0, x,), ¢ HOMOIIBIO ABOHCTBEHHOTO
MeTona [16] mpousBOAUTCS KOPPEKIUs peUIeHus
CONPOBOXKIAIONIEH 3aJaul Ui HOBOTO COCTOSTHHMS
x'(1). YKa3zaHHBI MeTOI KOPPEKINH HCTIOTB3YeTCs

B CHIIy TOTO, 4TO 3amada (2.4) mis OBYX COCETHUX
MOMEHTOB T—V M T OTIMYAETCS TOJILKO Hayallb-

* *
HBIMH YCIOBHSAMH X (T—V) U X (T), TIPH 3TOM 3TO
OTJIMYME TEM MCHBIIE, YeM MEHBIIEC V, a Cpeau

BCEX M3BECTHBIX METOJIOB PEICHHs 3a1a4 KBajapa-
TUYHOTO MPOrPAMMHUPOBAHUsI HWMEHHO JIBOWCTBECH-
HBIA MeTOJ sBIIsieTCS Haubosee 3PPEKTUBHBIM Me-
TOJIOM KOPPEKIMH OMU3KUX 3a1ad. [locTpouB onTu-

MansHyI0 porpammy u’(¢]0, x'(sv)), teT, 3ama-

yu (2.2) — ONTUMAJBHBIA IUIaH (u‘?(O, x (sv)),

j=0,N-1) 3amaun (2.4) wisa nosuu (0, x (sv)),
TIOJTyYaeM peaTn3alHio
u () =u’(0]0, x"(sv)) =ug (0, x' (sv)) =u (sv),
tel0, v,
CTapTOBOIl 0OpaTHOI CBA3M, KOTOpas MOJAeTCA Ha
Bxox cuctembl (1.1) Ha NHPOMEXyTKe BpEeMeHH
[sv, (s+1)v [:

u(t)y=u (t—sv), telsv, (s+)v[.
Ecim Bpemst koppekuun perrennii 3agaun (2.4)
TIpU Tepexofie OT HAYATBHOTO YCIOBUA Z = X (T—V)
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K HayaIbHOMY YCIIOBHIO Z = X (T), a, 3HAUMT, U JUIs

BEIUHCIICHHS PEallN3aluy 0OPATHOM CBA3H u (T), He
NPEBOCXOJIUT BPEMEHH V, TO TOBOPAT O BO3MOYKHO-
CTH peIIeHHs 3a/laudl OCYILIECTBICHHS IBHXECHUS B
pexxume peaibHOro BpemeHH. [lockonmbKy Konmde-
CTBO OIEpaIiii, KOTOPBIE BBIMOJHSAIOTCS Ha KaXIIOM
mare padoThl PeryisiTopa, MOXKHO OLEHUTb, TO IS
KXo KOHKPETHOH CHCTEMBI MOXHO I0100paTh
TaKHe MHUKPOIPOIIECCOPHBIE YCTPOWCTBA, C IIOMO-
IIbI0 KOTOPBIX MOXHO pEaM30BaTh DETyJSTOp B
pexxuMe peanpHOro BpeMeHH. C Ipyroil CTOpOHHI,
JUIL KaXJIOTO MHKPOIIPOIIECCOpa MOXHO YKa3aTb
TIOPSIIOK CHUCTEM, JUIS KOTOPBIX Pealu3yeM yKas3aH-
HBIN PEXUM.

5 Ilpumepsl
Ilpumep 5.1. PaccMoTpuM cucreMy yrpasiie-
Hust [14]
X+x=u.
Beenst o0o3HaueHus x, =X, X, =X, MOIY4YUM CHC-
TEMy JBYX YPaBHEHWH: X, =X,, X, =—X +u, T.€.
cucremy Buza (1.1). Ota cuctema npu BBIKIIIOYEH-
HOM ympaBieHuu: u(t) =0, ¢>0, uMeeT mepHoau-
YecKHe IBIDKEHUs UL JIIOOBIX HadalbHBIX COCTOS-
Hui. OJHAKO 3TH pEIICHHs] He SIBIISFOTCS MPEe/elib-
HBIMHU LIUKJIaMHU. PaccMOTpUM OHO Takoe JABMKEHHUE:
@)+ =1, t=0, (5.1
W TIOCTpOMM OOpaTHyIO cBs3b (2.5), ¢ KOTOpOi
3aMKHYTasl CHCTEMa
X+x=u(t, x) (5.2)
uMeeT mnepuoanveckoe pemenue (5.1) B kadecTBe
ACHMITOTHYECKH YCTOWYHBOTO TPENIEIFHOTO [IUKIIA.
Anroput™M paboOTBHl pPEryisiTopa HpOrpaMMHO
peanu3oBaH Ha s3bike C, pabOTOCIIOCOOHOCTH TPO-
TpaMMBI IIPOBEPEHA Ha OIMCAHHOM NpuMmepe. beum
TIOCTPOEHBI PETYIATOPHI Ui IBYX HaOOpOB mapa-
METpPOB COPOBOXKaromei 3amaqn (2.4):
1)6=1, v=0.04, L=4
2)0=1, v=0.04, L=2;
u (1)=0, 120.

154 -
X

0,5 4

0,5

X

2
25 2 EN; 4 05 0 05 1 15 2

Pucynox 5.1 — ®a30Bble TPaeKTOPUH 3aMKHYTOM
CHCTEMBI
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[lepBrIit HabOp MapaMeTpoB OBLT WCHOIH30BAH
JUISL CIIEAYIOIMX Ha4aJbHBIX YCIIOBUH JWHaMUye-
ckoll cucremsl: x, = (-2, 0), x, =(2, 0), Bropoi —
s yenosuit x, =(-0.5, 0), x, =(0.5, 0).

Ha pucynke 5.1 npencraBneHs! (a3oBbie Tpa-
eKTOPUU 3aMKHYTOW cucTeMbl (5.2) I yKa3aHHBIX
HavyaJIbHBIX COCTOSSHUM W COOTBETCTBYIOIIMX WM
TapaMeTpOB BCIIOMOTATEIbHON 3a/1a4H.

Ilpumep 5.2. PaccMOTpUM CHCTEMY yNPABIECHUS

X =x,+u, X,=-x,—1u, (5.3)
KOTOpasi NpPW BBHIKIIOYEHHOM YIPaBICHHUH HMEET
MepUOANYECKUE IBIKCHUS, CPEAd KOTOPBIX HET
cienyrouiero ApuwxeHus [14]
2 2
(o =2) +(x,-2) =1. (5.4)

X2

3,54

2,54

0,54

X1

-0,5 T T T T T T T |

0 0,5 1 1,5 2 25 3 3,5 4

Pucynok 5.2 — @a30Bble TpaeKTOPUH I OCHOBHOTO
Habopa mapamMeTpoB

3,5 4

2,5 4

0,5 4

X1

-0,5 T T T T T T T 1

0 0,5 1 1,5 2 25 3 3,5 4

Pucynok 5.3 — Ciiy4aii rpaHUYHOTO 3HAYEHHS
YOpaBJICHUS
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C TOMOIIBIO pelIeHus] BCIIOMOTaTeNIbHOM 3a-
nmaau (2.4) c mapametpamu: 6=5, v=0.2, L=3, u
OCYIIECTBIISIOIINM 3aJaHHOE J[BH)KEHHE YIpaBlie-
HueM u (1) =-2, t>0, Obu1a MOCTpOeHa OOpaTHas

CBSI3b, TOCJE 3aMBIKAHHUS KOTOpOH cucTteMsl (5.3)
IBkeHue (5.4) craso yCTOMYMBBIM IpeNeNbHBIM
koM. azoBbIe TPAEKTOPHUU 3aMKHYTOH CHCTEMBI
IpU  CIEQyIolIeM Habope HavaJlbHBIX 3HAYCHHM:
X%=02,4), x=20), x=(225), x=(2,15),
IIPE/ICTABIICHBI Ha pHCYHKE 5.2.

Orta ke 3a[a4a UCIBITEIBAJIACH TAKXKE B CIIydae,
KOrja u, =—2 SBISETCS TPAHMYHBIM 3HAYEHUEM B

TEOMETPUYECKUX OTPaHUYEHHSX COIPOBOXKIAIOIICH
3amaun (L =2). Pe3ynpTaThl mpeacTaBieHbl HA pH-

cyHke 5.3.

3aki0uenne

B pabote ommcan cnoco® NMpUMEHEHHs METO-
JIOB ONTUMAIBHOTO YINpPAaBJICHUS C TNPHUBICYCHUEM
COBPEMEHHBIX CPEJCTB BBIYUCIMTEIHFHONH TEXHHUKU
JUISL peILICHNs] OHOW U3 3a/1au KIIAaCCHIECKOH TEOpUH
peryiaMpoBaHusl — 3aJaddl OCYIIECTBICHHS JBHKe-
HUH, KOTOpas Ooyee MoiIBeKa Ha3zad (Hapsmy C Opy-
THMH TIOJOOHBIMH 33/1a9aMH) TIOCITY>KHJIa TOTYKOM K
CO3aHHIO TEOPUH ONTHMAaJbHOTO ynpasieHus. [To-
CTPOCHHBIE PETYJIATOPHl CHOCOOHBI B PEXHME pe-
abHOI'O BPEMEHH BBIYHMCIIATH TEKYIIHe 3HAYeHUS
oOpaTHBIX CBSI3EH, KOTOphIE OOECTIEeUnBAIOT HE
TOJIBKO YCTOHYMBOE OCYIIECTBJICHUE NBIKEHUH, HO
U BBICOKOE KayeCTBO IMEPEXOIHBIX MPOLIECCOB.
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MATEMATHKA

VIIK 517.95

O 3ATAYE UWJIEHTUO®UKAIIMA JUHEMHOT O UICTOYHUKA
JJIA THITEPBOJIMYECKOI'O YPABHEHUA TPETBET' O ITOPAIKA
C UHTEI'PAJIBHBIM YCJIOBUEM

A.T. Merpaamues, ¥Y.C. Anmn3ane

Baxunckui eocyoapcmeennwitl yrusepcumem

ON THE PROBLEM OF IDENTIFYING A LINEAR SOURCE FOR

THE THIRD-ORDER HYPERBOLIC EQUATION WITH INTEGRAL CONDITION

Ya.T. Mehraliev, U.S. Alizade
Baku State University

HccnenoBana 3a1aua HACHTH(OUKALUY JIMHEHHOTO MCTOYHUKA YIS OJJHOTO YPaBHEHHUS TPETHETO MOPSIKA, OMUCHIBAIOIIETO Pac-
MPOCTPAHEHUE TPOJIOIBHBIX BOJIH B JUCHEPIUPYIOIIEH Cpeie ¢ MHTETpalbHBIM yCIOBHEM IepBoro pozaa. CHavana MCXOIHAs
3aj1a4a CBOJMTCS K 3KBUBAJICHTHOH B ONpeeseHHOM cMbiciie 3a1aue. C nomoupio Metosia Oypbe SKBUBAJICHTHAs 3ajia4a CBO-
JIUTCS K PEILICHUI0 CUCTEMbI HHTETPAIbHBIX YpaBHEHHIA. C IOMOIIBIO METO/Ia CKAThIX OTOOPaKEHHUH JI0Ka3bIBAIOTCS CYILECTBO-
BaHUE U €UHCTBEHHOCTb PEIICHUS] CUCTEMbl UHTEIPAJIbHBIX YPaBHEHUH, KOTOpasl TaKXKe SIBISETCS €UHCTBEHHBIM PEIICHUEM
9KBUBAJIEHTHOU 3a/1auu. [10Jb3ysiCh SKBUBAJIEHTHOCTbHIO, JIOKA3bIBAETCS CYIIECTBOBAHME M €JMHCTBEHHOCTb KJIACCHYECKOIO
pelIeHHs HCXOAHON 3aauH.

Knrouegvie cnosa: obpamnas 3adaua, ypasrenus mpemve2o nopsaoka, memoo @ypve, knaccuieckoe peutenue.

The identification of a linear source for the third-order single equation that describes the propagation of longitudinal waves in a
dispersive medium with an integral condition of the first kind is investigated. At first, the original problem reduces to an
equivalent problem in a certain sense. Using the Fourier method, the equivalent problem is reduced to solving a system of
integral equations. With the help of the method of compressed mappings, the existence and uniqueness of the solution of a
system of integral equations, which is also the only solution to an equivalent problem, are proved. Using equivalence, it is pos-

sible to prove the existence and uniqueness of the classical solution of the original problem.

Keywords: inverse problem, third-order equations, Fourier method, classical solution.

Brenenne

IToTpebHOCTH IPaKTHKK YacTO NPUBOZAT K 3a-
JlayaM onpejeneHus Kod(QQHUIUEHTOB WM INPaBoOi
yacTH IUu(PepeHHaIbHBIX YPaBHEHHH 10 HEKOTO-
PBIM HM3BCCTHBIM JaHHBIM OT €TI0 PCUHICHUA. Takune
3aJayy MOJy4WIN Ha3BaHHE OOpaTHBIX 3a/1ad Mmare-
marnueckod ¢usuku. Teopust oOpaTHBIX 3a1a4 JUIs
muddepeHIMANBHBIX ypaBHEHHH SIBIISETCS JMHA-
MHYHO Ppa3BUBAIOLIMMCS Pa3/ielioOM COBPEMEHHOU
Hayku. B mocnennee Bpems oOpaTHble 3aadd BO3-
HHUKAIOT B CaMbIX Pa3IMYHBIX O0JACTSIX dYeIoBeue-
CKOM JesITeIbHOCTH, TaKUX, KaK CEeHCMOJIOTHUs, pa3-
BE/IKA TIOJIE3HBIX HMCKOMAEMBIX, OHOJIOTHS, MEIUIH-
Ha, KOHTPOJIb Ka4€CTBa MPOMBIINIJICHHBIX H3]1€J'IHI7[ u
T. 1., 9YTO CTAaBUT HUX B PAId aKTYyaJIbHBIX HpO6ﬂeM
COBPEMEHHON MaTEMaTHUKHU.

Teopust obOparHbix 3amau mus auddepeHn-
IBHBIX YpPaBHEHUH IIpeAcTaBisieT cO0OH aKTHBHO
pa3BUBaIOLIeeCs] HANpaBIEHHE COBPEMEHHOW MaTte-
MaTuku. PaznndHbie oOpaTHBIE 3aa4n AL OTJEIb-
HBIX TUIOB AU epeHINATBHBIX yPaBHEHUH B 4acT-
HBIX TPOM3BOJHBIX M3YyYaJINCh BO MHOTHX paboTax
(cm., nanmpumep [1]1-[8]).

B nocnennue rogsl BO3poc MHTEpEC K U3yde-
HHUIO BOJIHOBBIX IPOLIECCOB B CPEIaX, XapaKTepH-
SYIOIMUXCA HaJIA4YUCM OUCIICPCUH W TIOTJIOIICHUA.
Paznuunsie 3a/lauu IJid YpaBHCHUA TPETHETO IMOPsIKa,

© Mezpanues A.T., Anuzade V.C., 2019
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OITKCBHIBAOIIETO  PACHPOCTPAHEHHE MPOIOIBHBIX
BOJIH B JIUCIICPTUPYIOIICH Cpele HCCIIETOBATNCH B
[91-[11].

B nmannoit padote, cnemnys [12], [13], noxa3ansr
CYIIIECTBOBAaHHE M EJIMHCTBEHHOCTh pEIICHUs 00-
patHOW 3agauu JUIsl OJHOTO YPaBHEHHUS TPETHEro
MOPSIIKA, OMKCHIBAIOIIETO PACIPOCTPAHEHHE IPO-
JIOJIbHBIX BOJIH B JUCIIEPTUPYIOIICH Cpejie ¢ JOMo-
HUTETHLHBIM HHTETPATBHBIM YCIIOBHEM TIEPBOTO POJIA.

1 ITocTaHoBKA 3aJa4YH M ee CBelleHHEe K K-
BHBAJICHTHOI# 3a7a4e
Paccmotpum st ypaBHerns [11]

u, (x,t)—u, (x,t)+u,(x,t)—ou_(x,t)= (11
=a(t)u(x,t)+ f(x,1)

B obmactu D, :{(x,t):Ostl, OStsT}, 00-

PaTHYIO KpaeByIo 3a/1a4y ¢ Ha4a bHBIMHU YCIOBUSIMHU

u(x,0) = 0y (x), u,(x,0)=¢,(x),

(1.2)
u,(x,0)=0,(x) (0<x<1),
rpaHU4YHbIM yciioBueM Heiimana
u (0,6)=0 (0<t<7T) (1.3)
HHTETrpalIbHBIM YCIOBHEM
[[uGr.ndr=0 ©<r<7), (1.4)

1 C IOIIOJTHUTEJIbHBIM YCIIOBUEM
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u(0,6)=h(t) (0<t<T), (1.5)
rae a(0 <o <1) —3amanHoe wmcno, f(x,t), @,(x)
(i= ﬁ), h(t) — 3amansbie QyHKIMH, a u(x,f) U
a(t) — uckoMeIe GYHKINH.

Onpeoenenue. KnaccmieckuM pelieHAEM 3a]a-
gu (1.1)+(1.5) Ha3oBEM mapy GyHKIUH {u(x,t),a(t)} ,
00J1a1aI0IINX CIIEYIOLUIMMHU CBOWCTBAMHU:

1) gynkuums u(x,t) u ee Ipou3BOAHbIE U, (X,1),
u,(x,0), u,(xt), u(x?t), u,(x?), u,/(x1),
u,.(x,t) HenpepwIBHEI B D, ;

2) ¢pyukums a(t) wenpepbiBHa Ha [0,7'];

3) ypaBuernusa (1.1) m ycmoBus (1.2)—(1.5)
YIIOBIIETBOPSIIOTCSl B OOBIYHOM CMBICIIE.

CrpageinBa cieayromas

Jdemma 1.1. Ilycts f(x,t) € C(D;),

j; fxDdx=0 (0<1<T),

0,(x) € C'[0,1}, ¢,(1)=0, @,(x)eC[0,1] (i=12),
h(t) e C’[0,T], h(t)#0 (0<t<T) ¥ BHIIOTHAIOT-
Csl YCIIOBUSI COTJIACOBAHUS

[[o,0dx=0 (1=02).

©,(0) = 1(0), 9,(0)=A'(0), ¢,(0)="Ar"(0).
Torna 3amaua HAXOXKICHUS KIIACCHYSCKOTO PEIICHHUS
3amaun (1.1)—(1.5) sxBUBaJIeHTHA 3a7ade ompeserne-
Hus GyHKIud u(x,t) U a(t), o0JamArOIIUX CBOUCT-

Bamu 1) 1 2) omnpeaeneHust KIaCCHYECKOrO PeIleHus
3amaun (1.1)—(1.5), u3 coorromenwit (1.1)—(1.3),
u (1,H)=0 (0<¢<T), (1.6)

@& +h"t)—u, (0,t)—ou, (0,¢) =
=a()h(t)+ f(0,t) (0<t<T).

Hoxazamenvcmeo. Ilycte {u(x,t),a(t)} sBus-

(1.7)

eTCsl KJaccuueckuM perenneM 3amaun (1.1)—(1.5).
Wnrerpupys ypasaenne (1.1) mo x ot 0 no 1, nmeem:

d—ju(x Ndx—u, (1,1)+u, (0, t)+d—ju(x t)dx —

—ou(u, (L,1)—u (0,0)) =
1 1 (1.8)
= a(t)j u(x,t)dx + j f(x,0)dx (0<t<T).
0 0
y‘lI/ITI)IBaH, YTO BBIMNOJHAKOTCA YCJIOBUA JICMMbI

1
jf(x,t)dx =0 (0<t<T) u ¢,(1)=0, ¢ yuérom

0
(1.3), (1.4), mHaxommm:
u, (Lt)y+ou (1,1)=0 (0<¢<T),
,(1,0) = ¢, (1) = 0.

OTcrozia JIETKO IPUXOAUM K BhITOSTHEHMO (1.6).

Hanee, cunras h(t) € C°[0,T] u muddepenuu-
pys (1.5), momrygaem:

u, (0,0)=h'(t), u,(0,t)=h"(¢),

u, (0,6)=h"(t) (0<t<T). (1.9)

ltt
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[oncransas x =0 B ypaBHenue (1.1), Haxoanm:

1, (0,6)—u, (0,0)+u, (x, 1) —our, (0,1) = (110)
= a(t)u(0,¢) + £(0,1).

A orcrona, ¢ yuérom (1.5) u (1.9), cnenyer BBIONHE-
nue (1.7). Tenepp mpenmonoxum, uto {u(x,t),a(t)}

sBisetcs pemennem 3agaqn (1.1)—(1.3), (1.6), (1.7).
Torna u3 (1.8), ¢ yuérom (1.3), (1.6) u

1
[F(xnde=0 (0<t<T),
0

Haxo4guMm:

d3 1 d2 1
F! u(x, t)dx-'_ﬁz!‘ u(x,t)dx =
1 (1.11)
= a(z)j u(x,t)dx (0<t<T).
0

B cmry (1.2) 1 BEIIOTHEHUS YCIIOBHS
[Lo,(0dx=0 (1=02),

OYCBUJHO, UTO

j-u(x,t)dx - jol 0, (x)dx =0,

%ju(x,t)dx - jol o,(0)dx=0, (1.12)

d2 1 1
Wj u(x,t)dx = jo 0, (x)dx = 0.

0

U3 (1.11), c yuérom (1.12), nerko npuxoaum K
BhITIOIHEHHIO (1.4).

I[aﬂee u3 (1.7)u (1. 10) MOJTyYaeM:

(u(O - h(t))+—(u(0 D=hO)= | 13

=a(t)(u(0,t)— h(t)) 0<t<T).
Tak kak
0,(0) = h(0), ¢,(0)=K'(0), ,(0) = h"(0),
HMEeM:
u(0,0) - h(0) = 9,(0) - ~(0) =0,
u,(0,0)-4'(0)=¢,(0)-A4'(0)=0, (1.14)
u,(0,0)—7"(0) = 9,(0)-A"(0)=0.

N3 (1.13), ¢ yuérom (1.14), sicHO, 4TO BBIIOIN-
Hsetcs u ycnosue (1.5). O

2 HUccnenoBanue cymecTBOBAaHUS W €TUHCT-
BEHHOCTH KJIACCHYECKOr0 pelleHusi 0O0paTHOM
KpaeBoii 3a1a4umn

[TepByto  xommnoHeHTy  u(x,f)  pelIeHUS

{u(x,1),a(t)} 3amaum (1.1)—(1.3), (1.6), (1.7) bynem
HCKATh B BUJIE:

u(et)= Y u (cosh,x (o, =km),  (2.1)
rae

1
u, (t) =1, j u(x,t)cosh,xdx (k=0,1,..),
0
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NpUYEM
1, mpu k =0,
ko {2, npu k =1,2,....

() +u] (1) +Ajuy (1) +akfu, (1) =
=F, (t;u,a) (k=0,1,2,..),
1u.(0) = @y 1, (0) = @y,

u, (0)=9,, (k=0,1,2,..),

2.2)

2.3)

rae
F(tyu,a) = f, () +a(®u, (1),

fin=1, j f(x,1)cosh, xdx,

1
0, = lkj @, (x)cos A, xdx (i=0,2;k=0,1,2,..).
0

Pemas 3agaqy (2.2), (2.3), Haxoqum:
uy (1) = @ +19,, +(t_1+e_t)(on +

‘ 2.4
+I F,(vu,a)(e”"™ +t—1-1)dr, @4
0

u, () =bi{(vi + By Je +

k

+o e’ {(ak =2y, JcosPB,z+

+Bi(vi -B _akijSin Bktﬂ(%k +

k

+{—2yke"” +e™ [Zyk cosP,t+

+BL(U"Z +ﬁi _Yi)Siant:|i|(P1k +

k

k

{e‘“’ +e! {—cos Bt +ﬁi(“/k — o Jsin Bkt:|:|(p2k +
t
+.[ Fy (r;u,a){e“‘(”) + (2.5)
0

+ eYA' (t=1) |:yk

B;“ksinﬁk (1=7)—cosp, (t—r)ﬂdr}

k

(k=12,.),
| NE)

rae o, = oy, +By; _5’ By ZT(OLM _Blk)’

11
Ve ==3 50 tBy). b= 4B+ - 2ay,,

1 1 2
={——||la—= A +— |+
ik { 2((“ 3} , 27j

01 (2.6)

2 3
41 (a—ljkiJri +i(ki—lj ,
4 3 27 27 3

IpU4eM
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2 32
41 (a—l)kz+i +L(kz—l)
4 3 27 27 3

Iocne nmoacranoBku BblpaxeHuit u, (1) (k=0,1,...)

B (2.1), nyst omnpejeneHuss KOMIIOHEHTH u(x,t) pe-

urenus 3agaqn (1.1)—(1.3), (1.6), (1.7), nonygaem:
u(x, 1) = @y, + 19, +([_1+e_t)(on +

t
+I F(vu,a)(e "™ +t—t1-1)dt+
0
+kz;{b—{[(yi +Bije “age™ | (a, =2y, cosB,t+
= k

1 .
+B_('YZ _BZ _akykjSIHBkt:|:|(pOk +
k

+{—2yke°‘” +e™ [2yk cos B,z +

+BL(0*Z +Bi _Yi]Siant:|:|(P1k +

k

v, 1 1
+[e°‘“ +e™ {—COSBkt+B—(Y/¢ ‘%)SIHBNH(PM +

k

t
+f ﬂ(r;u,a){ea‘(”) s
0

X|:Yk[3_ak sinB, (z—r)—cos[}k (t—r)ﬂdt}}sinkkx.

k

Teneps, u3 (1.7), ¢ yuetom (2.1), mmeem:

a(t)=[h@]"'[ A" (t)+n"(1)-
—f(0,0)+ i AUAGE T (r))}. 2.9)
Huddepenunpys (2.5_), JIBa pa3a MoJyYuM:

40 =bi1

2 2 ot
& [Yk+Bk]e C

+oL, (y,f +B; Jey“ [—cosBkt+

1 . ot
+B—(yk —ock)smﬁktﬂtp(,k +[—20kake L
k

+el*! [[ai +B; +71; )cos B,z +

{g—k(ai —Bi _szSiant:H(Plk +

oyt Vil
+{ake‘ +e {—ak cosfP,t+
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+Bi(Bk +y; — kijSianfﬂ(sz +

+J. F}c(r;u,a){otke“‘ (=) 4
0

+e‘/k("":) {y_k(y
{ B

~a, cosp, (t—t)ﬂdr} (k=1

u"(0) = bi|

+a, [yz +B; je”’ {—ak cosP,+

sin, (1—1)—

_ak)+Bk

2,..), (2.10)

20,2, p2) o
O (Yk +Bk)eak +

1 . o
+B_(Yk +Bi — kYk)Slant:|:|(P0k +|:_20°2Yke T+
k

+e't! |:2(Xiyk cos B,z +

2Bvi — _BZJSiantH(Plk +

1
+_(0°2Yi - O‘in
By

+|: 2 otkz+e/kl

([3,( +v; 20,7, ]cosBkt +

1 .
+B_[Yk|31§ +Yi - akYi +(lk[3i)51n Bkt:|i| Poer

k

+J-F(1:u a){ 2479 4
ol 1 .
st {B—(vksz ) oy + o Jsin, (1-1) +
k

+(v; +B; —20tkvk)00sBkzﬂdr} (k=12...).Q2.11)

Hanee, u3 (2.5) u (2.10), Haxoaum:

(1) + o (1) =bi{

(oc+ock)(y,f +Bi)e““ +
+ou e’ {(aak -20y, —7; —BZ]cosBkt+
1
+_(('Yk_0‘k)(Y/€ +B/§j+
By
2 2 3
+0L(yk -B; —ockykJ)smBkt ﬂ%k +
+[—2(oc+ock)yke°‘“ +

+e™ [[20{7,{ +a; +B; +ykjcosBkt+

+Bi(a(ocz +B; —(xkykj+

k
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Y4 [0‘/% ~Bi - J)Siant:l}Plk +

+a+oy e +e™ [—(ock +a)cos P, +

k

1 .
+B_(BI§ +’Yi —O Y +(X(’Yk -, ))slnﬁkt:|:|(p2k +
t
+I Ec (T;un a)|:(ak +a)ea’f(tfr) +eYk(tfr) «
0

X|:Bi([3i Y-y, +OL(Yk -o, )]sinﬁk (t—r)+

(o, +t)cosP, (t—r)ﬂdr} (k=12..). 2.12)

Juis Toro 9TOOBI MONYYNTh YpaBHEHHE IJII BTOPOM
KOMIIOHEHTHl a(?) peleHus {u(x,t),a(t)} 3a1a4u

(1.D)—(1.3), (1.6), (1.7) moxmcTaBUM BBIpAXKCHHE
(2.12) B (2.9):

a(t)= [h(t)]’][h”’(t)+ n'(t)- £(0,0)+

sif

a+a, [yk+[3kj +

+o e [[aak -20y, -7} —Bi)cosBkt+

+Bi((yk — O )[Yi +sz+

k
2 2 :
+0c[yk -B; —akykJ)s1ant}}(p0k +
+{—2(0{+0Lk)yke°‘” +
+e™ [[2ayk +a; +P; +yk]cos[3kt+

+Bi(oc[ocﬁ +B; —ockykj+

k
Y (Oti ~Bi - j) sin Bkt:|:|(\[)lk +

+a+oy e +e |:—(0Lk +o)cosB, 7+

+é[BZ Y} oY, oy oy ))Siantﬂcpzk +
+j F,(tu, a)[(ock +o)e ) 4 n )
X[é(ﬁi +7; — oy, +aly, —ay)JsinB, (1-1)+
— (a1, +a)cosp, (t—r)ﬂdt}]. (2.13)
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Takum obpaszom, pemenne 3amaun (1.1)—(1.3), (1.6),
(1.7) ceenoch k pemieHuo cuctembl (2.8), (2.13)
OTHOCHTEIIFHO HEW3BECTHBIX (QYHKUWUH u(x,t) u
a(t).

Jis u3ydeHus BONpOca €JUHCTBEHHOCTH pe-
wenus 3anaun (1.1)—(1.3), (1.6), (1.7) BaxHyt0 poJb
UTpaeT CIEAYIoast

Jdemma 2.1. Ecnu {u(x,t),a(t)} —aoboe peute-

nue 3a0aqu (1.1)—(1.3), (1.6), (1.7) mo ¢pynryuu
1
u, () = lkju(x, f)cosh,xdx (k=0,1,..)
0

YOO0GLemMEOPSIION cucmeme, COCMosell U3 ypasHe-
nuti (2.4), (2.5).
Jokazamenvcmeso. Ilycte {u(x,t),a(t)} — mro-

60e pemenne 3anauu (1.1)—(1.3), (1.6), (1.7). Torna,
YMHOXHB 00€ yactu ypaBHenus (1.1) Ha ¢yHKIHIO
[,cosh,x (k=0,1,..), HHTerpupys INOIy4E€HHOE
paBeHcTBO 1O x OT 0 10 1 ¥ MONB3ysACH COOTHOILIE-
HUSAMH

1
lkJ.ut (x,t)cos A, xdx =
0

1
_ %{zk ! u(x, 1) cos kkxdx] —ul () (k=0,1,..),
1
I, j u, (x,t)cos h, xdx = u!(£) (k=0,1,..),
0
1
I [y, (e £y cos b xx = () (k=0,1,..),
0
1
lkJ. u_ (x,t)cosh, xdx =
0

1
=2 [zk j u(x, ) cos xkxdx] =02u, () (k=0,1,..),

0

1
IA j u, (x,t)cosh, xdx =
0

1
=-A; %(iju(x, t)cos kadxj =—Aju, (1)

0
(k=0,1,..)
MOJTy4aeM, 4To YAOBIETBOpsieTcs ypasHenue (2.2).
AHANOrMYHO, YMHOXHB 00€ YacTH YCIIOBUS
(1.2) na dynxuuto /[, cosA,x (k=0,1,..) u unrer-

pHUpysl MOJTy4eHHOE paBeHCTBO 1o x oT 0 1o 1, momy-
9yaeM, 4TO BBIMOJIHACTCS ycaoBue (2.3).
Takum obpasom, u,(t) (k=0,1,..) saBraorcs

pemenneM 3anaun (2.2), (2.3). A orcroga, Hemocpe-

CTBEHHO cienyeT, uto ¢yHkuuu u, () (k=0,1,...)

ynosietBopsioT Ha [0,7] cucreme (2.4), (2.5). O
OueBUIHO, YTO €CIU

1
u, (f) = lkj u(x,r)cosh,xdx (k=0,1,..)
0

SBISIFOTCS pellieHrueM cucteMsl (2.4), (2.5), To napa
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{u(x, t),a(t)} GbyHKIHN
u(x,t) = i u, (t)cosA,x

u a(t) sensercs pemenneM cuctemsl (2.8), (2.13).

U3 nemmsl 2.1 cnemyer, 9TO IMEET MECTO Cie-
ayromee

Cneocmeue. Ilycts pemenne cuctemsl (2.8),
(2.13) emuncreenHoe. Torma 3amauya (1.1)—(1.3),
(1.6), (1.7) He Moxer MMeTh Ooyiee OJHOIO pelle-
Hus, T.€. ecau 3amada (1.1)~(1.3), (1.6), (1.7) umeer
pelieHre, TO OHO eIUHCTBEHHO.

C uenbto uccnenosanus 3amaun (1.1)—(1.3),
(1.6), (1.7) paccMOTpUM CIIEAYIOIINE MPOCTPAHCTBA.

OGosnaunm uepes B;, [11] cookymHoCTh

BceX (QYHKIMH BHIA
u(x,0y =Y u ()cosk,x (h, =km),
k=0

paccMaTpuBaeMblX B D, Iie Kaxnas U3 (QyHKIUHA

u,(t) (k=0,1,..) HenpepsiBHa Ha [0,7] u

J(u) = "u0 (t)"c[o,r] —+ {i (7‘; "uk (t)”C[O,T])Z} < e

=1
Hopmy B 3TOM MHOKECTBE OIPEAETUM TAK:
e, 0)] 2 =T ().

