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DOU3HUKA

HOJAPU3YEMOCTD 3JIEMEHTAPHBIX YACTHUILL
B TEOPETHKO-IIOJIEBOM INIOAXO/E

B.B. Anapees, H.B. MakcuMeHko

Tomensvckuti 2ocyoapcmeennviii yuusepcumem um. @. Ckopunsi, I omens

POLARIZABILITY OF ELEMENTARY PARTICLES
IN THE THEORETICAL-FIELD APPROACH

V.V. Andreev, N.V. Maksimenko

F. Scorina Gomel State University, Gomel

Ha ocHOBE TEOPETHKO-TIOICBOTrO IOAX0/a U PELICHHI SIEKTPOANHAMUYCCKUX YPABHEHUI KOBAPHAHTHBIM METOJOM (YHKIMH
I'puHa MOIyYeHB! JarpaHXKUAaHBl U aMILIUTY (bl KOMIITOHOBCKOTO PACCESHUS Ha MHOHE U HYKJIOHE C Y4eTOM JIIEKTPHYECKOH U
MarHMTHOH mnossipusyemocteid. IIpoBeneH pacyeT MarHUTHOW W 3JIEKTPUYECKOW KBAa3HUCTAaTUUECKHMX IMOJIIPU3YEMOCTEH Jyis
CIHHOPHOI! YaCTHIIBI C HCIIOIB30BAHHEM METOAMKH BBIUHUCIICHHUSI MATPUYHBIX SJIEMEHTOB KOMITOHOBCKOTO PACCESHHUSL.

Knroueswie cnosa: ROJAPU3YEMOCMb, NACPAHICUAH, KOMNMOHOBCKOE paccestue, (j)yum;uﬂ Fpuua.

The effective Lagrangians and amplitudes of Compton scattering on pion and nucleon with the account of electric and magnetic
polarizabilities are obtained on the basis of the theoretical-field approach and solutions of electrodynamic equations by means
of Green functions covariant method. Calculations of magnetic and electric quasi-static polarizabilities of spinor particle were
evaluated on the basis of matrix elements calculation for Compton scattering amplitudes.

Keywords: polarizability, Lagrangian, Compton scattering, Green function.

Beeoenue

Ilpu onucanuu B3aUMOAEHCTBUS 3JIEKTpOMar-
HHUTHOTO TIOJISl CO CPEIaMH C OIpeAeIeHHbIMU (HU3H-
YECKUMHU CBOMCTBaMHU 3(PPEKTUBHO MCIOIB30BATUCH
KOBapUaHTHbIE TEOPETHUKO-TIoJIeBble MeTozn! [1]. B
CBOIO OYepenb, TaKHe 3JIeMEHTapHbIe YaCTHUIIBI, KaK
aJIPOHBI, TAKXKE SIBISIOTCS CTPYKTYpPHBIMU OOBEKTa-
mu. I[TosTomMy QyHIaMeHTanbHBIE ONTHYECKHE Xa-
PaKTEpPUCTHKH, TaKHE KaK IEKTPUUECKas U MarHUT-
Hasl MOJISIPU3YEMOCTH, €CTECTBEHHBIM 00pa3oM BO3-
HUKAIOT TPH OIHMCAHWH B3aWMOJEHCTBUS HH3KO-
SHEPreTUIECKOTO AIIEKTPOMArHUTHOTO TOJIS C aapo-
Hamu [2]-[4].

OnHOM M3 CIOXKHBIX 3a/1a4, BOSHUKAIOMINX IpU
HCCIICIOBAaHUN TaKUX XapaKTEPUCTHK, SBISAETCS IO-
CIIeJIOBAaTENIbHOE KOBAapMAaHTHOE OINMCAaHME BKJIAJOB
HOﬂﬂpHSyeMOCTeﬁ B aMIUIMTYJbl U CCYCHUSA DJICK-
TPOIMHAMHYECKHUX TPOLECCOB Ha aapoHax. [lomo0-
HYIO ITpo0JIeMy MOKHO PELINTb, IOCTPOUB TEOPETH-
KO-TIOJIEBOM KOBAapHaHTHBIH (OpMaNn3M B3aHMO-
JEWCTBHS JIEKTPOMAarHUTHOTO HOJIS C aApOHaMHU C
YYETOM UX MOJSIPU3yEMOCTEH.

Ha mnporsxkenun muorux aer ®.U. denopo-
BbIM, JI.I'. MOpO30M M X y4EHHKaMH aKTHBHO pa3-
BHUBAJINCh KOBAPHAHTHBIE METOIBI IIONYYEHHS Ja-
TPAaHKUAHOB M YPaBHEHWM B3aUMOAECHUCTBUS 3JIEK-
TPOMArHUTHOTO TOJIS C AAPOHAMH, B KOTOPBIX 3JICK-
TPOMArHuTHBIC XAPAKTECPUCTUKU ITHUX YaCTUIL] ABJIA-
I0TCSl OCHOBomouyararouuMu [51-[9]. B pamkax He-
PEIATUBUCTCKON 3JIEKTPOJUHAMHUKH B MOHOTpaduu
[10] mpoBeneHo MOCTPOECHUE aMILIUTYJ] U CEYEHH C
Y4€TOM HOJSPU3YyEMOCTH SAEP.

© Anopees B.B., Maxcumenko H.B., 2011

Lenb paGoTHI: TOTYYUTH B paMKaX KOBapHaHT-
HOTO TEOPETHUKO-TIOJIEBOTO MOAXO0/Aa JIarpaHKuaH,
TEH30p SHEPIHU-MMITYJIbCa W YPaBHEHHUS B3aHMO-
JIEUCTBUSL DJICKTPOMArHUTHOTO TOJIA C aApOHAMH
cnuHa 0 1 1/2 ¢ y4eToM MOIsIpHU3yeMOCTEH.

B pabote Takxe BEIUHCISIOTCS CTPYKTYPHI, KO-
TOpBIC AHAJOTHYHBI TOJSAPH3YEMOCTSIM, HO BO3HH-
KalIue HE 3a CYeT CHIBHBIX B3aUMOICHCTBHUM.
AHanmm3upyeTcs UX BO3MOXHBIM BKIaJ B TIOJAPH-
3yeMOCTH aJpOHOB.

1 Kosapuanmmnoe npedcmagienue amniumy-
O0bl KOMRMOHOECKO020 PACCEAHUA HA TT -Me30He C
yuemom 6K1aoa noaapuzyemocmeil

Jnst onpeneneHuss HU3KOAHEPTeTUUECKOW yac-
TH aMIUIMTYJbl KOMITOHOBCKOrO paccesiusi (AKP)
Ha 77 -ME30HE C YUETOM €ro IOJIIPU3yeMOCTei BOC-
MONB3yeMcsl  KOBapHaHTHBIM (opmanuzmom Jla-
rpanxa. 13 HU3KO3HEpreTHuecKol TEOPEMBI Ciely-
eT, uto AKP B 0071aCTH HU3KUX DHEPTHH ONpeaessi-
ercs OOpHOBCKOI dacThiO, a TakXKe BKJIAJOM IIO-
JIAPU3YEMOCTEH U CpeAHEKBaJPaTHUHOIO pajuyca
ME30Ha.

OnpenenuM  JarpaHkuaH — B3auMOJIEHCTBUSA
JIEKTPOMArHUTHOTO MOJsS CO CTPYKTYPHOW YacTH-
LeH ¢ y4eTOM NOJISIPU3YeMOCTeH CIeIyIomuM oopa-
30M:

1w .
Lz—ZF” F,+0,4"0"p—

(1.1)
- (¢7p)+ L) + L.

B ypaBuennu (1.1) BBeneHBI 0003HAYCHHUS:
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L0 = j A" +E 42 (47 9),
(1.2)
Lo = [L‘”(P M,0)+ " (3,P M)]

uv?

rie P u M — onepaTopbl JEKTPUYECKONH U Mar-
HUTHOW MOJIAPU3aLUI CTPYKTYPHOU YacCTULIbI U

BT (75 - ,0)

1" @RI =~ (5P~ 5'F )+ ¢ 5., )

Crpenku yKka3blBalOT HaIpaBJICHUs JCHCTBHS OIle-
patopoB  (MPOM3BOJHBIX) HA BOJHOBBIC (DYHKI[HH

7 -Me30Ha @(x), a COKpalleHHas 3amuch < > To1-

pa3yMeBaeT CleIyrolee: <@> = ¢+(x)@¢(x).

Bripaxxenne (1.2) cormacoBaHO € Kilaccude-
CKUM ONpE/EICHHEM B3aUMOJICHCTBHS 3JIEKTpOMar-
HHUTHOTO TIOJIS1 C YaCTHLEH C yIETOM €€ JIICKTpHUe-
CKOW M MarHUTHOMW moJisipu3anuii [11], [12].

Bocrnonb3yemcss  ypaBHeHusimu  Jlarpanika-
DOinepa Ui TOro, 4ToObl HANTH ypaBHEHUS JBIKE-
HUSl CTPYKTYPHOM 3apsiKeHHOM yacTulbl ciiHa 0 B
3JIEKTPOMArHUTHOM TI0Jie. B urore mpuxomum k co-
OTHOIIEHHIO

0,8" +m)p(x) =~(P @)+ () )gx), (1.3)
rac

7+ (x) =0, (ieAV + 7}5”’”) +ied"0,—e* A,

N

= —| L7 (P,M,0)+
i 8(6V¢*)[ (PO (1.4)

Po (A D AS
+L (a,P,M)]Fp
COOTHOUIEHHSI BBILIE MO3BOJSIOT HAM BbIUKC-
muth AKP Ha 7 -Me30HE ¢ ydyeToM MOJspU3yeMo-

creil. i1 3TOro ompenenuM S -MaTpU4HbIE dJie-
MEHTHI coraacHo paboram [13], [14]:

Sp=(/,0), [d'xa (¢ =] 7 )1,00) =
= () [d'xf; (x)“"kx)fp(x)

¢ A°(x’—x) — ¢dynkuueidi I'puHa U ¢ BOJHOBBIME

(1.5)

(YHKIMSIMY ME30HOB B BHJIE IIOCKUX BOJIH
exp( ipx)

/0= G

Janee, ucrnonb3ysi aCHMOTOTHYECKHE YCIOBHS,
B KOTOPBIX MpeHeOperaeTcsi B3aMMOJCHCTBUAMHE MTPU
t =100 musa S -MaTpu9HEIX teMeHToB (1.5), Haxo-
JIIM, 9TO

S, —lJ‘d4X6 f,(x )z =
= [dx <[L”V(PM8)+L”V(6PM)] W>

Jlyist onepaTopoB 3JIEKTPUIECKONH M MAarHUTHOM

MOJIApU3aLUi CTPYKTYPHOM YaCTHLIbI P u M uamnu
MIPeUIaraeTCsl NCIOIb30BATh BRIPAKCHHUS:

P =470, F"(i3,), M =47B, F (i7",

rae o, u f,, — 3JIEKTPUUECKas U MarHUTHAas MOJs-
PU3yeMOCTH 7 -ME30Ha, a TEH30p

~uv uvpo

F"=12&""F,.

Toraa [uist S -MaTpUYHOTO 3JEMEHTA MOIYUHM:

S _l_.[(j4 |:< 0 >+<évép>:|x (16)
[ E By ).

Hcnonb3ys coOTHOLIEHUE

uv

=|F"F - lé'szJ
27 )
ypaBHeHue (1.6) MoxHO npesicTaBuTh B BHje [15]:
27[ 4 = =V V=
s, =122 [ (o) (52,

x| (a; + B )F*F,, —ﬂTM&;’Fz )

B uMOynbCHOM TIpENCTaBICHHH aMILTUTYA
(1.7) mocne BIIENCHUS HOPMHUPOBOYHBIX MHOXHTE-
JIel 3aIMIIeTCs CIIEYIOIMM 00pa3oM:

s _(NeD Okt p—k-p)

! (27)'\16w,0,E,E,

c Marpuuen M:

2
M === py,pt' + 0ty (s + B
(1.9)
(F(2)FPV F(I)F/JV] ﬂMé’VF#VF(l) :| .

M w2 w2
B coornomenusx (1.8) u (1.9) ucmonb3oBaHbl
0003HaYeHHUs:

wo_Lu vk ao_ pu VoK.
Fy =kle, —keys Fof =kje, —ke.;

k,, — 4-uMIyibChl (DOTOHOB C JHEPTHAMH @, H
BEKTOPAMU MOJSIPH3ALMUI €, =~ COOTBETCTBEHHO.

KoBapuantHoe ypaBHenue (1.9) sBnsercs ka-
JTMOPOBOYHO-UHBAPUAHTHBIM BhIpakeHuem 1iisi AKP
Ha yacTuue cnuHa 0 ¢ y4eToM MoJsipu3yeMocTel.

2 Kosapuanmnoe npeocmaenenue AKP na
HYKJIOHE C YUemoM 6K1a0a noaapuszyemocmeil

OnpenenuM  JIarpaHXkdaH — B3aWMOJICHCTBUSA
9JIEKTPOMArHUTHOTO MOJIA C YacTUIeH cruHa 1/2
(7S ompeneNeHHOCTH € HYKJIOHOM) CIICAYIOIIAM
obpazom:

(ié—m)—e;l —%Z”VF

v

\P(x)—

¥(x),(2.1)

uv

(18+m)+eA+iL”vF

rac
i =-(p -7 e i1, @)

1= (3P =8P )+ "B M, ) (23)
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Tak ke Kak W B HPEABIAYIIEM CIydae, HUCIOIb3Ys

ypaBHeHus Jlarpanxa-Diinepa u narpamwxkuas (2.1),

MPUXOAUM K YPaBHEHUSAM:
(i8-m)=cii={T"F,, \P(x)=0.

nv

¥ (x)

(i5+ m)+ ed +%Z‘”F#V} =0.

UTo0BI OJTYYHUTH COTIIACOBAHUE C HU3KODHEP-
TEeTHYECKUM TPEICTAaBICHUEM aMIUIATYIBI KOMIITO-
HOBCKOTO paccesHUs Ha HYKJIOHE, OIepaTopsI
MOJISIPU3AIUN  YaCTHIBl OIMpPEAEeTUM CIICAYIOMINM
obpazom:

ﬁ# = 4”aEFW7w M\ﬂ = 477161\/1 ﬁ‘wyw
rue o, u f,, — dNeKTpudecKas U MarHUTHas M0JI-
PpHU3yeMOCTH HyKJIOHA.

C nomomrsio ypaBHeHud (2.1)—(2.3) Haiimem

JarpaHKHaH B3aUMOJCHUCTBUA L,

2 ~ ~ V/
L, (x) :f[aEFWF; + By Fw L]0, (24)
rac
0 :%‘T’(x)ﬁvy’“}’(x).

Torga Ha ocHOBe ormpeneiaeHust S -MaTpUlbl pac-
CEstHM Yepes JIarpaHyKuaH B3aMMOJEHCTBHA L,

a .

S=i J. L,(x)d*x
MOXHO paccuutath auddepeHnnanIbHOe cedeHne
KOMITTOHOBCKOTO paccestHusi Ha yroia € =0 B nabo-

PaTOpHO# CHCTEME OTCYETa ¢ TOYHOCTBIO 10 @'

a a
9o _Zow] o0 g p(ay 4 )| (@5)
dQ m m

e @ — YaCTOTA MBIYHYEHHS U Oy, = €°/(47). Bbl-

paxenne (2.5) coBnmageT ¢ paHHEE U3BECTHBIMH IS
cioydas k, =0 (cM., Hampumep, [16]), uTo mox-
TBEpPKJAaeT MPAaBUILHOCTH pa3paboTaHHOW B JIaHHOM
CTaThe METOAMKN IOCTPOCHHMS JIarpaHkHaHa C yde-
TOM MOJSIPU3YEMOCTEM.

3 Tenzopwl snepzuu-umnynvca 63aumooeii-
cmeus INeKMpPOMAZHUMHO20 hoas chuna 1/2 ¢
YUEemoM IIeKMPUYECcKoll RONAPUZYEMOCHIU

B snexkrtpoamHaMHKE TIPH ONMHMCAHWH B3aWMO-
HeﬂCTBHH QJICKTPOMAriuTHOIO 1oJisd C 3apﬂ)l(eHHOﬁ
yacTuIed crnuHa 1/2 WCHONB3yeTcsl JarpamKHaH
[17], [18]:

1 i == i == =
L= _ZFWF"V +E\PD‘I’ —E‘PD‘P -m¥YY, (3.1)
rie
D,= aﬂ—zeA# up,= a#+zeA#.

CootserctBytomue (3.1) ypaBaenus Jlarpan-

Ka-Dinepa UMEIOT BU:

(iB—m)‘I’ =0, ‘T’(i5+m) =0, (3.2
0, F" =j" =¥y"¥. (3.3)
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Kanonndeckuii 1 METpUYIECKUI TEH30PHI 3HEP-
TMU-UMITYJIbCA BBIPAXKAIOTCS YEpe3 OIepaTophl IO-
nent [18]:

T __p 5 Ap+lg/,vaanJ+9~uV’ (3.4

v v
H Hp 4

4 1
(metr) __ o
T, —F#pR”+ZgWFpJFp +
| (3.5)
+éyv_5[juAv+ijy)’
rae
6,=0,+6,). 6, =§l?yﬂavly. (3.6)

[TposmesaeM aHAIOTMYHBIC IIOCTPOCHHS JIa-
rpamKKaHa, HO yXKe€ Ul YaCTHIBI, HMCIOIICH dJIeK-
TpUYeCKylo mnomsgpusyemocts o, (S, =0). Jdua

9TOro 00beAMHUM J1arparxuansl (2.4) u (3.1)
L= _% FUF, + S5 =S¥ -m P, (3.7

B KOTOpPOM oIepaTopel D mepeonpelesieHbl ¢ yue-
TOM HOJISIPU3YEMOCTH

D.= &

w T

2ra, v .
F_F° 3" —ied ,
m ov' u }6 y7a

4

D.=d

+ied,. (3.8)

270, Lo
g,uv+ m F:UFGV

Cremyst METOAMKE, C TIOMOIIBIO KOTOPOil ObUTH
noy4yeHsl BeipakeHus (3.4) u (3.5), Haiinem meTpu-
YEeCKHI TEH30p SHEPTHH-MMITYJIbCA C yYETOM MOJIs-
pU3yeMOCTH YacTHIbI crinHa 1/2 :

(metr)

v 4 1 v o
Ty = Y F) 428" F P =

| (3.9)
Laga)er
rac
T = J*F +gTWFmJ”", (3.10)

a BCIIOMOTATEIbHBIA TEH30p J MPONOPLHMOHAIEH
IEKTPUUECKOH MOJSIPU3yEeMOCTH

Jeo = _37% (Frg*-F7g"). (.11

U3 coorromennit (3.10) u (3.11) cnemyer, aTo
MIPH B3aUMOJICHCTBUN DJEKTPOMATHUTHOTO TOJS C
gacTUIe OOJNBIION MacChl INIOTHOCTh PHEPTUH Tie-
pPEXOoauT B Kiaccuueckoe BbIpaxkeHue mpu S, =0

[16]:

T =27a,E, (3.12)
rme E — BEeKTOp HAIpPsHKEHHOCTH 3JIEKTPHYECKOTO
TIOJIS.

4 Keazucmamuueckue nonspusyemocmu vac-
muy cnuna 1/2 6 K3/

WHTepecHoil  OCOOEHHOCTBIO — YacTHL, HE
AMEIOIIHX CTPYKTYPY 3a CUET CIUIBHBIX B3aUMOICH-
CTBUHA  (TONAPU3YEMOCTH, CpPEIHEKBAIPaTHIHBINA
pagnyc W Jp.), SBISCTCS HAMYHAC AHAJIOTHYHBIX
XapaKTEPUCTUK, HO 32 CYET INEKTPOMATHUTHBIX HIIH

9
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cnabbix B3aumojeiicTBuii. Tak, XOpOIIO HM3BECTHO,
YTO aHOMAJBHBI MAarHUTHBIA MOMEHT 3JICKTPOHA
CMHIWIHPYETCS» BBICIIAMHU TMOPAIKAMH TCOPHU
BO3MYIICHUH, B TO BpeMsI KaK y TPOTOHA OH MMEET-
sl I3HAYAITBHO.

B manHOM pasmene HaiiileM KBa3HCTaTHYECKUC
MOJISIPU3YEMOCTH ~ OECCTPYKTYpPHBIX  (DepMHOHOB,
KOTOpBIE BO3HMKAIOT B KOMITOHOBCKOM PaCCESTHHH
32 CYET BBICIIHUX TTOPSIKOB.

Xopo11o U3BeCcTHO, YTO B 00mieM cirydae AKP
T Bmepen (€ =0) uHazan (6 =7 ) ¢ TOYHOCTHIO IO
@ 3aIUIIYTCS B BUJE:

T2 (0=0)=8zm,0’ (a; + B0, 40, ., (4.1)

T2 (0=n)=87m,0 (a; - B )25, 6, .. (42)

o
3nece A u A’ — COMPaJIbHOCTH HAYABLHOTO U KO-
HEYHOro (epMHOHOB CO crupanmbHOCTAMH A U A’
COOTBETCTBEHHO; O, 0 — CIIUPAIBHOCTH BXOSIIIIC-
IO M HCXOZSILIEro (POTOHOB; m, — Macca pepMHuOHa.

C npyroi cTOpoHbI, CYILIECTBYET BO3MOKHOCTh
paccuuTath MaTpUYHBIC SJIEMEHTHI U, COOTBETCT-
BEHHO, aMILUIUTYJy KOMIITOHOBCKOTO pacCesiHus B
pamkax KOJI, Bkimrogast cremyromuii 3a 00OpHOBCKUM
TNOPS/IOK TEOPUN BO3MYIICHUH O KOHCTAHTE ),

(cm., Hampumep, [19], [20]). B paborax [21], [22]
pa3paboTaHa METOAMKA BBIYHMCIEHHS ITOJISIPU3yeMO-
cTeil (epMHOHOB B paMKaxX KBaHTOBO-TIOJIEBBIX MO-
JieNiell U TeOpHi, MyTeM CPaBHEHUS COOTBETCTBYIO-
IIAX MaTPUYIHBIX HJIEMEHTOB.

Hrorom sToil mpouenypbl B AAHHOM Ciyyae
SBIISIFOTCS] COOTHOILICHUSI:

2 2

o 11 80(_95{;’],1 20 , (43)
o\

2 2
q-s q-s __ aQED 59 4aQED Za)
af” = pimt =— T—+——~In|— |, (44)
3zm,. 6 3zm A
’ !
r7ie mapaMeTp A TpencraBiseT coboil GECKOHEUHO
MaJyro Maccy (OToHa.

OTtMeTnM criepyroumuii (GakT: B CHIy TOTO YTO
CTPYKTYPBI, aHAJIOTHYHBIE HOJISIPU3YEMOCTSIM, TTOSIB-
JSIFOTCSL 32 CYET AJICKTPOMAarHWTHBIX B3aUMOJIEHCT-
BUif, IMEET CMBICI TOBOPUTH O IMOJYYEHHBIX BBIIIE
BEJIMUMHAX KaK O HEKNX «KBA3HIOJSIPU3YEMOCTIX»,
KOTOpBIE TIPEJICTABIIAIOT COOOM MOMPAaBKU K MOJISIPH-
3yeMocTsM B obmeM ciaydae. [1o aToit mpuamae s

HMX U BBEJIEHBI 0003HaueHus oy ', Bl

q=s q=s _
;. + P 3zm 6 3am
!

Kak cnenyer u3 (4.3) u (4.4), xBa3ucraruye-
CKHE MOJSIPU3YEMOCTH TIOMHUMO IOCTOSIHHBIX dJle-
HOB, COJEpXaT M HEaHAJMTHYECKHE CcllaracMble
~Inw, KOTOpBIE PACXOJATCS B TOMIICOHOBCKOM
npenene (@ — 0). IMeHHO BBIMIEyKa3aHHOE CBOWM-
CTBO U TMOCIY>KWJIO MPUYMHON TOTO, YTO B paborax
[23], [24] ctpykTrypsl (4.3) u (4.4) ObuUIM Ha3BaHbBI
KBa3HCTaTHUECKUMH MOJISPU3YEMOCTSIMU.

VYpaBuenue (4.3) coBmamaeT ¢ BBIpAKCHUEM,
MOJIyYCHHBIM B padotax [23], [24], a dopmyina (4.4)
noiry4yeHa BriepBeie. U eciu B pabote [23] MeTonuka
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norpedoBaiia 3HAYUTENBHBIX YCHIHHA IO pacyery
CEYCHUI W B3ATHS HWHTETPAIOB B IIPaBWIE CyMM
banguna [3], To B mpennaraeMoil MeToauKe mpolie-
nypa (akTUYeCKH CBeJach K Pa3jIoKEHUIO BBIpaXKe-
HUI MAaTPUYHBIX JIEMEHTOB 10 YacTore GOTOHA @.
N3 cootnomenuit (4.3) u (4.4) nmerko HalTH
anexTpudeckyro (o) u MmarautHyo ( 8" ) kBa3u-

CTaTUYECKUE TOJSIPU3YEMOCTH M OICHHUTH WX BKJIAJ
B TOJSIPU3YEMOCTH «IHPAKOBCKOTO» MPOTOHA (TO-
YeUyHbIH (DEPMHOH C HYJIEBHIM AHOMAIBHBIM Mar-
HHUTHBIM MOMEHTOM ).

llonarast m, =m,, a mapamerp w=0,1-m,,

o
HAXOJIUM, YTO
al” + B = -5,8x107" dm’. (4.5)
CpaBHHBas TOJYYCHHBIH PE3yIbTaT C YKCIEPUMCH-
TaJbHBIMU JaHHBIMU [25]:
al’ + B =(13,8+0,4)x10" On’,

MOXKHO 3aMETHTh, YTO BKJAJ] JAHHBIX MOMPABOK
Mal M He TPEBBINIACT JaXe KCIEePUMEHTATBHBIX
OILIHOOK.

3aknrwuenue

Ha ocHoBe TeopeTuko-noyieBoro mojaxoaa u
pELIEeHUI AIEeKTPOANHAMUYECKUX YPABHEHUI METO-
noM ¢yskomn ['puHa moimydeHs! B KOBapHAaHTHOM
(dbopme JarpamXuaHbl ¥ aMIUTUTYABI KOMITTOHOBCKO-
TO paccesHUs] Ha TMHOHE W HYKJIOHE C Y4YEeTOM HX
TIOJISIPU3YEMOCTEN.

YCTaHOBIEHO, YTO B ClTydae ITHOHA ONEepaTophl
3JIEKTPUYECKOM M MAarHUTHOM NOJISIpU3aluil CTPYK-

TypHOH yactuupl P u M omnpenenstorcs yepes
TEH30pPHBI AIEKTPOMArHUTHOTO MOJIS:

P =4na, F*(id,) u M = 4B, (i)
U aApOHOB CITMHA 0Owu

P = Ara, F*"y,, M= Axp,, F*"y,
aapoHOB criuHa 1/2.

BrImoHeHO pensTHBHCTCKOE 0000IIeH e To-
xoma [10] mns momyuenust AKP Ha ckanspHBIX H
CIHMHOPHBIX YacTHIAX C YyYETOM HX HOJIAPU3YyEeMO-
creil. [lomydyeHsl COOTBETCTBYIOLIME TEH30PhI SHEP-
THU-MMITYJIbCa B3aMMOJICUCTBUS DIIEKTPOMArHUTHO-
TO TIOJIS ¢ aipOHAMH crHa 1/2.

[Toxazano, 4To pa3paboTaHHBIN KOBapHAHTHBIN
¢dopmanusm Jlarpamxka ajsi B3auMOACHCTBUS 3JICK-
TPOMAarHUTHOTO MOJsI C aJpOHAMU COTJIACYeTCsl C
HHU3KOYHEPreTHYEeCKOH TeopeMOol KOMIITOHOBCKOTO
paccesHuS Kak mis cimHa 0, Tak u ans cnivHa 1/2.

Ha ocHoBe OpurMHaIbHOM METOAMKH BOCIIPO-
W3BEACH W3BECTHBIM pPE3yJNbTaT AT KOMOWHAILNH

KBa3UCTaTHYECKUX MoJrsipusyemocteil o)’ + [ " B
pamkax KOJ[ u moiiydueHO HOBOE BBIpKEHHUE ISt
al” - Bi~. HecoMHEHHBIM JOCTOMHCTBOM METOIH-

KM BBIIETICHUS «IOJISIPU3yEMOCTEN», YIOMSIHYTOMI
B pasmene 4, SBISETCS €€ OTHOCHTEIbHAS MPOCTO-
Ta. JlaHHBIA TOMXOJ OTKpBIBaeT Ooliee MIMPOKHE

IIpo6remvr uzuxu, mamemamuru u mexuuxu, Ne 4 (9), 2011
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BO3MOXKHOCTH JUIl M3Yy4€HMsI BHYTPEHHEH CTPYyKTY-
pBl HYKJIOHOB U MOJKET OBbITh NMPHMEHEH B paMKax
Pa3NUYHBIX KBAaHTOBO-TIOJIEBBIX TEOPUI U Moeneil.
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DOU3HUKA

INPEOBPA3OBAHUA THUIIA ITAYJIM-TIOPIIN B SUQ3)-MOJAEJIN
ILIL. AuapyceBuu', B.A. ILietoxos’, B.A. Ctpaikes'

1 . .
benopycckuii eocyoapcmeennviii ynusepcumem, Munck

2 o .

bpecmckuii cocyoapcmeennutii ynueepcumem um. A.C. Ihwxuna, bpecm

TRANSFORMATIONS OF THE PAULI-GURSEY TYPE IN SU3)-MODEL
P.P. Andrusevich',V.A. Pletyukhov’, V.I. Strazhev'

'Belarusian State University, Minsk
2A.S. Pushkin Brest State University, Brest

I[Toka3aHo, 4T0 HanboJIee MOJHOI rPYIION HENPEPHIBHAIX MPe0Opa3oBaHil BHYTPEHHEH CHMMETPHH JarpamxeBoil GpopMymu-
POBKHU Teopuu 0€3MacCOBOI AMPAKOBCKOW YACTHIBI C TPEMs BHYTPEHHHUMH CTENEHsIMHU cBoOob! sBisercs rpynna SU(3,3). B
paMKax peISTHBHCTCKON KBaHTOBOM MEXaHHMKH IpYIIa I[BETOBOH CUMMETPHHU HPEICTABIET cOOOH MAaKCHMAalbHYIO HeIpe-

PBIBHYIO KOMITAKTHYIO HOATPYIITY HOCIEIHEH.

Knroueswvie cnosa: npeoﬁpasoeanuﬂ, GHYMPEHHAS CUMMEMPUsl, ()upaicoecxoe noie, ceHepamopeol, cpynna, UH6ApPUAHMHOCMb.

It is shown that the group SU(3,3) is the complete continuous group of internal symmetry of the Lagrangian formulation of the
theory of the massless Dirac fermion with three internal degrees of freedom. The color symmetry group SU(3) can be consid-

ered as a compact subgroup of the latter.

Keywords: transformations, internal symmetry, Dirac field, generators, group, invariance.

Beeoenue

CummeTtpuu ypaBHeHus Jlupaka, He CBSI3aHHbIE
¢ npeoOpa3oBaHUsIMU TPOCTPAHCTBEHHO-BPEMEHBIX
KOOpJHHAT, 00CYXIal0TCsl B JIUTEpaType B pasind-
HBIX MaTEMAaTUYECKUX MOJIXOAAX JOCTATOYHO JaBHO
(cm. [1]-[3] m uMTHPOBaHHYIO 31€Ch JIUTEPATYPY).
W3zBecTHO, 4TO JIarpamxeBa (GOpPMYJIHMPOBKAa MacCHB-
HOTO JMPAaKOBCKOTO IIOJsI MHBApHAHTHA OTHOCH-
TENBHO TMPEoOpa3OBaHUN TPYIITEI BHYTPEHHEH CHM-
metpun SO(2,1), momyunsmieii B padote [1] Ha3Ba-
HUE 3apsaa0Boi cummeTpuu. J{ins 6e3maccoBoro Ju-
PAKOBCKOTO MOJIS M3BECTHA TAK)KE CUMMETpPHS, OIHU-
ceiBaemas rpymnmoit SO(3) u momy4yuBIIas Ha3BaHUE
rpynnsl [laymu-I'ropmm [4], [5]. IIpu ucnons3oBa-
HUM MaTpu4HOM (opmbl 3amucu ypaBHeHus [upaka
Jutst 6€3MacCOBBIX MUKPOOOBEKTOB

70,0 =0 (u=12,3,4) (0.1)
npeobpazoBanus rpymmbl  [laymu-I'fopmm  mMeror
BUJL:

y'=ay +bysCy,
V' =byCy+dy,
tie W=y ¥y, Vs =1172737 C=7,04 — Marpuna

3aps0BOTO COMNPSIKCHUSA, ¢ U b — IPOU3BOJIBHBIC
KOMIUIEKCHBIE YHCJIA, YIOBJIETBOPSIOLINE YCIOBUIO

(0.2)

|a |2 +|b |2: 1. B cBoto ouepenp, B paborax [5], [6]
OTMEYaeTCs, 4TO TpPH Iepexoje K 0e3MaccoBOMY
JTUPAKOBCKOMY TIOJFO TPYTITIA 3apsSA0BOH CHMMETPHH
pacmmpsieTcss A0  6-TapaMeTpUdecKoil  TpYTIIBI
SO(3,1) (bymem Ha3bIBaTH ee MONHOI Tpymmoi [lay-
mu-1foprm), BKITFOUaromeil B ce0sl BBIICyKa3aHHBIE
rpynmbl SO(2,1) u SO(3) B kauecTBe MOArPyIIL
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Kak Bugno u3 (0.2), 11 HaxO0XaACHUS HanbO-
Jiee TMOJHOW TPYNIbI BHyTPEHHEW CHMMeTpuu 0e3-
MacCcOBOTO JUPAKOBCKOI'O MOJISI B COOTBETCTBYIOIINE
npeoOpa3oBaHusl HA/IO0 BKIIOYUTH, TOMHUMO BOJIHO-
BOW (YHKLIHMH I/, TaKKe CONPSDKEHHYIO (YHKIHUIO

W, 4ro (aKTUYECKH O3HAYaeT HCIOJIb30BaHUE

8-KOMIIOHEHTHO# BOJHOBOM (DyHKLIUH

¥ :("1]. (0.3)
7

B pabore [7] moka3zaHO, YTO HaHHBIH IMpHEM
SKBHBAJICHTEH BELIECTBEHHOMY OIHMCAHHUIO IHUpa-
KOBCKOT'O TOJI, NPHU KOTOPOM BEIECTBEHHBIE H
MHHMBIC KOMITIOHEHTHl KOMIUICKCHOH (GYHKLUHMH W

pasnenensl. B pamkax Takoro onucanus B [8] ycra-
HOBJIEHO, 4TO monHas rpynmna [laymu-T'ropmm co-
CTOWT M3 ABYX NPHHIMIINAIBHO PAa3HBIX THIIOB IIpe-
00pa3oBaHMA, KOTOpEIE KOMMYTUPYIOT (TpU TreHepa-
TOpa) WM aHTHUKOMMYTHPYIOT (TpW TE€Heparopa) ¢
marputiamu I, 8x8 ypaBHenus [lupaka, npescras-

JICHHOTO B BelllecTBEHHOW Qopme. ['pynma 3apsno-
Boi cummerpun SO(2,1) 3amaercs reHepaTopaMu
npeoOpa3oBaHuii, KOMMYTUPYIOIIMMHU C BBILIEyKa-
3aHHBIMM  MaTpuniamu. ['pynma [Maymu-I'ropmm
BKJIIOYaeT B cedst reHepaTop (a3oBhIX Npeodpa3oBa-
HUI TUPAKOBCKOrO MOJIsl, KOTOPBI MPUCYTCTBYET U
B TpyIIIe 3apsJ0BOH CUMMETPHH, a TaKke Mpeodpa-
30BaHNUs, KOTOPbIE AaHTUKOMMYTHPYIOT C MaTPHIIAMH
I',. NHbiMu cioBaMu, paclMpeHHe IPYIIIbL 3apsi-
JoBoit cummMetpuu fo rpymnnsl SO(3,1) cBs3aHo, Kak

U B Cllyyae Iepexofa OT TPYIIbl BpalleHHH K
rpynne JlopeHna, ¢ BOBIEYEHUEM B PacCCMOTPEHHE
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nmpeoOpa3oBaHnid, UMEIONINX WHOE (DHU3MYECKOoe HC-
TOJIKOBaHME U CIIeACTBUA. B wacTHOCTH, 3TO MpPUBO-
JUT K BO3MOXHOCTH pPACCMOTPCHUA BHyTpeHHeﬁ
cummerpun SO(3,1) B Teopuu IBYX THUIOB TOJeH
Jupaka ¢ oTIM4HON OT HyJsl Maccol [9], a Takxke B
TeopHuHu BeniecTBeHHOro noussa Hupaxa-Kanepa [10].
B Hacrosmieli paboTe 1moaxo/| K yCTaHOBIICHUIO
HanboJlee IMONHOW TPYIITEI BHYTPEHHEH CHMMETPHU
TUPAKOBCKUX ITOJIeH, Oa3UpyIOMMNACS Ha MCIIONB30-
BaHUH BEIECTBEHHOH (OPMBI UX OMUCAHUS, TPUMeE-
HSETCS K CHCTEME U3 TpeX ypaBHeHuH Jlupaka c
m =0, nexamei, kak u3BecTHO, B ocHOBe SU(3)-

KaTHOPOBOYHON MOJEIH CHIIBHBIX B3aUMOICHCTBHIA.

1 Bewiecmeennasa ¢hopma cucmemvr mpex
ypasuernuil /lupaka

PaccmoTpuMm cucremy Tpex ypaBHeHui Jupaxa
Juts 6e3maccoBbIxX yactull (m # 0 ):

7’#6#‘//1 =0,
7.0, =0, (1.1)
7/#6!,1//3 =0.
Merpuky npocTpaHcTBa g,, W MaTpuubl ¥, BbiOe-
peM B BHIE:
g, =diag(L,1L1), (1.2)
Vi =0,®0;, (13)

Vs=03®1, (i=1,2,3).
Beps ot (1.1) xomMmIekcHOE CONPSHKEHUE M YUHUTHI-
Basi MHUMBIN XapaKkTep BPEMEHHOM KOOPIUHATHL X,

o * * *
JJIsl CONpSDKEHHBIX (OYHKUUH W, y,,y; HOIyYuM
YPaBHEHHUS:

*

(_7161 +7,0, = 7303 —7454)%
(=210, + 7205~ 7305 —7484)‘//;

(—7181 + 7205 = 1303 = 7404 )y3 =0.
PaccmarpuBast cucremsr (1.1) u (1.4) coBmecTHO,
npugeM K 24-KOMIIOHEHTHOW CHCTeME YpaBHEHHIA,
KOTOPYEO MOXXHO TIPEICTaBUTh B YHHBEPCAIBHOM
MaTpu4HO# opme:

:O,
=0, (14

r,o,¥=0. (1.5)

uu
I[Tpu Be1OOpE BonHOBOM pynkuun V¥ B (1.5) B BUzE

¥ = (W1, Ws. V3. 91 W2, w3) — cronben (1.6)
ust Matpul I, OyzneM UMeTb BBIPaKCHHSL:
[=0;0L;®y, I')=1Q7,,
I=0;0L8y;, I'y=050L0y,. (1.7)
Jis nmanpHeliiero ymoOHO mepeiTh K mpea-

CTaBJIEHUIO, B KOTOPOM BEIIECTBCHHBbIE M MHHMBIE
KOMIIOHEHTHI BOJIHOBOH (DYHKIIMH pa3/ieICHBI:

W = (i, 05, ¥3 Wi, W2, p3) — cToben,
.1 .
Vips = ﬁ(V/I,Z,S +Wi23)s (1.8)

i 1 *
Vips = E(‘//l,z,a ~Y123)-

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

VYkazanHbIl Tepexon oT mnpenctasieHus (1.6)
OCYILECTBIIIETCS C IIOMOIIBIO YHUTApHOTO IIpeodpa-
30BaHMsA 0a3uca B MPOCTPAHCTBE BOJIHOBOH (yHK-

mu ¥
MZL([” P j
V2 Ly —Iy)

u_1=u+:L([12 IIZJ
2\Ly

Marpuugpr I'), mipn 5TOM NPHHUMAIOT BUA
[=0®L;®y, I,=1Qy,,
[=08L8y;, I'j=0,01;8y,. (1.10)
Jlarpamxwuan ypasaenus (1.5)
W _ +
L=-%r,0Y=-%¥Y"n,0,Y (1.11)

OKBUBAJICHTCH JIarpaHKUuaHy HCXOJTHOM CHCTEMBI

(1.1)
L= _lplj/,uayl/jl _WZKua,u‘//Z _(/737;18#(//3 =

(1.9)

1.12
=Y\ V4V WO W\~ W3 VaY 4 W2 = VW3 VaY 10 5 (-
IpH BBIOOpE MAaTpHUIBl OmIMHEHHOW (OpMBI 77 B
(1.11) B BUzme

n=1s®7,, (1.13)

KOTOpBI MHBApHAaHTEH OTHOCHUTEIBHO Mpeodpa3o-
Bauus (1.9).

VYpasuenue (1.5) ¢ BoiHOBOM ¢yHKIHEH (1.8),

matpuamu '), (1.10) u marpamkuanom (1.11),

(1.13) 6ynem Ha3BIBaTH BEIIECTBEHHOW (HOPMON HC-
xoxHo# cuctemsl (1.1) ¢ marpamxkuanom (1.12), mo-
CKOJIBKY COOTBETCTBYIOIAsi MaTpHYHOMY YpaBHe-
Huto (1.5) cucrema 24-x ypaBHEHHH, 3aIIMCaHHBIX B
SBHOM BHJE, SBJISETCS BELIECTBEHHOH. DTy (opmy
Mbl U OyJeM HCIIONIb30BaTh MPU YCTAaHOBIEHHU
TpYyIIBl  BHYTPEHHEH CHMMETPUH JIarpaH)XeBOH
¢dopmynupoBku cuctemsr (1.1).

Kak yxe oTmewanoch BO BBEICHHH, JaHHBIH
MOJXOJ aHajorndeH mnonaxoxy Ilaymu, KOTOpBIHA
MIpUMeHsIcsl B pabote [4] mpHu yCTaHOBIEHHWH ITOJI-
HOW TPpyNIIBI BHYTPEHHEH CUMMETPHUH 0€3MaccoBOTO
ypaBHeHHs Jlupaka, W SBISETCS B OMNPEACICHHOM
CMBICIIE eT0 MOTU(PHUIUPOBAHHBEIM 0000IICHHEM Ha
Clly4ail AMPaKOBCKHX IIOJIEH pa3IUYHBIX Pa3MEpPHO-
cTel.

2 Buympennsasn cummempus n1azpanicuand

Jns pemeHns TOCTaBICHHON 3amaunm Oynem
UCIIONIb30BaTh (PEPMHOHHBIN 0a3uC, B KOTOPOM JIU-
pakomogoOHble MaTpuubl [, MO ONpeNeNeHUO,

IL[ b
UMCIOT CJICYIONIYI0 OJIOYHYIO (hopMYy:
r,=L®y, 2.1

[lepexon ot mpexncraBmenus (1.8) B depmuonHHBIH
0a3rc MOXET OBITh OCYIIECTBICH IMOCPEICTBOM
YHUTAPHOTO NMpeodpa3oBaHMs:

1 . .

A =5[16 ® (I, —iy,) + (01 ®L)® (I, +iyy)], (2.2)
_ 1 . .

A =4t :E[I6®(I4+17/2)+(0'1®I3)®(14—l}/2)].
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Marpuna OunuHeiHOW (HOpMBI 77 TIPUHAMAET TIPH
9TOM BHI:

n=(0,®1;)Qy,. (2.3)

WuBapuanTHOCTh ypaBHeHus (1.5) ¢ maTpuma-

mu [', (2.1) otHOCHTENBHO NIPEOGPA3OBAHUI BHYT-

peHHel CUMMeTpUHU

¥'(x,)=0%(x,) (2.4)
066CH6‘II/IB36TC}I ManI/ILIaMI/I ,HBYX THUIIOB

0=4"®1, (2.5)

0, =¢? ®ys, (2.6)

rae q(l), q(z) — KOMIUJIEKCHbIE MaTpulbsl 6Xx6, Ha

KOTOPBIC HAKJIAJbIBAKOTCSA OTPAHUYCHUS, CBSI3aHHBIC
C COXpaHCHHEM BEIIECTBCHHOTO XapaKTepa ypaBHE-
Hus (1.5). IIpu stom Matpuusl O, O, yAOBIETBO-

PSIIOT CIEYIOLIMM IIePEeCTaHOBOYHBIM COOTHOLIEHH-
siv ¢ Matputamu I, (2.1):
[ler”]f :0’ (27)
(D, T ], =0. (2.8
Martpuunsie mpeoOpazoBanus  (2.5), (2.6)
MOXXHO NapaMeTpH30BaTh MOCPEICTBOM 72-X Oazuc-
HBIX OMEPaTOPOB
Joo =124, Jio = (0,8 [3) ® I,
Jou=UL,®a)®1,,J, =(0;Qa,)®1,,
Lyy =15 ® s, Lig = (0, ® 1) ®s5, (2.10)
Lyy=(,®a,)®ys, Liy=(0;®a,)®ys,
rne o, (A=1+8) — renepatops rpynnsl SU(3),

2.9)

KOTOpbIC B},16epeM B BUAC!:

o= —eB, ay=e? e,

o3 = 623 +€32, ay 2613 +€31,

12, 21 23 32 2.1
as=e " +e”,as=—i(e” —e"),
3113 12 21
o, =—i(e’ —e”), ag=—i(e” —e
e’ —aneMeHTH MOMHOW MaTpuuHOM anrebpsl [11,
c. 307].

Bosppamasice Ternepp obpataHo B 6asuc (1.8),
MOIYYHM ISt oriepaTopoB (2.9), (2.10) BepakeHUS:
Joo =1r4> J19 = (0@ [3) @1,

Jy ==(03® ;) ®y,,J3 = (0, ® ;)@ p,, (2.12)

Jou=UL,®a)®1,J, =(0,a,)®1,,
Jra=—(038a,)®y,,J3,=(0,8a,)®y,;

Ly =(0,®1;)®ys,
Liy=15Qys,

Lyy =-i(0, @ ;) ® 575,

Lyy =—-i(o3®13) @ y,75,
Ly,=(01®a,)®ys,
Ly=,®a,)®ys,

Lyy=-i(0,®a,)®7,7s,

Ly =-i(03;®a,)®y,7s.

(2.13)
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YcnoBue coxpaHEHHs BELIECTBEHHOI'O Xapak-
Tepa ypaBHeHus (1.5) oTHOcHUTENbHO NpeoOpa3oBa-
HHH, 3371aBaeMbIX 0a3uCHBIMU oreparopamu (2.12),
(2.13), HaknampiBaeT Ha COOTBETCTBYIOIIME Mapa-

METPBl @y <> J N Oy oY CJENyIOUIE OTpaHU-
YECHHS:

W> W05 D305 Dyys -5 Doss Dyg> W7,

W13, Dos-ees W55 D315 0005 D35

G105 Oo6> 75 Oos> G115 -5 Ois5 O, 7,

Osg, b6, 037, O35 —BEILLIECTBEHHBIE;

Wy, Doe> Do7> Dogs D15 -5 Dp55 Do

W7, Wy, W36, (W37, (33,
Goo> 20- B30> o1 - Bs» Oi6» O

Bz, 615, 055,65, ..., O35 —MHUMBIE.

(2.14)

2.15)

TpeOoBaHHe WMHBAPUAHTHOCTU JarpaH)KHaHa
(1.11) otHOCHTENBHO TIpeoOpa30BaHU BHYTpPEHHEH
cuMMeTpud (2.4) IPUBOIHT K YCIOBUIO

o'nr,Q =nl,, (2.16)
kotopoe st Matputl O, O, NPHHAMAET COOTBET-
CTBEHHO BHI:

om0 =n, (2.17)

0510, =-7. (2.18)

Kaxmoe u3 ycmosmii (2.17), (2.18) Hakmambl-
BaeT Mo 15 cBs3edl Ha mapameTphl dTHUX Mpeodpa-
30BaHMil (MBI MX He OyJeM BBIITUCHIBATH BBHUIY
rpoMo3aKocTH). B pesynbrate mosiydaem 42-mapa-
METPUYEKYIO TPYNILy MAaTPUYHBIX IpeoOpa3oBaHuii,
3ajaBaeMylo 72 0OasucHbIMH omeparopamu (2.12),
(2.13), na mapamerpsl KoTOpeIx (2.14), (2.15)
HaknagpiBaercss 30 ycCIOBUM, BBITEKAOIIUX U3
(2.17), (2.18).

Jis Toro 9TOOBI BRISICHUTH CTPYKTYPY JaHHOM
TPYIIIEl TIpeoOpa3oBaHUM, BEIIEINM W3 HHUX Herpe-
pBIBHBIE TIpeoOpa3oBaHus, MPEACTaBUMBIE B (Gopme
JIu. C sToii menpro 3amumeMm yciosue (2.16) mus
OECKOHEYHO MaJIbIX TpeoOpa3oBaHMUi

O =1+wJ, 0, =1+6L. (2.19)
B pesynbTare HOJYYUM COOTHOIIEHHS

(o)) n=-wnl, (2.20)

(OL) n=0nL, 2.21)

B KOTOpPBIX Oa3ucHbIe oneparopbl J, L (3a HCKIIO-
YeHUeM EIMHUYHOIO J(,) BBICTYIAIOT B KadyecTBE

reHepaTopoB. HemocpencTBeHHass MpoBepKa IMOKa-
3pIBaeT, 9To ycnoBus (2.20), (2.21) BBIIOTHSIOTCA
st 36 ogHONapaMeTpuvecKux MpeoOpazoBaHUi,
3a/laBacMbIX T€HEPATOPaAMHU

JiO’ J067 J07’ J08’ Jll i J15’
JZI’ “eey J25, 5 J31, “een sy J35;
LOO’ LOI’ e LOS’ Ll6’Ll77

LlS’ L263 L27’ L287 L369 L379 L38'

OcranpHble 6 OAHOMAPAMETPUYECKHX MPeod-
pa3oBaHUl  TPEACTABIAIOT COOOW  JWCKPETHBIE

(2.22)

(2.23)

Ipobnemvr puszuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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npeoOpa3oBaHus, SABILIOLIMECS AHAJIOIOM ¥ -IIpe-
o0pa3oBaHMs, KOTOpOE B Ciydae Tpex Oe3macco-
BbIX ypaBHeHu# [lupaka peanusyercs B 3!=6 Ba-
pHaHTax.

Yro Kkacaercs HenpepbBHOM rpymmsl Jlu, 3ama-
BaeMoH reHeparopamu (2.22), (2.23), To OfMH U3 HUX
(Lyy) KOMMYTHPYET CO BCEMH OCTaJbHBIMH M IIpel-

cTaBisieT coOOM HempepbIBHBI aHAJOr )5 -Ipeodpa-

30BAHUS (6900%0) JUTSL CHCTEMBI U3 TpeX 0e3MacCOBBIX
ypaBHeHunii J{upaka. OcraBmmecs 35 reHepaTopoB 00-
pazytot yautapHyto rpymmy SU(3,3) ¢ 18 BeriectBen-
HBIMU (@9, @35 Ds)5eees D5, D3 15-005 D355 Ors 07, Ong,
G55 O, O3g) 1 17 MEUMBIME (@), Dpg> D75 Dpgs
W15 s D55 Op15 - Ops, O, 017, O)g ) IApaMeETpaMHL.

3aknrouenue

Wrak, Hanbonee MOIHON HENPEpPBIBHOW TpPyII-
MOW BHYTPEHHEW CHMMETPHH JIarpaHKeBou (opmy-
JIMPOBKK TEOpUHM 0e3MacCOBBIX JMPAKOBCKHX (ep-
MUOHOB C TPpEMA BHYTPCHHUMU CTCICHAMU CBO6OJI])I
asisiercst rpynna SU(3,3). Ona coctouT u3 mpeod-
pasoBaHui ABYX THIOB (), B (J,, COOTBETCTBCHHO

KOMMYTHPYIOIIMX M aHTHKOMMYTHPYIOLIIUX C MaT-
puuamu I') ypaBHenns (1.5), mpeicTaBsoLIero

co0O¥i BEIIECTBCHHYI MAaTPUYHYI (BOpPMY HCXO-
HoW cucrembl (1.1). I'eneparopsl (2.22), oTHOCS-
muecs K npeodpasoBanusM ), , 00pa3yroT B Ipymie
SU(3,3) 21-mapaMeTprudecKyro MoArpymiy ¢ 12-Teio
BEILLIECTBEHHBIMU ( @y, W3, Ds ) ey Doy D35 -er D35 )
U 9-Tb10 MHUMBIMH (@yg, Oyg, D7, Dog> Dy 1> > Dj5)
napameTpamu, uzomopduywo rpymnmne SO(4,3) u sB-
JISIOIIYIOCS. HanOOoJIee TOJIHOW TPYNIION BHYTPEHHEH
CUMMETPUH JIarpaH)KUaHa CUCTEMBI TpeX ypaBHEHUI
Hupaka s yactul] ¢ HeHyleBoi Mmaccoii [13]. B
cBOIO ouepesnp, rpynna SU(3) uBeToBOW CUMMETpHH
SIBJISIETCS. MAKCUMaJIbHOW KOMIIAKTHOM MOArpYIIOi
NOCJIEAHEM M 3ajaercs TeHeparopamu  Jq, Jo7,
Jog> 11> J125 J135 145 J15 [7]. TeM cambiM nommycka-
eTcs BO3MOXKHOCTb TPAaKTOBATh MPOHUCXOKACHHUE
[[BETOBOIl CUMMETPHH KakK pe3ysbTaT CIIOHTAaHHOT'O
HapymeHus cumMmerpun SO(4,3), d9ro sBIgeTcA
MPEAMETOM HCCJIEOBaHMSI aBTOPOB B HACTOSIIEE
BpeMsL.

UYro xe KacaeTcs npeodpasoBanuil ,, KOTOpbIe

3amarorcs TeHeparopamu (2.23), aHTHKOMMYTHPYIO-

My ¢ Matpuuamu I, TO OHM NPEACTaBIISIOT pac-

nmpenyre tina [laym-I'topam cummerprn SO(4,3) mo
rpynmbl SU(3,3). BosmoxkHble (hu3nueckuie ciieqcTBust

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

HaJM4Usl TAKOTO PACIIMPEHHUs! Takke OyIyT paccMoT-
peHbI B TOCHenyromux paborax aBTopoB. B mepsyro
oyepeslb, NPEJCTaBisIeT MHTEPEC BOMPOC, Kakhe W3
BBIIIEYKA3aHHBIX CHMMETPHI, IOMHMMO IIBETOBOIA,
«BBDKMBAIOT» Ha KBAHTOBOM YPOBHE.
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CAMOOPT'AHU3YIOIASICSA HAHOIIVIASMOHUKA
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SELF-ASSEMBLED NANOPLASMONICS

S. Viarbitskaya, E. Dujardin, C. Girard
NanoSciences Group, CEMES/CNRS UPR 8011, 29 rue Jeanne Marvig, 31055 Toulouse Cedex 4, France

V3BecTHBIE K HACTOSIIEMY BPEMEHH ILUIa3MOHHBIC CTPYKTYPBI MOXKHO pa3JelIuTh Ha ABa KJIAacca B 3aBUCUMOCTH OT TOTO, HOIYy-
YEHBI JIK OHU C MCIIOJIb30BaHUEM TPAAUIUOHHBIX MHKPO-TEXHOJIOTHYECKHX METOOB, KaK HAIPUMep, dJIEKTPOHHOH U (HOTOIH-
torpaduu (top-down), wiam B mpouecce XuMudeckoro cuuresa (bottom-up). IlepBble HHTEHCHBHO W3YYarOTCs BIUIOTH O Ha-
CTOSIIETO BPEMEHH, HO OCTAIOTCS OONBIIMMH U IPOCTHIMU B CMBICIE Pa3MEPOB H OCOOEHHOCTEH apXUTEKTyphl COOTBETCTBEH-
Ho. II1a3MoHHBIe CTPYKTYpHI, (hOPMHUPYIOLIHECs B pe3ysibTaTe bottom-up IpoLeccoB, CTalH JOCTYHHBIMH JUIS HCCIICOBAHHS
TOJIBKO HEJaBHO, M HEOOXOMMO HCCIIEA0BATh MX ONTHYECKUE CBOMCTBA B OirkHeil 30He. Bottom-up moaxox pacumpsiet Bo3-
MOXKHOCTH OOBEJHHEHHS MAalbIX HAaHOCTPYKTYP B CIIOXHBIE IO apXUTEKType cHCTeMbl. CaMoOpraHu3anys HaHOYACTHI[ B
CJIOXKHBIE CYHEePCTPYKTYPHI — OJMH M3 IPEIOKEHHBIX MIPOLECCOB, CBSI3aHHBIX C YCIOXKHEHHEM CTPYKTYpHl. B manHOi cratbe
MbI 00CyXaaeM NpoOJIeMbl CHHTE3a CAMOOPraHM3YIOIIMXCS HAHOCTPYKTYP, ONTHYECKOH ajpecalliyl B TAKHX CTPYKTypax H
BBO/IMM IIOHSTHE MHOTOMEPHBIX IIJIA3MOHHBIX CTPYKTYP.

Knrouesvie cnosa: Cy660ﬂl[080ﬂ onmuka, /tauod)omouuxa, HAaHocmpyKkmypebl, KOJLIOUO memania, onmuxka bnudicne2o nous,
NJIa3MOHUKA, CAMOOp2aHU3YIoWuecs HaHoOCMpyYKmypbol.

State-of-the-art plasmonic structures can be splitted into two classes depending on whether they were obtained by top-down or
bottom-up processes. The former have been extensively studied but they remain to be large and simple in terms of feature size
and architecture, respectively. The latter have only been made available recently and need much investigation of their near-field
optical properties, yet they push the integration limit further and provide a new approach to complex architectures. Self-
assembling of nanoparticles in complex superstructures is one of the suggested bottom-up approaches. We discuss the challeng-
ing problem of the light evanescent wave optical addressing in such structures and introduce a concept of multi-scale plasmonic
architectures.

Keywords: sub-wavelength optics, nanophotonics, nanostructures, metal colloid, near-field optics, plasmonics, self-assembled

nanostructures.

Introduction

The prospect of combining small dimensions of
an electronic circuit with the large bandwidth of a
photonic network has driven rapid expansion of re-
search into the area of nanoplasmonics and light
flow control particularly at the sub-wavelength
scale. The metal nanoscale features that can carry
both optical signals and electric currents are surface
plasmons (SPs). SPs are collective oscillation of
surface electrons that can interact strongly with light
resulting in optical energy confinement and en-
hancement of the near metal-dielectric surface. SPs
coupled with light can propagate along the metallic
structure and transport optical energy below the pho-
ton diffraction limit. By tailoring optical properties
of metallic nanostructures it is possible to guide
propagating SPs and thereby optically address single
nanoscale and molecular systems with an unprece-
dented degree of spatial resolution lacking in con-
ventional photonic devices [1]. The advances in
nanoplasmonics and nanofabrication will lead to
further miniaturization of electro-optic photonic de-
vices and their implementation in molecular elec-
tronics, nano-resolution optical imaging, ultra-
sensitive sensors and information technology. The
© 8. Viarbitskaya, E. Dujardin, C. Girard, 2011
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latter includes future all-optical integrated circuits,
novel optical components for electro-optic devices,
optical data transmission and communication.