WsgecTHo [14], uto B, sBiseTcs 6aHAXOBBIM

3
BZ.T

MPOCTPAHCTBOM.
3
Teneps paccMOTpUM B IIPOCTpaHCTBE F, oIe-

parop
D(u,a) = {d)l (u,a), D, (u, a)} ,

rac

D, (u,a) =u(x,t) = i i, (t)cosA,x,

k=1
@, (u,a) = a(1),
a u,(t), u,(t)(k=12,.) u d,(t) paBHBI COOTBET-
CTBEHHO NpaBbIM dacTsM (2.4), (2.5) u (2.13).
[Tpumem o6o3HaYEeHUSA

1 1 2
o, =——|| a—=|A +— |+
. 2(( 3) g 27}
2 3
L [a—l)xf+i +i(x§—lj, (2.14)
4 3 27 27 3
1 1 2
=—|la—= A +— |+
B 2(( 3) k 27}
2 3
o a—l)ki+i +i(x,§—l . (2.15)
4 3 27 27 3

Torna cootrromenus (2.6) u (2.7), COOTBETCTBEHHO,
MIPUMYT BU;

oy =305 By =3P -

Ortciona, ¢ yuérom (2.14) u (2.15), nomyqaem:
‘a’lk +Blk‘ = ‘\]3 Oy _%/g‘ =
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_ o,y — By <
\/3 a;k +3 oy By +i/g
Mo)nied] (ardpi 2 9w 11
ey s e e

YBox <oy =By =R, +3YBos <23P

\BSJT_Z V3= 3 _
R

=B, <33

HerpynHo BuzeTh, uto

1l _9a 13
o | <oy, +Blk_§ —7+g=817
.| = Loy +By SECWE
3 2 4 4

1
g5k, EElk <B, <

<3} ( j+ l(a—ij2+ik =g,
27 4 27) 27 F VR

bk = (Otk _Yk)2+Bi > B/% > 857»2
YuuTHIBas 5TH COOTHONLICHHA, HAXOAUM
”1,70 (t)"C[O,T] < ‘(pOO ‘ +T ‘@10‘ + (T + 2) ‘(pOO ‘ +

1

+(T + 2)\/7U |/ (r)|2drjz +

(2.16)
HT + 2Ty ptt0 O .7
SOl | <
Tﬁguz%gz+g [go;%yé+
+p, (T Li: (n \(ka %+
+p, (T [.:[ : D (] ﬂ(r)| J;
+muvwamu”{ (121 Ol @17

[&@]ctor, <
< "[h(t)]_l"cm,r] {"hm (1) +h"(1)~- f(o’t)"cw,m -

iy MZJ (1) 3 (1o )| +

k=1 k=1

L 1
2

(T [ioi%n2+

k=

(1) 3 (020 |

k=1

1

+ps T)\f‘(ffi IR JZ

k=1

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

1

(D)0 g3 (1 O |

k=

}, (2.18)

rac

po(7)=

m|§‘
WNU]

2 2 e T
ﬁ%+&y1+

+g,e’ sl+282+i[a§+aj+slaz)H,
€y
V5 v 1
pl(T)zg 2e,%" +¢77 | 2, +83 (81+8§+8i) ,
51 . . 1
Z(T)—g 1T'f' o7 1+g(81+82)

p,(T)= 81 {(owsl)[si +8i)eg‘r +
3

+e™’ {sl (ocs1 +20e, +& +¢; ) +

81 2 2 2 2

+—((al+82)[82+84j+a[82+84+8182]] ,

83
1 T &, T 2 2 2

P (T)=—12¢,(a+g e +e%' | &l +¢&; +&; +
83

o, + Prelvel|ralel +el

ag, + (& (e +&; teifrafel teites |1

3

muj:;{m+g) "

T
+e*

1
a+e, +—[0L82 +ag, +¢; +8i+8182J .
83

[Ipennonoxum, uro nmanHbie 3amgaud (1.1)—
(1.3), (1.6), (1.7) ynmOBIETBOPSIOT CICAYIOIINM
YCITOBHSIM:

1. @,(x) € C*[0,1], ¢](x) € L,(0,1),
0,(0) = ¢, (1) =0.
2. ¢,(x) e C*[0,1], @(x) € L,(0,1),
0,(0) =;(1H)=0.
3. 9,(x) e C'[0,1], @3 (x) € L,(0,1),
0,(0) = ;1) =0.
4. f(x,1), f.(x,t) e C(D;), [ (x,t) e L,(D,),
£0,0)=f(1LH)=0 (0<t<T).
5. h(t) e C’[0,T], h(t) 20 (0<t<T).
Torpa, u3 (2.16)—(2.18) moryyaem:
5], < AT+ BONa] g e, . 219

"d(t)"qo,r] S A2 (T) + B2 (T)"a(t)"qo,r]"u(x’ t)"B;,.’ (2'20)
roe
AT) =]y )], )+ T, ()

L, (0,1) +
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+(T+2)"(P2 (x)"L (0,1)

Ly (0,1) + p] ||(pl"(‘x)

Lon ™t

+po "(Pg’(x)

0, (T)|l05 ), 0+ P2 (TINT
B/(T)=p, ()T +(T+2)T,

A(T)= "[h(t)]—l"qoﬂ {"h’" (6)+ A" (£) = £ O] 0y *

> J G

k=1

4 (D)0, 04 (ONT L 0 o, I

L, (0,1)

L(Dr)

’II( x)

+ Mg G, 0, P4 (T)

L, (0,1) +

B,(T)=py(T )||[h(t)]1"cwﬂ[§ " JZT

U3 HepaseHcTB (2.19), (2.20) 3aknrouaem:
"L?(x,t) B3y + "d(t)"qo,r] <

< AT+ BD|a(®) o 0 . 2:21)

rze
AT) = A (T)+ 4,(T),
B(T) = B,(T)+ B,(T).
HWTak, MOXXHO IOKa3aTh CIEIYIONIYI0 TEOPEMY:
Teopema 2.1. [Tycms svinonuensl yciosus 1-5 u

(A(T)+2)’B(T)<1. (2.22)
Toeoa 3adaua (1.1)—(1.3), (1.6), (1.7) umeem 6 wape
K=Ky (2], < R = AT)+2)

3
npocmpancmea E; eouncmeennoe peutenue.

Joxasamenvbcmeo. B mnpoctpaHcTBe E; pac-

CMOTPHUM YpaBHEHHUE
z=0z, (2.23)

rae z={u,a}, xomnonentsl ®, (u,a)(i=1,2) ome-
patopa ®(u,a) oONpejeNeHbl NPaBbIMM YACTAMH

ypaBHeHnwii (2.8), (2.13).
Paccmotpum  omepatop ®(u,a) B 1mape

K =K, w3 E,. Ananoruuno (2.21) nonyuaem, uto
JJ1s MOObIX Z,2,,z, € K, CIIpaBeiNuBbl OLIEHKHU:
|©z] . < AT+ BT)|a(),, (224

C[0,7] B’

H(I)Z1 Dz,

(2.25)

<B(M)R (”al (H-a, (t)"qo,r] + "ul (x.1) —u, By )

Torpga u3 onenok (2.24) u (2.25), c yuerom (2.22),
cienyer, uyro omeparop @ gelcTByeT B 1mIape
K = K, un aBnserca cxumaromumM. [Tosromy B mape

E3_

K =K, onepatop ® wuMeEeT €IWHCTBECHHYIO He-
MOJABMXXHYIO TOUYKY {u,a}, KOoTOpas ABJIACTCA €AUH-
CTBEHHbIM B 1ape K = K, peleHHEM ypaBHEHHUSA
(2.23), 1. . {u,a} smusercs B mape K =K, eaun-

CTBEHHBIM pemieHueM cucteMsl (2.8), (2.13).
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OyHkus u(x,t), Kak 3JIEMEHT MPOCTPAHCTBA
B;”T, HENpepblBHA U UMEET HeMpPEepbIBHBIC MPOU3-
BomHbIE u (X,t) ¥ u_(x,t) B D,.

Teneps u3 (2.10) u (2.11) sicuo, 9to

[g (Xi "”/Z (f)"c[o,r])zJ <

)t ), 0, + P+ (T) 0l(x)
+Pg (T)"(Pg (x)

L, (0,1) +

L, (0,1) +

+p8(T) T

{i (7‘1{ "”1?(1)"5 0,T])2J <

L (D)

”(P (x)||LZ(01)+p10 )"(P{'(x) L2(0,1)+
00 (T) 05 ) 0+
P (VT LD,y
rac
2 2
pﬁ(T):gl(gz—:g‘tJ e+t 1+i(81+n2) ,
83 )
p,(T)= %{2slgzes.r +e" (512 +e) +gi](1+8_2]}’
€ ‘.

ps(T) = Lz{sles'r +e"

€5

1 2 2
g +—|& +e,+€8, |,
83

2 2
o (r)-2224),

3

X {aleg'r +e2"

1 2 2
g +—|& +e;+eg ||,
83

1
(7)== —{z re x
3

L

1
+—(828i +& +gE; +8]8i] :
83

1
x{%fsz +—[8128§ +ele; +2ee, +eb+ aj]
3

1 er
p”(T)z8 {2 T el x
3

x| &5 +&; +2¢¢8,

Otcroga cnepyer, uto u,(x,t), u, (x,t),
u, (x,t) u u,(x,t) HepepbIBHBL B D, .

Haree u3 (2.2) HETpYOHO YBUAETH, 9TO

1

[ki(}” Ju "c[o,r])zjz <
<o 5 ubctol,,) )

k=1

1

{3 (12 O, ) ] +
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21 3 (1 0l | +

k=1

f. (x,t) +a (t)ux (x,t)"c[o,r] o 1).

W3 nocineqHero COOTHOLIEHHUsS sCHO, 4YTO
u,, (x,t) HenpepblBHA B D,.

d

Jlerko mpoBeputs, uro ypaBHenue (1.1) u yc-
nosust (1.2), (1.3), (1.6) u (1.7) ynoBnerBopstoTcs B

o0braHoM cmbicie. CrenoBarensuo, {u(x,1),a(t)}
spisieTcsa pemenneM 3amaqn (1.1)—(1.3), (1.6), (1.7)
B mape K =K,. B cuny cnencrsus nemmsl 2.1, 3to
peleHne eAMHCTBEHHO B mape K = K. O

C momorsio JieMMbl 1.1, U3 mocienHeit Teope-
Mbl BBITEKAeT OJHO3HAYHAS Pa3pelIMMOCTb HCXO[-
Ho#t 3amaqn (1.1)—(1.5).

Teopema 2.2. [Iycmob 8b1noaHAIOMCA 6ce YCO-
eust meopemovt 2.1 u

[ feende=0 ©<r<7),

[lo.(0ar=0 (1=0.2),

©,(0) = 1(0), 9,(0)=A'(0), ¢,(0)=Ar"(0).
Toeoa 3adaua (1.1)—(1.5) umeem 6 wape

K=K, (|2 < R=4r)+2)

3
usz ET COUHCMBEHHOE KIIACCUYECKOe peutenue.

3akaouenune

B pabote noka3aHo CyliecTBOBaHUE U €IUHCT-
BEHHOCTh pEIIEHHsI OIHOW OOpaTHOW 3ajayu Juist
rUIEPOOTUUECKOTO YPABHEHHUS TPETHETO MOPSIKA C
KpaeBbiMH ycioBusiMu Heiimana. C moMoIIpi0 3TUX
(hakTOB JIOKAa3aHO CYIICCTBOBAaHHE M CIAMHCTBCH-
HOCTh KJIACCHYECKOTO pEIIeHHs OJHOW 00paTHOM
3a/1aud ISl TUIepOOIMIecKOT0 YPaBHEHUS TPETHETO
MOPsiIKA C MHTETPAIEHBIM YCIOBHEM IIEPBOTO POJIA.
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KOHEYHBIE I'PYIIIIbI C OTPAHUYEHUAMMU
HA IBE MAKCUMAJIBHBIE ITIOAI'PYIIIIbBI

B.C. Monaxos, A.A. Tpodpumyxk, E.B. 3ybeii

Tomenvckuti 2ocyoapemeennulii ynusepcumem um. @. Cropubvi

FINITE GROUPS WITH RESTRICTIONS ON TWO MAXIMAL SUBGROUPS
V.S. Monakhov, A.A. Trofimuk, E.V. Zubei

F. Scorina Gomel State University

IMoxrpynna A Ha3bIBaeTCs noayHopmanvhou B rpymie G, eciu CyIecTByeT HoArpynmna B Takas, uro G = AB u AB, — cOOCTBeH-
Hast B G TMOJArpyIna JJisl Kak1oi coOCcTBeHHO# noarpynmnsl By u3 B. Eciu noarpynma A nu6o cyoHopMaibHa B G, MO0 10ITy-
HopMasibHa B G, TO A HasblBaeTcst noaycyonopmanvhoi B rpynne G. B Hacrosmed pabore JokazaHa CBEpXpa3peliMMOCTb
rpynmnsl G IpH YCIIOBHH, YTO BCE CHIIOBCKHE MOATPYIIBI M3 ABYX HECONPSDKEHHBIX MAKCHMAJIBHBIX HMOATPYIII MOIYCYOHOp-
MaJbHBI B rpymie G. YcraHoBiIeHa HWIBIOTEHTHOCTh BTOporo kommyranta (G')' rpymmsl G IpH YCIOBHH, Y9TO BCE MaKCH-
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A subgroup A4 of a group G is called seminormal in G, if there exists a subgroup B such that G = 4B and 4B, is a proper sub-
group of G for every proper subgroup B; of B. We introduce the new concept that unites subnormality and seminormality. A
subgroup 4 of a group G is called semisubnormal in G, if either 4 is subnormal in G, or is seminormal in G. In this paper we
proved the supersolubility of a group G under the condition that all Sylow subgroups of two non-conjugate maximal subgroups
of G are semisubnormal in G. Also we obtained the nilpotency of the second derived subgroup (G')' of a group G under the

condition that all maximal subgroups of two non-conjugate maximal subgroups are semisubnormal in G.

Keywords: supersoluble groups, semisubnormal subgroup, derived subgroup, Sylow subgroup, maximal subgroup.

Introduction

Throughout this paper, all groups are finite and
G always denotes a finite group.

A subgroup A4 of a group G is called seminor-
mal in G, if there exists a subgroup B such that
G=A4B and 4B, =B A# G for every proper sub-
group B, of B.

Groups with some seminormal subgroups were
investigated in works of many authors, see, for ex-
ample, [1]-[10]. In particular, the supersolubility of
a group with seminormal Sylow subgroups was ob-
tained in [7], [9]. In [6] the supersolubility of a
group with seminormal 2-maximal subgroups was
proved. In [10] first two authors obtained the suffi-
cient conditions for the supersolubility of G under
the condition that all Sylow subgroups or all maxi-
mal subgroups of two non-conjugate maximal sub-
groups of G are seminormal in G.

We introduce the new concept that unites sub-
normality and seminormality.

Definition. A subgroup 4 of a group G is
called semisubnormal in G, if either A4 is subnormal
in G, or is seminormal in G.

Let M and H be non-conjugate maximal sub-
groups of G. In the present paper we proved the su-
persolubility of a group G under the condition that
all Sylow subgroups of M and H are semisubnormal
in G. We also obtained the nilpotency of the second
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derived subgroup (G')" of a group G under the con-

dition that all maximal subgroups of M and H are
semisubnormal in G.

1 Preliminary results
We use the standart terminology of [11], [12].

Recall that 49 = <Ag lge G> is the subgroup gen-
erated by all subgroups of G that are conjugate to A.
Denote by m(G) the set of all prime divisors of or-
der of G and by | G: 4| the index of subgroup 4 in
G. Weuse N <G to denote a normal subgroup N of
G. For maximal subgroup M of G we will use the
following notation: M <-G. We write O,(G) to
denote the greatest normal p-subgroups of G. The
semidirect product of a normal subgroup 4 and a
subgroup B is written as follows: AXB. A sub-
group U is called subnormal in G, if there exist the
subgroups U,,U,,...,U, such that
U=U,«U «..<aU_, <U, =G.

Let § be a non-empty formation. If G is a group
then G°® denotes the § -residual of G, that is the
intersection of all those normal subgroups N of G for
which G/N eF. We define FoH={G|G"eF
and call §o$ the formation product of § and £,
see [13,1V, 1.7]. As usually, §* =FoJ. A formation
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$ is said to be saturated if G/®D(G)e§ implies

that G €§. In this paper 91, U and A denote the
formations of all nilpotent, all supersoluble and all
abelian groups respectively. The other definitions
and terminology about formations could be referred
to [11], [13], [14].

Lemma 1.1. (1) If H is a semisubnormal sub-
group of G and H < X <G, then H is semisubnor-
mal in X.

(2) If H is a semisubnormal subgroup of G and
N is normal in G, then HN / N is semisubnormal in
G/N.

(3) If H is a semisubnormal subgroup of G and
Y is a non-empty set of elements from G, then

H" =(H"|yeY)

is semisubnormal in G. In particular, H?® is
semisubnormal in G for any g € G.

Proof. If H is subnormal in G, then the state-
ments (1)—(3) are true, see [11, Lemma 2.41, Theo-
rem 2.43]. If H is seminormal, then this statements
was proved in [8, Lemma 2]. Thus the statements
(1)—(3) are true.

Lemma 1.2. (1) Let p be the greatest in m(G)

and P be a Sylow p-subgroup of G. If P is semisub-
normal in G, then P is normal in G.

(2) If any Sylow subgroup of G is semisubnor-
mal in G, then G is supersoluble.

(3) Let H be a maximal subgroup of G. If H is
semisubnormal in G, then the index of H in G is a
prime.

(4) If every maximal subgroup of G is semisub-
normal in G, then G is supersoluble.

(5) If the index of H in G is a prime, then H is
semisubnormal in G.

Proof. (1) It is clear that if P is subnormal in G,
then P is normal in G. If P is seminormal in G and p
is greatest in 7(G), then by [7, Lemma 4], P is nor-

mal in G.

(2) Suppose that G has at least one subnormal
Sylow subgroup P. Then P is normal in G and there-
fore is seminormal in G. Hence any Sylow subgroup
of G is seminormal in G. By [7, Corollary 6], G is
supersoluble.

(3) If H is subnormal in G, then H is normal in
G and by [11, Lemma 3.17 (6)], |G: H | is prime.

Let H be a seminormal subgroup in G and K be a
subgroup of G such that HK =G and HK, is a

proper subgroup of G for every proper subgroup K;
of K. Let prime r divides the index |G:H | and R

be a Sylow r-subgroup of K. Then HR=G and
G= H(x) for xe R\H. We choose an element x
such that its order is the smallest. Then
H(x")=(x")H =H and |G: H |=r.

(4) Let M be a maximal subgroup of G. By (3),

the index of M in G is a prime. By [12, V1.9.2 (2)],
G is supersoluble.
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(5) Let |G:H|=r and R be a Sylow r-sub-
group of G. Then R is not contained in H and there
exists an element xe R\H. Let |x|=r" and

|<x> e H| =r". Itis obvious that a > a,, hence

M e
H=r———=—2"2>|G|, H=G.
1= o =219 )
Now x" belongs to H and H is seminormal in G, and
therefore is semisubnormal in G.
Lemma 1.3. (1) If A is a semisubnormal 2-nil-

potent subgroup of G, then A° is soluble.

(2) Let p be the smallest prime divisor of order
of G. If A is semisubnormal in G and p does not di-
vide the order of A, then p does not divide the order

of A°.

Proof. (1) If 4 is subnormal in G, then by [11,
Theorem 5.31], A is soluble. If 4 is seminormal in
G, then A° is soluble by [8, Lemma 10].

(2) If 4 is a subnormal p' -subgroup of G, then

by [11], 4% isa p’-subgroup. If 4 is a seminormal
p' -subgroup of G, then A% isa p’-subgroup by [8,
Lemma 11].

Lemma 1.4 [15, Lemma 6]. Let G be a soluble
group. Assume that G ¢ 3, but G/ K € i for every

non-trivial normal subgroup K of G. Then:

(1) G contains a unique minimal normal sub-
group N, N=F(G)=0,G)=C;(N) for some
pen(G);

(2) 2(G)=0,(G)=2(G) =1

(3) G is primitive; G=NXM, where M is
maximal in G with trivial core;

(4) N is an elementary abelian subgroup of or-
der p", n>1;

5) if Vis a subgroup G and G =VN, then
V =M" for some x €G.

Lemma 1.5. Let § be a formation. Then No§
is a saturated formation.

Proof. According to [14], the product NoF is
a local formation. Since saturated formation and
local formation are equivalent concepts, Do F is a

saturated formation.
Lemma 1.6. Let § be a saturated formation

and G be a group. Assume that G¢F, but
G/ N €3 for all non-trivial normal subgroups N of
G. Then G is a primitive group.

Proof. Since § is a saturated formation, it fol-

lows that ®(G)=1 and G contains a unique mini-

mal normal subgroup N. For some maximal sub-
group M of G, we have G=NM, because

®(G) =1. Itis obvious that the core M, =1. Hence
G is a primitive group.
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Lemma 1.7 [11, Theorem 4.40-4.42]. Let G be
a soluble primitive group and M is a primitivator of
G. Then the following statements hold.:

(1) ©(G) =1

(2) F(G)=C,(F(G))=0,(G) and F(G) is
an elementary abelian subgroup of order p" for
some prime p and some positive integer n;

(3) G contains a unique minimal normal sub-
group N and moreover, N = F(G);

4 G=F(G)»\M and O,(M)=1.

Lemma 1.8 [18]. Let G be a minimal non-
supersoluble group. Then the following holds:

(1) G is soluble;

(2) G contains a unique normal Sylow sub-
group P and P=G",

(3) P/ ®(P) is a minimal normal subgroup of
G/ ®(P) such that | P/ ®(P)|> p.

2 Supersolubility of a group with semisub-
normal Sylow subgroups of two maximal sub-
groups

Lemma 2.1. Let M be a maximal subgroup of
G. If all Sylow subgroups of M is semisubnormal in
G, then |G : M| is a prime, M and G/ M is super-
soluble. In particular, G is soluble.

Proof. First we prove that G is soluble. We use
induction on the order of G. Let R be an arbitrary
Sylow subgroup of M. By Lemma 1.1, R is semisub-
normal in M. Because it is true for any Sylow sub-
group of M, it follows that M is supersoluble by
Lemma 1.2 (2). In particular, M is 2-nilpotent.
Hence every subgroup of M is also 2-nilpotent. By
Lemma 1.3 (1), R is soluble. If MR® =G, then G
soluble, since G/R°  =MR® /R =M /M NR° is
supersoluble. Let R <M. Hence G/R® has a
maximal subgroup M /R°. Let S/R% be a Sylow
t-subgroup of M /R’ and T be a Sylow t-subgroup
of S. By [11, Theorem 1.65], TR° /R is a Sylow
t-subgroup of S/R®. Then S=TR° and T'is a Sy-
low #-subgroup of M. By hypothesis, T is semisub-
normal in G and by Lemma 1.1, TR /R° =S/ R°
is semisubnormal in G/R®. Then by induction,

G/ R° is soluble, consequently G is soluble. So the
solubility of G is proved.

We use induction on the order of G and prove
that G/M, 1is supersoluble. If M, #1, then

M /M, is a maximal subgroup of G/M,. As in

the previous indent it is easy to verify that the quo-
tient G/ M, with maximal subgroup M /M, sat-

isfy all conditions of the lemma. By induction,
(G/Mg)/(M/Mg)g,,, 1is supersoluble. Since

(M /M), =1 it follows that G/ M is super-
soluble and |G/MG :M/MG| :|G:M| is a prime.
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Therefore we consider that M, =1. Now G is
primitive and G = N X\ M, where N is a r-subgroup.
Since M is supersoluble, it follows that M = P\ T,
where P=M, is a Sylow p-subgroup for the great-
est pem(M). Let p=r. Then O,(M)+#1, a con-
tradiction. Hence p#r and P is a Sylow p-sub-
group of G. Suppose that P is subnormal in G. Then
P <G, a contradiction. Consequently P is semi-
normal in G. Now G has a subgroup U such that
G = PU. lItisclear that N <U. Let x be an elemen-
tof prime order that lies in N. Then P(x)S G. If
p>r, then P< P(x). Thus P« (M,x) =G, a
contradiction. If p <r, then N is a Sylow r-sub-
group of G, since p is the greatest in n(M). Now all

Sylow subgroups of G is semisubnormal in G. By
Lemma 1.2 (2), G is supersoluble. Hence |G M | is

a prime. The lemma is proved. O

Remark 2.1. Soluble groups containing a su-
persoluble subgroup of prime index were studied in
[16], [17].

Theorem 2.1. Suppose that G has two non-
conjugate maximal subgroups H and K. If all Sylow
subgroups of H and of K are semisubnormal in G,
then G is supersoluble.

Proof. We use induction on the order of G. By
Lemma 2.1, G is soluble, H and K are supersoluble.
Besides, quotients G/H. and G/K, are super-
soluble. In particular, indices of subgroups H and K
in G are primes. By Lemma 1.2 (5), subgroups H
and K are semisubnormal in G.

Let N be an arbitrary non-trivial normal sub-
group in G. If N is not contained in H N K, then N
is either not contained in H, or N not contained in K.
If N is not contained in A, then HN =G and

G/N=HN/N=H/HNN
is supersoluble. Similarly, if NV is not contained in X,
then KN=G and G/N is supersoluble. Let

N<HANK. Then G/N=(H/N)K/N). Let R

be a Sylow r-subgroup of H/N. Then H has a Sy-

low r-subgroup R such that R=RN/N. By hy-
pothesis, R is semisubnormal in G. By Lemma 1.1
(2), R=RN/N is semisubnormal in G/N. Simi-
larly, every Sylow subgroup of K /N is semisub-
normal in G/ N. By induction, G/ N is supersoluble.

So, in any case G/N is supersoluble. By
Lemma 1.6, G is primitive and statements (1)—(5) of
the Lemma 1.4 are true. In particular, | N |= p" > p.

If N« H, then G=NXH. Since H is semisub-
normal in G, then by Lemma 1.2 (5), |N|=|G: H |
is a prime, a contradiction. Similarly, in the case
when N £ K. Hence we consider that N < H N K.

Because H and K are supersoluble and N = C;(N),
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we have p is the greatest in n(H) and in m(K),
hence p is the greatest in n(G). Since O, (G/N)=1

and G/N is supersoluble, p does not divide the

order of G/ N and N is a Sylow p-subgroup of G.
Let N,<N, |N,|=p and R be a Sylow

r-subgroup of M. Since M =G, = H,K

that R=H K, for some Sylow r-subgroups H, and

r

it follows

r

K, of H and of K respectively. By hypothesis, sub-
groups H, and K, are semisubnormal in G. If H,
is subnormal in G, then by [14, Corollary 7.7.2 (1)],
H,<0,(G)<0,(G)=1. Similarly, if K, is sub-
normal in G, then K, <0O,(G)=1. Consequently
H, and K, are semisubnormal in G. Hence there
exists a subgroup U such that G=H,U and H, is
permutable with any subgroup of U. Since N <U,
we have H, is permutable with »~,. Similarly, K

r

is permutable with ~,. Hence R is permutable with
N,. It is true for any remn(M). Therefore M is
permutable with N,. Now MN, is a subgroup of G
and N, isnormal in MN,. Since N is abelian, N, is
normal in NM =G, a contradiction with | N [> p.
The theorem is proved. O

Example 2.1. The group G = PSL(2,5) has
maximal subgroups H =Z, \Z, and K =Z, X\ Z,.
Maximal subgroups of Sylow subgroups of H and K
are trivial, hence are semisubnormal in G, but G is
not soluble. Therefore the semisubnormality of
maximal subgroups of Sylow subgroups of 4 and K
under the conditions of Theorem 2.1 is not sufficient
condition for the solubility of G.

Corollary 2.1.1 [10, Theorem E]. Suppose that
G has two non-conjugate maximal subgroups H and

K. If all Sylow subgroups of H and of K are semi-
normal in G, then G is supersoluble.

3 On a group with semisubnormal maximal
subgroups of two maximal subgroups

Lemma 3.1. Let M be a maximal subgroup of
G. If all maximal subgroups of M are semisubnor-
mal in G, then G is soluble.

Proof. We use induction on the order of G. Let
K be a maximal subgroup of M. By hypothesis, K is
semisubnormal in G and by Lemma 1.1 (1), K is
semisubnormal in M. By Lemma 1.2 (4), M is super-
soluble and consequently is 2-nilpotent. Then K is
also 2-nilpotent and by Lemma 1.3, K¢ is soluble.
Since M is a maximal subgroup of G, then either
MK® =G, or K°<M. If MK° =G, then G is
soluble. Let K <M. Then M /K€ is a maximal
subgroup of G/K°. Let S be a maximal subgroup
of M /K€. Then M has a maximal subgroup S such

that K°<S and S=5/K°. By hypothesis, S is
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semisubnormal in G. By Lemma 1.1, SK° /K¢ is
semisubnormal in G/K¢. Since K¢ < S, we have
S=8K% and S/K¢ is semisubnormal in G/K°.
By induction, G/ K¢ is soluble. Then G is soluble.
The lemma is proved. O

Example 3.1. In the condition of the Lemma
3.1, the index | G: M | may not be a prime. For ex-
ample, the group G =4, = AX B. The subgroup B
has the order 3. Besides, B is maximal in G and all
maximal subgroups of B are semisubnormal in G,
but |G : B| =4 is not a prime.

Example 3.2. The alternating group G = 4, of
degree 4 has two non-conjugate maximal subgroups
A=Z, and B=Z2,xZ,. Itis clear that all maximal

subgroups of 4 and of B are semisubnormal in G.
But G is non-supersoluble.

Theorem 3.1. Let H and K are non-conjugate
maximal subgroups of G. If all maximal subgroups
of H and of K are semisubnormal in G, then the sec-
ond derived subgroup (G")' is nilpotent.

Proof. Note that the nilpotency of the second
derived subgroup (G')’ is equivalent to G € Mo A>.

Assume that the claim is false and let G be a
minimal counterexample. By Lemma 3.1, G is solu-
ble. By Lemma 1.1 (1), every maximal subgroup of
H is semisubnormal in H and by Lemma 1.2 (4), H
is supersoluble. Similarly, K is supersoluble.

Let N be an arbitrary non-trivial normal sub-
group in G. Then either HN =G, or HN =H. If

HN =G, then
G/N=HN/N=H/HNNeNoAcNoA.

If HN =H, then N < H. Similarly either KN =G
and G/NeMoA’, or N<K. Let N<HNK.
Then G/ N has non-conjugate maximal subgroups
H/N and K/N. If S is a maximal subgroup of
H /N, then H has a maximal subgroup S such that
S =S /N. By hypothesis, S is semisubnormal in G
and by Lemma 1.1 (2), S =S8 /N is semisubnormal
in G/N. Similarly, if 7 is a maximal subgroup of
K / N, then it is semisubnormal in G/ N. Therefore
for G/ N with non-conjugate maximal subgroups
H/N and K/N the conditions of the theorem are
satisfied. By induction, G/ N € 9to .

By Lemmas 1.5 and 1.6, G is primitive. Then
for G we have Lemma 1.7. Hence ®(G)=1 u G
contains a unique minimal normal subgroup N such
that N = C;(N).

Suppose that at least one of the subgroups H or
K is normal in G. For example, let H be normal in G.
Then |G : H |= ¢ and by [16, Theorem 1], G = N X\ T,
where T has abelian subgroup of index ¢. Since
T e A%, it follows that G € 9o A?, a contradiction.
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Therefore in the future we assume that the sub-
groups H and K are non-normal. By [16, Theorem
2], G=NXT, where

T/CT(N);f:<y>>\(<t><z>)
and <z>=Z(T). Since N =C,(N), we have
C,(N)=1 and T=(<y>x<z>)<t>, because
<z>=Z(T). Thus T €A* and GeNo2A*, a con-
tradiction. The theorem is proved. O

Corollary 3.1.1. If all 2-maximal subgroups of
G are semisubnormal in G, then the derived sub-
group G' is nilpotent.

Proof. Note that the nilpotency of the derived
subgroup G’ is equivalentto G € 9o 2.

Assume that the claim is false and let G be a
minimal counterexample. It is easy to show that
G/ N satisfies the hypothesis of the corollary,
where N is an arbitrary non-trivial normal subgroup
of G. By induction, G/ N € 9o2. Hence by Lem-
mas 1.5 and 1.6, G is primitive.

Let M be an arbitrary maximal subgroup of G.
Then by Lemmas 1.1 (1) and 1.2 (4), M is super-
soluble. Hence either G is supersoluble, or G is a
minimal non-supersoluble group.

If G is supersoluble, then G €912 by [11,
Theorem 4.52], a contradiction.

Let G be a minimal non-supersoluble group.
By Lemmas 1.7 and 1.8, G is soluble, P is a unique
minimal normal subgroup of G, |P|>p and P is a
Sylow p-subgroup of G such that G=PXM,
where M is a maximal subgroup of G. Besides, M is
a Hall p'-subgroup of G. Let B, be a subgroup of
prime order p of P.

If M is abelian, then G € 912, a contradic-
tion. Therefore we assume that M is non-abelian.
Hence M has maximal subgroups M, and M, such

that M =(M,,M,). If at least one of the subgroups
M, or M, is subnormal in G, then O,(G)#1, a
contradiction. Thus M, and M, are seminormal in
G. Hence there are the subgroups V; and V, such
that
MV, =MV, =GMPF =FM,M,F, =FM,,

because P<V,nV,. Then M, <N;(R) and
M, <Ny (R). Therefore B <G=P(M,M,), a

contradiction. The corollary is proved. O
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Beenenne

Paccmampusaromes moavko Koweumvie 2pyn-
not. Yepes G, p u X B manHOU pabote 0003HAYAIOT-
Csl TpyIa, IPOCTOE YHUCIIO U KJIACC TPYII COOTBET-
CTBEHHO.

OpHUM U3 BaXXHBIX HAIpaBJICHUH B COBPEMEH-
HOH TEOpUM TpYMI SIBISETCS MOCTPOEHHE KJIaccoB
rpynn  (dpopmanuid, kiaccoB DHUTTHHIA, KIJIACCOB
lyska u T. 1.) 1 U3yYeHHE CBOWCTB BCEX TPYII B
JTAaHHOM KJIacce.

Hanomunm, 9to ¢hopmayueri HazpIBaeTCs Kiacce
rpymn X, oONagaromuil CleAyIOMUMH CBOMCTBAMHU:
(a) Bcakuit romoMop¢HBIH 00pa3 X -Tpynnsl sBis-
ercs X -rpymmod u (b) ecimu G/M u G/N —
X -rpynmst, o G/ (M N N) e X.

OnHMM U3 Ba)XHEUIIMX BHIOB (OpMAIuil sB-
JAI0TCA  JIOKanbHbIE (opManuu. HamomHuM, dTO
¢yakmua Buma f P — {popmammm} Ha3pBaeTcs
@opmayuonnou Gyuxyuen u Gopmaius § Ha3biBa-
etcs 1okanvrou [ 1], ecnn

$§=(G|G/C,(H) e f(p) mnamobbix p e n(H)
u riaBHorO (pakropa H rpynmsl G)
JUIsl HeKOoTopol (hopmaroHHOW QyHKIMU f. B aTOM

ciiydae f Ha3bIBACTCS JIOKAIbHbIM IKpaHoMm (opma-
mun §. Ilo m3BectHOW Teopeme [amrroria — JIroOu-

senep — llmupa, dopmaius sBIASETCS JIOKATBHOM

© Mypawxo B.1., 2019

TOTAA U TOJNBKO TOI'JA, KOTJIa OHA HENycTa U HACbI-
wena, 1.¢. 13 G/D(G)e§ Bcerma cremyer, 4To
Ge§, tne ©(G) — noxarpynna OpaTTUHU TPYIIIHI
G. Kiaccsl Bcex equHUYHBIX &, HHUIBIIOTEHTHBIX
M, MeTaHUIBNOTEHTHBIX 1°, CBEpPXpa3pemrMbIX

4 u pazpemmmMbix S TPy ABISIOTCS IPUMEPAMH
JIOKAJIbHBIX (DOpMAIIHIA.

HawuGonbliee npuMeHeHue JoKaibHbIe hopma-
IIUM HAaXOIAT B TEOPHM paspelIuMbIX Tpymnmn. OTme-
THUM €Ille OJMH MHTEPECHBIA BUI (popMaiuii paspe-
wuMbIX rpymni. Ilycts N — rnaBHbIi pakTop rpyn-
met G. Torna N =N,x..xN,,tne N, — uzomopd-

HbIEe TIpocThie rpymmbl. Yucno n =r(N,G) Ha3bIBa-

ercst panzom N B G. Paneoeoii pynryueii R [1, VII,
ompenenenue 2.3] Ha3pIBaeTCs OTOOpa)keHHE, CTa-
BAIIEE B COOTBETCTBUE KaXKIOMY MPOCTOMY UHUCIY p
MHOXeCTBO R(p) HaTypanbHbIX unces. Co BCAKOM

paHroBo# (pyHKIKEH CBS3aH Kacc IPyIIn
E(R)=(G € G| musmoboro p € P panr Besikoro

rIIaBHOTO p-¢akTopa G JeXuT B R(p)).
Otmernm, uto E(R) — dopmanmsa. XaiiHekeH [2] u

XapwmaH [3] onmcanu Bce paHroBble GyHKIHMA R U1
KoTOphIX opMmarust E(R) oKambHA. AHAIOTUYHEIC

BOIIPOCHI 1A (bOpMaIII/Iﬁ HETIOJIHOM XapaKTCPUCTUKHU
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n3ydanuck Xymmneprom [4], Koxnepowm [5] n Xapma-
HoM [3]. Xabpen n XaiiHekeH [6] onucany Bce paH-
roBele (OyHKIUHM R, 1 KoTopbix &(R) sBIsteTCs
tdhopmanmeii durTHHTA.

Oyukuus Bupa f:PuU {0} — {popmauun} Ha-
3bIBAETCSI KOMITO3MLIMOHHBIM 3KpaHoM. Hamomuum
[7, c. 4], uto dopmarust § Ha3bIBACTCS KOMHO3UYU-
ounot unu bap-nokanvuoii, ecnu

§=(G|G/Gs € f(0) u G/Cy(H) € f(p)

JUTs MoGOro abeIeBoro raBHoOro p-haxropa H
rpymmsl G)
JUISl HEKOTOPOTO KOMITO3MIIMOHHOTO 3KpaHa f. dop-
Manus sIBISIETCS] KOMITO3UIMOHHO# (Bap-ToKanbHO#)
[1, IV, Teopema 4.17] Torma m TONBKO TOTIA, KOTIa
OHa paspeutmo Hacviyena, T.e. 3 G/ D(Gy) € §

Bcerja cienyer, uto G € §, rae Gy — paspelnmblii

paaukan rpynmsl G.

3ameTHM, YTO JOKaJIbHAS (OpMAIHs SBIACTCS
KOMIO3MLIMOHHOH. OOpaTHOE yTBEpXIEHHE HeBep-
HO. IIpumepoM HeENOKanbHOW KOMIO3ULIMOHHOM

dopmanuu ciyxuT kmace 917 Bcex KBa3MHMIILIIO-
TEHTHBIX TPy, BBeAeHHbIH bennepom [8].

Hamomuum, uro riaBHbI (aktop H Tpymnmbl
G wHazwBaerca X -yewmpanvHuimv B G, eclu

HxG/Cy(H)eX (em. [9, c. 127-128]), unade on
HaszbiBaercss X -oxcyenmpanvhviv. Uepes Z.(G)
obozHauaercst X -eunepyenmp tpynnel G — Hau-
OoubIast HopMabHasl HoArpynna rpynnsl G Takas,
YTO BCSKUM €€ G-KOMITO3MLMOHHBIN (akTop X -IeH-
tpated B G. Ecmu X =M, 10 Z,,(G)=Z_(G) —
runepreHTp rpymmnsl G. OTMeTnm, 4to eciu § —
KOMIO3UIMOHHas (opMartust, To u3 [7, 1, Teopema
2.6] cnenyert, 4ToO
§=(G|Z;(G)=G).

OmnpeneneHne KOMIIO3UIIMOHHOW QopManmu § B
o0Iem ciyvae AaeT Majo HHpOopMaluy o IeHCTBUN
$ -tpynmel G Ha ee HeaOeleBHIX TIAaBHBIX (PAKTO-

pax. BBugy 3TOro, HECKOJIBKO CEMEWCTB KOMIIO3HU-
IMUOHHBIX (Qopmarnuii ObUTH BBEACHBI C MOMOIIBIO
YTOYHEHUS JIEHCTBUS § -TPYIITHI HA ee HeaOeIeBhIX

rnaBHBIX (pakTopax. Hampumep, B [10], [11] I'yo n
Ckuba BBeNM KiIacc §  BCEX KBasW- § -IPyNI s
HachIeHHoH Gopmanun § :

F =(G| s m00bIX § -9KCLUEHTPAILHOIO
riaaBHoOro daktopa H u x € G, X HHAyLHpYyeT
BHYTpEeHHHI1 aBTOMOpDU3M Ha H).

Ecmu 91 < § — HOpManbHO HacleICTBEHHAs! HACHI-
meHnas Gopmanus, To §  — HOPMAJIbHO HACIENCT-
BEHHAs Pa3penInMo HachlmeHHas dopmarws 1o [10,

Teopema 2.6].
Eme omHuMM mpuMepoM HEJOKaIbHOH KOMIO-

3UIHIOHHON (OpMANNH CITY>KHT KJIacC BCEX C-CBEPX-
pa3peImmnMbIX TPYIIN, BBEICHHBINH BenepHNKOBBIM B
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[12]. HamomHMM, 49TO Tpymma Ha3bIBAaeTCsS C-CEepX-
paspeuwumott (SC-rpynmoi B TepMuHoaorun PoouH-
coHa [13]), eciu Besikuii ee rIaBHBIA GakTop — mpo-
ctas rpynmna. CornacHo [14], rpynna G Ha3bpIBaeTcs
Jc -ceéepxpaspewumoni, €ciu  BCAKUI  TJIaBHBIA
J -pakrop rpymmsl G sIBISIeTCS] IPOCTOM TPYIIIOH,
rae J — HEKOTOPBIM Kiacc MpOCThIX Tpyni. B [14]
aHAJIOTHMYHAs uiesl ObUla MPUMEHEHa K HEKOTOPBIM
IpyruM KiaccoM rpymi. IlpomsBeaenus rpynm u3
MOTyYUBIINXCS KiaccoB m3y4anuch B [14], [15]. B
pabote [16] Obl1 BBemeH Kiacc §, BceX ca-g -
TpyI:
3., = (G| abenesie rmaBHbIe hakTOpsl G
§ -LIeHTpaJbHBL, a OCTAJIbHBIE TI1aBHbIE (PaKTOPHI —
MPOCTBIE TPYTIIHI).

Knacc §, m3ywancst B pabotax [16], [17], roe § —
HachIIIeHHas (popMaIys, B YaCTHOCTH, 3TOT KJIacc —
KOMITO3MIIMOHHAs popmanusi.

Hcnonb3yroTest CTaHIapTHBIC O0O3HAYCHUS W
tepmuHonorus u3 [1], [7]. HanomauMm, uto uepes
G® o6Goznauaercss § -xopamukan rpymnsl G s
¢dopmarn §; m(G) — MHOXKECTBO MPOCTHIX JIENHU-

teneit |G |; m(¥)= U n(G);
GeX
N,§=(G|G/0,(G)e3)
sBsiercs popMareit st gopmarn §; F(G) onpe-

nensercs us F(G)/ ©(G) = Soc(G/ D(G)); NS, —
€CTECTBEHHOE CIIETEHHE IPyIIbl N ¢ CHMMETpHYe-
ckoll rpymmoit S, crenenu n. Yepes EF Oynem

0003HauaTh KJIacC TPYMI, BCE KOMITO3UIOHHBIC
(baKTOpPBI KOTOPHIX IPHHAIIEKAT .

1 KoHcTpykums 06001eHHO PaHTOBBIX ¢op-
Mauui

B nmamHO# pabore MBI 0600mIaeM KOHCTPYKIIHA
KBa3W- § -TPYII, ca-§ -Tpym, Jc -CBepXpa3perin-
MBIX TPYMII U KJIACCOB TPYIII, ONpPEeNsIeMbIX PaH-
TOBBIMH (DYHKLMSIMH, B CMBICTIE CIIEAYIOLIETO Olpe-
JIeTIeHNSI.

Onpeodenenue 1.1. (1) O0oOIEHHAs paHTOBas
¢bynkips R — oroOpaxkeHHe, ONpelesieHHOe Ha
OPSMBIX [IPOM3BEICHUSIX HW3OMOP(HBIX MPOCTHIX
TPYII CIEAYIOMNM 00pa3oMm:

(a) R craBUT B COOTBETCTBHE KaXIOH IpO-
croii rpynne S napy R(S)=(4;(S),B;(S)) BO3-
MOXHO IIYCTBIX HEIEPEeCeKaroINXCsS MHOKECTB
A, (S) n B (S) HaTypallbHBIX YUCEL.

(b) Ectm N — npsiMmoe mpou3BeeHNe MTPOCTHIX
uzoMopdubix S rpymm, To R(N) =R(S).

(2) Mycts N — rnasHelii paktop G. Byaem ro-
BOPHTB, 4T0 0606wyennbiti pane N B G nexut B R(N)

(xpatko gr(N,G) e R(N)), eciu r(N,G) e A, (N)
wm r(N,G) e BR(]V) u, ecmu x € G ukcupyer

KOMIIO3MIMOHHEI daktop H/K B N (T.e.

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019



060611461!1[0 paHecoeble KOMNO3UuyuoHHvle (,bopMaL;uu KOHEYHbIX cpynn

H*=H u K*'=K), To X HHIyIHpyeT BHYTpEH-
HHUH aBTOMOP(HHU3M Ha HEM.

(3) C xaxnpiMu 000OIIEHHO PAaHTOBOW (DYHK-
e R u knaccoM rpynn X MbI CBSI3bIBaeM Kiacc
rpymmn

X(R)=(G|H¢Xn
gr(H,G) e R(H) mns mo60ro X -3KCLEHTPaTh-

HOTO raBHOro Gaxropa H rpymmst G).

Ilpumep 1.1. MHorHe U3 OTMEUEHHBIX BBIIIE
(dbopManmii SIBISIOTCS YaCTHBIMH CIy4asMH 3TOM
KOHCTPYKIINH:

1. TIlycte €E=(1).
R(H)=({1},9), ecniu H abeneBa u R(H)=
=(J,9) B nporuBHoM ciyuae. Torna E(R) = 4.

2. Ecmn R(H)=({1},9), t0 E(R) — Kiacc

. Bcex c-cBepXpa3pelluMBbIX IPYIIIL.

[IpennonoxuM, d9TO

3. Ilycte J — knacc mpocTeix rpymm. Ecmu
RH)=({1},8) s HeJ n R(H)=N,9) B
MPOTHBHOM ciTydae, To &(R) — kiace Bcex Jc -cBepx-
Ppa3penuMbIX IPYIIL

4. Ilpennonoxum, uro R(H)=(4,(H),D),
ecmu H abenea u R(H)=(J,) B npoTHBHOM
ciryqae. Torma R — paHroBast GyHKIIHS.

5. Nycre R(H)=(,{1}), ecnu H abenesa u
R(H)=(Z,<) B nporrBHOM city4ae. Torna &(R) =91
6. Eciu R(H) = (J,{1}), To E(R)=91".

7. Mpennonoxum, uto R(H) = (J,{1}), ecnu
H abeneBa u R(H)=({l},J) B NIpOTHBHOM CIy-
yae. Torna €(R)=7_,.

8. Iycte I < § — HOPMANBEHO HACJEICTBCHHAS
HacelenHas Qopmauus. Ecrn R(H) = (J,{1}), 10
F(R)=F" (cm. mokasarensctia cnencteus 1.1.3).

9. llycth § €& — HOpMAJIBLHO HACIEICTBEH-
Has HacklmieHHass dopmanus, R(H)=(9,9) s
abeneBrix H ¢ § u R(H)=({1},9) mia neabdene-
Beix H. Torna §(R)=73,,.

HamomHuM, 9TO BCsIKasi HEMycCTask KOMITO3UIIU-
OHHasi popMmanus § HMeeT eOUHCTBEHHBIH KOMIIO-

3UIMOHHBIN 3KpaH F TakoH, 4To

F(p)=M F(p)cF
U Beex mpocteix p U F(0)=F [7, 1, Teopema
1.6]. B aToMm ciyuyae F' Ha3bIBACTCS MAKCUMATbHBIM
BHYMPEHHUM KOMNOSUYUOHHBIM IKPAHOM .

Bynem Ha3pBaTh 000OIIEHHYIO pPaHTOBYIO
¢yHKMIO R (COOTBETCTBEHHO, CUIbHO) HACAEOCHI-
6€HHOU, €CIH U JIO00H TPOCTO# TPyImBl S BBI-
TIOJTHSETCS:

(@) m3 aeA,(S) Bcerma crmexyer, 4TO

be A, (S) nns moboro HatypambHOro b|a (coot-

BETCTBEHHO, b < a);

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

(b) w3 aeB,(S) Bcerma ciemyer, 4TO
be 4,(S)VB,(S) (coorBercTBeHHO, b€ B,(S))
Juisl mro0oro HaTypanbHOTo b|a (COOTBETCTBEHHO,
b<a).

Teopema 1.1. I[lycmvs N F — KoMnO3UYUOH-
Has ghopmayusi ¢ MAKCUMATLHbIM 6HYMPEHHUM KOM-
nosuyuonHeim sxkpavom F u R — obobwenuas
panzosas ¢ynxyus. Toeoa

(1) §(R) - komnosuyuownas ¢opmayus c
MAKCUMATGHOIM — BHYMPEHHUM — KOMRO3UYUOHHBIM
okpanom Fn maxum, umo FL(0)=F(R) u
F,(p)=F(p) onaecex pel.

(2) Ecau § HopmanvHo HacreocmeenHa u R —
Hacneocmeennasi 060OueHHas paneosas QyHKyust,
mo F(R) maxoice HOpMATLHO HACTIEOCMBEHHA.

Cneocmeue 1.1.1 [18, reopema 1]. Knace 4, —
KOMNO3UYUOHHAsL  hopmayus ¢ MAKCUMATbHbIM
GHYMPEHHUM KOMNOZUYUOHHBIM IKpaHom h maxum,
umo h(p) =N A(p-1) ora mobozo npocmozo p u
h(0)=4 .

B paGote [19] Ob1 BBemeH kiacc wil Bcex
pacuIMpeHHO CBEpXpa3pelmnMbIX Tpynr. JlaHHBIH
KJIacC SBISIETCS HACIEACTBEHHOW HACHIIIEHHON
¢dopmarmeli paspemmMmbix Tpymm. Hamomamm [20],
YTO TPYIINA HA3BIBACTCS PACUUPEHHO C-C8epXpaspe-
wumoti, ecnn e¢ abeneBble (akTophl Wil -IIEHT-
paJIbHBL, @ OCTABILIHNECS — IIPOCTHIE TPYIIIIHL.

Cneocmeue 1.1.2 [20, Teopema A)]. Knacc Y,
8Cex pACUWUPEHHO C-C8EPXPA3PEULUMbBIX 2PYNN —
HOPMALHO — HACIEOCMEEHHASE  KOMNO3UYUOHHAS
Gopmayus ¢ mMaxcumanbHLIM GHYMPEHHUM KOMNO-
SUYUOHHBIM IKPAHOM h, MaKuM, Ymo

h(p)=MN,(G|GewdhnN A(p-1))
ona 1106020 npocmozo p u h(0) =4 .

Cneocmeue 1.1.3 [10, Teopema 2.6]. /[na no-
601l HacvlwenHol Gopmayuu §, codepoicawell sce
HULLNOMEHMHbLE 2PYNNbL, ¢ MAKCUMALLHLIM GHYHI-
peHHum noKanbHem dKparom F, gopmayun § s6-
JSIeMCsE KOMNOSUYUOHHOU € MAKCUMATbHBIM GHYM-
DEHHUM — KOMRO3UYUOHHbIM  2Kpanom F°, 20e
F"(p)=F(p) ona mobozo npocmozo pu F*(0)=F".
bonee moeo, ecnu ghopmayua § HopmanvHo Hacneo-
CMBEHHA, MO §  MAaKI’Ce HOPMATLHO HACIEOCMEEHA.

IIpu noxazarenscTBe Teopemsl 1.1 HaM moHa-
JOOSITCSI CIEIYONTNE JTICMMEI:

Jdemma 1.1. Ilyemoe H/K u M /N — G-uso-
MopHble enasuvie Qaxmopwl epynnvl G.

(a) Toeoa onu umeiom 00uHaKoswill 060OUEH-
HbLiL 271a8HbLU PAHS.

(b)[7, 1, nemma 1.4]

H/KXG/IC,(H/K)y=M/NxG/C,;(M/N).

Loxazamenvcmso. Ilycts o0 : H/ K > M /N —
G-momoppmsm. Taxk xak H/K mw M/N -
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U30MOp(GHBIE TPYIIIB,, TO OHW UMEIOT OJMHAKOBBIH
panr. Ilpeamonoxum, uto x € G PuUKCHpyeT KOM-
NO3WIMOHHBIA (akrtop A/ B tpynnelt H /K u uH-
JIyUUpYyeT BHYTPEHHHH aBTOMOppH3M aB Ha HeMm.
3amernm, uto 0.(A4/ B) — KOMITIO3UIIMOHHBINA (haKTop
M/N. N3 a(4/B)" =a(A/B*)=0(A4/ B) cneny-
eT, uto x Qukcupyer o(A/ B) ¥ JOCTaTOYHO JIETKO
NPOBEPHUTh, YTO X HHIYLUHUPYET BHYTPSHHHH aBTO-
MopdusM o(aB) Ha Hem. Tak kak o' Takxke sBIS-
ercss G-n30MOpHHU3MOM, MOXKHO C/IENaTh BBIBOJ, UTO
H/K u M /N uUMeOT OANHAKOBBIE 0000IIIEHHEIE
paHrH. O

Jlemma 1.2 [7, 1, npenioxenue 1.15]. Ilycmo
H — enasnviii paxmop zpynnvi G.

(1) Ecmu § — komnosuyuonnas gopmayus u F —
€€ MAaKCUMANbHLIL GHYMPEHHUL KOMHO3UYUOHHbLU
okpan, mo H § -yenmpanen mozda u moivko mo-
20a, koeoa G/C, (H)e F(p) onaecex pen(H), 6

ciyuae abenesoco H, u G/CG(I-_I)GS, koeda H
Heabeneagulil.

(2) Ecnu § — noxkanvhas gopmayus u F — eé
MAKCUMATbHLIL BHYMPEHHUL TOKALHBIU IKPAH, MO
H 3 -yeHmpanern mo2oda u MoabKo mozdd, Koeod
G/CG(]-_I)GF(p) ons ecex p e (H).

Crenyromas jgemma cienyet u3 [7, 1, Teopema
2.6].

Jdemma 1.3. Ilycmv §F — KOoMRO3UYUOHHASA

popmayus. Tozoa § =(G |G =Z(G)).

Hanomuum, gto uwepe3 C?(G) obo3Hauaercs
nepeceyeHre BCEX IICHTPAM3aTOpOB  abeneBhIX
rnaBHbIX p-(aktopoB G (CP(G)=G xorma G He
uMeeT Takux (aktopoB). IlycTs f — KOMIO3HIMOH-
HBI 9KpaH KOMITO3UIMOHHOW (opmanmu §. V3Bect-
HO, 9T0 § =(G|G/Gs € f(0) u G/C"(G) e f(p)
it Bcex p € n(G) Takux, uto G uMeeT abeneBbIi

TJIaBHBIN p-QakTop).
Jlemma 1.4 [21, X, 13.16 (a)]. IIpeononocum,
umo G =G, x..xG,, 2de scakaa G, — npocmas

neabenesas. noozpynna epynnet G u G, # G, ona
i# j. Toeoa ecakas cybHopmaneHas nodepynna H
epynnut G — npsamoe npouszgedenue Hekomopwix G,.

Crnenyromasi jieMMa HampsiMyl0 BBITEKAaeT W3
MpeAbIAYIICH.

Jlemma 1.5. Ilycmo nHopmanvnas nooepynna N
epynnol G A6151€MCsi NPAMbIM NPOU3BedeHuem u3o-
Mopubix npocmulx Heabenesvix epynn. Toeoa N —
npsamMoe npousgedenue MUHUMATbHBIX HOPMALbHBIX
nooepynn epynnoi G.

Jokazamenvcmeo meopemor 1.1. (1) U3 (b) m
(c) Teopem 06 mzomopdmzmax [1] u memmer 1.1 cre-
oyet, uto X(R) — ¢opmauus s 1r000ro Kiacca

rpymn X. Torma F(R) — dopmamus. Ilycts
96

$=CLF(Fy,).

[Mpeanonoxum, uto H\F(R) = . Breibepem
rpyrmny G MuHHUMaibHOTO mopsiaka m3 H\F(R).
Tak kak §(R) — dopmanus, G UMeeT eAMHCTBEH-

HYI0O MHHUMAJbHYI0 HOPMaJbHYIO moirpymnmy N u
G/NeF(R).

[Ipennonoxum, ato N abemeBa. Torma oHa sB-
nsetcs p-rpynnoil. Tak xak N §) -ueHTpanbHa B G

no nemme 1.3, G/C,;(N)e F,(p) no nemme 1.2.
W3 F,(p)=F(p) unemmsl 1.2 cnenyer, uto N —
§ -neHTpanbHBIN TnaBHBIM  ¢pakTtop G. Torma
G € §(R), npotuBopeune.

3Hauut, N Heabenea. 3ameTuM, uto G < C;(N)
o [7, 1, mpennoxenue 1.5]. Torna

G=G/Cyi(N)eF,(0)=F(R),

npoTtuBopeune. 3Haunt, H < F(R).

IpennonoxuMm, uro F(R)\$H = J. Beibepem
rpyimny G MHHUMaJIbHOTO mopsgka m3 §(R)\ 5.
Tak kak $) — popmanmsi, G MMeeT €INHCTBEHHYIO

MHMHMMAJIbHYIO HOPMallbHYK moarpynmy N
G/Ne$.

Ecim N aGenepa, o G/Cy(N)e F(p) ana

HeKoToporo p mo Jjgemmam 1.2 m 13. U3
F,(p)=F(p) u nemmsl 1.2 cnenyer, uto N §)-

neHtpansHa B G. Utak, G € §), npoTuBopedne.
3gaunr, N Heabemesa. ClienoBaTeaLHO,
Gs =1. Torna G/Gs =G eF(R)=F,(0). 3ame-
tum, uto N < C?(G) pns Bcex mpocteix p. Ilo-
stomy C?(G)/N=C?(G/N). U3 G/N e $H cne-
ayet, uto G/C?(G)=(G/N)/C*(G/N) e F,(p)

T IF000TO0 p Takoro, uTo G mMeeT abeseBbIil TIaB-
HBIl p-dakrop. CnenoBatenbHo, G € ), NMPOTHBO-

peuane. 3Haunut, §(R) < H. Urak, F(R)= 9.

(2) lycrs F — MakCHUMaIbHBIN KOMITO3UIHOH-
HBIIE okpan ¢Qopmammun §, G - §-rpymma,
1=N, <N, Q..dN,=N<dG — 4YacTp TIIIaBHOTO
psna rpynnel G, Haxozsmasics auxe N u H/ K —
riaaBHbI Gaktop N Takoif, uto N, < K <H <N,
JUIL HEKOTOPOTO .

Eciu N,/ N, ¢, T0 3Ta cexuus Heabelnesa.

Cornacno nemme 1.5, N,/ N, | — npsmoe npousBse-

IeHHC MHUHHMMAJIbHBIX HOPMAIbHBIX HOITPYIII
N/N,,. lycrs rpynna L/N,, — ofHa U3 HUX H

L /N, , — e€ npocToil IpsMOi MHOMKHTENb. 3aMe-
THM, 4T0 #(N, /N, ,,G) = |G i N (L, /NH)|,

N (L /N _)NN=N,(L, /N_)
u|G:Ny(L/N_)| — nemarens |G: Ny (L /N,_)|
no [22, §1, nemma 1]. 3nauur, »(L/N, ,,N) penut

r(N,/N,_,,G) n moboil KOMIIO3HIIHOHHEIN (akTop
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rpymnsl L/ N, , sBIsSeTcs W KOMIIO3HIMOHHBIM
taktopom N,/ N,_,. Tak kak R — HaclieqCcTBEHHas
000011IeHHas paHToBast GYHKIIHS,

gr(L/N_,N)e R(L/N,,)
Ju1s Jiro6oro riaaBHoro ¢akrtopa L/ N, | rpynmsr N
mexay N, u N,.

Eciau dakrop N,/ N, , €F, To OH § -LleHTpa-
neH B G. 3ametum, uto H/K € §.

Ipenmonoxum, uto N,/ N, abenes. Torma
G/C,(N,/N,,)e F(p) nna HEKOTOPOro p IO
nemme 1.2. 3ametum, uto F(p) — HOpMaibHO Ha-
cnenctBenHas ¢opmarus no [1, IV, npemnoxenue
3.16]. Tak xak

NC,(N,/N,,)/C,(N,/N_)<G/C,;(N,/N,_),
HOHATHO, YTO
NC;(N; /Ni—l)/CG(Ni IN:)=
=N/Cy(N;/N,,) e F(p).
U3z C,(N,/N,_)<C,(H/K) cnenyer, 4ro

N/Cy(H/K) — daktop rpynma Ipymmbl
N/Cy(N,/N,_). 3nvaunr, N/C,(H/K)eF(p).
CrnenoBarensHo, H /K — § -IeHTpaimbHBIN TJaB-

HBIN (pakxTop N mo nemme 1.2.
Ipennonoxum, uro N,/N,, HeabeneBa. To-

rna G/C,;(N,/N,,)e§ mno nemme 1.2. 3Hauwr,
NC,(N, /N, )/C,(N,/N,_)eS.
npensiaymemy absany, N/C,(H/K)eg§. Torma

AHaIOTHYHO

H/K — § -ueHTpajbHBIN TJIaBHBIA (akrop N 10
nemme 1.2.

Takum 00pa3zoM, BCAKHU TIABHBIN § -(pakTop
rpynnsl N § -uentpaned u gr(H,N)e R(H) nns
nroboro apyroro riaBHoro (akropa H rpymmsl N o
teopeme Kopaana — I'énpaepa. Utak, N € §(R). O

Jloxazamenvcmea cneocmeuui 1.1.1, 1.1.2 u 1.1.3.
Hamomanm, 4T0 Besikas nokanpHas Gopmanust siBIis-
eTCsAd KOMIIO3MIIMOHHOM. M3BecTHO, 9TO ecim F —
MAaKCHUMaJIbHbII BHYTPEHHHMH JIOKaJIbHBIA 3KpaH JIO-
KanpHOH Qopmanmu §, To D — MakcHMaJbHBINA
BHYTPCHHUH KOMIIO3UIIMOHHBIN J3KpaH §, TIae
D(0)=F u F(p)=D(p) s Bcex NpOCTIX p.

Mycts R(H)=({1},<). Torna R Hnacnenct-
BeHa f. HanmoMHuM, 4TO KJacchl BCEX CBepxpaspe-
MIUMBIX M PACHIMPEHHO CBEPXPa3pelliUMbIX TPy
SBIAIOTCS HACIEACTBEHHBIMH JIOKaJbHBIMH (hopMa-
OUSMH C MaKCUMaJbHBIMH BHYTPEHHHMH JIOKaJIb-
HbIMHU 3KpaHamu F(p) =N A(p-1) u

D(p)=N (G| GewdnI A(p-1))
[20, memma 3.2] mist MOOOrO MPOCTOTO p COOTBETCT-
BeHHO. 3ameTuM, uTo 4 = 4U(R) and U = wil(R).

BBuny srtoro, cnencreusa 1.1.1 u 1.1.2 Hampsimyro
BBITEKAIOT U3 TeopeMBI 1.1.
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Ilycte R(H)=(J,{1}) u § — HacinencTBeH-
Has JokajbHas Qopmanus. Ormerum, 4yro R Ha-
cnencrena H. [lycts H € § — § -dKCUEHTpATbHBIH
riaBHell Gaktop F -rpymnbl G.  3amMeTHM, 4TO
r(H,G)=1 wu I?XG/CG(I-_I) — (axTop-Trpynmna
TPYTIIEI HxHejF. Urax, H § -ieHTpajieH B G,
nporuBopeune. 3Hauut, § =F(R). BBumy Bbiie-

U3JI0KEHHOTO, creAcTBue 1.1.3 HanpsAMyIo BBITEKaeT
u3 Teopemsl 1.1. O

2 Ctpykrypa F(R)-rpynmsl

Lenpto 3TOrO paszzmena sBISETCS MONyYSHUE
xapakrepuzaimi §(R) -rpyni.

Onpeodenenue 2.1. llycte Z(G,R,§,n) — Hau-
OoJpIasi HopManbHas MOATpyNNa rpynmnsl G Takas,
ato H¢F, r(H,G)>n u gr(H,G)e R(H) ms
mo6oro e€ (G-KOMIIO3UITHOHHOTO § -3KCLEHTPaIb-
Horo 8 G caxropa H.

[Mycte C — mMHOXecTBO 1 R — 0000IIEeHHAs
panroBas  ¢yHkomsa. bymem  roBopuTh, UTO
R(H)cC, ecm A, (H)UB,(H)cC. Tlon
R(H)NC Gynem noapasyMeBarh

(A ()N C. By (H) N ).

3ameuanue 2.1. (1) Ilycte N u M — Hop-
ManeHble noarpymmsl rpynnsl G. CormacHo 1. (b)
Teopem 00 m3zomopdmsmax [1] Beskuit G-KoMIio-
3UNUOHHBIA (hakTop NM G-m3oMopdeH HEKOTOpO-
My G-KOMIIO3ULIMOHHOMY (akTopy Trpynnsl N wiu
rpymmel M. CrenoBatensHo, Z(G,R,§,n) cymie-
CTBYeT B JIt000# rpymnrie 1o gemme 1.1.

(2) OueBunHo, uto G € §(R) TOrOa W TOJIBKO
torma, kornma G = Z(G,R,§,0).

(3) Ecnin R(S) <[0,1] s moboit mpocToit
rpymsl S, 10 Z(G,R,§,n)=Z.(G) ana n>1.

Teopema 2.1. Ilycmb § — KOMRO3UYUOHHAA

@opmayus, codepocawas 6ce  HUTBNOMEHMHbIE
2pynnel, KOMopdas Hapaody co 8CAKOU c8oeli epYnnot
cooepicum u 6ce ee KOMHOIUYUOHHBIE QAKMOPBbI.
Eciu R — obobwennas paneosas ¢Qynxyus, mo
cnedyroujue YmeepucoeHus IK6UBATCHMHYL

(1) G- F(R) -epynna.
2) Ecmu Z =7Z(G,R,S§,4), mo
gr(N/Z,G)e R(N/Z)N[1,4]

0151 000U MUHUMAILHOU HOPMAIbHOU NOO2PYNNbl
N/Z epynnet G/Z u (G/Z)/Soc(G/Z) — pas-
pewuman § -epynna.

(3) Bepuwi cnedyrowgue ymeepicoeHust:

(a) G¥ =G*8.

(b)Eciu N<G u N<G¥, mo

(G¥/ N)g; =Z(G¥ / N).
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(¢) ITycmv n — HaumeHbwee Yucno, maxkoe, Ymo
Hauoémea npocmas He-§ -cekyui 6 S u

n+l
T=G*NZ(G,R,F,n). Tocoa G°/T < Soc(G/T)
uN/TeS, (N/T,G)<n u
gr'(N/T,G)e R(N/T)

oA 1000t MUHUMATLHOU HOPMANLHOU NOOSPYNNbl
N/T epynnot G/T uz G¥/T.

Hanomuuwm [7, c. 13], gTo rpymnna Ha3pIBaeTcs
ROYNPOCMOU, €CIA OHAa WIW eIVUHUYHA, WIH SBIIS-
€TCsl IPSIMBIM IIPOU3BEICHUEM MPOCTHIX HeabeneBbIX

TPYIIIL
Cneocmeue 2.1.1 [21, X, Teopema 13.6]. I pyn-

na G K8A3UHUTLNOMEHMHA M0o20d U MONbKO mo2od,
xoeoa G/ Z (G) norynpocma.

Cneocmeue 2.1.2 [10, Teopema 2.8]. Ilycmo § —
HOPMANILHO HACAE0CMBEHHAs JOKANbHAS popmayus,
cooepoicawas 6ce HuNbNOMeHmuvie 2pynnel. I pynna
G saenaemca keasu-§ -epynnoii mozoa u mMoOabKO
moezoa, kozoa G/ Z (G) nonynpocma.

Cneocmeue 2.1.3 [17, Teopema A]. Ilycms § —
JIOKANbHAA (hopMayust paspeuwiumvpix epynn, cooep-
ocawjas 6ce Hunbnomenmmuvie epynnvl. Toeda u
GegJ,, wroz0a G°=G°,
Z(G% < Z.(G) u G® 1 Z(G¥) — npamoe npousee-
Oenue G-0onycmumbvlx NPOCMbIX Heabeneavlx epynn.