1 State-of-the-art of the plasmonics nanos-
tructures

1.1 Top-down and bottom-up approaches

The top-down approach to fabricate plasmonic
structures is mainly based on electron beam lithog-
raphy and has been ubiquitous for implementation of
the plasmonics ideas. The approach allows produc-
ing structures of the desired but rather simple shape
and geometry. Moreover it suffers from lack of spa-
tial control (dimensions and definition of shapes and
interstices) and energy dissipation due to poorly de-
fined objects’ structure. Chemically synthesized
crystalline plasmonic nanostructures (so called bot-
tom-up approach) have defined surfaces and mor-
phology better than the top-down amorphous or
polycrystalline nanostructures, exhibit lower losses
and superior enhancement [2]. They also allow more
accurate tuning of nanostructure’s optical properties
due to precisely known morphological features
which also makes theoretical investigation be more
straightforward. In spite of the superior optical
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properties of crystalline nanostructures their applica-
tion has been limited by difficulties in assembling of
colloidal nanoparticles (NPs) of arbitrary shapes and
sizes and in transferring from colloid onto a solid
substrate. Thus, another approach is being devel-
oped, such as growing the desired nanoscale plas-
monic systems right on the substrate surface.

1.2 Self-assembly of NP architectures

Higher order architectures can be obtained by
spontaneous self-assembly which yields, for exam-
ple, metal NP short chains or extended networks
(figure 1.1). We foresee that the diversity of colloi-
dal chemistry principles that can be applied to such
systems will not only allow the design and produc-
tion of well-defined superstructures such as dimers,
trimmers, short chains with controlled length and
topology but also offer a versatile platform for post-
assembly functionalization with active molecular
moieties [3].

Absorbance

400 500 600 700 800

Wavelength / nm

Figure 1.1 — Formation of plasmonic particle net-
works from colloidal gold. Isolated 13nm diameter
gold nano-crystals are self-assembled by addition of
mercaptoethanol (MEA). The self-assembly into
chains and then branched networks by induced dipo-
lar interactions (scheme in the upper insert) is fol-
lowed in time by UV-VIS spectrophotometry, which
shows the decrease of the 520 nm band as the
700 nm band emerges. After 24-48 hours, the net-
works are fully formed and can be observed in the
transmission electron microcopy (image in the lower
insert, bar 500nm). Spectra are taken at (i) 0 min, (ii)
30 min, (iii) 1 h, (iv) 1.5 h, (v) 2 h, (vi) 2.5 h and
(vii) 24 h after addition of MEA [5]. Spectra repro-
duced from [5] with permission of John Wiley and
Sons, Inc. All rights reserved.

Dipolar interactions are common for magnetic
NPs, which bear an intrinsic dipole moment, lead-
ing, for example, to the alignment of iron oxide NPs
inside magnetotactic bacteria [4]. In the case of
spherical metallic NPs no intrinsic electric dipole
should be expected. Nevertheless, citrate-capped
NPs can be seen as highly negatively charged
spheres. When a fraction of the citrates is replaced
by another neutral capping group prone to forming a
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self-assembled monolayer on gold surfaces, one may
expect the molecules to segregate into domains.
Provided that the spatial distribution of the domains
is slightly non-uniform, an induced electric dipole
will be generated on the NP surface and linear self-
assembly and branching will proceed as for the pre-
vious systems. This is precisely what we observed
when we mixed enough 2-mercaptoethanol (MEA)
with 13 nm citrate-capped gold NPs to cover
60% of the gold surface with a SAM as shown in
figure 1.1 [5].

2 Multi-scale plasmonic architectures

By combining different bottom-up approaches
such as self-assembling and self-organizing with
lithography and other top-down methods, it becomes
conceivable to produce integrated multi-scale plas-
monic architectures able to channel light from a mi-
cron-sized laser beam to nanoscopic entities (fig-
ure 2.1) [3]. To date, several approaches to explore
capabilities of multi-scale plasmonic structures to
propagate and confine light at nanoscale have been
tested. In the pioneering work of J.C. Weeber fo-
cused beam launched SP polaritons (electromagnetic
surface waves resulting from the coupling of inci-
dent light and SPs) on a homogeneous wide metal
film which further propagated on thin metal stripes
[5]. Direct excitation of SPs in metallic nanowires
by a tightly focus beam [6] and electromagnetic en-
ergy transfer in chains of weakly coupled metal NPs
upon excitation by the tip of the near-field scanning
optical microscope [7] have been studied. Hybrid
approaches combining plasmonic and dielectric
wave guiding have been demonstrated by coupling
light propagating along the microscopic polymer
waveguide into a nanoscopic plasmonic waveguide,
when two waveguides are perpendicular to each
other [8] and by hybrid compact near-field interac-
tion between plasmonic and photonic waveguides
[9]. However, in spite of the great effort applied by
research groups worldwide in the area, the problems
of high propagation losses and spatial control in
plasmonic NP systems are still unsolved.

Optical energy propagation in plasmonic nano-
and micro-structures is at the heart of the plasmonic
based future electro-optic devices, which may offer
new solutions for optical signal processing and data
transmission. Therefore the capacities of plasmonic
nanostructures to (i) confine (ii) propagation and
funnel light and (iii) optically address nanoscale
entities are being studied by research groups world-
wide. In pursuing the goal of effective light flow
control at nanoscale the major challenges have been
formulated, such as: (i) synthesis, fabrication and
manipulation of metal nanosystems with desired
optical properties, (ii) fabrication and manipulation
of complex multi-scale plasmonics based electro-
optic devices, (iii) optical energy plasmonic nano-
systems coupling and decoupling, (iv) optical ad-
dressing spatial resolution control, (v) propagating
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optical energy dissipation and losses decrease and
compensation.

Figure 2.1 — Underlying principle and chal-
lenges of self-assembled nanoplasmonics. Laser
beam is incident on one end of the complex metal
NP network. Optical energy is transported to another
end of the network via near-field coupling. Fluores-
cence of the coupled to metal fluorophore is due to
interaction of the transported light with the fluoro-
phore [5]. Inside front cover reproduced with per-
mission of John Wiley and Sons, Inc. All rights re-
served.

The investigation of fundamental aspects and
optimization of functionalities of the bottom-up
plasmonic nanostructures require intensive support
of both theoretical modeling and numerical simula-
tions. For example, understanding how plasmon
couple with each other and with nearby molecules,
accurate evaluation of dissipation in the developed
multi-scale plasmonic structures, study of the disor-
der consequences on the efficiency of self-
assembled plasmonic structures will be among the
major questions associated with future bottom-up
plasmonics. In order to realize these objectives nu-
merical tools mainly based on the Green dyadic
methods (GDM) will enable us to compute accu-
rately the local electromagnetic properties of three-
dimensional metal superstructures with complex
geometries lying on the substrate [3].

Techniques for optical characterization of such
multi-scale fabricated devices include near-field, far-
field, single molecule and electron loss spectroscopy
methods. To investigate near-field optical properties
of nano-objects, near-field experimental methods
such as photon scanning tunneling microscopy and
scanning near-field optical microscopy were initially
developed. They, however, need to accurately locate
a near-field detector (tip) in the vicinity of the sam-
ple, making the system difficult to describe theoreti-
cally since the detector has the influence on the sys-
tem itself. Recently, an alternative method based on
two photon luminescence has been developed to
give access to near field information through a far
field measurement [10]. Together with GDM, TPL
microscopy will be used to probe near and far field
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optical properties of the developed self-assembled
metal superstructures.

Conclusion

We discussed the advantages and disadvan-
tages of bottom-up and top-down approaches to syn-
thesize and fabricate plasmonic nanostructures. Bot-
tom-up structures possess superior optical, structural
and morphological properties as compared with their
top-down counterparts and present a promising solu-
tion for nanoplasmonics applications requiring opti-
cal addressing of nano and molecular systems with
sub-wavelength spatial resolution, better control of
optical energy propagation and reduced energy dis-
sipation at nanoscale. Example of a bottom-up sys-
tem of self-assembled gold nanoparticles was given.
Finally, we presented a concept of multi-scale plas-
monic architectures and outlined the associated sci-
entific and technological challenges.
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®U3NYECKHUE CBOVICTBA CKAJISIPHBIX 2D ITYYKOB KYMMEPA - TAYCCA

C.C. I'mpreanb

Tomensvckuti 2ocyoapcmeennviii yuusepcumem um. @. Ckopunsi, I omens

PHYSICAL PROPERTIES OF SCALAR 2D BEAMS OF KUMMER - GAUSS
S.S. Girgel

F. Scorina Gomel State University, Gomel

Pa3BuT yHHOUIMPOBaHHBIH QOpPMaN3M, C HCIIOIb30BAaHUEM KOTOPOIO MOXKHO BBIBECTH OOIINE BBIPAKEHUS IS NapaKCHAIIb-
HBIX JIByMEPHBIX CBETOBBIX ITyukoB Kymmepa — I"aycca, mo00HBIX rayCCOBBIM, H YCTAaHOBUThH B3aHMOCBS3b MexIy HUMH. [le-
TAJIBHO MCCIIEN0BaHbl yCIOBUs UX (pusnueckoil peanusyemoctu. HalineHsl HoBble THnbl ImyukoB Kymmepa — aycca. Takue
IIyYKH IPEACTaBILIIOT B BUJIE NIPOM3BECHHs rayccuana Ha (yHKkmun Kymmepa KOMIUIEKCHOTO apryMeHTa M LEeJIOYHCICHHOTO
UHJEKCa 7.

Knrouegwie cnosa: napaxcuanvhvie nyuxu, nyuxu Opmuma — Iaycca, nyuku Kymmepa — Iaycca; nyuku, nodoomuvie eayccosbim;
K8AOpamuyHas uHmMezpupyemocnis.

The unified formalism allowing to deduce common expressions for paraxial two-dimensional Gaussian-like light Kummer —
Gaussian beams and discover correlations between them is developed. Conditions of their physical realizability are explored in
details. New types of Kummer — Gaussian beams are discovered. Such beams are presented as Gaussian product on Kummer
function of complex argument and a » integer index.

Keywords: paraxial beams, Hermite — Gaussian beams, Kummer — Gaussian beams, Gaussian-like beams, square integrability.

Beeoenue X=x/xy, Z=2z/z,.

B Hacrosimee Bpemsi NOBBICHIICS HMHTEpEC K
MOWCKY PpEIICHWH HOBOTO THMNA JUISi ONTHYECKUX
nosiell. Hanbonpimmii MHTEpEC MpEeACTaBIsAIOT pele-
HHS, KOTOPBIE COOTBETCTBYIOT JIOKQJIM30BAHHBIM B
MaJioM 00bEME HalpaBICHHBIM ITydKaM H3ITydeHUs,
peamu3yeMbiM 3KcriepuMeHTaIbHO [1]-[2]. O6praHO
JUISl BBIBOJA YPAaBHEHHH TAKMX IIYyYKOB HCIOIB3YIOT
pasnuuHBIE IMOAXOMABI, MO3TOMY YCTAHOBJICHHE
B3aUMOCBSI3€l MEXIYy HUMH 3aTpyJHEHO. B Hamiei
padote [3] Obu1 mpemnoxeH YHUDUIUPOBAHHBIM
(hopmanusM, IpUIEPKUBAsICh KOTOPOTO MOXKHO BbI-
BCECTHU BBIPpAKCHUA UIA ITYYKOB, HOI[O6HI)IX raycco-
BbIM, pa3HbIX THUIOB M YCTAaHOBHTH B3aHMOCBSI3b
MeXIy HUMH. B Hacrosimed pabGore 3ToT (hopma-
m3M 0000IIeH W TPEICTaBICH AHAIOTUYHO TOMY,
Kak 3To peanm3oBaHo B [4]. [logpoOGHO paccMoTpe-
HBI yCJIOBUSI (PU3NYECKON pean3annyl HCCIIeTyEeMBIX
MYYKOB. YCTaHOBJICHA TaKX€ BO3MOXKHOCTH CYIIE-
CTBOBAaHUS HOBBIX THUIOB IIy4YKOB M C(OPMYIHPOBa-
HBI YCIIOBUS KBaapaTuyHoil uHTerpupyemoctu (K1)
COIIOCTaBJIACMbIX UM Bmpameﬂnﬁ.

1 @ynoamenmanvnan 2ayccoea mooa
Jlns MOHOXpOMAaTHYECKHUX BOJH BUJA
f(r,t)= fexplhkz—iwt)
CKaJIsIpHOE MapaboINdYecKoe ypaBHEHHUE, PELICHHEM
KOTOPOTO SBISETCA aMIUIMTYAA f TapakcHaIbHOTO
cBeToBOro 2D myuka, uMmeeT Bup [1]-[5]:

(05, +2ikd.) f =0. (1.1)

Llenecoobpa3no najnee mepeiith K Oe3pa3MepHBIM
IIEPEMEHHBIM
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3nece x>0, z,= kxé /2 — HEKOTOpBIE XapakTep-
HBIE pa3Mephl Myyka B HANpPaBIICHHUSX, Mapajlieib-
HBIX ocaM OX u OZ cootBeTcTBeHHO. BMecTo cTan-
JAPTHOT'O KOMIUIEKCHOTO TIapaMeTpa my4Ka
q9=Zz—4qp,

I7Ie z —pacCTOSHUE OT Havaja KOOPAWHAT O TOYKH,
JeKaled Ha OCH IydKa, B KOTOPOH ONpENeOTCs
XapaKTEepUCTHKH BOJHOBOTO IIOJIS, BBEAEM KOM-
IUIGKCHBIM ~ Oe3pa3MepHBIl  mapaMmerp  Iydka
0 =q/z, u3anuumemM, yuurtsiBas ¢popmyisl (1.2):

0=Z-0), tne 0y=0,+iQy.  (1.3)
Temepr mapabommueckoe ypaBHeHue (1.1) MoxkHO
3anmcarth B 6e3pa3MepHOM BUJIE:

(0% .x + 4idp) f =0. (1.4)
W3 MHOXKEecCTBa pELIEHUH 3TOr0 YypaBHEHMS

TOJIBKO OJTHO SIBJISIETCS (DYyHAaMEHTABHBIM PEIICHHU-
em —rayccuad [1], [3], [5]

G(X,0) =exp(iX*/0)/ 0. (1.5)
JanHOoe pelieHne YAOBIETBOpPsET (PU3NYECKUM
npuHIUnaM: mpu X — o G(X,Q0) — 0; dyHKums
(1.5) KBaJIpaTUIHO
Im(Q,) = Q(; >0. I'ayccman G(X,Q) npencraBisieT

HHTETpHUpYyeMa, eciu

JBYMEPHYIO OCHOBHYIO TayCcCOBY Moay [5].

2 Ilooobnvie 2ayccuany moowvl evicuiux Nno-
DAOKO8

Jlnst HaxoxaeHus Oojiee CIOXKHBIX PeIIeHUui
napabonmyeckoro ypaBHeHus (1.4) wucmonmszyem
MOJICTAHOBKY
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f(X.0)=G(X,0)-h(X,0). (2.1
3necs Ha HeKoTOpylo (yHKmmoo A(X,(Q) HaKIaabI-
Baercs rayccoBa ¢pyHkimsa G(X,Q). Ilosromy myd-
KH, KOTOpBIM corocTtaBiisitoTess GyHkimu (X, Q),

OyneM Ha3bIBaTh NOAZOOHBIMH TayCCOBBIM CBETOBBI-
MH ITy4YKaMH.
Hosas ¢pynkmus 4(X,0) ynoeunerBopser aud-

(hepeHIaTEHOMY YPaBHCHHIO
aiﬁXmganh #4idh=0.  (22)

}1.]'[51 €ro peucHusA HpOI/ISBeZ[éM HeHHHeﬁHyIO 3aMCHY
NEPEMCHHBIX:

X(Q) =X -b(Q), (2.3)
rne b(Q) — vexoropas ¢pyukmus ot Q. Torma GhyHk-
i h(X,,Q) yIooBIETBOPSET ypaBHEHHIO

0% h=2cX Oh +4ib 205 h=0, (2.4)
rre
i(2 1
c:—b—2£§+b—2dg(b2)]. (2.5)
VYpaBaenue (2.4) npu MPOU3BOJIBLHOW 3aBUCUMOCTH
b(Q) He MMeeT M3BECTHBIX AHAIUTHUECKHX pellie-

Hui. OHO pemaercs, eciau MHOXKHUTENb ¢ B (2.5) He
3aBUCHUT OT O W SIBISIETCS HEKOTOPOH KOMILIEKCHOM
KoHcTaHTOH. MHTerpHpys (2.5), HaxomuMm b(Q) npu

c =const .
2 is
b)) = (2.6)
0(Q—cs)
31ech § — HEKOTOpas KOMIUIEKCHAasi KOHCTaHTa WH-
TErpUpPOBaHUS.

BeimnonHuM paszesiieHue nepeMeHHbIX B (2.4),
Mpearnosaras, 4To

WX, 0) = (X)) h(Q). 2.7)
IIpu sTom ycnoBum ypaBHeHHE (2.4) CBOAHMTCSA K
JIBYM YPaBHCHUSIM:

dhy _ ivh®
hy 2
dy xh=2Xidy h+2vh =0, (29)

r7ie vV — TOCTOSIHHAs pa3/ielieHHs IMEpEeMEHHbBIX, B
o011eM cityyae KOMIUIEKCHASI.

Permenus ypaBuenwii (2.8) u (2.9) coorBerct-
BYIOT HAapaKCHAIBHBIM IOJOOHBIM TayCCOBBIM MO-
JaM BBICHIMX MOPSAKOB M NPHHLMIHAIBHO pa3iu-
garotes ipu ¢=0 wunpu c¢#0. Oba BapuanTta 00-
cyxnmamuch B [3]; Oonee moapoOHO OCTAHOBHMCS Ha
Mopax, st KOTopbix ¢ =0.

do; (2.83)

3 IIyuxu Kymmepa — I'aycca ¢ komnnekcHbm
apzymMenmom

Ecmu ¢#0, TO, 06€3 orpaHuucHHs OOIIHOCTH,
MOXHO TOJIOXUTh ¢ =1 u ¢yskuomo b(Q) mnpex-

CTaBUTH B popMe

b*=i(1/0-1/Q). 3.1

20

3mecs BBelleH BTOPOW KOMIDIEKCHBIH Oe3pa3MepHBIN
rnapaMeTp IIy4ka: Q =Q-s. Torpma, mnonaras
0y =0, +s, umeeM

Q=2-0y, tae Oy =0 +i0,. (3.2)
Teneps apryment X, ¢yHxuuu /(X;) 3aBUCHT OT
HOMNepeyHoil KOOpAUHATEl X W JIBYX KOMIUIEKCHBIX

napamerpoB nyuka O u Q'

X7 =i(1/0-1/0) x>, (3.3)
Pemenne ypaBaeHus (2.8) umeer BUA:
h(2 =(010)"". (3.4)

Oowee pemenue A (X;) ypaBHenus (2.9) —

CKAJSIPHYIO aMIUTUTYIy MOZOOHOTo rayccuaHy Iyd-
Ka 31Iech yA0OHO mpenctaButh [3] dyepe3 xoHIrO-
SHTHYIO TMIEpPreoMeTpudeckyro ¢gyskuuo F [6]-

[10] — dynkmto Kymmepa M:

1 v 3 2
h(X)=A-X,  F| -2, X |+
l( 1) 171 1(2 2’9 l)

v 1
B-\FR| - X[ | =hi+h, (3.5
22
rae A u B — HeKOTopbIe MPOU3BOIIEHBIC TIOCTOSHHBIE.
I/IHﬂeKCBI 0O U e OTMEYAKT COOTBETCTBEHHO 4YE€T-

HocTh (even) W HedeTHocTh (0dd) dyHkumit A n

h{ OTHOCHTENBHO M3MEHEHHs 3HaKa apryMmeHra X.

Obmee pemenne i amMmmuTyael f(X) B
(2.1) cxamspHOTO MyYKa, TOZOOHOTO TayCCOBY, UME-
et Bux [3]:

~ ~ v/2

f(X,0,0)=G(X,0)-(0/0) " h(X,). (3.6)
3aBucHMOCTh PYHKIH f OT MOTEPEYHON KOOPIH-
HaTel X, ompenensercs ¢Qynkinuamu Kymmepa u
laycca, moaToMy ITy4KH, KOTOPBIM COIIOCTABJICHBI
¢dopmynsl (3.2)—(3.6), Oynem Ha3bpIBaTh ITy4yKamu
Kymmepa —T'aycca (K-G). @yskumm  (3.2)—(3.6)
3aBUCST OT TPeX NMPOU3BOJIBHBIX KOMIUIEKCHBIX I1a-
pameTpoB (O, Qo n v. Ilyukn K-G npencraBisioT
00o0mmenne myukos Jpmuta — [aycca (H-G) ¢ kKom-
mwiekcHbiM aprymeHToM [1]-[5], [11]-[13]. DyHK-
uusM A u A COOTBETCTBYIOT aMIUIUTYABI f° u

f°, conocrapnsiemble mydkam K-G pas3in4Hoi yer-

HoctH. [loguepkueM, 4to, B cooTBeTcTBHM C (3.5)—
(3.6), nns TPOM3BOIBHOTO HabOpa KOMITIEKCHBIX

napameTpos (0, QO, V) Bceraa CyLecTBYIOT IBa

HE3aBMCHMMBIX peureHus f° u f° — yeTHOe U He-

YETHOE OTHOCHUTEIbHO HM3MCHEHUSI 3HAKa IMEepeMEH-
HOM X.

CX0XHe C TOJYyYCHHBIMH 31€Ch PELICHHSIMHU
JUISL aMILUTUTY a6l f 1apaboJMyYeckoro  ypaBHEHHS
JUIsl CKaJISIpHBIX 2D mydkoB OBUTH TPE/ICTABJICHBI B
[4], (em. taxke [S], [12], [13]).
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3ameTuM, uTo B [3] BMecTO () HamMH UCHOJb-
30Bajlack nepemeHHas L =iQ, roe O=7Z—i, T.e.
XapaKTepHBIN MONEPEYHBI pasMep X, BblOMpacs

TaK, YTOOB! BBINOJIHSIOCH PABEHCTBO Q(; =0. B Ha-
crosiniel pabote oOcyxkmaercs Oojiee OOIIUE City-
4yai, Korja Q =Z —QO, rae Qo = Qo +iQ~(; — HEKO-
TOPBIN KOMIUIEKCHBIN ckaisip. OTMETUM TakKxKe, 4To
B pabore [3] nomymiena omevarka: popmyny (3.15) B
[3] cnenyer 3anuckiBaTh kak Re(1/ p) > —1.

Takum oOpazoMm, mpu c#(0 mapakcHaIbHBIC
IBYMEpHBIC CBETOBBIE IYYKH, NOJOOHBIE Traycco-
BBIM, B 00IIeM cirydae gBISiOTCS myukamu K-G, u
UM COIOCTABISIOTCS (DYHKIIMM KOMIIEKCHOTO apry-
MEHTa X|, KOTOpble 3aBHCAT OT TPEX HPOU3BOJIb-

HBIX KOMIUIEKCHBIX apamMeTpoB: O,, O, u V.

[Myuku K-G oTHYarOTCS OT THIIEPTeOMeTpHUIe-
CKH-TayCCOBBIX MO/, PACCMOTPEHHBIX B [ 14]-[16].
3aMeTuM, 9TO TpPEXMEpHBIE CKAJSIPHBIE perie-
HUS U1 Ty9KOB K-G MOKHO ITOCTPOUTH KaK IPOU3-
BegeHus 2D pemenuii Tuna (3.6):
f(X.Y,2)=

~ ~ 3.7

= (X, 0x,0x.Vy) f(Y,Oy, 0O, vy). G

IIpu sTOM BO3MOXKHa Jr00as KOMOWHAIUS —YeT-

Hocrteil. Mtak, B o0mmem cinydae ammiutyaa 3D cka-

nspHOro nmy4ka K-G 3aBUCHUT OT TpeX KOOPAUHAT U
HIeCTu CB06OI[HI)IX KOMIUICKCHBIX TTapaMETPOB.

4 VYcnosua cpuzuueckoii peanuzyemocmu
nyukoe Kymmepa — I'aycca

Haubompmmii mpakTHUECKU WHTEpeC Npea-
CTaBILIIOT (DPU3WYECKH pean3yeMble ITyYKH KOHEY-
HOW MommHOcTH [l], [2]. AMIIUTY#a Takoro Iydka
JIOJDKHA OBITh OTpaHMuYeHHOW mpu Bcex X. bonee
Toro, mpu X — too ammuTyAa f JAOJDKHA CTpe-
MUTBCS K HYJIO U OBITh KBaJ[PATUYHO WHTETPUpYE-

0
N 2
MO, T.€. HHTETpal k? | | f | dX, IOIDKeH CXOIUTh-
—o0

csi. UToObI rayccoB My4oK OBUT (PU3WYECKH peaii-
3yeMBIM, KaK OTMEYaJlOCh BBILIE, JOCTATOYHO OJHO-

ro npocroro orpanudenus: Q, > 0.

B pabore [4] oTMeueHO, YTO NONyYeHHbIE €&
aBTOpPAaMH pELICHUs YPAaBHEHUM Ui Iy4KOB, IIPU
MaTeMaTUYeCKOM OITMCAaHUM IPEICTaBIISIEMbIX Kak
npousBezieHNe (QYyHKUIUH MapaboaMyecKoro LMINH-
Ipa Ha rayccuad (G, MHBapHaHTHBI OTHOCHUTEIHHO
npeoOpa3oBaHUil (3alMCaHBl C WCIIOJNE30BAaHHEM
BBEJIEHHBIX HAaMH BBIIIIE 0003HAYCHUIN)

060, vor(-v-D. 4.1
HecnoxxHo mokasaTb, 4TO COOTHOLICHUS CUMMETPHU
(4.1) BemonnastoTes M A mydkoB K-G. Ilostomy
Oy/1eM HCIOJIb30BaTh UX Aajee.

IIposenem ananu3 ycnoBuit K1 anst myukoB K-
G. Jlns 9TOrO HMCCIeyeM acHMITOTHYECKOEe IOBe-
nenue GyHkuuit f npu | f | — . ACHMIOTOTHYECKOE

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

MOBeICHHE KOH(QIIIOIHTHON THIIEPreOMETPHYECKOM
dynxumn  F(a,b,®) npu |®|— oo ommchBaetcs

dbopmyotii [7], [10]

F (a,b,d)) _ exp(—iza)-I'(b) .
I'(b-a)
+ eXp(CD) ) F(b) q)a—b’ (4'2)
I'(a)
rne I' — ramma-¢pyHKmus u a #0,—1,—2,...=—m.

VYuureisasg (4.2) npumeHuTensHo K (3.6), moaydum
ycinoBus KU ans myukoB K-G, COOTBETCTBYIOLIME
pa3IUYHBIM YaCTHBIM CHUTYaLUsIM, PACCMOTPEHHBIM
HIDKE.

1. v — uenoe uucno. [Ipu 5TOM BO3MOMKHBI
CJIEYIOIIHE YaCTHBIE CIIydan:

1.1. 0y>0. Hpu v=1,3,5,..=2m+1 BeIpa-

KeHUs 1 f° OMKUCHIBAIOT CTAHIAPTHBIE, SJIEraHT-
HBbIe U 0000meHHbIe Tyuku H-G. [Ipu BEITOITHEHIH

JIOTIOJIHUTENBHOTO ycaoBus () =0 BblpaXkeHHs IS

f¢ coorserctBytoT myukam K-G HOBOTO THUIIa, OT-
MEUYEHHBIM HaMU B [3] ¥ OTCYTCTBYIOIIUM B [4].
1.1.1. Ilpu Q,>0 wu KaxkIOM 3HA4YECHUH

v=-1,-3,-5,..=-2m—1 Bepaxedaus a1 f°
COOTBETCTBYIOT pa3ziauuHbIM Iyukam H-G. Ilpu no-
HOJHUTENBHOM orpanuueHud Oy >0 dyukiuu f°

obmamaror KW u coorBercTtBytoT myukam K-G HO-
BOI'O THUIIA, HE ONMCAaHHBIM PaHEE B HAYYHOW JIMTE-
parype.

1.2. 0y >0. IIpu v=0,2,4,...=2m BbIpaxe-
Hust JUist f¢ ONUCHIBAIOT CTAHIAPTHLIE, IEraHTHBIE
n obo6uienHsle myyku H-G. Ilpu nonoaHuTEeIBHOM

yciaoBun Q) >0 BeipaxkeHnst s QyHKumid

MPECTABISAIOT MaTeMaTHIeCKui 0Opa3 myukoB K-G
HOBOTO THITa, OTMCUYCHHBIX HaMH B [3].

1.2.1. Tlpu Q~(;>0 MpH  KOKIOM 3HAYECHUH
v=-2,-4,-6,..=—2m-2 Bolpaxeuus min [°
nojay4yaeM pasnuuHele o tunmy nyuku H-G. Ilpu
JIOTIOJTHUTEIBHOM YCIIOBHH Q(; >0 ¢yskuun f°

obnanator KU u coorBercTBytoT myukam K-G HOBO-
rO THUIA, HE ONUCAHHBIM paHee B IUTepaType.

B paccMoTpeHHBIX [Janee 4YacTHBIX CIydasx
2.1-2.4 ycrmoBus (GU3NIECKOH peann3yeMOCTH, T. €.
KW nmist getHbix 1 HeueTHBIX MO K-G OMHAKOBHI,
II03TOMY JlaJiee MHIIEKCHl O U e TIPH [ OIIyCKaeM.

2.1. Ilpu Q('; >0 u Qo >0 nyukn K-G obma-

nator KW mpu npou3BOJIBHBIX KOMIUIEKCHBIX WH-
JeKcax v.

2.2. Eciu Q(; >0, QO =0, To mpu pazTUIHBIX

3HaueHusix v' Bompoc o KU pemraercs no-pasHomy:
2.2.1. @yskums  f ssusercs KU, ecimm
v'>-1/2;
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2.2.2. f|—>0 npu |x|—>oo, HO HE sIBIETCS
KU, ecmu v'e[-1/2,-1);
2.2.3.

f |—>const¢ 0 u ne sBisiercs KU npu
|x|—>oo, ecmu v'=—1;

2.24. |f| —o u He sBugercs KU npu
|x| > o0, ecmn v'< 1.

2.3. Ecmm Q('; =0, Qo >0, Torma pemIeHue

Bonpoca 0 KU ¢pyHKIMY f HEOAHO3HAYHO:
2.3.1. myuoxk sBisiercst KU, ecm v'< —1/2;

2.3.2.

f|—>0 npH |x|—>oo, Ho He KU, ecim

v'e[-1/2,0);

2.3.3. | f| > const = 0, no ne K1 npu |x| — oo,
ecin v'=0;

2.34. f|—>oo n He KM npun |x|—>oo, ecnu
v'>0.

BapuanTsr 2.3 nony4datorcs u3 2.2 B pe3yibTa-
T€ BBITIOJTHEHMS TpeoOpazoBanmii cummeTpun (4.1).

2.4. Hakonen, eciu Q) =0, =0, Mbl nmeem

CHOBA PAa3JIMYHBIC BApUAHTLI.

24.1. f|—>0 npu |x|—>oo, Ho He KU, ecmm
v'e(-1,0);

24.2. |f | — const # 0 u e sBisierca KU, ecnu
v'=0 wm v'=l;

2.4.3. f|—>oo n e KN mpn |x|—>oo, eciu

v'<—1 um v'>0.

Bce naiinennsie Boie ycnosus KU st ¢pyHk-
UM, UCHONb3yeMBIX NpH OMHCAaHUM MydykoB K-G,
MOATBEPXKIAOTCS TIPH I'paUIecKkoM MOAEIHPOBa-
HUM UX CBOIMCTB.

IToguepkuem, uro B Bapuante 2.4.3 mpu v'>0

HoJy4yaeM |f|—>oo, a B Bapuante 2.4.2 pu v'=0
(hyHKIHN | f |—>const¢0. B pabore [4] B obenx

3THX CUTyalUsAX aBTOPHI MOJIAraroT, 4TO | f | — 0, HO

9T0 HeBepHO. Hamm BeIBOIBI, chopMyIMpoBaHHbIE B
2.4, TakKe COOTBETCTBYIOT CBOWCTBAM HHBapHAaHT-
HocTH (4.1) myukoB K-G.

5 IIyuxku K-G uenouucnennozo unoexca v

OcTaHoBUMCS Ha HCKOTOPBIX YaCTHBIX BapHUaH-
Tax myuykoB K-G LENOYMCICHHOr0 MHJIEKCa V, KOTO-
pele  cBomaTcs  k  myukaMm  H-G. Ecmm
v=_135,.=2m+1, to dynkuun F, pexyuupy-
I0TCA K ToJaMHOMaM JOpmuTta [6]-[8] HeueTHOTO WH-
JeKca:

1-Cm+1) 3 _,»
Xl'lFi(—’_’Xl j:
2 2
B =D"m!
2(2m+1)!

(5.1)
H2m+l (Xl)

22

Mostomy A (X,) ~ Hy,,,1(X;) 1 dyHKIMK
S ~GHypy (X))
Taxum obpazom, ecu v =1,3,5,...=2m+1, TO

HedeTHble (QYHKIMH [°, COOTBETCTBYIOLIME IyY-

kam K-G, pemynupyrorcsi B m3BectHbe [2], [4], [5]

HeueTHble (YHKIUH KOMIUIEKCHOTO apryMeHTa, CO-

ocTaBisieMble 00001IeHHbIM TyukaMm H-G.
Amnanornyno, ipu v =0,2,4,...=2m (yHKIHH

|F| penynupyrotcs K moiauHoMaMm Opmuta [6]-[8]
YETHOT'0 MHJIEKCa:

1 —1)" m!
1Fl(—m,5,ij=%Hzm(X1). (52)

IIpu atom A (X)) ~ H,,,(X;) u dyHKIHK
fe ~ GHZm(Xl)'
CnenoBarensno, ecnu v =0,2,4,...=2m, TO

yétHple (QYHKUMA ', CONOCTABIAEMbIE MyYKaM

K-G, cBopstca k usBecTHbIM [2], [4], [5] yeTHBIM

(YHKIMSIM KOMIIJIEKCHOTO apryMEHTa, TOCPEICTBOM

KOTOPBIX OMHCHIBAIOT 00001IeHHbIe Tyuku H-G.
[Tyukun K-G, KOTOPBIM COOTBETCTBYIOT HEUET-

uple Gyukuun f° npu v =0,2,4,...=2m, U Ny4KH
K-G, KOTOpBIM COIOCTAaBIAIOT YETHBIE (YHKIIUH
f¢ mpu v=1,3,5,...=2m+1, ABIAIOTCA HOBLIMU W

He omucassl B [4], [12], [13]. Hampumep, aBTOpHI
pabotel [4] ucCKanmM pemeHHs MapadoIMuecKoro
ypaBHEHHS B BHJE (QYHKIMH NapabOIMYecKoro Lu-
JIMHIpa, YMHOXKEHHBIX Ha rayccuad. [Tostomy ecre-
CTBEHHO, 4TO Te IMy4ku K-G, KOTOpBIE HE BBIpaXka-
oTcs depe3 (QYyHKIHUU MapaboIHYecKoro IMIIMHPA,
B [4] OTCYTCTBYIOT.

Hcnons3yss COOTHOIIEHHS WHBAPHAHTHOCTH
(4.1), momy4nM aHAJOTHYHBIC BBIBOABI OTHOCHTEIH-
HO YCIIOBHH CyLIECTBOBaHMSI HOBBIX NMy4koB K-G,

KOTOPBIM COOTBETCTBYIOT QyHKIUU [°, CHaOKEH-

HBIE OTPHULATEIBHBIM LEOYUCIEHHBIM HHIEKCOM V
(Bapuantsr 1.1.1 m 1.2.1).
AprymeHT X, (QyHKUMH DpMuTa IIpH OIHCA-

HUH Iy4KOB H-G MOXET OBITh BELIECTBEHHBIM NPH
JMOOBIX Z TOJNBKO TIPH BBIMOJHEHUH YCIIOBUS

O)*= QO [Ipu sToM 06061meHHbIe yuku H-G peny-

LUPYIOTCS K ABYMEPHBIM cTaHnapTHeM H-G (sH-G)
nyukam [1], [2] ¢ BelIeCTBEHHBIM apryMEHTOM.

B mpenene mpu QO — o 000OIICHHBIEC ITyYKH

H-G KOMIIEKCHOTO apryMeHTa CBOJATCS K 3Ie-
raatHeIM ITyukaM H-G (eHG), BepBbIe BBEICHHBIM
Curmanowm [11].

3ameruM, 9TOo TONBKO SH-G Iydk:m pacmpo-
CTPaHSIOTCS B CBOOOJHOM NPOCTPAHCTBE, COXPaHss
cBoto ¢opmy. Ocranbhble myukn K-G B mporecce
pacIpocTpaHEeHUs] W3MEHSIOT CBOW IOIIEpeYHbII
npoduib. [103TOMy MX MOXXHO Ha3BaTh ITyYKaMH C
m3MeHsomelcs reomerpueit mpoduma. K ux umncmy
otHOCcATCS 1 eH-G myuKu.
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3axniouenue

B nanHo# pabote yHuduuupoBaHHblii hopma-
JIM3M KCIIOJIB30BaH JJIsl PELICHHs] CKaJSIPHOTO IBY-
MEpHOT0 TapaboJIMYecKOro ypaBHEHHMs [UIsi Hapa-
KCHaJIbHBIX CBETOBBIX ITYYKOB. B aTHX 1emnsix mocie
NpeBapUTEIBHOrO Nepexona K 0e3pa3sMepHBIM Iie-
PEMEHHBIM ITPOM3BEJICHA HENWHEWHas 3aMeHa Iepe-
MeHHBIX. [lomydeHsl oOmue pemeHusi, TpUroaHbIe
JUISL OTMCAaHWS MapaKCHAIBHBIX ITyYKOB, MOJOOHBIX
rayccoBy W Ha3BaHHbBIX Iyukamu K-G, Tak Kak I
UX MaTeMaTHYEeCKOTO OINMHCAaHHWA HCIHOJIb3YITCS
npousBenenust pynkumii Kymmepa u aycca. OyHk-
U, COOTBETCTBYIOIIUC IMyYKaM K—G, 3aBUCAT OT
TpEX CBOOOIHBIX KOMIUIEKCHBIX IIapaMeTpoB — (),

Oy W V — U ABISIOTCA 000OIICHHEM H3BECTHBIX

(hyHKOMH KOMIUIEKCHOTO apryMeHTa, COIOCTaBJIsie-
MBIX 00001IeHHBIM ITyukaMm H-G.
YCcTaHOBIIEHO, YTO MPHU KaXKAOM Habope Tpex

CBOOOJHBIX KOMILIEKCHBIX HapamMerpoB O, Oy, Vv
BCerja CYUIECTBYIOT [iBa THIIA CBETOBBIX IyYKOB

K-G — onuceiBaeMbIx yeTHbIMH ( /°) U HEYETHBIMH

(/) dynkuusimMu aprymenra X.

BbIsiBIEHO, YTO fAake NPH  IETOYHCICHHBIX
3HAUYCHUAX HWHACKCOB V =n, Hapday € HU3BCCTHbIM
peuienueM B Bune GyHKUUH H-G KOMIUIEKCHOTO
aprymMeHTa, BCerja CyIIeCTBYeT BTOpoe (HOBOE)
pewenune, npexactasiusieMoe ¢QyHkimeit K-G npoTtu-
BOIOJIOXKHOW UETHOCTH C TaKUM K€ HHAEKCOM
vV=n.

VYcraHOBIIeHa B3aMMOCBS3b MMydkoB K-G ¢
00O0OIICHHBIMH, CTaHAAPTHBIMH M 3JICTaHTHBIMU
nyukamu H-G.

dazoBas ¥ aMIUIUTYHAS IOBEPXHOCTH ITyYKOB
K-G nmaxe mpu pacupocTpaHEeHWH B CBOOOIHOM
MPOCTPAHCTBE HEIPEpbIBHO Jaedopmupyrorcs. Bce
2D nyuku K-G, xpome mnydkoB sH-G, SBISAIOTCA
My4YKaMH ¢ U3MEHSIOIIEICsl FeOMEeTpHE.

Haiinensl orpaHnueHus Ha TapaMeTpbl, HpH
COOJIIO/IEHUH KOTOPBIX MOJY4YEHHbIE PEIICHHSI COOT-
BETCTBYIOT ITy4KaM C KOHEYHOW B3HeprueH, 1mojaoo-
HBIM TayCCOBBIM, TO €CTh (PM3HUYECKU PEATU3YEMBIM.
YcTaHOBIIEHO, YTO yClIOBUSA (HU3NIECKOH peannzye-
MOCTH Pa3IH4HbI JUIl My4KkoB K-G, ONMHCHIBAEMBIX
YETHBIMU ¥ HEYETHBIMH (YHKLHAMH C LETOYHCIICH-
HBIM MHAEKCOM V, U OJHHAKOBBI — IPH HEIETIO0YNC-
JIEHHOM HMHJIEKCE V.

Hoxasaﬂo, YTO BBIPpAKCHUSA, IMOJYUYCHHBIC IJIA
omucanus 2D myukoB K-G, nerko o0O0OIIAIOTCS B
(dhopmyisl, cooTBeTcTBYIOMKE 3D mydkam.

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

JIUTEPATYPA

1. Ananves, FO.A. Ontudeckue pe3oHaTOPHI U
nasepubie myuku / FO.A. AnanbeB. — M. : Hayka,
1990. — 264 c.

2. l'onuapenxo, A.M. I'ayccoBbl my4kH cBeTa /
A M. I'onuapenko. — MH. : Hayka u texnuxka, 1977.
—142c.

3. Tupeens, C.C. CxansgpHble TapaKkCHaIbHBIE
IByMepHbIe TayccoBomono0nbie myuku / C.C. ['mp-
renb // TIpobneMbl Gpu3nku, MaTEMaTHKU U TEXHUKH.
—2010. —Ne 1 (2). - C. 7-11.

4. Bandres, M.A.  Cartesian beams /
M.A. Bandres and J.C. Gutierres-Vega // Optics Let-
ters. — 2007. — Vol. 32, No 23. — P. 3459-3461.

5. Kucenes, A.Il. HoBble CTPYKTypHl MapaKcH-
IBHBIX TayccoBbIX my4koB / A.I1. Kucenes // Our. n
crektp. —2004. — T. 96, Ne 4. — C. 533-535.

6. Jlebeoes, H.H. CrieninanbHble QYHKIMU U UX
mprnoxernns /| H.H. Jlebenes. — M. : TUTTJI, 1953.
-379c.

7. Cnpagounuk no cneyuanbHolm QyHKyuam /
mox pen. M. Abpamosurnia u 1. Cturan. M. : Hayxka,
1979. - 830 c.

8. Anke, E. Cneunanphbie pyHkuuu / E. SHke
®. Dmae, @. Jlem.— M. : Hayka, 1977. — 342 c.

9. Honsanun, A.J]. CipaBOYHHUK TO JHHEWHBIM
ypaBHeHHsIM Matematndeckoit ¢usuku / AJI. Ilo-
JstHuH,. — M. DU3MATIIUT, 2001. — 576 c.

10. @aro2ze, 3. 3apaun IO KBAHTOBOW MEXaHU-
ke. T. 2 /3. ®nrorre. — M. : Mup, 1974. — 418 c.

11. Siegman, A.E. Hermite-gaussian function
of complex argument as optical-beam eigenfunction
/ A.E. Siegman // JOSA. — 1973. — Vol. 63, Ne 9. —
P. 1093-1094.

12. Pratesi, R. Generalized gaussian beams in
free space / R. Pratesi, L. Ronchi // JOSA. - 1977. —
Vol. 17, Ne 9. — P. 1274-1276.

13. Torre, A. A note on the general solution of
paraxial wave equation: a Lie algebra view /
A. Torre // Journ. Opt. A. — 2008. — Vol. 10, Ne 8. —
P. 055006 — 055020.

14. Hypergeometric-Gaussian modes /| E. Kari-
mi [et al.] // Optics Letters. — 2007. — Vol. 32, No 21.
—P. 3053-3055.

15. Improved focusing with Hypergeometric-
Gaussian type-II optical modes / E. Karimi [et al.] //
Optics Express. — 2008. — Vol. 16, Ne 25. —
P. 21069-21075.

16. I'unepeeomempuuecxkue moowvr / B.B. Kot-
nsip [u ap.] // KommetotepHast onrtuka. — 2006. —
Ne 3. -C. 16-22.

Hocmynuna 6 peoakyuro 17.11.11.

23



Ipo6remvr usuxu, mamemamuru u mexuuru, Ne 4 (9), 2011

VJIK 539.12

PU3UKA

I'PABUTAIIMOHHBIE BOJIHbBI BO BHEIIHEM MOJIE TAT'OTEHUS
A.H. I'onaesckasi, H.H. Eropos, A.H. CeparoxoB

Tomenvckuii cocyoapemeennviil ynusepcumem um. @. Ckopunsi, I'omens

GRAVITATIONAL WAVES IN THE EXTERNAL GRAVITATIONAL FIELD
A.N. Godlevskaya, N.N. Egorov, A.N. Serdyukov

F. Scorina Gomel State University, Gomel

B pamkax pensiTHBHCTCKOWH KalHOPOBOYHO-HHBAPHAHTHOW MOJEIM CKAaJSPHOTO IPABHTALMOHHOTO IOJIS Pa3BUBACTCS TEOPUs
pacIpocTpaHEeHHsT HEOJHOPOAHBIX IO CBOEH IMpPHpOJe IUIOCKUX TIPABUTAIMOHHBIX BOJH B CBOOOJHOM IIPOCTPAHCTBE H B

CILJIONTHOM cpene npu BO3JICHCTBUYU BHEIIIHETO IOJIS TATOTCHUSI.

Knrouesvie cnosa: epasumayuorHble 60JIHbl, Ka,m6poeoqno-uneapuanmnaﬂ JllO()eth, CKAJIAIpHOe noJjie, 60JHO60¢€ ypdeHeHue,

yacmommnas OUCnepcus, HelumpoHHas 36e30d.

The theory of propagation of non-uniform plane gravitational waves in the free space and in the continuous medium at the
influence of the external gravitational field on the basis of relativistic gauge-invariant model of scalar gravitational field is

developed.

Keywords: gravitational waves, gauge-invariant model, scalar field, wave equation, frequency dispersion, neutron star.

Beeoenue

HccnenoBanue mnpoOieMbl TI'paBUTalMOHHOTO
W3JIyYCHUS] B METPUYECKHX TEOPHUSIX TATOTEHHS CO-
NPSDKEHO C U3BECTHBIMHA MaTeMaTHYECKUMU TPYIHO-
CTSIMH, BO3HHKAIOMIMMHU H3-32 CYIIECTBEHHO HEJIH-
HEHHOro XapakTepa MHOJEBBIX ypaBHeHUU. [loaTromy
MIPY M3YYCHUH TPABUTAIIOHHBIX BOJH, KaK B 0OmIeH
Teopuu oTHOocHTedbHOCTH [1]-[3], Tak U B pensaTu-
BHUCTCKOH TEOPHH I'paBUTANMU [4] IPUHATO OTpaHU-
YUBATHCS PACCMOTPEHHEM CIIaObIX MOJIeH U CTPOUTH
NPUOIMKEHHYIO TEOPUIO TPAaBUTALMOHHBIX BOJIH Ha
OCHOBE TMOJ|JIAIOIINXCSI aHAIUTHYECKOMY PEIISHHIO
JIMHEapH30BaHHBIX ypaBHeHWiH. B olmei Teopuu
otHocutenbHOCTH (OTO) 3TO COOTBETCTBYET, Kak
W3BECTHO, MPUOIMKEHUIO MaJIbIX BO3MYIIEHUH MeET-
PHUKHU TIPOCTPAHCTBA-BPEMEHHU, T'/I¢ TPABUTAIIOHHEBIC
BOJIHBI PACCMAaTPHUBAIOTCS KaK MeNKas «ps0b» Ha
(hoHEe KpymMHOMACIITAOHON KPHUBU3HBI, XapaKTepHOU
JUTSI BHEIITHUX TIOJIEH TATOTEeHus [3].

KanmnbpoBodHO-MHBapUaHTHAsT MOJENb TATO-
TEeHUS CO CKaJspHBIM MoTeHnmanoMm [5], [6], mpen-
CTaBJISIONIAsl MOCIIEIOBATEIbHOE MUHUMAIIBHOE pe-
JIITUBHCTCKOE 0000IIEHHEe IpaBUCTATUKU HbHOTOHA
B paMKax CTaHAAPTHBIX OIPAHUYECHUM TEOPUU Kilac-
cuyeckux noset [7], [8] u Bocxoasas K paHHUM
MONBITKAM TIOCTPOCHHUSI PENSITUBUCTCKOW TEOpHH
TPaBUTALIMOHHOTO IOJISI CO CKAIAPHBIM IIOTEHIHA-
oM [9]-[12], momycKkaeT ecTeCTBEHHYIO U CTPOTYIO
JIMHEApU3aLMI0 YPAaBHEHUM MOJII MPOCTONW 3aMEHOM
MOJIEBBIX NIEpEeMEHHBIX. [Ipn 3TOM, Kak IOKa3aHO B
[5], [6], MOXHO 00XOAUTHCS O€3 OTMEUYECHHBIX BBIIIE
YOPOLIAIOIMNX TPUOMIKEHUI U pa3BUBaTh TOYHYIO
TEOPHIO TPAaBUTALIMOHHBIX BOJH B CBOOOJHOM MpO-
CTpaHCTBE 0€3 OrpaHUYCHUS UX UHTCHCUBHOCTH.

© I'oonesckas A.H., Ecopos H.H., Cepoiokos A.H., 2011
24

B HacTosiieM COOOIICHHMH B pamMKax Mpeyio-
>KeHHOU B [5], [6] Moaenu TrpaBUTALIHIOHHOTO TOJISI
penieHa BakHas IS acTPO(U3NYECKUX TPUITONKE-
HUW 3ajjaya paclpoOCTPaHEHUs TIPaBUTALUOHHBIX
BOJIH B CBOOOJTHOM IPOCTPAHCTBE M B IIOTHOH Ma-
TEepHUATBHON cpelie NP HATHYNH CHIHHOTO BHEIITHE-
TO ITOJISI TATOTEHUSI.

1 Bonnoeoe ypasnenue

Jis moydeHus MOJEBOTO YpaBHEHHS TpaBH-
TAI[MOHHBIX BOIH, PACIIPOCTPAHSIOIINXCS B YCIOBH-
SIX BO3ACHUCTBHS BHELIHMX IOJIEH TATOTEHMS, IPHU-
MEHHM TOT K€, YTO U TPHU y4deTe TPaBUTALUOHHOTO
B3aMMOJICHCTBHSA B MEXaHHKE W 3JIEKTPOIUHAMUKE
[6], [13], coco6 MyJIBTUIIMKATUBHOTO MOIKIIOYE-
HHS BHEIIHETr0 I'PaBUTALIMOHHOTO MO K (QYHKIHH
Jlarpanxa cBoOomHOW (u3udeckoit cucremsr. OTo-
JKJIECTBIISAE CBOOOJHOE TPABHTAIIMOHHOE IIOJIE C
KIIACCHYCCKUM JIMHEHHBIM CKAIIIPHBEIM Oe3Macco-
BEIM mosieM U, B KauecTBE €ro JlarpaHKuaHa ITpH-
MeM BBIpakeHHe [6]

4
C 2
L, :—%(G#U) . (1.1)
«IToaxmogerre» K (1.1) BHEITHETO OIS TATOTSHUS
g = _Vq)ext, (1 2)

MIPUBOANT K MOIU(PHUIIMPOBAHHOMY JIarpaH)KHAHY

4
L=-=_(a,uy exp(%} (13)
272G # c?

Ilorennuan BHemHero mojs D, B AadbHEH-
meM OyZeM cuMTaTh 3aJaHHbIM. [loaToMy mpu mo-
CTPOCHHMHM YPAaBHEHUS IIOJISI TPABUTALMOHHBIX BOJIH
OTPaHWYMMCSI BapbHUPOBAaHHEM TOJBKO BOJHOBOH
noJieBoit nmepemennoir U. Takum oOpa3oM, ypaBHe-
Hue Ditnepa — Jlarpamxa



Fpasumauummble B0JIHbl 860 BHEUlIHeM noje msiacomenus

oL oL
Oy~ =7
oo, U) oU
¢ yuerom (1.3) mpumer Bux:

D
2, G#U-exp[ Cez’“'j =0.

ITepexons K TpEXMEPHBIM O0O3HAYCHUSAM U YUHUTHI-
Bas (2), moilyyaeM JHWHEHHOE BOJIHOBOE ypaBHEHHE
JUIA  TIOTEHIMAJIBHONH (YHKIMH T'PABUTAI[OHHBIX
BOJIH BO BHEIIHEM IIOJIE TATOTEHHUS CIIETYIOIIETO
BUJIA!

2

2 Ilnockue 601Hb1
Pewenns ypaBuenus (1.4) Oyaem uckarb B BH-
J€ IIJIOCKUX BOJIH
i(kr-at)
U=Uge (2.1)
¢ nocrosiHHo# ammutynoit Uy. [loxcrasnss (2.1) B
(1.4), momyuum
2
o” .k
K -2 +i22 lu=o. 2.2)
c c
Kak BumHO 13 (2.2), ycoBHeM CyIIECTBOBAHHUS He-
TPUBHAIBHBIX pemeHni anst U Oyner IucrepchoH-

HOE yYpaBHEHHE
2
K-+ ik—zg =
c c
O'{GBI/I[{HO, HUKAKHUEC BCIHICCTBCHHBLIC 3HAUYCHHUS —
onHoBpeMeHHO it k m @ —nipu ycnosun kg = 0 He
MOTYT YAOBIIETBOPUTh 3TOMY ypaBHEHHUI0. IloaTtomy
le/I BCHICCTBCHHBIX YaCTOTax @ €ro pemeﬂym JJIS k
CleyeT WCKaTh B  KOMIUICKCHOW  (opme:
k =K +iN, rae K u N — HekoTOpbIe BelIeCTBEHHbIE
BEKTOPBI, KOTOPBIE PEJCTOUT ONPEACTUTD.
Jlonyckasi KOMIUIEKCHYIO (DOpMy BOJIHOBOTO
BekTopa K, MBI, TeM caMbIM, MEPEXOAUM K IOHCKY
pemieHui BoJHOBOTO ypaBHeHus (1.4) mna ckamsap-
HOT'O IMOJIA U B BUJC HeOﬂHOpO)IHbIX IIJIOCKHUX BOJIH

U =Uye Ne/Krmen), (2.4)
Takum o0Opaszom, u3 (2.3) moiaydyaeM ypaBHEHUE

0. 2.3)

KOTOpOE Tpeo0pa3yeTcss B CHCTEMY ypaBHCHUH ISt
K u N — BemecTBeHHOH M MHHMOI 4acTell BEKTO-

pak:
2
2 » @ Ng
K2 -N -2 "8, 2.5)
C C
K(N+%):o. (2.6)
2c

OTH COOTHOMIIEHHS JOJIKHBI BBITIOTHATHCSA AJISI BCEX
HalpaBJICHUHA BOJHOBOW HopMmand n. Ilockonbky
K ||n, To u3 (2.6) cnenyer

g
=——= 2.7
" 27
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[oncrasnss ganee (2.7) B (2.5), mOIy9IuM THUC-
NIEPCHOHHOE ypaBHEHHE ISl BOJIHOBOro Bekropa K
HEOJHOPOAHOM IpaBUTALIMOHHON BOJIHBI

K’ -=+=2_=0. (2.8)
o 4ct
Ortcrona HaxoauM 3HadeHne moayns K

2.9)

AHaNOrMYHO TEOPUH AIIEKTPOMArHUTHBIX BOJIH
BBEJIEM MJIsl paccMaTpuBaeMbIX BOJIH [OKa3aTejb
mpenoMIIeHuUs 1(®), moaras

Ko™ () i,
¢
U3 (2.9) npu 3ToMm crieyeT

2

n(w)=1-=2. 2.10)
w
rac
0, & (2.11)
2¢

Kak BummMm, rokasarenb OpEIOMICHHS TPaBHTALH-
OHHBIX BOJIH, PaCIPOCTPAHSIOIIMXCS BO BHEIIHEM
[OJIE TATOTEHHsI, 3aBHCHT OT YacTOTBHL. JTO O3HAdYa-
€T, 4TO MPOCTPAHCTBO, 3AMOIHEHHOE MOJIEM TSrOTe-
HHSI, B OTHOLICHHWH YCJIOBHI PaclpOCTPAaHEHHUs Ipa-
BUTAI[IOHHBIX BOJIH IPOSIBIISIET ce0st Kak cpena, 00-
JIaflaroIas YaCTOTHOM AUCIIepCHeH.

U3 (2.7), (2.10), (2.11) okOHYATEILHO HAXOAUM
KOMILIEKCHBIM BOsIHOBOM BekTop k = K +iN rpasu-
TALMOHHOHN BOJIHBI BO BHELIHEM II0JIC TATOTCHHS g

k =Mn—i%. (2.12)
¢ 2c
C yuérom (2.12) nnst noreHumanbHoi pynkumu (2.1)
MOKEM 3aIUCaTh CIENYIOIIEee BhIpaKCHHE:

U=erxp[g—r2jexp i[@nr—wt) . (2.13)
2¢ c

Ota (QyHKIUS ONMHUCHIBAET IJIOCKYIO HEOJHOPOAHYIO
BOJIHY C ITOCTOSIHHBIM aMIUTUTYIHBIM Koddduimen-
ToM Uj, pacrnpoCTpaHsSIOIIYIOCS B HalpaBiICHUH
(a30BOil BOJHOBOW HOpMalM N W 3aTyXalOUIyl0 B
HAIPABJICHUH, MPOTHBOIMOJIOXHOM BEKTOPY HAIps-
KEHHOCTH g BHEUTHETO IOJIS, C TaKUM e Kod(phu-
LUEHTOM SKCTHHKIMH, KaK U B CIIy4ae dJIEKTpoMar-
HUTHBIX BoJH [13], [14].

Kak BugHO 13 (2.10), 0COOEHHOCTHIO YACTOT-
HOW JIMCIIEPCUH IPABUTAIIMOHHBIX BOJIH BO BHEIIHEM
IIOJIE TATrOTECHUS ABJISICTCA HaAJIUM4YHEC KpHTH‘leCKOﬁ
yacToTsl (2.11). B nuanasone wactor @ <€), BOI-

HOBOH BekTOp (2.12) oKka3pIBaeTCSI MHUMBIM, U BOJI-
HOBO# MPOIIECC BBIPOXKIAACTCS B 3aTyXAOIIEe B MPO-
cTpaHcTBe Kojebanue moisi. Takum oOpa3om, BOJI-
HOBO# MpoOILlECC HA YacTOTaX, MEHBILIMX KpPUTHYE-
CKOM, MOJABJISIETCSI [TOJIEM TATOTEHHSL.