Cneocmeue 2.1.4 [13, npennoxenue 2.4].
Ipynna G aersemcs c-ceepxpaspeuwtumon mozoa u
MONLKO M0o20d, K020a HAUOEmMcs cosepuileHHas Hop-
manvnas nooepynna D maxas, umo G/ D ceepx-
paspewuma, D/Z(D) — npsmoe npoussedenue

monavko  moz20a

G-donycmumbsix npocmelx Heabenesvlx 2pynn u
Z(D) csepxpaspewumo enodcena ¢ G.

Cneocmeue 2.1.5 [20, Teopema B]. I'pynna G
ABNIAEMCS PACUUPEHHO C-CBEPXPAPEUUMOT MO20d
U MoJIbKO mo20a, Ko2oa

G™=G®, Z(G"™)< Z, ,(G)
u G/ Z(G™) — npamoe npoussedenue G-oonyc-
MUMBIX HPOCBIX HeabenegblX ePYNN.

3 O nepeceyenun F(R)-MakcMMAIbLHBIX
NOATpyNN

Hanomuum [1, c. 288], yro moxarpymma U
rpynnsl G HasbiBaeTcst X -maxcumanvhou B G, ec-
m@ UeX, u(b)m ULV <G uVeX creny-
etT, yto U =V. ITlepeceuenue Bcex X -MakcuMaib-
HBIX moArpymn Tpynmsl G o0o3Hadaercss depes
Int, (G).

3aMeTHM, YTO TepeceueHHe MaKCHMalbHbBIX
abemneBpIX MOATPYyNI Tpynmbl G COBIAAAET C IICH-
TpoMm G. CornacHo bapy [22], mepeceueHue Mak-
CUMaJIbHBIX HHUJBIOTEHTHBIX noAarpynn G coBma-
naet ¢ runepuertpom G. B [23, mpumep 5.17] no-
Ka3aHO, YTO MEPEeCevYCHUEe MAaKCUMAIbHBIX CBEPX-
pa3peluMbIX MOATPYI MOXXKET HE COBMNaNaTh CO
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CBEpXpa3peluMbIM runepueHTpoM. B 1995 rony nHa
l'omenbckom anrebpandeckom cemunape JLA. Ile-
METKOB 3ajan Bonpoc: «Jlins Kakux HOpManbHO Ha-
CIIEZICTBEHHBIX Pa3peIInMO HACHIIICHHBIX (hopMma-
uuii § pasenctso Int.(G)=Z.(G) BepHO I JMIO-
60t rpynmsr G»?

Ortseuas Ha Bompoc JLA. llemerkoBa A.H. Cxu-
6a [23] (B paszpemmmom ciydae [[x. beinneman u
I'. Xaitneken [24]) ommcan Bce HACICICTBCHHEIC
HaChIIEHHbIE POPMAIUU §, A KOTOPBIX PaBEHCT-
Bo Int (G)=Z.(G) BepHo mis moboi rpymmsl G.
ABTOp HCCIIeIoBaN 3TOT BONPOC st opMartuii Kaa-
3u- § -rpymm [25]. B aTtom pasgene 3ToT Bompoc Oy-
JIeT uccneaoBan i §(R) -rpymnit.

Teopema 3.1. I[lycmv § — Hacnedcmeennas
Hacvlyernas gopmayus, cooepicawas 6ce Hulb-
NnomeHmHbvle SPYnnbsl, m — HAMYPAIbHOE YUCTIO, A-
Koe, umo Qﬁwep‘qgm} cg, R — cunvHo nacreocm-

6EHHAsi 0000WeHHAsT PaHe08aAs (QYHKYUs, MAKAsL,
umo R(N) < [0,m] ons moboti npocmoii epynnot N.

Creoyrowue yciogus 9K8UBATICHIHbL:
(1) Z,(G)=Int (G) sepro ons noboii epynnot G u

m
n=l1

Out(GN S, |G ¢ § —npocmas epynna u

ne 4 (G) 3.

(2) Z;)(G)=Int;  (G) eepro Ona mobou
epynnoi G.

Cneocmeue 3.1.1 [25, Teopema 1]. Ilycme § —
HAc1eOCmBeHHas HacvluerHas gopmayus, cooep-
Jlcawast 6ce Hunbnomenmuvle epynnvl. Toz2oa u
monvko mozoa Int.(G)=Z.(G) eepno ona noboii
epynnul G, kozoa Int 5 G)= Z&* (G) eepno ons -

oot epynnut G.

Cneocmeue 3.1.2. Ilycmv R — cunvho Ha-
credcmeenHas 0000WeHHAsE paHeosast (QYHKYUSL.
Tozoa u monvko mo2oa Zy ,(G) = Intnr)(G) 6ep-

Ho 07 robotl epynnvl G, Ko20a 05 1060 NPOCMOol
Heabenegoli epynnvl N 6blnoIHAEMCA:

(1) R(N) <[0,2];

(2) ecmu 1€ Ay (N), mo Out(N) Hunbnomenmmua,

(3) ecru 2€ A,(N), mo Out(N) sersiemcs
2-epynnoti.

ITpumep 3.1. Ilycts §, U §, — Kiaccsl IpyIm,

a0erneBble IMIaBHBIE (HAKTOPBI KOTOPBIX LICHTPAIbHBI,
a HeabeneBble — MPOU3BOJIBHBI U HPSIMbIC POH3BE-
JeHUs He Ooyiee 2 3HAKOMEPEMEHHBIX IPYMII COOT-
BercTBeHHO. Torja pasencrsa Z . (G) =1Int . (G) u

Z; (G) = Int; (G) BepHbI M moboi rpynmnel G U
HaligyTea rpynnsl G, U G, Takue, 9To
Zy (G)#Inty (G) n Z; (G,) # Int; (G,).
BaxxHO OTMETUTB, YTO €CITH
Zy ) (@) =Int; 1 (G)
BEpHO A1 Mr000# rpynmel G, TO R orpaHHYeHa:

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019



060611461!1[0 paHecoeble KOMNO3UuyuoHHvle (,bopMaL;uu KOHEYHbIX cpynn

Teopema 3.2. I[Iycmv § — HacnedcmeenHas
HACLIWEHHAs. PopMayus, cooepicawas 8ce Hulb-
nomenmHule 2pynnvl, U R — CUTbHO HACLEOCMEEH-
Hast 0000WeHHas paH208ast PYHKYUSL.

(1) Ilpeononoxcum, umo

Zs2)(G) =Inty 1 (G)
6epHo 05 ioboul epynnvt G. Tlycme
max{| M |-1|M —

GeM(F)u F(G)=F(G)
maxcumanvHas nooepynna G}.
Tozoa R(S)<[0,C,] ona mobou npocmoti epynnul
S¢s.
(2) Ilycmo
C,=max{meN|[&, , . T}

C = min

Ecnu R(S)<[0,C,] ona moboii npocmoii epynnvl
S¢S, mo gr(]-_l, G)e R(H) oaa mobozo G-kom-
nosuyuonnozo gaxmopa H ¢ § nuowce Intg ,(G).

ABTOp BBIp@XKaeT NPHU3HATEIHLHOCTh JOKTOPY
¢usuko-matemaTnyeckux Hayk A.®D. BacuibeBy 3a
TI0JIE3HBIE KOHCYJIbTALUH.

JIUTEPATYPA

1. Doerk, K. Finite soluble groups / K. Doerk,
T. Hawkes. — Berlin — New York: Walter de
Gruyter, 1992. — 891 p.

2. Heineken, H. Group classes defined by chief
factor ranks / H. Heineken // Boll. Un. Mat. Ital. B. —
1979. — Vol. 16. — P. 754-764.

3. Harman, D. Characterizations of some
classes of finite soluble groups. Ph. D. thesis, Uni-
versity of Warwick, 1981.

4. Huppert, B. Zur Gaschiitzschen Theorie der
Formationen / B. Huppert // Math. Ann. — 1966. —
Vol. 164. — P. 133-141.

5. Kohler, J. Finite groups with all maximal
subgroups of prime or prime square index / J. Kohler //
Canad. J. Math. — 1964. — Vol. 16. — P. 435-442.

6. Haberl, K.L. Fitting classes defined by chief
factor ranks / K.L. Haberl, H. Heineken // J. London
Math. Soc. — 1984. — Vol. 29. — P. 34-40.

7. Guo, W. Structure theory for canonical
classes of finite groups / W. Guo. — Heidelberg —
New-York — Dordrecht — London: Springer, 2015. —
359 p.

8. Bender, H. On groups with abelian Sylow
2-subgroups / H. Bender / Math. Z. — 1970. —
Bd. 117. - P. 164-176.

9. Llememxos, JI.A. ®opmanuu anredpande-
ckux cucreMm / JI.A. lllemetkos, A.H. Ckuba. — M.:
Hayxka, 1989. — 256 c.

10. Guo, W. On finite quasi- § -groups / W. Guo,
A.N. Skiba // Comm. Algebra. — 2009. — Vol. 37. —
P. 470-481.

11. Guo, W. On some classes of finite quasi- § -

groups / W. Guo, A.N. Skiba // J. Group Theory. —
2009. — Vol. 12. — P. 407-417.

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

12. Beoepnuxog, B.A. O HEKOTOPBIX Kiaccax
koHeuHbIX Tpymn / B.A. Benepuukos // IAH BCCP. —
1988. — T. 32, Ne 10. — C. 872-875.

13. Robinson, D.J.S. The structure of finite
groups in whitch permutability is a transitive relation /
D.J.S. Robinson // J. Austral. Math. Soc. — 2001. —
Vol. 70. — P. 143—-159.

14. Bacunves, A.@. O KOHEUHBIX TPYTIIAX C 3a-
JAaHHBIM HOpPMaJbHBIM cTpoeHueM / A.D. Bacuines,
T.M. Bacunbea, E.H. Mbicnosen // Cub. a5ekTpoH.
mateM. u3B. —2016. — T. 13. — C. §97-910.

15. Muvicnosey, E.H. J-KOHCTPYKLIIUU KOMITO3H-
UOHHBIX (opMalMii W TNPOU3BENCHUS KOHEYHBIX
rpynn / E.H. Meicnosen // IIpoGnems! ¢usuku, ma-
TEeMaTUKH U TeXHUKH. —2016. — Ne 4 (29). — C. 68-73.

16. Muvicnosey, E.H. O koHeuHbIx ca-F-rpym-
nax / E.H. Meiciosen // IIpobnemsr ¢u3nku, mare-
MaTHKH 1 TeXHUKH. — 2014, — No 2 (19). — C. 64-68.

17. Mpvicrnosey, E.H. KoHedHnble 0000IIEHHO
c-CBEpXpa3pelIMble IPYNIBl ¥ UX B3aHMHO Iepe-
cTraHoBouHble mpom3BeacHuss / E.H. Mgricnoger,
A.®. Bacuibe // [Ipo0iemMbl GU3MKH, MaTEMaTHKH
u TexHukd. — 2016. — Ne 2 (27). — C. 45-53.

18. Bacunves, A.@. O KOHEUHBIX TpyNIax, y
KOTOPBIX TJIaBHbIE (DAKTOPBI SIBISIOTCS HPOCTHIMU
rpymmnamu / A.®. Bacunbea, T.1. Bacuibesa // 13B.
By30B. Marem. — 1997. — Ne 11. — C. 10-14.

19. Bacunves, A.®@. O KOHEUHBIX TpyHmax
cBepxpaspemmumoro tumna / A.®D. Bacunees, T.U. Ba-
cmibeBa, B.H. TrorsHOB // Cub. Mat. xypH. — 2010. —
T.51, Ne 6. — C. 1270-1281.

20. Bacunves, A.®. KoHeuHBIE pacIIUpEeHHO
c-CBepXpaspelrMble IPYNNbl ¥ UX B3aHMHO Iiepe-
craHoBOuHble mpou3Benenuss / A.D. Bacuibes,
T.U. Bacuneesa, E.H. Mgicioser; // Cub. marem.
KypH. —2016. — T. 57, Ne 3. — C. 603-616.

21. Huppert, B. Finite groups III / B. Huppert,
N. Blacburn. — Berlin — Heidelberg — New York:
Springer, 1982. — 454 p.

22. Baer, R. Group clements of prime power
index / R. Baer // Trans. Amer. Math. Soc. — 1953. —
Vol. 75. - P. 20-47.

23. Skiba, A.N. On the § -hypercentre and the

intersection of all § -maximal subgroups of a finite
group / A.N. Skiba // J. Pure Appl. Algebra. —2012. —
Vol. 216. — P. 789-799.

24. Beidleman, J.C. A note on intersections of
maximal § -subgroups / J.C. Beidleman, H. Heine-
ken // J. Algebra. —2011. — Vol. 333. — P. 120-127.

25. Murashka, V.I. On the § -hypercenter and
the intersection of § -maximal subgroups of a finite
group / V.I. Murashka // J. Group. Theory. — 2018. —
Vol. 21, Ne 3. — P. 463—473.

Hocmynuna 6 peoaxyuro 30.04.19.

99



Ipo6remvr uzuxu, mamemamuru u mexnuxu, Ne 3 (40), 2019

YIAK 517.538.52+517.538.53

MATEMATHKA

O CYHIECTBOBAHUU U EAMUHCTBEHHOCTU MHOI'OYJIEHOB
IPMHUTA - ITAJIE IEPBOI'O POJA

A.IL. CrapoBoiitoB, H.B. Psiouenko, A.A. /Ipane3a

Tomenvckuti 2ocyoapemeennulii ynusepcumem um. @. Cropubvi

ON THE EXISTENCE AND UNIQUENESS OF TYPE 1
HERMITE — PADE POLYNOMIALS

A.P. Starovoitov, N.V. Ryabchenko, A.A. Drapeza

F. Scorina Gomel State University

B pabote BBe/IeHbI HOBBIE MOHATHS: BIIOJIHEHOPMAJIbHBIM MHJIEKC U BIIOJHECOBEpILIeHHas cucTteMa GpyHKuui. C IoMoLbio 3TuX
HOHATHI C(HOPMYITPOBAH U JIOKAa3aH KPUTEPUH eIUHCTBEHHOCTH, ITOTYYCHBI SIBHBIC JICTEPMUHAHTHBIC HPEACTABICHUS MHOTO-
uyneHoB Opmura — [lage 1-ro poma st IPOM3BOIBHOM CHCTEMBI CTETICHHBIX PSIOB. IlomydeHHBIE pe3ylbTaThl JOIOIHSIOT H
00001Ial0T XOPOLIO U3BECTHBIE PE3YJIbTAThI B TEOPHUU alNpokcuManuii Ipmura — [laze.

Kntouegvie cnosa: mmozounenvt Spmuma — Ilade, Hopmanvhwiii unoexc, cosepulennas cucmema, onpedeaumens Adamapa, on-

pedenumens I ankens.

New concepts are introduced in the work.They are quite normal index and a quite perfect system of functions. Using these con-
cepts, a uniqueness criterion was formulated and proved, explicit determinant representations of type I Hermite — Padé polyno-
mials for an arbitrary system of power series were obtained. The results obtained complement and generalize the well-known

result in the theory of Hermite — Padé approximations.

Keywords: Hermite-Pad’e polynomials, normal index, perfect system, Hadamard determinant, Hankel determinant.

1 IlocranoBka 3axauu
Iycts [ =(f,, f5,--».f;) —Ha00D k cTENEHHBIX
psaoB
f(2)=) "=, =12,k (1.1)
i=0

z

C KOMIUIEKCHBIMH Kod(ddurmenramu. MHOXeCTBO
k-MEpHBIX MYJIBTHUHIEKCOB (MHIEKCOB), T. €. YIOpS-
JOUECHHBIX Kk HATYpaJIbHBIX 4MCeN 71 = (7,N,,...,1, ),

obosnauum N*. Topsyiok unnexca n=(n,,n,,...,n, JeN*
— 3TO0 cymMM™ma |n|:=n,+n,+..+n,. PaccMmorpum

crenyrontyto 3agauy Opmura — Ilane [1; ri. 4, §3]:
3aoaua I. [{na 3a0annoeo mynvmuunoexca
n=(n,n,..,n,) Haumu makue He pasHvle Modicoe-

CMBEHHO — HYI0  OOHOBPEMEHHO — MHO204eHbl
A=A,.,4 =4, umo deg4 <n —1,..., deg 4, <
<n, —1 u ona nexomopozo mnozounena B =B,
k
c
L (z):= Z A4,(2)f,(z)-B(2) = Z‘—’;‘+ e (1.2)
Jj=1

Meuorounen B(z) = B,(z) sBajeTcs NOIUHOMHUAIb-

k
HOH 4acThIo psiza z A4,(2)f;(2).
j=1
Xopomro u3BectHo [1]- [3], uTo pemienue mo-
CTaBJICHHOH 3a/laul CYIIECTBYET, HO HE €ANHCTBEH-
Hoe. B wacTHOCTH, MHOTOYJICHBI A , | B Haxonsres ¢

TOYHOCTBIO JI0 MYJIbTUIUIMKATHBHOTO MHOYHTENS: €c-
v napa (A4,B), tne A=(4,,...,4,), ynoBiaeTBopser

© Cmaposoiimos A.I1., Pabuenxo H.B., [lpanesa A.A., 2019
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HEOOXOJUMBIM YCIOBHUSAM, TO YMHOXKas1 MHOTOYJICHBI
A; u B Ha m060e OTINYHOE OT HyJIsl KOMIUIEKCHOE

YHUCIO A, MOIy4YNM HOBYIO mapy (AA4,AB), ymosie-
TBOPAIOUIYIO TOCTAaBJICHHBIM YCJIOBHAM. Orta He-
€IMHCTBCHHOCTb MOXKET OBITh U OoJiee CYIIEeCTBEH-
HOM. JIelICTBUTEIBHO, PACCMOTPUM

Ilpumep 1.1. [Iycmo k=2,n=(2,2), a

. 1 1 2 4 8
fl(Z) :—_E(Z):E:;+Z—2+—3+—4+....

z oz
Tozoa A (z)=(a+bz),
A (z)=a+2b-2d+dz,B(z)=b—-d,
20e a, b, d 1robwvie deticmeumenvHvie yucid.
Onpeoenenue 1.1. Ecau napa (A4,B), eoe
A=(4,...4,), aeiaemca pewenuem 3adauu Ip-

muma — Hade ¢ undexcom n e N*, mo mnozounenwv
A, A,,..., 4, Hazviearom muozounenamu Ipmuma —
Iaoe 1-20 pooa onst cucmemol f popmanvHvix cme-
nenHwvix psoog (1.1).

LleHTpaNbHBIM B TEOPHM TaKMX MHOTOYJICHOB
SIBIISIFOTCSL TTOHATHS HOPMAJIbHOTO MHJIEKCA N U CO-
BEPIICHHOI CUCTEMBI f.

Onpeoenenue 1.2. Hnoexc neN' nasvisaem-
csi HopMmanbHuM 013 f, eciu 01si 1100020 peuteHusl
3a0auu Opmuma — Ilade ¢ smum uHOexcom
degd, =n,—1,j=12,..,k

Onpeodenenue 1.3. Cucmema f nasvisaemcs co-
seputennoil, ecnu ece umoekcol neN' aensomes
HOpManbHbIMU O f-
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HopmanbHOCTh HHAEKCA /1 SBIISIETCS T0CTATOY-
HBIM YCJIOBHEM TOTO, YTO BCE PEIICHHS 3a1adu Jp-
muta — [lane (A4, B) ¢ 3TUM MHIEKCOM HaXOJATCS C
TOYHOCTBIO JI0 MYJIbTHIUIMKATHBHOTO MHOXHUTEJIS
(mogpobuee cMm. [1]- [3]). B atom ciryuae roBopsT,
yTO 3amaya Jpmwura —[lame MMeeT eAMHCTBEHHOE
peuienue. Clriepyronuidi npuMep IMOKa3bIBAET, YTO
yxe mpu k =1 HOPMAaJIbHOCTh MHICKCA /1 HE SIBIS-
eTcsi HEOOXOJUMBIM YCIOBUEM EIUHCTBEHHOCTH
pemenus 3agaun Opmuta — [laze.

Hpumep 1.2. Ilycme k=1, n=3, a

fA=—a Sl 2 0 1

_+_

z—2 24 z 2z 22 Z*
Toeoa ece pewenus 3adauu Ol umerom 6uo
(M4,,AB), 20e ) — npouszsonvHoe KOMHAEKCHOE

yucno, omnuunoe om wyis, a A (z)=z-2,B(z)=1.
Ilpu smom undexc n =3 He A61eMCA HOPMATLHBIM,
nockonbky deg 4 =1.

Hameiit Ommkaiined HEnpl0 SBISETCA HAXO0XK-
JIeHre HEeOOXOIOMMBIX W TOCTATOYHBIX YCIOBHHM Ha
unnexc n € N u cucremy f, onpeneneHHyio paBeH-
crBamu (1.1), M KOTOPBIX pEIICHHE 3a1au JPMHTA —
Tlazme ¢ 5TUM UHAEKCOM SBIISETCS €IUHCTBEHHBIM.

2 OCHOBHBIC ONIpeAeJICHAS

Pemenne mocraBneHHON 3agadn OyIeT Moury-
YEeHO HAMM B TEPMHMHAaX TEOPHM JIMHEHHBIX aireO-
panueckux ypaBHeHuil. COOTBETCTBYIOIIAs cHUCTEMA
JIMHEHHBIX YpaBHEHWH, pPaBHOCHJIBbHAs PaBEHCTBY
(1.2), ompenensercs HEMOCPEACTBEHHO KOA(DDUIIH-
€HTaMH CTeTleHHBIX psioB (1.1).

Benem neoOxomumble oOo3HaueHHs. 3aduk-

CHpYEM HMHJIEKC N € N* u s kaxmoro J=L2,..,k
paccMOTpUM MaTPHIIBI-CTONOIBI Topsiaka (| 7 | —1)x1
. T,
F;'/:( fj l1\+l3) 2 l:1’2""’n
¥ Matpuup nopsiaka (|n|—1)x|n; |
Fl=[F F .F]],
rne C’ sBisieTcs MaTpuieil, TpaHCIIOHUPOBAHHOM K

Matpuiie C. [lanee paccMOTpUM MaTpHIly MOPsIKa
(In[=Dx[n|

F,=[F'F*..F"]
1 (DYHKIMOHAJIbHBIE MaTPUIIBI-CTPOKH TOpsiika 1x | 72 |

E()=(1z..27700..0..00..0),
E@=(00..01z..2""..00.0),

E(@=(00..000.0.1z.2z"),
E(z2)=E,(2)+..+E,(2) =
=(1 z..Z2" 1z 2 1z z”"il).
O6o3naunm 4yepes G, (z) Marpuiy-CTPOKY, KO-

TOpast py 7; > 1 NOJy4aeTcs B pe3ybTaTe 3aMeHbI
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B Matpuie £, (z) HeHyJIEBBIX 3JIEMEHTOB: 1 3aMeHsI-
J 2
eM Ha 0, z 3ameHseM Ha f/, =z~ 3aMeHsieM Ha

i i -1
f/z+f/ w 1.1, HakoHen, z  3aMeHseM Ha

Zﬁ’z”’_i_z (mpu n, =1 B E,(z) eIMHCTBEHHBIH

HeHyJeBo# snemeHT 1 3amensem Ha 0). Martpuiy-
cTpoky G(z) ompeaenuM paBeHCTBOM
G(z2)=G,(2)+...+ G, (2).

Ecniu B marpune F, nopsaaka (Jn|-—L)x|n]|)

N00aBUTh B KadeCTBE IOCIEIHEH CTPOKH CTPOKY
E,(z), To momyunM KBagpaTHyro wmarpuiy. OG6o-

3HaYMM OINPEJIENUTEND STOH MaTpuubl Yepe3 A, (z).
Tormampu j=12,..k

Aj(z)= (2.1)
S fnr1 O N A "71 e S an
S fnlI A A fn I A fn’:

1 k k
ﬁn\—Z fn\+n1 -3 fn\ 2 fn\ 1° fn\+n -3 'f\‘n\—Z "'ﬁn\+;1A -3

0 .. 0 1 z ..z .0 .. 0

Ecm B ompenmenennu (2.1) TOCIEOHIOI CTPOKY
E (z) 3amenuts ctpokodl ((z) MOJSy4MM HOBBIA

ompenenutenb. Ero o6o3Haunm wepe3 B(z). U nHa-

KOHEIl, €CJIM IOCIEIHIOI CTPOKY OIpeAesIUuTeNs]
(2.1) 3aMEeHUTH MaTPHUTIEH-CTPOKON

n j—
E =
(4l | 1 k " *
- [f\nHifZ /\n\ﬂ'fl "'~f\n\+nl+i73 "'~f\n\+i72 [n]+i-1 "'f\ank +i-3 )°

TO HOJ'IyLIGHHHﬁ OIpeACIUTCIIb 0003HaYUM uepe3

d

n,i*

Onpedenenue 2.1. Unoexc neN' nasosem
8noaHe HOPMANLHUIM 04 f, eciu pane mampuyst F,
paser |n|—1

B npumepe 1.1 unnexc n =(2,2) He siBusieTcs
HOPMAaJIGHBIM U HE SIBJISIETCS BIIOJIHE HOPMAJIBHBIM, a
B mpumMepe 1.2 uHAEKC n =3 He SABIACTCS HOPMalb-
HBIM, HO SBJSIETCSI BIIOJJHE HOPMAJIBHBIM OTHOCH-
TEJILHO PacCMaTPUBAEMBIX B 3THX MPHMEpPax CHCTEM
GYHKIHIA.

Onpeoenenue 2.2. Cucmemy f nazogem nonne
coeepuennoi, ecnu 6ce undexcor n € N* aenaiomea
6N0HE HOPMATLHBIMU ONA f.

[Janee Oyner mokasaHo, 4To Jro0as COBEpILIEH-
Has cUcTeMma [ SIBISIETCS M BIIOJIHE COBEPILEHHOW
cucremoii. [Ipumep 1.2 mokassiBaer, 4To oOpaTHOE
YTBEPXKIEHHE MOKET ObITH HEBEPHBIM.

3 Kpurepuii eaumHcrBeHHocTH. J[leTepmu-
HAHTHBIE MPeACTABJIEHUS

Chopmynmupyem u JOKaXKeM OCHOBHYIO TEOpe-
My JaHHOI paOoTEHI.
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Teopema 3.1. [{ns mozo, umobet 015 huxcupo-
eannozo unoexca neN* 3zadaua dpmuma — ITade
umena eOUHCmMeeHHoe peuleHue, HeobxooumMo u 0oc-
mamouno, 4mobvl uHOeKc n Obvll 6NOJHE HOPMAb-
HbIM 014 f, m. e. rangF, =|n|-1.

B cnyuae, ecnu undexc n seusiemcsi 6nofiHe
HOPMANbHBIM, NPU ONPEOEICHHOM 8blOOpe MYbmun-
quKamusHo2o MHodicumens 0ns  pewenuti (A4, B)
sadauu IOpmuma — [lade cnpagednusvl credyroujue
OemepMUuHaHmHble NPeodCmasieHUs::

r [ F
A,(z)=del F,E(2)] = E‘(”Z) =1k, (3.1)
T F
B(z) = del[F, G(z)] = G("Z o (3.2)
= dl
L(2)= Z z‘"‘:’*l ) (3.3)

B passepHyrom Buiae MHOrowieHel A4,(z) upex-
cTaBjeHbl paBeHcTBaMH (2.1).

Joxaszamenvcmeo. IlycTthb

A;(2)=b) +b/z+..4b] 2" =1k
Jnst HaxOXKAeHWsI HEW3BECTHBIX KOd((OUIIMEHTOB
bl,b/,...,b | sanmmem B marpuuHOii popme cuc-

>"n;i-1
TeMy JHMHEHHBIX ypaBHEHMH, PaBHOCHUIBHYIO YCIO-
Buto (1.2):

F xb" =07, (3.4)
rae b — Matpuia-cTpoka nopsaka x| n|,
b=(b, b .. b;rl . bYobL bfkfl),

a ©® — marpuma-cTpoka mopsaka 1x|n|, Bce 3ie-
MEHTBI KOTOPOH paBHBI HYJIIO.

[Mockonbky cucrema (3.4) sBisieTcss OAHOPOJ-
HOH M B HEW YHCIIO HEW3BECTHBIX HA EIUHHUILY
OoJpIe ymciaa ypaBHEHWH, TO U3 TeopeMbl KpoHe-
kepa — Kanemmm cremyet, uro cucrema (3.4) numeer
HEeHyJieBoe perieHne. Kpome Toro, MHOXKECTBO BCEX
JUHEHHO HE3aBHCHMBIX pemeHuid cucteMsl (3.4)
COCTOUT M3 OJHOro (hyHIAMEHTAJILHOI'O DPEIICHUS
TOrga M TOIBKO Torpa, korma rangF, =|n|-1. B

3TOM CIy4ae BCE OCTAJIbHbIC HEHYJIEBBIC PELICHUS
MOJTY4YaloTCsl TOMHOXKEHHEM 3TOTO (yHIaMEHTalIb-
HOro pemeHust Ha yucio A # 0. Yuciao A, BooOre
TOBODS, SIBJISIETCS KOMIUIEKCHBIM, HO eciu K03 du-
1ueHTsl psagoB (1.1) nelcTBUTENbHBIE YHCNA, TO
peureHus cucteMsl (3.4) Takke ICHCTBUTEIHHBIC
yucna. Takum oOpa3oM rnepBasi 4acTb Teopemsl 3.1
JIOKa3aHa.

Hoxaxxem Ttemepp paBeHctBa (3.1)—(3.4). bes
OTpaHWYEHUSI OOIMHOCTH OymeM CUYMTaTh, YTO BCE
panet (1.1) HE sBNsAIOTCS (QOpPMANBHBIMH, T. €. HX
CYMMBI SBJISIOTCS AHAIUTHYECKUMH (DyHKIMAMH B
HEKOTOPOH OKPECTHOCTH TOYKH z =00 (ECIu XOTA
061 ontuH U3 psioB (1.1) siBisiercst GopManbHBIM, TO
dhopmanbHbIM Oyzet u psin B (3.3)).
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Tak kak rangF =|n|—1, To Ipu HEKOTOPOM
pe{l2,..,|n|} ompenenurens, MNOMYYCHHBIH U3
MaTpHis! F,, BEMEPKHBAaHUEM B HEH p-To cTonbua,

OTJIMYEH OT Hyjs. [l onpeneneHHOCTH Tpeoo-
xuM, uto p=|n|. Torma cucremy (3.4) MOXHO

nepenucarb B BUAC

1 1 k k
o S
1 1 k k
o R
1 1 k k
ﬁn\fZ f\an]fS ﬁnkZ f;1+n,(74
by
7 (3.5)
1 k
bnlfl fn,f
X ——bnk_]
k k
bO f\n\+nk—4
k
f\n\+nk—3
=2

O003Ha4YMM TJIABHBIA OMPEACTUTEIb 3TON CHCTEMBI
gepes H*. Torma mo mpeamonoxenuro H* #0.
Eciu 661 b, , =0, 10 cucrema (3.5) umena Obl

)Zk
€/IMHCTBEHHOE HyJeBoe pemieHue. Torna Obl U cuc-
TeMa (3.4) mMena TONpKO HyleBoe pemerue. [lo-
stoMy b, , # 0. YunrbiBas, 4TO Mbl UILEM PELICHHE

C TOYHOCTBIO 10 MYJBTHIIMKATHBHOTO MHOXHUTEJI,
MOJKEM CYHTaTh, YTo b =1. Pemaem manee cuc-

ny —1
teMy (3.5) mo mpaBuny Kpamepa, momyuum peie-
HHE, KOTOPOE CHMBOJHMYECKM MOXKHO 3aIllicaTh B
BUJIE!
T
det[Fn E(z)] =4(2)+..+4(2), (3.6)
rae A;(z) onpeznensores paBeHcTsamu (3.1), koro-
pBle B Pa3BepHYTOM BHAE NPEACTABICHBI COOTHO-
menussMu (2.1). B cimyuae, ecni 651 BMeCTO HOMeEpa
P =| n| BbluepkuBanu cronben Matpuupsl F, ¢ opy-
MM HOMEpOM, paccykias aHaJOTMYHBIM 00pa3oMm,
TaKOKe NPUILINA OBl K CUMBOJIMUECKOH 3aIMCH pellle-
Hus B Buze (3.6). lokaxewm, urto 4,(z), onpezeneH-
Hble paBeHcTBaMH (2.1) m (3.1), U ABIAIOTCSA HCKO-
MBIMHA MHOTOYJICHAMHU.
Paznoxus onpenenutens B (2.1) mo amemeHTamMm
TIOCIIE/IHEH CTPOKH, HETPY/HO 3aMETHUTh, YT0 A, (z) —

MHOrouwlIeH u degd,;(z) <n; —1. Ocraercs 1oKasarb,

YTO TPH 3aJaHHOM C TIOMOIIBI0 paBeHcTBa (3.2)
MHorousieHe B(z) (B pa3BepHYTOM BHJE PaBEHCTBO

(3.2) MoxHO TONYy4nTh, eciid B (2.1) mociaemHIO0
CTPOKY 3aMEHHThb MaTpuIen-cTpokoir (G(z)), MHO-

rowieHsl A,(z) yaoBneTBOpsOT ycnosuo (3.3).

ﬂﬂﬂ 9TOI'0 3aMCTHUM, YTO JJI1 TAKHUX MHOT'OYJICHOB

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019
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o
A /3
IPICYICEI NS
J=1 f\‘n\72 f\;l«\-l f\n

0

S

i=0 Z i=0 Z

M

B nonydyeHHoM omnpeznenuTene U3 MOCIETHER

CTPOKH BBIYTEM: MEPBYIO CTPOKY, YMHOXKEHHYIO Ha

z”', BTOpYIO CTPOKY, YMHOMKEHHYIO Ha z °, M TaK

Jlasiee BILIOTh 10 NMPENNOoCcieIHEH CTPOKH, YMHOXKEH-
Hoit Ha z ""'. B pesynbTate B mHpaBoil uyacTH
HIpebIAYIIEro PaBEHCTBA MOJIYYUM ONPEAEIUTEND, Y
KOTOpPOT'0 TIOCHEIHHH 3JEMEHT KaKIOro CToioIa
COCTOMT M3 MHOTOWIECHA OTHOCHTEJIFHO IIEPEMEHHON
Z M pAJl ¢ NaKyHaMu 1o cTeneHaM z . Coxpanss B
HOCHEIHEH CTPOKE 3TOr0 ONPEENIUTENS B KaXKIOM
CTOJIONE TOJIBKO MOJMHOMUANIBHYIO YacThb, IIPHIAEM K
OTIPEICTUTEITIO

B(z)=det[F, G(2)]".