3 Duepzua zpasumayuoHH020 u3IyueHus
OrmpenenuM CKOpPOCTh MEPEeHOCa SHEPTrUU He-
OJIHOPOAHOM I'PaBUTALMOHHON BOJHOW BO BHEIIHEM
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A.H. I'oonesckas, H.H. Ecopos, A.H. Cepoiokos

nosie TAroteHus. KaHOHWYECKUi TEH30p JHEpPruu-
WMITyJIbCa CKaJsIpHOTO 1ot [7], [8]

T, =13, L sy,
2@,U)

ompenensiemblii pyHkuuen Jlarpamka (1.3), umeer
BUJI:

1 2
7, (ayUﬂvU—E(agU) 5ﬂvjx

G
)
ext.
X eXp (—2 .
c
U3 (3.1) momy4yaeM MOJIOKUTEIFHOE BBIPAXKEHUE IS
IUIOTHOCTH dHeprun W =-T,,

4 2
c 2> 1 (oU (]
W = VU) +—| — exp| —=t| (3.2

27ZG( ) cz(atj Xp( czj 3.2

3.1)

u (dopmysly Uil IUIOTHOCTH TOTOKa 3HEPrHU
S,' =—ic Tl'4:
ctou

(O}
S:—EEVU exp(c;zxtj (33)

Otnmensisi BEIIECTBEHHYIO YacTh B KOMIUIEKCHOM
pemennn (2.13) u moacrapmuss ee B popmynsr (3.2),
(3.3), mocne ycpemHeHHs TO TEpUOITy KoieOaHW
110JIs1 HaliieM

2 2
- o 2
W= Uyl 3.4
22 ol (3:4)
= o’ p
S= Uyl cn(o)n. 3.5
5 ”G| of en(e) 3-5)
W3 Beipaxenwnii (3.4) u (3.5) cnenyer cooTHOIIEHNE
S=Wen(w)n, (3.6)

KOTOpOE O03HAYaeT, YTO IEPEHOC SHEePrHu IpaBUTa-
[MOHHBIMU BOJIHAMH TIPH MX PACIPOCTPAHEHHUH BO
BHEIIHEM I10JIe TATOTEHHS OCYLIECTBISCTCS B Ha-
npasieHud (a3oBOH HOpPMamM N CO CKOPOCTBIO

v, = cn(a)) DTa BeIMYMHA, KaK JIETKO YOCTUThCS,

COBII4JIaeT C TPYIMIIOBOH CKOPOCTHIO

st

3H.

do

4 I'pasumayuonnvie 80HbL 6 CHIOUIHOIL CPe-
0e HellmpoHHOUL 36€30bl

[Ipu pemennn 3amad 00 W3ITyYEeHWH TpaBUTA-
IIUOHHBIX BOJH B CBOOOIHOE MPOCTPAHCTBO BO3HH-
KaeT HeoOXOAWMOCTh PAacCMOTPEHHS HX Pacmpo-
CTpaHEeHHS B CIUIOUIHOH Cpeje IIOTHOTO MCTOYHHKA
(HammpuMep, BHYTpM HEHTPOHHOW 3Be3AbI) NMpH Ha-
JIMYUN CBEPXMOMIIHOI'O MOJISA TATOTCHUA. ITome rpa-
BUTAI[IOHHOTO M3JIyueHUs] B 3TOM cliydae Oyner
OIMUCBIBATHECA IOJIHBIM JIarpaHXUaHOM  CUCTEMbI
«mone — Marepus» [5], [6], MOTUGUIIMPOBAHHBIM C
YUETOM BHEIIHETO I10JISI TATOTEHHS:

4
c 2 2 q)ex.
L=- %((%U) +c¢” 14 exp(c—ztj, 4.1
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TZIe [ — IOTHOCTH 3Be3/bl. JJIs yIpoIIeH!s 3a1a4n
OyzeM paccMmarpuBaTh OTrPaHUYEHHBIH  Y4acTOK
3BE3JIHOM cpejibl BOJIM3U MOBEPXHOCTH, CUMTAS [l B
€ro mpejenax NoCTOSTHHOW BEJTMUHUHOM.
[Mpumensist BapuaoHHBIH npuHIMI, U3 (4.1)
TIOJTyYNM BOJIHOBOE YpaBHEHHUE
2 2
1 0 1 ,
s—-—eV-—|U=0, (42
c ot ¢ c

rze s yaoocTBa BBeIeHO 0003HAYCHHE

@y =[27G 11y (4.3)

[o-mpe>kxHEMY ~ OTPaHHYHMBAACH  PACCMOTPEHHEM

minockux BonH Buua (2.1), mepexomum ot (3.6) k

anreOpandecKkoMy ypaBHEHHUIO
o —Q? kg

kK’ —-———+i=> |U =0, (4.4)
C C

KOTOpO€ HMEET HEHYJIEBOE pEIICHHE IPH KOM-

TUIEKCHOM BOJIHOBOM BEKTOPE

/ O g
k=,1-—-—n-i—=-. 4.5
@ c 2¢? *3)

31ech NPUHITO 0003HAUYCHUE

Q=0+, (4.6)

rue, Kak u npexznae, Q, = g/2c.

Kax u B npenpinymieit 3anaue, B 1€HCTBUTENb-
HOMW yacTu BeKkTopa (4.5) MOXHO BBIIEIUTH OKa3a-
TeJb MPEJIOMIICHUS TPABUTAIIOHHON BOJHBI IIPU €€
pacupoCTpaHEHUU B CIUIOIIHOM Cpene 3BE3IHOM
MaTEpHH C YIETOM II0JIS TATOTECHHS:

2
n(a)):Jl—%. 4.7

U3 (4.6), (4.7) BUugHO, 4TO A7l BOJH B CILIOII-
HOW cpeJic CBEPXIUIOTHBIX 3BE3]] TAKXKE CYMICCTBYET
KpuTHUYeCKast gactota (), KOTopas CABHHYTa B 00-
nacTh 6oJiee BEICOKMX YacTOT IO CPaBHEHHIO C KpH-
TUYECKOM YacTOTOM B MPOCTPAHCTBE BHE 3BE3JIbI
(Q>9Q).
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RESONANCE STRUCTURE OF THE SCATTERING AND EXTINCTION CROSS

SECTIONS IN THE MIE PROBLEM FOR BIISOTROPIC SPHERE
V.N. Kapshai', A.A. Shamyna', V.V. Kondratjuk’

'F. Scorina Gomel State University, Gomel
p. Sukhoi Gomel State Technical University, Gomel

Ha ocHoBe TO4HOrO pemeHus 3aaui My paccuuTaHbl CEYEHHUs SKCTUHKIMKI U PACCEeSHUS IUIOCKOH MOHOXPOMAaTHYECKON IMp-
KYJISIPHO HOJISIPU30BAHHON BOJIHBI Ha OMM3OTPOIIHOM ILIape, IOMEIEHHOM B OMH30TPOINHYIO Cpeay. 3aBUCHMOCTH CEYCHHIT OT
OTHOLIEHUS pajyyca Iapa K IJIMHE BOIHBI NIPOAHAIM3HPOBAHBI YHCIeHHO. OOHapy)eHa Pe30HAHCHAs CTPYKTypa CEUeHHH
paccesHUs U SKCTHHKIMU C Y3KHMHU M OYEHb y3KHMHM ITMKaMM, KOTOPbIC HAK/IaJbIBAIOTCS HA MEUICHHO OCLHJUIUPYIOLIYIO JH-
(HDpaKIMOHHYIO 3aBUCHUMOCTbD.

Knrouegwie cnosa: 6uusomponnas cpeda, mamepuanvhvle ypasuenus, meopus Mu, cpepuueckue snekmpomaznummsie 60IHbI,
ceyeHue paccesnus, ceyeHue SKCMUHKYUU, Pe3OHAHCHA CIMPYKMYpd.

The extinction and scattering cross sections for the case of the plane monochromatic circularly polarized electromagnetic wave
scattered by a biisotropic sphere embedded in a biisotropic medium are calculated on the basis of the exact solution of the Mie
problem. Scattering and extinction cross section dependences on the ratio of the sphere radius to the wavelength are analyzed
numerically. The resonance structure of the scattering and extinction cross sections is revealed. These cross sections have nar-
row and very narrow peaks which are superimposed upon slowly oscillating diffraction background.

Keywords: biisotropic medium, constitutive relations, Mie theory, spherical electromagnetic waves, scattering cross section,

extinction cross section, resonance structure.

Introduction

This paper is devoted to the study of the
extinction cross section behavior in the problem of
electromagnetic ~ plane  monochromatic ~ wave
scattering by a biisotropic homogeneous sphere of
radius R imbedded in another biisotropic medium.
The study of Dbiisotropic media whose
electromagnetic properties are described by the
constitutive relations of the form

D=¢E+(y+ia)H; B=(y-ia)E+uH
[1]-[5], is important due to the fact that remaining
isotropic these media, nevertheless, may have
electromagnetic properties that are significantly
different from the properties of simple isotropic
media like isotropic dielectrics.

1 Analytical solution of the Mie problem

At first we discuss briefly the results of the
corresponding  scattering problem solving and
present analytical expressions for the coefficients of
scattered and internal fields [6]. Solving boundary
problems with spherical symmetry it is convenient to

use the theory of spherical vectors Y, jM( ) [7] and

define the spherical waves ﬁj(jM (k17) [8]-12].
Taking into account the spherical wave expansion of

© Kapshai V.N., Shamyna A.A., Kondratjuk V.V., 2011
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a plane monochromatic circularly polarized wave
which is incident on the biisotropic sphere [6],
[10], [12]:

Em ZEJFJVV v )’

(7 ZEJb F) (k, | 7),
J=l
one should use analogous expansions for the scat-
tered and internal fields [6], [10], [12]:

EMI ZE cherJav | )’

o=t1
Er (7 ZE > el (k5 17).
o=t1
2 (7)=Y E, ijvbaﬁj(f)(ka 7).
J=l o=+l
p” F ZE Zgo-v o Jo‘\/( 117|7) (11)
o=%1

E, = Eg22(2J +1)i”;
by :(Z+i0\/5ﬂ—}(2)//l;
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k, :(\lg,u—;(z +va)a)/c.

The continuity of the tangential components of
the electric and magnetic fields at the interface
between two media yields a system of algebraic
equations for the expansion coefficients from which

one can determine the coefficients £, and g7, of

the scattered and internal fields. The solution of this
system can be written as:

fj — ko‘ Agv .
Jov 9
k, A
ky A,
ggvz—k =, (1.2)

v

where

~

A=[byboy +bLL T (Ao )2, 2- )+
bl +b by [ ez (hoz-) -

(
—[b+1bll+b bl ] (iz 2+)n(iz+2_ :

(1.3)
N N A~ ~(1 A~
= (6 R): o =B (k, R): 20 =, (KLR),
Al =|bb  +b B
[ V 1 ] (1.4)

I
(;,_U; N7 —voT )

(o32) (0,70 +v07, 50,
(1.5)

by +b b W (hozo)jho-vo) ho)-
b ] )7, o

-0~ -0
Bty +b,b [N (hoz-a )7, 10 +vO T e ).
Writing the determinants we use the denotation
W (3ny2)=nys = yiva,

I(y1y2) =005+ 32 -
Formulae (1.2)—(1.5) altogether constitute the solu-
tion of the coefficients determination problem for
the scattered and internal field expansions.

2 Absorption, scattering and extinction cross
sections

Now let us turn to the calculation of the
scattering, absorption, and extinction cross sections.
The Pointing vector for the field outside the
scattering particle can be represented as the sum of
three terms:

S = Re[E, ﬁ] =§" L § LS @)

S’ext — Re{[Ein’ I:’Isct*:|+|:E“~sct’ If]in*]};
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§set Re|:ESCt, [:Isct*:|;
§ —Re[ 27, "],

where S§™ is the Pointing vector of the incident
wave, S’ is the Pointing vector of the scattered

field, S®* is the term due to the interaction between
the incident and scattered waves. Therefore, the
energy fluxes trough a sphere of radius r>R

(CD"[’S = —j Sd 6') may be written as the sum of three

terms: (Dabs _ q)in _q)sct + q)ext,
where
chct _ J.Sv'sctdé;

q)ext _ _J‘S’extda_’

N J' §nqs. 2.2)
For the nonabsorbing surrounding medium
®" =0, consequently @ =d® +®*, which

means that the extinction of the electromagnetic
wave is due to the absorption and scattering.

Calculating the fluxes ®°“ and ®“ (2.2) and
dividing them by the intensity of the incident wave

& :‘gm ’

one can obtain the scattering cross

section and the extinction cross section. The explicit
form of the Pointing vector of the incident wave
(2.1)is
2
§in EH—X Eg;;;
7

[ .2
ME& (2.3)

7
Using formulae (2.1) and (2.2) one can easily
calculate the scattered energy flux:

> = j Re B, H*" |iido =

= J.Re{EW [ﬁ“t*,ﬁ}da} =

= ReJ-I:Im* |:ﬁ, E‘m}rzdﬁ.

& :‘S’m _

Considering the scattered field in the far field zone
(k,r>>1) for the scattered flux we get the

following expression:

ol :Re{Eoi«/yJZIIi(—EO)x
Z\ﬂ/‘lzﬂ' Z fo‘v ;v*ba

o=%1

2.4)

Xj%ekkr {171(3)* —o?V" }{Y( ) — o7 )} ZdQ} -

= Re{-i27E; iﬂmzz x
J=1
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Z\N/J’Zﬂ-z fo‘v a‘]v*ba 2

o=+l

«f [ O'YJ()YJ(,]),—O'YJ *Y(H 240 =
—Re{MEoZ Z‘fw 2(10;(+\/e/z z)}
o=+1 k;

=4z “gy r EthZ\f \2

o=t1
¥, =2J+1.

Dividing the scattered flux (2.4) by the incident
irradiance (2.3) for the scattering cross section we
obtain

sct J 21
_4;zz 27 +1) ‘ fal = @9

o‘=i1 o

Slmllarly, one can calculate the extinction

1
720

cross section starting with the flux ®* :
(Dext RCI{E”’ I:Hsct*’ﬁ] + Esct |:I:1in*,ﬁ:|} do =

= ReI{Ein* [ﬁ’ﬁsct:|_ g [ﬁ’EsctJ} 24O,

Taking into account the expansions for the vectors
E and H one can find the following analytical
expression for the flux ®“:

(I)”’:Re{EO Z\/_ Z*’” +1i7
aNeu—r"

Uz:ﬂfm, G+V s
~ A(1)r —(0)* —
of (107, ()i (o 27 )T ) -
_iV},J (kvr)h( )(k r) }v)*(ﬁr)?‘l(}\z’(ﬁ")jdg}:
—Re{——EOZ Zfav ——iJeu—y* (o+v)x

o=tl V
A (1) ) ~(1) B
X O']j(k‘,}")h,] (ko_r)—VjJ(kvr)hJ, (ko,r) =
(e

=—E0\/g/1 V4 ZMZR{ o g

o=l
Flnally, for the extinction cross section we obtain
cDext
ext _
v T I
. (2.6)
+ov
—Zﬂz (2J+1) D" Re { 12 }
o=%1
The absorption cross section o = G’“’x’ -,

3 Results of numerical calculations
The results obtained for the scattering cross
section (2.5) and extinction cross section (2.6) have
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been studied by numerical calculations performed in
the Mathematica system. It should be noted that de-
scribing electromagnetic processes it is convenient
to use the efficiency factor of extinction (scattering),
which is defined as the cross section divided by the

particle radius squared (or by 7R?). The depend-
ence of this factor on the parameter R/A was calcu-

lated, the frequency dispersion was not taken into
account, and this corresponds to the efficiency factor
dependence on the radius at the fixed frequency of
the incident radiation. In order to emphasize the ef-
fects associated with the parameters & and y we

used their overestimated values.
For small values of the ratio R/A the effi-

ciency factor increases initially from zero to some
maximum, and then shows slow oscillations about
some mean value. Such oscillations are usually re-
ferred to as the interference structure (interference
between incident and scattered waves). Figure 3.1
shows interference behaviour of the efficiency factor
in the case when the incident wave is left circularly
polarized. For the right circular polarization of the
incident wave the refractive index for which

(n, =\ pe — y* +va) is higher than for the left at

the same values of the media parameters, the inter-
ference structure is changed drastically by the addi-
tional resonance structure. Consideration of a
smaller area allows specifying the structure. The
figure clearly shows that the additional peaks can be
of two types — narrow and very narrow.

Structures of this kind in the cross sections of
the atomic and nuclear processes are of particular
interest. In our opinion they require special attention
in case of electromagnetic scattering as well. It
should be also noted that numerical calculations
show the same behaviour of the scattering cross sec-
tion. Moreover, in the case under consideration
(non-absorbing media) the scattering cross section
coincides with the extinction cross section with high
accuracy.

Conclusion

In this paper the scattering and extinction cross
sections of the plane circularly polarized electro-
magnetic wave on a biisotropic sphere embedded in
another biisotropic environment are calculated on
the basis of the exact solution of the Mie problem.
The efficiency factor of extinction (and scattering)
calculated numerically shows the interference struc-
ture on which the additional resonance structure of
narrow and very narrow peaks is imposed. In our
opinion the explanation of the existence of such nar-
row peaks is that the behaviour of individual partial
terms of the cross sections has a pronounced reso-
nant character due to the existence of the poles of

the amplitudes fC,J,, (2) near the real R/A -axis.
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Figure 3.1 — The extinction cross section of a circularly polarized incident wave for the next parameters:
a)v=-Ly=0Le=1.Lu=La=01and y,=0.1¢ =151 =11 =04
b)v=-Ly=0L¢=1.Lu=,a=01and y,=0.1¢ =1Ly =1a =2;

), d)v=Ly=0Le=15u=La=01and 3 =0.1¢ =134 =1.1 ¢ =0.3;
e),,g).h)yv=1y=0Le=1.u=La=0.1and y,=01¢=2;14,=2;0,=0.4
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PE3OHAHCHBIE COCTOAHUA PEJIATUBUCTCKUX CUCTEM
N KOBAPUAHTHBIE JIBYXYACTUYHBIE YPABHEHUA
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RESONANCE STATES OF RELATIVISTIC SYSTEMS
AND COVARIANT TWO-PARTICLE EQUATIONS

V.N. Kapshai, K.P. Shilyaeva, Yu.A. Grishechkin

F. Scorina Gomel State University, Gomel

B pa60Te OMMCaH METOM, MO3BOJISTFOLMI HaXOUTb PE30HAHCHBIC COCTOAHUA I PEIATUBUCTCKUX ABYXYACTUYHBIX CHCTEM U
HCCJIIEA0BATh UX BIIMSAHUE HA CEUCHUE PACCESIHUS. Meron ocHOBaH Ha PEUICHNH UHTEIPATIbHBIX ypaBHeHI/If/’I B PEISITUBUCTCKOM
KOHCbI/II‘ypaHI/IOHHOM NpEACTaBJICHUU. Z[aHHLIﬁ METOTQ HpHMeHéH JUTA I/IHGHTI/I(bI/IKaLH/H/I CTPYKTYP CECUYCHUS pAaCCEIHUA IJId MO-

JCIBHOIO IOTEHIIHAJIA.

Kntouegvie cnosa: dgyxuacmuunvie unmezpanbHvle YPAGHEHUs, PEIAMUBUCIICKOE KOHGUSYPAYUoHHoe npedcmasgienue, Kom-
NIEKCHbLIL NOBOPOM, PE30OHAHCHOE COCMOAHUE, AMNAUMYOA PACCESHUSA, CeYeHUe PACCESHU.

Method for determination of resonance states of the relativistic two-particle system and analysis of their influence on the cross
section is presented. The method is based on the integral equations in the relativistic configurational representation. This
method is applied for the identification of the scattering cross sections structures for a model potential.

Keywords: two-particle integral equations, relativistic configurational representation, complex scaling, resonance states, scat-

tering amplitude, cross section.

Introduction

One of the quantum field theory approaches
used to describe two-particle systems is based on
two-particle equations of the quasipotential type [1],
[2]. Initially these equations were obtained in the
momentum representation where they have integral
form analogous to the Schrodinger integral equation.
Alternatively, the so called relativistic configura-
tional representation (RCR) [3], [4] for the two-
particle quasipotential equations is commonly used.
The RCR is introduced by means of expansion of all
values in the equations over matrix elements of the
principal series of the Lorentz group irreducible uni-
tary representations [5]. One of the advantages of the
RCR equations in comparison with the equations in
the momentum representation is the physical sense
transparency of the potentials. For example the ana-
lytic dependence of the potential V(r) on the RCR-
variable r may indicate the probable presence of
resonant or bound states for the considered system.
In this paper we describe model-potential study of
the RCR integral equations for the resonance states
of the two particle systems.

1 Complex scaling for the relativistic integral
equations
Two-particle integral equations for the scatter-
ing s-states in the RCR have the following form [6]
Wy (X,s7) =sin y mr+
° (1.1)
+IG(j)(Zq,r,r')V(r')l//(j)(;(q,r')dr'.
0
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Here j=1 (j=3) corresponds to the Logunov-
Tavkhelidze equation (modified equation), j=2
(j=4) corresponds to the Kadyshevsky equation
(modified equation), v, (x,,r) — wave function,

V(r) — relativistic potential, G, (z,,7,r") — Green
function (GF). The rapidity y, is connected to the
relativistic energy 2E, through 2E, =2mcosh y,.

Green functions for the specific j are written as [6]
G (Zyorsr) =

' ’ (1.2)
=G (X r =)= G (o +1),
where
—i sinh[(w/2+iy )ymr]
G(l)(/},/qsr) = 1) . 1 5
K, sinh[7zmr /2]
—i cosh[(z/2+iy )ymr]
Go (X1 =25 ; '
K, cosh[zmr /2]
(4mcosh y )™
G ) =— 1
oz cosh[zmr /2]
i sinh[(m+iy, )mr]
K;z) sinh[zmr]
—i sinh[(z+iy, )mr]
G(4) (Zq’r) = (4) R !
K, sinh[zmr]
Here we use the denotations
K" =K® =msinh2y,,
KO =K =2msinh g,.
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In quantum mechanics the resonance states are
defined as the S-matrix (or scattering amplitude)
poles located in the fourth quadrant of the complex
momentum p plane [7]. In this work we investigate
the existence of such poles in the complex rapidity
X, blane. Relativistic integral equations for the

resonance states have to be homogeneous by anal-
ogy with non-relativistic case. In these equations GF
for the states with  complex  energy

2 2 .
2E,=2,/q" +m" (m — mass of each particle) has to

be used, where real part of the energy is greater than
the rest energy 2m of two considered particles.

The integral equations for the resonance states,
Le. states with complex rapidities y, =& +iw,,

where & ,w, are real parameters have the form
l//(/')(é:q + iwfi ’ }’) =

: (13
_jdr' (& W, YV (W (&, + i, 1),

One can solve integral equations (1.3)
numerically only for sufficiently fast decreasing
analytical potentials, because GF and wave function
in integrals generally do not decrease at r — .
Moreover numerical solution of this equations is
possible only in the band w,, <w, <w, ., which is

dependent on the propemes of the potential.
However, resonant rapidities may be found outside
this area. In order to solve (1.3) in other domain of
complex y,, we will use the well known non-
relativistic complex scaling method [8], [9]. After
transformation of the real variables r, r' to the
complex variables z=rexp(id), z'=r'exp(id),
0<6<6,,
are expressed as

wNE, +iw,,r) = (1.4)

= [dr G+ WO WNE, i,
0

the equations for the resonance states

)

where
l//((f))(ZlI’r) = l//(j)(lqaz)a V(g)(r') =

=exp(i0)V (2'), G (x,.r-7") = G, (X,-2,2).

In the non-relativistic theory resonance states
correspond to sudden changes of the scattering am-
plitude in some resonance energy real part neighbor-
hood. Scattering amplitude in the quantum mechan-
ics is defined as the coefficient divided by momen-
tum in front of the scattered wave exp(ipr), when
asymptotic form of the wave function at » - oo is
considered. Let us consider the analogous asymp-
totes of the relativistic wave function. Taking into
account asymptotic behavior of the GFs

2
K(’) —ysin y,mr'exp(iy,mr)

integral equation (1.1) at » — oo yields:

Gy (o] ==
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1,1/(1.)(r)|H3c =sin g, mr+qf ;,(x,)expliy,mr),
where g =msinh y, is the relativistic momentum
and scattering amplitude f, (7,) has the following
form
T =
(1.5)
= qK(” jdr sin y,mr' V(' (x,.7)-

Partial scattering amplitude is connected to the par-
tial s-wave cross section o, (7,)

O-(j)(lq):4ﬂ'|f(j)(lq)|2- (16)

2 Resonance contributions into the scattering
amplitude

In order to study the influence of the reso-
nances on the scattering amplitude (or the cross sec-
tion) let us define the contribution of the R-th reso-
nance to the scattering amplitude by analogy with
the non-relativistic case [10]

Res[ /) (}a, )]
Ve }(q
The residue Res[f,; (%, Y] can be found using the

@.1)

Cauchy’s theorem [11]

Res[ £, ()] @mmm%
(2.2)

_P R igN g
_E-([f(”(lq + pe?)e?dg.
Contour C is a circle in the complex y, plane with

the center at resonant rapidity ;(q"’, p is the radius of
this circle, chosen in such a way that inside the con-
tour only one resonance of interest is located. Defin-

ing the reduced scattering amplitude f( ; and re-

duced cross section &m

- Rosl f(F
TG 2) Zf(j)(;(q)_w

R b
Ko~ Xy (2.3)
o 2) =47t
S\ Xy 2y )= 47| J0) X 2]
and then comparing o, and &,
possible feature in the cross section and investigate
the influence of the desired resonance.

For the numerical treatment we approximate
integrals in (1.1) and (1.4) by one of the quadrature

formulas ij(r)drzzllj:lka(n), where o,,r, —

one can identify

are weights and grid points. After approximation we
obtain the systems of N linear algebraic equations
with respect to Wi =V (X,1) and

v =y ()&, +iw,.n,), correspondingly:

N
ZMskl//k :bs’ (24)
k=1
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M, =6, -a,G (X, 1-n)V (1K), b, =siny mr,

N

9),,(0) _
ZMsk y, =0,
=1

0 0 0
Ms(k) =0, _ka((j))(qu”ssrk)V( )(”k),

where 0, are elements of the identity matrix. Non-

trivial solution of the homogeneous system exists if
the following condition holds:

d,(x,)=d; &, +iw,)= det(M((f)’) =0. (2.5)
This condition is satisfied only for some complex
X, values, which are the rapidities corresponding to

the resonance states. Separating real and imaginary
parts of d ,(y,) we rewrite equation (2.5) as the

system of nonlinear equations

Reld,,,(z,)1=0, Tmld,,(x,)]=0. (2.6)
Computing d,;(x,) for different rapidity values (on
the grid in the complex y, plane) we find the ap-

proximate position of the determinant zeroes, and
then use these values as start values for solving sys-
tem (2.6) by the continuous analog of the Newton’s
method [12]. Solving non-homogeneous system
(2.4) and using approximation of the integrals we are
able to compute scattering amplitudes and cross sec-
tions and obtain residues of the scattering amplitudes
at resonant rapidities.

3 Results of the calculations

In tables 3.1 and 3.2 we present the results of
the calculations of the resonant rapidities and scat-
tering amplitude residues for the following po-
tentials

Table 3.1 — Resonant rapidities for the potentials (3.1)

V(r) =307 cosh(z — f)mr
! cosh zmr

. (3.1)
V,(r)= 30,2 S0z = fmr

sinh zmr
where <z and m=1. These potentials are possi-
ble relativistic generalization of the well known non-
relativistic potential V7> exp(—ar).

In figure 3.1 cross sections, scattering ampli-
tudes, reduced cross sections, reduced scattering
amplitudes and contributions of the resonances to
the scattering amplitudes for the potential 7, with

j=2, f=n/4 are presented. The first three plots

correspond to the case when contribution from the
first resonance is excluded, the second and third
plots correspond to the pictures obtained when con-
tributions from the second and third resonances are
omitted. For the considered potential the first and the
second resonances lie very close to the real axis (see
table 3.1). These structures completely disappear for
the reduced cross sections and amplitudes. In the
figures for the cross section and for the scattering
amplitude one can see narrow peak and narrow
trough at the corresponding rapidity values. The
third resonance has lager imaginary part and has
influence on the wider area of the cross section. In
figure 3.1 one can see that the contribution of this
resonance to the scattering amplitude is much more
delocalized. The wide trough disappeare in the re-
duced cross section, but it is reasonable that struc-
tures assigned to the narrow resonances are still
visible.

B R J =2, potential , J =4, potential ¥,
Relz,] Im[y, ] Rely,] Im[y, ]
z 1 2.399071 —-0.001305 2.801659 —4.2x107"
4 2 2.767267 —0.007430 3.339097 -0.013728
3 2.569008 —0.192597 3.425283 —0.187849
j =1, potential V] j =13, potential V,
z 1 1.720483 —0.134337 1.868578 -0.257724
2

Table 3.2 — Scattering amplitude residues for the potentials (3.1)

B R J =2, potential , J =4, potential ¥,
Relz,] Im[z,] Rely,] Im[y,]
T 1 ~-1.9698%10™ 1.3114x10™ - —
n 2 8.6100x10™ 4.9217x10™ 6.6597x10™ 1.0657x10°
3 —7.5494x107 6.1202x107 9.8482x10 ~3.4470x107
j =1, potential V] j =13, potential V,
P 1 -3.4617%10° 5.1932x10 7.4375%1072 6.4391x107
2
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Figure 3.1 — Cross sections and scattering amplitudes
—— — cross section/scattering amplitude; — — — — reduced cross section/reduced scattering amplitude;
— ——— contribution of the resonance into the scattering amplitude
Conclusion

The complex scaling method, widely used in
the non-relativistic theory and applied to the RCR
two particle integral equations allows the calculation
of resonant rapidities for the analytical potentials.
Defining the contribution of resonance into the scat-
tering amplitude through its residue gives the possi-
bility to assign the structure in the cross section to
the particular resonance. It is shown that analysing
the influence of the resonance on the cross section
with the use of the presented method it is possible to
distinguish the contributions from the overlapping
resonance structures. The proposed method may be
applied for the study of more realistic systems in the
presence of resonance states.
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MMOTJIOINAIOINUE OIITUYECKHU AKTUBHBIE KPUCTAJLJIBI
MOHOKJIMHHOTI'O KJIACCA 2

A.®. Koncrantunona, T.I'. I'otoBuHA,
E.A. EBanmenko, b.B. Ha6atos, K.K. Koncrantunon

Hucmumym kpucmanioepaguu um. B.A. [Llyonuxosa PAH, Mockea, Poccus

MONOCLINIC OPTICALLY ACTIVE ABSORBING CRYSTALS OF CLASS 2

A.F. Konstantinova, T.G. Golovina,
E.A. Evdischenko, B.V. Nabatov, K.K. Konstantinov

A.V. Shubnikov Institute of Crystallography, Russian Academy of Sciences, Moscow, Russia

B cTaThe comepkuTcs ONMcaHUe HCCIIeOBaHUM, OCHOBAHHBIX Ha HAYYHBIX HIESX U pe3ylbTaTax akajgemuka b.B. Bokyts, mo-
JIyYeHHBIX C UCIOJIb30BaHHEM KOoBapHaHTHbEIX MeTonoB ®.1. Penoposa. IIpencraBnensl pe3ynbTaThl H3y4eHUs] MOHOKIMHHBIX
OITUYECKH AKTHBHBIX MOTJIOMIAIONIMX KPUCTAIIOB Kiacca 2. IIpoBeseHO cpaBHEHHE ¢ POMOMYECKMMH KPHCTAIAMHU KIacca
222. ITocnenoBaTeIbHO PACCMOTPEHBI OCOOCHHOCTH HOJISIPH3AUH COOCTBEHHEIX BOJH B KPHCTAIIAX BOJIM3M ONTHYECKHX OCeH
— B IIPO3PavHbIX ONTUYECKH AKTHBHBIX, NOTJIOUIAIONIMX, B ONTHYECKU aKTUBHBIX U MOIIOMIAIOMINX KpucTamiax. s aTux xe
Clly4aeB IPUBEICHBI 3aBUCHMOCTH a3HMMyTa MOJIAPU3ALHU CBETa, IPOLICANIET0 Yepe3 IIIACTUHKY IPH HOPMAaJIbHOM NajeHnu. B
MOHOKJIMHHBIX KPHCTaJlIaX PACCMOTPEHO JBa CIIydasi, KOTAA IPH OTCYTCTBUH NOTJIONIEHHSI OCh CHMMETPHH BTOPOTO HOPSIKA
(2) neXUT B OTHOI IUIOCKOCTH C ONTHYECKIMH OCSMH U OCh 2 NMEPIeHANKYJISIPHA ONTHYECKHM OCsiM. OCHOBHBEIE 0COOCHHOCTH
3aMEeTHBI B CIIydae, KOrJa OCh 2 MepIeHAUKYIIIPHA ONTHIECKUM OCSM.

Knroueswvie cnosa: KoeapuaHmHbvle J'lem()()bl, npo3pavrsvle U nociowjarowjue Kpucmaisl, ()(fy(}CHble Kpucmaaiivl, MOHOKIUHHblE
Kpucmaiilbl Kjiacca 2, cupomponust, asumym noaapusayuu, meH3op cupayuu, cobcmeenivie BOJHbl.

The article contains results of the research based on the scientific ideas and results of academician B.V. Bokut which were ob-
tained using covariant methods of F.I. Fedorov. Results of the study of monoclinic optically active absorbing crystals of class 2
are presented. Comparison with thombic crystals of class 222 is made. Peculiarities of polarization of eigenwaves near optical
axes in crystals such as transparent optically active, absorbing, optically active and absorbing are consecutively considered.
Dependencies of the azimuth of polarization of transmitted light with the incidence angle equal to zero are presented for these
cases. Two cases for monoclinic crystals are considered. The first case is when there is absorption and symmetric axis number 2
lies in the same plane as optical axes and the second case is when axis number 2 is perpendicular to the optical axes. The main
peculiarities are noticed when axis number 2 is perpendicular to the optical axes.

Keywords: covariant methods, transparent and absorbing crystals, biaxial crystals, monoclinic crystals of class 2, gyrotropy,

azimuth of polarization, gyration tensor, eigen wave.

Beeoenue

ITocne nexumii 0 KOBapUaHTHBIX METOJAX, MPO-
gutaHHbelXx D.W. DénopoBriM Ha QusndeckoMm (da-
kynerere MI'Y um. M.B. Jlomonocona [1], MHOTHE
HCCICA0BaTE/IU CTAJIM MPUMEHATh UX JJId PCUICHUA
3aJa4 KPUCTAJUIOONTUKU. B pe3ynbrare MmosBUINCH
paboThI, BHIOJHEHHBIE B COTPYIHHYECTBE HE TOJb-
ko ¢ @M. ®EnopoBbIM, HO U C €r0 YUYCHUKAMHU — B
HEepBYIO ouepenb ¢ ero acnupanroMm b.B. bokyrtem.
ITocne coBMecTHO BbINMoONHEHHOW ¢ Bb.B. Bbokyrem
paboTHl [2] Mo wWccaemoBaHUIO MOTJIOIMIAOIINX OIl-
TUYEeCKA AaKTHUBHBIX (THPOTPOIHBIX) KPHUCTAJIIOB
HAYaIoCh CHCTEMATHYECKOE IKCIEPHUMEHTAIBFHOE U
TEOpPETHYECKOe H3yUeHHE TAaKWX KPHUCTAJUIOB; MOJ-
po6HEIil 0630p pabor ®.U1. OEmopoBa u ero yueHu-
KOB 10 3Toi mpobneme coxepxkurcs B [3]. Hamm
HCCJIeIOBaHMs, COBMECTHO BHINIOJIHEHHBIE ¢ b.B. bo-
KyTeM, 3aBEpLIINCh HAlMCaHWeM KHuru [4], uz-
nanHoii B benapycu.

Tem He MeHee, B OOJBIIMHCTBE SKCIIEPUMEH-
TAIBHBIX M TEOPETHUECKHX pabdoOT  HccienoBa-
JUCHh CBOHCTBA OIHOOCHBIX KPHCTAIDIOB W OBLIN

MPEUIO’KEHBl METOABI ONpeAeNIeHHsT MoKa3aTenen
MIPEJIOMIICHUS M TIOTJIOMICHHUS, a TaKKe MapaMeTpoB
rupayn [5]. Uto kacaercss JBYOCHBIX KPHCTAJUIOB,
TO MPOBOJMINCH TOJIBKO HCCIIEIOBAHMUS KPUCTAIIIOB
POMOMYECKOW CHHIOHHUHM aKCHAJIbHOTO Kiacca 222
[6], [7]. b.B. BoxyTs MHOrOo BHUMaHMS YIEJNSI HC-
CJICJIOBAHUIO ONTHYECCKH AKTHBHBIX KPUCTAIOB —
CBOWCTBA IMEHHO TaKUX KPUCTAJLIOB OBLIH U3YYCHBI
B ero JOKTopckoi nucceprauuu [8]. Ham nokasa-
JIOCh HHTEPECHBIM PAacCMOTPETh 0oJee CIOXHBII
CIIydai — KorJla KpECTaII OTHOCUTCSA HE K poMOmye-
CKOM, a K MOHOKJIMHHOW CHHTOHMM (Kjiacca 2) U sIB-
JISIeTCS OHOBPEMEHHO TOTJIOMIAIOIINM M ONTHYECKH
akTUBHBIM. HacTosmas o030pHast cTaThs HamMcaHa
Ha OCHOBE Pe3yJIbTATOB HCCIEIOBAaHHUA MMEHHO Ta-
KHX KPUCTAJIIOB, KOTOPOE OBLIO HEMTPOCTHIM.
IIpexxne yeM omucaTb CBOMCTBA KPUCTAJLIOB
KJacca 2, cHavyana cjejaeM 0030p pe3ysIbTaToB HC-
CJICJIOBaHUS TPO3PAYHBIX AKTHBHBIX KPHCTAILIOB
3TOro Kjacca, 3aTeéM — Pe3yJbTaTOB U3y4eHHs IO-
TJIOIIAIONINX HEAKTUBHBIX KPUCTAJUIOB, W TOJBKO
mocjie  3TOTO  PAacCMOTPUM  paCIpOCTpaHCHHE
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38



Hoeﬂomammue onmu4ecKu aKkmuenble Kpucmajiibl MOHOKJIUHHO20 Klacca 2

CBETOBOM BOJIHBI Y€pPE3 MOHOKIMHHBIE IOIJIOLIAI0-
UEC ONTUYCCKU aKTUBHBIC KPUCTAJLIIBI.

IToMuMO KOBapuaHTHOTO METO/Ia MPH pacyeTax
OyleM uCHONb30BaTh Takxke MeToj beppemana,
ONMCaHHbIN HaMH B [9].

W3BecTHO, YTO B JBYOCHBIX KpHUCTaslaX IJaB-
HbIE T0KAa3aTeIn NPeNoMIeHHs 0003HavaroTcs N, —
Haubosbmuii, Ny, — cpenuii, N, — HaUMEHbLINH.

PacueTsl 11 MOHOKJIMHHOI'O KpUCTala Mpo-
BEJIEHBl ISl IByX ciiydaes: | — HampaBieHue, cooT-
BETCTBYIOIIEE HAMOOJBIIEMY 3HAYEHHUIO TIOKA3aTels
npeoMIIeHus N, NapajuielIbHO OCU CHMMETPHHU 2;
II — nampapneHue, COOTBETCTBYIOIEE N, OpPTOro-
HaibHO ocu 2 [8].

1 Ilpo3paunvtit  cupomponHuvlii  KpUCHAL
knacca 2

B MOHOKIHMHHBIX MPO3PaYHBIX THPOTPOITHBIX
KpHCTa/Iax Kjlacca 2 HalpaBJICHHE OJHON M3 TJaB-
HBIX OCEH TEH30pOB € M (& COBIIQAAET C OCBHIO CHUM-
METpUH BTOpOTO mopsanka (ockio 2). HampaBnenus
JIBYX JPYTHX IJIaBHBIX OCEH TEH30pOB & U 0. B 00IIEM
ClIydae IO-pPa3HOMY OPHEHTHPOBAHBI B IUIOCKOCTH,
nepreHanKyspaoit ocu 2 [10].

B cinyuae [ ocy Z napamiensHa ocu 2, TEH30PbI
& U a 3anuceiBatoTcs B Buje [10]

& &y 0 ay ap 0
E=l&y &y 0|, a=|lay a, 0 | (L.1)
0 0 &5 0 0 ag

[Mocne moBopoTa KpUCTaLIa BOKPYT OCH Z Ha

yTou
@y = arcig(26), (&, — 5,))/2

TEH30p & MPUHMMACT TUATOHAIBHBIA BHUJ, T. K. BCE
€ro TIJIaBHBbIE HAIpaBJICHUS TeNeph COBMAAAIOT C
HanpasiieHusimu ocet X, Y, Z. Ilocne moBopora Ha
YIoi @y TEH30pa ¢ €ro KOMIOHEHThl U3MEHSTCS, HO
BUJ] OCTaHETCs TeM ke, 9To u B (1.1).

B cmygae II ock Y mapamnensHa ocu 2, € 1 o
MMEIOT BH]T

en 0 &5 a; 0
e=l 0 &, 0, a= 0 ap 0| (1.2)
&1 0 &y a0 ay

Ilocnie noBopoTra KpucTamuia BOKpYr ocu Y Ha

yromn

Oy =arctg(2e3 /(& —&33))/2
TEH30p ¢ MPHUHUMAET IWarOHANBHBIA BUM, T. K. Te-
Mepb BCE €ro TJIaBHBIC HAINPABJICHUS COBIIAJAIOT C
HanpasiieHusiMu ocedl X, Y, Z. Ilocne moBopora Ha
yroi 6, TeH30pa 0. €ro KOMIIOHEHTBI U3MEHSTCS, HO
BHJI OCTaHETCS TeM ke, uTo U B (1.3).

PaccmoTpuM Temeph, KaK W3MEHSETCS SJUTUII-
TUYHOCTb CO6CTBCHHI)IX BOJIH B6J'II/I3I/I OIITHYCCKHUX
ocell kpuctayma kiacca 2. OmpenenuMm Takxe, Kak
HU3MCHACTCA asuMyT MOJIApU3allUu HOpomeauero
CBETa jJ, B 3aBMCUMOCTH OT OPHEHTAllUU ONTHYE-

CKHX OCeH KpHCTaljia OTHOCHTEIHHO HOPMAaNH K
TTOBEPXHOCTH.

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

Ilpu mpoxoXIeHUH CBETOBOM BOJHBI BIOJb
ONTHYECKON OCH paccMaTpUBaeMON KpHCTajInye-
CKO¥ IUIACTHHKH TOJIIUHBI d UMEET MECTO Bpalle-
HHUE TJIOCKOCTU MOJISIPU3AIUY, T. €. U3MEHEHHUE a3H-
MyTa MpOIIC/IIeH BOJHBI IIPU COXPAHCHUH €€ 3JI-
JIUOTUYHOCTH. YTOJ MOBOPOTA IUIOCKOCTH MOJISPU-
3aUH Y. = Pd (p, (TPan/MM) — y#enbHOE Bpare-
HUE BJIOJIb ONTHYECKON OCH KPUCTAJUIA), IPHA ITOM

PAd = Yax = 7Gd [(AR), (1.3)
G =[(a, —a)m]n, (1.4)
rie G — CcKauApHbIM mapamerp rupamuu  [8],

n=(m+ny+ny)/3, n,n,,n; — rIaBHblEC 3HAYECHUS
moKazareJyeld IpeNoMIIeHus KpHcTamia, A — ITHHA
BOJIHBI M3JIy4€HHs, M = 71 N — BEKTOp pedpaxiuy, n
— COMHWYHBIA BEKTOp BOJHOBOW HOpPMaid, & —
TPaHCIIOHUPOBAHHBII TEH30p @, ¢, — Clel TeH30-

pa a.
[pubnmxEHHO MOKHO 3aITUCATh!
o 2 2
G=n[(ay +a33) 6 + (o +az3)- 65 + (1.5)
5 .
g +ay) 05 — (a1, +ay))-6,-60,],
rae 6, =nc;, 6, =nc,, &, =nc;, ¢, ¢, €3 — OPTHI
KOOpJUHATHBIX OCEM.

PaccMoTpuM /1Be YacTHbIE OpUEHTAIMH TJIaB-
HBIX OCEH ONTUYECKOW MHIMKATPUCHI OTHOCUTEIBLHO
OCH 2 KpHUCTaa.

Cnyuan 1. ['naBHbIE 3HaUEHUS TEH30pa € YJIOB-
JICTBOPSIOT YCIIOBHIO &11<€27<€33, T.€. OPTHI € U C;
€ro ONTHYCCKUX OCEH JIe)KAT B INIOCKOCTH XZ:

¢, ={-sinV, 0, cosV},

. (1.6)
¢, ={sinV, 0, cosV},

Ex3(&n —&11)
&11(&33 —€2)

rne V =arctg — Yroil MeXIy ONTH-
YECKOM OChIO KpUCTaJIa U OChIO Z.

IIpu opueHTanMM ONTHYECKHX OCeH, ompene-
nénHoH B (1.6), ckassipHbli napamerp rupanu (1.5)
MMPUHUMACT BU:

— ) 2
G =n[(ay +az3)sin”V+ (o, +ay)cos™ V], (1.7)
OJMHAKOBBIM JUIS BOJIH, paclpOCTPAHSIOIIIXCS
BIIOJTb ONITHYECKUX OCeH (PUCYHOK 1, a).

Cnyuaii 1I. TnaBHBIe 3HAYeHUS TEH30pa &
YAOBJICTBOPSIIOT YCIOBHIO &11<62;<€33, M HampasJic-
HHE, COOTBETCTBYIOIIEE HAWOOJNbIIEMY 3HAUYCHHIO
HOKa3aTeNs MNpeloMIIEHUs N, OpPTOrOHAIBHO Ha-
MIPABJICHUIO OCH 2 KpHUCTalIa.

B sTom cnyuae TEeH30pBl € U 0 UMEKOT BU
(1.2). Ten3zop rupaiuu UMeeT BUA:

a0 a3
a=| 0 ay, 0|, (1.8)
ay 0 oy

¢;= {—sinV, 0, cosV},
¢, = {sinV, 0, cosV}.
B 3TOM ciydae yjenbHOE BpallleHHE ILIOCKO-
CTH HOJIIPU3ALUK PU PACTIPOCTPAHCHUH H3TYICHHS
BIIOJIb Pa3HBIX ONTUYECKHUX OCEH pasHoe:
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P =7G /(An),
G =[(ay + 0533)sin2 V+(o +ay) cos’ V +
+(ay5y +a31)sinV cosV]a,
Py = 7Gy I(A7T),
Gy =[(@yy +33)sin V +(a, + 1y ) cos> V — (1.9)
—(ay3 +a5p)sinV cosV Jn.

CrnenoBatenpbHO, MOTYT OBITh Pa3HBIMH H -
JUNTUYHOCTA ki, k; COOCTBEHHBIX BOJIH, U a3UMyT

NnoJsipu3aluu  y, CBCTa, IPOLICAIICIO BAOJIbL ABYX

Pa3HbBIX ONTHYECKUX oceil (pucyHok 2.1, a — 2.4, a).

B caygae I 3 (1.7) u pucynkoB 1.1, a —1.3, a
BUIHO, YTO JUIA TIPO3PAYHBIX THUPOTPOIHBIX KpH-
CTAJUIOB KJIacca 2 XapakTep M3MEHEHUS SJUTUNTHY-
HOCTEH 00enx COOCTBEHHBIX BOJIH B OKPECTHOCTH
ONTHYECKHX OCEH OJMHAKOB, BJOJb KaXKJIOM U3 OCeH
JUTMNTHYHOCTH PaBHEI &y, = + 1. Buano Taxke, 9ro
B 3TOM CIIy4ae MAaKCHMyMBI a3MMyTa IOJSIPU3AIIH
MPOIIEANIETO CBETA Ymux OAWHAKOBHI (PHCYHOK
1.4, a).

MOHOKJIUHHBINH KpHcTaJII Kaacea 2 (cayyaii I)

a) Tlpospaunvii eupomponnwii xpuctami, n;=1,5397, n,=1,5667, n;=1,5716,
01;=7,4:107, 02,=3,76:10*, a33= — 3,04:10™, 0,,,=-6,91-107
1.1a 1.2a 13a 1.4a
l.l.lk k 1.1
As Ki. As ‘{Ci.
T Sl == T S -1
- S| . 0 -F S| . 0 —2
L3 L3 _3
-1.0 -1.0 -4
0) THoznowarowuil HecupomponHwill KPUCTAILI,

N = 1,5397+1,1316+i-10°, Ny=1,5667+ i1,3707-10; N3=1,5716+ i-2-107,
(e12)"*=1,87 107+ 1,87-107

1.16 126

136

Skok:

50

—-1.0

B) THoenowarowuii 2upomponHulii KpUCTAILI,
N, =1,5397+1,1316°i- 107, N=1,5667+ i-1,3707-10°; N;=1,5716+ i-2:107,
01=7,4-10°+i2,05-10°°, a5, = 3,76-10*+i-2,95-10°°, 033= — 3,04-10* + i-3,5-10°;
(€12)?=1,87 107+ 1,87-107% 01,=—6,91-10°—i-2,08-10° .

1.1B 128 138
S 0.5 (],kz
-—_::\:.-glrﬁ,kz Ays’

50

15k
5

50 1
-1.0

PucyHok 1 — 3aBHCHMOCTH JUTUITUIHOCTEH k|, k) COOCTBEHHBIX BOJIH OT yria A6 BONIH3H Kax 10
U3 ONTUYECKUX OCeH (IIOJI0KEHUE ONTUYECKOH OCH — BEPTUKAJb), M JUIS JIBYX ONITUYECKUX OCEU — 3aBUCUMOCTH
ki, ky v a3UMyTa MONAPU3AIMK U3TYUCHHS, TPOLICAIICTO MJIACTHHKY W3 MOHOKJIMHHOTO KpHCTaslia Kiacca 2,
(cmyyaii I) ot 6
a — TIPO3PavYHBIA THPOTPOITHBIN KPUCTAILT, O — MOTIIOIMAOIINN HETHPOTPOITHBINA KPUCTAILT,
B — MOTJIOHIAIOLIUN TUPOTPOIHBIA KPUCTAILIT;
—— — npaBasi COOCTBEHHasl BOJIHA; - - - — JieBasi COOCTBEHHAs BOJIHA.
[HoxpobHOCTH CMOTPH B TEKCTE.
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MoOHOKJIHHHBINH KpUCTAJLI KJiacca 2 (cay4aii 1)

a) IIpo3paunviii cupomponnwiii kpuctami, n,=1,5397, n,=1,5667, n;=1,5716,
01,=7,4:107, 0= — 3,04-10%, 03,=3,76-10", 0,3=-6,91:10°

2.1a 22a

23a

L0}

—1.0!

Hozenowarowuii necupomponwiii KPUCTAILI,
Ny = 1,5397+1,2604+i-107°, No=1,5667+ i-1,5-107; Ny;=1,5716+ i-1,7449-107,
(e13)"2=2,635 107+ 2,635 10

216 226

236 2406

085k,
0.6}

e

0.4}

2!
0.2}

B) THozenowarowuii 2upomponHulii KpUCTAILI,
Ny =1,5397+1,2604i-10°, N,=1,5667+ i-1,5:107; Ny=1,5716+ i-1,7449-10°,
01=7,4-10°+2,05-10°°, ap,=— 3,04-10* + i-3,5:10°°, 035= 3,76-107+i-2,95-10°°;
(€13)2=2,635 102+ 2,635 102, a;3=—6,91-10° - i-2,08:10°

218 228

238 248

L0}
08 :klykz

0.6}
0.4

u,zi

PucyHok 2 — 3aBUCUMOCTH 3JUTHUNITHYHOCTEH ki, k COOCTBEHHBIX BOJH OT yriia A0 BOIM3M Ka 10
13 ONTUYECKUX OCeH (TIOJI0KEHHE ONTHIECKOH OCH — BEPTUKAJb), M JUIS AIBYX ONITHYECKUX OCEH — 3aBUCUMOCTH
ki, kr 1 a3UMyTa ONAPHU3ALNH U3TyUCHHS, POIIEANIETO TUIACTHHKY M3 MOHOKIIMHHOTO KpUCTaJuIa Kiacca 2,
(cmywyait I1) ot 0.
a — MPO3pavHbI TUPOTPOITHBINA KPUCTAILT; O — TOTIIOIAONIMIA HETHPOTPOITHBIH KPUCTAILT;
B — MOTJIOMIAIONIHIA THPOTPOIHEIA KPUCTAILT;

—— — [IpaBagd cOOCTBEHHAs BOJIHA,

- - - — 11eBast COOCTBEHHAs BOJIHA.

IMoxpoGHOCTH CMOTPH B TEKCTE.

B ciryqae II u3 (1.9) u pucynkos 2.1,a— 2.3, a
BU/IHO, YTO JIsI IPO3PAuHBIX THPOTPOINHBIX KpH-
CTJUIOB 3JUIMITUYHOCTh COOCTBEHHBIX BOJH IIO-
pa3sHOMY M3MEHSIETCSI B OKPECTHOCTH Pa3HbIX ONTH-
YECKUX Oceil. MaKCUMyMBbl a3UMYTa Y max OPOLIEI-
IIEr0 CBETAa HMEIOT pPa3Hble 3HAueHHsA (PUCYHOK
2.4, a) npu paclpOCTPAHECHUH BJOJIb PA3HBIX OINTH-
YyeCKHX Oocell u MOIr'yT UMETb OJJMHAKOBBLIC WJIU pa3-
HBIC 3HAKHU B 3aBUCUMOCTH OT 3HAKOB KOMIIOHCHT Ol.

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

2 Hoznowarowuii Kpucmann kiacca 2

PaccmoTpuM Tenepb 3aBUCHMOCTH TEX JKE Be-
JMYMH A7 HOIJIOMIAloIero Kpucramia. TeHsop nu-
UIEKTPUYECKOH MPOHHLIAEMOCTH TAKOI'0 KPHCTaiIa
UMeeT ACUCTBUTEIBHYIO H MHIUMYIO JacT [1]:

&1 & 0
e=|&, &, 0|, ep=¢p+i-g;. (2.1)
0 0 &5

41



A.®. Koncmanmunosa, T.I". I'onosuna, E.A. Eeouwenxo, B.B. Habamos, K.K. Koncmanmunos

OO6paTHbIi TEH30p & MOXHO 3aIiCaTh B KOBAPH-
aHTHOM Buje [1]:
el =a+b(c ¢"+¢"-¢), (2.2)

rae ¢ -¢”" — gumanma [11].

Hamnpapnsromniyie BeKTOpa ONTHYECKUX OCEH N.
OIIPEJIECTISIFOTCS] B COOTBETCTBHHU C (hopMyJion

\/(c*)2c+\/c2c*ii-[cc*]
= > 5 ,  (2.3)
le” +[e” |

rae c=c¢ um c=c".

OO6cynuM oOmuit ciyvail, Korjna UMeIoTcs de-
Thipe Kpyroseie ocu. Te curyammm, korma ¢ =0
win ¢ =0, 31ech pacCMaTPUBATh He Oy/IeM.

OGo3HaunM &' = f ¥ 3amumieM
a :ﬂ337 ¢'= {Cllﬂ Céo O}v "= {CI”, Cé’, 0}9
Bia =blcics +¢ich), Py — Pz =2bcicy,
By = sy =2bcheh, € =1, ¢ =1.
13 cucrembl ypaBHenuil (2.4) waiiném ¢ u ¢
(MOXHO HCIIONB30BATh JII000E M3 IOJIY4aeMbIX pe-
IICHUI).

Pacuérer ObLH TIPOBENIEHBI TS TEX XKE CITy9IacB
Iull (Ng | ocu 2 u Ny L ocu 2, COOTBETCTBEHHO),
YTO W JUIS ONTHYECKH AKTHUBHBIX KPHUCTAIUIOB. Pe-
3yJBTAaTBl PAacYeTOB MPOWIIIOCTPUPOBAHEI HA pHU-
cyHkax 1,0 u 2, 6.

Kak u cnemyer u3 pe3ynbTaToB, MOJYYCHHBIX B
[1], [9], [12], kaxnmast U3 ONTHYECKUX OCEH, Xapak-
TCPHBIX I HEMOTJIOMAIIEro Kpucrajuia, B II0-
TTIOLIAIOIIEM KpHCTaJIe pachajaeTcs Ha JBe, MpH
O9TOM YIJIbl MEXAY KOMIIOHCHTaMH pacCIlCIlJICHUA
Ka)KJJOH U3 UCXOIHBIX OceH (YIIIbl MEXKIY «HOBBIMUY
0CSIMH) Pa3HbIE, U PACIIOJIONKEHBI «HOBBIE» OCH He-
CHMMETPHYHO OTHOCHTEJIFHO IUIOCKOCTH, COJIEpKa-
mel WCXOAHbIe OcH. B 000omX paccMaTpuBaeMbIX
CIIydasix SIUTMITHYHOCTH IBYX COOCTBEHHBIX BOJH
COBIIAJIAIOT W B HAIpaBICHUH Ocei Omm3ku k + 1
(pucynku 1.1, 6; 1.2, 6 u 2.1, 6; 2.2, 6 ). Ha pucyn-
kax 1.1, 6 u 1.2, 6 Ay MOTIOMIAIONINX KPUCTAIIIIOB
BUJIEH BBIXOJ TOJIBKO OJIHOM M3 ONTUYECKUX OCEM.
Ha Bepxumx um HmwkHHX pucyHKax 1.3,6 u 14,06
MOKa3aHbl M3MEHEHUS DJUIMNTHYHOCTEH CO6CTBCH-
HbIX BOJIH M asuMyTa MOJApU3alvy MNpomeanero
CBE€Ta B JIBYX IIJIOCKOCTAX, KaXJasd U3 KOTOPBIX OT-
KJIOHEHa OT IUIOCKOCTH ONTHYECKUX Oceil mpo3pady-
HOTO KpHUCTaIa TaK, YTO IIOJIHOCTBIO COJEPKUT
OJHY M3 ONTHYECKUX OCEH IOIIOMAONIEr0 KpH-
cTajjia, «OTOLIEIIYI0» OT OJHOM M3 Ocell mpo3pay-
HOTO KpHCTaUIa. DIUIMNTHYHOCTH COOCTBEHHOU
BOJIHBI /17151 Hee paBHa 1. [Ipu aToM B KaXkmoit mmoc-
KOCTH BUJHA [IPOEKLMSI IPYroil ONTUYECKOM OCH.

24

3 Ioznowarouwguii 2upomponHslil KpUCmanii
Knacca 2

PaccmoTpuM kpucTamin kiacca 2, KOTOPOMY
OJTHOBPEMEHHO CBOWCTBEHHBI MOIJIOLIEHUE M ONTH-
yecKasi aKTUBHOCTb.

42

Pacuérsl nns MOIVIOIIAIOIIEr0 THPOTPOIHOTO
Kpl/ICTaJ'L]'Ia HpOBeZ[eHI)I JJI1 TEX K€ 4YaCTHBIX cnyqaeB
I u II (cootBercTBeHHO N || OcH 2 1 N, L ocm 2),
YTO M ISl ONTHYECKH aKTUBHBIX KPHUCTAUIOB (pu-
cyHkHu 1, B u 2, B ). PacionoxxeHue oceil aHaJIOTHYHO
TOMY, KOTOpPO€ CBONCTBEHHO MOTJIOUIAIONIMM KpHU-
crajiam.

Ha pucynkax 1.1, B, 1.2, B u 2.1, B, 2.2, B, XO-
POLLO BUJHO, YTO NPU HAIUYUHU ONTHUYECKON aKTUB-
HOCTH BJIIOJIb Ka)KIOH M3 ONTHYECKHX OCCH IIOIJIo-
LIAIOIIET0 KpUCTaJlIa PACIPOCTPAHSIETCS YK€ JIBE
BOJIHBI. B oTiindMe OT cuTyaluu, peaau3yeMon ist
MpO3payHOr0 ONTHYECKH aKTHUBHOTO KpHCTaJla,
3JUTMITUYHOCTU BOJIH, PACIPOCTPAHSIONIUXCS BIOJb
pasHbIX oOcell, pasauuHbl. B cmiy 3THX 00CTOS-
TCIBCTB, KaK U CJICA0BAJIO OXKWAATh, a3l/IMyTI)I T10JI51-
pHU3alliy BOJIH, PACTIPOCTPAHSIONINXCS BAOIb KaXK-
JIOM U3 ONTHUYECKUX OCEH pa3IMyHbI.

4 Pomobuueckuii Kpucmann knacca 222

UT00BI CpaBHHUTH OCOOCHHOCTH M3MEHEHHS 3JI-
JUNTAYHOCTEH M a3UMYyTOB MOJSPU3AIUH IIPOIICI-
IIEro CBeTa BOJHM3HM ONTUYECKUX OCEH B KpHCTalLIaxX
aKCHAIIBHBIX KJIACCOB, NIPUBEAEM TEIEPh HA PUCYHKE
3 COOTBETCTBYIOIINE 3aBUCHMOCTH JJIsI poMOmMUe-
CKHUX KpHcTaJuloB kiacca 222 [7], [8]. Buano, uto
BCE 3aBUCUMOCTH, XapaKTEPHBIC I 3TOrO KPUCTAJI-
na, 0oJjiee CHMMETPUYHBI, YeM T€, KOTOPbIE COOTBET-
CTBYIOT KPHCTAJIAM MOHOKJIMHHON CHHTOHUH.

3aknrouenue

Ecmm omTHueckue OCH npo3payHozo  eupo-
MPONHO20 MOHOKIUHHO2O KPHCTAIIa Kiacca 2 Ire-
AT 8 OOHOU NIOCKOCHU C OCbI0 CUMMEMPUL 8Mopo-
20 NOpsAoOKa, SITUNTHYHOCTh COOCTBEHHBIX BOJH
HM3MEHSIETCS BOJIM3K ONTHYECKUX OCEH TaK K€, KaK U
B pOMOMYECKOM KpHCTaiUie Kiacca 222, M yJelIbHOe
BpallleHWe IUIOCKOCTU TMOJSIpU3AMA  OJUHAKOBO
BJIOJIbL OOEUX OITHYECKMX Oceil. B mownoxnunnom
noznowjaroujemM Kpucmaiie B yKa3aHHOW CHUTyalluu
ONTUYECKAE OCHU PACIOJIOKECHB HECHUMMETPHYHO
OTHOCHTEIIEHO TUTOCKOCTH OINTHYECKUX OCEH Tpo-
3pavHOTO KpUCTAILIA.

Ecmm omTHYeCKHE OCH npo3payHozo eupo-
MPONHO20 MOHOKIUHHO20 KPUCTAJUIa Kiacca 2 mep-
MEHIUKYISAPHBI OCH CHMMETPUH BTOPOTO MOPSAKa,
SJJIANITUYHOCTE COOCTBEHHBIX BOJH HM3MEHSIETCS
BIOJb Pa3HBIX ONTHYECKHX OCEHl HEOIWHAKOBO, H
yAelbHOE BpalleHHe IUIOCKOCTH MOJISPU3AIUU
BIIOJIb pa3HBIX OCed pa3inuyHo. BenuuwHa 3TOTrO
pasnuyusi 3aBUCHT OT MapaMeTPOB THPAIMU KpH-
craimia. OnTHYECKHUE OCH MOHOKIUHHO20 NO2N0-
warweeo KpUCTAUIA TPU YKA3aHHBIX YCIOBHUSIX
OTKIIOHSIFOTCSL Ha Pa3HBIC YIJIBI OT IUIOCKOCTH OITH-
YECKMX OCEeH MpO3pavHOro KPHCTAIa, OCTaBasCh
CUMMETPHYHBIMI OTHOCHTEIBHO STOU TIOCKOCTH.

B cupomponnom noznowarouem MOHOKIUHHOM
KpHUCTaJJIE ONTUYECKHE OCH PACIIOJIOKEHBI TaK XKe,
Kak ¥ B TIOTJIOMIAIONIEM KPHUCTAJUIE TAaKOH JKe CHH-
TOHHUH.
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PomOnuecknii kpucrasaa kiacca 222

a) Ipospaunviii c2upomponusiti xpuctamt, Ny = 1,5397, N,=1,5667, N;=1,5716,
011=5,89-107, 0= 3,91-10™, a35= — 3,04-10"*
3.1a 32a 33a 34a
1.0, 1.0,
Nk Nk, Lix!
_-_,/“f-‘| \-..,_____ __,/'f"| \*«-._____ = n&uﬁvnv V{\\i‘\‘&“ﬂ o
o TSR SSRENE Sl =40 | = . = A0y -1 g
e 5 | 0 -0 -H S | 0 -0 iy
L5 ‘-\| -3
-1.0 ~1.0 -4
0) Toenowarowuii HecupomponHsiti KPUCTAILI,
N, =1,5397 +i 107, N,=1,5667+1,5 i 10>, Ny=1,5716+2 i 10”°
3.10 320 3406
10,
qi X1 [\
1.0k, k. 1.0k, k. . .
0.5} 0.5} E
5 , | )
-2 -1 | 1 AT\ | 1 24
—GI.:-!; —GI.:-!;
—l.tl:- —[.tl:-
soT
B) Tozenowarowuii cupomponHulil KPUCTAIL,

N, =1,5397 +i-10°, N,=1,5667 + i-1,5-10°, Ns=1,5716+i-2-107 ;
0,1=5,89-10°+ 7210, 02, =3,91-10"*+i-3-10°, 3= — 3,04-10*+;-3,5-10°°

318 328

338 348

1.0 Kk
0.5
| A

Pucynok 3 — 3aBHCHMOCTH SJUTUITAYHOCTEH k|, ky COOCTBEHHBIX BOJIH OT yriia A0 BOIH3H KaxI0i
U3 ONITUYECKUX OCeH (IIOJI0KEHHUE ONTUYECKON OCH — BEPTUKAJb), M JUIS JIBYX ONITUYECKUX OCEH — 3aBUCUMOCTH
ki1, kr ¥ a3UMyTa TONSAPU3AIMY H3TYUYCHUSI, IPOLIC/IIET0 IIACTUHKY M3 POMOUUYECKOTr0 KprCTalia
Kiacca 222, ot 0.
a — TIPO3PavYHBIA THPOTPOITHBIN KPUCTAILT, O — MOTIIOIMAOIINNA HETHPOTPOITHBINA KPUCTAILT,
B — MOTJIOHIAIOLIUN TUPOTPOIHBIA KPUCTAILIT;
—— — npaBast COOCTBEHHAsl BOJIHA; - - - — JieBasi COOCTBEHHAs BOJIHA.
[HoxpobHOCTH CMOTPH B TEKCTE.
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MNOJYYEHUE IMJIEHOK ZnO:B C PA3JIMYHBIM ONITUYECKUM

PACCESIHUEM U UX BJIUSHUE HA ®OPMUPOBAHMUE a-Si:H/pc-Si:H CJIOEB

U COBUPAHUE CBETA B TOHKOILUIEHOYHBLIX KPEMHUEBBIX
COJIHEYHBIX 3JIEMEHTAX

®.B. Kypaecos
Ospauxon Conap, Tprobbax, Illseiiyapus

PREPARATION OF ZnO:B FILMS WITH DIFFERENT OPTICAL HAZE
AND THEIR INFLUENCE ON a-Si:H/pc-Si:H LAYERS FORMATION
AND LIGHT TRAPPING IN THIN FILM SILICON SOLAR CELLS

F.V. Kurdzesau
Oerlikon Solar Ltd., Triibbach, Switzerland

I'maporeHn3upoBaHHbIe ClIOM MHKpoMop¢Horo kpemuus (a-Si:H/pc-Si:H) 6pumn nonydens! Ha mi€Hkax ZnO:B npo3pavHoro
nposogsimero okcuzaa (II10) ¢ pasauuHO# Mopdonoruell HOBEPXHOCTH (pasjiMdHas LIEPOXOBATOCTh W ONTHYECKOE paccesi-
uue). Heobxoaumast cTpyKTypa IIEHOK OKCHA IMHKA OblLIa JOCTHTHYTA Bapualeil ux Tonmussl. /lanHas paboTa u3ydaer 3a-
BUCHMOCTb CTPYKTYPHBIX ¥ ONTHUECKUX CBOMCTB cl0€B Si oT Tonorpaduu ZnO. HabmrogaeTcst He3HAYNTENILHOE BIMSHUE MOP-
(ooruy MOBEPXHOCTH MOJIOKEK Ha PaMaHOBCKHUH (akTop KpucTaumnyHocTH. OH yMeHbIIaeTCs: IpUMEpHO Ha 5% mpu yBe-
nu4eHuH ontudeckoro paccesHus Ha II1O ot 2 mo >40%, mpu 3TOM 3HAYUTENIBHO yBEIMYHBAETCS oOlIee cOOMpaHUe CBETa B
ZnO:B/a-Si:H/pc-Si:H crpykrypax (ux xoadduiment mnornomieHus Bo3pactaer ¢ 50 go 70%). OnrumanbHas KOMOWHALUS
CTPYKTYPHBIX M OIITHYECKUX CBOWCTB 0OHapy»xeHa rpu >20% ypoBHe paccesiHus ceeta Ha [1I10.

Knioueevte cnosa: npospaunviii npogodswuii okcuo (I1110), cobupanue ceéema, pamano8ckutl Gakmop KpucmaiiuyHOCmu,
euopoeenusuposannvii mukpomopguuiii kpemnuii (a-Si:H/pc-Si:H), onmuueckoe paccesnue.

Hydrogenated micromorph silicon layers (a-Si:H/pc-Si:H) were prepared on ZnO:B transparent conductive oxide (TCO) films
with different surface morphology (roughness and optical haze value). The required structure of zinc oxide films was obtained
varying their thickness. This study reveals the dependence of structural and optical properties of Si layers on the ZnO topogra-
phy. The minor influence of the substrate surface morphology on the silicon Raman crystallinity factor was observed. It was
~5% decreased, when the TCO haze value was increased from 2 to >40%, while the light trapping properties were significantly
increased (the absorption coefficient of ZnO:B/a-Si:H/pc-Si:H was grown from 50 to 70%). The optimum combination of struc-
tural and optical properties was found at >20% TCO haze level.

Keywords: transparent conductive oxide (TCO), light trapping, Raman crystallinity factor, hydrogenated micromorph silicon

(a-Si:H/pc-Si:H), optical haze.

Introduction

In the recent years ZnO films have found a
wide application as transparent conductive elec-
trodes in thin film a-Si and pc-Si solar cells [1]. One
of the main factors limiting the efficiency of such a
kind of cells is a low light absorption coefficient
which could be significantly improved using a light
trapping effect on the boundary between silicon ab-
sorber films and transparent conductive oxide (TCO)
layers [2]. Considering the case of ZnO films, the
desired texture interface required for the light trap-
ping can be obtained via post deposition etching
(when initial smooth surface structures from stan-
dard sputtering processing are used) [3] or via an
adjustment of the growth procedure within chemical
vapour deposition (CVD) methods, where the re-
quired surface structures are normally appeared as it
is grown [4]. The latter fact makes CVD processes
more attractive for TCO layers production regarding
their further applications in Si thin film solar cells.

© Kurdzesau F.V., 2011

Besides the light trapping effect normally de-
scribed by optical haze value [5], the ZnO surface
structure may play a certain role over the formation
of a-Si/uc-Si films (mainly, affecting the proportion
between crystalline and amorphous silicon phases),
which can be efficiently tracked via Raman crystal-
linity measurements [6], [7]. As a strong relationship
is observed between Raman crystallinity and output
parameters of microcrystalline silicon solar cells [6],
the studies of the role of the substrate morphology
on the Si nucleation are of great importance [7].
Therefore, more detailed researches on both light
trapping properties of ZnO films and their surface
effect over the microcrystalline silicon layer growth
are required. In the present work the combined opti-
cal (transmittance/absorption/haze spectra) and
structural (XRD/AFM/Raman) studies on ZnO:B
and ZnO:B/a-Si:H/pc-Si:H structures are reported
considering the light trapping effects and silicon
layer crystallization depending on the surface mor-
phology of TCO front contact films.
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1 Experimental details

The ZnO:B layers were deposited by a low
pressure (0.5 mbar) chemical vapour deposition
(LPCVD) on 5x5 cm” glass substrates at 174 °C with
TCO-1200 production set-ups (Oerlikon Solar,
130x110 cm? processing area, 2.4 nm/s deposition
rate), where HyO/DEZ (water/di-ethyl zinc vapours)
were used as gas precursors while B,H¢/hydrogen
mixture was applied for boron doping. The optical
haze of formed ZnO:B layers varied from 2 to 50%
via their thickness adjustment at different deposition
times, which allows efficient control of those pa-
rameters (see figure 1.1 (a)). Although the depend-
ence of optical haze value on the layer thickness in
general case is described by a complex polynomial
function, within the 1400—-3000 nm interval (which
corresponds to 12-50% optical haze values) it can
be approximated as linear which simplifies a process
control (figure 1.1 (b)).

The obtained ZnO:B films with different haze
level were then used as substrates, where silicon
layers were simultaneously deposited following the
same process recipe. They were grown by a plasma
enhanced chemical vapour deposition (PECVD)
using KAI-1200 production set up (Oerlikon Solar,
130x110 cm? processing area) at 40 MHz plasma
excitation mode in SiH4/H, gas mixture (2.5 mbar
gas discharge pressure with 1500/3200 W power
levels respectively).

The layers optical properties (transmittance, re-
flection) were measured by Lambda 950 Perkin
Elmer spectrometer in the integration sphere con-
figuration with subsequent derivation of absorption
spectra and cut-off frequency (in order to estimate
the band-gap value). In the case of TCO films their
diffuse transmittance was also studied in order to
find the optical haze value (as a relationship between
total and diffuse transmittance at 600 nm [1]). The
structural studies were performed using x-ray dif-
fraction (XRD) and atomic force microscopy (AFM)
methods, while the layers cross-section interface was
studied by scanning-electron microscopy (SEM)
technique. The obtained a-Si:H/pc-Si:H structures
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were additionally investigated by Raman spectros-
copy using 514 nm excitation light with a subse-
quent estimation of their Raman crystallinity factor
following the standard fitting procedure [6], [7].

2 Results and discussion

2.1 Structural properties

The AFM images obtained from initial ZnO:B
and ZnO:B/a-Si/pc-Si:H structures deposited on
them are presented in figure 2.1. As one can see, the
silicon films surface morphology in all cases signifi-
cantly depends on their substrate textures. The AFM
roughness of microcrystalline silicon layers is found
to be in a linear proportion to the roughness level of
their TCO substrates (see figure 2.2 (a)). Neverthe-
less, the dependences between the optical haze value
and film roughness for both ZnO:B and silicon lay-
ers are not linear. It is growing fast at low haze val-
ues (<20%) with subsequent saturation above 40%
(see figure 2.2 (b)).

Such a morphology behavior is well detected
on ZnO:B/a-Si:H/pc-Si:H cross-section SEM images
where the formed silicon layers are repeating the
initial surface structure of TCO films (see fig-
ure 2.3 (a—)). The obtained results are in good
agreement with data reported in [6], [7], where the
microcrystalline silicon phase consists of cones
growing perpendicularly to the local substrate plane.
Such mechanism provides proportional repeating of
the morphology of underlying layers by formed sili-
con film and results in the liner proportion between
their roughness values, which was observed in our
experiments (see figure 2.2 (a)).

The gathered Raman spectra for silicon layers
grown on the ZnO films with different optical haze
are presented in figure 2.4. These measurements
were performed following the front (irradiation from
the Si surface side) and back (irradiation from the
glass/ZnO side) configurations with a subsequent
estimation of integrated intensities of peaks corre-
sponding to crystalline (at 510 and 520 cm™) and
amorphous (at 480 cm™) silicon phases. The Raman
crystallinity coefficient (R,) was then found asa
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Figure 1.1 — Optical haze value of ZnO:B layers (at 600 nm) as a function of CVD process time (a)
and obtained film thicknesses (b)
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Figure 2.1 — AFM pictures from ZnO:B layers (upper line) and a-Si:H/uc-Si:H structures deposited on them
(bottom line). The ZnO:B and ZnO:B/a-S:H/pc-Si:H AFM pictures for <2% substrate haze level (measured
at 600 nm) are given as (a) and (d); for 20% haze as (b) and (e); for 40% haze as (c) and (f) respectively

70

65

60 -

55

50 o

45

409 y = 0.625x + 10.804

a-Si:H/uc-Si:H roughness (nm)

0O 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 8 90
ZnO roughness (nm)

a)

322rm 268 nm
=236 nm =310 nm
9)
229 nm 260 nm
F
Lt
-195 nm fo. = Afm Pe ~254 nm

90
°

8 8 3
n

AFM roughness (nm)

@
8
e

® ZnO substrate layers

N
S

® Zn0:B/a-Si:H/uc-Si:H

=
1)

0 5 10 15 20 25 30 35 40 45 50 55
Haze value (%)

b)

Figure 2.2 — Dependence of AFM roughness of grown a-Si/uc-Si layers on the roughness of ZnO:B substrate
films (a) and both roughness as a function of TCO optical haze value (b)

relation between crystalline peaks signal (Is;p+1s19)
and total  spectra  integration  efficiency
(Isz9tI519t1489) following the same algorithm as in
[6], [7].- As main disadvantages of this method one
has to mention low locality of those measurements
(~20-30 nm deep from the light excitation surface
[8]) and neglecting the differences in Raman diffu-
sion cross-section values between c-Si and a-Si:H
phases, which have to be taken into account for pre-
cise calculations [9]. Nevertheless, the Raman crys-
tallinity factor found in such a way can also provide
the sufficient information about the variations of
silicon phases [6], [7].

The summarized Raman measurements data for
Si deposited on the substrates with different haze
level are presented in figure 2.4 (b). As one can see
from this figure, there is no significant variation in
the silicon Raman crystallinity factor (all values stay

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

within 0.54-0.61 interval) for these structures. As a
general tendency, the layer crystallinity is becoming
slightly worse for higher haze values (both in front
and back side measurement configurations), while
its behavior at low haze stays unclear (the big oscil-
lation range is then observed). The obtained varia-
tions are appeared to be significantly smaller com-
paring to data reported in [7], where Raman crystal-
linity factor was decreasing from 50 to 20% follow-
ing the transition between flat (low haze) and rough
(large haze) layers (unfortunately, no roughness/haze
values were then reported). The reason of this differ-
ence can be connected with similar surface state of
all our layers, which were grown by the identical
CVD process (only the deposition time was then
varied), while different TCO materials and deposi-
tion methods were tested in [7].
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b) | o)
Figure 2.3 — Cross-section SEM of a-Si:H/pc-Si:H layers grown on ZnO:B films at their different
optical haze levels: a) >2%; b) ~20%; d) ~40 %
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Figure 2.5 — XRD spectra of ZnO:B film (a) and deposited a-Si/uc-Si layers (b)

The additional XRD studies performed on the kind of ZnO layer structure is typical for LPCVD

samples with maximum variations of Raman micro- processes at selected temperature/DEZ flow process
crystalline factors (corresponding to <2%, 20% and conditions [10], [11].
40% haze levels of TCO) did not show any signifi- Thus, regardless of the significant difference in
cant structural difference (see figure 2.5 (b)). All the underlying ZnO layers surface morphology, the
layers are appeared to be amorphous without any amorphous/microcrystalline silicon films grown on
clear trace of XRD peaks of silicon phases, while them are appeared to have very similar crystalline
ZnO underlying films have well resolved crystalline structure with minor changes in their crystallinity
structure with a preferable orientation along (11-20) factors (see figure 2.4) under the proportional in-
crystallographic plane (see figure 2.5 (a)). Such a crease of the surface roughness (see figure 2.2).
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2.2 Optical/light trapping properties 20-40% haze interval (see figure 2.7 (b)). Thus, the

The light trapping properties of deposited light trapping effect is close to the optimum at 20%
ZnO:B and resulting ZnO:B/a-Si:H/uSi:H structures TCO haze level and its further rising does not bring
were studied by optical measurements of their any significant improvement, while the absorption
transmittance (7) and reflectance spectra (R) in vis- losses in ZnO:B are increased.
ual and close IR range (300-2000nm). The optical An interesting effect was observed following
absorption (A4) was then subsequently recalculated the a-Si/puc-Si band-gap values at the different opti-
from the measured transmittance/reflectance values cal haze level of ZnO layers, which was measured
as A(A)=1-T(1)—-A(2) (see figure 2.6). deriving their cut-off frequencies from the corre-

The obtained optical spectra were then treated sponding spectral curves (see figure 2.6 (b)). The
in order to get the average optical reflection and ab- band-gap values of corresponding silicon films are
sorption values in 400-1100 nm wavelength interval found to be dramatically decreased (from 1.37 to

1.12 eV) under the TCO substrate haze increased
from 0 to 20% with a subsequent stabilization
around ~1.1 eV (see figure 2.8). Regarding the pre-
vious data, where no significant structural change of
grown silicon films was occurred at different ZnO

(see figure 2.7). As one can see from these data, the
optical absorption of ZnO layers (corrected over the
glass substrate) increases from 2 to 5% for the haze
value grown till 25% (700-1900 nm thickness (fig-
ure 2.1 (b)) with a subsequent slow approximation to

5.8% in 25-50% haze interval (see figure 2.7 (a)). surface morphology (see figure 2.4-2.5), one can
Similar behavior is observed for glass/ZnO:B/ link the observed variations to the difference be-
/a-Si:H/pc-Si:H layers but with much higher varia- tween the hydrogen content of grown a-Si:H/pc-Si:H

tion amplitudes: from 53 to 66% over 2-20% sub- layers [12].
strate haze values and from 66 to 69% in subsequent
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Figure 2.6 — Absorption spectra of index matched [1] ZnO:B layers (a) and absorption spectra of resulting
glass/ZnO:B/a-Si:H/pc-Si:H structures grown on those layers (b). Note the difference in the maximum optical
absorption and cut off wavelength
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Figure 2.7 — The average optical absorption/reflection within 400-1100 nm interval (visual and close
infrared light) for ZnO:B front contacts (a) and glass/Zn0O:B/a-Si:H/puc-Si:H layers processed on them (b).
The ZnO:B absorption is measured under index matched conditions with a subsequent correction to the glass
substrate transparency
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Figure 2.8 — Band-gap of a-Si:H/uc-Si:H layers as a
function of optical haze of underlying ZnO:B films
(derived from the data in figure 2.6 (b))

Thus, the low haze TCO film leads to the
higher hydrogenization level of grown silicon layers,
which approximates to the maximum value of
1.46 eV corresponding to the reference sample
grown on the clean (without ZnO coating) glass sub-
strates. The thicker TCO films with the higher opti-
cal haze lead to the simultaneous hydrogen content
decrease and it reduces the band-gap level of formed
a-Si/pc-Si films up to 1.1 eV, which corresponds to
the value of non-hydrogenized silicon [12]. Since all
a-Si:H/pec-Si:H films grew at the same process con-
ditions, the observed hydrogen loss can only be con-
nected to its extraction by ZnO:B layers at the inter-
face area. The intensity of that process is affected by
the substrate surface morphology, which is directly
linked to the optical haze value.

Conclusion

The influence of CVD deposited ZnO:B layer
morphology (attributed to their optical haze value)
on optical (light trapping effect) and structural
(mainly, degree of crystallization) properties of
ZnO:B/a-Si:H/puc-Si:H structures has been studied.
The TCO substrate haze values varied between 2
and 50% by the adjustment of their thickness via
CVD process time.

It was found that the crystallinity of deposited
a-Si:H/pc-Si:H structures has a poor correlation with
an optical haze value of ZnO:B substrate layers on
which they were deposited. Normally, the Raman
crystallinity factor is only ~5% decreased for the
optical haze increasing from 2 to 50%. One can ex-
pect this dependence from the effect of the TCO
substrate’s roughness on the PECVD growth of
microcrystalline silicon layers.

The light trapping effect of TCO layers was
found to be close to the optimum at their optical
haze value above 20% (~65% light absorption of
corresponding glass/ZnO:B/a-Si/uc-Si structures in
400-1100 nm wavelength interval). This was ac-
companied by a significant decrease of a-Si:H/
/uc-Si:H band-gap values, which can be connected
to the lowered hydrogen dilution within the silicon
layers formed on rough ZnO:B substrates.
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Jlnst mccnenoBanust 00pa3oBaHUs MOJIEKYJISIPHBIX IBOMHBIX KOP-ABIPOYHBIX COCTOSIHHH IPH HOCIIEA0BATEILHOM ABYX(OTOHHOM
HOTJIOMIEHUH PEeHTTCHOBCKUX JIydeil MCHONB3YIOTCS OYeHb HHTEHCHBHBIE, CBEPXKOPOTKHE MATKHE PEHTTCHOBCKUE HMMITYJIBCHI
LCLS-peHTreHOBCKOTO Ja3epa Ha CBOOOAHBIX IEKTpOHaX. BiusHue kputuueckux mapamerpoB LCLS — takux, kak 4ucio ¢o-
TOHOB B MMITYJIbCE, JUINTEIILHOCTh UMITyJIbca M pa3Mep (OKyCHOIrO IATHA — Ha (DOTOINIEKTPOHHEIN U 0XKe-CHEeKTPBl MOJCIUPY-
ercsl B JIeTallsX, H PE3yJIbTaThl TOr0 MOJEIUPOBAHMS HCIOJB3YIOTCS KaK BCIIOMOIaTelbHbIE B HHTEPHPETALMU IKCIEPUMEH-
TaJIbHO MOJTy4YEHHBIX CIEeKTPOB. IIpencTaBieH 0630p pe3yabTaToB AByX(POTOHHBIX dKcriepumeHToB Ha LCLS.

Knrouegvie cnoea: nasep na c60600HbIX SNEKMPOHAX, PEHMSEHOBCKULL 1A3ED, MHO20AMOMHAS MONEKYAA, 0BOUHOe COCMOsHUE
KOp-0bIpKd.

We use extremely intense, ultrashort soft X-Ray pulses generated by the LCLS X-Ray Free Electron Laser to investigate the
production of molecular double core-hole states by sequential two-photon X-Ray absorption. The effect of critical LCLS pa-
rameters such as the number of photons per pulse, the pulse duration, and the focal spot size on the photoelectron and Auger
spectra is modeled in detail and the results of these simulations are used as an aid in the interpretation of the experimental spec-
tra obtained. We review here the results from the two-photon experiments at LCLS.

Keywords: free electron laser, X-ray laser, polyatomic molecule, double core-hole state.

Introduction which Kai Siegbahn was awarded the 1981 Nobel
The discovery of chemical shifts in photoelec- Prize in physics. Chemical analysis by means of
tron spectroscopy [1], [2] was an important conse- electron spectroscopy is well established for
quence of the development of this technique, and for many years, and there are commercially available
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instruments. The basic principle is the absorption of
one photon by a molecule, and the ejection of one
electron, which is energy analyzed. If the photon
energy is sufficient to ionize a K-shell electron, the
exact energy of the electron provides information
about the local chemical environment. The ioniza-
tion energy depends on where in a molecule an atom
is located.

Cederbaum et al. [3] realized that two-site
Double Core Hole States (tsDCHs) could be a more
sensitive probe of the local chemical environment
than are the usual single core-hole states. However,
in 1986 it was not known how to produce K-shell
vacancies on two different atoms in a molecule. The
cross section for creating holes in the K-shell at two
different atomic sites by the absorption of one pho-
ton is vanishingly small, and the photon flow from
synchrotron radiation sources is too low to allow the
absorption of a second photon while the first core-
hole still exists. The reason is that the first core-hole
is extremely short-lived owing to the Auger effect,
which fills the core vacancy within less than 10 fs.
This puts huge demands on the light source, de-
mands that a synchrotron light source cannot fulfil.
The advent of free electron lasers in the X-ray re-
gime has changed the situation. Free electron lasers,
so far only the Linac Coherent Light Source (LCLS)
at the SLAC National Accelerator Laboratory, oper-
ated by Stanford University, can deliver so many
X-ray photons (10'%) during such time duration

The LCLS
(Linac Coherent Light Source)

AMO Hutch

(10 fs) so that a molecule can absorb two photons
during one photo pulse. The second photon can be
absorbed before the first vacancy is filled, thus creat-
ing a molecule with a tsDCH state. Theoretical pre-
dictions showing that this should be possible was
presented [4], and it was first verified experimen-
tally shortly after [5].

Experiment

Figure 1 shows the electron accelerator at the
SLAC National Accelerator Laboratory, the undula-
tor which produces the X-rays, the AMO (Atomic,
Molecular, Optical) hutch, and the electron and ion
time-of-flights that are used to record and energy
analyze the photoelectrons and photoions [6].

The free-electron laser was running with com-
pressed 40 pC electron bunches at a repetition rate of
60 Hz to generate laser pulses of ~10 fs duration
with a pulse energy of approximately 0.2 mJ, a pho-
ton energy of between 520 and 705 (£15) eV, and a
pulse energy width of about 0.5%. The laser pulse
length is difficult to measure directly for short X-ray
pulses and was estimated from the peak electron
current of the electron bunch. The photon energy is
determined indirectly from the electron bunch ki-
netic energy. The pulse energy is given from detec-
tors located upstream of the beamline optics which
overestimate the pulse energy at the experiment by
about 85% due to losses downstream.

Figure 1 — LCLS at SLAC and the AMO instrument
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Each laser pulse intersects a synchronized
stream of sample gas with a diameter of about 4 mm,
originating from a skimmed, supersonic beam
source. The measurements were performed both
with a focused and unfocused laser beam in the in-
teraction region. The unfocused data are then sub-
tracted from the focused in order to extract the pure
non-linear contributions. Focusing is achieved with
Kirkpatrick-Baez (KB) mirrors to an elliptical spot
size with a major and minor semi axis of 2.2 um and
1.2 ym FWHM respectively which corresponds to a
beam intensity of roughly 10'® W/cm® at the focal
spot. For the unfocused measurements the stage of
the KB mirrors were shifted 20 mm with respect to
the position of the optimal focus. This results in a
beam spot with major and minor semi axis of
37.5 um and 20.6 um FWHM respectively and an
intensity of around 3x10"° W/cm®.

The ions and electrons produced by the interac-
tion are analyzed with the Atomic, Molecular and
Optical (AMO) instrument [7], [8]. It consists of an
ion time-of-flight spectrometer (iTOF) to determine
charge states and kinetic energies of generated ions,
and five eTOFs for measuring the electron kinetic
energies at various angles. In these experiments we
used two eTOFs oriented at 0° and 54.7° (magic an-
gle) with respect to the polarization of the laser
beam. Generally the latter detector provided more
non-linear signals, probably because of a better
alignment to the laser focal spot but also more noise.
Except for CO,, all presented results originate from
the experiments performed with the eTOF oriented
at magic angle. The CO,-data were however taken
from measurements with the detector oriented at 0°,
due to excessive noise with the other detector. In
order to align the iTOF and eTOFs to the interaction
region, neon gas was used and the spectrometers
were oriented so that a maximum signal from a neon
Auger peak was achieved. The electron spectrome-
ters are equipped with multi-element electrostatic
lenses and a retardation voltage may be applied in
order to increase the energy resolution.
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Conclusions

We were successful in the experiment on CO,
which was recently performed at LCLS [9]. In this
paper the observation of two-site DCH states in CO
was demonstrated. This is an important first step
towards observations of tsDCH in molecules with
atoms having the same atomic number but located at
different sites in the molecule, which would allow
measurements of chemical shifts that are more sensi-
tive to the chemical environment.
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METHODS AND MEANS OF THE ELECTROOPTICAL MODULATION
OF INFRARED SPECTRUM RADIATHION

V.A. Pilipovich, A.I. Konojko, A.M. Polikanin
B.I Stepanov Institute of Physics NAS of Belarus, Minsk

PaccmaTpuBaroTcst METO/IBI M CPEICTBA AMILIUTY JHO-TIOJISAPU3ALOHHON MOYJISIUH IJIOCKO HOJIIPH30BaHHOIO U3IyUeHHs, KO-
TOpPbIE MOXKHO OCYIIECTBHUTH 3a CUET PacIISIUICHUs IIOCKO IOISIPU30BAHHOIO CBETOBOTO ITyYKa Ha JBa, UX (a30BOH MOTYIIs-

WU U ITOCJIEAYIOIIETO CYMMHUPOBAHUS.

Knrouegwie cnoga: snexmpoonmuyeckuil dgpgpexm, amnaumyonas mooyasyus, paszosas Mooyrayus, noiapu3ayuoHHblil paciye-

numens, 0gyIyYenperomMieHue, u30mponnulil y2oi.

Means and methods of amplitude-polarization modulation of plane-polarized light are considered. These methods can be real-
ized by means of the splitting plane-polarized light beam on two beams, their phase modulation and subsequent summation.

Keywords: electrooptical effect, amplitude modulation, phase modulation, polarization splitter, birefringence, isotropic angle.

Beeoenue

OOIIUM HEIOCTATKOM 3JICKTPOONTHYECKUX I0-
JSAPU3AMUOHHBIX MOAYJIATOPOB C MOMEPEYHBIM TIPU-
JIOKCHHUEM YTIPABIISIONICTO MOJIS ABJISIETCS TOT (aKT,
YTO BHOCHMAs MM YIIpaBlisieMasi Pa3HOCTh (a3 Mex-
JIy OPTOTOHAJIbHBIMH COCTABISIFOIIMMH DJIEKTPUYC-
CKOT'O BEKTOpa NPOXOsIIEeH CBETOBOM BOJIHBI HABO-
JIATCSL 332 CYET YMPaBISIEMOrO CMEIIEHUSI TOJIBKO
OJTHOHM M3 COCTaBIISIOUINX 3JIEKTPUYECKOr0 BEKTOPA
CcBeTOBOW BOJNHBI [1], [2]. DTO MPUBOAUT K HEBBICO-
Kol 3(hdekTHBHOCTH WX paboThI, T.K. BEIUIHHA
YHOPaBIAOMIEr0 HAMNPsAKCHUA B 3TOM CJIydya€ B JBa
pa3za OoJibllle, HEXKEIH B CiIydae, eClid Obl OCYIIECT-
BJISZIOCh YIPaBIsIeMOE CMELIeHHEe O0OMX COCTaB-
JISIOMIHAX 3JCKTPUIECKOTO BEKTOPA CBETOBOM BOJHEI.
[Mostomy mpencTaBIsIeT HMHTEPEC PACCMOTPETh Me-
TOJ] OJISIPU3ALHUOHHOW MOIYJISIUK TUIOCKO TOJISIPH-
30BaHHOTO M3JIyYCHHUs, KOTOPBIA Obl HCKITFOUMIT STOT
HEJIOCTATOK, YTO IO3BOJIIO YMEHBIINTh BEIHUHHY
YIPABISIIOIIETO HAIMPSIKEHHUS AIIEKTPOONITHYECKOTO
MOJIYJIATOpPa C TONEPEYHBIM IMPUIIOKEHUEM YIIpaB-
JISIFOLLIETO TOJIS B JIBa pa3a W IPH 3TOM MHHHUMHU3H-
poBaTh BIMSHHE TeMIlepaTypHOW (uiykryanuu (u-
3MYECKUX MapaMETPOB JJICKTPOONTHYECKUX KPH-
CTaJUIOB Ha CBETOMOTYJISIIMOHHBIC XapaKTCPUCTHKH.

1 Hu3koeonbmHuule RONAPUIAUUOHHDBLE I/I€K-
mpoonmuueckue M00yﬂ}lm0pbl C nonepeunvim
npujiodcenuem ynpaesiiaonuiezo nonia

Cyl_HHOCTl) METoAa COCTOUT B YMCHBIICHUUN BEC-
JIMYUHBI YIIPABJIAOMICTO HAMIPAKCHUA IJICKTPOOIITHU-
YCCKOT0 MOAYJIATOpa C IMONEPEYHBIM MPUIIOKECHUEM
YHpaBIAromero 110J14, KOTOpast AJOCTUTACTCA 3a
cuer (ha3oBOW MOIYNSAINH OOEWX PpA3HECEHHBIX B
© IMununosuu B.A., Konoiiko A.U., onuxanun A.M., 2011
54

IIPOCTPAHCTBE  OPTOrOHAJIBHBIX  COCTABJISIOIIUX
JJIEKTPUYECKOT0 BEKTOpa Majalouiedl Ha IoJisipu3a-
LIMOHHBIA pacUIeNUTeNb CBETOBOM BOJHBEI C MX IIO-
CJIC/TyFOIIIIM CYMMHUPOBAHHUEM.

Onrtuyeckast cxeMa HHU3KOBOJIBTHOTO 3JIEKTPO-
OINITHYECKOTO MOJYJISITOpa C TIOMEPEYHBIM IPUIIO-
KEHHEM YTIPABISIONIETO HOJIS M300pakeHa Ha pH-
cyake 1.1. [Ipuuem rimaBHas IIIOCKOCTH IOJISIpPH3a-
OMOHHOTO pACIICTIUTENs TMOBepHyTa Ha yrom 45°
OTHOCHTEJIFHO TMIAaBHOM IJIOCKOCTH IMOJISIPU3aTOopa, a
aKTHBHasl OCh ONTHYECKOM aHU30TPONUH BTOPOTO
IEKTPOONTHYECKOTO 3JIEMEHTa MOBEPHYTa Ha YIOJ
45° OTHOCHTENTHHO TJIABHOM IUIOCKOCTH TOJISpH3a-
Topa ¥ Ha yrox 90° OTHOCHTENBHO aKTUBHOW OCH
OINITHYECKOM aHU30TPONHUHU MEPBOTO NIEKTPOONTHYE-
CKOT'O DJIEMEHTa, KOTOpas NEepIeHANKYJSpHa IJIaB-
HOM TI0CKOCTH non;npmaunoangro pacmfénmena.

1 — monsipu3arTop; 2 — MONMAPU3ATUOHHBIN
pacIienuTeNb; 3 — MePBBIH IEKTPOONTHUESCKHIA
3JIEMEHT; 4 — BTOPOM DJIEKTPOONITUICCKUI DIIEMEHT;
5 — 3epkaio

Pucynox 1.1 — Ontudeckas cxeMa HU3KOBOJIETHOTO
aAMIUIUTYIHOTO MOAYJISITOPA U3JIy4EeHHs BUAUMOM 1
ommwkuelt UK obnactu criektpa



Memooul u cpedcmea snekmpoonmuieckoi mooynayuu usnyuenus UK obnacmu cnexmpa

Hanpasnenue BekTopa HaIPsSKEHHOCTH yIIPaB-
JISIOIIETO 3JIEKTPUUECKOTO MOJs B IIEPBOM AJIEKTPO-
ONTHYECKOM 3JIEMEHTE MapajuleIbHO, a BO BTOPOM
3JIEKTPOONTUYECKOM 3JIEMEHTE IMPOTHUBOIOJIOKHO
COOTBETCTBYIOIIMM KpPUCTAILIOTPA)UUECKIM OCSIM,
KpOME TOTrO, Pa3sHOCTb ONTHYECKUX ITyTeH, MIpoi-
JICHHBIX OPTOTOHAJIBHO MOJSIPU30BAHHBIMU CBETO-
BBIMH ITydYKaMH B OJHOM HAIpaBJICHUH, JOJDKHA
ObITH KpaTHa A/4.

ONEeKTPOONTHYECKHH MOAYISATOp C Momeped-
HBIM TPHJIOKEHUEM YIPABILIONMIETO IMOJsl paboTaer
cienyromuM obpasoM. B ncxogHoMm coctosHMM Ha
BXOJ1 3JIEKTPOONITHYECKOTO MOJIYJIATOPA C MOIEped-
HBIM [IPUIIOKEHUEM YTIPABIISIFOLIETO TIOJIS IIOCTYIAeT
HETIONIPU30BaHHBINA CcBEeTOBOM my4ok. [Ipoias mo-
JISIPU3ATOP, CBETOBOM ITy4OK CTAHOBUTCS ILIOCKO
MOJISIPU30BaHHBIM, MPUYEM €ro IJIOCKOCTh IMOJIAPH-
3allii OPUEHTHPOBaHA MOJ yriaoM 45° K BepTUKAIH
(x TockocTH pucyHKa). JlaHHBIH IIIOCKO TOJIIPU30-
BaHHBIN ITy4YOK ITOCTYNAeT Ha BXOJHYIO I'PaHb MOJIS-
PHU3aLHOHHOIO PACHIEIUTENs, B KOTOPOM pacILeIlIsi-
eTcsl Ha JIBa OPTOTOHAIBHO TOJISIPU30BAHHBIX CBETO-
BBIX ITydka. CBeTOBOH ITy4oK (OOBIKHOBEHHBIN),
MOJISIPU30BaHHBIN NEPIIEHANKYIISIPHO TJIAaBHOM IIJIOC-
KOCTH TOJIIPU3AIMOHHOTO PACIIEIHUTENS, TIOCTYNaeT
Ha BXOJHYIO I'paHb IEPBOTO 3JIEKTPOONTHYECKOTO
3JIeMEHTa, a CBETOBOH ITy4oK (HEOOBIKHOBEHHBIN),
MOJISIPU30BaHHBIM MapajienbHO IJIaBHOM MIOCKOCTU
MOJISIPU3ALMOHHOIO PACIIENNUTENs, — Ha BXOJIHYIO
rpaHb BTOPOT'O 3JIEKTPOONTHYECKOTro dneMenTa. 00a
Ha3BaHHBIX CBETOBBIX ITyYKa MPOXOAAT YEPe3 COOT-
BETCTBYIOIIME D3IEKTPOONTUYECKHE DIEMEHTHI, OT-
pakaroTcst OT 3epKajla ¥ BO3BPAIIAIOTCS B 00paTHOM
HanpasyieHuu. [Ipy 3TOM KakIplid U3 HUX IpU JBOM-
HOM TIPOXO’KICHHU Yepe3 COOTBETCTBYIOILINE 3JIECK-
TPOONTHUYECKUE 3IIEMEHTHI HCIBITHIBAECT OAWHAKO-
ByI0 (a3oByro 3alepxky I, ompenenseMyio BbIpa-
JKEHUEM

1"22—”27101, (1.1)
A
TZie 1y — MOKa3aTelb MPETOMIICHHUS 3JIEKTPOONTHYE-
CKOTO 3JIEMEHTA B HANpaBJICHUHM AKTUBHOH OCH OI-
THUYECKON aHU30TPONUH, / — JJIMHA 3NEKTPOONTHYE-
CKOTO 3JIEMEHTA.

OTO SBIISETCS CIEICTBHEM TOTO, YTO 3JIEKTPO-
ONTUYECKUE BJIEMEHTbl UMEIOT OJMHAKOBBIM JIMHEH-
HBII pa3Mep BAOJIb HAIPaBJICHUS PAacIpOCTPaHEHUS
CBETa BCJIEJCTBUE HUX COBMECTHOIO H3TOTOBIICHMUS.
IIpu npoxox1eHNH OPTOTOHAIBHO MOJIIPU30BaHHBIX
CBETOBBIX ITyYKOB 4epe3 MOJSIPU3aLMOHHBIN paclie-
MUTETh B OOpAaTHOM HaNpaBICHUH OHH IPHOOpeTa-
IOT Pa3HOCTh XO/a, KPaTHYIO A/2, 4TO MOXeET ObITh
JOCTHTHYTO COOTBETCTBYIOLIMM IOJA00OPOM TOJIIIH-
HBl TOJSIPU3AIMOHHOTO pPACIIENHTENs, TaK Kak
n, # Ny, 1€ 1, — (a3oBblii MOKa3aTeNb NPETOMIIEHHS
HEOOBIKHOBEHHOTO ~ CBETOBOro Iydka. [loatomy
CYNEPIO3UIM  OPTOTOHAIBHO  MOJIIPU30BAHHBIX
CBETOBBIX ITyYKOB JAET PE3yJbTUPYIOILYIO BBIXO-
HYIO0 IUIOCKO IOJSIPU30BAaHHYIO CBETOBYIO BOIIHY,
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OPHEHTUPOBAHHYI0 MEPHEHIUKYISAPHO IIOCKOCTH
NOJIIpU3aluy  TaJaolliedl Ha I[OJSPU3ALMOHHBIN
pacuienurTenb CBETOBOH BOJIHBL. B pesynbrare, B
Cllydae OTCYTCTBUS Ha JJIEKTPOOITHYECKUX 3Je-
MEHTaX YHPaBISIIOLIET0 HAMNPSIKEHUS CBETOBOM ITy-
YOK HE NMPOXOJUT MOJISIPU3aTOP B 0OPaTHOM Halpas-
JICHUN.

Ecnu Ha nepBbIil U BTOPOU 3IEKTPOONITUYECKUE
JJIEMEHTBI MOJAaTh YIPABISIOIEE HANPSIKEHUS Be-
JINYUHON

1 12 d

=3
4nyrg 1

: (1.2)

YTO B JIBa pa3a MEHBIIE, YEM YIPABIAIOLIEE HAIPs-
JKEHHUE CYILECTBYIOLIMX JIa3ePHBIX 3aTBOPOB Ha Oa3e
HOIEPEeYHOro 3jeKkTpoontuieckoro 3ddekra, TO
10CJIe TIPOXOXKAEHHUS OPTOTOHAIIBHO IOJISIPU30BaH-
HBIMH CBETOBBIMHM IIy4KaMH COOTBETCTBYIOIINX
JIEKTPOONTHUECKUX JIJIEMEHTOB B OOpaTHOM Ha-
NPaBJICHUH OHU MPUOOPETYT NONOIHHUTENBHYIO OII-
THYECKYIO0 pa3HOCTb Xona, paBHyI0 A/2. Iloatomy
CYIEpHO3ULHUs  OPTOTOHAJBHO  IOJSIPH30BaHHBIX
CBETOBBIX IIYYKOB HAa BBIXOAE HOJISPU3ALHOHHOTO
paciienuTens JacT pe3yJbTUPYIOIIYI0 BBIXOAHYIO
IUIOCKO THOJIAPU30BaHHYIO CBETOBYIO BOJIHY, OpPHCH-
THPOBAHHYIO Napalie]bHO INIOCKOCTH MOJISPH3ALNT
najamomeld Ha MOJISPU3ALUOHHBIM paclIenuTeNb
CBETOBOIl BOJIHBI. B pesysbrare, B ciiydae Haau4us
Ha 2JIEKTPOONTHUYECKHX DJIEMEHTaX YIPaBISIOIIETO
HaIpsDKEHUST CBETOBOM ITyYOK IPOXOJMUT IIOJISIpU3a-
TOP B OOpaTHOM HaIIPaBJICHHH.

Amnanoruysas 3a1aua MOXeT OBITh pellIeHa, ec-
JM MEXIy TMOJAPU3ALMOHHEIM pacIlelUTeNeM U
NEPBBIM  JIEKTPOONITHYECKHM JJIEMEHTOM pa3Mec-
THTh BpallaTelb IUIOCKOCTH IIOJSIPH3ALMU B COOT-
BETCTBHE C PHCYHKOM 1.2, KOTOpHIi OyneT Bpamarh
IUIOCKOCTD TMOJIAPU3ALUN OOBIKHOBEHHOTO CBETOBO-
ro myuka Ha 90°. TakuMm BpamatereM MOXET CIy-
XKHUTh (Da3oBas IUIACTHUHKA, BHOCSIIAS ONTHYECKYIO
pa3HOCTh XO0J1a, PaBHYIO A/2, OCH aHM3OTPOIHU KO-
TOPOW OPHEHTUPOBAHHBI K IIOCKOCTH ITOJISIPH3ALIMU
MIPOXOASAIIET0 CBETOBOTO IIOTOKA MOJ yriiom 45°.
[Ipu 3TOM, YTOOBI MONYYUTH AMILUIUTYIHYIO MOIY-
JIAIIMKO Ha BBIXOJC, HeO6XOI[I/lMO HU3MCHUTL OPHUCH-
TalMIO JJEKTPOONTHYECKHX 3ieMeHToB. Ocu onrtu-
YeCKOW aHW30TPOINUH IIEPBOrO U BTOPOTO 3JIEKTPO-
OIITHYECKUX DJIEMEHTOB JIOJDKHBI OBITH Iapajuiellb-
HBI TJIaBHOW TIOCKOCTH MOJISPU3aLMOHHOTO pacie-
nutens. HampaBieHne BekTOpa HaNpsHKEHHOCTH
YIPABISIONIETO BJIEKTPUYECKOr0 IMOJS B IEPBOM
JJIEKTPOONITHYECKOM DJIEMEHTE MapaJuIeNIbHO, a BO
BTOPOM 3JIEKTPOONTHYECKOM 3JIEMEHTE MPOTHBOIO-
JIO)KHO COOTBETCTBYIOIIUM KPHCTAIIOTpadHIeCKUM
ocsiM. OTO mo3BoisieT (GOPMUPOBATH AHHbBIE JJIEK-
TPOONTHYECKHUE DJIEMEHTHI Ha OJTHOM KpHCTaJLIE.

O6IJ_U/IM HEAOCTATKOM BbILICIPHUBCIACHHBIX OII-
TAYECKUX CXEM HHU3KOBOJBLTHOTO aMIUIMTYIHOI'O
MOJYJIATOpPa HM3Iy4eHHs BUIUMOH m Ommkneidr MK
obyacTh  sBJISETCS WX HU3Kas TeMIeparypHas
cTabmiabpHOCTh. Tak Kak BClenCTBHE (IIyKTyaluu
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TEMIIEPaTypbl IIPOMCXOANUT W3MEHEHHE TOJIIMHEI
MOJISIPU3AIUOHHOr0 pacienurens (/°), 4To HmpuBO-
JUT K CMEIIEHUIO pabodeil TOUKW MOAYJNIsITOpa Ha
MOJTYJISIITUOHHOMN XapaKTepUCTHKE. DTO MPOUIIIIOCT-
pUpPOBaHO Ha OCHMUIOTpaMMe, IPUBEACHHON Ha
pucynke 1.3 a). OcummiorpaMMa CBETOBOTO CHUTHA-
Jla Ha BBIXOZIE MOAYJISAITOpa, N300pakeHHass Ha pU-
cyHke 1.3 0), COOTBETCTBYeT CIy4al0 OTCYTCTBHUS
CMelIeHNs pabodeii TOUKH MOIYJIATOPA.

Kpome Toro, Takue MOAyIsATOPBI MOTYT pabo-
TaTh TOJBKO B TMApaICIbHBIX CBETOBBIX ITy4Kax.
OTO SIBISIETCS CIEACTBUEM TOTO, YTO B CXOASAIINXCS
CBETOBBIX IYYKaX IUIOCKOCTH (POKYCHPOBKH OOBIK-
HOBCHHOI'O H HeO6])lKHOBeHHOFO CBC€TOBBLIX ITYYKOB
He coBnajatror. [IpuunHON 3TOMY SBISIETCS, BO-
MEPBBIX, ONTHYECKasi Pa3HOCTh X0Ja OOBIKHOBEHHO-
rO ¥ HEOOBIKHOBEHHOTO CBETOBBIX IIy4YKOB, BO-
BTOPBIX, PAa3HOCTh JIOTIOJHUTEIbHBIX CMEIICHHH O,
BO3HMKAIOIIASI BCJICJCTBHE IMPOXOXKIAEHHST OOBIKHO-
BEHHBIM M HEOOBIKHOBEHHBIM CBETOBBIMHU ITyYKaMHu
yepe3 IUIOCKO MNapajuleSIbHbIM  KpUCTAINIMYECKHUIl
3JIEMEHT. BelmunHa 3TOro CMEueHus] MOXET OBITh
ompesiesieHa U3 BhIpaxeHus [3]:

COSw COSw

\/n; —sin’ @ \/ng —sin’ @

5=06,-06,=1, » (1.3)

TZie @ — MOJIOBUHA YTTIOBOH amepTyphl.

A onTuyeckasi pa3HOCTh X0/1a OOBIKHOBEHHOTO
Y HEOOBIKHOBEHHOT'O CBETOBBIX IIYYKOB B IOJISIpU3a-
IIIOHHOM pacIleNUTeIe PaBHA

A=(n,—n,)I, (1.4)

2.2
nO”e

e n, = ;
2 2 2 2.2 ’
P \'nlcos’@+n;sin® 0
N, N, — (HA30BBIE MOKA3ATENH MPEJIOMIICHHUS, COOT-
BETCTBEHHO ISl HEOOBIKHOBEHHOTO M OOBIKHOBEH-
HOTO CBETOBBIX IIYYKOB;, € — yrou, oGpasyemblil
HOPMaIbl0 K (JPOHTY CBETOBOM BOJHBI C OITHYE-

CKOU OCHIO MOJISIPU3ALUOHHOTO PACIIEITUTEIS.

| 2 6 3 4 3

1 — mossipm3aTop; 2 — MONMSAPU3AUOHHBIN
pacIenuTens; 3 — MepBbIi SIEKTPOOITHICCKAN
3JIEMEHT; 4 — BTOPOU AJIEKTPOONITUIECKUI DIIEMEHT;
5 —3epkano; 6 — Bpalarens MIOCKOCTH
MOJISIPU3ALIUH

Pucynok 1.2 — Ontuueckas cxema HU3KOBOJIBTHOTO

aMIUTUTYAHOTO MOAYJISITOPA U3JTy4Y€HUsI BUIUMON U

ommwkuaelt UK oGnactu criekTpa ¢ mapasuiebHbIMA
SIEKTPOJIAMH
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0 0
0)
a) — B cllydae HaJIn4usi CMellleHns: paboyeil TouKHy,
6) — B OTCYTCTBUH CMEILIECHHS.

Pucynox 1.3 — OcumsuiorpaMMel OITHYECKOTO
OTKJIMKA MOAYJIATOPOB, ONITUYECKUE CXEMBI
KOTOPBIX COOTBETCTBYIOT CXEMaM,
n300pakeHHbIM Ha pucyHkax 1.1 u 1.2

[TosToMy pe3ysbTHpYIOIIEE CMEIICHHE ILIOC-
KOCTH (POKYCHPOBKH OOBIKHOBEHHOTO W HEOOBIKHO-
BEHHOTO CBETOBBIX ITyYKOB BJOJb HalPaBJICHUS
pacupoctpanerus (AZs) cBera OyHeT paBHO WX
cymmMme, To ecTb [4], [5]

AZ, =A+6 = (1.5)

1 1

\/n; —sin’@ \[n} —sin’@

=1 (np —no)+cosa)

OTO CMeleHne TNPHUBEAET K PE3KOMY CHIDKEHHIO
3¢ (GEKTUBHOCTH CBETOMOIYIISIIMOHHBIX XapaKTepH-
CTHK PAaCCMATPUBAEMBIX 3JIEKTPOONTHYECKUX MOMY-
JISITOPOB.

OTH HEAOCTAaTKH MOTYT OBITh JIMKBHIHPOBAHbI
3a CYeT HCIOJIb30BAaHUS B KA4eCTBE MOJISIPU3AILMOH-
HOTO pacIIenuTeNs ABYX MABYJIYYEHpPeTOMIISIOLINX
KPHCTAJJIOB, ONITHYECKHUE OCH KOTOPBIX OPHEHTHPO-
BaHBI 110 OTHOILEHHIO JPYT K APYyTy HOJ yriaoMm 45°.
Torna ontuyeckas cxema, M300pakeHHast HA PUCYH-
ke 1.1, TpaHCpOpPMHUpYETCS B ONTHYECKYIO CXEMY,
MIpeACTaBICHHYIO Ha pucyHKe 1.4 a). [TyHKkTupHBIMH
JVHUSIMA TIOKa3aHbl IUIOCKOCTH, B KOTOPBIX JIEKAaT
OINITHYECKNE OCH KPUCTAUIOB TOJIPU3ALMOHHOTO
pacuienuTes.

[Ipu HEOOXOAMMOCTH Oa3MpOBaHHS DIEKTPO-
OINITHYECKUX JJIEMEHTOB HA OJHOI IJIOCKOCTH B OI-
THYECKYI0 CUCTEMY HEOOXOAMMO BBECTH BpaILATElb
TUIOCKOCTH TIOJISIPU3alMY, OOECIIeYHBaIOIUA TOBO-
pOT IUIOCKOCTH TOJSIPU3AIMM B TNPSIMOM XOJ€ Ha
wioc 45°, a B oOpatHoM — Ha mMuHyc 45°. B aTom
cllydae ONTHYECKas cXeMa HHU3KOBOJBTHOTO BBICO-
K03()(hEeKTUBHOTO aMIUTUTYTHOTO MOAYJISITOPA H3ITY-
YeHUsI [IPUMET BHJI, [TOKa3aHHbIH Ha pucyHke 1.4 0).

B BbIIIENPHBENCHHBIX ONTHYECKUX CXEMaX B
Ka4eCTBE MOJSIPU3ALNOHHOTO PACLICITUTENS UCTIOINb-
30BAJINCh IUIOCKOMAPAJIIEIbHBIE KPHCTAJUINIECKHE
MIPU3MBI, B KOTOPBIX ONTHYECKas OCh OPHEHTHPOBaA-
Ha MOJ YIJIOM K HalpaBJICHUIO PACHPOCTPaHEHHSA
cBeTa. Mcronp30BaHME TaKMX PACLICTIMTENEH B He-
NapaJuleJbHBIX CBETOBBIX Iy4Kax TpeOyeT, 4ToObI
3TOT yrojl UMENl CTPOTO OINpPENENIEHHYI0 BEITHUYUHY

Ipobnemvr puszuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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0;, KOTOPYIO MOXKHO OIPEACIUTh U3 CIIEAYIOLIETO
BBIpaKeHUs [6]:

- 2n:<nj+n§)—njn:
S0 =—— S T
2(110 +n, )(no —ne)
4 2 2 4.2 2 (16)
n’ | 2ne(n0+ne)—none
4 4 2 2 4 4 ’
(no —ne) 2(}10 +n, )(no —ng)

a, CIIEI0BATEJIbHO, YTOJl PAacUICIUICHHS \; B 3TOM
Cllydae MOKHO HaWTH U3 BBIPKEHUS

(nj —nf)sinHi cos 0,
v, =arctg -
' n2+(n02—nez)sm20i

1.7
e

Takue yribl Ha3bIBaIOTCSl U30TPONHBIMU. M30Tpon-

HBIE€ YIJIbI PACIICIUIEHUs M Cpe3a HEKOTOPLIX KpH-

CTaJUIOB TIPUBEICHBI B Tabmuie 1.1.