Torma
L,(2)=) 4,2)/,(2)- B()=
fo1 fnll_l fok fn’z_l
fl1 fnlI f]k fn'f

1 1 k k
n|— nl+n, — 1| nl+n; —
Sz Soen 3 Sz Joen
1 1 k k
0 00 0 00
f\‘nHifZ f\‘anlefa f\‘nHifZ f\‘anlefa
z |n|+i-1 z || +i-1 z |n|+i-1 Z || +i-1
z z z z

i=1 i=1 i=l1 i=1

> d

=2
- |n[+i-1 *
z

i=1

[Ipn npeoOpa3oBaHUAX BOCIIONB30BANIUCH OINpEAe-
JICHUUEM CYMMBl CTENEHHOIO psifa U IMpaBUIOM
CJI0>KEHUS OIpeAeTUTEICH.

4 3amMeyaHNs1 U HEKOTOPBIE CJIEICTBHUS

U3 pasenctB (3.1)—(3.3) cmenyer, 9To KOMIIO-
HEHTa 71, 3a[aHHOIO BIOJIHE HOPMAJBHOIO HHJEKCA
n=(n,...,n,) OIpeAeIieT 4YUCIO KOIP(ULUEHTOB
psaa f,(z), KOTOPOE yUHTHIBACTCS NP NIOCTPOCHUH
MHOro4neHoB 4,(z), B(z) u dynkuun L, (2).

Jlerko 3ameruts, uyTo Teopema 3.1 cmpaBemu-
Ba ¥ 1IpH ycnoBu, 4to 71, = 0. B 9TOM ciyuae Hyx-
HO JIMIIb CYUTATh, YTO MATPULA F, W ONPENEIUTENN
B (3.1)~(3.3) He comepkar cTonOuoB ¢ KO3 UIH-
entamu psna f,(z), T.e. popmanbneii pax f;(z)

HE y4acTBYET B ITIOCTPOEHHUH pemieHus 3axadn Ol a
BEKTOp b HE COIEPKUT HEU3BECTHBIX KO3 duIreH-
TOB, OMpECISIOUMX MHOTOWIeH A,(z), IpH 3TOM
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k k
fo /T
£ s £
J1 2 Jony
k k
f\‘n\fz f\‘;lzc\—] f\‘anlf}
c k 0 k k
SLosLs L
Zi—n,+2 i Zi+1 i Z[ o Z[—n,‘+2
i=l i=| i=

HOPSJOK MYJIBTUMHIEKCA | 71| ONpenessieTcs TOIbKO
OCTaBIINMUCS HEHYJICBBIMU KOMITIOHEHTAMHU.

B wactHOCTH, ecmm n, =n, =..=n, =0, TO
n=(n,0,..,0) u Torma |n|=n,. Ecmu oroxnaect-
BUTb 7, C 7, TO NONYy4YUM (HaKTUYECKU OJHOMEPHBII
ciydail, korna k =1 (B HOCTPOCHUSIX YUUTHIBAKOTCS
TONbKO Kod(duuuentsl Gpynkuuu f(z) = f,(z)). B
TaKoOM CITyJae, HarpuMmep, paBeHcTBO (3.1) mpumer Bua

S ho S

ho Lo T
A(z)= e e e s
Jfoa S o S

1 z .. "

¥ HOPMAJIbHOCTh MHJICKCA 1 PABHOCUIIbHA TOMY, YTO
onpezenurens [ aHkes s (3T0 yTBEp)KACHUE H3BECTHO
[1; r. 2, §3, yrBepxaenue 3.2]).
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IMPOCTBIE HEABEJIEBBI I'PYIIIIBI C TIPOHOPMAJIBHBIMH
BTOPBIMU MAKCUMAJIBHBIMU ITOAT'PYIIIIAMHU
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SIMPLE NON-ABELIAN GROUPS
WITH SECOND MAXIMAL PRONORMAL SUBGROUPS

V.N. Tyutyanov

International University MITSO, Gomel

B.J. 3enkoB nocrasun B KoypoBckyto TeTpaas npobiemy 19.109: BepHO 1, 9TO B KOHEUHOIT mpocToii HeabeneBoit rpymmne G
BCE MaKCHMAaJIbHbIE MOATPYIIbI XOJUIOBBI TOTJa U TOJIBKO TOTZA, KOT/A JiFoOast BTOpas MaKCHMallbHasi MOArpynma rpynmsl G
SIBJIIETCSI IPOHOPMaIbHOH B G? B HacTosImIel paboTe moka3aHo, 4TO AaHHAs MpoOIeMa PelIaeTcsi OTPHIATEeIbHO.

Kniouegvie cnosa: koneunas epynna, 6mopas MaKCUMaibHas noo02pynna, npoHopManbHas noo2pynng.

V.I. Zenkov put in the Kourovskaya notebook the following problem 19.109: is it true that in a non-abelian finite simple group
G all maximal subgroups are Hall subgroups if and only if every second maximal subgroup is pronormal in G? This paper

shows that this problem is solved negatively.

Keywords: finite group, second maximal subgroup, pronormal subgroup.

Beenenne

[Tycte G — KoHEeuyHast mpocTast HeabeseBa rpyI-
na. B.M. 3enxoB mocraBun B KoypoBckyro TeTpanp
[1] mpoGnemy 19.109: sepro au, umo nobas makcu-
Mmanvuas nodzpynna 6 epynne G xonnoea moeoa u
MOALKO Mo2oa, Koeod 1oddas 6mopas MAKCUMALbHASL
nooepynna epynnot G sensiemcs npoHopmanvio 6 G?

B pabore mnokassiBaeTcsi, 4TO JaHHas Mpooie-
Ma pelIaeTcs: OTPUIATENIBHO.

[MpuBenem cnenyromuye XOpOLIO W3BECTHBIE
OTIPE/ICTICHUSL.

Onpeodenenue 0.1. [Iycmv G — KoHeuHas epyn-
na u H— nooepynna 6 G. I[looepynna H nasvigaemcs
nponopmanvhot 6 epynne G, eciu 01 BCAKO2O

g€ G noodepynnot Hu HF conpsoicenvl 6 nopooic-

Oenuu < H,H® > .

Onpeodenenue 0.2. Eciu nooepynna H aensem-
€51 MAKCUMATILHOU 8 HeKOMOPOIUl MAKCUMATLHOU NOO-
epynne epynnol G, mo H nazvieaemcs emopoti mMax-
CUMANILHOU NOO2PYNNOUL.

CTpoeHue KOHEYHOI TpyIIbl CyLIEeCTBEHHO 3a-
BUCHT OT CTPOCHUS €€ BTOPHIX MaKCUMAaJIbHBIX MO~
TPy U croco0a MX BIOXKEHUs B rpymiry. XynnepT
B [2] mokasan, 4To eciu B KOHEUHOH rpymne G Bce
BTOpPBIC MAaKCHMAJIBHBIC TOATPYIIEI HOPMAIEHBI B
G, To G sBIAETCS CBEPXPa3pPEIIMMON TPYIIIOH.
Cymsyku [3] u Suko [4] mokaszamu, 9TO eciu B He-
pa3pemmMoil TpyIIe BCE BTOPHIE MaKCHMabHEIC
MOATPYIIBEl HWIBIIOTEHTHB, TO OHAa W30MOpdHA
PSL,(5) wmu SL,(5). Paspemmmsblii cimydail ObL1

uzyden B.A. Benonorosemm [5]. B.C. MonaxoB u
B.H. Kusiruna [6] ycTaHOBHIIM, YTO €CJIM BCSIKasi BTO-
pas MakCHMallbHas MOATPYIMa rpymnsl G SBISETCS
© Tiomsanos B.H., 2019
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P -cy6ropManbHOit B G, TOo nrobasi coOCTBEeHHAS
noarpymma B G cBepxpaspenmma.

B pa6ore [7] moka3aHo, 4TO UMEIOTCS B TOYHO-
CTU TPH IPOCTHIX HeabGeNneBhIX IPYIIbI, B KOTOPHIX
BCE MaKCHUMaJbHbI€ OATPYIIbI X0JIoBbl: PSL,(7),

PSL,(11) u PSL,(2). HenpocTsle rpymniisl ¢ X0M10-

BBIMH MaKCHUMaJbHBIMH MOATPYIIIAMH XOPOILIO U3Y-
yeHsl B [8], [9].

Panee aBTOp ycTaHOBUIJ ClEAYIOIIMI pe3yiib-
TaT, aHOHCUPOBAHHBIN B [1].

Teopema 0.3. Ilycmv G =SL,(2"), mozda

1100645 8MOpAs MaKCUManvras nooepynna epynnsl G
A67151emcs NPOHOPManbHol 8 G.

Tax kak rpymma SL,(2") uMeer Makcumaib-

HbIE€ MOJTPYIIBI, HE SBISIOMMECS XOJUIOBBIMH, TO
npobiema B.U. 3eHKoBa pemraeTcsi OTpULATEIBHO.

Kontpnpumep, ykazanusiii B Teopeme 0.3, He
SIBIISIETCSl €AMHCTBEHHBIM. CepHsl TaKMX KOHTPIIPH-
MEpOB NPUBOINTCS B CIEIYIOIIEH Teopeme.

Teopema 0.4. I[lycmv G = SL,(27), 20e 11< p —

npocmoe uyucno. Ecniu 27 —1 ne sgisiemes npocmoim
yucnom Depma, mo nodas 6mMopas MAKCUMALbHASL
nooepynna epynnot G 6ydem nponopmanvhoi 8 G.

MbI npUBeIeM MOJTHOE J0KA3aTeNbCTBO 000UX,
YKa3aHHBIX BBIIIE PE3yIHTATOR.

1 BecnomoraresibHbIe pe3yJibTaThI

Bce rpymmel mpermonararorcs KOHEYHBIMH.
Onpenencauss u 0003HAYCHHSA CTaHAAPTHBI, MX
MoxHO Haiitu B [10] u [11]. [A]B — momymnpsimoe
npousBeAeHue rpynn A u B, roe A HOpMalibHA B
[A]Bu AnB=1. Ectu m u n — HaTypalbHbIE



HpOC’mbl@ Heabenesol epynnsl ¢ NPOHOPMANbHbIMU 6MOPbIMU MAKCUMATIbHBIMU nuézpynnaﬂ/tu

qucna, To (m,n) — X HaMOONBIIUK OOIIMK JeIH-
Telb. Z, — NPSAMOE MPOM3BEACHUE /I COMHOKHMTE-
JeH, KaKIbIH U3 KOTOPBIX M30MOopdeH rpymme Z .

[TycTs m — HEKOTOPOE MHOXECTBO PA3IHUYHBIX MPO-
CTBIX JAenuTenedl mopsaka rpynnel G. bynem roso-
puts, uro rpynna G obnagaer cBoiictBoM D (sB-
aserca D_-Tpymioii), eciau oHa COLEP)KUT XOJIOBY
T -TIOATPYTITY, BCE XOJUIOBBI T -IIOATPYIIBI COMpS-
xeHbl B G 1 dro0ast T -TIOArpyIa CONEPXKUTCS B
HEKOTOPOHM XOJUIOBOM T -moArpymmne rpynmsl G.
MHOX€eCTBO BCEX XOJJIOBBIX T -HOATPYHI TPYIIIBI
G obo3navaerca Hall (G). Yepes 4, u S, O6ynem

0003HaYaTh 3HAKOMEPEMEHHYIO U CUMMETPUYECKYIO
TPYIIIBI TOJJICTAHOBOK COOTBETCTBEHHO.

[TpuBeneM BCIIOMOTATeNbHBIE PE3YJIbTAThI, KO-
TOpble OyIyT MCHOJNB30BATHCS NPHU JO0KA3aTEIbCTBE
teopemsl 0.3 u Teopemsl 0.4.

Jlemma 1.1 [11, teopema I11.8.27]. Ipynna

PSL(2,p") o6nadaem monvko credyiowumu noo-

epynnamu:
(1) Dnemenmapnas abenesa p-epynna.
(2) Huknuueckas epynna nopsioka z, 2oe Z Oe-

aum 22y k=(p’ -1,2).

k
(3) Husop nopsaoka 2z, 20e z kax 6 (2).
(4) 3naxonepemennaa epynna A, oara p>2

uw p=2 u fEO(modS).
(5) Cummempuueckas epynna S, ons
p* —=1=0(mod16).
(6) 3naxonepemennas epynna A; ona p=>5
umu p*’ —1= O(modS).
(7) Honynpamoe npoussederue snemMeHMApPHOU
abenesotl epynnvl nopsioka p" ¢ YUKIuYeckou epyn-

noti nopsioka t, 20e t denum p" —1 ut denum p’ —1.
(8) I'pynner PSL(2,p™) koeda m oOerum f u

PGL(2, p™) xo2oa 2m oenum f.
Jlemma 1.2. Ilycmv m — nHeuemnoe HamMypav-
noe yucno. Toeoa (2" £1,5)=1.

Joxazamenscmeo. VIMEIOT MECTO ClIeTyIOIIHe
CpaBHEHHS: 2' =2(mod5), 2’ =3(mod5),

2°=2(mod5), 2" =3(mod5), 2’ =2(mod5),
2" ES(modS). Takum obpazom, npu m <11 nme-

eM, uto 2" =2,3(mod>5).
[Tycts s HEKoTOpOro HeyeTHoro k> 11 umeer
MecTo cpaBHeHHe 2° 52,3(mod5). Bo3MoykHBI ciydan:

1. 2* =2(mod5). Torma

2% =4.2" =4(5t+2) =5(4t +1) +3 =3(mod 5).
2. 2" =3(mod5). Torna

212 =4.2" =4(5t+3) =10(2t +1) +2 = 2(mod 5).

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

Io muayKumn 3aktodaem, uro 2" = 2,3(mod 5).

Ortciona nerko cieayer, uro (2" +1,5) =1 nmis Bes-
KOT'0 HEYETHOTO HATYPAIILHOTO YKCIIA 711.

2 Jloka3aTeJIbCTBO OCHOBHBIX Pe3yJIbTAaTOB
Jlokazamenvcmeo meopemsi 0.3.

Hycrs G = SL,(2"), Torna

1Gl=2" (2" —1)(2" +1)=2'"-2047-2029 =

— 2'1.(23-89)-(3-683) = 2! -3-23.89.-683.
MaxkcuManbHble TOATPYMIsl B G 9TO B TOYHOCTH

noxarpynmer: 2'' 12047, 2047:2 u 2049:2. Bcio-

Iy nanee M — HeKOTOpas MaKCUMallbHAas OJArpyIna
B G, H — BTOpas makcumanbHas nonarpynmna B G.

Ormernm, uro ecim < H,H® >=G, to H u H?®
CONPSDKEHBI B HMX MNOpoXxacHuH. I[losTomy Oymem
CUMTatTh, uTo < H,H*® > — cOOCTBEHHAs MOArPyIIa

B rpynme G.
[TocnenoBaTeIbHO pacCCMOTPUM BCE CIIy4daH.

1. M =2":2047. Torna MaKkcUMasbHbIE TIOJI-
rpymnsl W3 M comepXkarcst B CIIUCKE:
H €{2047,2" :23,2" :89}. Ilycts H =2047. Tak
Kak H € Hall ), ¢, (G) ¥ SBIAETCA HUIBIOTEHTHOMH,
To 1o Teopeme Bumannra [12] G obmagaer CBOUCT-
BOM D,y . CrenoBarensno, H m H* conpsokensl

B <H,H®>. Iycts H =2":23. U3 crpoenus
MaKCHMaJbHBIX MOArpynI rpynmsl G ciaegyeT, u4To
<H,H® ><XM. Tak xak M CcOmEpXHUT €IUHCTBCH-
Hyl0 noarpynmy nopsaka 2''-23, to H=H® u H
compsbkeHa ¢ H® B nopoxaenunn < H,H® >=H.
Cnyuait H =2'":89 paccmarpuBaeTcs Takxe, Kak
cnywait H =2'":23.

2. M =2047:2. Torna H €{2047,23:2,89:2}.
Cnyuait H =2047 ©Obmn paccmotpen. Ilycts
H =23:2. Tlockonbky 2'':2047 — rpynma ®po-
6enunyca [13, Teopema 2.8.2], o <H,H® >< M.
[omoxum, uto H =[<a>]<t> 10 |al|=23,
|t|=2 u <a> HopMambHa B M. Torma H* =
=[<a>]<u>, rae | — HEeKOTOpas MHBOJIOLHUS U3
M. Tak xak Bce MHBOJIOLUMHU B AU3Ipe M compsbke-
HBI, TO HalgeTcss m € M Takoi, 9yto < T1>"=<pu>.

Iostomy Hu H*® comnpsbkenst B < H,H® >. Cny-
yait H =89:2 paccMaTpuBaeTcsi Tak XKe, Kak
H=23:2.

3. M =2049:2. MakcumanbHble TOITPYIIIHI
u3 M copmepxarcs B cmomcke: H € {2049, 3:2,

683:2}. TloBTOpss paccyxaeHUs IMyHKTa 2, TOKa-

3bIBAaeTCs, 4TO MoArpynmna H — mpoHOpMajbHAa B
rpymme G. Teopema 0.3 nokasaHa. O

Jloxazamenvcmeo meopemoi 0.4.
ITycts rpynna G yaoBIETBOPSET YCIOBUIO TEO-

pemsr 2, Torga | G |=27 (27 —=1)(27 +1). Io nemme 1.1
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MaKCHMaJIbHBIMU IMTOATPYNNamMu B rpynmne G MoryT
OBbITH COMpPSDKEHHBIE CO CIIEAYIOUIMMHU MOATpPYIIa-

mu: noxrpymma bopenst [U]H =[Z] ]ZQH}, bivzichiyi)
[H]<t>= [Z{zp_”]Zz, mmap [R]<t>=[Z 1Z,,

L=A4,, F=S, P=A4,.
ITo nemme 1.2 (| G |,5) =1, mosTomy rpymma G

{27 +1}

HE MOXKET COAEpkKaTh MOATPYII, U30MOPQHBIX A.
Cunosckas 2-moarpynmna y S, ABISAETCS OU3APAIIb-

HOM mopsiaka 8. [IocKoIbKy CHITOBCKas 2-TIOATPYyIIIa
B G aneMeHTapHas abesneBa, T0 G HE MOXET CoJep-
KaTh MOArpym, uzoMoppHex S,. I'pynma 4, sB-

JsieTcd HOPMAaJIM3aTOPOM CBOEM CHIIOBCKOHM 2-moj-
rpymmbl, u3oMopHOil Z; . Tak Kak CHIOBCKas 2-Toj-
rpynna B G nzomoppHa ZF, tme p>11, 10 mox-
rpymna P = A, He MakcuMaibHa B G.

Takum 00pa3oM, MakCUMaJIbHbIE OATPYIIIIE! B
G C TOYHOCTBIO IO CONPSDKEHHOCTH 3TO MOATPYIIIIEL
[UlH, [H]<t>, [R]<t>. Bcrlogy manee M —

HCKOTOpasd MakCuMajibHas MOATrpyImna B G, T — BTO-
pasd MakCuMalibHas NoArpyIia B G. OTMeTI/IM, qTo

ecmu <T,7¥ >=G, to T u T® compskeHsl B UX
nopoxaeHnu. Ilostomy Oynem cuurarh, dTO
<T,T* > — cobcTBeHHas noarpymnmna B rpymme G.

PaccmoTtpum Bee ciydan.

1. M= [U]H. MakcumanpHble MOATPYNIBl U3
M coneprkaTcs B CIEIYIOIIEM CIHCKE

T e{H;[U]H,, rne H, <-H}.

Iycre T'=H. Tak kak (27 -1,27 +1)=1, To T —
XOJJIOBa IUKIIMYecKas moArpymmna B rpymmne G. o
teopeme Bumanara [12] rpynma G obnamaer cBOW-

creoM D, . [Mostomy T'u T* compshKeHbI B JIIO-
(2r -

o6oM nopoxknernu < 1,7% > .

Paccmotpum caydait T =[U]H,. U3 cTpoeHns
MaKCHMAJIBHBIX MOATPYyHI Ipynmsl G Cliemyer, 4To
<T,T* ><M. Tak xak T eguHCTBeHHas B M moj-
rpymmna nopsigka |U || H, |, To T=T% u T comps-
xeHa ¢ T¢ B nopoxaennn <7,7¢ >=T.

2. M =[H]<t>. MakcuManbHble MOATPYII-
bl 13 M copepKarcst B CIIUCKE:

Te{H;[H]<t1>r1ne H <-H}.
OTMeTHM, 4TO Tak kak 2” —1 He mpocToe YHCIo, TO
H, #1 u, B4acTHOCTH, < T > HE MakCUMaJbHa B M.
Cnywait T=H 01 paccmorpeH. [lostomy
I'=[H,]<t>. Cornacuo [13] [U]H - rpynma
®pobenunyca, cnemoBatenbho, <T,7¢ ><M. U3
crpoeHnst M 3axmodaeM, uto 7€ =[H,]<p>, rae
L. HeKoTopas MHBOJIOIHMs u3 M. Bce MHBOMOIMY B
Jdape M conpshKEHBI, a 3HAYUT HAWJEeTCsl DIIEMEHT
me M nust xotoporo < t>"=<u>. [lostomy T u

T* conpsbkensl B < T,T% >.
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3. M =[R]< t>. MakcuMaibHble NOATPYIIIBI

u3 M copepxarcs B CIIUCKE:
T e{R;[R]<t>rneR <-R}

Tak xak 27 +1 He siBisieTcst IpocThM uuciiom Dep-
Ma, TO R, #1. JloCIOBHOE NMOBTOPEHUE pACCYXKIE-

HUH ITyHKTa 2 TIOKa3bIBAaIOT, 4To 7 MpOHOpMAaibHA B
G. Teopema 0.4 nokasaHna. O

Bonpoc. Xopouio useecmuo, umo umeemcs 00-
cmamouno mMHo2o uucen euda 2' —1, 20e p — npo-

cmoe Yucino, He AGIAIWUMUCT NPOCIBIMU YUCTAMU
Mepcenna. Aemopy He u36eCmMHO KOHEYHO N MHO-
arcecmeo maxux uucen. CoomeemcmeenHo, KOHEeUHA
unu beckoHeuHa cepusi NPOCMbIX Heabelesblx 2Pynn
6 meopeme 0.47
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KOHEYHBIE I'PYIIIIbI C 3AJAHHBIMHU JIOKAJIBHBIMU CEKIIUSMHA
b. Xy', II. Xyan', A.H. Cku6a’

1 o o o
H3}ZHC)/HCKMM neoazo2udeckuil YHUeepcumem, C}OU’{()fCO)/

2 . .

[omenvekuil 2ocy0apcmgeHHbm YHUsepcument um. D. CKOpqul

FINITE GROUPS WITH GIVEN LOCAL SECTIONS
B. Hu', J. Huang', A.N. Skiba®

' Jiangsu Normal University, Xuzhou
’F. Scorina Gomel State University

I'pynma HaseIBaeTcs npumapHoi, €CIM OHA SBISETCS KOHEYHOU p-TPYHION JUIi HEKOTOPOro IpocToro umcma p. Ecmm

o ={o,|iel} —HekoTOpOE pa3bueHne MHOKecTBa PP, T. e. P=U, ,0; 1 0,NG, = & st Beex [ # j, TO MBI TOBOPHM, 9TO
ie

KOHeuHas rpynna G sABIfeTcs: G -npuMapHoil, €l OHa SBISAETCS G, -TPYMIION s HEKOTOPOro i; G -HUJIBINOTEHTHOM, eclu

G =G, x---xG, I HEKOTOPBIX G -puMapHbIX rpymn G,,...,G,. Ecin N = N;(A4) U1 HeKOTOpOH NPUMapHOi HeequHHY-

Hoii moarpymisl A u3 G, To Mbl TOBOpHUM, 4T0 N / A,; — nokanvhas cexyus epynner G. B nanHOl paboTte n3ydyaercs KOHEUHas

rpynma G IpH yCIIOBHH, YTO BCe COOCTBEHHBIE JIOKAIBHBIE CeKIMH U3 G NIPUHAUISKAT HACHIIICHHOI HaclIeICTBEHHO! (opMa-
UM §, TaKKe YCTAaHABIMBAeTCA HOpMajbHas CTpykTypa G B cilydae, KOIZla BCE JIOKalbHbIE CEKUUH U3 G SBIAIOTCS
G -HUJILIIOTEHTHBIMU.

Knrouegvie cnosa: koneynas epynna, HAc1eOCMEEHHAs HACLIWEHHAS hopmayus, § -eunepyenmp, JOKAIbHASL CEKYUs, G ~HUlb-
nOMeHmHas epynna.

A group is called primary if it is a finite p-group for some prime p. If oc={oc,|iel} is some partition of PP, that is,
P= UIE[ o, and c,Nc; = forall i=j, then we say that a finite group G is: o -primary if it is a o, -group for some i;
o -nilpotent if G =G, x---xG, for some o -primary groups G,,...,G,. If N=N;(A4) for some primary non-identity subgroup
A of G, then we say that N/ 4, is a local section of G. In this paper, we study a finite group G under hypothesis that all proper

local sections of G belong to a saturated hereditary formation §, and we determine the normal structure of G in the case when

all local sections of G are & -nilpotent.

Keywords: finite group, hereditary saturated formation, § -hypercentre, local section, & -nilpotent group.

Introduction
Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, P is

the set of all primes, pencP and n'=P\rn. If n
is an integer, the symbol n(n) denotes the set of all
primes dividing »n; as usual, ©(G)=n( G|), the set
of all primes dividing the order of G. If K I H <G,
then H /K is called a section of G.

A group is called primary if it is a p-group for
some prime p. If c={c,|iel} is some partition
of P, thatis, P= U[d o, and o,Nc, =L for all
i# j, then we say, following [1], that a group is:
o -primary if it is a o, -group for some i; o -so-
luble if every its chief factor is & -primary. Observe
that a group is primary (respectively soluble) if and
only if it is o -primary (respectively o -soluble)
where o = {{2},{3},..}.

Definition. (i) If A is a non-identity primary
subgroup of G, then N;(4) is a local subgroup of

©Xy B., Xyan L]., Ckuba A.H.,2019

G and N;(A)/ A4; =Ng,, (A1 4;) is a local sec-

tion of G. Moreover, if N;(4)#G, then we say
that N;(A4)/ A; is a proper local section of G.

(i) If 4 is a non-identity o -primary subgroup
of G, then we say that N;(A4) is a o -local sub-
group of G and N (A)/ A, is a o -local section
(aproper o -local section if N;(A4)#G) of G.

Example. (i) The group G is said to be © -nil-
potent or & -decomposable (Shemetkov [2]) if G =
=G, x---x@G, for some & -primary groups G,,...,G,.
It can be proved (see Corollary 1.9 below) that G is
o -nilpotent if and only if every o -local subgroup
of G is o -nilpotent.

(i) In the group A=C,xAut(C,), where
| C, | is an odd prime, each local section is nilpotent.
This group is not o -nilpotent, where
o ={{p},{p}'}. The only non-nilpotent local section
of GL(2,3) is GL(2,3)/ Z(GL(2,3)).
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The o -nilpotent groups have been proved to
be very useful in the formation theory (see, for ex-
ample, the papers [3], [4] and the books [2, Chapter
IV], [5, Chapter 6]). In the recent years, the & -nil-
potent and o -soluble groups have been found new
and to some extent unexpected applications in the
theories of permutable and generalized subnormal
subgroups (see, in particular, the recent papers [1],
[6]-[9D.

In this paper, we study G under hypothesis
that all (proper) local sections of G belong to a he-
reditary local formation § containing all nilpotent

groups, and we determine the normal structure of G
in the case when all local sections of G are
G -nilpotent.

1 The main results
Recall the following
Definition 1.1. The group G is called § -cri-

tical [10, p. 517] provided G does not belong to §
but every proper subgroup of G belongs to §. A
Schmidt group is an I -critical group, where 91 is
the class of all nilpotent groups.

We need also some other concepts of the for-
mation theory.

Let § be a class of groups containing all iden-
tity groups. Then G° denotes the § -residual of G,
that is, the intersection of all normal subgroups N
of G with G/ N e€3§. The class § is said to be:
hereditary if H e§ whenever H<Geg; satu-
rated if GeF whenever G° < ®(G); a formation
if every homomorphic image of G/G® belongs to
§ for any group G.

Note that if § is a saturated formation, then
G € § if and only if every chief factor H/K of G
is §-central in G [11, Theorem 17.14], that is,
(H/K)x(G/C,(H/K))e§. Moreover, every
group G has the largest normal subgroup Z;(G), the
S -hypercentre of G, with the property that every
chief factor of G below Z.(G) is § -central in G.
In the case when § =91_ is the class of all & -nilpo-
tent groups, we write Z_(G) instead of Zy (G).

Our basis result is the following

Theorem 1.2 (See Theorem A in [12]). Sup-
pose that G ¢ §, where § is a hereditary saturated

formation containing all nilpotent groups.

(1) If the § -residual of every § -critical sec-
tion of G is o -soluble and all proper o -local sec-
tions of G belong to §, then G® is o -nilpotent.

(i) If the § -residual of every F -critical sec-
tion of G is soluble and all proper local sections of
G belong to §, then F(G)= GSZK(G) and every

minimal normal subgroup of G is abelian.
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Let ¢ be some linear ordering on P. The re-
cord pdg means that p precedes ¢ in ¢ and p #gq.

a,

Recall that a group G of order p" py* ...p." is called
¢ -dispersed (Baer [13]) whenever p,dp,¢...¢p, and
for every i there is a normal subgroup of G of or-

ax

der p/" py* ..p.

It is well-known that if § is either the class of
all nilpotent groups 91, or the class of all supersolu-
ble groups i, or the class of all ¢ -dispersed
groups, then § is a hereditary saturated formation
[10, p. 358-359] and every g -critical group G is
soluble [2, Chapter V] with nilpotent G® [10, Chap-
ter VII, Theorem 6.18].

Hence we get from Theorem 1.2 the following
results.

Corollary 1.3. Suppose that G is not super-
soluble. If all proper local sections of G are super-
soluble, then:

(i) G/0O,(G) is p-nilpotent for all primes p
with (p—L|G|)=1.

(i) F(G)=G"Z,(G).

Corollary 1.4 (Fedri, Tiberio [14]). If all
proper local subgroups of G are supersoluble, then:

(i) G/0,(G) is p-nilpotent, where p is the
smallest prime dividing |G |.

(i) G/ F(G) is supersoluble.

Corollary 1.5 (Beidleman [15]). If all proper lo-
cal subgroups of G are ¢ -dispersed, then G/ F(G)
is ¢ -dispersed.

The class 91, of all o -nilpotent groups is a

hereditary saturated formation [1]. Moreover, A™
is nilpotent for every 91_-critical group A4 (see
Lemma 3.1 in [12]), so we get from Theorem 1.2 the
following

Corollary 1.6 (Zhang Chi, Skiba [16]). If all
proper o -local subgroups of G are o -nilpotent,
then G/ F(G) is o -nilpotent.

Note that if G is soluble, then A° is evi-
dently soluble for every section A=H /K of G.
Hence we get from Theorem 1.2 also the following

Corollary 1.7 (Gorbachev [17]). Suppose that
G® is soluble, where § is a hereditary saturated
formation containing all nilpotent groups. If G ¢ §
but every proper local subgroup of G belongs to §,
then F(G)=G"Z(G).

Examples shows that a group in which all local
sections are o -nilpotent can be non-nilpotent. Nev-
ertheless, our next result shows that such groups
have a structure close to the structure of & -nilpotent
groups.
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Theorem 1.8 (See Theorem B in [12]). If each
local section of G is o -nilpotent, then G is either of
the following two types:

(a) G is © -nilpotent.

(b) G=RXM, where

(i) R=C,(R)=G" is the Sylow p-subgroup
of G for some p eo, and M is a o -nilpotent maxi-

mal subgroup of G.

(i) G=H,xH, where H, is a normal Hall
o, -subgroup of G, H <M and either R=H, or
H, is a Frobenius group with the kernel R and the
complement M N H,.

(iii) Every non-identity element of H acts irre-
ducibly on R.

Conversely, if G is a group of type (a) or (b),
then every o -local section of G is & -nilpotent.

Corollary 1.9. G is o -nilpotent if and only if
all o -local subgroups of G are c -nilpotent.

Corollary 1.10. All local sections of G are nil-
potent if and only if G is either of the following two
types:

(1) G is nilpotent.

(i) G=RxM, where R=C,(R)=G" is the
Sylow p-subgroup of G, pen(G), and M is a
nilpotent maximal subgroup of G such that every
non-identity element of M acts irreducibly on R.

A set ‘H of subgroups of G is a complete Hall
o -set of G [9] if every member #1 of H is a Hall
o, -subgroup of G for some i and H contains ex-

actly one Hall o,-subgroup of G for every
6, €0(G). If AB=BA forall A,BeH, then H is

said to be a ¢ -basis [9] of G.

We say that G is special if either G is nilpotent
or G is non-nilpotent and for every Schmidt sub-
group A of G we have ®(A4) = D(F(A)). Note that
the group 4 in Example, where p =13, is not spe-
cial but all its subgroups of odd order are special.

Being based on Theorem 1.2, one can prove
also the following

Theorem 1.11 (See Theorem C in [12]). Sup-
pose that G is not o -nilpotent but every proper lo-
cal section of G is o -nilpotent. Then the following
statements hold:

(a) F(G)=G™Z,(G) and F,(G) is a maxi-
mal o -nilpotent subgroup of G. Hence every mini-
mal normal subgroup of G is abelian and G pos-
sesses a o-basis H={H, H,...H,}, where

H, <G forall i<r and H, is not normal in G for

all i>r.
(b) If H, is special for all i >r, then G/ F_(G)

is abelian. Moreover, if in addition, for each such an
index i the subgroup N (H,) is o -nilpotent, then

H,_  ---H, is o -nilpotent and

t
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F(G)=(H,x-xH)Z,(G).

In this theorem F_(G) denotes the o -Fitting
subgroup of G [1], that is, the product of all normal
o -nilpotent subgroups of G.

Note that if all non-normal Sylow subgroups of
any Schmidt subgroup of G have prime order, then
G is special by Lemma 2.7 in [12]. Hence we get
from Theorem 1.11 the following

Corollary 1.12 (Zhang Chi, Skiba [16]). Sup-
pose that G is not o -nilpotent but every proper lo-
cal subgroup of G is o -nilpotent. If non-normal
Sylow subgroups of any Schmidt subgroup A con-
tained in a non-normal Hall o,-subgroup of G,
i =i(A), have prime order, then G/F_(G) is abe-
lian.