Tabnuma 1.1 — V30TpomnHbIe yIiibl pacmiersie-
HUSA U Cpe3a HEKOTOPBIX KPUCTAIIOB

Marepuai KpucTaia wi(rpan.) G(rpan.)
NaNO; 9,17 49,34
CaCOs 5,90 51,27

KH,PO4 1,48 53,87
1 2 3 4 5

Sy S

a) 1 — momsipu3arop; 2 —TOIApU3aHOHHBIH
pacIenuTens; 3 — MepBbIi SIEKTPOOITHICCKAN
9JIEMEHT; 4 — BTOPO AIEKTPOOTITHIECKUI SJIEMEHT;
5 — 3epkaiio

0) 1 — monsApu3aTop; 2 — MOJSIPU3AUOHHBIN
paclIenuTeNb; 3 — NEePBBINA ANEKTPOONITUIECKHUI
3JIEMEHT; 4 — BTOPOU 3JIEKTPOONTUYECKUI DIIEMEHT;
5 —3epkaino; 6 — Bpauarenb INOCKOCTU
MTOJIAPU3ALIUU

Pucynok 1.4 — OnTryeckas cxeMa HU3KOBOJIBTHOTO
BBICOKO3()(PEKTHBHOTO aMIUIUTYIHOTO MOAYIIATOpA
n3JIyueHus: BUIUMOM 1 onmmkHer K obnactu
CreKTpa

B kauecTBe MOJSPHU3ALUOHHOIO PaCLIETIUTENS
B MOJIYJATOPE BBICOKOI(GEKTUBHONH MOIYIISILMN

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

HenapaieIbHBIX CBETOBBIX IMYYKOB, pabOTaloIero
10 OIHMCAaHHOMY TPHHLUITY, MOXXET OBITh MCIOJIB30-
BaHa npu3Ma ['mana. Onrudeckas cxema Takoro Mo-
IyJsATopa MpeacraBieHa Ha pucyHke 1.5. Mcnonb3o-
BaHUE MPU3MBbI [ TaHa TpeOyeT BBEICHUS B ONTHYEC-
CKYIO CXeMy BTOporo 3epkana. OCHOBHBIM TpeOOBa-
HUEM K TaKOMY 3aTBOPY SIBISICTCS PABEHCTBO OITH-
YEeCKHX IyTed B KaHANaX MOIYJSAIHH, TO €CTh MH-
HUMHU3UPOBATH TEMIIEPATypHBIE TPAaTUCHTHL. ITO
MOXeT OBITh 00eCIedeHo 3a cueT Oa3upoBaHUs OIl-
THYECKUX 3JEMEHTOB CHCTEMBI Ha OOIIeM OCHOBa-
HUU U3 ITUDIEKTPUIECKOTO MaTepHuaia, o0ragaromnie-
IO BBICOKOH TCIUIOMPOBOJHOCTBIO U IMTOMCIICHHOT'O B
METATUYECKHI KOpITyC.

4 7
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3 5

1 — nonapusarop; 2 — NOJAPU3ALUOHHBIN
paclenuTens; 3 — NepBbli AIEKTPOONTHYECKUH
3JIEMEHT; 4 — BTOPOH 3JIEKTPOONTUICCKAN IIIEMEHT;
5 — nepBoe 3epKaiio; 7 — BTOPOE 3€pKao.

Pucynok 1.5 — Ontryeckas cxeMa HU3KOBOJIETHOTO
BBICOK03()(PEKTUBHOTO aMILTUTYIHOTO MOIYJIATOpA
u3nydeHus BuguMoi u ommkuer MK obnactu
CIEKTpa C UCIIOJIB30BaHUEM NTPHU3MBI | 1aHa

2 Memoo Inekmpoonmuueckoit amnaiumyo-
HOUl Mooynayuu Ha 6aze 06yXyuesoil unmepge-
PpeHyuu

Tenepp npencrapisieT HHTEPEC PacCMOTPETh
Clly4ail MCIIONB30BaHUS B KayeCTBE PACIICHHTEN
00BEMHOM ToJIOTpaMMBI, 00pa30BaHHON ABYMS Ha-
JIO)KEHHBIMHM JIpyI' Ha JApyra royiorpaduyeckuMu
peleTkaMy ¢ napajulelbHbIMU LITpUXaMH. B aTom
cllyyae B KOpHE MEHSETCSl MPUHLIUI PabOTHI ONTH-
YEeCKOW CXEMBbI JIa3epPHOTO 3aTBOpa, TaK Kak Juis
obecrieueHns MaKCUMaJIbHOH Mu(pakunoHHON 3¢-
(PEeKTHBHOCTH pacLIeNUTeNsl IUIOCKOCTH IOJISIpU3a-
LM MaJAI0IIEr0 U3IyYeHHs TOJDKHA OBITh MepIieH-
IMKYJSIpHA IOTpUXaM o0eux pemerok. [lostomy B
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pe3ynbTate OOBEIUHEHHS CBETOBBIX ITy4YKOB MBI
6y,ueM HUMCTb B HAJIMYMU HE NOJIAPU3AIIMOHHYIO MO-
AyAuuro, a aMIUIMTYJHYIO MOIOYJIALWUIO, SABJIAIO-
LIYIOCS CIIEICTBHEM AJIEKTPOONTHUECKOTO H3MEHe-
HUS pa3sHOCTH (a3 o0bennHIEMBbIX IMydKoB. DakTH-
YEeCKH B JIAHHOM CIIydae MMEEeT MECTO ABYXJIydueBas
uHTepdepeHnns (GazoBO-MOIYIMPOBAHHBIX CBETO-
BBIX ITy4YKOB.

VBenmnuenne >h(HEKTUBHOCTH MOIYJSIMHA Ta-
KOT'0 JIa3€PHOTO 3JEKTPOONTHUYECKOrO 3aTBOpa INpHU
OJHOBPEMEHHOM  YMEHBIICHUU BEIWYHMHBI  €T0
YIPABISIFOLIETO HAMPSKEHUSI JOCTUTACTCS 3a CUET
paclienyieHus MaJalouiero Ha MOAYJIATOP H3Iyue-
HUs, YTO IMO3BOJISACT, BO-NIEPBLIX, OCYHICCTBIIATH
MHIMBHIYaJIbHYIO (Da30BYIO0 MOJIYJISILIMIO pa3HECEH-
HBIX B IPOCTPAHCTBE PABHBIX 110 aMIUIUTYJE CBETO-
BBIX ITyYKOB C ITOCJIEIYIOIIUM MX CYMMHPOBAHHEM;
BO-BTOPBIX, 3@ CUET KOMIIAKTHOTO Pa3MEILEHHsI BCEX
ONITHYECKUX JIEMEHTOB MOAYJIATOPA B OIHOW IIJIOC-
KOCTH W IIOMEIICHUS MX B AUDIIEKTPHUUYECKUH KOp-
yC, MaTepuai KOTOporo o01agaeT BEICOKOH Teruio-
MPOBOJHOCTHIO, MUHUMH3HPOBATh BIIMSHUE BO3HU-
KaIOIIUX B AJIEKTPOONTHYECKUX KPHUCTAIIaX TEMIIe-
paTypHBIX TPaIUEHTOB Ha MOAYJSIMOHHBIC Xapak-
TEPUCTHKH;, B-TPEThHX, I0JABaTh YIpaBIAIOLIEE
HanpsDKeHUE TOJIBKO B MOMEHT I'eHepaluu Ja3epHo-
ro U3JIy4YEHHS.

OnTHueckas cxeMa HHU3KOBOJIBTHOTO 3JIEKTPO-
ONTUYECKOT0 MOJYJATOpa C IMONEPEUHBIM MPHIIO-
JKEHUEM YIIPaBJISIONIEro MoJIs Ha 0a3e IBYXJIydeBOH
uHTEepdepeHny m300paxena Ha pucynke 2.1. [lpu-
YEM IMEPBBIM U BTOPOU 3JEKTPOONTHUECKUE HIIEMEH-
TBl TIOBEPHYTHl OTHOCHTEIBHO TOJIOrPahUuecKoro
paciienuresss Ha yIjbl, paBHbIE yrilaM AU(PaKLIUH
NaJalolUX Ha HHUX AU(GParHpoBaBIINX CBETOBBIX
my4ykoB (Ha yrisl bparra), pa3sHOCTh ONTHYECKHX
MyTel MPOWAEHHBIX TU(PpParupoBaBIINMH CBETOBbI-
MH My4YKaMHu KpaTHa A/2, HampaBJieHHE BEKTOpa Ha-
MPSDKEHHOCTH  YTIPABJISAIOLIETO 3IEKTPHUYECKOr0 MOo-
71 B TIEPBOM 3JIEKTPOONTHYECKOM 3JIEMEHTE Mapaj-
JIENIbHO, @ BO BTOPOM — MPOTHBOIOJIOXKHO ONTHYE-
CKOI1 ocH.

Takol J1a3epHBId 3JIEKTPOONTHYECKHUM 3aTBOP
Ha Oa3e AByXJyueBOW wuHTephepeHIn padoTaet
CIIEIYIOIIIM 00pa3oM.

B MCXOQHOM COCTOSIHUH Ha rojorpaduyecKuii
paciienuTeNp MOCTYNaeT IUIOCKO IMOJIPU30BAHHBIN
CBETOBOH IyYOK, MIIOCKOCTH MOJISIPU3ALUH KOTOPOTO
OpUEHTHPOBaHA B IUIOCKOCTH MNEPIEHIUKYISIPHON
ONTUYECKOH OCH 3JEKTPOONTUYECKOT0 KpucTaia. B
pe3ynbrare AU(ppaKMd UCXOAHOTO CBETOBOTO ITydY-
Ka Ha rojorpa(uieckoM paclienuTese B MEPBOM U
BTOPOM 3JIEKTPOONTUYECKUX DJIEMEHTaX B pe3yJIbTa-
TE pacIileryieHns: OyayT pacrpoCTpaHsIThCS [jBa PaB-
HBIX T10 aMIUIUTYJE W OJMHAKOBO IOJIIPU30BAHHBIX
CBETOBBIX Myuka. [Ipoiins mepBelii U BTOPOH 3Jek-
TPOONTHYECKHE 3JIEMEHTHI, Ou(parupoBaHHbBIEC CBe-
TOBBbIE IyYKH OTPAXKAKOTCS OT IIEPBOTO U BTOPOTO
OTpakaTelell U BO3BpAIalOTCS B 0OpaTHOM Halpas-
neHuu. [Ipu 3TOM OHM HPHOOPETAIOT ONTHYECKYIO
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pasHocTh Xona, paBHY A/2. [locme mpoxoxmeHus
rojorpapuuecKoro pacuienuTens B oOpaTHOM Ha-
NpaBJICHUM TU(GPArHPOBAHHBIC CBETOBBIC ITYYKH
OOBEAMHAIOTCS M B pe3ylbTare HHTepPEepeHINH
racsiT Jpyr JIpyra.

IIpu monave Ha mepBBI U BTOPOH IEKTPOOII-
THUYECKHE DJIEMEHTHI YIPABISIOIEro HanpspkeHus U
BEITMUYUHON

U=—"1 3

4 (”o =N, ’”33)
KOTOpasl B [iBa pa3a MEHBIIIE, YeM y CYLIECTBYIOIUX
JJIEKTPOONTUYECKUX JIa3ePHBIX 3aTBOPOB, CBETOBBIE
MMyYdKd TIPH BO3BPAIICHUM K ToJOTrpaduaecKkoMy
PaCIIEHUTENIO TPHOOPETAIOT ONTHYECKYIO Pa3HOCTh
X0Jla, PaBHYIO HyJI0. B pesynbraTe NMpOXOKIEHMS
roJiorpauuecKoro pacuienuTens oHu WHTepdepu-
PYIOT, IO3TOMY B HallpaBJIEHUH, IPOTUBOIIOJIOKHOM
UCXOHOMY CBETOBOMY ITy4YKy, pPaclpoCTpaHseTcs
BCTPEYHBI CBETOBOW IIyYOK MAaKCUMAJIbHOU aMILIM-
TYyIBL.

1 2 4
l b

1 — ronorpaduuecKuii pacIIeHuTeNb;
2 — TIepBBIN TMEKTPOONTHIECKHIHA HIEMEHT;
3 — BTOPO AIIEKTPOOIITHYECKHUI IITEMEHT;
4 — mepBBIN OTpaXKkaTesb; S — BTOPOH OTpaKkaTelb;
6 — IUPIEKTPUIECKUH KOPITYC

Pucynok 2.1 — Ontuueckasi cxema HU3KOBOJIBTHOTO
BBICOK03()(PEKTUBHOTO aMILTUTYIHOTO MOAYJIATOpA
n3IIydeHus: BuauMoi u ommwkHer K oGnactn
CIEKTpa C UCIOIH30BAHUEM JBYX JTy4eBOU
uHTEepEPEHIIH

PacdeTs moKa3pIBaOT, YTO MpeJIaracMbIe Jia-
3€pHBIE AJIEKTPOONTHYECKHE 3aTBOPbI MOTYT pado-
TaThb B CBETOBBIX IIyUKax C YIVIOBOHM amepTypoil mo-
psanka t4'. Ilpu 3TOM, BeTHYMHA YMEHBIIECHHS CBE-
TOIPOITYCKAHUsSI W3-3a BIMSHHUA AU(PAKIUOHHOM
3¢ (GEKTUBHOCTH TOJOrPadUuecKOro PacuieuTeNs
cocTaBuT He Oonee 1%.

3aknrouenue

[pemioskeH MeTOIl aMILIHTYIHO-TIOJISIPU3AIIH-
OHHOW MOJYJISIIUK TUIOCKO TMOJISIPU30BAHHOTO H3ITY-
YEHUsI, KOTOPBIA MOXKHO OCYIIECTBHThH 3a CUET pac-
LICTUICHHST IUIOCKO TOJISPU30BAHHOTO CBETOBOTO
My4yKa Ha JiBa OPTOTOHAIBHO IOJIIPU30BAHHBIX, HX

IIpo6remvr uzuxu, mamemamuru u mexuuxu, Ne 4 (9), 2011
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(haz0BOM MOAYIAIINH M TOCIEAYIOMIETO CYMMHPOBa-
Hud. [IpennoxkeH MeTo] aMIUIUTYyIHOW MOZIYJIALIMKU
IUIOCKO  MOJISIPU30BAHHOTO M3JIy4€HHs, KOTODBIN
MOKHO OCYLIECTBHUTh 3a CHET PACILEIUICHUS] CBETO-
BOTO ITy4YKa IMPH MOMOIIM OOBEMHOU TOJIOTPAMMEI,
Npe/CTaBISIIoNIel coO0H 1B OPATTOBCKHE PEIIETKH
C TapaUieNbHBIMU IITPUXaMH, HA JBa TMOJSPU30-
BaHHBIX B OJHOM IUTOCKOCTH, WX (pa30BOM MOMyIIs-
IIUH U TIOCJIEYIOMIETO UX CYMMHUPOBAHHS.

Hayuynas HOBH3HA IOJIy4eHHBIX pE3yJIbTaTOB
3aKJIFOYAETCS: B pa3pabOTKe METOAa BBHICOKOI(deK-
TUBHOW MOJIYJSIIAM ONTHYECKOTO HW3IYYCHUS Ha
0aze MOIEpeyHOro 3JeKTpoonTHyeckoro sddekra,
OTJIMYUTENLHOH OCOOCHHOCTBIO KOTOPOTO SIBIISIETCS
BBICOKasA CTa6I/IJ'II)HOCTI) CBECTOMOAYJIALIMOHHBIX Xa-
PAKTEpUCTHK, KPOME TOTO, OH, B OTIHYHE OT W3-
BECTHBIX METOJIOB, TMO3BOJSICT CHU3UTH BEIHUUHY
YIPaBJISIONIETO HANIPSHKCHUS HE MEHee YeM B 2 pasa,
YTO UMEET OYCHb BAXHOE 3HAYCHHUE JIS MOy JISIIHH
JIOOPOTHOCTH JIa3ePHBIX PE30HATOPOB, TEHEPUPYIO-
MIUX U3TYYCHUE C JUIMHOW BOJHBI Opsiaka 1,5 MKM.
[IpakTryeckass HOBH3HA IOJyYEHHBIX PE3YJIHTATOB
3aKJII0YaeTCs: B TOM, YTO HAa OCHOBE METOJa BBHICO-
K03 PEKTHUBHOW MOAYJISAIIUN ONTHYECKOTO H3Iyde-
HUS MOTYT OBITh CO3/1aHBl BbICOKOI((EKTHBHBIC
Jla3epHbIC 3aTBOPBI [UIs BuUaAUMOW U OmmkHedn MK
obyiacTu crekTpa, o0Jialalolue BeJTMYHHOW yIpaB-
JISIOIIETO HAINpPsDKEHUS BIBOC MEHBINCH, YeM CyIie-
CTBYIOILIHE.
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ELECTROPLASTIC EFFECT AT TWINNING METALS

V.S. Savenko
LP. Shamyakin Mozyr State Pedagogical University, Mozyr

Hcnonb3oBanne UMITYJIbCOB TOKa BBICOKO# TUIOTHOCTH, DJICKTPUYECKUX U MarHUTHBIX HOHCﬁ, HMOHHOM HUMIUIaHTAlUKU 1TO3BOJIN-
Jm PIHTCHCI/I(iJI/IHI/IpOBaTI) TTaCTUIECKYIO I[e(bOpMﬁLII/IIO METa/JIOB, IPEAOCTABUB IPUHIUITHAIIBHYIO BO3MOXKXHOCTL YIIPABJICHUS
I[B()ﬁHPIKOBaHPIeM, C IIOMOIIBI0 HEMEXAaHUYICCKUX CUJI, BIUAIONINX Ha YCIIOBUA U XapaKTEp YIIPOUYHCHUA MaTEpUalia.

Knrouegwie cnosa: osoiinuxosanue, 080UHUKYIOWUEe OUCIOKAYUY, MEMATL, 2AeKmponiacmuyeckuti dggexm, oepopmayus, ouc-

JoKayus, UHOEeHMOop.

Use of pulses of a current of high density, electric and magnetic fields, ionic implantation allowed intensifying plastic deforma-
tion of metals, thus, giving basic opportunity for management of plastic deformation twinning with the help of forces of the
nonmechanical nature, influencing on conditions and character of hardening of a material by means of controllable twinning.

Keywords: twinning, twinning dispositions, metals, electroplastic effect, deformation, disclosing, indentor.

Introduction

Fundamental and applied problems of modern
materiology on increase of production efficiency,
and increase of its technological level are defined by
necessity of creation of complex of high physic me-
chanical properties of materials for extreme physical
conditions with high service characteristics. The
basic kinds of plastic deformation of crystal bodies
are sliding and twinning. In spite of the fact that
twinning concerns the basic kinds of deformation of
crystals, as against sliding, the given kind of plastic
deformation is investigated insufficiently full. At the
same time experimental results of the twinning study
prove to be true discovery of all new phenomena
taking place at the given kind of deformation. De-
formation of metals at low temperatures and great
speeds load results in the fragile destruction. These
processes of plastic deformation have no time to be
realized. Therefore studying the processes of plastic
deformation twinning is an actual task, both in scien-
tific, and in the applied plan.

Twinning realization is carried out in the case
of orientation and interdiction for usual disposition
sliding, and also at great speeds load and at low
temperatures. Sources of generating twinning dispo-
sitions are concentrators of tension, and the devel-
opment of doubles is carried out with great speeds
and the subsequent deformation processes on bor-
ders of doubles frequently result in the destruction of
a material. In this connection management kinetics
controllable twinning for creation uniform disposi-
tion structures on borders of doubles with the pur-
pose of reduction in concentration of load, gives a
real opportunity to use twinning as a reserve of in-
crease of plasticity of a material. On the other hand
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systems of thin doubles at the subsequent deforma-
tion will create natural obstacles for full disposi-
tions. The creation of twinning structures in the ma-
terial will probably promote effective hardening of
the material which is an independent way and the
channel of the twinning metals hardening.

Results and discussion

Influence of pulses of a current on twinning
metal crystals, on analogy to sliding and for brevity
electroplastic effect (EPE) at twinning was revealed
by the author in 1978. It served as the certain im-
pulse for studying the electroplastic effect at twin-
ning, as well as sliding, and is crucial for realization
of plastic deformation of metal. The study of the
influence of ionic implantation, alloy, and electronic
irradiation on physicomechanical properties of mate-
rials are of great scientific and practical value as
they in many respects define their operational char-
acteristics. From the practical point of view actual
researches of joint influence of ionic irradiation and
electric field on deformation processes in metals are
represented. It is known, that the specified kinds of
power influences are effective ways of influence on
the condensed system of the metal which in the cer-
tain conditions improve and modify its physical
characteristics.

By this time there are practically no ways of
hardening twinning materials that constrain practical
use of some perspective metals and alloys on their
basis. According to this statement, it is clear that the
research of the ways of increase of plasticity and
durability of twinning materials represents the im-
portant practical task.



Electroplastic effect at twinning metals

The decision of this task can be carried out in
three directions:

1. Increase in plasticity of twinning materials
due to the initiation and development of additional
twinning under the influence of external power in-
fluences.

2. Decrease in the role of twinning borders as
concentrators of internal tension in metal by their
reduction, or updating.

3. Creation of the structures at electroplastic
deformation twinning, capable of strengthening the
material without decrease in its plasticity.

Thus, in the true work in a counter balance to
the existing practice the structural and mechanics
thermal influences on a crystal lattice of metal, the
new way of management is offered due to non-
mechanical forces — pulses of a current of high den-
sity, electric and magnetic and fields and ionic im-
plantation.

The purpose of this work is finding-out physi-
cal mechanisms of plastic deformation of metals
twinning in conditions of external power influences
electric and magnetic fields, ionic implantation,
electronic irradiation, creation of physical bases of
hardening of twinning materials and technological
receptions on the basis of electroplastic processing
of metals by pressure, in difficult field conditions
and in the crossed fields, in particular.

Twinning, as well as sliding, develops only on
certain crystallography to planes, and these proc-
esses are mutually causing.

Twinning and sliding are not in a thermody-
namic equilibrium condition, and at any tempera-
tures their structural sensitivity depends on updating
defects.

At deformation of a crystal by the concentrated
loading on the plane cleavage concentrators of ten-
sion a system of the wedge doubles appears on cer-
tain crystallographic directions. The double wedge
represents a set of planes in which the process of
reorganization of a lattice in twinning position starts,
but up to the end it is not realized if each plane
(figure 1) comes to the end of the twinning dis-
position.

Passing through metal monocrystals the im-
pulses of an electric current with density from 50 —
1000A/mm? and duration 10 , deformation redis-
tribution twinning in vicinities of concentrators of
mechanical pressure is observed.

Comparison of pictures of deformation with an
impulse of a current and without it shows that at
joint action of electric and mechanical pressure there
is a stimulation of plastic deformation twinning.

Under the influence of the concentrated loading
on a crystal the occurrence of doubles is provided
with excitation of dot sources twinning dispositions.
Twinning germs have double wedge. Their devel-
opment follows the bill of simultaneous moving of
regional making dispositions in a plane of shift and
screw in a plane unity. Such doubles can arise in the
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volume of a deformable material near concentrators
of pressure at any kind of loading.

One of the features of development of the dou-
bles arising «in a point» is the sequence of elemen-
tary certificates of development: at a short-term ac-
tion of loading there is a thin double of final length.
At increase in time of influence on a crystal generat-
ing twinning dispositions and their translation on
borders of section without increase in the length a
twin wedge is observed. It is natural, that moving
from a mouth to top twinning dispositions one can
meet an obstacle and form congestion. This will
sharply increase incoherent twin borders in planes
(III), and internal pressure can lead to disclosing of
cracks in a secondary plane unity.
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Figure 1 — Disposition model wedge the double
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Figure 2 — A microphoto of doubles on a plane (III)
monocrystals of bismuth, x 530. The print at the left
is received at loading 10g. The print on the right is at
the same loading, but when the deformation through
a crystal was passed, the density of a current pulse

was 600 A/mm’

A new kind of interaction screw twinning dis-
positions with an obstacle is observed when the cur-
rent impulse passes through a crystal at deformation.
Excitation of an electronic subsystem of the sample
leads to the intensive reproduction of twinning dis-
positions on borders of the section and to collective
interaction screw making twinning dispositions with
an obstacle. As a result there is a phenomenon of
branching of doubles not observed earlier.

Branching of doubles always arises on curve
borders of the section where the degree of the inco-
herent twinning borders is the greatest.

Doubles usually arise on dispositions conges-
tions and relaxations of internal pressure at a print
lead. Till now it was known, that the relaxation of
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internal pressure can be carried out at the expense of
sliding development, for example, in the areas of the
crystal adjoining twinning borders. In the given
work it is revealed for the first time that under the
influence of electric impulses the relaxation of the
internal pressure is carried out as a result of the de-
velopment of new doubles, and new doubles arise
not only on congestions of full dispositions but also
on borders twinning layers, i. e. on congestions of
twinning dispositions. Doubles arising in places of
concentration of pressure discharge dislocation con-
gestions thereby reduce the probability of fragile
destruction in reintense places of a crystal lattice.

In the absence of external power influences
«branchy» doubles arise on twins’ borders with
small degree coherent (figure 3) more often.

Figure 3 — Ori-gin of the double on the twin border
with small degree of coherency

The curvature twinning borders appear owing
to superfluous concentration of twinning disposi-
tions on them. The raised density of dispositions on
the twin border conducts localization of the internal
pressure on it whose sources are twinning disposi-
tions. Thus, in places of the congestion of disposi-
tions there can be pressure comparable in the vol-
ume with the occurrence of the threshold aspect of
the double wedge. The relaxation of the given pres-
sure occurs in the origin of the twin border and in
the new double which develops in a new energeti-
cally favourable direction (figure 4).
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igure 4 — Branching of the double at a stopper
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The picture of fields of pressure at the aspect of
the double wedge (figure 5) which is received as the
assumption that the twin’s border consists of from
full [1]-[3], instead of partial dispositions. Fields of
pressure around of the congestion of such disposi-
tions of looking like wedge can be calculated under
the formula:

Gb N (x+nd)[(x+nd)2—(y+nh)2J
o, = —=+
T 2r(1-v) |0 [(x+nd)2+(y+nh)2]
2, (x+nd)| (x+ndy —(y—nh)’ |
+ 5 .
= [+ nd) +(y—nhy’ ]

Where o, — chopping off pressure, b — mod-

ule of vector Burgersa, G — shift module, v — factor
Puassona, n — summation index, NV; and N, — number
of dispositions on twin borders. In our case at the
computer plotting, presented on figure 5, it was ac-
cepted N, = N,= 10.

_——="

Figure 5 — Fields of pressure at aspect wedge the
double

Figure 3 shows that the pressure increased
when approaching to twin border. Moreover, at the
top of the double they have the same order, as at
direct affinity twin borders, but on the dist the aspect
wedge is two-three times more. As a result, in the
presence of stoppers on the propagation of the aspect
double wedge, there is a redistribution of pressure at
its top in such a manner that the size of their projec-
tions to a new direction twin becomes comparable
with the threshold value of the occurrence of the
double.

It is possible to stimulate dislocation processes
at twinning crystals by passing impulses of an elec-
tric current through them [4]-[7]. With the growth of
density of the current in the impulse, generating
processes of twins’ dispositions amplify. Thus, the
collective moving on twinning to borders twinning
dispositions can co-operate with an obstacle not only
with formation of the new double, but also overcome
resistance of the stopped dispositions with formation
of the second top.

It is possible to explain stimulation by impulses
of the electric current. Branching of the doubles
increases the internal pressure in a crystal at the
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expense of pinch-effect realization. As a result of the
occurrence of additional pressure in a crystal the
probability of occurrence of the second top of the
double raises.

Figure 6 — Formation of the second top
of the double in a crystal Be. Density of a current
700 A/mm’; x 600

Thus, with the help of the -elektroplastic
method of research and method of computer simula-
tion of the fields of pressure around the aspect dou-
ble wedge, it is established that the relaxation of
internal pressure in bismuth monocrystals can occur
due to realization of twinning at the expense of
branching of doubles. And, the new top of the dou-
ble arises not on full dispositions, but on partial
twins.

With the increase in time of influence, the in-
dentor before passing a current impulse leads to the
density growth of twinning dispositions on borders
and branch strengthening. Thus, the density twin-
ning on borders of section of each new generation of
doubles is less than dispositions in the previous
cases (figure 6).

The growth of density of the current in the im-
pulse amplifies generating processes in twinning
dispositions. Thus, the collective moving of the twin
to borders twinning dispositions can co-operate with
an obstacle not only with formation of the new dou-
ble, but also overcome resistance of the stopped dis-
positions with formation of the second top. In figure
4 formation of the second top of the double in a
crystal Be is shown.

Conclusion

The described phenomena testify the additional
possibility of plasticization of mechanically twin-
ning materials at creation, in the course of deforma-
tion, the conditions favorable for reproduction
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twinning of dispositions. Such conditions can be
created in the process of deformation when impulses
of a current of high density pass through a material.
Thus, the relaxation of the internal pressure arising
at dislocations of congestions on borders of section
can occur not only at the expense of formation of
new doubles. Therefore the reserve of plasticity in-
creases, and the probability of fragile destruction
and the result of the partial destruction in twinning
decreases.

REFERENCES

1. Kosevich, A.M. Effect of electromagnetic
fields on the ductility and strength of materials. Ab-
stracts conference / A.M. Kosevich // Successes of
physical sciences. —1971. — Vol. 104. — Ne 2. —
P. 201-254.

2. Bashmakov, B.I Studying of electrome-
chanical effect at bismuth crystals in interval tem-
peratures / B.I Bashmakov, V.S. Savenko // News of
High schools. Physics of Metalls. — 1980. — No 7. —
P. 29-33.

3. Savenko, V.S. Action of electromagnetic
fields on plasticity and durability of materials /
V.S. Savenko, O.M. Ostrikov // IV International
conference. Effect of electromagnetic fields on the
ductility and strength of materials. Abstracts confer-
ence. — Voronezh, 1996. — P. 20.

4. Savenko, V.S. Influence of an irradiation on
electromechanical effect at twinning bismuth crys-
tals. / V.S. Savenko, M.S. Tsedrik // News AN
BSSR, Fiz-Mat Sciences. — 1980. — Ne I. — P. 105—
108.

5. Bashmakov, B.I. Studying of electrome-
chanical effect at twinning crystals of bismuth in the
range of temperatures 77-530 K / B.I. Bashmakov,
V.S. Savenko // 1zv. High schools. Physics. — 1980.
—Ne 7. —P.29-33.

6. Elektroplastic effect at simultaneous impos-
ing electric and a magnetic field in bismuth
monocrystals / V.S. Savenko [et al.] / Bulletin BSU.
—1995. — Sulfurs 1. — Ne 2. — P. 27-30.

7. Savenko, V.S. Elektron-plastical effect at
twinning bismuth monocrystals / V.S. Savenko,
V.1 Spitsyn, O.A. Troitsk // Reports of academy of
sciences of the USSR. — 1985. — Vol. 283. — Ne 5. —
P. 1181-1183.

Iocmynuna 6 peoaxyuro 15.11.11.

63



Ipo6remvr usuxu, mamemamuru u mexuuru, Ne 4 (9), 2011

V]IK 621.396

PU3UKA

INPEUMYIECTBA HCKYCCTBEHHBIX CJIABO OTPAKAIOIIUX CTPYKTYP
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U INOI'JIOIEHUU 3JIEKTPOMATI'HUTHBIX BOJIH
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ADVANTAGES OF ARTIFICIAL LOW-REFLECTING STRUCTURES
BASED ON THE OPTIMAL HELICES AT THE REFRACTION
AND ABSORPTION OF ELECTROMAGNETIC WAVES
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[IpoBeseHO aHATMTHYECKOE MCCIEJOBAaHUE NPENOMISIONIMX U IMOIJIOIAIONMX CBOMCTB 00pa3sla MCKYCCTBEHHOW Cpelbl, cOo-
CTOSIIICH M3 ONTHMANBHBIX CIHpANel ¢ PaBHBIMU JHAICKTPUYECKUMH M MAarHUTHBIMH IpoHHIaeMocTsMU. Ha ocHoBe moity-
YEHHBIX PEe3yJIbTAaTOB IIOKA3aHO 3HAYUTENIBHOE IMPEHMYIIECTBO TAKOH Cpelbl IO CPABHEHHUIO C «UUCTBIMIY JUIICKTPUKAMH U

MarH€TUKaMH.

Knrouesvie cnosa: xomnosummovie cpe()hz, KUupaibHoCcmbo, cnupa.abnbzd ojlemenm, ()uaﬂekmpuuecmm npoHuyaemocms, mMacHum-

Hast NPOHUYAEMOCHb.

The analytical study of refractive and absorbing properties of a sample of the artificial medium consisting of the optimal helices
with equal permittivity and permeability has been carried out. Significant advantage of this medium in comparison with «pure»
dielectric and magnetic materials was shown on the basis of the obtained results.

Keywords: composite materials, chirality, helical element, permittivity, permeability.

Beeoenue

[Ipu xapakTepucTHKe Cpel, Y KOTOPHIX YUCIIO-
BbI€ 3HAYEHHUS JUAIEKTPUUECKON U MarHUTHOM Mpo-
HUIIAEMOCTH OJWHAKOBBI, TPATUIIMOHHO OCHOBHOE
BHUMAaHHE YACISIETCS OTCYTCTBUIO OTPAKEHHUS DIICK-
TPOMArHUTHBIX BOJIH HAa IIOBEPXHOCTU cpenbl. Jlo-
TMOJHUTCIIBHBIM CTUMYJIOM JJId U3YUCHUA 3TOU npo-
6J'leMl:l CTaJI0O CO3JJaHHuEC HOBBIX HCKYCCTBCHHBIX
AQHU3O0TPOIHBIX CTPYKTYp — MeTaMaTepuasoB, Mpo-
SIBIISTIOIIMX OCOOBIC CBOMCTBA, KOTOPBIMH HE 00Ja-
JaloT ecTecTBeHHble cpenbl [1]. VckyccTBeHHbIE
CTPYKTYPHl C PaBHBIMH IUAJIEKTPUYCCKOH W Mar-
HUTHOH IPOHUIIAEMOCTSIMH MOTYT OBITH CO3/IaHBI Ha
OCHOBE METAUIMYECKUX CHOHUpajedl OonTHUMajabHOU
(hopmeL. B pesynbraTe nccienoBaHuid, IPOBEICHHBIX
B HacTosImel paboTe, MOKAa3aHO, YTO TPEACTABIISIO-
LIMe Hay4YHbId M IPAKTUYECKUM MHTEPEC CBOMCTBA
TaKMX CHUCTEM HE OTPaHUYMBAIOTCS aHOMAJILHO Clla-
6])IM OTPAKCHUEM DJICKTPOMArHMTHBIX BOJIH Ha I'pa-
HUIIE C OKPY’KAIOLIUM BO3yXoM. PaccmarpuBaembie
CTPYKTYPBl UMEIOT BXOJHOW HMMITCAAHC, OJM3KHHA K
BOJIHOBOMY HMIIEJJAHCY CBOOOJHOTO IPOCTPAHCTBA,
HO 3TO HE eIWHCTBEHHOE WX JOCTOMHCTBO. B cTathe
000CHOBAHO, YTO CPEIbl, ISl KOTOPBIX & = 1, UME-

I0T MPEUMYIIECTBa Mepe]] OObIYHBIMU AUAIEKTPH-
KaM{ M MarHeTHKaMu, 0OyCJIOBJICHHBIE Ooiiee CHITb-
HbBIM HpeHOMHeHMeM U TIOTJIOILIICHUEM 3HeKTpOMaF-
HUTHBIX BOJIH. DTHU CBOMCTBAa MCKYCCTBEHHBIX CpEJ

MOTYT OBITh HCIOJB30BAHBI TIPH CO3JIAHHUH ITOTIIOTH-
Tesel BOJH cBepxBhIcOKoU dacToThl (CBY BoH).

B pab6ore [2] Ha mpumepe obpasima, pazpabdo-
TAHHOTO AaBTOPCKHM KOJUIEKTHBOM M3 HMHCTHTyTa
¢bu3MKK MoJaynpoBoAHUKOB CHOUPCKOTO OTAEIEHHS
PAH, npoBeneHO 4YHCIEHHOE MOJEIMPOBAHUE KH-
palbHBIX CBOMCTB HMCKYCCTBEHHON aHM30TPOIIHOM
CTPYKTYpBI, 00pa3oBaHHON M3 MUKpocnupaiei. [lo-
Ka3aHO, YTO TaKasl UCKyCCTBEHHO CO3JaHHAs IEPHO-
JUYEeCKasi CTPYKTYpa MOXET MPOSBIATH 3HAUUTEIb-
Hble KHUPAJbHBIE CBOICTBAa B TEparepLoOBOM AMama-
30He. [lomydeHBl aHANUTHYECKHE BBIPAKCHUS IS
BBIYUCIICHUS JAUAICKTPHYECKOW W MarHUTHOH TIpo-
HHULIAEMOCTEH, a TaKXe KUpPAJIbHON BOCIPHUUMYHUBO-
CTU CTPYKTYpbl, OTJIMYAOLIEHCS CYLIECTBEHHOU
ruporponueit. IlpoBeneHo cpaBHeHUE TeopeTHye-
CKMX W IKCIEPHUMEHTAIBHBIX pe3ynsTaToB. CremaH
BBIBOJI 00 YZIOBJIETBOPUTEIBHOM OIHCAHHU CBOMCTB
UCKYCCTBEHHOW CTPYKTYpBI C OOJIBIION KHPaJbHO-
CTHbIO Ha OCHOBE IPEJIOKEHHOM MOJIENH.

1 Mooenuposanue

st TeEOpeTUYECKOro ONKCAaHUSI YaCTOTHOM 3a-
BHCHUMOCTH JUDIIEKTPUICCKUX, MATHUTHBIX H KH-
PABHBIX CBOWCTB HMCKYCCTBEHHOW CTPYKTYpPHI B
CBY nuanasone (BOJM3M TJIABHOTO pe30HAHCA) Ha-
MU ucnoab3oBaHa moznens Jlopenua — pyzne. Ilpu
9TOM Y4YTeHbI ciieymomne GakTopbl: cCKUH-3(heEKT,
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Hpeuﬂtymecmsa UCKYCCMBEHHbIX crabo ompasicarux CmpyKmyp Ha oCHoee OnmumMalbHblx cnupaﬂeﬁ npu npeiomieHun U no2iowjeHuu ...

OcyIabiicHne HAMpPsHKEHHOCTH MaJarole 3JIeKTpo-
MAarHMTHON BOJIHBI BHYTPU METAJLLIMYECKOU CIUpa-
71, HEOJHOPOJHOE PACIpPENENIEHUE dIEKTPUUECKOTO
TOKa I10 CITUPAIIH.

3aBUCHMOCTh IUIIEKTPUUECKON & W MarHUT-
HOW 4 TPOHMLAEMOCTH OT YacTOTHI ISl CPelsl C

CUJIbHBIMU KHPAJIbHBIMH CBOWCTBaMHU UMeEET BUI [2]:

22 - 21 2
e=1+ Lo a)z o - Lt Eg MoK |
A, (a)oz—a)z) +a’ A 2
1 -0’ — jod qor’
u=l+—u,B’ | VEMK |,
A (a)o—a) ) +0*A 2
rie
2 2 Ny
K:l Hyp @ a)zja)A~’
4\ ¢, (a)(f—a)z +ao’ A
2 2
L_2Ne ©  p.r4,
A zm, r’g’+1 2
- pN,N.’
A=P0E N=N,NN,V,, V,=xzrL,
mC’
T:j ﬂ 2p . 2ame’ stz_A’
& m-r'S,, sina Ty
2p .
A= , ]=\/j1.
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BennunHa x sBISETCS HEBO3MYIICHHBIM 3Ha-
YEHHUEM IIapaMeTpa KHUpPaIbHOCTH, BBIYUCICHHBIM B
MIEpBOM TPUOIMKEHHHU, C YIETOM YPaBHEHUS CBS3H
B = 1, H; ; e — Momyib 3apsiaa 3IEKTPOHA, m, — Mac-
ca 2JIEeKTPOHA, ¥ — PaANyC CIHpalIH, ¢ — YAEIbHOE
Kpy4eHHE CIHPAIH, @ — IUKIMYEecKas 9acToTa Ia-
JAOIIETO W3IYYEHHs, ) — PE30HAHCHAS 9acToTa,
£ — YIEIbHOE CONPOTHUBIECHHE MeTaia, N, — KOH-
LEHTpalys JIEKTPOHOB MPOBOAMMOCTH B METaije,
N, — obbeMHas [ONi CKUH-CIOSl B CIMpalH, 7,

s
panuyc MpoBOJIOKU, N, — KOHIIEHTpauus crnupanei,
V, — 06BbeM IPOBONOKH, M3 KOTOPOTO M3TOTOBIEHA
OJlHA CIHpallb, 7 — KOI(PQPHUIIMEHT OCITa0JICHHs Ta-
AAIOWIEro MONs BHYTPU MeTamna, S, — IUIOmanb
CeUeHHs MPOBOJHUKA, (¢ — YTOJ MOIbeMa CIIHpPAIH;
o,, — MarHUTORIIEKTPHIECKAss BOCIIPUIMUIHBOCTS,
coJiepiKalascss B MAaTepPHAIbHBIX YPaBHEHHSX [UIs
OT/EJIbHOW CIIUpaIu:

p = ganeE - .] 50/.10 aemH’

&
— ; 0
m = ammH + J _amt’E'

Hy
3I[eCB a, n«a, — TCH30Pbl JUIJICKTPUYCCKONU
n MarHUTHOM BOCIIPUMMYUBOCTHU CITUpain;

T o

a,, =a,, — INCEBAOTCH30D, XapaKTCPU3YIOIINHU KH-
PpajJIbHBIC CBOMCTBA coupanu; &, U H, — 3JICKTpHU4IC-

CKasgd W Mar"duTHasg ITIOCTOAHHBIC, CHMBOJIOM T
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o0o3HaueHa omepamnys TpaHCoHUpoBaHusA. Ilpu
3aIiCH 3THX BBIPOKEHUH IMOJaraeTcs, 4To AJIEKTPH-
YecKoe M MarHUTHOE TI0JIe SIBJISIIOTCS MOHOXpOMa-
THYECKHMH, ¥ 3aBHCUMOCTb MX HAaIlpSHKEHHOCTU OT
BpPEMEHH ONHCHIBaeTcs (QyHKIHMeH exp(jof), Kak
MIPUHATO B paanodusuke [2].

OnrtuMarnbHBIe HapaMeTpsl CiHpaiel ompee-
neHsl HaMu B pabotax [3], [4]. B wactHOCTH, mis
3JIEKTPOMArHUTHOTO TMOJIS C JUIMHOM BOJIHBI, PABHOM
10 cMm, onTUMaIbHBIMU SIBJISIFOTCSI CITUPATIU C Tapa-
MeTpaMHu:

N,=1,r=7,7310" M, a=13,65° L =0,05 m,
H=0,012M,d=910"m,
rae N, — 4iCcIo BUTKOB CIIMPAJIH, » — pafnyC BUTKa,
Q@ — yTOJ IoabeMa CIUPaIH OTHOCHUTENHFHO TUTOCKO-
CTH, NEPIEHAMKYJSIPHONW OCH COMpaiu, L — IUIMHA
METHOW MPOBOJIOKH, CBUTON B CHHMpaib (COOTBETCT-
By€T YCJIOBHUIO IJIaBHOTO YacCTOTHOTO pe3oHaHca), H
— BBICOTA CHHPAJH (B paccMaTpUBAEMBIX YCIOBHSX
OHa paBHa IIary Cupaim), d — AMaMeTp MPOBOJIOKH.

B paborax [5], [6] HaMu TIPOBEICHBI KCIIEPH-
MEHTAJIBHBIE  HCCIICOBAHUS  ITOJIIPU3AIIMOHHBIX
CBOMCTB MCKYCCTBEHHOTO 00pa3siia, COCTOSIIETO U3
ONTUMANIFHBIX OJHOBHUTKOBBIX CITUpaJed C YTIOM
moxsema 13,65°. B Hacrosmieir pabote mpoBeneHO
HCCIIEZIOBAaHHE NPETOMIIIONINX M TOTJIOMIAFOIINX
CBOICTB TaKOU k€ UCKYCCTBEHHOUM CTPYKTYPBI.

2 Obcyscoenue pe3ynvmamos
Jlst onpeneneHust 3aBUCUMOCTH TUDJIEKTpHUe-
CKOM & W MarHUTHOM 4 NPOHUIAEMOCTH JAHHOIO

o0pa3ma OT 9acTOTHl HEOOXOJIMMO IMPEIBAPUTEIHEHO
OTIPENIEIUTh MArHUTORIEKTPUIECKYIO0 BOCIIPHUMYH-
BOCTh ,, OTIEIHHOW CIIUpPAIIH.

me

B pabote [6] mis obpasiia cpefpl, COCTOsIICH
U3 MApHBIX B3aUMHO OPTOTOHAJIBHBIX CITUpATICH OIl-
TUMAIFHBIX TapaMeTPOB, Ha OCHOBAHHUU DKCIIECPH-
MEHTAJbHBIX PE3yNIETATOB IIONydeHa 3aBUCHMOCTH
MHUMOW YacTH IUAIIEKTPUYCCKOH TPOHHUIIACMOCTH
OT YacTOTHL. [IpW HWCIONB30BAaHWU B TEPBOM IIPH-
OMMKEHUHN JMITMPUYECKOTO 3HAYCHUS TapaMeTpa
KApalbHOCTH obOpasua « =-0,42+ j-0,42 Hamu

MOJy4YEeHO AOCTaTOYHO TOYHOE COOTBETCTBUE aHAIH-
TUYECKOM 3aBHCHMOCTH, INpEICTaBIEHHON Ha pH-
CyHKe 2.1 CIJIONIHO KpUBOM U SKCIIEPUMEHTAIBHON
3aBUCHMOCTH («TOUEYHasy» KpHBasi), MONyYCHHOH B
[6]. Cmemenne rpadMKOB APYT OTHOCHTEIIBHO JIpyTa
BJIOJIb HIKAJIBI YacTOT, BO3MOYKHO, 00YyCJIOBJICHO 3a-
MEUIEHHEM 3JIeKTPOMArHUTHBIX BOJIH B PacCMaTpH-
BaeMoOM cpene.

B paccmarpuBaeMbIx ycinoBusax Ko3hdUIIEHT
ocnallieHnsl MaJaloIero IIofs BHYTPH MeTajula
T =-2,329-10"- j2,329- 10, TomMHa CKUH-CII0S Ha
PE30HaHCHOH "acToTe cocTaBisieT N,=4,754- 107 m.

C y4éTOM TIOJTy4EeHHBIX 3HAYEHUH ITapaMeTpoB
K U1 T IOCTPOUM YaCTOTHBIE 3aBUCHMOCTH J€HCTBU-
TeNnbHOH (pUCYyHOK 2.2) W MHUMOH (pucCyHOK 2.3)
YacTH AWAIIEKTPUUYECKOH, MarHUTHOW IPOHHIIAeMO-
CTel ¥ TIOKa3aTelnsl MpeNoMJIeHUs s oOpasia,
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COCTOSIIIETO M3 OJHOBUTKOBBIX MapHBIX CHUpPANICH C
yriaoM nogsema 13,65°.
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Pucynok 2.1 — 3aBUCHMOCTh MHUMOM YaCTH AUAJIEK-
TPUYECKOU TPOHUIIAEMOCTH OT YaCTOTBI
(... DKCIIEpUMEHTAIbHAS 3aBUCHMOCTb,
— aHAJIMTHYECKAs 3aBUCHMOCTB)
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Pucynok 2.2 — YacToTHas1 3aBUCIMOCTD
JIEHCTBUTENFHON YaCcTH TUAJICKTpuIeckoir Re(& ),
marauTHOH Re(u(w)) mpoHunaemMocTei
1 Tokazareis npenomireHus Re(n(w)).
O0pa3sen cpeabl U3 OMHOBHTKOBBIX
TIAPHBIX CIIHpajiel ¢ yrioM moapema 13,65°
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Pucynok 2.3 — I'padukn 4acTOTHOM 3aBUCUMOCTH
MHHUMOH 9acTh AudIeKTpraeckor Im(& w)),
MarHuTHOH Im(u( @)) mpoHutaemocteit
1 ToKasarerst nperomieHus Im(n( w)).
O6pa3zerr cpensl U3 OJHOBUTKOBBIX
MApHBIX CTIMpajiel ¢ yrioM moasema 13,65°
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Ha pucynkax 2.2 u 2.3 BugHO, 9TO 1711 00pas-
11a, COCTOSIIETO U3 ONTUMAJIBHBIX CIIMpaJiel, paBeH-
CTBO 3HAUEHUN IUAINEKTPUYECKOM W MAarHUTHOU
MPOHUIIAEMOCTH HMEET MECTO MpHU PEe30HAHCHON
gactore (3-10° I'Tw). Ipu yacToTax, 6IM3KHX K pe-
30HAHCHOM, 3HAUEHMS TUIIEKTPUIECKOH M MarHMT-
HOM IPOHHUIIAEMOCTEH OYEHBb MaJIo Pa3INyaroTCs.

B uensx cpaBHEHHMS NPEIOMIISIOUIMX CBOICTB
HCCIIEAYEMOTO B HACTOSIIEeH paboTe MCKYCCTBEHHO-
ro obpasma, COCTOSIIETr0 U3 OJHOBUTKOBBIX IapHBIX
cnmpaieii ¢ yriom nogbseMa 13,65°, ¢ mperomisio-
IIMMH CBOMCTBAMH «UHCTBIX» TUIEKTPUKOB (i = 1)
U YUCTBIX» MarHeTHkoB (& = 1) Ha pucynke 2.4 s
HHUX TPUBEJCHBI YaCTOTHBIE 3aBUCHMOCTH JICHCTBU-
TEJIbHOM YacTH MOKa3aTess MPeIOMIICHHUS.
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Pucynok 2.4 — YacTtoTHas 3aBUCUMOCTb
JIEHCTBUTENBHON YaCTH MOKa3aTeNsl MPETOMIICHUS
HCKYCCTBEHHOH cpebl (CIUIONTHAS KPUBAst),
«UUCTOTO» AWAIEKTPHKA (IITPUXOBAs KPHUBas),
«4HCTOT0» MarHeTuka («To4eyHas KpuBas)

Ha pucynke 2.4 BHIHO, YTO HCKyCCTBEHHAs
cpela, COCTOsAIIas U3 ONTUMANbHBIX CIIUpajiel, 3Ha-
YHUTENFHO TMPEBOCXOIUT «UHCTHIE» AMUDIIEKTPUKH H
MarHeTHKH 10 MPEeJTOMIISIOIINM CBOWCTBAM.

B ob6mactn HOpManbpHOH [uicIiepcHH MakcH-
MaJIbHOE 3HaueHHE AEHCTBUTEIHHONW YacTH IMOKa3a-
TEeNsl TIPEJIOMIICHUSI HMCKYCCTBEHHOH Cpembl paBHO
1,41 (mpm gactote 2,93 I'T1), y «IUCTBIX» AMIICK-
TpPUKOB OHO He mpeBbimaet 1,194 (Ha 15,3% meHs-
e, 4eM Yy MCKYCCTBEHHOI'O 00pasla), y «UHCTBHIX»
MaraetukoB — 1,186 (ua 15,9% wmeHnsbIe, yeM y uc-
KYCCTBEHHOTO 00pasia).

B oOmactu aHOManbHOW IUCIIEPCHH HCKYCCT-
BeHHOH cpensl (3,21 I'T1) MUHUMaNBEHOE 3Ha4YeHHe
JCWCTBUTENILHON YacTH TOKa3aTenis HpeOMIICHHS
paBHO 0,914. Ha »Toll ke 4acToTe y «YUCTBIX» IU-
ANIEKTPUKOB OHO paBHO 0,964 (oTiMYme OT enuHU-
LI, B35ATOE MO Monyito, Ha 58% MeHblle, 4eM y
HCKYCCTBEHHOTO 00pa3na), y «9NCTHIX» MarHeTHKOB
— 0,959 (oTnmume OT emTUHHIEI, B3ATOE IO MOAYIIIO,
Ha 52% MeHbIIIe, 9eM y HCKYCCTBEHHOTO 00pasIia).

Jlst cpaBHEHMS TIOTJIOMIAIOIIUX CBOMCTB 00-
paslila HCKYCCTBEHHOM cpelpl C MOIJIOUIAIOMINMHU
CBOMCTBaMH «YHCTBIX» IUIIEKTPUKOB M MarHeTH-
KOB BOCIIOJIb3YEMCsl YacTOTHBIMH 3aBUCHMOCTSIMHU

Ipobnemvr puszuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011



Hpeuﬂtymecmsa UCKYCCMBEHHbIX crabo ompasicarux CmpyKmyp Ha oCHoee OnmumMalbHblx cnupaﬂeﬁ npu npeiomieHun U no2iowjeHuu ...

MHHUMOM YacTH TOKa3aTels TIpEJIOMJIEHUA HUCKYCCT-
BEHHOU Cp€abl, «YUCTOTO» AUDJICKTPUKA U «UHUCTO-
ro» MarHeTuka, npuBCACHHbBIMU Ha PUCYHKE 2.5.
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Pucynok 2.5 — I'padukn 4acTOTHOM 3aBHCUMOCTH
MHHUMOM 4acTH MOKa3aTems MpeIoMIISHHs
HCKYCCTBEHHOH cpeibl (CIUIONTHAS KPUBAst),
«YUCTOTO» AMANIEKTPHKA (IITPUXOBAst KPHBasi),
«YUCTOT0» MAarHeTHKa («TOYCUHAs KPHUBAs)

AHanu3upysl 3aBUCHMOCTH, M300paXEHHBIE Ha
puCcyHKe 2.5, BHOMM, YTO HCKYCCTBEHHas cCpena,
COCTOSIIIasi W3 ONTHMAIBHBIX CIHpaned, B 3HAYH-
TENFHO OOJBHIEH CTETIEHH MOTJIOMACT H3ITydeHHE,
YeM «UHUCTBIE» IUIIEKTPUKH U MAarHeTHKH. OTO
CBOMCTBO HCKYCCTBEHHOW CTPYKTYPHI MOXET OBITH
UCTIONB30BAaHO MPU CO3JAHUM IOTJIOTUTENECH H3Iy-
yerus CBY nuanazona.

BOnu3u pe3oHaHCHON 4acTOTHI HCKYCCTBEHHOM
cpenst (3,02 I'T'm) MakcUManbHOE 3HAYCHUE MOIYIIS
MHHMOW 4YacTH TOKazaTelsl NpPEeJIOMJICHUs pPaBHO
0,435; y «4uCTBIX» AUAIEKTPUKOB OHO paBHO 0,196
(to ects B 2,22 pa3a MEHBIIIE, 9YeM Y UCKYCCTBEH-
HOro o0pasma), y «4ucThix» MaraetukoB — 0,199
(aro B 2,18 pa3a MeHbIIe, YeM y HCKYCCTBEHHOTO
obpasia).

3axnwouenue

C HCIONh30BAHUEM AHAJTUTUYCCKUX BBIPAXKE-
HUH, TONYYECHHBIX JJIS JUJICKTPUUCCKON U MarHUT-
HOW TIPOHHMIIAEMOCTH B pabote [2], mpoBeneHO
MOJICJIMPOBAHKE MPETOMIISTFOIIUX U TTOTIIOMIAFOIIUX
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CBOWCTB 00Opa3ia HCKYCCTBEHHOH CpeIpl, COCTOS-
el 13 ONTHMAIBHBIX CIHpajed, C paBHBIMU 3Haue-
HUSMHU JTUDJIEKTPUYECKOW M MarHUTHOW IPOHHIIAe-
MocTH. [loka3aHO 3HaUMTENBHOE NPEHMYIIECTBO
o0pasa HMCKyCCTBEHHOH Cpeibl 10 CPaBHEHHIO C
«YUCTBIMH» TUIJIEKTPUKAMH W MarHeTHKaMH MO
abcopOIMOHHBIM U pedpakINOHHBIM CBOIMCTBAM B
orHomennrn CBY m3mydenus.
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PU3UKA

ITPEOBPA3OBATEJIN JIASEPHOI'O U3JIYYEHUSA HA OCHOBE KPUCTAJLJIOB

H.A. Xujo, H.C. Ka3ak, C.B. CojoneBu4, A.A. PblzkeBUY

Hucmumym gusuxu um. b.1M. Cmenanosa HAH benapycu, Munck

LASER RADIATION CONVERTERS ON THE BASE OF CRYSTALS

N.A. Khilo, N.S. Kazak, A.A. Ryzhevich, S.V. Solonevich
B.I. Stepanov Institute of Physics NAS of Belarus, Minsk

Pa3paboTaH M M3rOTOBIICH KOMIIAKTHBIH IIpe0Opa3oBaTelb JIa3epPHOTO H3TydeHHs Ha OCHOBE JBYOCHOTO KPHCTAJlIa, OPUCHTH-
POBAaHHOTO BJOJIb OMHOPMAH. Y CTPOHCTBO NpeIHA3HAUYCHO IS alOAN3aliy M YMEHBLICHUS] PACXOMMMOCTH JIa3ePHBIX IMyd-
KOB, a Takke A1 (GOPMHPOBAHMS MOJBIX CBETOBBIX IyYKOB C JMCIOKAIHEH BOIHOBOro (poHTa. ONTHYECKHE DIEMEHTHI IIpe-
oOpa3oBaTest IPUTOAHBL AT TpaHC(HOPMAIK MOIIHOTO HMITYIbCHOTO H HETIPEPHIBHOTO JIa3epHOro u3iydeHus. [lomydeHHbIe
IIPH 9TOM ITyYKH MOTYT PAaclpOCTPaHATHCS B MPO3PAYHBIX cpeiax Ha OOJIBIIOE PAacCTOSIHHE. Y CTPOHCTBO IEPCIIEKTUBHO B HC-
HOJIB30BAHHUH ULl MAHUITYJIAIMH YaCTULIAMU 110 NPHHIUITY Ja3epHOTO MHUHIETA, JUIL Ja3epHOH 00pabOTKH MaTepuasoB, AT
BO3JIeCTBUS Ha OpPraHUYECKHUE KISTKH H HX KOMIIOHEHTEL, a TaKkxkKe B HHTep(hepoOMeTpUH H IPO(PUIOMETPHH.

Knrouegvie cnoea: nazepnviii nyyox, npeobpazoseameis 1a3epHo20 UILYYEHUs, KPUCMATL, AnoOU3ayls, MHO20KOIbYEBolU cee-
Mmool NyHoK.

We designed and made a compact laser radiation converter on the basis of a biaxial crystal oriented along its binormal. The
device is designed for apodization and decreasing laser beam divergence, as well as for shaping hollow light beams with a wave
front dislocation. Optical elements of the converter allow to transform both pulsed, and continuous powerful laser radiation. It
is possible to transfer converted beams at large distance in transparent media. The device holds much promise for manipulation
by particles on the principle of a laser tweezer, for laser processing of materials, for influence on organic cells and its compo-

nents, and in interferometry and profilometry.

Keywords: laser beam, laser radiation converter, crystal, apodization, multi-ving light beam.

Beeoenue

[Ipu ucnonb30BaHUM JTa3€PHBIX MYYKOB 4acTO
TpeOyeTcs TUIaBHO PEryJIUpPOBaTh AUMAMETP UX IOIe-
peuHoro cevenus. KOHCTpyKLHMS MOAABISIOLIETO
OOJBIIMHCTBA JIA3€POB HE TO3BOJISIET 3TOTO CHENATh
HENnocpeACTBeHHO. sl yBenuueHus: Auamerpa myd-
Ka OOBIYHO MPHUMEHSIOT TenecKombl. [lpu yBemmde-
HUM T[ONEPEYHOr0 pa3Mepa Iydyka IOCPEICTBOM
TEJIECKOIA €r0 PaCXOAUMOCTh YMEHBILIAETCS, HO IIPU
YMEHBIICHUH [IOIIEPEYHOr0 pa3Mepa Iydka 3THUM
croco0OM PacXoANMOCTh M3ITyYEHHS yBEIHMYHUBACT-
cs, YTO B OOJIBIIMHCTBE CIy9aeB HEKEIATENBHO.
J1st yMeHbIIeHus AuaMeTpa mydKka MPUMEHSIOT Tak-
JKe KpyrJible nuadparMbl, OIHAKO UX MPUMCHCHHE
BJICUCT 3a COOOW CYIIECTBEHHBIC TU(PPAKIIMOHHBIC
WCKa)XEHUSI B paclpeiesieHu WHTEHCUBHOCTU Iyd-
Ka, YTO BO MHOTHUX CITy4asX HEXKeJIaTelIbHO, OCOOCH-
HO NpHU YIPABJICHUU IBMXKCHHEM YACTHUL] MAaJbIX
pa3mepoB. Kpome Toro, kpyriieie auadparMel UMe-
0T (PUKCUPOBAHHBIA pa3Mep, BCIECICTBHE YEro He-
BO3MOKHO OIIEPaTUBHO IME€pECTpauBaTh JAUaMETP
BbIXOMHOTO myyka. C TIpUMEHEHHEM MPHCOBBIX
muadparm ynaéres IaBHO U3MEHATH pa3Mep Iydka,
OJTHAKO HE YCTPAHSIOTCS TU(PPAKIIMOHHBIC HCKaXKe-
Hus. Bo usbexkaHue MUQPAKIUOHHBIX HCKAKCHUN
Mpy OJHOBPEMEHHOM YMEHBIICHUH JuaMeTpa Ja-
3€pHOT0 MyYKa BO MHOTHX CIy4yasiX MPUMEHSIOT TaKk
Ha3bIBa€MBbIC aIOU3UPYIOMKe AuadparMbl pa3iiny-
HBIX KoHcTpykuuit [1]-[5], xkoaddunment mpomyc-
KaHHS KOTOPBIX IUIABHO U3MEHSETCS IPU U3MEHEHUU
© Xuno HA., Kazax H.C., Cononesuu C.B., Poiicesuu A.A., 2011
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pagualbHON KOOPAMHATBI, HAIPUMEDP, BCIEIACTBUE
COOTBETCTBYIOIIEIO HM3MEHEHUs! KOI(P(PHULIUEHTOB
IIOIJIOLIICHUA I/I/I/IJ'II/I OTpaXCHUA. «Msrkue» aua-
(parMpl B OOJNBIIMHCTBE CIyYacB TaKXKE HMEIOT
(bUKCUpPOBaHHBIC pa3Mephbl. AKTYaJIbHOW SBISCTCS
3aJ1a4a U3MEHEHHs] AUaMETpa BBIXOJHOIO JIa3€PHOr0o
my4Jka 0e3 YBEIHYCHUS IIPU 3TOM €TO PacXOJUMOCTH
u 0e3 BHECCHHsI HEXKENNaTeNbHBIX HCKaXCHUH B pac-
MpeieNieHNe WHTEHCHBHOCTH B €ro IONEPEYHOM
ceueHnd. B HacTosmel paboTe ommMcaH CO3MaHHBIN
aBTOpaMH TIpeoOpa3oBaTelb Ha OCHOBE JBYOCHOTO
KpUCTaJlJla, TPUTOJHBIN AJI1 pelIeHus: 3TOM U HEKO-
TOPBIX APYTHX 3a1ad 10 (OPMUPOBAHUIO CBETOBBIX
MyYKOB.

1 Koncmpykuyusa u npunyun padomsl npeoo-
pazosamens 1a3epPHO20 U3IYYEHUA HA OCHOGe 08y-
OCHO20 Kpucmanna

ITpn pacmpocTpaHeHUH LUPKYJSPHO IOJISPHU-
30BaHHOM CBETOBOM BOJIHBI B JIBYOCHOM KpHUCTAJLJIE,
OPHEHTHPOBAHHOM BJIOJb €r0 OWHOpMAalH, IPOUC-
XOAUT ee NmpeoOpa3oBaHKE B JABE BOJIHBI, IUPKYJIISIP-
HO TIOJISIPU30BaHHBIE B IIPOTHBOIOJIOXKHBIX HAIpaB-
JICHUSIX, OJIHA U3 KOTOPBIX UMEET NUCIOKAIUIO BOJI-
HoBOro (pponra [6]-[8]. [Napruansubie K03GGUIH-
€HTHI IIPeo0pa30BaHMs 3aBUCIT OT yIJla MEXIy OH-
HOpPMaJIbl0 KpUCTaZIa ¥ HAalpaBJICHUEM pacrpo-
cTpaHeHHs1 cBeTa. [Ipu pacnpocTpaHEeHUHM pPacxosi-
IIErocsi ~ aKCHaIbHO CHMMETPHUYHOTO CBETOBOTO
Iy4YKa BIOJb OMHOPMAaJM ABYOCHOTO KpHCTAJlIa OH
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MOXKET OBITh TTPEOOpPa30BaH B MHOTOKOJIBIIEBO CBe-
toBoit nmy4dok (MKCII), obnanatommii uiau He obuia-
JIAfOLIMH BUHTOBOW JTUCIIOKAIMEil BOIHOBOIO ()pOH-
ta (BAB®D) [8]. B mensx npakTuueckoro MCroib3o-
BaHMsI STOTO ITIOJIE3HOTO CBOMCTBA JIBYOCHBIX KpH-
CTJJIOB HAaMM pa3paboTaH KOMITAaKTHBIA 1peoOpaso-
BaTelb JIA3€PHOTO M3JIy4eHHs, COOPOUHBIH HepTex
KoTOporo mpuBeneH Ha pucynke 1.1. [IpeoOpazoa-
TeNb NpeAHa3HAYeH I TpaHC(HOPMALUU OOBITHOTO
JVHEHHO TOJAPU30BAHHOTO JIA3€PHOIO IyYka B
MKCII neoOxoaumoi koHpurypaumu. Hamu co6-
paH IeHWCTBYIOMMI MakeT mpeoOpa3oBaTeis, ONTH-
geckas cxeMa KOTOpOro IpHBeJeHa Ha pucyHke 1.2,
a Qororpadus — Ha pucynke 1.3. MexaHuueckue
JJIEMEHTBl Npeo0pa3oBaTelsi W3rOTOBJIEHBI C yua-
CTHEM aBTOPOB JaHHOW pabOTHl HAa IPOW3BOJCTBEH-
HOH 0a3e ['ocynapcTBEHHOTO HAYYHOTO YUPEKICHHS
«Wuctutyr ¢usukm M. b.M. CremanoBa Hamwmo-
HaJIbHOM akajgeMuu Hayk benapycu».

Jlist neMoHCTpanuy paboThl MakeTa HCIOJIB30-
BaJicsl renuii-HeoHoBbIN nazep tuna ['H-211-1, rene-
pUpPYIOLMI OJXHOMOIOBBIM JIMHEHHO-IIOJIIPU30BaH-
HBIIl TayCcCOB ITy4YOK, YIJ0Bas PacXOJUMOCTh KOTO-
poro coctasisiia okojo 0,5 rpagyca 1Mo ypoBHIO 72,
U creneHb nojsgpusanuu npessimana 0,99. s

13 3 5

MOTY4EHHs [UPKYJISPHO-TOJISIPU30BAHHOTO H3ITyde-
HUA TOPUMCHSJIACh YCTBECPTHBOJIHOBAA IIJIAaCTHUHKA,
MPOCBETICHHAA JId H3JYy4YCHUS C JIHMHOf/II BOJIHBI
633 HM U cneuuaJbHBIM 00pPa30M OPUEHTUPOBaHHAsS
OTHOCHTEJIFHO TUIOCKOCTH TIOJISIPU3AIIMU UCXOIHOTO
JIMHEHHO-TIOJISIPU30BAaHHOTO  IMy4yka. B kaudecTBe
JIBYOCHOT'O KpUcTajula npumensuics kpucraa KTP —
tutanun pocdar kamust KTiOPO4 — ¢ pasmepamu
8x8x12 mm’. TMocnenumit rabapuT SIBISETCS TOJIIH-
HOW (INIMHOI) KpHCTallIa; MapauieIbHO 3TOMY peo-
Py KPHCTaJUIMYECKOTO MapauleNIenuIiela OPHEHTH-
poBaHa OmHOpManb Kpuctayma. llocime kpucramia
pacnonaraiach €€ OJHa 4YeTBEPTHBOJIHOBAS ILIa-
CTHHKA, NJCHTUYHAs NIEPBOH M0 pa3MepaM U OpHEH-
tTauuu. B KkayecTBe mossipu3aTropa HMCHOIb30BAJICS
noyisipusatop — npusma I'nmana. Bee onrtuueckue
9JIEMEHTBI CXEMBbI CTOMKH K BO3/ICHCTBUIO JIa3€pHOTO
u3Iy4deHus 0oJbIoi MomHOCTH. [lepen mpeodpaszo-
BaTeJeM M IIOCIe HEro MOTYT YCTaHaBIIMBAThCS
cepuueckne nuH3EL IlocpencTBoM uXx mepemerie-
HUSI TIPH HEOOXOIAMMOCTH MOKHO pEryJIHpOBaTh
pacxoaMMOCTh M JHAaMETp CBETOBOTO ITy4Ka, IIa-
JAIOLIEr0 Ha MPeoOpa3oBaTesb M BBIXOAAIIETO W3
Hero [8].
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1 — IOCTHPOBOYHBIN JleprKaTeb KpUCTa/lla ¢ ABYMsI BpalllaTeJIbHBIMHU CTETIEHSIMUA CBOOOIBI, 2 — IeprKaTeb
YeTBEPTHBOJIHOBOM IUIACTUHKH, 3 — iep KaTelb mojsipusaropa (npusmsl ['ana), 4 — IByOCHBIH KpUCTAILI,

5 — 3aKUMHOH BHHT, 6 — BTYJIKa, 7 — KOPOTKas BTYJKa,

8 — mrToK, 9 — KopoTkuit mTOK, 10 — OCHOBaHUeE,

11 — ymop ans kpeimky, 12 — ocHOBaHME aepkaTens, 13 — kpeimka, 14 — 6onT, 15 — BUHT,
16 — BunT, 17 — maiiba

Pucynok 1.1 — Ueprex npeobpaszoBaress
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3 2
4 4
— A - - —
Vi Y

1 — ma3zep; 2 — monsApu3aTop; 3 — YETBEPTHBOIIHOBAS TUIACTHHKA; 4 — IBYOCHBII KPUCTAILT

Pucynok 1.2 — OnTrueckas cxema JAeHCTBYIONIETO MaKeTa mpeodpa3oBaTelis

Pucynok 1.3 — JlelicTBYIOLINIT MaKeT IpeoOpa3oBaTes

B 3aBucumocTu OT B3aMMHON OpUEHTALMU B
CXeMe YETBEPTHBOJIHOBBIX IUIACTHHOK M TIOJIpPH3a-
TOpPOB Ha BBIXOJe NpeoOpasoBarens (HOpMUpPYETCs
CBETOBOM IIy4OK, UMEIOUIMM WIM HE HUMEIIIMH
B/IB® (pucynok 2.1). BbIXOmHOH OJHOKOJIBIIEBOI
nydyok ¢ B/IBD, Ha ocu KOTOPOro MHTEHCUBHOCTH
MHHUMaJIbHA, MOXXET OBITh TI0JIE3€H Ul IPOBEJe-
HUSI UMITYJILCHOM JIa3epHOM CBapKu, MOCIIE €ro mpe-
o0pa3oBaHus B OecceneB CBETOBOW Iy4OK HEHYJIe-
BOTO MOPSAKA — JJIsL YIPABICHUS MUKPO- W HaHOYA-
crunamu [9], a Takke UL CO3MaHUs MPOoduIoMeT-
pos [10]. BcnencTBue HU3KOH MHTEHCHBHOCTH CBETa
BOJNHM3HM OCH KOJBIEBOTO ITy4Ka B MPO(QHUIOMETPHH
HWIMHIPUYECKUX H3AEIMM YIAETCs CYLIECTBEHHO
0CJIa0HUTh BIMSIHUE HEXeNaTelIbHOU Au(paKiuy Ha
TOpIe W3AeIHs, OOyCIOBIMBAIOIIEH HCKaKECHHE
pe3yJbTaTOB  HM3MEPEHHH TpU  HCIOJIb30BAaHUU
OOBIYHBIX TayCCOBBIX My4koB. KoHCTpyKIUs mpeod-
pasoBaTesnst HpHcIocoONieHa Juisl JIETKOW 3aMeHbI
JIBYOCHOTO KpHCTajula OJHOOCHBIM, OPHEHTHUpPOBAH-
HBIM COOTBETCTBYROIUM obOpazom [11]-[13], u mo-
nydenus takuM obpazom MKCII ¢ BJAB® Broporo
TOpsAKa, TaK KaK IIPU PacIpOCTPAHEHUH ITUPKYILP-
HO-TIOJIIPU30BAaHHOTO CBETOBOTO IyYKa B OJHOOC-
HOM KpHCTaJUIE TPOUCXOANT H3MEHEHHE IOpSIKa

70

BHHTOBOH IWCIIOKAlMU cpaly Ha 2 equHHNEL. [Ipu
9TOM MpPHOCEBas 00JacTb HU3KOH HHTEHCHBHOCTH
ITOJIOTO TyYKa YBEIHYHBACTCS B THAMETPE.

2 Anodusayus 1a3epHBIX C6EMOBLIX NYUKOE C
HpUMEHeHUueM Npeotpazosameins Na3epHO20 U3Jy-
YEeHUs HA OCHOBE OBYOCHO20 KPUCMATLIA

PaccMOTprM ~ BO3MOXXHOCTB ~ IPHMEHEHUS
MKCII 6e3 BJAB®. ITyuok 6e3 B/IB® umeer pac-
MpejieiieHHe MHTEHCUBHOCTH, KOTOPask MOy IMPOBa-
Ha BJIOJIb PAJMALHON OCH KOOPIUHAT P B COOTBET-
CTBUH ¢ QYHKIMEH KBapaTa KOCHHYCA!

I(p) ~ cos*(Z2roLp /N),
rae A— JUiMHAa BOJIHBI WM3IYYEHHS, ¢ — Mapamerp
AQHU30TPONMU  JIByOCHOTO KpHcCTamia, L — JUIMHA
Kpuctamia, Z — Ko3(p(UIHEHT TPOIOPUHOHATBHO-
CTH, B CHIY PacXOAMMOCTH Iy4YKa 3aBHCAIIMN OT
MpoI0JIbHON KoopauHathl [6]—-[8]. Ha ocu BwIXOA-
HBIX MHOTOKOJIBIIEBBIX My4ykoB 0e3 BJIB® dopmu-
pyercss MakCMMyM HHTEHCHUBHOCTH, OKPYKEHHBIH
TEeMHBIM KOJIBIIOM, B MpPEJEiax KOTOPOTO NPH YBe-
JIMYCHUHN 3HA4YCHUS pa/:u/[aanof/i KOOpAUHATbl HH-
TEHCUBHOCTh CBETA CHAYaja IUIABHO yMEHbBIIAETCS
no 0 u 3aTtem BHOBb Bo3pactaeT. OCHOBHas uues
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1 - ncxogHbIN
500+ 2.0°

3-90°
4-0°+90°

400

300+

200

100+

MHTeHCcUBHOCTL |, OTH. ea.

o

12 3 4 5
MonepeyHas koopguHata X, MM
a

METOJIa aro/iM3aliy COCTOUT B TOM, YTOOBI pa3Mec-
TUTHh B IONEPEYHOM CEYECHUHM BBIXOJHOTO MHOIO-
KoJIbIIeBOTO Iyuka 6e3 BJIB® kpyriyto auadpparmy
C IMaMETPOM arepTypsl, PaBHBIM IHAMETPY OKPYX-
HOCTH, OXBATBIBAIOIIEH LEHTPAIbHBIH MaKCUMYyM
myuka 6e3 B/IBD, Ha KOTOpOil MHTEHCHBHOCTH H3-
Ty4eHus paBHa Hymo. [Ipn 3TOM BBITONHSETCS yC-
nosue Z2nolp /A = /2, T.e. 4ZaoLp /A = 1. Ha pu-
cyHKe 2.1, a TOKa3aHBl 3apeTHCTPUPOBAHHEIC pac-
MIPeAeIeHUs] WHTEHCHBHOCTH B HAdyaJlbHOM ITydKe,
HE TNPOXOJUBIIEM YEPE3 CUCTEMY «IIOJSIPU3ATOpP —
KpHUCTalT — aHanu3aTop» (pucyHok 2.1, a; kpuBas
1), B myuxe 6e3 BIB® (pucynok 2.1, a; kpuBas 2), B
otaensiemoM nyuke ¢ BIAB® (pucynok 2.1, a; xpu-
Bas 3) M paccuMTaHHOE CyMMapHOE paclpejelieHue
MHTEHCHBHOCTH, MOJY4YEHHOE B PE3YJIbTAaTe CIIOXKe-
HUSl 3Ha4YeHWH (YHKIMH, NPENCTaBICHHBIX Ha pH-
cyHKe 2.1, a kpUBBIMHU 2 U 3, IIpU KaXJ0M 3HAUYCHUU
HX apryMeHTa.

Pacxommmocts MKCII, mony4eHHBIX B pe3yiib-
TaTte npeoOpa3oBaHus, HE OTIMYAETCS OT PacXOnau-
MOCTH MCXOIHBIX IyYKOB, IaJalOINX Ha mpeodpa-
30Barenb. [y yBenudeHHs KOJIMYECTBA KOJEI] He-
00XOIMIMO YBEJINYUTh PACXOAUMOCTb ITy4Ka, IIPOXO-
JUIILEro 4yepe3 KPHUCTal, YTO JIETKO JIOCTHIaeTCs
UCIIONIb30BaHUEM C(EepUYEeCKOW JIMH3bI, YCTaHOB-
JICHHOH B JIIOOOM MecTe mepel KpuctamuioMm. M3me-
HEHHE IUaMEeTPaIbHOTO paclpenesieHusT UHTCHCUB-
Hoct MKCII 3a npeoOpazoBarenem IpH yBeJnde-
HUM PaccTosHUS (B CM) OT (JOKYCHPYIOUIEH JIHMH3BI
MIPOJEMOHCTPHPOBaHO Ha pucyHke 2.2. [Ipu amomau-
3anuM  AuadparMHpOBaHMEM BBIAEIAETCS TOJBKO
0CeBOH MaKCHMYM WHTEHCHBHOCTH, PacXOANMOCTb
KOTOpPOTO BCETZAa MEHBIIE, YeM PAacXOAUMOCTb HC-
xomHoro myuka. [locne xpucrania B J1r000M MecTe
MOXKET OBITh YCTaHOBJEHa BTOpas chepuyeckas
JIMH34a, TOCPEICTBOM KOTOPOH peryiupyercs pacxo-
JMMOCTB BBIXOJIHOTO ITy4Ka.

Jlist anou3anuy METoIoM nadparMUpOBaHUs
MKCII 6e3 B/IB® Hamu BHauane Oblia HCIIOJB30-
BaHa MpHcoBas nuadparma c JIecAThIO JICTIECTKAMH,
MOCPEICTBOM KOTOPOM MOXXHO BapbHpOBaTh AWA-
METp amnepTypsl IpoIryckaemoro mydka. Ha pucys-
Ke 2.3 TpuBENEeHBI IS CpaBHEHHS PAaCIpelelCHHS
MHTEHCUBHOCTEH B ITy4Kax, JuadparMHpOBAHHBIX

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

0 B
a — muameTtpanbhble, 0 — B cedeHnn MKCII ¢ BIIB®, B — B ceuenun MKCII 6e3 B/IB®
Pucynok 2.1 — PacnipeniesieHus HHTEHCUBHOCTH CBETA B IONIEPEYHBIX CEUCHHUSIX IIYyUYKOB

UpUcOBOW nuadparMoil ONTHMAaNbHOW anepTypsl
(2,84 MmM) —mpomennieM uepes MpeoOpa3oBaTelib
nyuke 0e3 B/IB® (a) u ucxoaHom myuke (0).

o 3000+

) 1-0cm
T 2500- 1 2 - 25¢cm
° 3-50cm
g 2000 2

° 1500 3

m

3 1000+

S

£ 500+

A

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0 4,5
MonepeuHas koopanHaTta X, MM
Kpucramn mnmHo# 12 MuM; nmuH3a ¢ POKyCHBIM pac-
crosHUEM f= 16 cM
Pucynox 2.2 — [onepeuHsle pactpeneieHus] HHTEH-
cusHocTH B MKCII BOomp quaMeTpa monepeqHoro
CEUCHHS ITydKa 3a MpeoOpa3oBaTeIeM Ha Pa3InIHBIX
PACCTOSHUAX OT JIMH3HI (B CM)

Anonu3upoBaHHbIM ¢ MPUMEHEHHEM KpHUCTal-
Ja npeoOpas3oBaTeis Iy4OK MMeeT ropasno Oosee
OJTHOPOJTHOE paclpe/ieieHue UHTEHCUBHOCTH U CY-
IIECTBEHHO MEHBLIYI0 PacXoIMMOCTh, YeM Jua-
(parMupoBaHHbBIH 0€3 HCHONB30BaHUS KpUCTAJLIA
UCXOMHBIM mydok. Eciam nmamerp orBepcTust ama-
(¢parMel ONTHMaJiCH, B BBIXOIHOM aIlloOJU3NpPOBaH-
HOM ITy4KE JOTOJHHUTEIbHbIE MOIYJISILUK, CBS3aH-
Hele ¢ audpaxiueldl cBera Ha Kpaio Iuaparmel,
MPOSBIIIIOTCA ciabee Bcero (pucyHok 2.3, a). OxHa-
KO, HECMOTpSI Ha JI0BOJILHO BBICOKOE KaueCTBO arlo-
JU3UPOBAHHOIO ITy4yKa, NPUMEHSS HPHUCOBYIO AWA-
(dparMy, He ymaercs IOCTHYb TOJIHOW TJIaJKOCTH
pacnpeaciicHud MHTCHCUBHOCTU IIyYKa B CHUIIYy OT-
naust GOpMBI OTBEPCTHS OT Kpyrioi. B pacrpexne-
JICHNY WHTEHCHBHOCTH HaOI0JaeTcs a3uMyTalbHas
MOy ¢ oceBoil cummerpuer 10-ro mopsaxa,
00YCIJIOBJICHHAsI TEM, YTO BBIXOIHOE OTBEPCTHE UPH-
COBOH nmadparMbl MPENCTaBIsSeT COOOW TMPaBHUIb-
HBIl JECATUYTOJIbHUK. Jlaxke IpH MaKCUMaJIbHOM
OIM30CTH MHOTOYTOJIBHOTO Kpas HMPHCOBOHM Jua-
(parmbl K OKPY>KHOCTH € HyJI€BOH MHTEHCHBHOCTBIO
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BOJM3M YITIOB MHOTOYTOJIBHOW [uadparMbl CBET
IPOIyCKaeTcs, a BOJIU3H CepelMH CTOPOH — IPOHC-
XOAMT €ro OTCEYEHHUE, MyCTh U HEOOJIBLIOH, HO BCE
K€ HEHYJIeBO MHTEHCUBHOCTH.

[Tyuxu, amoau3WpoOBaHHBIE C IPHUMEHEHHEM
Kpyrioil auadparmsl, UMeoT Oojee IJIaJKoe pac-
npegeneHue nHTeHcuBHocTH. Ha pucynkax 2.4 u 2.5
MPE/ICTABICHBl PACIPENEIICHUs] WHTEHCHBHOCTH B
my4ykax — JuadparMHUpOBaHHBIX KPYTJIOH muadpar-
MOH ONTHUMAaJBHOTO AMAMeTpa W HeauadparMupo-
BaHHBIX.

W3 momydeHHBIX pe3yJbTaTOB CIEXyeT, YTO
HaWiIyyllde BO3MOXHOCTH U1 amoAu3aluu

a §)

CBETOBBIX IIy4KOB OOECIEYMBAIOTCA NPH IIPUMEHE-
HUM AuadparMbl C OTBEPCTHEM, Haubojee OIM3KUM
no dopme Kk Kpyriomy. OIHAKO, €CIM MOXHO [0-
IMyCTUTDH He6OJ'II)LLII/Ie 0 KOHTpPACTy MOAYJIALIUU WH-
TEHCUBHOCTH B BBIXO/IHOM IIy4YKE, TO JUIS OCYIIECTB-
JICHUS  ONEPATHBHOTO HM3MCHEHHUs IapaMeTpOB
CXeMbl Oosiee yJOOHO HCIIOIB30BAaHWE HPUCOBOU
mradparMel.

ATIONM3UPOBAaHHBIE CBETOBBIE ITydykH 0e3
B/IB® npu pacnpocTpaHeHHUM B MPOCTPAHCTBE
CTOJIb )K€ YCTOHYMBEI, KaK M TayCCOBBI CBETOBBIC
IIYYKH COOTBETCTBYIOLIMX IIONEPEYHBIX Pa3MEPOB.

1000+
900 — 6e3 kpuctanna

8004 — C Kpuctannom

700+
600+
500+
400+
300+
200+
100+

WHTEHCMBHOCTB 1, OTHIO ef.

100 200 300 400 500 600
KoopguHaTta X

B

Pucynok 2.3 — IlnadyparMiupoBaHHBIE UPHUCOBOI TruadparMoit
MKCII 6e3 B/IB® (a) u ucxoaHblii cBETOBOH My4oK (0) 1 pachpeieneHie HHTEHCUBHOCTH BJIOJIb JHa-
MeTpa TONEePEeTHOro CeUYEHHs IMydKa (B)

a

-

a — 0e3 kpucraiuia, 6e3 nuadparmel, 6 — ¢ kpucraiuioM, 6e3 nuadparmel,
B — 0e3 KpHcTallia, ¢ quapparMoi, r — ¢ KPHCTAIIOM, ¢ TradparMoi

Pucynok 2.4 — PacnpenesieHre HHTEHCUBHOCTH B TIONIEPEYHOM CEUSHUH JradparMUpOBaHHOTO
1 HeAnaparMUPOBAHHOTO CBETOBOTO ITy4Ka
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Kpome TOro, mosydeHHbIE ONHCAaHHBIM METOAOM
MYYKH OTKJIOHSIOTCS U (POKYCHPYIOTCS TaK XKe, KaK U
06]>I'~IHI)Ie rayCcCoBbl, 4YTO A€JaCT BO3MOXHBIM HX
MPUMEHCHUEC B PA3JIMYHBIX TCXHOJIOTMYECKUX U U3-
MEpHTENBHBIX YCTaHOBKAaX, a TAKXKe B IEJISIX yIpaB-
JICHUS] MUKPO- ¥ HAHOYACTUIIAMH.

[MpennoxeHHas: onTuueckas cxema mpeodpaszo-
BaTeNs MIPOBEpPEHa B pabOTE ¢ MOIIHBIM HEIIPEPhIB-
HbIM aproHoBelM Jiazepom JII'H-512. B cuny no-
BOJIbHO OOJIBIIION MOIIHOCTH JIa3€PHOTO M3ITyYCHHUS
(o 4 BTt) paboTa c Iy4KkoM 3TOrO Jia3epa MpeacTaB-
JSIET BBICOKYIO OMACHOCTb JUISl 3PEHUS UCCIIeA0BaTe-
JIs1, TOATOMY IpeoOpazoBaTellb 003aTeNbHO T0IDKEH
OBITH 3aKJIIOUYEH B KOXYX, MPEMATCTBYIOIIMNA pac-
MIPOCTPAHEHUIO U3IYYEHUs, OTPAXKEHHOTO OT IpaHei
ONTUYECKUX IEMEHTOB.

JUii MUHAMH3alUK TT0T€Ph M3JY4YEHHs U TIpe-
JIOTBpAILCHUs HarpeBa ONTHYECKUX 3JIEMEHTOB KX
BXOJIHBIC M BBIXOAHBIC I'PaHU JOJDKHBI OBITH IpPO-
CBETJICHBI JJISI N3JTyYEHHsI HCIIOIb3YEMOTO Ja3epHO-
ro UCTOYHMKA. Bo m30exaHNe MOBPEKACHUS ONTHU-
YECKHX 3JIEMEHTOB HAa HUX HE JIOJDKHA IIONajAaTh
IbUIb, TO3TOMY BXOJHOE M BBIXOJHOE OTBEPCTHS
KOKyXa JOJDKHBI OBITH 3aKPBITHI NMPOCBETICHHBIMU
3alUTHBIMU cTeKiIaMu. HauanbHbIA Ja3epHBIA ITy-
YOK HMCECT BH[[I/IMbIﬂ JUaMETp OKOJIO 4 MM, 4YTO
00yCJIOBIIBAE€T HEOOXOAMMOCTh  HWCIIOJIb30BAHMS
KpHCTaJUla C JOCTaTOYHO OOJIBIION amepTypoil.
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0 200 400 600 800 1000
KoopauHata X
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AHanoru4naple TpeOOBaHMS MPEABSIBISIOTCS K KOH-
CTPYKLUMH TpeoOpa3zoBarelisi Npu paboTe ¢ HUM-
MYJIbCHBIMU JIa3epaMu C MOJYJIMPOBaHHON A00pOT-
HocThlo. Ilpu amoausanuu H3JIy4eHHS BBICOKOH
MOIITHOCTH HEOOXOJMMO IPHMEHSTh TOJBKO METaj-
JIryeckue auadparmbl, NPEIIOYTHTENBEHO OXJIAX-
JlaeMble, IIOCPEACTBOM KOTOPBIX OOecreunBaeTcs
3¢ (eKTUBHOE paACCESHHE TIIOTIONIAEMO CBETOBOM
SHEpruy. 3aMeTUM, YTO BCE OTMEUCHHBIC BBIIIE 3a-
KOHOMEPHOCTH alloAN3ally C MPUMEHEHHEM ABYOC-
HOTO KpHCTaJUIa BBINOJHSAIOTCS M IIPH IpeoOpa3oBa-
HUH MOIIHBIX JTa3€PHBIX MTyYIKOB.

3aknrwuenue

Ha ocHoBe 1ByoCHOTr0 KpHcTaylia, OPHEHTUPO-
BaHHOT'O BJIOJb OMHOpPMaJH, pa3pabOTaH KOMIIAKT-
HBIH 1peo0pa3zoBaTelb Ja3epHOro U3ITyYeHUs], CpaB-
HUTEJBHO MPOCTOH B M3rOTOBJIEHHH M cOopke. Bcee
OIITUYECKUE DIIEMEHTHI, BXOJSIINE B COCTaB yCTPOIi-
CTBa, 00JaalOT BHICOKOW JYYEBOH NMPOYHOCTHIO U
TIPUTOTHBI TS TIpeoOpa30BaHMsI MOITHOTO JIa3E€PHO-
TO U3JTy4EHUS.

ABTopamu coOpaH ACWCTBYIOUIMA MakeT Ipe-
oOpa3oBaTensi, C IPUMEHEHHEM KOTOPOTO Ha OCHOBE
CUHTYJSIDHBIX CBOWMCTB KPHUCTAJUIOB PEaIU30BaHO
(hOpMHUpPOBAaHUE MHOTOKOJIBIIEBBIX CBETOBBIX ITy4Y-
KOB, KOTOPbIM CBOMCTBEHHO HAJIMUHE WIIU OTCYTCT-
BH€ BUHTOBOH JICIIOKAIIMK BOJIHOBOTO (hPOHTA.
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a — 0e3 kpuctamia, 6e3 auadparmel, 6 — ¢ KpuctamoM, 6e3 guadparmel,
B — 0e3 kpucrania, ¢ quadparMoi, I — ¢ KpUCTaAIIOM, ¢ quadparmMoi

Pucynok 2.5 — JlnamerpainbHoe pacrpe/iefieHne HHTEHCUBHOCTH B TIOTIEPEYHOM CEUECHUH
JradparMUpOBaHHOTO U HeMapparMUPOBAHHOTO MyYKa IPH Pa3IMUHBIX PACCTOSHUSAX OT AnadparMbl
(yka3aHBI B CAHTHIMETpaX YHCIAMHU B paMKax)
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ITponeMOHCTPUPOBAH METOM ANOAU3ALUH CBE-
TOBBIX ITy4YKOB, 00€CIIeUMBAIOLIHUI MTOJyYeHHE Kaue-
CTBEHHOT'O paclipe/ieieHlsi MHTEHCUBHOCTH B TOIIe-
PCUYHOM CC€UYCHUH CBCTOBOTO ITyYKa, KOTOprﬁ OTJIu-
YaeTcst OT MCXOJHOTO MEHBIINM JHaMETPOM M pac-
XOANMOCTBHIO.

HccnenoBanbl 0COOEHHOCTH CBETOBBIX ITYYKOB,
aroIN3UPOBAHHBIX C IPHUMEHEHHEM KOJBLEBOH H
UpHUCOBON auadparMbl. BBIABICHBI OCHOBAaHUS IS
BBIOOPA ONTHYECKUX U MEXAHHUYECKHUX 3JIEMEHTOB B
3aBUCHMOCTH OT TPEOOBAHUM K Ka4eCTBY BBIXOJIHO-
ro my4yka. ONTHYECKHE 3JIEMEHTbI CXEMbI IIPUTOHBI
1A anogu3allii MOIIHBIX JIA3CPHBIX MMYYKOB — KakK
UMIIYJIbCHBIX, TaK M HeNpepsBHBIX. Otaensemoe
Jla3epHOe M3Jy4YEHHE SBISIETCS JIMHEHHO MOJISIPH30-
BaHHBIM M TaKXX€ MOXET ObITh HCIIOJIb30BaHO B CO-
MYTCTBYIOLIMX MPOLIECcCax.

Pa3paboTaHHbIi METOX arou3annuy aKCHAIbHO
CHMMETPHYHBIX CBETOBBIX IYYKOB JOCTATOYHO
MPOCT B pealM3alliy, XapaKTepH3yeTcsi JOCTATOYHO
BbIcOKUM (okoio 50%) KIIJ npeoOpa3oBanust 1 He
MPUBOJNT K TaKUM HEXKEJIATEIbHBIM SIBICHUAM, KaK
IU(PaKIMOHHOE YBEJIMYEHHE PACXOAUMOCTH U pa-
JanbHasi MOAYJSIINS MHTEHCUBHOCTU. DTUMH OCO-
OEHHOCTSMH MeETO/ia OOYCJIOBJIEHBI IE€PCHEKTUBBI
€ro UCIIOJIb30BaHHUA B HAHOTCXHOJIOTUAX OJI1 MaHU-
MyJaupoBaHusA 4HYacTHLAMU 1O IMPUHIUITY J1a3€pHOIro
MHUHIETa, U1 TEXHOJIOTHYECKOH 00paboTkM Mmare-
pHanoB, Ui BO3JCUCTBHS Ha OPraHWYECKUE KIETKU
U €€ COCTaBIIIOIINE, a TAK)KE BO3MOXKHOCTH ITPHUMe-
HEHHS B UHTEPPEPOMETPUH U IPOPIITIOMETPUH.

CxeMa arnoIu3NpoBaHHs C NIPUMEHEHHUEM JIBY-
OCHOTO KpHCTaJlla HPUrofHa il (HOPMHUPOBAHUS
KaK CXOAALINXCSA M PACXOAALINXCA, TaK U KOJUTMUMH-
poBanablx MKCII. Otim obecrieueHa BO3MOKHOCTh
neperayd UX Ha OOJIbIIKME PACCTOSHUS U NPUMEHe-
HUA JJ1d UCCIICAOBAHUA MPOTSXKEHHBIX MPO3pavYHbIX
cpes, TaKuX, HanmpuMmep, Kak Ta3bl U JKHIKOCTH.
Bcenencreue manoctu nonepeyHoro pasmepa c(hoky-
CHPOBAHHBIX CBETOBBIX ITYYKOB BO3MOXKHO HMX IpH-
MEHEHHE B Pa3JIMYHBIX HAHOTEXHOJOTHSX B LEISX
CO3JJaHUSI BBICOKOTPAIMEHTHBIX ONTHYECKHX JIOBY-
IIeK, a TakXKe JJ JIa3epHoi 00paboTKH MaTepHa-
JI0B. ATION3UPOBAHHbBIC CBETOBBIE ITyYKH BBICOKOTO
KadecTBa, oOyajaromue WM He oOjajamomue
B/IB®, ¢ npuMeHEHHMEM aKCHKOHA JIETKO MOTYT
ObITh TpaHCHOPMHUPOBAHBI B KadeCTBEHHBIE Oecce-
JICBBI CBCTOBLIC ITYYKH (COOTBCTCTBGHHO HCHYJIEBO-
ro W HyjeBoro nopsakos). [loaydeHHbie Takum 00-
pa3om OecceseBbl My4YKH TAKKE MOXKHO MPUMEHSThH
JUISl YIIPABJICHHs] ABHKEHHEM MHMKPOYACTHI] H Opra-
HHU3alUK HEJIMHEHHO-ONTHYECKHUX MIPOLIECCOB.
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KYBUYECKUE HEABTOHOMHBIE TU®®EPEHIIMAJIBHBIE CUCTEMBI,
IKBUBAJIEHTHBIE B CMBICJIE COBITAJAEHUSA OTPAXKAIOIINUX @ YHKIINU
BJIO’KUMBIM CUCTEMAM

M.C. Beqokypckuii

Tomenvckuii cocyoapemeennviil ynueepcumem um. @. Cxkopunsi, I'omens

THE CUBIC NONAUTONOMOUS DIFFERENTIAL SYSTEMS, EQUIVALENT
IN SENSE OF COINCIDENCE
OF REFLECTING FUNCTIONS TO EMBEDABLE SYSTEMS

M.S. Belokursky

F. Scorina Gomel State University, Gomel

ITomy4eHs! HEOOXOAUMBIE H JOCTATOYHBIEC YCIOBHS, IPH KOTOPBIX HEABTOHOMHBIE AU(depeHNnanbHbIe CUCTEMBI ¢ KyOHIeCKOH
IpaBO YaCThIO SKBUBAIEHTHEI B CMBICIIE MUPOHEHKO BIIOXKUMBIM CHCTEMAM.

Knroueswvie cnosa: ompabsicarowas qbymcuu}z, 8Jl02cumas cucmema, ()uqb(j)epem;umwaﬂ cucmema, ()gyxmottetmaﬂ Kpaeeas 3a-

odaua.

Necessary and sufficient conditions for nonautonomous differential system with cubic right-hand side to be equivalent to

embedable system in sense of Mironenko were obtained.

Keywords: reflecting function, embedable system, differential system, two-point boundary-value problem.

Beeoenue
Paccmotpum muddepeHnanbHyIo CHCTEMY
¥=8(tx), teR, x' =(x,..,x,)eR" (0.1)
¢ HemnpepbiBHO auddepeHnMpyeMoll TpaBoil ya-
crpto. Otpaxatomeit gynkuumeit [1] cucremsr (0.1)
Has3bIBaeTCs PyHKIM, onpeaensemMas GopMyIon

F(t,x) = p(-1;1,x),
rae ¢(t;7,x) ectb obmee perrenue cucremsl (0.1) B
¢dopme Komm. /s moboro perieHus x(¢) 3toi
CHCTEMBI BEPHO TOXIECTBO

t
F(t,x(2))=x(-1).

OTO CBOMCTBO MOXKHO NPHHATH W 32 ONpEEIICHHUE
otpaxatomeit pyukiun [2, c. 16]. Hecmotps Ha To,
YTO OTpaxaromas (QYHKIUA ONpenessieTcss depes
peILIeHNs CUCTEMBI, Pa3pabOTaHbBl METOJbI, KOTOPhIE
HO3BOJIAIOT HAXOAUTH OTPAXKAIOIIYIO (DyHKIMIO, He
UCTIONB3Ysl omnpezeneHue. bonee Toro, naxke 3Has
JMIIb HEKOTOpBIE CBOMCTBA (HAaIpuUMep, IepHOIry-
HOCTbB) OTpakarouield (pyHKIHUM MOXKHO YXe HCClie-
JIOBaTh TIOBEJCHUE PEIICHWI caMON CHCTEMBI, He
npuberass K MOCTPOCHUIO OTpakaromeid (QyHKIuu.
Bonpiie o Mmeronme oTpaxkaromeid (QyHKIMM U €ro
MpUMEHEHUH MOXKHO Haitu B [2]-[7], a Takxke Ha
caitfre www.reflecting-function.narod.ru.

[IpocrelimyM KBa3UMHOTOYJIEHOM Ha3bIBAETCS

KOMIIJICKCHO3Ha4YHas1 (I)yHKIII/ISI NEepEeMEHHOIO f BUJA

e, tme ke N,,veC. Bcskasg nuHEHHas KOM-

OMHALK ~MPOCTEHINNX  KBa3UMHOTOWICHOB  C
KOMIUIEKCHBIMA ~ KOA((HUIIMEHTAMH  Ha3bIBaeTCs

© Benoxypcxuii M.C., 2011

KBazuMHorouicHoM. KommoHeHTa X; CHUCTECMbI

(0.1) HaseiBaeTcs Bioxumoit [8, c. 47], ecmu ms
moboro pemenus x(t) = (x,(¢),...,x,(#)) 2ToH cuc-

TeMbl GYHKLUS X,(f) SABISETCA KBA3UMHOIOWIEHOM

(TOBOpSI O pENICHUSX CHCTEMBI, MBI IMEEM B BHIY,
YTO OHM AeHCTBUTENbHBI). KOMIIOHEHTa X, CHCTEMBI

(0.1) BnoxuMa TOTJAa W TOJMBKO TOTNA, KOTJAA IS
KQXKIOTO pemieHus x(¢) 3TOH CHCTEMBI CyIIECTBYET

JTUHEWHOE CTAllMOHAPHOE YpaBHEHHE BUA
() (n-1) _
a,z"”+a, 2" +..+az=0,
Il KoToporo x,(¢) sBisercs pemeHueM. Kornma
KOMIIOHEHTa X,(f) J000To pemeHus x(¢) CHCTEeMBbI

(0.1) sBAsIETCA ONHOBPEMEHHO U PEIIEHHEM HEKOTO-
poro oOmiero aist Bcex pelieHud x(f) JMHEeHHOro

CTallMOHAPHOTO YPaBHEHHUS, TO 1Ta KOMIIOHCHTA
HA3bIBAETCSl CHIIHO BIIOKUMOH. JlnddepeHnmann-
Hasl CHCTEMa HA3bIBAETCS BIOXKAMOW (CHIBHO BIIO-
KUMOM) ecni JTro0as ee KOMITOHEHTa BIIOKMMA
(CUITBHO BJIOKHMA).

Kak Bno)xuMsle, Tak U CHIIBHO BJIOKUMBIE CHC-
TeMBI, KaK MPaBUJIO, SIBISIOTCS CYIIECTBEHHO HEIH-
HEHHBIMU cUCcTeMaMu. B, 4aCTHOCTH, Kak MOKa3aHO
B [8] OHM MOTYT UMETh HECKOJIbKO TMOJIOKEHUI paB-
HOBECHs, IPEACTHHBIC IIUKIIBI K UMETh IPYTHe Kade-
CTBCHHBIC CBOICTBA, IMPHCYIIUEC TONBKO HENWHEH-
HBIM CHUCTEMaM.

C nmpyro#l CTOpPOHBI, 3TH CHCTEMBI MHTETPUPY-
FOTCS B DJIeMEHTapHBIX QyHKUMAX. [IpaBumo Haxox-
neHus peweHuil 3agad Komm ans 3THX cuctem
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cM. B [8, c. 45]. Takum oOpa3om, Mbl MOXKEM HaWTH
OTpaXkarolyro (PYHKIHUIO BJIOXXUMOH CHUCTEMBI, H,
3HAYUT, MOXKEM TOCTPOMTH IENbIA Kiace nudde-
PEHLMANBHBIX CHCTEM C TaKOW e OTpakarouiei
¢ynkumeit [3, c. 71]:

x=-05F (-t,F)F, + F.(-t,F)R(t,x)— R(-t,F),
rie R(t,x) ecTb NPOU3BOJBHAS BEKTOP-(QYHKIHS.

Juddepennnanbapie cHCTEMBI M3 3TOTO Kiacca He
00513aHbI OBITH BIIOKUMBIMH U HHTETPUPYEMBIMH B
KBaJpaTypax, OJHAKO OHH OYIyT MMETb Te k€ Kade-
CTBEHHBIE CBOWCTBA, YTO M HKBUBAJICHTHAS MM BIIO-
JKHMMasi CUCTEMa.

1 Ilonyuennwie pe3yivmamul

Hwxke mpuBeneHbl TEOPEMBI, KOTOPBIC MO3BO-
JISIFOT JIETKO MPOBEPHTH JIIO0YI0 KyOHUYECKYI0 OTHO-
CHUTEJIFHO KOOpAMHAT (ha30BOTO BEKTOpa CUCTEMY Ha
MpeaMeT e 3KBUBAJICHTHOCTH (B CMBICIIC COBIIAJIC-
HUS OTpakaromied (pyHKINH) BIOKUMBIM aBTOHOM-

HBIM CUCTCMaM
2

i=x'y, y=-xp
WK
=y’ +y7), y=—x(x'+y7).

Teopema 1.1. U3 scex kybuueckux omHocu-
MeIbHO KOOPOUHAm (Hazoe020 GeKmopa cucmem
UL HenpepwisHO Oughgepenyupyemas no t oug-
@epenyuanvras cucmema uoa

x=a(t)x+b(t)x’y,
y=c)y-bt)xy’,
071 K03 huyueHmos KOmopou 6bINOIHEHbL YCA0BUL:
1) pynurxyuu a(t) u c(t) — Heuemnvie,

(1.1)

2) cnpasednugo coomuouieHue
b(t)+b(—t) =2+2t(a(t) +c(2)),
IKBUBALEHINHA GLONCUMOTL AGIMOHOMHOLL CUCmeMe
x=x"y, y=-x°, (1.2)
U npu SMOM OMpadicaowdas QyHKYus odeux 3mux
cucmem umeem U0
F(t,x,y)=(xe™, ye*™)".

JlokazaTenabCcTBO 3TOW TeopeMbl pa3OHBaeTCs
Ha /1Ba »Tana. CHavana HeoOX0IUMO yOeaUThCs, YTO
nanHast GyHKIUs F(,x,y) NEHCTBUTENHHO SBIISIET-

s OTpakarome QpyHKIueH BIOXUMONH aBTOHOMHOM
cucteMsl (1.2). Jnms 3TOro JOCTaTOYHO IPOBEPHUTH
BBITIOJTHEHHE OCHOBHOTO COOTHOLICHUS I OTpa-
JKaromel (yHKIIMK STOW CHCTEMEL. 3aTeM MBI 6epeM
MPOU3BOJIBHYIO KYOM4YeCKylo IU(QepeHIHaTbHY0
cucTeMy

X = Mgy +my X +my, Y + m20x2 +..t+ m03y3,

Y =Ry F X+ 1y Y+ n20x2 +.t+ 1103)/3
U TIOJICTABJIIEM €€ MPaBYI0 4acTh B OCHOBHOE COOT-
HOIIICHWE JUIA OTpaxkaronied ¢yHkimm F(¢,x,y).
[TpuBoaMM MOMOOHBIC WICHBI OTHOCHUTEIILHO CTEIe-
weit x°,x,y,x’,..,y° ¥ NPUPABHUBAEM UX K HYIIO,
9TOOBI OCHOBHOE COOTHOIICHHE BHITIONHSIIOCH.
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Ortcrona nomydaem cucremy Buna (1.1) u orpannye-
HUs Ha ee kodpdumumentor a(t), b(t) m c(t). Tem
CaMBIM JIOKa3aHO, YTO TOJBKO IS KyOMdecKux Aud-
¢depenmmaneapix  cuctem  Buma (1.1), ¢yHKIHS
F(t,x,y) Oynmer otpaxaromeii ¢pyukiuei. U, cre-
noBatenbHo, cucteMa (1.1) u BiokuMasi aBTOHOM-
Hast cucrema (1.2) S5KBUBaJICHTHBI.

3ameuanue 1.1. U3 ycnoswuii 1) u 2) TeopeMsl
crentyet, 4to koddduuueHt h(t) uMeer BUI

b(t)=1+a(t)+t(a(t)+c(t)+ B(2)),
rae «(t) — HeuerHast (yHkums, a () — yerHas
¢byukuys. JledcTBUTENBHO, U3 YCIOBUS 2) MBI TOY-
YaeM YeTHYIO 9acTh QYHKIUHN b(f):

w =1+1(a(t) +c(2)).

Torna HeueTHyro 4acTh pyHKIMH D(f) MOXHO 3a-
nucate B Bune «a(t)+tf(t), tne a(t) — HeueTHas

¢byakoms, a B(t) —derHass (QyHKIHSA.
[IpumepoM MOXKET CITyKUTh Tu(PepeHITHaTb-
Has CHCTeMa

% =—xsint+x>y(1+sin’¢), (1.3)
¥ = ysint—xy*(1+sin’t).

[lepBoe ycioBHe TeOpeMbl, OUYEBHIHO, BBHINOJIHSIET-

csi. IIpoBepum BTOpOE yCIOBHE:

1+sin’ £ +1+sin’ (=) = 2+ 2¢(—sin¢ +sin¢).

O0a ycioBHsI TEOPEMBI BBITIOJIHEHBI, TIOATOMY JTU(]-
¢epenumanbHas cucrema (1.3) sKBHBal€HTHa BIIO-
JKUMOU aBTOHOMHOM cucteme (1.2).

Teopema 1.2. Jugpgpepenyuanvnas cucmema
(1.1) ¢ 2w -nepuoouueckoii no t npasoii 4acmuio He
umeem Opyaux nepuoouUyecKux peuieHull, Kkpome pe-
WeHUtl, HaYUHAIOWUXCA NPU t =—@ HA KOOPOUHAm-
HbIX OCAX.

llokazamenvcmeo. IlpaBasi 4YacTb CHCTEMBI
(1.1) 2w -nepuoguyna mo ¢, a ee peHICHHUs OIHO-
3HAYHO OIPEAENIAIOTCS CBOMMH HauyaJIbHBIMU JIaH-
HbiMHU. CorllacHO OCHOBHOM Jemme [3, c. 65] pere-
Hue ¢(t;—w,x) cucremsl (1.1) Oymer 2o -nepuo-
JUYECKUM TOTJA U TOJBKO TOTJAA, KOTZA X €CTh pe-
LIIEHUE CHUCTEMBI

2 ’
xe ™ =x,

ye
Ecmn x=0, 10 00a ypaBHeHusi cucremsl (1.4) 00-

(1.4)

Dory _

palaroTCcs B BEpPHBIC PABEHCTBA VIS JIFOOOTO !
0=0, y=y.
[ostomy x=0,y=y(¢f) ecTb peUIeHHE CHCTEMBI
(1.4). Ecnu x # 0, TO MOXHO pa3einTh Ha HEro ooe
YacTH IIEpBOTO ypaBHEeHHUs cucTeMsl (1.4):
e =1.
Orcrona y=0. Ho y=0 saBnserca pemeHueMm u
BTOpPOrO ypaBHeHHs cuctembl (1.4) mpu jgr000M X.
Nwmeewm erie oHO perienne cucteMsl (1.4):
x=x(t), y=0.
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Ky6ult€CKM€ HeasmMoHOMHblE ()uqb([Jepeuuuaﬂbuble cucmembvl, dIKBUBAIEHNIHbLE 8 CMbICle cosnaoenus ompasicarouux d)yrmum?...

PaccmarpuBas BTOpoe ypaBHeHHe cuctemsl (1.4)
TIOJTy4aeM Te )K€ CaMble PELICHUs.

Takum o0pazoMm, 2@ -TIEPHOAMUECKIMH OYyITyT
mume Te pemeHus cuctemsl (1.1), KoTopsle Hadu-
HAIOTCS Ha KOOPJMHATHBIX OocsiX. Teopema nokas3aHa.

CorytacHO OCHOBHOM JemMme [2, c. 12], eciu MbI
3HaeM oTpakaromyio Qyakmmoo F(Z, x, y), TO OTO-

OpaxeHne 3a TepuoJ [-w;,w] u©MeeT BHJA

F(-w, x, y). Tlepnognieckoe pemeHne ycTOWYNBO

no JIsmyHOBY (acCHMITOTHYECKH YCTOWYHMBO) TOTAA
M TOJBKO TOT/A, KOTAA HEMOJIBIKHAsT TOYKa OTO-
Opaxennst Ilyankape ycroiftumBa 1o JlsmyHOBY
(acummToTHUeCcKH ycToiumuBa) [9, c. 177]. Uccaemo-
BaHHE YCTOMYMBOCTH HEMOJBHMKHOM TOUYKHU YK€ SB-
nsieTcs anreOpandeckoi 3a1avei.

Teopema 1.3. Omobpadicenue 3a nepuoo
[~o; @] cucmemwr (1.1) umeem 6uo:

(x,y)=(xe’™, ye )"

MoxHO YTBECPKAATh, YTO MNCPUOAUYCCKHUE PEC-

merust cucrteMsl (1.1) He OyayT yCTOWYHBBIME, TakK

KaK QyHKIms  ye

HEOTPaHWYEHHO BO3pacTacT
IpH pocTe t.
I'paHnyHOE ycnoBHE IBYXTOUEUHOW KpaeBOil

3aJa4d BCeraa MOKHO 3aIIMcaTh B BUJE

D(x(p), x()) =0.

a+p
2

C moMoIIpo 3aMEHbl 7 =f — nmobast JABYXTO-

yeyHas 3agada Buna P(x(f),x(a))=0 cBoautcs

3ajaue BUAa
D(x(s),x(=s)) =0, (1.5)

p—«a
5
HEKOTOphIe cBefeHus u3 crarbu [10, c. 775], xorto-
pbie MOXHO c(HOPMYJTUPOBATH B BHJIE YTBEPKICHHUSI.
Ymeepocoenue 1.1. Pewenue cucmemwt (0.1)
x(t), yooeremeopsujee HAYATLHOMY YCIOBUIO

rae s = B panpHelmeM HaM NOHALOOATCS

x(s)=x,, Oyoem pewenuem szaoauu (0.1), (1.5)

mMo20a u MobKo mo2od, K020a OHO NPOOOAHCUMO HA
[—s, 5] u sensemcs pewenuem cucmemol

D(x,,F(s,x,))=0.

Teopema 1.4.  Pewenue cucmemovr (1.1)

(x(0), ¥(1))", yoosremesopsiowee nauansnomy ycio-
suto x(s)=x,, y(s)=y,, Oyoem pewenuem 3a0aqu

(1.1), (1.5) moeda u monvko mozoa, ko2coa oHO A6/
emcsl peueHuem Cucmembl

D, (x, X ", vy, 3™ ) =0,
D, (x, xoeimnyo > Voo J’oezxxoyﬂ) =0.

Jloka3aTenabCTBO COCTOUT B CCBHUIKE Ha YTBEp-
xxaenue 1.1.

Kak ObUIO YHMOMSHYTO BBIIIIE, METON OTpa-
xKarored (QYHKIMUA MO3BOJISICT HAM IMOCTPOUTH Iie-
T Kace MU QepeHINaIbHbIX CUCTEM, PEIICHHS
KOTOPBIX OYAyT UMETh T€ e KaueCTBEHHBIE CBOWCT-
Ba, YTO W BJIOKMMasi aBTOHOMHas cuctema (1.2).
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B aroMm knacce OyayT He TOJBKO KyOWYECKHE CHC-
tembl Buaa (1.1), HO u auddepeHUaIbHbIE CHCTE-
MBI, PEIICHHUS] KOTOPBIX MbI HE CMOXKEM 3alucaTth B
BHUJIC OTHOILCHUIA, COCPIKAIINX TOJNBKO KBaPATypPhI
(bYHKLWIA, 32JaI0IINX CUCTEMY.

Teopema 1.5. U3 scex kybuueckux omHOCU-
MenbHO KOOpOUuHam paso6020 6ekmopa cucmem
UL HenpepuleHo Ougghepenyupyemas no t oug-
epenyuanvras cucmema suoa

x=a(t)x+c(t)y+bt)y(x*+y%),
y=a(t)y - c®)x—b(O)x(x* + %),
0715 KO3 PuyueHmos Komopoul 6bINOIHEHbL YCL0BUSL:
1) pyurxyuu a(t) u c(t) — Heuemnole,

(1.6)

2) umeem mecmo cOOmHouleHue
b(t)+b(—t) =2 +4ta(z),
IKBUBANICHINHA GLOICUMOU AGIMOHOMHOTU cCucmeme
x=y(x +p7),
y==x(x’+y%),
U npu 3MomM Oompaxjicarowds @QyHKyus odeux dmux
cucmem umeem 8uo
F(t,x,y) = (xcos2(x* + y*)t — ysin2(x” + y*)t,
xsin2(x* + y*)t + ycos2(x” + yH)r)".
JlokazaTenbCTBO TEOpPEMBbI MPOBOAUTCS aHAIIO-
THYHO JJOKa3aTelIbCTBY TeopeMsl 1.1.
3ameuanue 1.2, [1o ananoruu c 3aMe4aHueM K
Teopeme 1 n3 ycnosuii 1) u 2) Treopemsl 1.5 cnenyer,
yto koodunment b(¢) mMeer BUI

b(t)=1+a(t)+2t(a(t) + B(2)),
rae «(t) — HedeTHas QyHKuusa, a f(f) — deTHas
GbyHKIHA.
Teopema 1.6. [Jugpgpepenyuanvnas cucmema
(1.6) umeem beckoneuno MHO20 2@ -nepuOOUUECKUX
pewenui. Imo me u MoAbKO me peuieHust, KOmopvle

YO08IeMEOPAIOM HAUANLHOMY YCAOBUIO

¥ (~w)+ y(~w) = %’“

20e @ ecmb NONYNEpUoo KOIPPuUyueHmos npasou
yacmu.

Jlokazamenvcmeo. IlpaBasi 4YacTb CHUCTEMBbI
(1.6) 2w -mepuognyHa MO ¢, a €€ pemeHHs OIHO-

3HAYHO OIPEACNSIOTCS CBOMMH HAyallbHBIMU JIaH-
HbIMU. COTJIacCHO OCHOBHOM jieMMe [3, c. 65] peme-
Hue @(t;—w,x) cucremsl (1.6) 6ymer 2w -nepuonu-
YECKMM TOT/a W TOJBKO TOTha, Korma (x, y)T €CTh
pellIeHne CUCTEMBI
xcos2(x” + y)w+ ysin2(x* + y)w = x, 7
—xsin2(x* + y*)w+ ycos2(x* + y*)w = y.
Cucremy (1.7) MOXXHO 3amHcaTh MHAYE!
x(cos2(x* + y)w—1)+ ysin2(x* + y")w =0,
—xsin2(x* + y*)o+ y(cos2(x* + y*)w—1)=0.
Ota cucteMa OyleT UMETh HE TOJIBKO HYJIEBOE pe-
LIEHHUE, €CIIH ONPEICIUTEb CUCTEMbI PaBEH HYJIO:
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cos2(x* +yH)w—1  sin2(x* +y")w

—sin2(x> + o cos2(x* +1)o—1

CrenoBaresnbHO,

(cos2(x* + y)w—1)* +sin’ 2(x* + y")w =0.
Packpoem ckoOKHM U yIIPOCTUM ypaBHEHHE:

2-2cos2(x* +y*)w=0.
W
cos2(x’ +yHw=1.

PewiuB 310 ypaBHEHHUE, MOTydaeM

k
2+ =25 keN,.
®

Teopema noka3zana.

Teopema 1.7. Omobpadxcenue 3a nepuoo
[~o; @] cucmemsr (1.6) umeem 6uo:

II(x,y) = (xcos 2(x* + yH)w + ysin 2(x* + y)w,
—xsin2(x* + y*)w+ ycos2(x” + y*)w)" .