The group G is called semi-nilpotent [18] if all
proper local subgroups of G are nilpotent.

Note that in the case, when o ={{2},{3},...},
F (G)=F(G) is the Fitting subgroup and
Z_(G)=Z_(G) is the hypercentre of G. Therefore
we get in this case from Theorem 1.11 the following
known result.

Corollary 1.13 (See [18] or Theorem 7.6 in
[19, Chapter 4]). If G is semi-nilpotent and F,(G)

denotes the product of its normal Sylow subgroups,
then G/ F,(G) is nilpotent and G/ F(G) is abe-

lian.

2 Final remarks

1.If A<G, then 4/ A; is called the cofactor
of 4 in G. In this paper, in fact, we follow the gen-
eral idea of studying groups with restrictions on the
cofactors of their subgroups (see, for example, the
recent papers [20], [21]).

2. Theorem 1.11 allows to prove the following
fact which covers one of the main results in [18], [16].

Theorem 2.1 (See Theorem 5.1 in [12]). Sup-
pose that G is not o -nilpotent but every proper
o -local subgroup of G is o -nilpotent. Then G has

G -basis {H,,....H,} such that for some 1<r<t
the subgroups H,,...,H, are normal in G and H, is
not normal in G for all i>r. Moreover, if H, is

special for all i >r, then G/ F_(G) is cyclic.

3. Theorems 1.2, 1.8 and 1.11 remain to be new
for each specific partition ¢ of P.

4. In the mathematical practice we often deal
with the following three classical partitions of P:

o' ={{2},3},..}, 0" ={mn} and
o ={{php, )},
where m={p,,...,p,} (we use here the notations in [7]).

Note that G is: " -soluble if and only if G is
n-separable, that is, every chief factor of G is either
a m-group or a ©' -group; o” -nilpotent if and only
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if Gis m-decomposable, thatis, G = O_(G)x O, (G).

Therefore in the case when oc=c" we get from
Theorem 1.11 the following result.

Corollary 2.2. Suppose that G is not m-de-
composable but every proper local section of G is
n-decomposable. Then the following statements
hold:

(1) G/V is m-decomposable, where

V=0,.(G)x0,(G)
is a maximal m-decomposable subgroup of G.
Hence G is m-separable, so G has a Hall m-sub-
group H, and a Hall 7' -subgroup H,.

(i) F(G)=DZ, where D is the m-decompo-
sable residual of G and Z is a normal subgroup of G
such that (H/K)x(G/C,;(H/K)) is either a

n-group or a T -group for every chief factor
H/K of G below Z.
(iii) At least one of the normalizers N;(H,) or

N.(H,), N.(H,)) say, is not m-decomposable.
Moreover, if N;(H,) is m-decomposable for any i
such that N.(H,)# G, then H, is normal in G and
N;(H,) is m-decomposable. In this case every

element of G induces a ' -automorphism on every
chief factor of G below O_(G).

A special case of Corollary 2.2 was obtained in
the paper [22].

5. In the case when o =0c", Theorem 1.11
covers the main result in [23].
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NHOPOPMATHUKA

WEB-CEPBUC ABTOMATU3UPOBAHHOI'O ITPOEKTUPOBAHUSA
N PACYHETA ®YHJAAMEHTOB

A.B. I'ny6oxos, M.!. Kanan, E.M. bepe3oBckas

Tomenvckuil 2ocyoapcmeennulii ynugepcumem um. @. Cxopunbl

WEB SERVICE OF THE AUTOMATED DESIGN
AND CALCULATION OF THE BASES

A.V. Glubokov, M.1. Zhadan, E.M. Berezovskaya

F. Scorina Gomel State University

CraThs NOCBSIEHa aBTOMAaTH3UPOBAaHHOMY IPOSKTHPOBAHHIO ¥ PACUETy PA3NIMYHBIX THIOB (YHIAMEHTOB MEJIKOTO 3ayoiKe-
HHS. YUYHUTHIBACTCSI H3MEHEHHE 0] HArpy3Koi (H3HKO-MEXaHUYECKUX XapaKTepHCTUK IPYHTOB ocHoBaHMil. Co3maHHOE MpHU-
JIO>KEHHE MO3BOJIIET IIPOU3BOAUTD PacdeThl coriaacHo HopMmaM H mpasunaM CHull. JIns HanucaHus web-cepBrca HCIONB30Ba-
HBI (ppelMBOpPK Spring ¥ apXUTEKTYpHBIH CTHIb nporpammupoBanus REST. BaaumonelicTBrie nmosb3oBaTens ¢ web-cepBHCOM
peanu30BaHO Yepe3 KIMEHTCKOE NPUIIOKEHHUE Ha OCHOBE TexHousoruu JavaFX.

Knrouesvie cnosa: gpynoamenm, spynm, ciou, ypogHut, 30aHUS U COOPYIACEHUS, HASPY3KU, OUACHOCIUKA, OTHYenl, NPOeKMUposanue.

The automated design and calculation of various types of the bases of a small depth are presented. The change under loading of
physicomechanical characteristics of soil of the bases is considered. The created application allows making calculations, ac-
cording to the norms and rules of Construction Norms and Regulations. For writing of web service the framework of Spring and
architectural style of programming of REST are used. Interaction of the user with web service is realized through the client ap-

plication on the basis of the JavaFX technology.

Keywords: base, soil, layers, levels, buildings and constructions, loadings, diagnostics, report, design.

Beenenue

CTpouTensCTBO F000T0 00BEKTa BCETAa HAYH-
HaeTcs C yCTpoWcTBa (pyHmameHTta. 3acTpOHIIHKaM
Ba)XHO HE TOJIBKO OMPEACIUTHCA C TUIOM (yHIa-
MEHTa, HO U BBITMIOJIHUThH PACUEThI BCEX €r0 TEXHHUE-
CKUX XapaKTepUCTHK, BIUSIONMX Ha pa3pabOTKy
KOHCTPYKTHUBHBIX PEICHNH, YYUTBIBAs MHOrooOpa-
3U€ CTPYKTYpbl U CBOMICTB IpyHTOB benapycu. B
HalM JHU cdepa CTPOUTENbCTBA CTajla 00JacThio,
TJIe aKTHBHO HCIOJB3YIOTCS BHICOKOTEXHOJIOTHYHBIE
noctiwxkenus. CeroiHst BBITOJHEHHE ITPOEKTHBIX
paboT TPYyAHO TIPEenCTaBUTh O€3 NMPHUMEHEHHUS KOM-
MBIOTEPOB: HEOOXOIMMO CaAMOE COBPEMEHHOE H CIIe-
UAIU3UPOBAHHOE  IPOrpaMMHOE  OOECHEeYEHHE.
CymiecTByeT OTrpaHHYCHHOE YHCIO MPOrpaMM Ul
YIPOIIEHHs ITOTO MpOIIEcca, Aa U Te, KOTOPBIE Cy-
IIECTBYIOT, PAaCHpPOCTPAHSIOTCS 1O KOMMEpPYeCcKOou
JIMLIEH3UU M HEOTIPaBJIaHHO J0POTO.

Lenpto paccMaTpuBaeMoro nMporpaMMHOTO MH-
CTpyMeHTapusl siBisieTcsi paspaboTka web-cepBuca u
KJIMEHTCKOTO TPWJIOKEHUS JUIS aBTOMAaTHU3MPOBAH-
HOTO TIPOCKTHPOBAaHUS M pacuéra OCHOBaHUH u
(yHZaMEHTOB B 3aBUCHMOCTH OT THIIa TPYHTA C WH-
TYWTHBHO TIOHATHBIM M PY>KECTBEHHBIM MHTEp(ei-
coM Juia mosb3oBarens. IlpenMymiecTBoM Takoro
HpEICTaBICHUS ABIAETCS TOT (DAKT, YTO KIMEHTHI He
3aBUCSIT OT KOHKPETHOW ONEpPallMOHHOW CUCTEMBI U
YZILOBIIETBOPSIIOTCSI TPEOOBAHMS HAa/IE)KHOCTH U 1IEJ0-
CTHOCTH JHaHHbIX. [lpu peanmsanum web-cepBuca
ucnons3oBanbl  TexHosornn REST [1], Spring
Framework [2]. [lns B3auMoaelicTBHS OJIB30BATEINS
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¢ web-cepBHCOM CO3[aHO OT/ENIbHOE KIMEHTCKOE
TIPIJIOKEeHNE Ha OcHOBe TexHoyoruu JavaFX [3].

1 IIpoexTHpoBaHue M pa3padoTka NPHIIO-
JKeHUs

[IpunoxeHrne OpHUEHTUPOBAHO HAa HMHKECHEPOB
MPOEKTHPOBIIUKOB, KOHCTPYKTOPOB  IPOEKTHBIX
MHCTHTYTOB, MACTEPOB M IPOU3BOJUTENEH paboT Ha
CTPOUTENBHBIX y4acTKaX, paOOTHUKOB IKCIIEPTHBIX
ciryx0. OHO OXBaThIBaET MaKCHMAJIbHO IIUPOKHN
CIIEKTp 3aj1a4, IPOCTO B paboTe 1 TpeOyeT MUHUMYM
HACXOMHOW WH(MOpMAINK, BBOJIS HEJAOCTAOUINE aH-
HBbIE W3 MHHAMAIIbHO HEOOXOAMMBIX, AEHCTBYS MpH
3TOM B 3aIac MPOYHOCTH, HO He 6onee 5—10%. IIpu-
JIO’)KEHNE MMEET IEeNbI0 PelIeHne KOHKPETHBIX MPO-
M3BOACTBEHHBIX 33]a4, BCTAIOLINX IEPEe] IOJIb30Ba-
TeNSMHU OIpeJesIeHHOro Bhlmie kKpyra. OHO permiaeT
9TH 3aJa4u BO Bcel IMHUPOTEC BO3MOXKHBIX B pcalib-
HBIX YCIIOBHUSAX KOHCTPYKIMH U MaTepuanos [4], [5].

B mnpunoxenun peann3oBaHbl (QyHKIMHM IS
MIPOEKTUPOBAHUSI OT/EJIBHO CTOSIIUX (DYyHIAMEHTOB
T10J] KOJIOHHBI KapKacHbIX 31aHUH HAa €CTECTBEHHOM
OCHOBAaHHH, MPOEKTHPOBAHHE JICHTOYHBIX (yHIa-
MEHTOB TI0Jl CTeHBI OeCKapKacHBIX 3IaHW Ha ecTe-
CTBEHHOM OCHOBaHWH. biaromapsi 3ToMmy MOXHO Ha-
JEKHO U OBICTPO MPOU3BECTH KOMIUIEKCHYIO OLIEHKY
XapaKTEPUCTHK BCEX MPUEMIIEMBIX BapUAHTOB OCHO-
BaHUS UIA JIOOBIX 37aHuil U coopykeHuil. [Ipmio-
JKCHUE TI03BOJIACT YYUTHLIBATH CBOICTBa HECYHICTO
IPYHTa, €ro 0COOEHHOCTH B YCJIOBUSIX IUIAHUPYEMOt
SKCIUTyaTallid;  IOJY4YEHHbIE  XapaKTepUCTUKU
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MOXHO JIETKO COIIOCTaBUTH C HAarpy3KoW OT IPOEK-
TUpYEMbIX 3JaHuil. B Hacrosmiee Bpems B Ipuiio-
)keHMH peanu3oBaHbl pacuetbl TKII 45-5.01-254-
2012 «OcHoBanus U QyHIaMEHTHI 31laHUH U COOPY-
sxkeHuii. OcHoBHBIE moyoxkeHus», TKII 45-5.01-67-
2007 «Dynpamentsl minTHble. IIpaBuna npoexrtu-
poBaHus». MeeTcs psij BOCTpeOOBaHHBIX PACUETOB,
He Bxomamux B CHull.

[TpunoxeHne MO3BOISIET ONPEAEIATh pa3Mephl
HOZIOLIBEI JICHTOYHBIX, CTOJIOYATHIX (hYHIAMEHTOB.
KecTtkme GyHIaMEHTHI PacCYUTHIBAIOTCSA TOIBKO Ha
BOCIIpUSITHE HanpspKeHH ckatus. [ nOkue QyHma-
MEHTBI pabOTar0T Ha W3rud M JOMOJHHUTEIHHO pac-
CUUTHIBAIOTCSI HA BOCHPUITHE PACTSATHUBAIOLIMX, 110-
NepeyHbIX YCHIMH M Ha IMpoJaBiiMBaHue (cpe3) Ho
CHBb 5.03.01. Pa3meps! nomouiBsl (yHAaMEHTa OI-
penessioTcs B 3aBUCUMOCTH OT HArpy30K OTHOCH-
TEJILHO €r0 OCH M XapakTepa SIIIOpPbl KOHTAKTHBIX
nmaBineHuit [4]. Ocanka QyHZaMeHTa OIpenenseTcs
METO/IOM TOCJIOWHOTO CyMMHPOBAHHS C HCIOJIb30-
BaHHUEM pACUYCTHOW CXEMBI JHHEHHO-IehopMIpo-
BAaHHOI'O MOJYNPOCTPAHCTBA, OIPAaHWYEHHOTO YyC-
JIOBHOM TITyOMHOM C)KUMaeMoi Tommu [5].

IIpennaraemblii NporpaMMHBIA HPOAYKT I10-
3BOJISIET pemarh «o0paTHyIO 3amady», T. €. IpoBe-
PHUTH 10 3[AaHUIO NOJIB30BATENS Pa3Mephl U apMUPO-
BaHME IUIMTHOM 4YacTu (yHIamMeHTa. ABTOMAaTHYeE-
CKH IIPOBEpSIETCSI AaBJIeHHE Ha KPOBIIO IPYHTA Clla-
60r0 c10s1, B CIIy4ae ero HeAOIyCTUMOCTH IPON3BO-
JIUTCS yBEIIMYEHNE Pa3MEPOB IOJIOLIBEI.

Hns sddextuBHON pabOTHI ¢ MPOrpaMMHOMN
CHCTEMOH HEOOXOJUMO TOATOTOBHUTH IIpElBapH-
TEJIHO PsIl COOTBETCTBYIOUIMX IIPOEKTHBIX Mare-
pHaOB: IUIAaH U pa3pe3 3/1aHus, Harpy3KH, MaTepua-
JbI MH)KEHEPHO-T€0JIOTMYECKNX U3BICKAaHUI Ha ILIO-
IaJIKe CTPOMTENILCTBA, BAPUAHTHI OTMETOK I10/I0II-
BbI ()YH/IaMEHTOB.

HcxonHble naHHBIE CBENEHBI B JIOTHYECKHE
IpYINbI-Ta0IHIBI: MaTepPHaNbl, TPYHTBl U OTMETKH,
Harpy3KH, OTpaHUYEHUs, 3aJaHuE VIl IPOBEPKHU.

2 OCHOBHbBIE BO3MOKHOCTH web-cepBuca

[pu 3amycke MPHUIOKEHHS MMOJIb30BATEb YBU-
JIAT TJIABHOE MEHIO, M300paXkeHHOE Ha prcyHke 2.1 [6].

B neBom crombue coxmepkarcs HEOOXOAMMEIE
CIPABOYHBIC MATEPHAIIbI I PACUETOB: MpeeIbHbIC
neopManuyd OCHOBAaHHUM, PacYeTHBIC COMPOTHBIIC-
HUSI TPYHTOB OCHOBaHHH, XapaKTepPUCTUKH I'PYHTOB,
koaddurrentsr yciouii paboTel. B npaBoii yactu
IJIABHOTO MEHIO NPEJICTABICHBI Pacu€rhl [uisi (QyH-
JTAMEHTOB: OcaJika (pyHJaMEHTa U MPEICIIbHOS JTaB-
JICHHE TIpU pacuere aedopmanuii.

®aiin  Pexwmbr  Hactpoiikn  Cepeuc  Cnpaska
VH$opMalma PyHAAMEHTBI
MpeaeneHeie aedopmaumi [i@ Ocaaka dyHaameHTa
OCHOBaHWA
PacuyeTHeble cONpoTHENEHMA R MpeaentHoe aaBneHKe Npu

€| MPYHTOE OCHOBAHMIA — DaCYETE ASPOPMALWHA

@ KapaKTEPUETUKM FRYHTOB

% K o pOMUMEHT b1 YCAOEMIA
C  paBoTel

Pucynok 2.1 — 'maBHOe MeHIO

MpepensHbie pe®OPMaLIK OCHOBAHIA

OrHocUTENEHEA
Pa3HOCTL OCAA0K
[Ds/L)

Coopymerma

1. NpoussoAcTBEHHBIE M MPEXAGHCKWE
OAHO3TAXHBLIE M MHOMOSTaXHBIE SA3HWRA C
MONHBIM K3PKaCOM:

Kpen

[*]

Cpeanan (B crobkax
MaKCHMAaNbHas)
0CAKa, CM

yCTPOACTBOM Xene306eTOHHbIX NOACOS

XENE300ETOHHBIM 0.002 ®
CTansHbIM 0.004 - (12)
2. 30aH1A 1 COOPYXEHNA, B KOHC TDYKLAAX
KOTOPLO HE BOSHUKEIOT YCHNMA OT 0.006 - (15)
HEDPABHOMEPHBIX 0CAN0K
3. MHoroaTaxHbie GeCKapKacHbIE 3A3HWME C
HECYWMMK CTEHAMWA U3.
KPYNHL NaHenei 0.0016 0.005 10
KPyNHBX GNOKOB MNK KMPNMYHOM KNaaxu Ges
apMMDOBEHKA 0.0020 0.005 10
TO X€&, C 3pMUPOBaHWEM, B TOM YMCNE C 0.0024 0.005 15

4. CoopyxeHne 3nesaTopos u3
KENES00E TOHHBIX KOHC TDYKLIMIA:
pafouse 343HWE W CUNOCHBIA KOPNYC
MOHONMTHO KOHCTPYKLIN H3 OAHOM
DYHAAMEHTHOR NNKUTE
T0 %, COOpPHOM KOHCTPYKLIAM

0.003

0.003

40

30

MNpumeuanus

cxaroro d)yu,uamema W aHKepa

1. MNpenensHele 3HAYEHUA OTHOCHTENLHOMO Nporuba 3aaHnil, yka3aHHex B no3. 3, npuHumatoT paeHeimu 0.5(Ds/L)
2. TMpw onpeaeneHii 0THOCHTENLHOM paaHocTk ocafok (Ds/L) noa 8 HAcTOALLEro NPUNOKEHWA 2a L NPUHUMAKIT PACCTORHNE MEXAY
0CAMN BNOKOB (YHAAMEHTOB B HANPABNEHWW TOPWAOHTANEHLIX HArPY30K, 8 B ONOPaX C OTTAXKAMW — PACCTOAHWE MEXAY 0CAMM

3. Ecnw ocHOBaHWE CNOXEHO ropu3oHTaNbHEIMK (C YKNOHOM He Gonee 0.1), BLIABPXEHHEIMU MO TONUHHE CIIOAMW FPYHTOB, NpejenbHbie
3HaYeHNA MaKCHMankHbIX W CPEAHUX 0C3A0K AoNycKaeTcA yBennynBate Ha 20 %

Pucynox 2.2 — [IpenensHas nedopmanns OCHOBaHHUS
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KpynHooBnoMouHbIe rpyHTs! MNeckn

3aTOpPPOBEHHLIE NECKK
3NI0BMENEHLIE MNMHUCTBIE MPYHTHI

[MuHMCTBIE (HENPOCAA0YHBIE) FPYHTBI
3noBManbHbIE KPYMHOOBNOMOYHBIE FPYHTLI

HaceinHbie rpyHTs!

[MMHINC TbIE NPOCAA0YHBIE MPYHTBI
3noBransHbie NecKkn
[pyrTe1 oBpatoil SacsinKm

Pacuerroe conpotuenenue Ro, MMa, npu

s S|

05 03

Comecu 07 0.25
05 03

Cyrmarim E: 00225
1.1 015

06 05

kbl 08 03
1.1 0.25

125 02

nokasarene Texywectu |L, pasHom

IL=1
0.25
0.2
0.25
0.18
0.13
01
03
02
0.15
01

n puMmeyaHune — anBEﬂ,EHHbIE 3HayeHnA Ro OTHOCATCA K 3NKBWANLHLIM MMUHWCTHIM
CHBSOCprKWpHHM rpyHTam, DSDBSOBEHHI:IM Npw BelBETPUBAHWW MarmaTtu4eCcKnx nopog,. AnAa rmuHUCTLIX
aprunnuTo-aneeponWTOBLIX TPYHTOB 3Ha4YeHuA Ro NPUHAMAKT C KDadeJHU'HEHTOM 09

Pucynok 2.3 — 3Ha4eHHs YCIOBHOTO PACYETHOTO CONIPOTHBIICHHSI TPYHTOB

MNecku ueTBEPTMUHED OTNOXEHMA

[AMHACTLIE HENECCOBLIE MPYHTLI YETBEPTUYHLIX OTNOXEHMA

XGDEKTEDHCTMKM TPYHTOE NP KO3 PPULUKEHT S NOPMCTOCTH &, PABHOM

MNecku A apaKTEPHCTHKM MPYHTOE

0.45 0.55 0.65 ! 0,75
yaensHoe cuenneHue, kMa 2 1 - -
pasemcTsie n
KDyMHble ¥TON BHYTDEHHEr 0 TPEHWA, rpag 43 40 38 -
Mogyne aedopmawn, MMa 50 40 30 -
yaensHoe cuennerme, klla 3 2 1 -
CpeaHeil KpynHOCTM  yToN BHYTPEHHEro TPEHUA, Fpaa 40 I ”38 55 -
Mogyne aepopmatsi, MiMa 50 4[} 30 -
yaensHoe cuennerme, klla 6 4 2 -
Menkwe YrON BHYTPEHHErD TPEHMA, rpaa 18 36 32
o Aepopm, M PR T o
yaensHoe cuennexwe, klMa 8 B 4
Neinesatsie YTON BHYTPEHHEr0 TPEHWA, rPaa 36 3 30
mMogyne aemopmMawun, MMa

Pucynox 2.4 — XapakTepUCTHKH FPyHTOB

Jns  mampHelmeid paboTel € NIPHIIOKEHHEM
M0JIb30BaTENb JIOJDKEH BBIOpAaTh IMyHKT W3 pasjerna
«Hudpopmarms» wim «DyHIaMEHTbD».

B pasmene «MHpopMamus» COASPIKUTCS BCsS
COIYTCTBYIOIAs MH(POpMAIUS s pacuéToB U pa-
60TbI ¢ mporpammoii. Ha pucyHnke 2.2 npuBeneHa vH-
(hopmarust 0 peIeNbHOM eopMaIii OCHOBAHUSL.

31ech TPHUBEICHBI NpeieNbHbIE JOIMYCTHMbIC
0Ca/IKi OCHOBaHWH M (yHIaMEHTOB, OTHOCHTEIIbHAS
Pa3HOCTb OCaJAKOB, KPEH.

Hmeercst BO3MOXXHOCTH HONY4YUTH HH(MOpMa-
LU0 O 3HAYEHHUSX PAacCUYETHOrO CONPOTHUBICHUS H
pacuétHoro Momyis neopMaluy JUIS PasHBIX BH-
JIOB TPYHTOB, KO3(D(UIIMEHTHI yCIIOBHIA pabOTEHI,

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

KOTOpBIE HCIIONB3YIOTCS TIPH OIPE/IEICHUN pacdeT-
HOTO COIIPOTHBIIEHHS IpyHTa (prucyHOK 2.3). K kax-
JOM TabiWIe JaHo NMpHMEYaHne, KOTOPOEe MOSICHSAET
nHpOpMAIHIO, colepKalryrocs B Tabmume. MH]op-
Malusl U3 3TUX TaONHI] UCTIONb3YyeTCs Ul OIpelie-
JIeHVS IIepBOHAYAIILHBIX Pa3MepoB (yHIaMEHTOB.

Ha pucynke 2.4 moka3aHpl TaOJWIBI, B KOTO-
PBIX COACPIKATCA HOPMATHUBHBIC 3HAYCHUA YACIIbHO-
I0 CLEIUIEHHMs], YIJIa BHYTPEHHErO TPEHUSA U MOLYJISA
nedopmanuu s pa3nTUUHBIX BUIOB TPYHTOB. Jli1s
NIECYaHbIX TPYHTOB XapaKTEPUCTHKU MPEACTaBIICHBI
JUISL pa3NMgHOro Kod(¢uuuenta nmopucroctu. s
TJIMHACTBIX TPYHTOB XapaKTEPHCTHKH IIpe]CTaBIIe-
HBI B 3aBUCHMOCTH OT KO3 PHUIMEHTA TIOPUCTOCTH H
MOKAa3aTeNs TeKy4eCTH TPYHTA.
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Ha pucynke 2.5 noka3zana Tabnuna ko3ddunm-
SHTOB YCJIOBUH paboThl. B manHO# Tabnuie npuse-
JIeHbl K03 GHULIMEeHTH pab0Thl OCHOBaHUS U (yHa-
meHTa. OuH K03((GHULMEHT 3aBUCUT OT TUIMA TPYH-

Hmeercs mpuMedaHue K 3TOM Tabmuie, B HEM co-
JiepKaTcs MpaBuila OIpezieieHusi BToporo koaddu-
LIMEHTa B 3aBUCUMOCTH OT >KECTKOM WM T'HOKOM
KOHCTPYKTHBHOM CXEMBI, a TaKKe OT COOTHOIICHHS

Ta, BTOPOH OT THIA TPyHTa U KOHCTPYKTHBHOH cXe-

JJIMHBI 3]1aHUA K €0 BBICOTC.

MBI 3JaHHs. Civi JAaHHBIC HMCHOJIB3YIOTCA MPHU OIpe-

JIeJICHUH

114

pacyeTHoro CONIPOTUBJIICHUS  IPYyHTA.
KospduumenTs! yenosui paboTo
Kos dpuumneHt Go2 ana cOOpPYMEHW C XECTKOM
K oo e KOHCTPYKTHEHOMN CHEMOM NP OTHOWEHMWA 4NHHE!
MpyrTe! vrGol | COOPYKEHWS WA ero oTceka k ebicote L/H, pasHor
4 1 Gonee 1.5 U MeHee
KpynHooBnomoyHble ¢ necyaHsiM
3EN0NHUTENEM W NECKK, Kpome 14 12 14
MERKIK W MbINeBaTeix
MNeckn Menkke 13 1.1 13
Mecku NbinesaToie;
MaNoBNaXHbIE W BNaXHLIe 1.25 1 1.2
HaCbILWEHHbIE BOAOR 11 1 12
IMUHUCTBIE, 3 TaKXe
KPYNHOOBNOMOYHBIE C FNMHACTHIM
38N0NHMTENEM C NOKa3aTenem 1.25 1 1.1
TeKy4eCTW rpyHTa MK 3anonHATENA "_
«=0,25
Toxe, npm025<IL«<=0,5 12 1 11
Toxe, npu IL > 05 11 1 1
Mpumeyanns:

1. K coopyeHuAM ¢ 3KeCTKoi KOHCTPYKTMBHOI CXeMOi OTHOCAT COOPY;KEHHA, KOHCTPYKLMM KOTOPbIX CNeunansHo
npucnocobnexsl K BOCMPUATUR YCUNKIA OT AedopMaLnu 0CHOBaHNI

2. [InA 3naHMi € rMBKOI KOHCTPYKTMEHON CXEeMOil 3HaueHne ko3dduunenta GC2 NpUHIMAIOT PABHEIM EAMHULE.
3. MNpu npomeskyTouHbix 3HaueHnAx L/H koadidnunent Ge2 onpegensaioT mHTepnonAuuen

4. inA peixnbix neckoe Gel, u Ge2 NpMHUMADT PaBHBIMI EAHHULLE.

Pucynok 2.5 — KoadduipeHTs! ycaoBuii paboTbl

Ofwwme paHHele | Harpyskn Ha non | rp)"HTbll

nyfiMHa sanokeHWA NoADLWEE! ®YHOSMEHTE OT YPOBHA MNEHWPOBKKY, |4 )
Nl EcTecTeeHHEI G L Lo |4 L]
penEed
[y Loz e )
nyBuHa 3anoxeHvn Noaowss! GyHOAMEHTE OTHOCUTENEHO 3 5

¥poEEH MnaHUpoE KK ecTecTEEHHOro penseda, Hz
=T Hz MNpeneneHan BENMUMHE ASPODMAELIN BYHASMEHTS 15 -
H [ Hanmume nopsana
A+ - @ KonoHHa cpeaHero paa () KonoHHa KpaiHero pAaa
B .
IE—T B}_I: - Coceanve dyHAaMEHTE!
¥ | |
¥ KoopaHate: Pasmepe + [Hofaents
| | ' Younua
O prammy " [ LeHTPE NOAOLWBHI :
1 X | h A B _ll\—l YaanuTe
M | M M| M | %
1 Jn s 6 231 B
210 -1 5 & 342 —

Paccmatpreacmeii diyHaEMEHT

Koopayatel uenTpa Pasmepil noAowEs! nl::’ﬁﬂ;”a
X e A B _N
N S T S S [N S —,
0 0 _.5 “(._; 58
e $  BomumcnnTs

Pucynok 2.6 — Ocanka ¢pyHIamMeHTa
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Ofwme faHHele  Harpysku Ha non  Mpywmel

i,
i R Y- q1‘ - Harpysku Ha npuneraowme nnowam
B Bns . KoopmHaTsl ueHTpa Pasmepsi B nnaHe Harpyska
X1 Tu1 flz n2 X X A 6 jz
() T
~ Xn2 1 00 0 18 2.1 1
O
+ [Oofasute Yaame

Pucynok 2.7 — Harpy3ka Ha o

O6uwe narreie  Harpyskmmanon [PyHTSI
Koa®@uumeHT HaaexHOC™ Mo rpyHTY 1 ~
CpenHuit yaensHsii BEC MPYHTa BbILUE NOAOWSH! YHABMEHTE 1.65 A

PacueTHbie XapaK TEPUCTHI CNOES MPYHTa HIDKE NOAOWESI PyHABMEHTA (ANA pacyeTa No AedopMaLmAam)

Yron

TonumHa | YoenoHoid | YnenoHoe Moaynt KoaddmumenTol yonosmit
cnos Bec cuennerme | © PO | pemopmau  Hanave | Koodduumen patoTel Uset
A BO@bl | TMOPMCTOCTH
T 2 v OCHOBEHWA | PYHAAMEHTa
11 18 0.1 “28 20 = 0 1 1 | ]
2 2 19 "2 "25 35 = [0 1 1 | ]
Pucynok 2.8 — I'pyHTHI
Mposepka ANA YpOBHSA NOAOWBS! Y A0BNETEOPEHE

Pacuetoe conpoTMBNEHWE MPYHTA B YPOBHE NOAOWSk! yHAAMEHTA a1 Him?
Cpeariee aasneHwe 0T HArPy3OK B YPOBHE NOAOWSEH! PYHASMEHTE 198 Him®

Ocam(a onpepeneHa AnNA OCHOBaHWA B BUAE yNpyroro NnonynpocTpaHcTea

Ocaaxa ocHoBaHMA

Mpocagka oT Harpy3ku

Mpocapxa oT Beca rpyHTa

C)’MME ocagKu U Npocagxn

InyBiHa CXMMasMoi TonwK

BUHK NEPOBCKWA KOSMDULMEHT NOCTENN

"5
"o
"o
5
41

24 H/m

2T 2| 2T T |2

Ocapxa Gonblue aonycTMMON
Pucynok 2.9 — PesynbraThel pacueToB

B pasznene «@yHOaMEHTBD» COAEPKHUTCS OC-
HOBHOH (PyHKITMOHANI MPOTpPaMMEl. 371€Ch, MPH BEI-
0ope COOTBETCTBYIOLIETO IYHKTa, IPOHM3BOAUTCS
pacyér OCHOBaHHWIl IUIMTHBIX (YHIAMEHTOB IO Jie-
tdopmarmsam. Lenpto pacuéra mo pedopmarmsM oc-
HOBaHM SIBJISIETCS OrpaHWYEHHE aOCONIOTHBIX WIIH
OTHOCHUTENBHBIX IepeMelieHli (yHIaMEeHTOB Ipo-
EKTHPYEMBIX COOPYXEHUH, TaKMMHU MpPEeAeIaMHu, Mpr
KOTOPBIX TapaHTHpYyeTCsd WX HOPMaJIbHash SKCILUIya-
Tals U JIOJTOBEYHOCTh. PacuéT OCHOBaHMH IIO Je-
(hopmaru POU3BOIUTCS M3 YCIOBUS COBMECTHOM
paboTHI COOpYXEHHs M OCHOBaHMA. B pesynbrare
pacuéra ompezemnsercst ocaaka (yHAaMEHTa, T. €.
BCPTUKAJIBLHOC CMCIICHUE OCHOBAHUSA @yHﬂaMeHTa B
pe3ynbTare YIUIOTHEHHUS TMOJ JCWCTBUEM BHEIIHUX
Harpy3oK, BO3/ICHCTBUI 1 COOCTBEHHOI'O Beca IpyH-
Ta, HE COIPOBOXKIAIOUIETOCSI KOPEHHBIM M3MEHEHH-
eM ero cTpykrypsl. Ha pucynke 2.6 nokazana ¢op-
Ma 3aloJIHEHUS] OCHOBHBIX JAHHBIX JUIA pacuéra
ocanku (yHIaAMeHTa. YKa3bIBaeTCs TIyOMHA 3alo-
JKEHUsI TOJOMIBBI (DyHIaMeHTa OT ypOBHS IUIaHU-
POBKH, TTyOWHA 3aJI0’KEHUS TTOAOIIBH (PyHAAMEHTA
OTHOCHTEJIPHO ECTECTBEHHOIO Mpejena, €ro Ipe-
JerbHas AedopMalys, HaTHYre Mo/Baa.

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

Jlanee 3amofHsOTCS pa3Mepbl HOAOIIBBI (QyH-
JaMeHTa W Ha Bkuanke «Harpyska» ykasbiBaercs
Harpy3Kka, ACUCTBYOIIas Ha Mo (PUCYHOK 2.7).