Teopema 1.8. Pewenue cucmemor (1.6)
(x(1),y(t))", yoosnemeopsrowee nauanvromy yc-
J108UI0

x(8) = X0, ¥(8) = ¥y

6yoem pewenuem 3aoayu (1.6), (1.5) moeda u

mMoJIbKoO moeéa, K020a OHO S6JIsemcs peuienuem
cucmemol

@, (x,,%,€082(x,” + ¥, )8 — ¥, Sin 2(x,” + ¥,°)s,
Vs Xo SIN2(x," + 1,7 )s + €08 2(x,” + 3,7)s) =0,
@, (x,,%, €08 2(x,” + ¥, )8 — ¥, sin 2(x,> + »,°)s,
Vs Xo SIN2(x," + 1,7 )8 + ¥, €08 2(x,” + y,7)s) = 0.
JIoKa3aTenbCTBO COCTOMT B CCHUIKE Ha yTBEP-
xnenane 1.1

B xauectBe mpmmepa cuctembl Bupa (1.6)
MOYHO PacCMOTPETh TU(PPEPEeHIHANTBHYIO CUCTEMY

% = ysin/7tcost + (1+sin’ ) y(x* + »%),
3 =—xsin/7tcost — (1+sin® H)x(x* + 37).
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MATEMATHKA

O NOJIMHOMUAJIbHBIX BOSMYIIEHUAX YPABHEHHSI ABEJIAI,
HE UBMEHAIOINX OTPAXKAIOIIEN ®YHKIIUA

B.A. Beabckuii', B.A. MupoHeHKo’

1 . .
T'omensckuil unscenepuwii uncmumym MYUC Pecnyonuxu Benapyce, I'omens
2 o .
T'omensckuil 2ocyoapcmeennsiti ynusepcumem um. @. Cropunsl, I'omens

REFLECTING FUNCTION PRESERVING POLINOMIAL
PERTURBATIONS OF ABEL EQUATION

V.A. Belsky', V.I. Mironenko’

'Gomel Engineering Institute of the
Ministry for Emergency Situations of the Republic of Belarus, Gomel
’F. Scorina Gomel State University, Gomel

Honyqeﬂu HCO6X0/:LI/IM1>IG u JO0CTaTOYHBIC ycnoBus,

NpU  KOTOPBIX U 33JIaHHOrO  ypaBHeHus  AGens

X =a,(t)+ a,()x + a,(¢)x* + a,(t)x’ MOKHO TIOCTPOMTH OTIMYHOE OT HEro ypasHeHue AGelis ¢ Takol ke oTpakatoeii GyHk-

I.IPIeﬁ MHpOHeHKO, KaK U Yy UCXOJHOI'0 YpaBHCHHUS. PaCCMOTpeHBI ClIy4dad, Korjga Taku€ ypaBHECHUS MOI'yT OBITH 3(1)(1)6KTI/IBHO

HOCTPOEHBI.

Knrouegwie cnosa: ypagnenue Abens, ompadicarowas ynkyus, IK6USATEHNMHbIE YPAGHEHUS, NOTUHOMUATLHBIE BO3MYUEHUSL.

In this paper the method of constructing of Abel differential equations possessing the same Mironenko reflecting function is
studied. For another equation with the same reflecting function to be constructed, the necessary and sufficient conditions for

given Abel equation = a,(t) +a,(¢)x +a,(¢)x* +a,(t)x’ are achieved.

Keywords: Abel equation, reflecting function, equivalence of differential equations, polynomial perturbations.

Beeoenue
[TpuBenem 31ech HEOOXOAMMBIE /sl TOHUMA-
HUS J@aHHOM paboThl CBENCHUS W3 TEOPHU OTpa-
karomed Gyukun [1], [2, c. 62-69], [3, c. 11-16],
[4]. Ans muddepeHmansHON cucTeMbl
x=X(x),teR,

r ., 0.1)

x =(x,%,,..,x,)e Dc R",
c obmuM pemieHueM X = @(t;t,,X,) OTpa)karolas
dhyHKIHSA (OD) OTIpeNeNnsIeTcs bopmymoit
F(t,x)=@(—t;t,x). Ecim F(t,x) — O® muddepen-
nuanpHoi cucteMsel (0.1), a x(¢) — moboe ee pere-
HHe, onpeaeneHHoe npu ¢ =0, o F(¢,x(¢)) = x(—t).
Paznuunble anddepeHnuaIbHble CHCTEMBI MOTYT
uMmeTh onHy U Ty ke Od. CucteMsl ¢ OQHON U TOU
ke O® Ha3bIBalOTCAd IKBHBAJICHTHbIMHU. Bce cuc-
TEMBI 3TOTO KJlacca IKBUBAJIEHTHOCTH M TOJIBKO OHH
MOT'YT OBITH 3aIIMCaHbI B BUIE

&= =2 F.'F+ 'R0~ R-4.F),

rne F(t,x) — O®, xapakrepusyromas 3TOT KJacc,
R(t,x) — npousBoibHas BeKTop-(yHKuus, F, u F,

— NPOW3BOJHBIE QYHKIMK F TI0 COOTBETCTBYIOIINM
nepemenHbiM. Ecnu cuctema (0.1) 2@ -nepuonnd-
HATO ¢, TO F(—@w,x) sBIseTCS OTOOpaKCHHEM

3a mepuon [-m,®w] (oroOpaxenue Ilyankape).

© Benvckuii B.A., Muponenxo B.H., 2011

OKBUBaJICHTHbIE — TU(QQEpEeHIHANbHbIE  CUCTEMBI
UMEIOT OJMHAKOBBIE omepaTopsl casura [5, c. 11]
BIOJIb pEIICHWH Ha CHMMETPUYHOM MPOMEXYTKE
BpEMEHU [—@;®], W, 3HAYUT, HAYaIbHBIC IaHHBIC
x(—w) pemieHmit  KpaeBbIX  3aJad  BUAA
O (x(w),x(—w)) =0, tne ® — nrodast PyHKIUS IS
9THX CcHCTeM, coBnajgaoT. Jnddepenuupyemas
¢byakmus  F(t,x) Oymer OO auddepeHnmansHom
cucrembl (0.1) Torga M TONBKO TOTNA, KOrZa OHA
YIIOBJIETBOPSIET OCHOBHOMY COOTHOILICHHUIO

OF(1,x) , OF(1,%) X(t,x)+ X (—t, F(t,x)) =0
ot ox

U HaganpHOMY ycnoBuio F(0,x) = x.

B ocHOBHOI YacTu JaHHOW paboThI OyaeM IIu-
POKO HCIIOJIb30BAThH TAKXKE CIACIYIOLIYIO TEOPEMY
Teopema A [6] (cm. Taxxke [2, c. 171]). Ilycmo
HenpepvisHo Jughgepenyupyemvie 6eKmMop-@yHKYUuU
Ai(t’x) = [Ali(t’x)’AZi(t’x)a' '-aAm‘(trx)]T’ l = lak
ABOMCS peuteHuaAMU  Ouggpeperyuanvrol cuc-
membl
OA(t,x) N OA(t,x)
ot ox

Tozoa sce BO3MYULEHHbLE CUCTEMbL suoa

i=X(t,x)+ ia, (DA (t,x), (0.3)

X(t,x) —%A(z,x) =0. (0.2)

79



B.A. benvckuii, B.A. Muponenko

20e a,(t),i=0,k, — npoussonvnvie HenpepvigHbie

CKasipHble  Heuemmuvle (DYHKYUY, IKGUSATEHMHDbI
cucmeme (0.1) (k — nro0boe uucno unu ).

Juisn w3ydenust nuddepeHIanbHbIX CHCTEM,
kpome pabor Muponenko B.U., OD npumensnack
Taxxke B padorax AnsceBud JI.A., Bepecopuua ILII.,
Kactpuusr O.A., Mycaguposa 2.B., Wxoy Uxunb-
CUHBb U JApyrux. B [2] mpuBegeH n0CTaTO4HO MOJ-
HBII CIICOK padoT 10 JaHHOH TeMaTHKe.

1 Bosmywienus necmayuoHapHozo ypagHe-
Hus Abena

Onupasice Ha pe3yiabTaThl TEOpeMbl A, s
peLICHUs MOCTABJICHHBIX 3a/1a4 MbI OyaeM JNelcTBO-
BaTh cieayromuM obpaszoM. s mcxoiaHoro ypas-
HeHust AGerst

i=a,(t)+a,(t)x+a,(t)x’ +a,()x’  (1.1)

MBI OyZE€M CTPOHTH MHOXECTBO BO3MYIICHHBIX
ypaBreHmii (0.3). Kak yxe orMmewanock, Bce AITH
ypaBHEHHsI 3KBHBaJIeHTHH ypaBHeHUIO (1.1). Torma
JUIL TOrO 4TOOBI YCTaHOBUTb, OYyAET JIM Apyroe
ypaBHeHHE AOems SKBUBAJEHTHO HCXOTHOMY, HOC-
TAaTOYHO OYAET NPOBEPUTh, COACPKUTCS JIH OHO
cpeny nmoctpoeHHoro kiacca ypaBHenu#t (0.3). Wn,
JPYTHMH CIIOBaMH, MOXKET JIX OHO OBITh 3aIiCaHo B
Buze (0.3). s mocTpoeHusl BO3MYIIECHHBIX YpaB-
HEHUIl MBI Oy/leM HaxXOIUThb DEIICHHS ypaBHEHUS
(0.2). YpaBuenwue (0.2) umeer OECKOHEYHOE MHOMKE-
CTBO peIICHMH, W HaWTH WX Bce B OOJBIIMHCTBE
CllyyaeB HEBO3MOXKHO. [103TOMYy MBI OrpaHUYUMCS
TIOMCKAaMH TOJILKO TIOJIMHOMHANIBHBIX A(?,X) BHAA

Alt,x)=r,t)+rO)x+...+r,(O)x", (1.2)
rae koapduuueHtst (1), j = 0,m, OyzeM cuuTath

Hy’)HOe umcio pa3z muddepeHumpyembimu Ha R
¢ynkumsvu. Takas 3agada OKa3bIBaeTCs 3HAYH-
tenpHO Tpore. Jlanee B ypaBHenumsax (0.2) u (0.3)
MBI OyneMm cumrtate X (¢,X) TpaBOH 4acTh ypaBHe-

Hus (1.1).
Jdemma 1.1. Ilycmo 6 ypasnenuu (1.1) muoorce-
cmeo nyneii kospduyuenma a,(t) Huzoe He NIOMHO

na R. Toeda ecnu ypasnenue (0.2) umeem uenyne-
60e peuienue 6 sude mHozounena (1.2), mo m =3.
Jlokazamenvcmeo. B ypasaenun (0.2) 3aMmeHIM
X(t,x) u A(t,x) COOTBETCTBYIOIIUMHU BhIPAKCHHSI-
MM, IIpUYeM 7, () cuUTaeM OTJIMYHBIM OT TOXKAECT-
BEHHOTO HYJISL. [lodydrM cooTHOIIEHHE
Py +7ix+...+7x" +
+(r +2rx + . A mr, X" ) ay + ax + a,x’ + a3x3) -
—(a, +2a,x +3a x> )1y +rx+...+7,x")=0.
Koadpdumment npu crapmieil CTerneHH B IIONTyYCH-
HOM paBeHCTBe 7,a,(m—3)=0, a 9To MOXeT OBbITh
TONBKO MPH M =3, 9TO M TPeOOBaJIOCh TOKA3aTh.
Urak, A(t,x) nmna ypasuenus (1.1) Mbr Oyznem
WCKaTh B BUIC
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A(t,x) =1, () + 1 (O)x + 1, ()X +r,(H)x°. (1.3)
EcrecTBeHHO, 94TO HAac WHTEPECYIOT (DYHKIUU
A(t,x), OTAWMYHBIE OT TOXAECTBEHHOTO HYJI.
INosToMy BCrogy B AalbHEHIIEM MBI CUUTaeM F(t)

He oOpamaronMics B HyJIb OHOBpeMeHHO. Kpome
TOTO, MBI Oynem CUUTATh ¢$yHKIIIH

a,(t),r(t),i= 0,3, HEOGXOAMMOE YHCIIO pa3 nudde-
PEHILUPYEMBIMH, YTOOBI BCE OCYIIECTBISIEMbIC HIKE
JIENCTBUS UMeNn cMbIci. 1Ipu 3TOoM HaMm HaBepHsKa
JOCTaTOYHO OyJeT CYLIECTBOBAaHHS HENPEPHIBHBIX
NPOU3BOJIHBIX TPEThErO TOPSAKA, KaK y (GYHKIMN
a,(t), Takuy r(z).

Jemma 1.2. @ynxyus A(t,x) euoa (1.3) sens-
emcs pewenuem ypaenenus (0.2) mozoa u moavko
moaoa, koz2oa @yuxyuu 1,(t),1(1),n (), (t) asena-
I0MCsL petenuem CUCmeMmbl

=1, (H)a, () +a,(t)r, () =0,
7 () =21 ()a, () + 2a,(t)r, (1) =0,
15 (1) =3, (Day (1) + 3ay ()1 (1) +
+a,()r, (1) —a,(t)r () =0,
A(t)+2a,(t)r, (1) —2a,()r(t) =0,
Py (1) +a,(O)r (1) —a,(H)r,(£) = 0.
Jokazamenvcmeo. Ilyctb GpyHknus A(Z,x) sB-

(1.4)

nsiercst perieHueM ypaHeHus (0.2). 3ameHuUM B
ypaBuernu (0.2) A(¢,x) B COOTBETCTBHH C BBIpaXe-

HueM (1.3), a X (¢,x) — npaBoii 4acTbl0 ypaBHEHHUS

(1.1). Iomyunm

oA _OA, oX,
ot Ox ox

- %m (O)+ 1 (Ox + 1 (03 + 1, (02 ]+

O+ O3+ ROF +ROX ]
ox
la,(t)+a,(t)x +a, )x* + a3(t)x3 1-
—i[a0 O +a)x+a, (t)x2 +a, (t)x3] .
ox

{r@)+r()x+r, (H)x* + A )x’].
Bremonasas muddepeHpoBaHne, TPUBOJIS
MOJIOOHBIE ClTaraeMble MO CTCMEHSAM X W MPUPABHU-
Basl TOJIYUCHHOE BBIPAKCHHE K HYITIO, UMEEM

(ayr, _rzas)x4 +(,—2na, + 2“1”3)3‘3 +
+(7, = 3rya, +3ayr, + ar, — a,n)x’ +

+(7 + 2a,r, —2a,1,)x + 7y + ayr, — 2a,1, = 0.

Takum obpazom, ecmut A(f,x) SIBISETCS perie-
HueM ypaBHeHus (0.2), To Kakgoe ciaraeMoe B I10-
CIIeJHEM YpaBHEHHH OOpalIaeTCsi TOXKIECTBEHHO B
Hyllb, U, 3HAUUT, QYHKUUH 7 (1), i :@ SIBJITFOTCSL
pemennem cucremsl (1.4). OueBuaHO, 4TO OOpaT-
HOE YTBEpXKICHUE TaKkxke uMeer Mecto. Jlemma mo-
Ka3aHa.
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r(1),i=0,3,
JIOJDKHBI YAOBIIETBOPSATH IIEPEOIPEAEICHHO JTNHEH-
HOM nuddepeHmansHO-anredpanyeckol cucTeme,
muddepeHInanbHas 4acTh KOTOPOH — JIMHEHHas
crcTeMa 4eTBepToro mnopsaka. Jlrobomy pemeHuio
(7, (1)1, (1), 1, (1),1,(t))"  oTON  TEpeonpeneneHHol

Takum  oOpazom, GyHKIHH

CHCTEMBI COOTBETCTBYET MOJUHOMHAIFHOE PEILICHNE
(1.3) ypaBuenus (0.2) u Hao6opot. Tak kak n0ObIe
n=5 peleHud TaKoH CUCTEMBI JIMHEHHO 3aBUCH-
MBI, TO y ypaBHenus (0.2), ecim X (¢,x) — MHOrO-

YlIeH TpPeTheil CTelmeHW, He MOXKET CYIECTBOBAaTh
OoJiee YeThIpeX JTMHEHHO HE3aBUCHMBIX PELIEHHH.
Bgenem o6o3HaveHue

o(t)=27a,a; +2a; —9a,a,a, —9a,a, — a,a,).
Jemma 1.3. B mouxax, 2oe a,(t) =0, cucmema
(1.4) sxeusanenmua cucmeme
nay = ayn, 2hay =7+ 2nay, (1.5)
6rya; = ia,a, +(6a,a; +2a,a, —2a,d,)r,,
3ita; =[-6aia, +2a;a, +3a,a, )7, +
+H6a,(aa, — aa,) —4a,(a,a, — a,a,)]r,
3ayp 7y = 2r;,(3ay0 — a,).

Hoxazamenvcmso. Ilycte  dynknum — 7(2),

i=0,3 sBistorcs pemrenueM cuctemsl (1.4). Iloka-

xeM, 4uto u3 (1.4) cnenyer (1.5). Ilepsrle nBa ypas-
HEHUS
1a, = a,r, (1.6)
1.
na, :Ers""ﬁal (1.7)
cucteMsl (1.5) coBmanarT ¢ NMepBEIMHA YpaBHCHUSAMUA
cucremsr (1.4). Ipomuddepernmupyem (1.6), mo-
MHOXHMM 00€ 4acTU Ha a,(f) M, UCHONb3ys CaMo
cooTHoIIeHue (1.6), MPUXOIUM K COOTHOIICHUIO
.2 . . .
Ka; =Ka,a, +(a,a, — a,a,)r,. (1.8)
[Iponenas amamormunsie neiictBus ¢ (1.7),
HPUXOAUM K COOTHOILICHHUIO

) 1.. 1. .. ) )
rla32 =Er3a3 +(a,aq, —5513)}’3 —(aya, —aa)r,. (1.9)

YMHOXHM TpeThe ypaBHEHHE crcTeMbl (1.4) Ha
a32 U, ucnoib3ys cootHomenus (1.6)—(1.9), npeod-
pasyeM ero K BUILY

6r,a; = iya,a, +(6a,a; +2a,a, —2a,d;)r,. (1.10)

YMHOXHM 4YETBEPTOE YpaBHEHHE CHCTEMBI
(1.4) na a§ U, HUCTONb3ys cooTHomeHus (1.6)—
(1.10), npeobpasyem ero kK BuIy

3ita; =[-6aia, +2a;a, +3a,a, )7 + (111

Hb6a,(aa, —a,a,)—4a,(a,a, —a,a,)]r,.

Hakonen, mnocnenHee ypaBHEHHE CHCTEMBI
(1.4) yMHOKMM HAa @; W, UCTIONB3Ys MpEbILYIIHE
COOTHOIICHMS, 3allUIIEM €ro B BU/Ie

a;(27a,a; +2a; —9a,a,a, —Nda,a, — a;a, )i, =

_ . 2. .
=2n[-3a,a,a, —3a,a;a, + 6a,a,a, +

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

+9a,a; +9a,a; +3d,a; —9a,aiq, —3a,aia, +
+2d}a,a, —2a5d, —9a,a,d, ],
WIH, C YYE€TOM IIPHUHSATHIX 0003HAYEHHH,
3aspr, =2r,(3a0 - a;,p). (1.12)
Wrak, mocne npeoOpa3oBaHUil MbI U3 CUCTEMBI
(1.4) nmonyumnu cucremy (1.5). Ilokaxem Tteneps,
yro u cucremy (1.5) MoxxHO mpeoOpa3oBaTh B CUC-
temy (1.4). Ilycts dynkuuu 7(¢), i =0,3, SBISIOTCS
pemrennem cuctemsl (1.5). Panee Oputo mmokaszaHo,
YTO W3 MEPBBIX IBYX ypaBHEeHHI cucteMsl (1.5) cie-
IYIOT COOTBETCTBEHHO cooTHomeHus (1.6)—(1.7).
YMHOXUM TpeThe ypaBHeHHe cucTeMmsbl (1.4) Ha a32

Y 3aMEHHM B TOJYYEHHOM YPAaBHEHUH F,d.,r,d; B
cootBerctBuM ¢ (1.6) u (1.10). Torma ykazanHoe
ypaBHEHHE 0OpaTHTCS B TOXKIECTBO. Y MHOXKHM YeT-
Beproe ypaBHenue cuctemsl (1.4) Ha a; U 3ame-
HUM B TOIYYEHHOM YDaBHEHWM 7yd,,Fid:,Tyd; B
cootBeTcTBHM C ToxaectBamu (1.6), (1.9), (1.10).
[Ipn sToM "eTBepTOE ypaBHEHHE OOpariaercsi B TO-
KIIECTBO.

Ocranochk MOKa3aTh, YTO IATOE YpaBHEHUE
cucrteMsl (1.4) takke oOpamraercss B TOXKIECTBO B
curry cuctemsl (1.5). Ilpomuddepennupyem Tperbe
TOXIECTBO cHCTEMBI (1.5) U BBIpa3uM U3 HETO i’oa}3 .

YMHO%HUM TisiToe ypasHenue cuctemsl (1.4) Ha a; u
3aMEHMM B TIONyYeHHOM YpaBHEHHH 7yd;, Fidi,

3
nas, na, CorjjacHoO COOTBCTCTBYIOIIMM COOTHOIIC-

HusM. [Ipu 3ToM paccMaTpuBaeMoe ypaBHCHHE TaK-
ke oOparaercss B ToxaecTBo. Mrak, Mbl TIoKa3ain,
yro, ecnu a,(t) # 0, pemenue cucremsl (1.4) aBnsd-

eTcs pemeHneM cuctemsl (1.5) u HaoGopoT. Jlemma
JIOKa3aHa.

Hama 3aa4a cocTOUT B MOCTPOSHHU ypaBHe-
HUsg AOensi, SKBHBaJICHTHOI'O 3aJ[aHHOMY YpaBHe-
uuto (1.1). J{ns perieHus 3ol 3aaa4u HaM HEOOXO-
IUMO M JOCTAaTOYHO 3HATH QYHKIUIO A(f,X), yIOB-
nerBopsronyto ypaBHernto (0.2). Hmwxe Mb1 ipuBo-
JIIM Psill yTBEPKJCHUH, paCKPBIBAIOLIHX, TPU KAKHUX
YCIOBUSX Takue (DYHKIUH CYIIECTBYIOT, a TaKXKe B
HEKOTOPBIX CJIy4yasix BBINHIIEM 3TH (QyHKIUH B SIB-
HOM BHJIC.

Teopema 1.1. {15 moeo umobwi 01151 ypagHenus
Abens (1.1) cywecmsosana xomst 6bl 00HA NOAUHO-
MUATLHASL, MOJNCOECMBEHHO He PAGHAS HYI0, (YHK-
yua A(t,x) euoa (1.3), yoosnemsopsaowas ypagHe-

nuro (0.2), ueobxooumo, umobwvl @yukyus @ (t)
Y0081€MEOPANIA COOMHOULEHUIO
3a,0p+99 (¢ ay— @ Gy — @ dya, — @ azd)) +
+6¢ (¢ a,a, + @ a,a,) —5a,¢° —2a;9 ¢ =0.
Hoxazamenvcmeo. Ilycte  dynkums Az, x),

(1.13)

HE paBHasl TOXKAECTBEHHO HYJIIO U YIOBIECTBOPSIO-
mast ypaBHenuto (0.2), cymectByer. CoriacHO JieM-
Mam 1.2 m 1.3, 3T0 O3Ha4aeT, YTO CYIIECTBYET
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HETpUBHANBHOE permieHne cuctemsl (1.5). Paccmot-
PHUM J1Ba TIOCJIEIHUX TOXKJECTBA 3TOW CUCTEMBI. Y M-
HOoXas ToxkaectBo (1.11) Ha @(¢), momyunm
3iia p =[-6aia, +2aa, +3a,a, /0 +
(1.14)

+6a,(aa, —a,a,)—4a,(a,a, —a,a,)]r,e.
Teneps  mpoauddepeHnpyeM  paBEeHCTBO
(1.12) u yMHOXHMM TIIOy4EHHOE COOTHOIICHUE Ha

a,(t)p(t). IomyynMm cooTHOIIEHNE

i’;a32¢72 +ia,0(Bayp—5a,0) +
» S (1.15)
+2ra,0(3d,p+2a,¢0 — a,p) = 0.

3amenum B paseHcTBe (1.15) BeIpaxeHus
,a,p M ia;p’ B COOTBETCTBHH C COOTHOLIEHHMSIMH

(1.12) u (1.14). B pe3yapTate MOIy4IUM TOKICCTBO
Bapp+99 (pa,—pd; —paa, —paa,) +
+69 (9a,a; + pa,d,) = 5a,9° = 2a,p P)r, = 0,
KOTOPOE MOKET BBITIOJHSTHCS B IBYX CITydasiX:

1) bysaknus
O(t):=3a,p 9 +99¢ (9pa, —pd, — pa,a, —pa,a,) +

+69 (paa; + pa,a,) - 5613(2)2 - 2azz¢7¢7
TOX/IECTBEHHO paBHa HyIo. Torma teopema crpa-
BEIINBA.
2) r,=0 Ha HekoTOopoM HHTepBaje. B sToM

clydae, KaK CIeyeT U3 MEePBBIX TPEX COOTHOLICHUH
cuctems! (1.5), Ha 3TOM HHTepBane r, =14 =7, =0,

T.e. A(t,x)=0. Takum obOpa3oM, B 3TOM ciyyae
HYXHOTO HaM A(?¢,x) He cymectByeT. Ho mo Hamre-
My TIPEAIoIOKEeHNUI0 HeHyleBoe A(f,X) CyIIeCcTBY-
eT. A motomy umeer mecro (1.13).

Kpome Toro, MOTYyT OBITh CITy4au, KOTza 7;, HeE
SBISIACH TOXKASCTBEHHBIM HyJieM, oOpaimaercs B
HYJIb B OTAENBHBIX M30JHPOBAHHBIX TOYKaX. Torxa,
KaK W paHee, Mbl JJoKakeM 4To ¢yHkuus D(¢) o0-

parnaercst B HyJlb BCIOAY, KPOME 3THX H30JIUPOBaH-
HBIX ToueK. Torma u3 HenpepsiBHOCTH D(f) cruenmy-
€T, 4TO OHa OyleT paBHa HYyJIIO M B paccMaTpuBae-
MBbIX TOUKax. TeopeMa gokazaHa.

3ameuanue 1.1. Msl nokazanu Teopemy 1.1 B
TOM Clly4ae, Korjaa a,(t) He obpamaercs B Hyss. Ho

OHa OyJeT ChnpaBeAiMBa W B TOM Ciydyae, KOTJAa
a,(t) oOpamiaercs B HyJb JIUIIb B M30JIMPOBAHHBIX

Toukax. JIoKa3aTeNbCTBO 3TOrO JOCTUTAETCS JOOI-
penencHreM HaWneHHoW ¢(yHKIMHM A(f,x) IO He-

MPEPHIBHOCTH.

3ameuanue 1.2. I3 1oKa3aHHBIX HIDKE TEOPEM
1.2 u 1.3 cnenyer, uto cootHommenue (1.13) apnser-
Csl HE TOJBKO HEOOXOAWMBIM, HO W JOCTATOYHBIM
YCIIOBHEM JUIsl CYIIECTBOBAaHWS ypaBHEHHs AoOers,
SKBHUBAJICHTHOIO JAaHHOMY M HECOBIANAIOIIECTO C
HUM.

Teopema 1.2. [Iycmov Ko3¢hhuyuenmol ypasHe-
nua (1.1) yooeremeopsaiom coomuowenuro (1.13),
npuuem @ () Modcem 0OpawaAmsbCs 6 Hylb JUULb 8
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uzonuposannsvlx moukax. Toeoa ona ypasnenus (1.1)
cywecmayem eOUHCHEEHHOe ¢ MOYHOCMbIO 00 NO-
cmosannozo muoxcumens A(t,x) euoa (1.3), npuuem
8ci00y mam, 20e @ (t) omauyHo om Hy1s, €20 Ko-
agpuyuenmoi Haxo0saMcs no Gopmyram

3p(3asa, +a,)—a,p

Vo(t):C 5 5
9o
i (t) = C3¢J(a3a1 +as3)—a3¢7’
3R
(1.16)
rZ(t) :C?_azza
@

2
a3

R =c—r=,
Jo
20e ¢ — npou36oibHas NOCMOAHHAA.

Lokazamenvcmeo. U3 nemm 1.2 u 1.3 cnenyer,
yro cymectBoBaHne ¢yHkimn A(z,x) Buma (1.3)

PaBHOCWIBHO  CYLIECTBOBAHUIO  HETPUBHUAIBHOIO
pemenus cucremsl (1.5). Ilocnennee ypaBHeHue cu-
cremsl (1.5) mpencraBisier coboii nuHEIHOE ypaB-
HEHHE OTHOCHUTENBHO HEeU3BECTHOH (yHKIuH (7).
[Ipu BBIMONHEHUH YCIOBHUI TEOpPEMBI €ro peleHHe
BCEr/la CyIIECTBYET, €AUHCTBEHHO U UMEET BUJL

2
n() =LY (1.17)
‘ Jo* @

Bremonnenne ycmoust (1.13) o3nagaer, uTo
HalineHHas GyHKUUs 7,(f) yIOBIETBOPSIET 4eTBEp-
ToMy ypaBHeHUI0 cucteMsl (1.5). Mcnonp3ys Beipa-
xerne (1.17), U3 mepBBIX TpeX YpaBHEHUI CUCTEMBI
(1.5) ompenensiem ocTaimbHBIE  KOI(PDUIIHESHTHI
Ty,%,1, (yHknuu A(t,x). BbluucieHus nokasblBa-
10T, 4ro oHM uMmerT Bux (1.16). Torma u3 (1.16)
crenyer, 4ro ¢ynkuus A(¢,x) Buga (1.3) emunct-
BEHHA M OIpEEIeHa ¢ TOYHOCTHIO 10 MOCTOSHHOTO
MHOxHUTeNs. TeopeMa gokasaHa.

W3 Teopemsl A crieyerT, 4To, IpU BBIIOIHEHUN
ycioBuii Teopembl 1.2, moboe ypaBHeHHE AOeds,
KOTOpPOE MOJKET OBITh 3aIMCaHO B BUJIE
3p(3aya, +a,)—a,p N

X=a,+a(t) ol
4

3¢7 (a3al + d3) — 613(27

3%0_5 X+

+| a, +a(t)

2
Hoa, +a()22 | +| g, +a()—2= |, (1.18)
3

rae o(t) — mpou3BOJIbHASI HEMpEpPhIBHASA CKaNApHAs

HeueTHass (YHKUUS, OKBUBAJIEHTHO HCXOIHOMY
ypaBHeHuo Abens (1.1). T.e. mocTpoeH Kiacc ypae-
Henwuit (1.18), skBuBaneHTHBIX ypaBHeHuto (1.1).
3ameuanue 1.3. B Teopeme 1.2 mbl nonarany,
yro @ () # 0. B Tex Toukax ¢, rae ¢ (¢)=0 ypas-
Henue (1.18) Tarxke MOXKET OBITh ONPEENICHO, HO HE

Ipobnemvr puzuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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JUIsl JII000# MTPOM3BOJILHON HENPEPBIBHON HEYETHOM
dbyHKIMN o (¢), a b I TaKuX « (¢), IS KOTO-
PBIX CYIIECTBYIOT MPEICIbI

3¢ (3asa, +a,) —a,p

lim a(f) 5 ,
t—>t; 93 ®
lim (1) 22144 &)~ 09,
t—t; 33 7

2
lima() 2L lima(r)-2

t—>t; %/4072 t—>t; i/? ’

1 I03TOMY KO3 durmeHTs! ypaBHenus (1.18) B Tou-
Kax f, MOXHO JOOHPEIEIUTh 10 HEIPEPEIBHOCTH.

Teopema 1.3. Ilycmv Ons ypasnenus Abens
(1.1) umeem mecmo coomnowenue @ (t)=0. Tozoa
O 9M020 YPABHEHUs CYWecmeyiom 0ee IUHEUHO
Hesasucumvle Qynxkyuu A(t,x) euda (1.3), yooene-
meopsrowue ypasrernuro (0.2).

Jokazamenvcmeo. V3 nemm 1.2 u 1.3 cnenyer,
YTO CcyniecTBoBaHue GyHKIHMU A(f,X) paBHOCHIBHO
cymecTBoBaHuio pemenus cucremsl (1.5). Ilpm
¢ (t) =0 mocrnennee ypaBHeHHE cucTeMbl (1.5) 06-
pataercsi B TOXIECTBO, a HEOOXOAMMOE YCIIOBUE
(1.13) BbImonHsieTcsl aBTOMaTu4ecku. Takum oOpa-
30M, HEM3BECTHAs (DYyHKIUS ry(¢) SBISETCS pellle-
HHeM JUddepeHHaAIBHOTO YpaBHEHUSI BTOPOTO
MOpsiIKa

3iial =[-6aja, +2aja, +3a,a, 7, + (1.19)

H6a,(a,a, —a,a,)—4a,(a,a, — a,a,)]r,.

B cuiy cnenaHHBIX MPEANONIOKEHHH O KO3b-
¢unmenrax ypasrHenus (1.1) pemrenHue ypaBHEHHs
(1.19) cymecTByeT M MOKET OBITH 3aIIMCAHO B BHUJIE

K(t) = () +c,r,(t), TR 13,(1), 13, (1) — mBa mw-
HEWHO HE3aBUCHMBIX DEIICHHs 3TOI'0 YpaBHEHHUS.
3aMeHUM B MEPBBIX TPEX YpaBHEHHUX cuctemsl (1.5)
r,(t) Ha HaiinenHywo QyHKunmo 7, (¢). U3 momyuen-
HBIX COOTHOIICHUI OMpENeNIUM OCTaJIbHbIe K03 hU-
LUeHTsL 7y (¢),7, (1), 1, (t) dynxmuu A, (¢,x). 3ame-
Hid B DacCMaTpUBAaeMBIX YypaBHEHUAX 7;(f) Ha
r,(t) 1 peiicTBysl aHAIOTUYHO, BBIYMCIUM OCTalb-

Hble KOXPOHUIMEHTBI 7y, (1), 7,(¢), 7, (1) yHKINM
A, (t,x). Takum o00pa3oM, HaMU IOCTPOECHBI JBE
JUHEWHO He3aBUCHMBIC (DYHKIIHA

A, (t,x) =1, (1) +1,(O)x + 75, ()X + 1, (D),

A (8,%) =Ty (£) + 75, ()X + 75, ()X + 13, ()X
Teopema noka3zaHa.

OCHOBBIBasICh Ha JOKa3aHHOW TeopeMe, a Tak-
JKe B CHIIy TeopeMbl A B ciydae, korma ¢ (¢) =0,

MBbI Ut ypaBHeHHs AGems (1.1) MokeM TOCTpOHTH
MHOJKECTBO YKBHBAJICHTHBIX €My ypaBHEHUH

% =a,(t)+a,(t)x+a,(t)x’ +a,(t)x +
+a,(t) A (4, x)+ a, (1) A, (2, X),
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rae o,(t), a,(t) — npoberaroT Kiacc HENPEPHIBHBIX

CKaJISIPHBIX HEYETHBIX (DYHKIHH.
IIpumep 1.1. Jlroboe ypaBHEHHE BUAA

% =cos t+(x—sint)’ (1+ e, () + @, (£)t) +
+%a2 (t)(x —sint) (1.20)

rae o,(t), a,(t) — TpOU3BONBHBIE HENPEPHIBHBIC

CKaJISIpHBIE HEYeTHble (PYHKUMH, OSKBHBAICHTHO
YpaBHEHHIO

% =(x—sint)’ +cost. (1.21)
HeiictButensHo, it ypaBHerus (1.21) wumeem
@ (¢) =0. Ypasaenue (1.19) npunumaer Buj # =0,
OTKyZa r, =1, 1, =¢. VI3 Tpex nepsuIx GHopMyI cuc-
Temsl (1.5) ompenensiem ocranbHbIe K03()OUITEHTHI
bynxuuit A, (¢,x), A,(¢,x). D11 bYHKUUM HMEIOT
BUJI

A, (t,x) = (x—sint)’,

Al(t,x)=%(x—sint)+t(x—sint)3.

Bosmymas ypasaenue (1.21) ¢ moMomrpro Haii-
JOeHHBIX A, (f,x) u A,(¢,x), nomyuum (1.20).

3ameuanue 1.4. Ilycts B ypaBaenuu (1.1) xo-
spdunnentsr a,(t),a,(t),a,(t) 3amaHbl U HE MOTYT
OBITh U3MEHEHBI, a d,(f) — MPOU3BONBHBINA KO3 dU-
nueHT. Torga HETPYAHO IOKa3aTh, UTO d,(f) MOMKHO

moro0pate TakuM obpa3om, uro cuctema (1.5) Bce-
rna Oyzaer uMeTh pemrerue. [lpu stom ecim
1 3 . .
ay(t) =—(2a, +9a,a,a, +Ya;a, - a,a,)),

27a,
TO, COTJIACHO TeopeMe 1.3, CyIecTBYIOT ABE JIMHEH-
HO He3aBuUcHUMble QyHKIMU A, (f,x), A,(f,x) c yka-
3aHHBIMU BBbILIE CBOMcTBaMHU. Eciun

1

a,() =

27a;

rie @ =¢@(t) He paBHOE TOXKAECTBEHHO HYIIO pe-

(p— 2a; +9a,a,a, +9(a;a, — a,a,)),

menue ypasaeHus (1.13), To, cormacHo Teopeme 1.2,
CYIIECTBYET JIUIIb onHa GyHKIMS A(f,X), HE U3Me-
sstomtas OO ypaBuenus (1.1).

Urak, mpl mokaszanu, yto Teopemsl 1.2 u 1.3
JAIOT HaM HEOOXOJWMBIC U JOCTATOYHBIC YCIIOBHS
cymiecTBoBaHMsA (GYHKIMK (MM JBYX JIMHCHHO-
He3aBUCUMBIX (yHKOWiH) A(f,X) Takoi, 4TO BO3MY-
LIEHHOE YpaBHEHHE BUIA

X =a,(t)+a,(t)x+a,(t)x’ +a,(t)x +
EOIAQTICE))
OyZeT SKBHBAJCHTHO TAaHHOMY YpaBHEHHIO AGens

(1.1). B uactHoCTH, KOTJa BBITIOJIHEHO YCIIOBHE
(1.13), a @ (¢) MoxeT oOpariatecs B HyJb JHIIH B

(1.22)

M30JINPOBAHHBIX TOYKAX, MBI MOXeM 3()()EeKTHBHO
NOCTpOuTh (YyHKIHIO A(f,X), BBIYUCIHB €€ KOd(]-
¢unueHTsl B cooTBeTcTBUU ¢ popmymamu (1.16),
W 3aTeM I[OCTpouTh YypaBHeHHs Buma (1.22).
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PaccMoTpuM HEKOTOpBIE Opyrue ciy4dau, KOTAA MBI
MoxeM 3()()EeKTUBHO MOCTPOUTh (QyHKIHIO A(Z,X),

He mmMensttonyo O® ypasuernns (1.1).
Teopema 1.4. Ilycms ona ypasnenus (1.1) gvi-
noausiemes yenosue @ (t) =0 u, kpome moeo,
3a,(dya, — a,a,) —2a,(aa, —a,a,) =0. (1.23)
Toeoa cywecmgyiom 06e NUHEUHO He3A8UCU-
mule ynkyuu A, (t,x), A, (¢,x) euoa (1.3), maxue
umo ypagHenue
x=ay(t)+a,()x+a, (H)x* + a, )x +
+, (DA, (1, x) + o, (A, (2, %),
20e (1), a, () — npoussonvHvle HeNPepbiBHbIE CKA-

JIsIPHble HewemHvle (YHKYUlU, IKGUBALEHNHO UCXOO0-
Homy ypaenenuto (1.1). Ilpu osmom mam, eoe
o, (1) %0, kosppuyuenmovl smux GyHKyuil Guivuc-

JIAIOMCA, coomeencmeeHHo, no qbopmyfzam

a, 1 dfa,
Tn=—~5 ||
a, 3a,dt\ a,

(1.24)

i :ﬂa Y :&» r =1

a, 3

ay®) |a, 1 dfa,
=20 2 t)dt,
o2 6a, Lg 3a, dt\ a, IaSW()

() g (1.25)

1, =T+—ja3y/(t)dt, .
a

3

a
= a0, = [,
3

2 —
2o0e y(t) = exp(j%dtj.
3

Jlokazamenvcmeo. CyliecTBOBaHUE ABYX IH-
HEeHO He3aBUCUMBIX GQYHKIUH A (Z,x), A, (2, x)
Buja (1.3) cnenyer us teopemsl 3. dynkuuio 7(f)

ompenennM u3 ypasHeHus (1.19), xotopoe B cuiy
Toxkaectsa (1.23) mpuHIMaeT BHULT

2 .
. [ 2a;—-6aa, a, ).
A= ——+ R,
3a a
3 3

a ero yHIaMeHTanbHast CHCTEMa PeIleHUIH
B =1 ry = [a(Ow (). (1.26)
3aMeHsIsl TOOYepeIHO B TPEX IEPBBIX YpaBHE-
HusAx cucreMsl (1.5) 7(¢) B coorBercTBuH ¢ (1.26),
OmpeJielMM M3 HUX OCTallbHbIe KOA((HUINEHTHI
¢bynkuuit A, (t,x), A,(¢,x). Bpluucnenus mnokassl-
BalOT, YTO 3TH KO3QduuueHTs nmetoT Bua (1.24),
(1.25). Takum 00pa3oM, TOCTPOCHHI IBE JHHEHHO
He3zaBucuMble ¢yaknuu Buna (1.3). Teopema moxa-
3aHa.
Ilpumep 1.2. PaccMOTpUM ypaBHEHUE
x=0 —143x 430" +x°. (1.27)
JJis HeTo BEIMIONHAIOTCS BCE YCIOBHUSA TEOPEMEI 1.4.
Hns nocrpoenus dyHkuuit A (¢,x), A,(t,x) Boc-
nosnb3yeMcst popmyiamu (1.24) u (1.25). Ionyaum
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A(t,x)=t =2+3x+3tx" + X,
A, (t,x)=t* —%t+(3 £ +%)x+3t2x2 +1x°.

Torz[a BCC YpaBHCHUA BUa
x=-D[1+a,t)+a, (] —a,(t) -

—%az (Ot +38[1+ o, () + o, (D)t +%a2(t)]x

+3t[14 0, () + o, (1)t 57 +[1+ e, (1) + 4, (1)1 X%,
rae o, (t),a,(t) — IpoU3BONbHBIE HENPEPHIBHBIE

CKaJIpHBIC HedYeTHble (YHKLHUH, SKBHBAJICHTHEI
ypaBHeHHIO (1.27) 1 Mexay co0oi.

2 Bosmywienus ypasuenus Abens ¢ nocmo-
AHHBIMU KOIppuyuenmamu

[Tyctb B ypaBHenuu (1.1) Bce koadpdueHTHI
a,(t)=const, a, # 0. B 3TOM ciyuae 11 ypaBHEHUS
(1.1) Bcerma cymecTByeT SKBUBAJICHTHOE €My IpY-
roe ypaBHeHHE AOeIs, I MBI MOXEM €ro IIOCTPOUTH.

— 2 3

Ob6o3nauuM @, =27a,a; +2a, —9a,a,a,. Or1-
MeTuM, 4to Uit ypaBHeHHs (1.1) ¢ mocTosHHBIMU
ko3¢ ¢unnentamu Toxxaectso (1.13) Bcerna BbImoN-
HSIETCSI.

ITycte @, # 0. Torga, Kak ciielyeT U3 TEOPEMBI
1.2, nns Takoro ypaBHEHHs CYIIECTBYET €IMHCTBEH-
Hast ¢yHkmust A(¢,x) Buma (1.3). Jlerko mokasartb,
YTO €€ MO>KHO 3aITCaTh B BUJIE

A(x)=a, +ax+a,x’ +ax’, 2.1
1 TIO3TOMY JI000€ ypaBHEHHE BHJA
%= (a, +ax+a,x’ +ax )1+ a(t))
SKBUBAJICHTHO ypaBHeHuto (1.1). Dtot ciyyaii Tpu-
BHAJICH M HE NPEJICTaBIsIeT JJIsl Hac MHTepeca, Tak
KaK K HEMY MOKHO TPHITH 3aMEHOH HEe3aBHCHMOTO
TIEPEMEHHOTO.
—6a,a, +2a;

OGozHaunMm y, =——1——2%

3a,
IIycts ¢, =0. D10T ciyuail mpeactaBiser coOOi
clieicTBHE TeopeMsr 1.3.

Teopema 2.1. Ilycmv @, =0. Toeda ona ypas-
nerus (1.1) ¢ nocmoaunvivu xosgpuyuenmamu

¥=a,+ax+a,x +ax’
cywjecmeyiom 0ee IUHEUHO He3asucumvle QYHKYUU
A (t,x), A, (t,x) euda (1.3), maxue umo ypasnenue
¥=a,+ax+a,x’ +ax +
+a, (DA, (8, x) + o, (A, (1, x),

2o0e a (1), a,(t) — npoussonvHble HenpepbieHble CKA-

JISIpHblEe HeyemHble (DYHKYUl, IKEUBALECHMHO YPas-
nenuio (1.1). Ilpu smom smu @ynxyuu mozym Ovimo
3anucamvl 8 uoe

1) npu w, =0 A, (t,x) onpedensemcs popmy-
aou (2.1),

a, +6a,at 1+2at  ant
Ay (tx)=—"2—7"+ Ex+2x>+1x°,
6a; 2a, a,

Ipobnemvr puzuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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2) npu y,#0 A (t,x) onpedensiemca gpopmy-
aou (2.1),

Yol
e a, +6a,a +2a a
Az(t,x)=—(l//0 2 b Yo IX+—2x2+x3].

2
0 6a, 2a, a,

Jokazamenvcmeo. CyliecTBOBaHUE ABYX ITH-
HEeHO He3aBUCUMBIX GQYHKIUH A (Z,x), A, (2, x)

cnenyer u3 teopembl 1.3. Ilpu 3TOM mnocneanee
ypaBHeHue cucteMmsbl (1.5) oOpamiaercs B TOXIecT-
BO, @ OCTAJIbHbIE YPABHEHNS IPHHUMAIOT BUJT
nay = ayn, 2nay =7 +2na,
3. 2
6r,a; = r,a,a, +6a,a;7,, (2.2)
o2 2 2 .
3iia; =[—6aja, +2a;a,]7,.

UYetBepToe ypaBHEHHME NpHHUMAET BUI 7; =0
npu v, =0 um # =y, 7, opu y, #0. 310 ypaBHe-
HHE WMEEeT [IBa JIMHEHHO HE3aBHCHMBIX PEILICHUS.
Berancinsis 3T QyHKUMHM M HOACTaBISAS UX B OC-
TaNbHBIE YPaBHEHHUS CHUCTEMBI (2.2), MOCTPOUM ITH-
HeliHo He3aBucuMmble (yHKIMU A (f,X),A,(¢,x) B

KaxJ0M u3 cirydaeB 1) u 2). Teopema okasaHa.
Ilpumep 2.1. Bocmonb3yemcs ITOKa3aHHOM
TEOpPEMON M MOCTPOUM SKBUBAJICHTHBIE YPaBHEHHA

A ypaBHeHus x = —10+3x+6x" +x°.
Hmeem @, =0 u v, # 0. Torna
A (t,x) =—=10+3x+6x" +x°,
A, (t,x) =¥ (8 +12x+6x" +x°).
[Mostomy mr000€ ypaBHEHHE, KOTOPOE MOXKET
OBITH 3aITMCAHO B BHIE
% =[-10-10¢,(t) + 8a, (t)e"™ ]+
+H3+3e, () +12a,(t)e'™ 1x +
+6[1+a,(t) + o, ()™ 1x* +[1+ o, (t) + &, ()™ ]X°,
rae  «,(¢), a,(t) — HpOU3BOJILHBIE HEIPEPHIBHBIC

CKaJISIpHbIE HeueTHble (DYHKIMH, SKBUBAJCHTHO HC-
XOJTHOMY ypaBHEHHUIO.

3aknrouenue

WTak, MBI MOKa3ajy, 4TO €CIH Uil YpaBHEHUS
AbGemns (1.1) cymecTByeT MOJIMHOMHAIBHOE BO3MY-
menue A(t,x), ynosierBopsitouiee ypaBHeHuo (0.2)
Y TIOTOMY HE M3MEHSoIIee OTpaXkarolied (yHKIUN
HCXOAHOTO YpaBHEHUS, TO 3TO A(f,x) sBIsAeTCA

MHOTO4JIEHOM TpeTbell creneHu. Ilpu stom ecnu

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

K03 hUIMEHThl YpaBHEHUs YAOBIETBOPSIOT COOT-
HomeHHIO @ (¢) =0, TO I TAaKOTO ypaBHEHHUS Cy-

LICCTBYIOT [BE JIMHEHHO He3aBUCHMble (YHKIHH
A/(t,x) m A,(t,x) c yKa3aHHBIMH BBIIIE CBOICTBa-

Mmu. Ecnu e yka3aHHOE COOTHOIICHUE HE BBITIOJHS-
€TCs, TO CYIECTBYeT M MPUTOM CIUHCTBEHHOE
A(t,x) (C TOYHOCTBIO IO TIOCTOSTHHOTO MHOKHTEJISI)

TOJIBKO B CIIy4ae, eciu KOI(pPHUIUCHTb ypaBHEHHS
ynoBietBopsitoT ToxaectBy (1.13). Ilocnemnee co-
OTHOIIIEHHE, KaK [IOKA3aHO, ABISAETCS HEOOXOJUMBIM
U JJOCTaTOYHBIM YCIIOBHEM CYIIECTBOBAHUS HEHYJIe-
Boro peuieHus ypasHenus (0.2) B BUJe MHOTO4IeHa
TpeTbel cTeneHu. Takke Mbl YCTAaHOBHIIM, YTO JUISA
T000T0 CTAIIMOHAPHOTO ypaBHEeHUst Abens cymect-
BYIOT JIBE JITHEHHO HE3aBHCUMBIE ITOJIMHOMHUAIILHbIE
¢bynxuun A, (f,x) 1 A,(¢,x), He U3MEHAIONIME OT-

pakatoriei (HyHKIIMU UCXOTHOTO YPaBHEHUS.
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MATEMATHKA

VIIK 512.542

O KOHEYHBIX I'PYIIIIAX C OBOBIIEHHO CYBHOPMAJIbHBIMH
CHWJIOBCKUMMU ITOATI'PYIIITAMM

A.®. Bacuasen', T.U. BacuibeBa’

1 . .
Tomensckuil 2ocyoapcmeennsiti ynusepcumem um. @. Cropunsl, I'omens
2 . .
benopycckuii cocyoapcmeennutii ynugepcumem mpancnopma, I omens

ON FINITE GROUPS WITH GENERALLY SUBNORMAL SYLOW SUBGROUPS

A.F. Vasilyev', T.I. Vasilyeva’

'F. Scorina Gomel State University, Gomel
2Belarusian State University of Transport, Gomel

Iycrs § — Henycras popmanus. [loarpynna H rpynnsr G HassiBaeTcst §-cyOHOpMaibHOM B G, ecnu smbo H = G, nmubo cymie-
CTBYET MakcUManbHas uens noarpynn H = Hy c H, c ... ¢ H, = G Takas, 4o Hﬁg H;y nnsa Beex i = 1, ..., n. B pabore uzy-
qaercst kiace rpynn wg = (G | 1(G) < n(§) u Besikast CuiioBcKasi MOArpymnna rpynmsl G sBisiercs §-CyOHOpMaIbHON OArpyTI-
noii B G). [onydens! cBoiicTBa Kiacca WS. B yacTHOCTH, [JIs HACIEACTBEHHOM HACHIEHHON (QopManuu § J0Ka3aHO, uTO
KJlacCc W§ SBISETCS HAaCJIEICTBEHHOW HAChILIeHHON (opmanueii. HaliieHsl HE0OOX0MMBbIE M JIOCTATOYHBIE YCIIOBHS, IPU KOTO-
pBIX WS = 5.

Knrwouesvie cnosa: xoneunas epynna, CUno8ckas noopynna, §-cyOHOPMAnbHAS ROOZPYNNA, HACIEOCMEEHHAs Gopmayus, Ha-
colujennas gopmayusi.

Let § be a non-empty formation. A subgroup H of group G is called §-subnormal in G if either H = G or there is a chain of sub-
groups H=H,c H, c ... € H,y < H, = G such that HSc H;, for every i=1, ..., n. In the work the class of groups
wS = (G| ©(G) < n(§) and every Sylow subgroup of G is §-subnormal in G) are studied. Properties of the class w§ are ob-
tained. In particular, for hereditary saturated formation § it is proved that the class w{ is a hereditary saturated formation. Nec-

essary and sufficient conditions are found, at which w§ =§.

Keywords: finite group, Sylow subgroup, §-subnormal subgroup, hereditary formation, saturated formation.

Beeoenue

3HaHWE CBOWCTB BIIOKCHMS CHJIOBCKHX IIO-
TpyIn B TPyNIly ITO3BOJSIET BO MHOTUX CIydasx
HalTH CTPYKTYpy camoi rpynnsl. Hanpumep, rpyn-
1a HUJIBIIOTEHTHA, €CIIM JIF00ast ee CHJIOBCKasl MO-
rpynmna cyOHopmaibHa B Heil. B 1969 rony
T.O. Xoykc [1], ucronb3yst (OpManMOHHBIA MOA-
X0, BBEI TIOHSTHE §-CyOHOPMAbHOM MOATPYIIIIL B
KOHEUHOH paspemumoit rpymmne. [IpennoxenHas um
WJiesl COCTOSIa B BBIACIECHUH B TPYIIIE C OMOIIBIO
HEMyCTOW HACBHIEHHON (opmanmu § cemeicTBa
MOATPYTI, KOTOPbIE HMEIOT CBOICTBA, aHAJIOTHIHBIE
CBOMCTBaM CyOHOPMAJbHBIX HOATPYI, M COBHaJa-
10T C MOCIeTHAMH B Ciiy4ae, Koraa § ecth dopma-
must I BCex HWIBMOTEHTHBIX Tpymm. B 1978 romy
JI.A. lllemetkoB B MoHOrpaduu [2] pacnpocTpaHui
HOHATHE §-CYyOHOPMAIBHOM MOArPYIINIBl HA MPOU3-
BOJIbHbIE KOHEUHBIE I'PYIIIIHI.

IMycts § — memycTas popmanust. [oarpymma H
rpynmsl G Has3eiBaeTcs §-cyOGHOpManbHOM B G (060-
sHavaercs H §-sn G), ecim 6o H= G, mbo cy-
IIECTBYET IIeMIb MAKCUMAJIbHBIX TIOATPYIIT

H=HycH c..cH,=G
takas, uto H® ¢ H., qnsiBcex i=1, ..., n.

IMonsitne ‘§-CyOHOPMAIIBHON MOATPYIIIIBI aK-

TUBHO HM3y4ajlOCh B PAa3JIMUHBIX HAIPABICHUAX H
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HAIIUIO MHOTOYHUCIICHHBIC MPUIOKEHUST (CM., Ha-
npumep, [3], [4]).

B pabote [S5] ObUT0 HAYaTO PacCCMOTPEHHE Clie-
nyromieit mpobaemsl. [lycmos § — gopmayus. Umo
MOICHO cKazamb o cmpykmype epynnvl G, eciu 6ce
ee cunosckue noozpynnol §-cyonopmanouor ¢ G? B
[6]-9] ObuM TpOMOIKEHBI UCCICIOBAHUS TIO JIaH-
HOW mpobOmeme. Crepyromuye NOJTYYCHHBIE HAMHU
Pe3yIBTaThl OTHOCSITCS K 3TOMY HAIIPABIICHHIO.

Onpeodenenue. [lycmv § — nenycmas gopma-
yus. Onpedenum Knacc epynn w§ cieoyiouum oopa-
som: w§=(G| ©(G) < n(§) u ecaxan cunosckas
nooepynna epynnet G sagisiemcs §-cyoHOpMATLHOU
nodepynnotii g G.

[To ompeneneHuro, €AWHUYHAS TPyINa MPHU-
HAJIOKUT WG.

Teopema A. Ilycmv X — nacreocmeennas na-
coryennas opmayus. Toeda cnedyrowue ymeep-
JHCOCHUS IKBUBANECHMHBL:

1) ons1 0601l HacredcmeeHHOU HACLIWYEHHOU
Gopmayuu § 6binoIHAEMCS PAGEHCINBO

wENE=FNE,

2) ons mobotl HacvlenHol gopmayuu S, co-
cmosiel U3 MemaHuIbnOMeHmMHbIX 2PYNN, GbINOJ-
nsemes pasencmeo W N X =§ N x;



O koneunvix epynnax ¢ 0606ueHHo cyOHOPMATbHLIMU CULOBCKUMU NOOZPYNNAMU

3) popmayus X cocmoum u3z memanuibno-
MEHMHBIX SPYNN.

Beuny toro uro ¢opmanus Ul Bcex cBepxpas-
PEIIMMBIX TPYHIl COCTOMT W3 METaHWIBIIOTEHTHBIX
TPYIIIL, TTOTy9aeTCs

Cneocmeue A.1. wll N I =11.

Teopema B. Eciu § — nacneocmeennas Hacol-
wenHas gopmayus, mo W§ — HacIedCmEeHHAs Ha-
colyeHHas hopmayusi.

Teopema C. Ilycmo § — nacredcmeennas Ha-
coiugennas gopmayus. Tozoa credyrowue ymeep-
JHCOEHUSL IKBUBANIEHMHDL:

D w§=75;

2) eciu G — paspeuumas MUHUMAIbHAA He §-
epynna, mo G s6nsemcs b0 2pynnoi npocmozo
nopaoka, aubo ounpumapHol OUCHEepPCUSHOU Zpyn-
noii; ecu G — Hepaspewumas MUHUMATbHASL He ‘§-
epynna u ©(G) = 1, mo G — makasa moHonumuieckas
epynna, umo Soc(G) — weabenesa epynna u
G/Soc(G) — npumapnas epynna.

Hamomuum, urto Qopmarms § HasbIBaeTCs
¢dopmanueii ¢ ycnoBuem lllemerkoBa, ecnm jirobast
MHUHHMAaJIbHAS He §-TPpyIINa ABISETCS TUO0 TPYIIOi
Imuara, 10O TPYIITON MPOCTOTO TTOPSIIKA.

Cneocmeue C.1. Ilycms § — nacneocmsennasn
Hacvlyennas gopmayus ¢ ycroguem [llememxosa.
Tozoa w§ =S.

Cneocmeue C.2 [9]. Ilycmv § — ¢opmayus
6cex n-nunonomenmuulx epynn. Toeoa w§ = §.

Cneocmeue C.3 [9]. Ilycmo § — gpopmayus
scex @-oucnepcugnuvix epynn. Toeda w§ =§.

dopmarus § Ha3BIBAETCS PELIETOYHON (hopma-
[HEel, eCITM B KaXKION IpyIlie MHOXECTBO BCEX §-
CyOHOpPMaJIBHBIX TMOJATPYII 00pa3yeT IMOIPELIETKY
peuieTkn BceX MoAarpynn rpynnbl. V3 omucanus
takux ¢opmamuii (cMm. [3] mubo [4]) cnemyer, uro
mrobas paspemiMas MHUHMMalbHas He §-Tpyrma
sapisieTcs au6o rpymmoi Imuara, mubo rpymmoi
MPOCTOrO MOpsiIKa; Jt00as HepaspeumrMas MHHU-
MmaspHas He §-rpynmna G ¢ ®(G) = | sBuseTcst MOHO-
JUTAYECKON TPYMIION, Takoi, uto Soc(G) — Healbe-
neBa rpymna U G/Soc(G) sBIAETCS IMKIUYCCKOM
MPUMapPHON IPYTIIOHN.

IIpumenss treopemy C, nonydaem

Caencrue C.4. ITycmes § — nacredocmeennas
HACbIWEHHAs.  pewemoynas  gopmayus, mozod
wg§=S§.

Cneocmeue C.5 [9]. Ilycmo § — opmayus
6cex n-paznoscumoix epynn. Toeoa w§ = §.

CyIIecTBYIOT HAcCJEJCTBEHHbIE HACHIIICHHbIE
dopmanuu §, 11 KOTOpeIX WS # §. Hampumep, kak
ycraHoBieHo B [7], mns ¢opmanuu Ul Bcex cBepx-
pasperuumbix rpymn wll = L.