Ha atoii ¢popme mosbp3oBarenb 3a1aéT KOOPIH-
HAThI LIEHTpa MPUI0KEHUS Harpy3KH, pa3Mepsl Jeil-
CTBHSI HATPY3KH B IUIAHE U 3HAYCHUE JICHCTBYIOMICH
Harpy3ku. [lpy HamTUYMU HECKOJNBKHX Harpy30K
AMEETCS BO3MOXKHOCTh YYHTHIBATH JCWCTBUS He-
CKOJIbKMX HArpy30K MpPHU IOMOIIHU JOOABJICHUS WX B
TabmuIy. 3amloJHEHHE W W3MEHEHHE IPOMCXOIUT
TaK ke, Kak M Ha BKiIagke «O01ue JaHHbIeY.

Ha Bxmaake «['pyHTBD» (puUCYHOK 2.8) OIHCHI-
BAalOTCS TOCJIeIOBATEIbHBIE CJIOH IPYHTOB, Pacro-
JIOXKEHHBIE HWDKE MOJIOLIBHI (yHIaMeHTa. Y Ka3biBa-
€TCsl TONIIMHA CJIosl. JIJis KaXIOro ciios BBOASTCS
XapaKTePUCTHKH. ECTh BO3MOXKHOCTh yd4eTa Halu-
4usi TPYHTOBEIX BOJ. [lociie 3amonHeHus NaHHBIX Ha
BCEX BKJIAJKaX MEPEXOMAT K pacu€Ty (prCcyHOK 2.9).

B pasnene «D@yHmaMeHTB» UMEETCS BO3MOXK-
HOCTh BBIYHCIICHHS PAcYETHOTO COIMPOTUBIICHUS
rpyHTa ocHoBaHus. [y 3TOro HeoOXOIUMO 3a/1aTh
pa3Mepsl pyHIaMeHTa, 00BEMHBIN BeC TPYHTA BHIIIE
YPOBHSI MOJOIIBBI, HHXKE YPOBHS MOJOIIBBI, yIeIb-
HOE CLEIUICHHE TPYHTa, YroJ BHYTPEHHErO TPEHHUS,

115



A.B. I'nyooros, M.U. XKaoan, E.M. bBepesosckas

O6wwe parHoie
PacueTHbIe XBpaK TEPUGTUKM FDYHTa
® MpwraTo! no TaGmauam CHulM

(O) Onpenenetbl HENOCPEACTEHHBIM MCMBITAHMEM

PyHaameHT
UpuHa nonowss dyHoamenTa b 15
MnyGuHa 3anoXeHUA SYHASMEHTE 18

OT YPOBHR NnaHuposKkn d,

XapaKTepUCTVKK rpyHTa

PacueTHoe sHayerme yaensHoro cuennerins 01 2
rPyHTa, 3aneraioulLero HENOCPEACTBEHHD .

noa NOAOWBOR PyHAaMEHTa

Vron eryTpenHero Toenns 4, 28

TonuwnHa cnos rpyHTa Bbilue NOAoWSE!

PyHAAMEHTa CO CTOPOHBI NoaBana he

OcpenreHHoe pacyeTHoe sHaueHne

YAENEHOMO BECA MPYHTOS, ¥ 18 a
Saneranwx HYKE Noaowsb! : !
PyHpamerTa

OcpenHeHHoe PacYeTHOE SHaYSHE

YAENSHOrO BECA rPYHTOS, SENEraouMX, 16 A

BbIWE NOAOWEL! PYHAIMEHTE
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Pucynox 2.10 — Onpenenenue pacueTHOrO CONPOTUBIICHUS TPyHTa

YIENbHBII BEC TPYHTA, 3aJICTAIOIINH HIKE ITOJOIIBBI
¢yamamenrta. 3amaroTcs KO3(D(UIIUEHTH yCIOBUS
paboTh! rpyHTa. MIMeeTcsi BOSMOXKHOCTB ONpeieNIeHHs
Pacu€THOTO CONPOTHUBIICHUS TPYHTa OCHOBAHHS C
yu€ToM To/Bana, IJe YKasblBaeTcs €ro riyOuHa,
TOJII[THA KOHCTPYKLIUH T10J1a M pacyeTHOE 3HaYCHUE
YIIeNBHOTO Beca KOHCTPYKIMH moia nojsana. Ko-
3¢ PULIHEHTH yCI0BHsI paboThl BEIOMparoTcst U3 Tab-
JIML, ONHMCAaHHBIX B paszpene «MHpopmanus» (pucy-
HOK 2.10).

JluarHoctka BXOIOHBIX IAaHHBIX HMEeT He-
CKOJIBKO ypoBHeH. OCHOBHBIM SBIISICTCS YPOBEHb
BBOJIa UCXOJHBIX JaHHBIX. [0 KaXxIoMy ciydaro Ha-
PYLIEHUI BBIIAETCS COOTBETCTBYIOLIEE COOOILEHHE.

PesynpraTsl pacuera ohOpMIIAIOTCS B Ipen-
CTaBUTENbCKHI OTYeT, B popmare HTML, co Bcemn
SMIOpaMy, IIAKaMyu U KapTuHkaMu. GopMupoBanue
OTYETOB TOJIHOCTHIO ABTOMATHYECKOE.

3akioueHne

Pa3paboTano mpuioxeHHe Ui MPOEKTUPOBA-
HUS pa3JIMYHBIX THUIIOB OCHOBAaHWH M (yHIaMEHTOB
MEJIKOTO 3aJI0KEHHS, YUUTHIBACTCS M3MEHEHHE IO
Harpys3kon (M3MKO-MEXaHHMYECKUX XapaKTEePUCTHK
TPYHTOB OCHOBaHMU. IlpunokeHue naer BO3MOXK-
HOCTh NPOBEPHUTH MO 3JAHUIO TIOJIb30BATEINS pa3Me-
pBI IIIMTHOH 4YacTH (yHIAaMEHTa, a TAaKXkKe IpOu3Be-
cTH pacuéT QyHmaaMeHTOB 1o Aedopmaiuu. B web-
CepBUCE peaTM30BaHa BO3MOXKHOCTh ONpENETICHUS
pacuéTHOTO CONPOTUBIICHNUS I'PyHTa OCHOBaHUs. Bee
pacyeTsl BHIIIOJIHEHBI COTIACHO HOpMaM U IpaBUiIaM
CHull. [lns nanmcanust web-cepBrca HCIOJIb30Ba-
Hbl TexHojorun REST, Spring Framework. Bzau-
MOJICHCTBHE TI0JIB30BATENS C Web-cepBruCcOM peanu-
30BaHO 4epe3 KIMEHTCKOE IMPUIOKCHWE Ha OCHOBE
texHosoruu JavaFX. Ilpunoxenue pa3BepHyTO Ha
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cepsepe npeanpuarusi OAO «[umpoxusmam [7] u
HCIIONIB3YETCSI B €r0 IPOU3BOJCTBEHHOM IIpOIIECCE
JUISL BBINOJHEHUS] HYX] TPEONpHATHS B 001acTH
pacu€ToB OCHOBaHUH U GyHIAMEHTOB.
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NHOPOPMATHUKA

CPEJICTBA U IPUMEPHI UHTEJJIEKTYAJIBHOM OBPABOTKH
JAHHBIX JJISA TEOJIOI'MYECKUX MOJEJIENU

B.b. Tapanuyk

Benopycckuit 2ocyoapcmeennviii ynueepcumem, Murnck

TOOLS AND EXAMPLES OF INTELLIGENT DATA PROCESSING
FOR GEOLOGICAL MODELS

V.B. Taranchuk

Belarusian State University, Minsk

OO6cysKIaTest BOIPOCH! Pa3pabOTKH, HHCTPYMEHTAJIBHOTO HAIIOJIHEHUS, HUCIOJIB30BAHHS HHTETPHPOBAHHOTO IIPOTrPAMMHOIO
KOMIIJIEKCa COCTaBHUTENS H(POBBIX I€OIOrHYECKUX Mojeseil. OTMedeHbl BO3MOXKHOCTH HHTEPAKTHBHOI rpaduyueckoil Bu3ya-
JIM3ALMH ¥ CPaBHEHHS pe3yibTaToB. [IpencTaBieHsl 1 00CyKIal0TCs Pe3y IbTaThl IPUMEHEHHUS HCKYCCTBEHHBIX HEHPOHHBIX Ce-

TEH B aHAJIM3E U HUHTEPIPETAUU I'CONPOCTPAHCTBEHHBIX TaHHBIX.

Kniouegvie cnosa: yugposas eeonocuyveckas moodenv, cucmema Komnviomepnoil areeopvl Mathematica, unmepakmuenas epa-

¢M‘{€CK(lﬂ suzyanuzayusl, UCKyCCmeeHnHvle HeﬁpOHHble cemu.

The problems of development, tool filling, and usages of the integrated program complex of the composer of digital geological
models are considered. Possibilities of interactive graphics visualization and comparison of results are marked. The results of
application of artificial neural networks in the analysis and interpretation of geospatial data are presented and discussed.

Keywords: digital geological model, Computer Algebra System Mathematica, interactive graphics visualization, artificial neu-

ral network.

Brenenne

{udposkie reonoruueckre, reodKOJIOrHIECKUe
MOJIETIM B HACTOSILEE BPEMs SIBIISIOTCS 00s3aTellb-
HOM COCTaBJISIFOLIEH HKCIIEPTU3bl BO MHOTHX cepax
JeSITENIFHOCTH.  'eoornueckoe  MOJEIHNPOBAaHHUE
NPE/ACTAaBIsIET ~ CaMOCTOSITENIbHOE  HAIlpaBlIeHHUE,
BKJIIOUaroliee B ceds pa3BUTHE MaTeMaTHYECKUX
METOJIOB M alTOPUTMOB; Pa3pabOTKy KOMITbIOTEp-
HBIX TPOrpaMM, OOECHEYMBAIOUIMX IMKI HOCTPOE-
HUSI MOJieNeil; co3fanue 0a3 MaHHBIX, UX HATOJHE-
HHe U compoBoxkaeHne. OCHOBHBIMH dTallaMH HH-
(hopMaOHHOTO O0eCreueH s Te0JIOTHYECKUX MO-
Jielieid SIBJSIFOTCS 3arpy3Ka U3 PasziMYHbIX HCTOYHH-
KOB U IpeBapuTelibHas 00paboTKa JTaHHBIX, KOppe-
JSIuuMsl, cozqaHue MUQPOBBIX KyOOB XapaKTEPHCTHK
Cpelbl, HHTEPAKTUBHBIN aHAJIN3 JaHHBIX, BH3yalH-
3a1usl ¢ IIOMOIIBIO rpaduKH, KapTorpadupoBaHue.

JlaHHBIE, HCHOJIB3yeMbIe B TEOJIOTMYECKUX U
TFC€O3KOJIOTUYCCKUX MOACIAX, ABJIAIOTCA NPEACTaBU-
TENIbHON YaCThIO T'€OJJAaHHBIX, KOTOPBIC WHTETPHUPY-
0T U 00001al0T WHPOPMALIUIO O MPOIEccax U sB-
JICHUSIX HA 3eMHOHM MOBEPXHOCTH, BKIIIOYAIOT KJ1ac-
cU(pUIMPOBaHHBIE ¥ WHTEIPUPOBAHHBIE B €IHHYIO
cucreMy rpynmsl 1aHHBIX [1]. ['eomanHble cogepxar
MPOCTPAaHCTBEHHO-BPEMEHHbBIE XapaKTEePUCTUKU
TEPPUTOPUH, TPEIAMETOB, mocTpoek. CyIIecTBEHHO,
YTO reofaHHble, Kak 0000IIeHne HaKOIUICHHOW WH-
(hopMany, BKIFOYAIOT CBEJCHHS HE TOJIBKO W3 00-
JacTH HayK o 3emje, HO M W3 APYIUX, TaKHX Kak
TPaHCIOPT, SKOHOMHUKA, OKOJIOTHS, YIpaBICHHUE,
o0pa3zoBaHue, aHaAJIN3, UCKYCCTBEHHBIH HHTEIUICKT.

© Tapanuyx B.b., 2019

['eonanHbIe, 1 B YACTHOCTH I'€OJIOTHYECKHE JTAHHbIE,
JONOJNHAIOT ¥ WHTETPHUPYIOT APYTHe IaHHBIE, YeM
00ecIeunBaroT peleHne MHOTHX 3a/1ad.
TexHomormyeckne, CHUCTEMHBIE, WH(pOpMAaNu-
OHHBIE OCOOCHHOCTH TEOJaHHBIX OTMEYEHBl B [1].
TexHomorndyeckass 0COOEHHOCTh T€OJAHHBIX COCTOHT
B TOM, YTO X HE IOJIy4aloT Ha OCHOBE HENOCPE/ICT-
BEHHBIX U3MEPEHUH, a OHU (HOPMHUPYIOTCS B PE3yITh-
Tare MocToOpaboTKM M3MEpeHHOH WH]opManuy,
MOTYT MMETh Pa3HYI0 TOYHOCTb, XPAaHUTHCA C HC-
NOJIB30BaHUEM pa3HbIX eJUHUIL u3MepeHud. Cuc-
TEMHasi 0COOEHHOCTH 3aKIJIF0YaeTCs B TOM, YTO TIOCTIE
uX (POPMUPOBAHUS I'€OJaHHBIE TIPENICTABIAIOT COOOM
WHTETPUPOBAHHYIO B €IUHBIH KOMIUIEKC COBOKYII-
HOCTh IMApaMeTPOB M OINUCAHUH Pa3HBIX THUIIOB H
CTPYKTYp, OTPaXKaroT Pa3iIMYHbIe XapaKTEPUCTHKH 1
CBOMCTBa, ONNCBHIBAIOT pEaJbHO CYILECTBYIOLINE
MIPOCTPAHCTBEHHBIE OTHOIIEHHUS C YYE€TOM BpEMEH-
HOTO M Temarudeckoro Qakropos. MHdopmarmon-
Hast 0COOEHHOCTH 00YCIIOBJICHA TEM, YTO T€OaHHbIC
MPEICTABISIOT COO0H HOBBIM HMHGOPMAIIMOHHBIH
pecypc, IpU 3TOM JaHHBIE TPYNIHUPYIOT MO TPEM
XapaKTepUCTUKAM: MECTy, BpEMEHH, Teme. Takxke
OCOOCHHOCTBIO SIBIISIETCSl HaIM4Me (peannzyeMoe
aBTOMAaTHYECKH) B3aUMOBIMAHHMA TIpapUUecKux H
aTpuOYTHBHBIX JAHHBIX — H3MEHEHHE aTpUOyTHB-
HBIX JIAHHBIX IIPEZMNoaracT 3aMeHy rpadHuyecKoi
nHPOpMaNKH, YTOYHEHHE MPOCTPAHCTBEHHOTO IIO-
JIOXKEHUsI, TpeOyeT M3MEHEHUH KOOpIMHAT, IIpo-
CTPaHCTBEHHBIX OTHOIIEHHH. OTMEUYEHHOE B3aHMO-
BIIMSIHUE OoOeceunBacT HaJEKHYI0 OCHOBY JUIsl IIPO-
CTPAHCTBEHHOTO BU3YaJIFHOTO QHAIIN3A U YIIPABIICHUSL.
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OO0beMbl TE€OMAHHBIX (OTPOMHBIE MAaCCHUBBI
MMEIOIIEHCST U BHOBb COOMpaeMoil MHQOpMaIuu)
pacTyT ¢ OYeHb OOJIBIIOW CKOPOCTHIO. MiMeeT MecTo
nHpopmannonHelii 6yM. COOTBETCTBEHHO, €CTECT-
BEHHBIM SIBJIICTCS TPUMECHEHUE TEXHOJIOTUH «0O0Jb-
IIMX TaHHBIX» (KOHKPETHKA JJIs TCOJaHHEIX B [2]), B
TOM YHCJIC aBTOMATU3UPOBAHHOTO WHTEIUICKTYallb-
Horo aHanm3a maHHbix (MAJ]). B [3] aknentupyercs
omHa w3 ThaBHBIX memeit UAJl — oOHapykeHHe B
«CBIpBIX» (MEPBUYHBIX) MAacCHBaxX [aHHBIX paHEe
HEM3BECTHBIX, HETPUBHAIBHBIX, NPAKTHYECKH I1O-
JIE3HBIX M TIOHATHBIX WHTEPIPETANN 3HAHUH; OTMe-
YyeHa crenuuka reofaHHbiX. B (hopMyaupoBke aB-
Topa [3] «UHTEIJIeKTyalbHBIM aHamu3 JaHHBIX HE
HCKJIFOYAeT YEIOBCYECKOE y4acTHe B 00paboTKe U
aHam3e, HO 3HAYUTEIHHO YIPOIIAET MPOIECC ITOMC-
Ka HeOOXOJMMBIX JaHHBIX U3 CHIPBIX JAHHBIX, JIEast
€ro JOCTYITHBIM JUIS IMUPOKOTO KPyra aHAJIUTHKOB,
HE SBISIONIMXCS CIEIHATNCTAMH B CTaTUCTHKE, Ma-
TEMAaTHKE WIN MPOTPaMMHPOBAHUHU. UeloBedecKoe
y9acTHe BBIPAKACTCI B KOTHUTHUBHBIX aCIIEKTax
y9acTHsI W MPUMEHEeHHs WH(POPMALMOHHBIX KOTHH-
THUBHBIX MOJEJIENY .

[IpakTHyeckne peanu3alyy, POTPAMMHBIC
CHCTEMBI M KOMIUIEKCHI JUIsl JOPMUPOBaHUS U Opra-
HU3allu TC€OAAaHHBIX — MPEAMET OTACIBHOTO pac-
cMoTpenusi. CpeicTBa MHTEIJIEKTYalbHOIO aHaIHN3a
TCOJAHHBIX TAaKHE JXKE, KaK JJIS OOBIYHBIX TaHHBIX.
OCHOBOH SIBJISIFOTCS TEOPHH, METOIBI, AITOPUTMBI
MPUKIIAJTHOW CTATUCTHKH, 0a3 JaHHBIX, UCKYCCTBCH-
HOTO MHTEJICKTa, paclio3HaBaHus 00pa3oB. Pa3mmy-
HBIX NIEHCTBYIOMNX W MPUMEHSEMBIX ITPOTPAMMHBIX
CPEICTB MHTEIUIEKTYaJbHOTO aHANN3a JAHHBIX MHO-
ro, HaripuMep, B [3] BBLAETICHBI CIEYIONIHE KIacChI
cucreM MAJl: «MHnycTpuansHeie cuctemsl, llpex-
METHO-OPHUCHTHUPOBAHHLIC aHAIUTHUYCCKUE CUCTEMBI,
CraTtucTtudeckue nakeTsl, VcKycCTBeHHBIE HEHpPOH-
HBIC CCTH, HaKeTbI, OCHOBAHHBIC Ha ACPEBBAX peUIC-
Hu#, CucTeMbl pacCyXJIeHUH Ha OCHOBE aHaJIOTW4-
HBIX CIy4aeB, | €HETHYECKHE AITOPUTMBI, DBOJIO-
UOHHOE MPOTpaMMUpOBaHuey. PazHooOpasue mpe-
JIaraeMbIX METOIWK M MPOTPAMMHBIX CPEICTB 00Y-
CJIaBIIMBAE€T HEOOXOIMMOCTh OIEHKH KadecTBa Teo-
JAHHBIX, OIpPENENICHNsI WX OCHOBHBIX XapaKTepH-
ctuk. Kpurepun OIEHOK KadecTBa Te0JaHHBIX 00-
cyxkpmarorcs B [4]; K 0043aTeIbHBIM OTHOCAT: perpe-
3€HTaTHBHOCTh, COJAEPKATEIBHOCTh, IIparMaTH3M,
JIOCTaTOYHOCTh, TOYHOCTb, aKTyaJbHOCTh, YCTOMUH-
BOCTb, CepTH(UKAT O€30IIaCHOCTH, HA/IE)KHOCTb.

B Hactosmieir pabotre 00CYKIatOTCs BO3MOXK-
HBIC BapHAHTHI IMOJYYCHUS OIICHOK, METOJNYCCKHC
PEIICHUS W COOTBETCTBYIOIIHE MPOTPAMMHBIC MHCT-
PYMEHTHI, KOTOPHIE TTO3BOJISTIOT MTOATBEPIUTE 000C-
HOBAaHHOCTh WHTEPIIPETALNH, MONYYUTh YHCIOBBIC
3HAYCHHUSA MOTPEIIHOCTEH IIOyd4aeMbIX Pa3HBIMH
METOAAMH Pe3yJIbTaTOB UHTEIUIEKTYaIbHOH Tpenos-
pabOTKU aHHBIX, BKIOYAEMbIX M HCIOJIb3YEMBIX B
KOMIBIOTEPHBIX T€0JIOTHIECKUX MOJIEIIAX.
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1 Ilporpammuas naatgopma

[IpencraBneHHbIe HUKE PE3YIBTATHI TOTyYEHBI
C HCIIOJIb30BaHMEM KOMIIBIOTEPHOTO KOMILIEKCa
«I'eHepaTop TreoOJIOTMYECKON MOJEIN 3aleKu» —
I'TM3 [5], [6]. HaznaueHue xoMIuiekca — TECTUPO-
BaHHC, OUCHKN TOYHOCTU HACTpaMBACMBIX I'€OJIOTH-
yeckux Mojeneil Ha ocHoBe mnpumeHeHus CKA,
I'C, «yMHBIX» METOIOB aJanTalMd MOJENeld B
TIIpolecce MX JKCILTyaTalnuH, «CaMOHACTPOUKM» MO-
Jeneid ¢ y4€ToM JOIOJHSEMBIX JaHHBIX (akThue-
CKOTo pa3BuTHs mporeccoB. [lmardopma pa3pabot-
KM KOMILIEKCa — CHCTeMa KOMIBIOTEPHOU anreOps
Mathematica [7], s3pik Wolfram Language [8], [9],
reouHgpopmanunonnas cucrema Golden Software
Surfer [10]. [Ipm mporpamMMHUpOBaHUH B CHCTEME
Mathematica moxyneit rpaduky peasn30BaHBI TeX-
HUYeCKue peuleHus, omucanHele B [11]. IIpenmy-
CMOTPEHbl BO3MOXXHOCTH, KOTZa IPOrpPaMMHBIN
KOMIIIEKC B KOHKPETHOH KOH(HUIypamuum MOKeT
9KCIUTYyaTHPOBATHCs TOCe COOPKH U COXpaHEHHS B
¢dopmare BerunciseMsix aokymentoB CDF. Pacue-
THI, paborta monp3oBatens ¢ CDF Bepcueit mpuio-
JKCHHS BO3MOXKHA Ha JIFOOOM TEpCOHATBHOM KOM-
metotepe. [Ipu mpocmotpe CDF Bepcum, pazmenies-
HOM Ha web-cepBepe, mporpamMma IMpocMOTpa aBToO-
MaTHYECKH MOATPYXKaeTcs B BHJE IUIarMHA Opayse-
pa. ABroHoMHas pabota ¢ ITIK Bo3MoxHa mocie uH-
CTAULSIIMU CBOOOJHO pACIPOCTPAHSAEMOT0 KOMIIO-
Henta CDF Player. BapuaHTbl JONOIHHUTENBHBIX
HaCTpPOCK, OGCCHe‘II/IBaIOIJlI/IX HHTEPAKTUBHOCTDH
CDF Bepcuu, uznoxenst B [12], [13].

2 KomnoHeHTHl kKomiiekca 'TM3

B u3n0oxeHNN HIKE YIIOMSIHYTH KOMIIOHEHTEI,
(akTUYeCKH SBIAIONIMECS ABTOHOMHBIMH TIPO-
TpaMMHBIMH MOAYJsIMHA. VX Takke MOXHO ITO3H-
LMOHUPOBATh, KaK COCTaBHBIE YaCTH aBTOMATHU3UPO-
BAaHHOTO pabodYero MecTa CIIEHHAINCTa, KOTOPHIA B
BBIYMCIIHATENBHBIX  SKCIEPUMEHTaX OTpadaThIBAcT
MpyueMbl ajarnraiguyi HCIOJb3YEMbIX IHPH MOCTPOC-
HUHM TEOJIOTUYECKUX MoJelicli HU(BPOBBIX MOJCH.
Crenyer OTMETUTH Ba)KHOE TEXHUYECKOE PEIICHHE —
BCe dTanbl paboThl ¢ MOAYJISIMH KOMIUIEKCa IOJ-
JEPKUBAIOTCA (PYHKIUSAMH HMIIOPTa M SKCIOPTa
Pe3yIBTaTOB C HECKOILKAMHU BapHaHTaMHU HACTPOCK
¢opmaToB. OTO ObecmeyuBacT IONB30BATEIS JI0-
MTOTHUTEIHHBIMA BO3MOYKHOCTSIMH BBHITIOJTHEHHS aHA-
JIOTHYHBIX PACUYETOB B Pa3HBIX (B TOM YHUCIIE IPYTHX)
MIPUJIOKEHUSAX, COTTOCTABJICHHUS Pe3yIbTaToB.

B mporpammuom komimekce I'TM3 peannzo-
BaHBI CIEYIOIINE CPEICTBA:

— MHCTPYMEHTHI M IIAOJOHBI ISl MOJTrOTOBKH
STAJOHHOHW MOJIENH IIM(POBOTO OIS, OTBEYAIOIIETO
OroBOpeHHBIM cBolicTBaM («KoHCTpykTOp IHdpO-
BOTO TIOJISI»);

— CpeICTBa W HECKOJIBKO BapHaHTOB MOAYJIEH
CHUCKaXCHUSD) STAIOHHOW MOJICITH;

— WHCTPYMEHTHl MMHTAIlMH «CHhEMa)» IaHHBIX,
KOTOPBIE HCHOJB3YIOTCSA B IMPAKTHKE MOICITHUPOBA-
Hus («'eHepaTop mpoduiTsa HAOMIOCHH ),
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— MOJYJH pacyeTa, BU3yaJH3alll{, COMOCTaB-
JICHUS alnpOKCUMHPYIOIIMX HU(POBBIX IOJIeH He-
CKOJIbKUMHU DPa3HbIMU MeTOJaMU (KOMIIOHEHT «Ar-
MPOKCHMALIUS»);

— HMHCTPYMEHTBHI M MOAYJH afanTamuu («1o-
BOJKM») (hopMupyeMoil inppoBoii Moaenu (KoMIIo-
HEHT «AanTanus).

OcHOBHas uzes " 1eib pa3paboTKH HACTOAIIE-
T0 KOMILIEKCA COCTOUT B BBIOOpE MeToa 00paboTKu
HCXOJIHBIX JAHHBIX IYTEM COIOCTABIICHHS 3TaJOH-
HOrO LU(POBOrO MOJSI W BOCCTAHOBICHHOTO MO
«HaOMIOAEHUSAM». DTaJOHHOE pacHpeleNeHue IS
NPSIMOYTOJIbHON 00nacTu (GhopMHPYETCsi C UCIOIb-
30BaHMEM MaTEMAaTUUECCKUX OIMCAaHMH, KaXIbIi
9KCIEPT IPU ITOM OINpeJessieT U BKIYaeT B MO-
JIeTb THIMYHbIE ()parMeHThl. 3aTeM HHCTPYMEHTaMH
KOMIUIEKCa BBIIOJHSAIOTCS «HAONIOJNCHUS», UMHTH-
pyeTcs CHSTHE 3aMEepOB 10 ATAIOHHOMY pacIpeie-
JICHUIO, TIPUYEM TEOMETPHs TOYEK 3aMEpOB U UX
TOYHOCTh TaKXKe OMPEHEINIIOTCS IOJIb30BaTeIeM
KOMILIEKCAa W TMPUMEPHO TOJDKHBI COOTBETCTBOBATH
WCXOJHBIM JTaHHBIM TpeaMeTHOH obmactu. Cxema
pasMerneHuss TOYeK ¢ 3aMepaMH He JOJDKHA OBITh
perynspHoil. B pe3ynbrare 3TOro 3rama IoJjb30Ba-
TEJb TMOJy4aeT Habop JNaHHBIX «HAOIIOJEHUI», oc-
HOBHBIMH M3 KOTOPBIX SIBJISIIOTCSI KOOPAWHATHI TOUKU
U 3HayeHue B Hel. ClenylolyM 3TaroM SBISETCS
BBIOOp aJiIropuT™Ma 0OpaOOTKH MOJTyYEeHHOro Habopa
(«BocnponsBeseHNs» IHM(GPOBOTO IOJISI) BBIIOJIHE-
HHEM HHTEpIOJSIIMKM U 3KcTpanossinuu. Corocras-
JICHWE Pe3yNbTaTOB «BOCHPOM3BEACHUSIY W JTATIOHA
MOJICKAXKYT IKCIIEPTY METOl 00padOTKH, TE€OMETPHUIO
TOYEK HAOJIIOIEHNS.

3 OTanbl NOATOTOBKHM THIOBOH 3TAJIOHHOM
MoaeIu

Konctpykrop nudposoro moss (KIIII). IIpo-
rpaMMHbIE MOJYJIM 3TOW TPYHIbI 00ECIevnBaOT B
pEeXUME MHTEPAKTUBHOM pabOThl KOHCTPYHpOBaHUE
M3 THIIOBBIX 3JIEMEHTOB C COIYTCTBYIOIIEH BU3Yallu-
3anMed MaTeMaTH4ecKoro OINWCAaHUs (aHaUTH4e-
CKOM (PYHKIMH) MOJAEIH TIOBEPXHOCTH, HHTEPIPETH-
pyeMoii, Kak penbed - COBOKYITHOCTH ()parMEHTOB
pasHBIX (opM MOBepXHOCTH. Bo3mokHOCTH, HIaru
dhopmupoBaHUsS MOAPOOHO OMUCAHBI M MPOMILTIOCT-
pUPOBaHbI pa3HeIMH TIpuMepamu B [5], [6]. TToms30-
BaTeJieM 3a7aloTCsl TPAaHMIBI O0JACTH OIPEeIeHUS
U OIpaHUYCHUSA NOBCPXHOCTHU IO BBICOTC. B xom-
riekTe (OMONMOTeKe) COCTaBHBIX YacTeid (QopMu-
pyemMoii (DYyHKIMH €CTh MAaTEeMaTHYECKHE BBIpaXKe-
HUS (DJIEMEHTHI), 00CCIICYHBAIONIIE BOCIIPOU3BEIC-
HHE YYacTKOB ITOBEJCHUS, XapaKTepHBIX JUIS pelibe-
¢da mecrHoctu. [lonmbp3oBaTenb Ha IEPBOM OTare
(OpMHPOBaHKS STAIOHHON OBEPXHOCTH COCTABIISIET
KyCOYHO-33IaHHYIO (DYHKIHUIO, 0a30BBIA IPOQIITH —
JIEHTY 3aJaHHOW IIUPHHBI ¥ JUIMHBI, IMUTHPYIOILYIO
THIIBL penbeda ¢ 3JIeMEeHTaMH IUIaTo, CKIOH, OTKOC,
o6peiB. CocraBnenue cpencrtBamu KIIIT 6a3oBoro
npoduis u3 GparMeHTOB BO3MOXKHO C IEPEXO0JI0M
«(hparMeHT — 100aBIICHHBIN (parMeHT» HelpepPbIBHBIM
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00pa3om, TIaIKUM TMEePEX00M, CKAYKOM (MMHUTALIHS
pasziioma). B ciryuae HenpepbIBHOTO, IIIKOTO Iepe-
XOMIOB TMapameTpbl CKJIEHKH KyCOYHO-33/IaHHOM
(YHKUMHM ~ ONPENESSIIOTCS  aBTOMAaTHYeCKH  Ipo-
rpaMmMHbIM MoaysieM. [IpocTtedmuii BapuaHT ompe-
JeNeHrsT (DYHKIUM ¥ 3aJaHus 0a30BOro mpoduis
3anucad B BblpakeHuu (3.1) [5]. B mpuBeneHnom
IpuMepe MoJeNnb 0a30BOH IHMOBEPXHOCTH SIBISIETCS
KBa3UTPEXMEPHOW, YPOBEHb z (BBICOTA) HE 3aBUCHUT
oT y (mpuHBI JeHTH). ba3oBasi MOBEPXHOCTH (JICH-
Ta) COCTABJIEHA U3 3-X THUIOBBIX YYaCTKOB: IUIOCKHHA
TOPU3OHTAIBHEIN (IJ1aTO), TIOCKUI OBICTPOTO BO3-
pacranusi ypoBHs (OTKOC), IIOCKHH MeEIJIEHHOTO
BO3pacTaHus (1osnoruii ckioH). CTHIKOBKA Y4aCTKOB —
HerpepbIBHO. [lepexos «IaTo — 0TKOC)» OCYIIEeCTB-
JIeH TI0J1 33JaHHBIM YTJIOM, MEPEXO0J «OTKOC — IT0JI0-
TM{A CKJIOH» OCYIIECTBJICH HENPEpbIBHBIM M TJaj-
kuM. Crenyromuidi 3tan KOHCTPYMPOBAaHHSI - HC-
I0JIb30BaHNE HHCTPYMEHTOB IIPOrPAMMHOTO MOTYJIS
U JOTIOJMHEHUsT 06a30BOT0 MpoQuIIsi BO3MYIICHUS-
MH, (pparMeHTaMH THIIOBBIX JIIEMEHTOB pelbeda.
Bubanoreka 1mab0HOB BKIIIOYAET 3JIEMEHTHI, KOTO-
pbIE COOTBETCTBYIOT BO3MYIIEHHMAM (Yy4acTKaM HC-
KakeHH 0a30BOM TTOBEPXHOCTH) Pa3HON reoMeTpu-
yeckoi (opmbl. [Ipy moakIroueHnH abI0HOB Tpe-
JYCMOTPEHBI BO3MOYKHOCTH WHTEPaKTHBHOTO 3ajia-
HUS UX TIOJIOKECHUS U pa3MepOB.

B OCHOBHOW KOMIIJIEKT KOMITJIEKCa BKIIFOUEHBI
MaTeMaTH4eCKH ONHMCHIBAEMbIE JIEMEHTHI, KOTOPbIE
HMHUTHUPYIOT cieayiomue (opMbl penbeda: XoiMm,
Hachlllb, sIMA, BBIEMKA, TpaHIIEsS, KaHAJI, Kapbep,
OBpar, BNaJWHA. AHAINTHYIECKOE BBIPAKECHUE [UIS
chopMHUpPOBAaHHONW M paccMaTpHBaeMoW naajee IIo-
BepxHocTH — (3.5) [5]. Ha pucynke 3.1 mokasaHsl
JIBa BUJa IOBEPXHOCTH, C KOTOPOH Jajiee MpOBOAST-
Csl BBIYMCIIUTENbHBIE SKCTIepuMeHThI. ClieBa JaH BU
MIOBEPXHOCTH IEITMKOM, CIIpaBa — C HMPOCTBIM MpO-
¢unpHBIM pazpesoM 1o Hamnpasinenuto {0,103 —
{100,20}. PaccMoTpeH KOHKpETHBII mpoduias 2
(B [5] wmmmocTpupoBaH OJHOMEPHBIMH TpadUKaMu
Ha pucyHKax 4.1 u 4.2).

4 TloAroToBKa JAHHBIX JJI51 YMCJIEHHBIX IKC-
NnepuMeHTOB

Wolfram Mathematica, xak cucreMa HHTEN-
JIEKTYalIbHBIX BBIYHCICHUH, MTPEIOCTABIAET IOJIb30-
BaTeNI0 HE TOJBKO CPEICTBA MaTeMaTHYECKHUX Tpe-
00pa30BaHMiA, TOUHBIX U MPUOTMKECHHBIX BBIYHCIIC-
HUM, HO ¥ WHCTPYMEHTHI MAIIMHHOTO OOYyYCHUS.
OHM MOTYT OBITh HCIIOJB30BAaHBI MPH HWHTEPIpPETA-
U ¥ 00pabOoTKe BXOIHBIX JAHHBIX U PE3YJIhTATOB
mozenupoBanus. [IpuBeeHHbIE HIDKE Pe3yIbTaThl U
MIPUMEpPHI aHAIIN3a JAHHBIX C MTOMOIIBI0 HEHPOHHBIX
ceTell MONYYeHBI C HWCIOIB30BAHUEM COOTBETCT-
BYIOMIHX (PYHKITUH, KOTOPBIE TOCTYIHEI B Bepcun 11
Mathematica [7].

PaccMoTpuM cpencTBa v HECKOJIBKO BapUaHTOB
NPUMEHEHUSI MOXYJIEH «UCKAXKEHUS» 3TaJIOHHOMN
MOJIENIH, TIPUMEPBI MPeno0paboTKH, BBIBOA Tpadu-
KOB INpodwiell ¢ HMCIOJb30BAaHHEM HHCTPYMEHTOB
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Pakypc->(-3,-2.5,1.5)
100

Paspes y>0.1x+10. Pakypc->(-3,-2.5,1.5)
100

Pucynok 3.1 — Bu moBepXHOCTH B TIOJIHOM BapHaHTE | € MPO(UIBHBIM Pa3pe3oM

KOMITOHEHTa KoMIulekca «['eHepatop mpoduist Ha-
Omonenus». mutupyem HaOIIONCHHS U IMOTYYUM
THITUYHbIE HAOOPBI JaHHBIX 3amepoB. Miumoctpupy-
€M BapuaHThl IPUMEHEHUsI HHCTpyMeHToB I TM3, B
YaCTHOCTH, MOIYJISl «UCKaXECHHSD ITATOHHOH MoJe-
JH Ui TOTO, Y4TOOBI T0Ka3aTh Ha mpuMepe npodu-
Jefl MO STAJOHHBIM IIOBEPXHOCTSM HECKOIBKO Me-
TOZOB UMHUTALUH HaOJIIOACHUI U MONTy4YEeHHs UCXO-
HBIX JIAHHBIX CPEACTBAMU HHCTPYMEHTOB MOJYJIS
«I'eneparop npoduns HaOmonaeHus». s aToit ne-
JHU MCIOJb3YEM DPAaCCUMTAHHbIE M3 aHAJTUTHYECKHX
BBIpOKCHUH Ha yIIOMSHYTOM Npo¢uiie 3HaYeHus1, HO
J00aBUM «HCKa)KEHHS», UCIIONB3Ysl pa3Hble IreHepa-
TOphl IIyma. I'padmky mpencraBieHbl Ha PUCYHKE
4.1. Ha rpadwukax cruromrHasi CHHSISI THHUS HILTIOCT-
pUpYeT aHAIUTHYECKYIO (QYHKLHIO pacupeneieHHs
BBICOTBI IIOBEPXHOCTH Ha BHIOPAHHOM HAIpaBJICHHU
paspesa; Kpy»KOYKaMH OTMEYEHBI 3HAYEHHS B «y3-
Jax HaOmoaeHui» (eciau Obl 3aMepbl OBUIM TOUHbI-
MH). OKpYKHOCTSIMH U POMOMKAMH OTMEYEHBI 3Ha-
YeHHsI, KOTOpble UMUTHPYIOT 3amepbl. Ha rpaduke
clieBa OKPY>KHOCTSMH OTMEYEHbI «IaHHbIE HAOJIIO-
JIeHUIt», KOTJa MCXOAHBIE 3HA4YeHUs B y3iax (00o-
3HA4YEHBl KPY>KOUKaMH) UCKaKArOTCSl C UCIIOJIb30Ba-
HHUEM BBIOOpPKH, reHepupyemoil pyHkuusmMu Mathe-
matica RandomVariate (peanm3anus cIy4aifHON
nmepemenHoi) U NormalDistribution[0,3] (Hopmanb-
HOE pacmpenenenie co cpenHuM 0 U CTaHZapTHBIM
otkioHenueM 3). Ha rpaduke crnpaBa pomOukamu

dataProfE1 + dataProfD1a (NormalDistribution[0, 3])

G.

OTMEUEHBl «JIaHHbIE HAOJIIOAEHMIT», KOTAa HCXO-
HBIE 3HAYCHUS NCKAXKAIOTCS C UCIIOJIb30BAHUEM BbI-
0opkwu, reHepupyemoit Qpyraknusmu RandomVariate
n UniformDistribution[ {-6,6}] (paBHOMepHOE cTa-
THUCTUYECKOE paclipezieiiCHUe, Jalolee 3HAaYeHHs OT
—6 10 6).

OtaensHO ciienyeT OoOpaTHTh BHHUMaHHE Ha
CMEUHUaIbHO MOAOOPAaHHBIM Al HKCIIEPUMEHTOB
npopuiab M 3aJaBaeMble BEIMYMHBI OTKJIOHEHHH.
Ucxonnast GpyHKIMS MMeeT 00JIaCTh M3MEHEHUS OT
10 o, mpumepro, 80, mpU 3TOM €CTh HEOOJBIIHE
BO3MYILEHHSI OT 0a30BOr0 YPOBHS (JICHTHI) BOJIHM3H
x=40 ¥ CymecTBeHHbIE OTKJIOHEHHS OT YpPOBHS
nenTsl BOim3n x = 10 u x = 80. Besnmuune! 3THX OT-
KIIOHEHWII  CcOpasMEpHbl BEIMYMHE H3MECHEHHSA
¢ynka. OTHOCHTENBHO IIyMOB — €CTh HE3HAUYH-
TEJBHBIE U €CTh TaKHe, KOTOpbIE MOXHO Kiaccupu-
LUPOBATh KaK «BBIOPOCHI».

JlaHHBIE C «HCKaXEHUSIMN» fanee OyaeMm Hc-
MI0JI630BaTh VIS ABYX PA3HBIX II€JeH, COOTBETCTBEH-
HO OyAyT NPUMEHSTHCS Pa3HbIe METOJbI Ipenodpa-
6oTku. BaxkHo crnenytomee — oOcyxaaemMble HUXKE
METO/bl MHTEJUICKTYAJIbHOTO aHaIM3a «HE 3HAI0T»
NIEpPBONCTOYHUK, JSTAJOHHYI0 (YHKOHMIO. 3agada
9KCIepTa — MAaKCHMAJILHO BOCIIPOM3BECTH (YraaaTh)
OpPUTHHAJI 110 WMEIOIUMCS TaHHBIM «3aMEpPOBY.
Kcrarn, pacrpenenenue, Ha3BaHHOE B TEKCTE 3Ta-
JIOHHBIM, MOXKET U HE OBITh OPUTHHAJIOM.

dataProfE1 + dataProfD2a (UniformDistribution[{-6, 6})

20 40 60 80 100

20 40 60 80 100

Pucynok 4.1 — Jlannsie Ha npoduiie ¢ «uckaxxenusimmy», dataProfD1a, dataProfD2a

120

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (40), 2019
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5 BapuaHTbl MHTE/JIEKTYAJIBHOTO AHAJM3A
JAaHHBIX

Kak otmeueno BbIIIC, B HACTOAIIECC BpPEMs
MHOTO METOAUK W MNPOrpaMMHBIX CPCIACTB IJid HH-
TEJUIEKTYaIIbHOTO aHalli3a JaHHBIX 0a3upyroTcsl Ha
JOCTHXEHUSIX HMCKYCCTBEHHBIX HEHPOHHBIX CeTeH.
PaccMOTpHM HECKOJIBKO pe3yNbTaToB, HILTIOCTPAUU
KOTOpBIX AaHbl Ha pUCyHKax 5.1, 5.2.

[Tpn pemennu 3agad MaTeMaTHYECKOTO MOJE-
JIMPOBAHMS MCXOJHBIC YPaBHEHHs 3alHCBHIBAIOTCS B
muddepenumansHoil Gopme, MO3TOMY U HCXOIHbBIE
JlaHHBbIe (OCHACTKA MOJIEIH) JOJDKHBI OBITh HETpe-
PBIBHBIMH, OoJiee TOro, Kak IpaBHJIO, pachpejese-
HUS JIOJDKHBI OBITh TIaJKUMU QYHKIMAMH. [pyrumu
CJIOBaMH, pacrpe/ielieHue HaOJIl0aeMoro napamer-
pa Bmosb npoduiis Hamo NepeaaBaTh B HCXOAHBIC
JIaHHBIE KOMITBIOTEPHOH TEOPETHYECKOH MOIEIH B
BUJIE T1aaKol QyHKIMH. 3aMeTHUM, 4TO U STaJOHHbIC
IaHHbIe prcyHKa 4.1 TpeOOBaHMIO TIAAKOCTH HE
OTBEYAIOT, a JAaHHBIE C «HCKAKECHUSIMN» BOBCE He-
MPUTOHBI IS YMCIEHHBIX MOZEIeH — TaKhe NCXO-
HBIC JJAHHBIC HEMEAJICHHO IIOBIIEKYT «OONTaHKY» B
pelIeHusIX (BBIYMCINTENbHAS HEyCTOWYHBOCTh) U
pe3ynbTaThl OyLyT HEIIPUTOLHBI.

PaccMoTpuMm BapuaHThl NpenoOpabdOTKH JlaH-
HbIX, ToApasyMeBas IOJYYCHHUE aNNPOKCUMHPYIO-
Hied raaakoi GpyHKIUM.

Ha pucynke 5.1 mnpeacraBieHbl pe3yabTaThl
pacyeroB mocie 00y4eHHs UCKYCCTBEHHOW HEHpOH-
HOH CeTH ¢ ucnoiyib3oBanneM GyHkmun Mathematica
metogom ADAM [14]. B merone Adam mporpam-
MUPYETCS ONTHUMM3ALMOHHBIM aNrOpUTM, KOTOPBII
coderaeT B ceOc MICI0O HAKOIUICHWS IBIXKCHUS H
unero Oojee caboro OOHOBIEHHS BECOB I TH-
MUYHBIX [IPU3HAKOB; PEATU3YETCs] METOJ] CTOXAaCTH-
YECKOro TI'PaJIMEHTHOTO CITyCKa C MCIOJIb30BaHUEM
aJIalITUBHOM CKOPOCTH OOYyY€HHs, MHBAapUAaHTHOH K
JIMaroHaJbHOMY MAaclITaOUPOBAHUIO T'PaJHEHTOB.
KiroueBble KOHCTpYKIMHM KOozaa, QyHKIMHM W ONLINHU
cucrteMsl Mathematica BKIIOYAIOT KOMAHIBL: NetA =
NetChain[ {vectLength, Tanh, vectLength, Tanh, 1},
"Input"->"Scalar", "Output"->"Scalar"]; netDla =
NetTrain[netA, dataProfDla, Method->"ADAM"].
[Tomy4eHHOE CTiIa)kK€HHOE MTPUOIIKEHNE BBIBOJUTCS

dataProfE1 + dataProfD1a + Method ADAM: vectLength=40

Pucynok 5.1 — Crinaxkuanue dataProfD1a
C IPUMEHEHHEM HEHPOHHOM ceTH

Problems of Physics, Mathematics and Technics, Ne 3 (40), 2019

Ha pUCyHKe 5.1 MyHKTHPHOW KpacHOH JHMHHUEH, I10-
MOJIHUTEJIBHO B TOJIe rpaduKa JaHbl JBE BCTaBKH
CUTYallMOHHOTO IUIaHa (BBIKONHMPOBKH), KOTOpHIE
JETAIN3UPYIOT TPadUKH.

Ha pucynke 5.2 mpezacraBieHbl pe3yiabTaThl
s dataProfD2a, mnomydenHsle mocie oOy4deHUs
cetn Ha ocHoBe GyHKiMu NetTrain MeTomom
RMSProp — croxacTudeckuii TpaIueHTHBIA CITYCK C
UCTIONIb30BaHUEM AJANTHBHONW CKOPOCTH OOYyYEHUs,
MOJTY4YEeHHOW U3 JKCIIOHEHIMAIBHO CIJIA)KEHHOTO
CpPEeIHETO 3HaUCHHUs TPATUEHTA.

Crnenyer OTMETHTB, YTO JJisi OOpPaOOTKH JaH-
Heix dataProfDla Takke TpUMEHSUICS METOJ
"RMSProp". B paccMoTpeHHOM NpuUMepe KI0YeBbIe
KOHCTPYKIIMK KOAa OBbLIM CICAYIOIIMMHU: NetAr =
NetChain[ {vectLength, Tanh, vectLength,Tanh,1},
"Input"->"Scalar", "Output"—> "Scalar"]; netDlar =
NetTrain[netAr,dataProfD1a,Method—"RMS Prop"].
B pacderax mo sToMy MeTomy OBUIO JTOCTATOYHO
vectLengt = 10, a momydeHHBIC pe3yNETATHl aHAIO-
TUYHBI BApUAHTy pUCYHKa 5.1.

Ha pucynke 5.2 mpeacTaBieHBI pe3yiIbTaThl,
nonyueHnsie pu net2Ar = NetChain[ {vectLength,
Tanh, vectLength, Tanh, 1}, "Input"->"Scalar",
"Output"-> "Scalar"]; netD2ar = NetTrain[net2Ar,
dataProfD2a, Method->"RMSProp"]. CriaxenHoe
NpUOJIMKEHUE BBIBOJMTCS IUTPUXIYHKTHPHOH JIU-
HHEH MaJIMHOBOTO IIBETA.

3akjrouenue

OnucaHbl KOMIIOHEHTH HHTETPHPOBAHHOTO
MPOTPAMMHOTO KOMITJIEKCA COCTABUTEIS ITU(PPOBBIX
TEOJIOTHYECKUX MoJenei. Pa3paboTaHHBIH KOM-
IUIEKC JaeT BO3MOXKHOCTH MAaHHITYJIMPOBAHHS HC-
XOJHBIMH JaHHBIMH, WHTEIDICKTYaJIbHOTO aHalu3a,
COIIOCTABJICHUSI MHTEPIIPETAI[MiA U BapHAHTOB 3KC-
MEPTOB, MOJyYaeMBIX Pa3HBIMH CIIOCOOAMHU PE3YJlb-
TaTOB ® ATaloHOB. OOCyXkIaeMble pPe3yJIbTaThI,
MpUMepEl 00padOTKH M BH3YallU3aIliH IPOCTPAHCT-
BEHHBIX JTAHHBIX, METO/IBI HACTPOWKHN HHCTPYMEHTOB
HCKYCCTBEHHBIX HEHPOHHBIX CETCH SIBIISIOTCS TO-
TBEP)KICHNEM IIHPOKUX BO3MOXKHOCTEH paccMaTpu-
BaeMOW TEXHOJIOTUH MHTEIUICKTYAIbHOW 00paboTKH
maHebiX. Ho crmegyer monmMarte, 9to paborta 1mo

dataProfE1 + dataProfD2a + Method RMSProp: vectLength=20

20 40 60 80 100
Pucynok 5.2 — Crinaxkuanue dataProfD2a
C IPUMEHEHHEM HEMPOHHOM ceTn
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00ydeHHIo ceTn — paboTa ¢ YEPHBIM SAILINKOM, C He-
MOBTOPSAIOIUMUCS pe3ysbratamu. IIpuuem, Bcerna
NPUCYTCTBYET CYOBEKTHBHOCTb, BCE OIpEAENSETCS
OMBITOM, KOT/Ia NMPHUHUMACTCS PeIIeHHEe O HEeoOXo-
JUMOCTH HAJIOKUTh KaKHe-TO OTrpPaHWYCHHS Ha
¢yHKIHO TIOTEph. [103TOMY OTHENBHO B CIEIYIO-
niel craThbe OyIyT MPUBEACHBI KIIACCHYSCKUE Pele-
HUSI METOJIJaMH TIPUKIIQJHON CTATUCTUKH.
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IMPABHUJIA JJISA ABTOPOB

Crarbsi, HanpaBiisieMasi B PeJakLHi0 KypHaia
«I[IpobGaembl (u3MKK, MaTeMaTHKH W TEXHHUKH»,
JIOJDKHA!

— COOTBETCTBOBATH NMPOQHIIIO KYPHAIIA;

— SIBIISITBCS. OPUI'MHAIIBHBIM IPOM3BEICHUEM,
KOTOpOE€ HE MpPEJOCTaBISIIOCh HA PAacCMOTPEHHE U
He IyOnmKoBajoch paHee B oboveme Oosee 25% B
JIPYTHX TEYaTHHIX W (MJIM) IEKTPOHHBIX M3AHMSX,
KpoMe IyOJMKAaNuy TPEeNpuHTa (PYKOMIICH) CTaTbU
aBTOPOB (COABTOPOB) HAa COOCTBEHHOM CaiiTe;

— colepKaThb BCE IPEAYCMOTPEHHBIE NEWUCT-
BYIOLIMM 33aKOHOJIATEJIbCTBOM CCHUIKM Ha LIUTHPYe-
MbIX aBTOPOB U HWCTOYHHUKHU OHy6HI/lKOBaHI/IH 3auM-
CTBOBAaHHBIX MAaTEpHAaJIOB, aBTOPOM (COABTOpaMH)
JIOJDKHBI OBITH MOJIy4eHBI BCE HEOOXOAMMBIE paspe-
IIEHUs Ha HCIIOJIb30BAaHHE B CTaThe MaTEPHAIOB,
npaBooOanareneM (JISIMH) KOTOPBIX aBTOP (COaBTO-
pBI) He sSBIIAETCS (FOTCS).

CraTbs HEe JOJDKHA COAEPXKaTh MaTepHaibl, HE
MOJJIEKAIIHE OITyOIMKOBAHHUIO B OTKPHITON TEYaTH,
B COOTBETCTBHU C ACHCTBYIOUIMMH 3aKOHOAATEIb-
HbIMH akTamu Pecny0Osmku benapycs.

CraThs MpeACTaBIsIeTCsS HAa pyccKoM, Oeropyc-
CKOM HJIM aHTJIMICKOM SI3BIKaX B JABYX 3K3CMILIApax
Ha Oenoii Oymare gopmara A4 ¢ IpOHYMEpOBaHHbI-
MU cTpaHuniaMu. OZHOBPEMEHHO B pEIaKIMIO Ha-
MpaBIsieTCs JIEKTPOHHBIN BapuaHT cTatbu Ha CD,
WK IO 3JICKTPOHHOI mouTte (e-mail: pfmt@gsu.by).

JIJIst TOIrOTOBKH CTaThbH MOXKHO HCIIOJIB30BaTh
pemakrop MS Word for Windows (2000/2003),
mpudpt — Times New Roman, 14 pt, Bce momst —
2 cMm, i cuctemy LaTeX c ommuei 12 pt B cran-
JIapTHOM cTuJIe article 6e3 mepeomnpeneneHus: cTaH-
naptabix cruieit LaTeX'a u BBeeHHsSI COOCTBEHHBIX
KoMaH[ (Bce Mo — 2 cM).

B neBoM BepxHEM yIUly IEPBOM CTpaHULIbI CTa-
Tbu cTaBuTcs uHAekc Y /K, Huxke mo ueHTpy Ha
PYCCKOM M aHIJIMMCKOM S3bIKax: Ha3BaHUE CTaTbU
NPONUCHBIMU OyKBaMH, MHUIMANbI U (paMiuIis aB-
TOpa (aBTOpPOB), Ha3BaHWE OPTraHHU3ALMH, B KOTOPOM
oH (oHHU) paboraer, anHOTaNUA (10 10 cTpOK) U Te-
pEUYCHb KITIOYEBBIX CIIOB.

Cratbsi, KaK NPaBUIIO, JOJDKHA COJCPKATh: BBE-
JICHHE, OCHOBHYIO 4acTh, 3aKIIFOUCHHUE U JINTEPATypy.

HasBaHue cTaThy JOMKHO OTPAXKaTh OCHOBHYIO
UJICI0 MCCIIEI0BAHUS, OBITh KPATKHM.

Bo BBeneHun naercst kpatkuit 0030p JuTepa-
TYpbl, 000CHOBBIBAETCS LieJIb pabOThI U, €ciiu HeoO-
XOAMMO, OTpaXKaCTCA CBA3b C HAYYHBIMH U ITPAKTU-
YeCKUMH HarpapieHusIMA. O0s3aTeNbHBIMA  SIBJIS-
IOTCS CCBUIKM Ha pa0OTHl IPYruX aBTOPOB, MyOJH-
Kaliy TOCIEIHNX JIET B O0JAacTH HCCIIETOBaHUS,
BKITIOYAas 3apyOeKHBIE.

OCHOBHas 4acCTh JOJKHA COJECP)KATh ONIMCaHNE
METOJIUKH, 00BEKTOB MCCIEIOBAHMS C TOUKH 3PEHHS
UX Hay4HOW HOBH3HbL. OHa MOXKET JEIHUThCS Ha
mojpasaienbl (C Pa3bACHSIIONMMHU 3aroJIOBKAMH) H
collepXKaTh aHAU3 MyOJMKAIUi, OTHOCSIIUXCA K
COJIEPIKAHHUIO IAHHBIX MTOJIPA3/IeIIOB.

DopMybl, PUCYHKH, TaOJIHIBI HYMEPYIOTCS B
npejenax pasaena, Hanpumep: (1.1), (2.3), pucyHok
1.1, Tabnuma 2.1. Hymeparuu nojajiexaT TOJIBKO Te
(dopMyJIBl, Ha KOTOpble MMEIOTCS cChUIKM. Homep
(opMyJIBI TIPIKMMAETCsl K MIPaBOMY Kparo CTpaHU-
e, a cama (opmysia HEeHTpupyercs. PuUCyHKH u
TaOIUIIBI PACHOIATaIOTCS HEMOCPEICTBEHHO B TEK-
cte. Pa3mep pucyHKOB U rpa)MKOB HE TOJDKEH IIpe-
Boimate 10x15 cm. IlomyronoBeie  QoTorpadun
JOJDKHBI UMETh KOHTpacTHOe m3o00paxkenue. [1oBTo-
peHHe OIHMX M TeX K€ NaHHBIX B TaOIHIax W pH-
CYHKax He JIOIyCKaeTCs.

Kaxxmas tabnuma momkHa MMETh 3arojioBOK, B
Hell 00s3aTeNbHO YKa3bIBAIOTCS SIUHMIBI H3Mepe-
HHS pacCMaTpUBaeMbIX BeMUUH. PazMepHOCTBH Beex
BEJIMYMH JOJDKHA COOTBETCTBOBaTH MexkIyHapo.-
HoOW cucteme enuann m3mepennit (CH). He momyc-
KaeTcs COKpAalleHHE CJIOB, KPOME OOIIEeNpUHATHIX
(T.e,uT. I,UT.IL).

B 3axmroueHnm B cxxaToM BHIE (OpMyYIHPYIOTCS
TTOTy9YeHHBIC pe3yIbTaThl, UX HOBH3HA, IPEHMYIIECT-
Ba M BO3MOYKHOCTH TPAKTUIECKOTO HCIIOIb30BAHHUSI.

Crncok JmTepaTyphl JOJDKEH COAEpKaTh IOJ-
Hble Oubmmorpaduueckue mnanueie. OH COCTaBIsAET-
sl B MIOPSIIKE YITOMUHAHUS CCBUIOK B TekcTe. Cehbll-
KU Ha HEOITyOJIMKOBaHHBIE pabOTHI HE AOIYCKAIOTCS.
CchUIKM 1aI0TCSI B OPUTUHAJIBHOW TPaHCIUTEPALIUH.
[NopsinkoBble HOMepa CCHUIOK IO TEKCTy YKa3bIBa-
FOTCS B KBaJIPaTHEIX CKOOKax (Hampumep, [1], [2]).

Cratbsi moanmchIBaeTcsi BceMH aBTopamu. K
CTaThe IMPUIIATAIOTCS:

— CONPOBOIMTEIHHOE MICEMO OpPTaHU3AINH, B
KOTOpOH BBINIONHEHa paboTa ¢ mpock0oit 00 omyo-
JTUKOBAHUHY;

— cBeZieHHs 00 aBTOpax;

— OKCIIEPTHOE 3aK/IIOYCHHE O BO3MOXKHOCTH
OITyOJINKOBaHUS CTaThbH B OTKPBITOM IEYaTH;

— JIOTOBOp O TIepejade aBTOPCKOTO IpaBa (B
JIBYX 9K3eMILIsApax).

CaeneHust 00 aBTOpax IPEACTABIISIIOTCS HA OT-
JIeTIbHOM CTpaHuIe U conepskar: pammimio, UMs, OT-
YEeCTBO aBTOpa (ABTOPOB), YUCHYIO CTCIICHb, 3BaHUE,
MeCTO PabOTHl M 3aHMMAEMYIO TOJDKHOCTB, CIICITHA-
JIFCTOM B KakoOW 0OJacTH SIBISICTCS aBTOP, MTOYTOBEIHA
WHJIEKC ¥ TOYHBIN aipec AJs MepenucKy, TelaedoHbI
(cy)keOHBI WM TOMAIIHHIK), aapec 3JIeKTPOHHOU
mouthl. ClefyeT yka3aTh aBTOpa, C KOTOPHIM HY>KHO
BECTH IIEPENUCKY U HalpaBieHHEe, K KOTOPOMY OTHO-
CHTCS TIpeJicTaBIeHHas paboTa ((hu3rKa, MaTeMaTHKa,
TEXHHUKA).

[TocTynuBIIas B peJakuMIO CTaTbsl HaIpaBils-
eTcsl Ha pelieH3upoBaHue. B ciaydae e€ oTkiIOHeHUs
penakiys cooOIaeT aBTopy pelleHHEe PeIKOJUICI U
M 3aKIIOYCHHE PEICH3eHTa, PYKOIHCh aBTOpPYy HE
Bo3Bpamaercs. PerreHne o m0pabOTKe CTaTbd HE
O3HaJaeT, 4T0 OHA MpuHATA K mevatu. [locme mopa-
OOTKH CTaThsg BHOBH PACCMATPUBACTCS PEIIEH3EHTOM
U PENAKIIMOHHON KOJIIETHEH.
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Penmakuus octaBisieT 3a co00Oi MpaBo MPOU3BO-
JIUTH PelaKIMOHHBIE U3MEHEHUS M COKPAIICHHS, HE
HCKa)KaIOI[1e OCHOBHOE CO/IEPIKaHUE CTAThU.

CTaT])l/I, HE OTBCHAIOIUEC NEPECUNCIICHHBIM TpE-
OOBaHUSM, K PAcCCMOTPEHMIO HE MPUHHMAIOTCS U
BO3BpalaroTcsl aBropam. JlaToil mosydeHus pyko-
MIHCH CUMTACTCS JIeHb IMOJYYEHHs pelaKnuei OKOH-
YaTeJIbHOrO BapHaHTa.

ABTOpBI HECYT OTBETCTBEHHOCTD 32 HAIIPABIICHUE
B PEIOAKIUIO Y)K€ paHee OITyOJNMKOBAHHBIX CTaTeH WIIH
CTaTel, IPUHATHIX K [IeYaTH APYTUMHU W3TaHUIMH.

Penakiwst mpemocTapisier IpaBo MePBOOYEPEIHO-
ro OmnyOJIMKOBAaHMS CTareil JIMLaM, OCYIIECTBISIIOIIIM
TMOCTIEBY30BCKOE 00yUeHHe (aClUpaHTypa, TOKTOPaHTY-
pa, COMCKAaTejbCTBO) B TOJ 3aBepIUCHUs] O0y4eHUS.
Inara 3a omyOIMKOBaHKE CTATEH HE B3MMACTCSL.
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Bcro KOppecroHASHIMIO ClefyeT HaNpaBiIsATh
NPOCTHIMU WJIM 3aKa3HBIMU IMCbMaMu (OaHAEpOIs-
MH) Ha aJpec peAaKIuu.

O06pa3zer opopMIIeHHs CTaThU, CBEICHUI 00 aB-
TOpax, KCIEPTHOTO 3aKJIFOUSHUSI U TEKCT JIOT0BOpa O
nepeaye aBTOPCKOrO IpaBa pa3MelIeHbl HA caiiTe
XKypHaa 1o anpecy http://pfmt.gsu.by.

XKypHan BKIIOYEH B KaTajJor MeYaTHBIX
cpenctB MaccoBoir mHopMmaru Pecrybmiku bena-
pycb. Uanekc xyprana: 01395 (ans mHIUBUAYATH-
HBIX moAnmucYukoB), 013952 (s mpemmpustuii u
OpraHu3aIui).



GUIDELINES FOR AUTHORS

In order for papers submitted to be published in
the journal “Problems of Physics, Mathematics and
Technics” the following rules should be taken into
account:

— the paper should be in agreement with the
type of the journal;

— the paper should be an original work, it
should not have been submitted for consideration or
previously published in the bulk over 25% in an-
other scientific edition and (or) electronic publica-
tions with the exception of preprint publication
(manuscript) of the paper of the authors (coauthors)
on their own website;

— the paper should contain all statutory refer-
ences to the cited authors and published sources of
the borrowed material. The author (coauthors) must
obtain all the necessary permissions for the use of
materials in the article, in the event that he is (they
are) not their right holder (right holders).

The paper should not contain the materials
suppressed for publication in the press in accordance
with the laws of the Republic of Belarus.

Contents of a paper should be written in line
with the scope of the journal. The paper should be
written in Russian, Belarusian and English, edited
thoroughly and submitted in two copies to the Edito-
rial Office. The manuscript should be printed on A4
white paper with all pages numbered. In addition,
the authors must submit the electronic version
of their manuscript either on a CD or by e-mail
(e-mail: pfmt@gsu.by).

To prepare a paper it is possible to use MS
Word for Windows (2000/2003), Times New Roman
type, 14 pt. All margins are 2 cm. The author may
also use 12 pt LaTeX in standard style article with-
out redefinition of the margins and introduction of
the author’s commands.

Index UDC is sited in the left corner of the first
page. The title of the paper in capital letters is fol-
lowed by the name(s) of the author(s), authors' af-
filiations and full postal addresses next to which are
an abstract of no more than ten lines and keywords.
Relevant keywords should be placed just after the
Abstract.

A paper, as a rule, should include Introduction,
Body Text, Conclusion and Literature. The title of
the paper must be concise. It describes the main idea
of your research.

In the Introduction the author gives a brief re-
view of literature, his grounds and specific objec-
tives, he describes links with scientific and practical
branches. All background information such as refer-
ence to the papers of others authors and some
previous publications (including foreign ones) in the
field of investigation is necessary.

The main part should contain description of the
techniques used and objects of investigation within a
large scientific framework. This part may be divided
into subsection (with explanatory headings). It provides

the readers with the analysis of the publications on
the problem described in these subsections.

Formulas, figures and tables should be sequen-
tially numbered in the framework of the section, for
example: (1.1), (2.3), figure 1.1, table 2.1. The author
should number only the formulas with appropriate
references. The formula number is placed on the right
side of the page and the formula itself is centred.

Figures and tables should be put into a contex-
tual framework. The size of figures and charts does
not exceed 10x15 cm. Halftone photos should be
glossy and contrast. Do not repeat extensively in the
text the data you have presented in tables and figures.

Each table should have the heading, in which
units of measure describe the values under consid-
eration. All measurements and data should be given
in SI units, or if SI units do not exist, in an interna-
tional accepted unit. The authors are advised to
avoid abbreviations except for generally accepted
ones (i.e., etc.). Define all abbreviations the first
time they are used.

In the Conclusion the received data are de-
scribed in concise form. The novelty of these results,
advantages and possibility of practical use are pre-
sented.

Publications cited in the text should be pre-
sented in a list of references following the text of the
manuscript. References should be given in their
original spelling, numbered in the order they appear
in the text and contain full bibliography. Please, do
not cite unpublished papers. The numbers of refer-
ences are sited in square brackets (e.g. [1], [2]).

The paper should be signed by all authors.

The following documents should be attached to
the article:

— covering letter of the organization in which
the work was done with a request for publication;

— information about the authors;

— expert opinion on the possibility of publish-
ing an article in the press;

— treaty on the transfer of the copyright (two
copies).

The authors should provide the following in-
formation on a separate sheet: surname, first name,
patronymic, science degree, rank and correct postal
address for correspondence, organization or com-
pany name and position, title, research field, home
or office phone numbers, and e-mail address.

Then the paper is sent to the Editorial Board to
be reviewed. The Editorial Office informs the au-
thors of paper denial and the reviewer's conclusion
without returning the manuscript. A request to revise
the manuscript does not imply that the paper is ac-
cepted for publication since it will be re-reviewed
and considered by the Editorial Board. The authors
of the rejected paper have the right to apply for its
reconsideration.

The Editorial Board has the right to edit the
manuscript and abridge it without misrepresenting
the paper contents.
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Papers not meeting the above requirements are
denied and returned to the authors. The date of re-
ceipt of the final version by the Editorial Office is
considered as the submission date.

Authors are responsible for the submission of
their publication because submission is a representa-
tion that the paper has not been previously published
and is not currently under consideration for publica-
tion elsewhere. The Editorial Board charters top-
priority for postgraduate students (postgraduate
course, persons working for doctor's degree, com-
petitors for scientific degree) during the current year
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of the completion of a course. Publication of the
paper is free of charge.

Samples of the preparation of an article, infor-
mation about the authors, expert opinion and the text
of the treaty on the transfer of the copyright are
placed on the site http://pfmt.gsu.by.

The journal «Problems of Physics, Mathemat-
ics and Technics» is included in the mass media
catalogue of the Republic of Belarus. Index: 01395
(for personal subscribers), 013952 (for enterprises
and organizations).
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