Cormmacno  teopeme  [amrroma-JlroGenesep-
[[ImMuna, mobas HacklmeHHas GopMaIus SIBISIETCS
JIOKJILHOM, W HaoOopoT. B cBszu ¢ Teopemoii B
BO3HHKAET Cleayromias 3aaaua. [lycts § — JoKaib-
Has popManus u 1 — ee MaKCUMAaJIbHBIN BHYTPESHHHUN
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JIOKaNbHBIA 9KpaH. Kak ¢ MOMOIIBIO / MOCTPOUTH
MaKCHMAaJbHbli BHYTPEHHUH JIOKAJbHBIA 3KpaH
dbopmannn w§? Hroke npemiaraercst pelieHue IaH-
HOIf 3a[a4u B Cllydae, KOria § — pasperuumas Jio-
KaJbHas (popMarust OJTHOM XapaKTepUCTUKH.

ITyctp § — nokanbHast popmauust u i — ee Mak-
CHUMAaJbHBIN BHYTPEHHHH JOKaIBbHBEIH SKpaH. O0o-
3HAYNM depe3 A% — JOKambHBIN SKpaH, TaKOU, YTO
h*(p) = (G € S | nr0bas cunoBckas noarpynna u3 G
OPUHAIICKUT A(p)).

Teopema D. Ilycmo § — nacreocmeennas Ha-
colueHnas paspewiumas gopmayus, h — ee maxcu-
ManbHIL 6HympeHHuil ToKanbHblld Kkpat, 1(§) = P.
Tozoa W§ = LF(h*) u h* — makcumanvuvlii 6Hym-
PenHUll IOKATbHBLIL IKpaH Gopmayuu Wg.

Cneocmeue D.1. I[Tycmv A — ¢opmayus ecex
epynn ¢ abenesbimu cunosckumu noozpynnamu. To-

20a WM =NA4 N C.
Creocmeue D.2. w> = S.

1 Ilpedsapumenvhuie pe3yiomansl

Hcnonp3yrorcst 0003HaYE€HHUS U TEPMUHOJIOTHSI
u3 [2], [10]. HamoMHMM HEKOTOpbIE MOHATHSA, CYIIe-
CTBEHHbIC B JlaHHOW pabore. Yepe3 P obo3nauaercs
MHOXKECTBO BCEX IIPOCTBIX 4HcCelN; Juisl rpymnmsl G
yepe3 m(G) 0003HaUACTCS MHOXKECTBO BCEX Pa3liny-
HBIX MIPOCTBIX JieNuTene nopaaxa rpynmnsl G; O,(G)
— HanOoJbIIast HOpMaNbHAS P-TIOATPYIa Tpymbl G
JUII HEKOTOporo mpocrtoro uucna p; F(G) — mnog-
rpynma ®@urtuara, F*(G) — 0600meHHas TOATpyIa
@urunra rpynnel G; F,(G) — p-HMIBIOTEHTHBIH
pagukan rpynnsl G, T. €. IPOU3BEICHUE BCEX HOP-
MaJIbHBIX p-HUJIBIIOTEHTHBIX MOATpyHn rpynmsl G.
@opmarysi § Ha3pIBAETCST HACBHICHHOW, €CIH U3
G/D(G) € § Beerna crnenyer, uro G € §; HacmenCT-
BEHHOM, €CITM § BMeCTe ¢ KaXIO# Ipymmoi comep-
JKHT M Bce ee moarpynmbl. Uepes G° oGosHauaeTcs
§-xopamukan rpynmsl G, T.e. HAWMEHbIIAs HOP-
MasibHas noarpynna usz G, s kotopoit G/G® e §.
[ycte X — HekoTOpBIA Kiacc rpymm, Toraa M(X) —
KJIacC BCEX MHHHMMAIBHBIX HE X-TpyIII, T. €. TPYIII,
y KOTOPBIX JAQHHOMY Kiaccy X IpPUHA/ICKAT BCE
COOCTBEHHBIE TOArPYNIBI U TOMbKO OHH; T(X) —
MHO’KECTBO BCEX PAa3IUYHBIX MPOCTBIX ICIUTENCH
HOPS/IKOB TPYIII, KOTOPbIe MpUHAIIeKaT X; ToMo-
Mopd — KJ1ace TPYIII, COACPIKAIINN ¢ KaKIOH rpyIi-
MO BCe €e TOMOMOP(HBIE 00pas3bl.

Hcnonp3yrores cnenyromue 0003HAUCHHS IS
KOHKpETHBIX KiaccoB rpymm: & — ximacc Bcex pas-
pemuMbix Tpymm; U — Kimacc Bcex CBepXpaspeiid-
MbIx rpymm; A — kmace Becex abeneBwix rpymm; It —
KJIaCC BCECX HUJIBIIOTCHTHBIX T'PYIIII; 9?2— KJ1aCcC BCECX
rpynn G, y kotopeix G* € N; N, — kmacc Beex
HUJIBIIOTEHTHBIX TT-TPYMI, T — HEKOTOPOE MHOXECT-
BO IpocThIX uucer; N, = I, m1a n = {p}. Ham no-
TpeOyIOTCS M3BECTHBIE CBOWCTBA §-CyOHOPMATBHBIX
MIOATPYTI, KOTOPBIE COOpaHBl B CIEAYIOIINX IBYX
JeMMax.
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Jdemma 1.1. Ilycmo § — nenycmas nacieocm-
sennas gopmayus, G — epynna. Toeoa cnpasednuevi
cedyrowue YmeepicOeHus: .

1) ecnu H — nodepynna uz G u G° < H, mo
H §-sn G;

2) ecru H §-sn G, K — nooepynna uz G, mo
HNK §-snK,

3) ecru H §-sn G, mo H §-sn G ons mobozo
xeG.

Jdemma 1.2. ITycmo § — nenycmasn opmayus,
H — nooepynna zpynner G u N < G. Toz0a cnpaseo-
JUBbL Cledyroujue YmeepHcoeHus:

1) ecau H §-sn G, ro HN/N ‘§-sn G/N,;

2) ecnu HN/N §-sn G/N, mo HN §-sn G,

3)ecru H §-sn Ku K §-sn G, mo H §-sn G.

Yepes sng(G) obo3HAIaeTCI MHOXKECTBO BCEX
§-CyOHOPMATBHBIX TOATPYIIT TPyIs! G.

3ameuanue 1.1. Ilycts § = N u sn(G) o3Haya-
€T MHOXECTBO BCEX CYyOHOPMANIbHBIX MOJTPYIII
rpynnsl G. Torna sny(G) < sn(G) s ar000# rpyn-
nbl G. B o0miem ciyuae paBeHCTBO HE UMEET MecTa,
KaK MMOKa3bIBAET MPUMEP 3HAKOIEPEMEHHOM TPYIIITBI
Ha 5 cumBomax Alt(S)=G u 1 € sn(G) \ sny(G).
Onnaxo, ecu G pa3pemnma, 1o sny(G) = sn(G).

3ameuanue 1.2. Ilycts § = U u sn*(G) o3naua-
et mHOXecTBO {H € S(G) | mubo H = G, mubo cymie-
ctByeT uens noarpynn H=Hyc Hyc - c H,=G
Takas, 9ro | H; : H;,| ects mpocToe umcno mist i = 1,
..., n}. Torma sny(G) < sn*(G) s 1r000# TPYIITEI
G. Ecnn G pazpemmma, To sny(G) = sn*(G).

Bynem o6o3navate uepe3 Syl(G) MHOXECTBO
BCEX CHJIOBCKUX moarpymm rpynmsl G. Torma s
HEIYCTOM (popMaIMu § Kiacc TpyII

w§ = (G 1(G) = n(§) 1 Syl(G) < sng(G)).

W3 CBOHCTB CWJIOBCKHX IOATPYII TIPYIIIbI
BBHIY JIeMMHI 1.2 momyyaercs

Jemma 1.3. Ecu § — Hemycrast popmanus, 1o
w§ — romoMopd.

Jemma 1.4. Tlycts § — HacnencTBeHHas ¢Gop-
manus u 7T = 71(§). Torma

DE = ws;

2) N = WE;

3) w§ — HacieqcTBEHHAST (POPMAIIHST;

4) w(wS) = w§.

Jokazamenvcmso. YT1Bepxaenue 1) cremyer
u3 nmemmel 1.1. YTBepkaeHue 2) moka3slBaeTcs Mpo-
BEPKOIA OIpeieieHus Kiacca wg.

Hoxkaxem ytBepkaenue 3). ITo nemme 1.3, wi§
— romomopao.

ITycts G — rpyIina HAUMEHBIIETO MOPSIKA, Ta-
Kas, 4To B G CYIIECTBYIOT HOPMAJIbHBIE MOATPYIIIIBI
Ny u N,, mis kotopeix G/N; € w§, G/N, € w§, a
G/N M N2 3 Wg

He mapymas oOniHOCTH paccyXAeHUH, MOKHO
cuMTaTh, YTo Ny N\ N> = 1.

IMokaxkeM, uro n(G) < n(§). Iycts p € 7(G).
Ecin p € n(G/N;), to u3 G/N; e w§, i=1,2
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caenyer, uro p € 7(§). lpeanonoxum, 4ro p &
n(G/N;)) mna i = 1, 2. Ecim p € n(N;), To PN Ny —
CHJIOBCKAsl p-TIOATpyNna u3 N; ans Jo00H CHIIOB-
ckoll p-nonrpynmnsl P u3 G. Tak kak
|GIPmN1|:|GIN1| . |N1:PﬁN1|

HE Jenurcs Ha p, T0 P N N; — cuioBckas p-
noarpynna u3 G. Orciona BBugy Ny N, =1 n
HOpMasibHOCTH IV, B G cnenyert, uto p ¢ m(NV,). To-
raa p penut |G @ No|. AHaJOTHYHO MOKa3bIBACTCS,
uto ecii p € T(N,), To p aenurt |G : Ny|. dTo nmpoTH-
BOpEUUT ¢ TeM, 4uto p ¢ n(G/N;) ansi i =1, 2. Utak,
(G) < ().

Bo3bMeM m00yr0 CHIIOBCKYIO p-TIoArpymiy R
rpymmel G. Tak kak RN/N; — cuioBckas p-TOJ-
rpymna B G/N; u G/N; € w§, o RN/N; §-sn G/N,,
i=1,2. Beuny teopemsr A.6.4 u3 [10], yrBepxae-
Hus 2) nemMmsbl 1.1 u ytBepkaeHus 3) memmsl 1.2
nmoarpynma RNy N RN, = R(Ny N N,) =R §-cybOHOD-
MmanbHa B G. [lomydaem, uto G/NyN N, = G € wS§.
310 npotuBopeunT BIOOPY G. Takum oOpazom, ws
sBIIsIeTCs (hopMarmei.

st moKa3aTenbCTBa HACIEACTBEHHOCTH W
Bo3bMeM G € W§ 1 mobyro noarpymmy K u3 G. Tlo
Teopeme CunoBa, cuiioBckas g-noarpymmna 7' u3 K
COZIEP)KUTCSI B HEKOTOPOH CHIIOBCKOW ¢-TIOJIpyIIIe
Q tpymmel G. U3 Q §-sn G 1o yTBep:KACHHIO 2)
nemmel 1.1 cnenyer §-cyoropmansaocts 7N Q=T
B K. YTBepkeHue 3) J0Ka3aHo.

Hoxkaxem yrBepxaeHue 4). [Tycts H = w§.

W3 ytBepknenuit 3) u 1) nemmsl cienyer, 4To
H < wH. Jlokaxxem obparHoe Bimouerue. [lycts G
— rpymma HauMeHbInero mopsaka u3 wd \ H. Bosb-
MeM Iiobyro QO € Syl(G).

Homyctum, uto G = Q. Torna |G| = ¢" mns He-
KOTOPOro npocroro uucia ¢q. Ecinu > 1, To 1o BbI-
6opy G ee nrobast cobcTBeHHas noarpymnmna H € 9.
Tak kak H = w§, T0 n(H) < n(§). [To yTBEepKICHMIO
2) nemmsel nodydaeM, uto G € g < H. O1o npo-
THBOpEeYHT BbIOOpY G. 3Haumt, n=1. U3 G € w9
3akirouaeM, uto {¢}= n(G) < n(P). Torna G € H,
4TO NPOTUBOPEUHUT BBIOOPY G.

Urak, G # Q, T.e. |n(G)| > 1. Tak kak G € WD,
To B G HaiijeTcss MakcHMalbHas moArpynmna M, Ta-
Kast, 410 Q < M u GP°c M. IIycte N — MUHUMAamnbHas
HOpMaJibHasl oArpynma rpymnsl G, coaepikaiuasics
B G°. Tlo nemme 1.3, G/N € w$. U3 |G/N| < |G| cne-
ayert, uto G/N € 9. Ilostomy ON/N §-sn G/N. Ort-
cioga ON §-sn G BBuy 2) emmsbn 1.2.

W3 nacnencrseHHOCTH WH 1 G € wd crienyer,
gro ON € wH. Tak xak QN = G, ON € 9. Beuay
toro, uto H =wg u Q € Syl(ON), O §-sn ON. Tlo
3) nemmer 1.2 O §-sn G. IMonyuuny, uto G € H.
3Oto mpoTtuBOpeynT BEIOOPY G. JlemMMa noka3aHa.

Jdemma 1.5. Jlns popmarmu U Bcex abeseBbIx
rpymn wof = 9.

Hoxazamenvcmeo. Tak kak 9 — HaclenCTBeH-
Hast popmarmst u 7(A) = P, To u3 yrBepiacHUS 2)

IIpo6remvr uzuxu, mamemamuru u mexuuxu, Ne 4 (9), 2011
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aemMMbl 1.4 BerTekaer, uro N < wQl. Jokaxkem 06-
patHoe BKimoueHue. Ilycts G — rpymnna HauMeHble-
ro mopsaka, Ttakas, uro G e wd\IN. Torma
|T7(G)| > 1. Bo3emeM mo0yro P € Syl(G). U3 G# Pu
Syl(G) < sny(G) criemyer, 4To HaWIETCS MaKCH-
ManpHas moarpymmna M w3 G, Takas, 9t0 Pc M u
kommyTanT G'C M. Beuay HacnenctBeHHOCTH W
u BeIbopa G 3axmodyaeM, uto M € N. Tak kak P €
Syl(M) u M nopmansna B G, To nmoarpynmna P Hop-
maneHa B G. [omyunnu, uro G € M. D10 npoTuso-
peure 3aBepilacT J0Ka3aTelIbCTBO JIEMMBbI.

Jdemma 1.6. Ilycmo § — nacneocmeennas pas-
pewumas popmayus. Tozoa ws < S.

Hokazamenvcmeo. Ilycte G — rpynma Hau-
MEHBIIIETO TIOpsiIKa, Takast, uto G € w§, Ho G ¢ ©.
Torna st cunoBckor moarpymmsl H u3 G Hagercs
Lelb MAKCUMAJIBHBIX [TOrPYIIIT

H=HycH c..cH, cH,=G

takas, uro HS < H.; mmst Beex i=1, ..., n. Ilo 3)
aemmsl 1.4 u Beibopy G moarpymma H,; € S. Or-
ciona u u3 paspemmmoctd G/G° 3akmodaem, dTO
G € &. Tlonyunnu mpotuBopeure ¢ BbIGOpoM G.
JlemMa moka3saHa.

2 /loxazamenbcmea 0CHOGHBIX Pe3y/ibmMamos

Hoxazamenvcmeo meopemur A. OueBUIHO, YTO
13 yTBEpXKIeHus 1) crneayeT yTBepxkaeHue 2).

[Tpeanonoxum, 4TO BBINOJHAETCS YTBEPIKAC-
HHE 2) TeOpEMBI U M3 HEro He CIielyeT YTBEpKAeHHE
3). Ilycts G — rpynmna HauMEHBILETO IOps/Ka, Ta-
Kkast, uto G € X u G ¢ O M3 Hac/neJCTBEHHOCTH
xracca ¥ ¥ HachlmeHHocTH (opmammn N cemyer,
uro G — MuHMMaIbHas He JU-rpymma u O(G) = 1.
PaccmotpumM aBa cityyas.

1. I'pynna G He sBnsercs npoctoi. Ilycts N —
MHHUMaJIbHAs HOpMallbHasl mojrpynma rpynnsl G.
Tak kak N € Wc S u G/N € Wc &, 10 rpymnna G
paspemmma. Torma N — abeneBa p-Tpymma Uit HEKO-
TOpOro mpocToro uucna p. Hockombky N — dhopma-
¥, T0 N — eMHCTBEHHAs] MUHUMAaJIbHAs HOPMaJIb-
Has moarpymma rpymmsl G u N — OP-kopaamkan
rpymmel G. U3 G/N € W u G ¢ N cnenyer, uto
G/N He ABJsI€TCS HIIBIIOTEHTHO! TPYIIION.

IIycte R € Syl(G). O6o03naunm K = NR. Torna
K#G. Tak xak N — N*-kopamukan rpymnsl G, u3
yreepxaenns 1) nemmsr 1.1 momydaem, uro K — -
cyOHOpManbpHasg moarpymma rpymmsl G. OTciona u
u3 K € 9 no nemme 1.1 crenyer, uto R sBnsercs
9-cyGHOpMaNBHOM moArpymmoii rpymmel G. ITo
o3Hauaer, uto G € wO’. BBUIY BBINOJHEHHS yT-
BepiKICHHs 2) TeopeMbl monmydaem, uto G € I
Oto mpoTtuBOopeunt BeIOOpPY G. Tem campIM TOKa3a-
HO, YTO BCsKas paspeminmas X-rpynmna mnpuHajasie-
st 0.

2. I'pynna G sBnsercs npoctoit. Torna G — He-
abenesa rpynmna. B G naiizercs rpynma IlImuara S.
ITo Tteopeme 26.1 u3z [2], S=PQ, rane P — HOp-
MaJlbHas CHJIOBCKas p-TIOArpymma, () — CHIOBCKas
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g-oarpymma rpynmel S, p#gq. O06o3HAYNM
A = Ax(G) dpartuamneB moxyns [11] rpynmer G Han
nonem K=F, W3 g € n(G) cnenyer, uro 4 # Q.
Beuny teopemel 3 u3 [11] u O,{G) =1 nomyudaem,
uto A — Tounblid F;G-Moyb. Torjga no n3BeCTHOMY
pesynbrary lamtona [12] cymiecTByeT TpymmoBoe
pacumpenne A > E — G ¢ A < O(E). B rpynme £
uMeeTcs dJIeMeHTapHas aleneBa g-rpynmna N, Takas,

G
yro EIN= G, N=2Au NC O(F). IBE/IN=2 G € X
canenyer, uro E/D(E) € X. [lostomy E € X, Tak kak
¢bopmanust X HachIIICHA.

O06o03HaunM yepe3 S mpoobpa3 moArpymisl S
rpymnsl G IpH €CTeCTBEHHOM roMoMopduzme
¢:E— E/N.
Tak kak E/N = G, To rpynmsl E/N 1 G MOXHO
oTOXIeCcTBUTE. U3 S € 9?2, TOYHOCTH AericTBusa G Ha

G —
monyne A u N = A cnenyer, uto S € 0N\ N*. Beu-
ay E € X u nacmenctBenHoctd X monydaeM, 4ToO
S e X. Ormerum, uto rpynma S paspernma. [To

JIOKa3aHHOMY BBIIIIE, paspeinmMast X-rpymnmna S mnpu-
namiexut JU. IonydeHHOE NIPOTHBOpEUHE 3aBEp-
[IaeT J0Ka3aTesIbCTBO TOTO, YTO W3 YTBEPXKACHHMS 1)
cienyer 2).

JlonycTuMm Tenepb, YTO BBHINOJHSIETCS YTBEp-
JKIEeHUE 3) W U3 HEro He CIIeAyeT yTBepxkaeHue 1).
[Tycts G — rpynma HaMMEHBLIETO ITOPSAAKA, Takas,
gyro G € %, n(G) < n(F), nmobas cUIOBCKas MOA-
rpymma rpymisl G sBisercs: §-CyOGHOPMaIbHOM MO
rpymmoii B G, Ho G ¢ § ISl HEKOTOPO# HACHIIIEH-
ot popmarmn §. U3z ¥ < 02 cnenyer, aro G € N
Tak kak HachImEHHas! (opManus SBISCTCS JOKaIb-
HOit 1 Jy5) € §, To G — HEHUIIBIIOTEHTHAS TPYIIIIA.
IIycte N — MuHHMAasbHas HOpMaJlbHasl IOAIPYINIIA
rpymnsl G. BBupy nemmbl 1.2 mobasi cuioBckas
moarpynma u3 G/N sBisercs §-CyOHOpMaIbHON
noarpynmoi rpymmst G/N. Torma G/N e §. U3 Ha-
CBIEHHOCTH (opmaruu § caeayert, uto ®(G) =1 u
N= Gg — €AUHCTBCHHAad MHWHUMaJIbHas1 HOpMaJibHasd
noarpymnna rpynnsl G. [Tostomy B G Hainercs Mak-
cuManbHas mnonarpynma M, takas, uro G = NM,
NN M=1. Ormerum, uto N — snemeHTapHas abe-
JIeBa p-Tpymna Jyuisi HEKOTOPOTO IIPOCTOTO Yucia p U
N = C4(N) = F(G). Yaursias, ato G € %, oJry4a-
eM G/N = M e 9. Orcrona, cornacHo jgemme 3.9 u3
[2], M sBrsieTca X0m1oBo# p'-nmoarpynmoii B G.

Ecnu M — cunoBckast g-noarpynna Jijisi HEKo-
TOPOTr0 IMPOCTOTO HYHCIa ¢ #p, TO U3 §-CyOHOp-
MansHOCTH M B G cnenyer, uto N = G5 < M. Tlony-
YHUIIM IPOTHUBOPEUHE.

3raunt, M HE SABISACTCA CHIOBCKOH MOATPYII-
moit rpymmel G. O603HauuM uepe3 O MpON3BOIBHYIO
CHJIOBCKYIO g-moarpynmy rpynmel G, TOe ¢ #p.
Moxrpynma H=NQ # G. U3 G € w§ u Haciencr-
BeHHOCTH (opmanuu W mo nemme 1.1 ciemyer, uro
mro0asi cuIIOBCKasi MOATpYINa rpymnnsl H sBisercs
§-cybHOpMaNbHO# moarpymoi B H. Beumy Beidoopa
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G nomrpymna H e §. U3 N=CgN) mnomydaem
N = F,(H). Beuny nemmsl 4.5 u3 [2] 1714 HEKOTOPOTo
JIOKaJBHOTO 3KpaHa f Qopmarmn § ¢akroprpymma
HIF,(H) = Q € fip). lloatomy nrobas cumoBckas g-
noArpymna rpymnnsl M npuHauiexkutr f(p). Tak kak
M wnunenorentHa, o M € f{p). Orciona u u3
G/N = M cnenyer, uro N SBISI€TCS f-LIEHTPaJbHBIM
rIaBHBIM (akTtopoM rpynnbl G. YYuTBIBas 3T0 U
G/N € §, umeeMm G € ‘§. DTO IPOTHUBOPEUUT BHIOOPY
G. Teopema fokazaHa.

Jloxazamenvcmso meopemot B. Tlo nemme 1.4,
W§ sABISIeTCS HACHEICTBEHHOW (opmarmeii. loka-
xKeM HachblimeHHocth WS. Ilycts G — rpymma Hau-
MEHBIIETO TOpsAAKa, Takas, uto G/O(G) € wS, HO
G ¢ wS§.

Ilycte N — MuHHMManbHas HOpMaibHas MNOJI-
rpymma rpynnsl G. Tak xak @(G)N/N < ©(G/N) u
G/D(G)N € w§, 10 G/IN/®(G/N) € w§. Ilo BEIGOPY
G nonygaem, uro G/N € wS§.

Kitace wi§ sBisercst popmanueii, mostomy N —
SIMHCTBCHHAass MHUHUMaJbHAs HOpMalbHas IIOX-
rpynna rpynnst G. 3aaunt, N € ®(G). Otcrona cie-
ayer, yTo N — p-rpynmna Jyuisi HEKOTOPOro IPOCTOro
yucna p u O,(G) = 1. Ilycts O — npou3BoJIbHAs CH-
JIOBCKas g-noArpymmna rpymnms! G.

Ecnu ¢ = p, To ON/N — §-cyOHOpMasIbHAS TO/-
rpymma rpymmsl G/N. U3 N < QO u nemMmsr 1.2 crieny-
et §-cyonopmansHocts ON= Q0 B G.

[ycts g # p. O6osnaunm H=QF (G), rae
F(G) — takas moarpymma rpymmsl G, 4TO
F(G)o®(G) u F(G)/D(G) sBusercs LOKOIEM
rpynmsl G/P(G). Torma F (G)/®(G) KBa3HHMIBIIO-
tentHa. [lostomy F (G)/D(G) < F*(H/®(G)). Ort-
ciona H/'O(G) = QO(G)/D(G)F*(H/D(G)).

Tak kak Q®(G)/D(G) F-cybHOpManbHA B
H/®(G) u QP(G)/D(G)e§ Beuny n(G/P(G)) < n(§)
U JIOKaJbHOCTH §, TO mo Teopeme 6.1.11 u3 [4]
H/®(G) € §. Torma [uisi MaKCUMAJIbHOTO BHYTPCH-
HEro JIOKaIBHOTO 3Kpana f Gpopmanun § H neiicTBy-
er fcrabuibHo Ha F (G)/D(G). Otciona BBHIY
0,{G)=1no Tteopeme 9.18 u3 [2] H neiicTByer
f-crabunpro Ha ®(G). Takum obpasom, H € §. Tlo
nemme 1.1 momyuaem, uto Q — ‘§-cyOHOpMaBHAS
noarpynma rpymnst ON. Tak kak QN §-cyGHOp-
MainbHa B G, TO 1o temme 1.2 O §-cyOHOpManbHa B
G. Urak, G € w§. DT0 TIPOTHBOpEYHE 3aBepIIacT
JIOKa3aTeIbCTBO TEOPEMBI.

Jokazamenvcmeo meopemvr C. YcTaHOBUM,
4yTO M3 yTBepkAeHus 1) ciemyer 2). Jlomyctum, 9ro
rpymna G € M(S).

[pennonoxum BHawaine, uto O(G) = 1. [lycts
N — MUHMManbHast HOpMajbHasg noarpynmna u3 G.

Eciu N= G, o n1b0 |G| =p ans HEKOTOPOTro
npoctoro p, mubo G — mpocTas HeabeneBa IpyIa,
G = Soc(G) u G/Soc(G) = 1.

Homyctum, uto N # G. B G Haiinercs Makcu-
MaibHas moarpymmna M, takas, uto G=NM. U3
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GIN=M/M NN € § cnenyer, uto G° = N. Tak kak
§ — dbopmarms, To N — eJMHCTBEHHAS. MUHUMAIIbHAST
HopMalbHas noarpynmna B G. Ecnu NQ # G nns mio-
60i1 cunmoBckod moxarpynmel Q rpymnsl G, TO
NQ € §. Torna u3 yrBepxacuus 1) semmsr 1.1 u
yTBeprkaeHus 3) temmsl 1.2 cienyer, uto Q §-sn G.
IMostomy G € w§. BBuy BBIIOIHUMOCTH YTBEp-
XIaeHus 1) TeopeMsl monydaem, 9ro G € §. O10
npotuBopeynt BeiOopy G. 3Haunt, NO = G [u1s He-
kotopoit O € Syl(G).

Eciu G paspeminma, To N — 3ieMeHTapHas
abereBa p-rpymma sl HEKOTOPOTO MPOCTOTO YUCIIa
p.- U3 |n(G)|>1 cnenyer, uro Q — g-rpymma st
npocroro g # p. Tak kak (G) < n(F) u Nyz) =5,
rpynna G HeHIIBIIOTEHTHA.

B cmydgae mepaspemmmoctu G moiy4aeM, 4TO
N = Soc(G) — neabenesa rpymmna, G/N = 0/Q N N —
npuMapHas rpymmna. Urtak, mpu @(G) =1 mns rpyn-
el G yTBEpK/ACHHUE 2) BBIIOIHACTCS.

[Ipenmonoxum Tenepp, uto ®(G) = 1. 13 Ha-
CBIIEHHOCTH § cnenyer, uto G/P(G) ¢ §. Torma
G/®(G) € M(F) n npu atom O(G/P(G)) = 1. Eciu G
paspemmMa, TO TIO JOKa3aHHOMY BEIIIE JHOO
G/®(G) — rpymnna mpoctoro nopsaka, modo G/O(G)
— HCHWJIBIIOTCHTHas OWIpUMapHas IHUCIEPCHUBHAS
rpymma. Otcroga u u3 BeIOopa G cienyert, ato G —
HEHWIBIIOTEHTHAs OWNIpUMapHas JUCIEPCHBHAS
rpymmna.

Ecmu G mepazpemmma, To G/®(G) Hepaspe-
mIMa |, 10 JoKa3aHHOMY Beimie, G/®@(G) — MOHO-
TUTHYecKas rpymma, Takas, 9to Soc(G/D(G)) — He-
abenesa rpymma u G/O(G)/Soc(G/D(G)) mubdo sBIS-
eTcs MpuMapHOW rpymmoi, nudo wusomopdua 1.
HWrak, nokaszano, uyto u3 1) ciaenyer 2).

Hoxaxem, uro u3 2) ciexyer 1). Homyctum
npotuBHoe. [lycte rpynna G — KOHTpIpUMEpP MH-
HEManbHOTO Topsiaka. Torma n(G) < n(§), mobas
CHJIOBCKAs MOATpyMMa rpymnisl G §-cyOHOpMaibHA B
G, Ho G He npuHamIeKUT Gopmanun §. Tak kak wg
— romomopd, To G/P(G) € W§. Eciu D(G) # 1, 0
G/D(G) e § BBUay BBIOOpa G. VI3 HACHIIEHHOCTH §
crenyer, uto G € §. DTo mpoTHBOpEUUT BHIGOPY G.
Urtak, ®(G) = 1. VI3 HaCIeNCTBEHHOCTH W 3aKIIIO-
gaeM, 4TO JIr00as cOOCTBEHHAs] MOATPYINa TPYIIIEI
G TPUHANICKUT WS, & 3HAYNT, U § BBHIY BbIOOpa
G. CnepoBarensno, G € M(S).

IIpennonoxumM, uro G paspemnma. 13 yteep-
xaerns 2) teopemsl U T(G) < n(F) 3akarouaeM, 4to
G — HEHWIBIIOTEHTHAsS OWUTIpUMapHas TUCTIEPCUBHAS
rpynmma. ITo Teopeme 24.5 u3 [2], G® — cunoBckas
p-ioarpymmna rpynmnsl G Ais HEKOTOPOTo MPOCTOTO
p- Tak xak B G 1 ¢ # p CHIOBCKas g-MOATPyIIa
Q0#Gu G e W§, To B G HaliileTcss MaKCHMaJIbHast
noxarpynmna M, takas, uro G°Q < M. Tomy4unu mpo-
tuBopeune G c M c G.

Homyctum, uto G HepaspemmnMa. Tak Kak
G € W§ u G HenpuMapHa, TO st JII000M CHIIOBCKON

IIpo6remvr uzuxu, mamemamuru u mexuuxu, Ne 4 (9), 2011



O koneunvix epynnax ¢ 0606ueHHo cyOHOPMATbHLIMU CULOBCKUMU NOOZPYNNAMU

noxarpynnsl QO rpynnel G Hal#eTcs MaKCHMalbHas
noarpynma, cogepskamas Q u G°. Tak kak G° # 1, To
G — HernpocTas rpymnna. BBugy BBIIOIHEHUS yTBEp-
xKneHus: 2) teopeMbl G — MOHOJIUTHYECKAs TPyTIIIa,
G/Soc(G) — mnpumapHas rpymma. Tak — Kak
1(G) < n(F) u Soc(G) — eAMHCTBEHHAS MHUHUMAJIb-
Has HOpManbHas moarpymna B G, o G° = Soc(G).
3Haunr, G = GEQ JUIs. HEKOTOPOW CHUJIOBCKOM MOJ-
rpynmnsl Q u3 G. Ho Torna Haiinercs MakcuManbHas
noarpynna M rpynnsl G, Takas, uto G = G°Q < M.
[Tomy4eHHOE TPOTHBOpEUNE 3aBEPIIACT TOKA3ATEIb-
CTBO TOTO, 9TO U3 2) cuenyer 1). Teopema noka3aHa.

Jokazamenvcmeo meopemsr D. O603HAYNM
uyepes §* = LF(h*). [lokaxeM, yro w§ = §*. Buaua-
Je moKaxeM, 9to WS < §*. JomycTHM HPOTHUBHOE.
Ilycte G — rpynma HauMeEHbBLIETO TMOpsAIKa U3
wE \§*. Tak kak W§ U §* — HacleICTBEHHbIE Ha-
chlleHHble popmanuy, To rpymnna G UMeeT eIUHCT-
BEHHYI0 MHHHUMAIbHYI0O HOPMAlbHYIO HOATPYIILY
N=G% u ®(G) = 1. Kpome toro, G sBIsIieTCs MH-
HUMAaNbHON He §*-rpymnmoi. MOXHO MOKa3ark, YTO
IT(G)|£2 u G=NM, tne NN M=1, M — Hekoro-
pas MakcuMalnbHas HOArpynna rpynmnsl G, sBISIO-
mascsi MUHUMalbHOW He h*(p)-rpymmol. OTMmeTnM
TaKxe, 4To M SBIISETCS -TPYIIION, TI€ ¢ — HEKOTO-
poe MPOCTOe YUCII0, OTIHYHOE OT p. I3 G € w§u G
e 0 no teopeme A crenyer, uro G € §. Ho torna
G e § < §*. Tomyunnu npoTuBopedne ¢ BHIGOPOM
rpynms! G.

IMokaxkeM, gro §* < w§. JOMyCTAM TPOTHB-
Hoe. Ilycte G — rpynna HauMEHBILEro MopsiiKa u3
§*\wS. Tak xak §* u W§ — HaclaeICTBEHHbIE Ha-
ceimieHHbBIe (popMarn, To G UMEeT eTUHCTBEHHYIO
MHHHMAJIBHYIO0 HOpMasibHyt0 noarpymmy N, N = GV8
u O©(G) = 1. Kpome Toro, G sBIsI€TCSI MUHUMAIEHON
HE W§-TPYIIIOH.

Io 4) nemmsr 1.4, w(wS) = w§. Toraa us 2)
teopembl C u Bbibopa G cnenyeT, uto G SBISETCS
OounpuMapHoil nucnepcuBHOM rpymmoil. HerpynHo
nokasars, 9T0 G — MUHEMabHas He §-rpymmna. ITo-
atomy G=NM, tne NN M =1, N — equHCTBEHHast
MUHHMMallbHasi HoOpManbHas mnoarpynnma B G,
N=F(G)=CsN), a M — makcuMallbHasi HOAIPYII-
na, SBISIOLIAACS ¢-TPYHIIOH, TIe g — HEKOTOpoe
OpPOCTOE YHCIIO, OTIH4YHOE OT p. Tak kak G € §*, 10
G/N=G/F,(N)=M € h*(p). Bsugy mnocTpoeHus
9Kkpana h* momydaeM, uro M € h(p). Otcrona cnemy-
er, uto G € §. 3naunt, G € wW§. Ioayumwin npoTu-
Bopeune. Teopema JjokazaHa.
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MATEMATHKA

O o-COI'VIACOBAHHBIX BEKTOP-MATPULAX

A.M. I'aapMmak

Moeunésckuii 2ocydapcmeeHHblil yHUgepcumenm npooogovcmasus, Moeunées

ON o- COMPATIBLE VECTOR-MATRICES

AM. Gal'mak
Mogilev State University of Food Technologies, Mogilev

B cratbe n3ydarorcs cBOHCTBA G-COIIACOBAaHHBIX BEKTOP-MATPHII.

Knioueswie cnosa: mampuya, sekmop-vampuya, noxiyepynna, 2pynnd, Koavyo, N-apras spynna.

The properties of G-compatible vector-matrices are studied in this paper.

Keywords: matrice, vector-matrice, semigroup, group, ring, n-ary group.

Beeoenue

Bexrop-maTpunbl Hal MPOM3BOJIBHBIM KOJb-
1IOM BIIepBbIe ObUIM ompejelneHsl B [1], oHu 0000-
IIA0T MOHATHE m-aaudeckoil marpunbl O. Ilocta
[2]. VI3y4yeHnto pa3IuuHBIX CBOMCTB BEKTOP-MaTpHI]
nocBsmieHbl padotel [3]-[5]. B wactHOCTH, B [3]
BBEJICHO IOHATHE G-COIVIACOBAHHON BEKTOP-MaTpH-
bl TJI€ G — MOJCTaHOBKA U3 Sy, U JI0Ka3aHo [3, Teo-
pema 6.1], 4To eciau MOJACTaHOBKA G YAOBIETBOPSET
YCIOBHIO G' =G, TO MOAMHOXeCTBO M MHOKECTBA
BCEX K-KOMIIOHEHTHBIX BEKTOP-MAaTpuWll HaJ  ac-
COIIMATHUBHBIM KOJIBIIOM, 3aMKHYTO€ OTHOCHTEJIHHO
[-apHO# omepauud [ |, o s ABAf€TCA [-apHOW TOIY-
TPYION, B KOTOPOH BCE BEKTOP-MAaTPHUIBI MMEIOT
OJIMH U TOT € pa3Mep U COINIaCOBaHbI C MOACTaHOB-
Koll ¢. U3yuenuto onepauuu [ |; o 4, ONPENEIEHHON
B [6], mOocBsilIeHa Takxke KHura [7].

B nanHOW crarthe MNPONOJDKEHO HAayaToe B
[3] u3yueHue CBOICTB G-COINIACOBAHHBIX BEKTOP-
MaTpuIl.

[IpuBenem BHadYaje OIpeneNeHUs HEKOTOPHIX
MOHATHI, BCTPEYAIONINXCS B padore.

n-ApsbIi rpynmonsn <A, [ ]>, B KOTOPOM IS

moboroi=1,2, ..., n— 1 BEIIOIHIETCS TOXKIESCTBO
[[al an]anﬂ a2n—l] =
=lai ... afan ... aialiinrr -.. A2p1],

Ha3BIBAIOT N-APHOU NOLYSPYRNOL, a N-apHyI0 OIepa-
IIUIO [ ] B 9TOM cily4ae Ha3bIBAIOT ACCOYUAMUBHOU.
n-Apayto nomyrpymnmny <A, []> Ha3pBaOT
n-apHou  epynnoti, €ciu B HEW JIA  BCeX
ay, ..., Ay, b € A pazpemmMel ypaBHEHUS
[xa ...a,1=0b,[a; ... a,.y]=b.
DneMeHT a n-apHoro rpynmnouaa < A4, [ ]> Ha-
3BIBAIOT:
1) uoemnomenmom, ecma [a...a ] = a;
—
2) mynem, eCiu sl BCeX Xy, ..., X, | € A BEpHO
[ax) ... x, ] =[x1axz ... X, ] = ...
© Ianemax A.M., 2011
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=[x xaa] = a;

3) eounuyeii, ecu ams MoOOTO X € A BEpHO

[xa..a]=[axa..a]=...=[a..ax]=x.

IIoHATHO, YTO nM-apHBIA IPYNIOUJ HE MOXKET
uMeTh Oojiee OXHOro HyJis, a BCsSKas €IMHHIA
n-apHOTO IPYIIONAA SBIISIETCS €0 HIEMIIOTEHTOM.

DneMeHT a n-apHoro rpymmouna <A4,[]> ¢
HyneM 0 Ha3bIBAIOT €r0 i-blM Oenumenem Hyas, TIE
ief{l,..,n}, ecaum CymecTBywT by, ..., by,
bis1, ..., b, € A, OTIMYHBIC OT HYJIS, TAKUE, YTO

[b[ b,;]ab,‘ﬂ . bn] =0.

Ecmu ameMeHT a sBisieTcs i-pIM AeTUTEIeM Hy-
T Ui Kakaoro i € {1, ...,n}, TO a Ha3BIBAIOT Oe-
aumenem wyna B <A, [ ]>.

[ToHATHO, YTO caM HYJb SBISCTCS JCITUTEIEM
HYJISL.

Ecmu B n-apaom rpymmounne < A4, [ | > mis mro-
0ol moACTaHOBKM G MHOXecTBa {1, 2,...,n} BHI-
MOJHSETCS TOXIECTBO

[aa; ... a,] = [ac(l)ao(2) ac(n)],
TO n-apHbli Tpymmonn <A, []> Ha3BIBaIOT abe-
JIeBbIM.

n-ApHbIA rpynmonsa < 4, [ ] >, B KOTOPOM BBI-

IIOJIHSCTCA TOXIAECTBO
[aa; ... a,2b] =[ba; ... a,,a],
Ha3bIBAIOT NOIYaAbeNeEbIM.

Bonee moapobHyro uHpOpMAIHO 00 n-apHBIX
MOJIYTPYIIIaX U #-apHBIX I'PyIIIAX MOKHO HAWTU B
(2], [8]-{10].

YHuBepcanpHas anredpa <A, +, [ ] > ¢ Ounap-
HOIT omepanueii + u n-apaoii onepanueit [ |: A" — 4
HasbeiBaercs (2, n)-korvyom [11], [12], ecnu BBITON-
HSIIOTCS CIISIYIONINE YCIOBUSL:

1) <A, + > — abenesa rpymnmna;

2) B <A,+,[]> nna moboro i=1,...,n BBI-
MOJTHSAETCS TOXKJIECTBO AUCTPUOYTHBHOCTH

[ai ... aci(by + by)ag ... a,] =



O 6-co2naco8anHbvix GeKmop-mampuyax

= [a1 ai,lblaH] a,,] + [Cl] Cl,;]bzaiﬂ a,,].

[lpu n=2 onpenencHue (2, n)-Koiploa Ipe-
BpaIaeTcs B OpeesieHrne 0OBIYHOTO KOJIBIIA.

JIuneitHoe npoctpaHCcTBO A Hax nonem P ¢ or-
peleneHHO Ha 3TOM MPOCTPAHCTBE n-apHOU orepa-
nueit [ | HaseBaetcs (2, n)-aneebpoiul Ham P, ecnu
BBITTOJTHSIOTCS CIIETYIOIINE YCIIOBHS:

1) mist moboro A € P u mobbIX ay, ..., a, € A
BEPHO

AMai ... a,]=[a)a; ... a,] =
=lai(ax)as ... a,]=...=[a; ... a,.1(0a,)];

2) n-apHas omepauus [ | qucTpuOyTHUBHA OT-
HOCHUTEJIFHO Olepanuy + CII0XKEHUs BEKTOPOB, TO
ectb B A pna moboro (=1, ..., 7 BBIIOJIHIETCS
TOXJIECTBO JUCTPUOYTHBHOCTH W3 OIPEACICHHS
(2, n)-xonpua.

ScHo, yto npu n =2 ompenenenue (2, n)-an-
reOpel Hajx moieM P coBmajgaer C OIpenelieHneM
00BIYHON OMHAPHOM anreOphl.

(2, n)-Konplio HA3BIBACTCS  ACCOYUATNUBHBIM,
€CIIi ONpeeTICHHAs Ha HEM n-apHasl OIepamus ac-
colMaTHBHA. AHAJIOTUYHO ONpEAeIsieTCs accoyud-
musnas (2, n)-anredpa.

1 Hcnonv3yemole pe3yivmamul
Bexmop-mampuyeii pazmepa
(my x ny, ..., my X ng)

Haa KonblloM P HaspiBaercs [1, ompenenenue 1]
BCAKUAN YIOPSIOYCHHBIH Habop A = (44, ..., 4y
Matpuil A, ..., Ay pa3MepoB mj X Hy, ..., My X Ny C
sneMeHTamMu u3 P. Bekrop-marpuna, y KOTOpoit
KBajlpaTHbIE KOMIOHEHTHI A, ..., A; UMEIOT TOpSI-
KA Ny, ..., Ny, Ha3pBaetcs [1] keadpammuoii BEeKTOP-
MaTpulei mopsgka (ni, ..., n;). Bektop-mMatpuna, y
KOTOpOIl BC€ KOMIIOHEHTHI Ay, ..., Ay — KBaJpaTHbIE
MaTPHIIBI OHOTO M TOTO K€ IOPAIKA 1, Ha3BIBACTCS
[1] xeadpammnoii BEKTOp-MaTpHIICH TOPSIKA 71.

MHOXeCcTBO BCeX A-KOMIOHEHTHBIX BEKTOP-
Matpui Haa P obo3Hagaercs cumBosiom M(k, P), a
MHOXKECTBO BCEX k—KOMHOHeHTHbIX BCKTOP-MaTpHl]
pasmepa (m; x ny, ..., My X n;) Hag P — cUMBOJIOM
 (P). CumBont M, (P) wucrons3y-

Xy X
ercst s 0003HAYCHUST MHOXKECTBA BCEX Kk-KOMITO-
HEHTHBIX BEKTOP-MaTPUI] IOpsaKa (7, ..., 1) HAX P,
a cumBosl M, (k, P) — nns oOo3HaueHMs Bcex k-
KOMIIOHCHTHBIX KBaJpPaTHBIX BEKTOP-MAaTPHI[ IIO-
psnka n Hag P.

OmnpeneneHre BEeKTOP-MAaTPHULEI 0000mIaeT mo-
HATUE m-agudeckoi (m-apHoil) marpuiel 3. Ilocta
[2], xoTOpYyIO OH OmpeneNnwy KaK YHOPSIOYEHHBII
Habop m — 1 KBapaTHBIX MATPHUI] OJTHOTO U TOTO K€
MOpsiIKa HAJI MOJIEM KOMIUICKCHBIX YHCEII.

B [1, onpenenenune 4] nnst Bcex k>2,/>2 u
000 MoACTaHOBKU G € S; Ha MHOXecTBe M(k, P)
BCeX K-KOMIIOHCHTHBIX BEKTOP-MATpPHUI[ HAJ acco-
OUATUBHBIM KOJIBILIOM P OMnpeaciicHa YacTU4Has
l-apnas onepauys [ |, 5, x 1 JOKa3aHa

Teopema 1.1 [1, reopema 1]. Ilycmo

Am :(Aml, ...,Amk), m = 1, N 2/-1
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— k-xomnonenmuvie eKmop-mampuybl HAO Acco-
yuamusHviM Koabyom P, o —noocmanosxka uz Sy,
yooeremeopsiowas ycrosuio 6 = . Tozda, ecnu Ons
nekomopoeo i=0, 1, ...,1—1 onpedenena k-xomno-
HEeHmMHAs 6eKMOp-Mampuyad
[Ar . AfAw - Aok Aivit - Avi]io b
mo ons mobozo j=0, 1, ...,1— 1 onpederena k-xom-
NOHEHMHAsL BEKMOP-MAMpuya
[Ar - AfA - Aok Ajirt - Aari]l o b
U BEPHO PABEHCHIBO
[Ar . AAur - Al ok Avviet - Agii]l ok =
=[A1 . A[AG - Al ok Ayt - Ao ] ok

CorunacHo teopeme 1.1, eciin P — accounaTus-
HOE KOJIBIIO, 4 MOJCTAHOBKA G' | — TOXJIECTBEHHAs,
To Ha MHOXectBe M(k, P) omnpexeneHa yacTUuHas
accouuaTuBHas [-apHas omepauus [ ]; 5.4 TO €CTb
M(k, P), paccmaTpuBaeMoe BMECTE C 3TOH [-apHOM
orepanueii, SBISETCS YacCTUYHON [-apHOH moiry-
TPYIIOH.

N3 teopemsrl 1.1 BbITeKaeT

Ilpeonoscenue 1.1. Eciu P — accoyuamuenoe
KObYo, NOOCMaHoeka G € Sy yoosnemeopsiem ycio-
euio G' = o, mo <M,(k, P), [ 1 5.k > — l-apnaa nony-
epynna.

Bo muoxectse M, (k, P), rme P — acconuaTuB-
HO€ KOMMYTaTHBHOE KOJIBLIO C €IMHUIIEH, BBIICIUM
nogmuoxkectBo GL,(k, P) BceXx A-KOMIIOHEHTHBIX
KBaJ[PaTHBIX BEKTOP-MATPHIl HOpsiAKa n Hax P, y
KOTOPBIX BCE KOMIIOHCHTHI OOpATHMBI B KOJBIIC
M,,(P). SlcHo, uTO 0OpaTHMOCTh KOMIIOHEHT B M,,(P)
MOXXHO 3aMEHHUThb OOpaTHUMOCTBIO OIpEeAeInTeNeH
3TUX KOMIIOHEHT B P.

Teopema 1.2 [4, teopema 4.2]. Eciu nodcma-
Hoeka G € Sy yooenemeopsem ycnosuio G'=c, mo
<GL,(k, P), [ 1i.6,k> — l-apnas epynna. B uacmmo-
cmu, <GL,(k, P),[ lvi,q2...0.6> — (k+1)-apnasa
epynna.

I-Apnyro rpymmy < GL,(k, P), [ 11, .+ > 1O aHa-
JIOTHH C OMHApHBIM CIIy4aeM €CTECTBEHHO Ha3bIBaTh
MMOTHOW JIMHEWHOW [-apHOW TpyNIOH, COOTBETCT-
BYIOIIEH TaHHBIM k U G.

Bo muoxectBe GL,(k, P) BbIIETMM IMOAMHO-
kectBO SL,(k, P) BceX k-KOMIIOHEHTHBIX BEKTOP-
MaTpHul, Y KOTOPBIX ONpPEAEIUTENh KaKA0H KOMIIO-
HEHTBI paBeH eAuHuLe koapua P. Tak kak MHOXeECT-
Bo SL,(k, P) coBnagaer ¢ k-oi nexapTOBOH cTerie-
HBIO creruansHOl JmHerHou rpymmnsl SL,(P), To,
npuMeHss Teopemy 2.9.3 [7], morydum cieayromuii
pe3yIbTar.

Ilpeonoscenue 1.2. Eciu noocmanoska G € Sy
yooenemeopsiem ycioeuio G' =G, Mo MHOICECMEO
SL,(k, P) 3amknymo omuocumensro Il-aproii one-
payuu  [lisk a  YHUsepcamvmas — ancebpa
<SL,(k, P), [ 1i,c.x > s6151€mc31 -apnoii epynnoti.

I-Apnyto rpynny < SL,(k, P), [ ], ,x > 1o ana-
JIOTUH ¢ OMHAPHBIM CIyYaeM Ha30BEM CIICIHAIbHOMN
TUHEHHOW [-apHOW TpyNIOH, COOTBETCTBYIOLICH
IaHHBIM k U ©.
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Tak xax mHOXecTBO M, (k, P) coBnanaet ¢ k-oit
JIEKapTOBOM CTENEHbI0 MYJIbTUIJIMKATUBHOM IMOINY-
rpymmsl M,(P), xotopast nipu #n > 1 Healenesa, To,
BBUIY npeanoxenus 3.5.4 u3 [7], umeet Mecto

Ilpeonoscenue 1.3. Eciu P — accoyuamugnoe
KObYyo ¢ edunuyell, NOOCMAaHoska G € S y0oeie-
meopsiem ycnosuio ' =o, mo l-apuas nonyepynna
M, (k, P) npu n>1 ne seisiemcs nonyabenegou. B
YACMHOCMU, OHA He 51815emcsi aDenesoll.

Jli1st BCSIKOM TOJICTAHOBKHU G € ), MOJI0KHM:

G =01 ... Gp0pi1 ... Oy (1.1)

— pazNoXeHHEe G B MPOM3BEACHHE HE3aBHCHUMBIX
LMKIIOB, T1I€ Cp+1, ..., Oq — BCE LUKJIBI JUIMHBI 1;
X1 = {illy ey l.”1 }, ""‘X:U: {ipla . iplp },

Xor1 = {ipri}s .o Xy = {U} (1.2)
— G-OpOUTHI, COOTBETCTBYIOIIHE IUKIAM G, ..., Gp,
Gp+l1s ..., Og. JMHA 1MKIA G, (=1, ..., g) 0bo3Ha-
qaerca yepes /.. B wactHocTH, [y = ... = [, = 1.
Onpeoenenue 1.1 [3, onpenenenne 3.1]. Ymo-
psmodeHHbIt HaObOp map ((my, ny), ..., (my, ny)) Ue-
JIBIX TIOJOKUTENBHBIX YHCENl Ha3bIBAETCS G-CO2d-
COBAHHBIM WIIA CO2LACOBAHHLIM C NOOCMAHOBKOU
G € S, umeromei pasnoxxenue (1.1), ecm:

1) st xaxnont opoutst X, = {iy, ..., i, }, rae
r=1,...,p, uw mo0Oro ee »JJIeMeHTa i, TIe
s=1, ..., [, BepHbBI paBeHCTBa

My = Mg s Mgy M e
cs Ay F SR (1.3)
2)my =n ,mo=mn,

3ameuanue 1.1. Ecniu ycnoBue 1) ompenerne-
Hus 1.1 pacmpocTpaHuTh Ha OJHORIEMEHTHBIC IIHK-
JIBI, TO ISl OpOUT
)(p+1 = {ip+1}9 ---an = {iq}
paBeHctBa (1.3) mpumyT Bug

no =n . . =N, . =n; i
P (i) o (ipn) o (ip1) Ip+t Ip+l

=n =n =n, =m. .

"’"a/v"uq) AR O A U B iy

Takum obpazom, B ompenenenun 1.1 MoxHO 000¥i-
THCH 0e3 ycnoBus 2), ecau B yCIOBHH 1) cunTath
r=1,...,q.

3ameuanue 1.2. MoxxHo mokasarb [3], 9To U3
BEITOTHUMOCTH  ycinoBus (1.3) @i HekoToporo
i,y € X, clnemyeTr ero BBINOJHUMOCTH UL JIFOOOTO
i, €X.

Teopema 1.3 [3, Teopema 4.1].  Ilycme P —
accoyuamueroe Koabyo, YHOPAOOUEHHbll HAbop
((my, my), ..., (my, ny)) coenacosan ¢ NOOCMAHOBKOU
G € S, yoosremeopsioweti yenosuio 6 =o. Toeda
mHoxcecmeo M _(P) samxnymo ommocu-

X
menvho l-apnoti onepayuu [ ), o 1 @ yHUGEpCANLHAA
arceopa <M, . (P),[l,cx> seriemca
l-apnoii nonyepynnou.

[IpuBeaem kpurepuil G-coriaacoBaHHOCTH BEK-
TOP-MaTPHLIBL.
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Teopema 1.4. Eciu noocmanoska & € Sy y0os-

Jlemeopsem Yciosuio ' = G, mo 6eKmop-mMampuya
A=(4,, ...,Ar) € M(k, P)
Hao accoyuamuHviM Koavyom P asngemcsa G-coe-
AACOBAHHOU M0O20a U MOJLKO Mo20d, Ko20a onpede-
nena eekmop-mampuya [A...A ] s .
—

Jloxazamenvcmeo. Tlyctb (my x ny, ..., my X ny)
— pa3Mep BeKTop-MaTpuibl A = (4, ..., Ay).

Heobxooumocmo. Cnenyer u3 Teopemsl 1.3.

Jlocmamounocmy. IlycTh 15 IOJACTAHOBKU G
umeeT mecto pazioxenue (1.1) ¢ o-opouramu (1.2),
unuyctb [A...A ] o xc={1, ... Y4},

T

rie

Y= Aidagy . Ay A=k (14)

()
B wactHOCTH, 3TO BEpHO IS IIOOOTO 3JIEMEHTA j U3
m060# G-opouTsl X, (r =1, ..., p) C YUCIIOM dIIEMEH-
TOB [,, OonbIIuM enuHunbl. Tak Kak [.<[=tl.+ 1,
TO, BBIMMKCAB TepBbie /., + 1 KOMIIOHEHT W3 MpaBoOit
gactH (1.4), BUnumM, 4To CyIIEeCTBYET IPOU3BEICHHE

AiA g A A .
o) A s ) a2 ) e ()
DT0 03HAYAET, YTO I BEKTOP-MATPHIBI A, UMEIO-
mei pasmep (m; x ny, ..., My X 1), BEPHO

1 = Mo No() =
Ty o Moy T Mora gy iy T Moy 0
a TaKk KaKk O — TOX/JIECTBEHHAs MOJICTAHOBKA, TO
MOCJIEIHNE PABEHCTBA IPUHUMAIOT BUJL
1= Mo No() =
Ty o Moy T Mooy Mgty = M
Takum o0pazom, BBEIIONHSAETCS ycioBue 1) ompene-
nenns 1.1.
Ecnu j—osnement u3 moboit G-opouthl X,

(r=p+1,...,g) ¢ YUCIOM DJIEMEHTOB, PaBHBIM
equHune, o (1.4) npunumaer Bux Y= Aj...Aj .B
—

1
4aCTHOCTH, ONPENEIEHO NIpousBeneHue 4;4;, otkyna
ClIeflyeT COBIIAJICHHE Pa3MepOB MATPHIBI A;. Takum
obpazoM, ycnoBue 2) ompeneneHus 1.1 Taxke BbI-
nonusiercsi.  CrenoBatensHo, Habop ((my, ny), ...,
(my, ny)) cormacoBaH ¢ mojcTaHOBKOW ©. Teopema
JIOKa3aHa.

2 Ilepecmanogounocms 31emenmog 8 l-apnoii
nonyepynne <M, . (P) [l 0>

Monoxum, 1< p<min{my,ny, ..., my,ni}, 4
BBIEIMM BO MHOXKectBe M, - (P) moamHo-
(n)
xectBo M (P) Bcex BEKTOP-MaTpHI]
BHA
B 0 B, 0
A=|4-= e Ay = ,
0 0 0 0
rae By, ..., By — KBajgpaTHble MaTpulbl HOpsAKa [
Han P:
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M”“—{A—[(B‘ Oj (B" OBI
0 0/7°7lLo 0
AeM (P), B, ... By e M(P)},

MyX Ry Ty X
re JUIs COKpAIlleHMs 3aIliceil MCIIONB30BaHO 000-
snavenne M® = MW (P), xoTtopoe HHO-

Iy Xy X
raa OyaeT ynoTpeOnsaThesi, €Cld U3 KOHTEKCTa SICHO,
0 YeM HUJECT PeUb.

Ilpeonoscenue 2.1. [ycmv P — accoyuamus-
Hoe koavyo, Habop ((my, ny), ..., (my, ny)) coeraco-
6aH ¢ NOOCMAHOBKOU G € S, yoosiemseopsrowel
yenosuio 6' =,

1 <u<min{m, ny, ..., my, ng}.

Toeoa muoxcecmso MW sayxnymo omnocumensio
l-apnou onepayuu [ 1, 5., @ yHusepcanvnas aneebpa
< M(”), [lio.k> a6uaemca [-apnoii nonyzpynnou,
uzomopnoti  l-apnoii  noayepynne < My(k, P),
[ ]l, o,k >.

Hoxazamenbcmeo. 3amMeTum, 4TO 1O TEOpeme
13 <M, ., n P)[lox> — [-apHas momy-

rpynna. Ilycts

A—A—B“O A—B""O i=1,..,1
i = geees Ay = , =1, ...
0 0 0 0

— IIPOM3BOJIbHBIE BEKTOP-MATpUIbl n3 M*,

A= [A] A]][y(;ﬂ/( = (Y], N Yk)
CornacHO OINpeENCHUIO ONepaluu [ |, 5 x U BBUILY
TOXJACCTBCHHOCTH ITIOJACTAHOBKH 017 , IMCCM

Yj:Alezc(/-)... A Azf,jzl,...,k,

(-1 ()

D 0
OTKyJia IoitydaeM ¥; = 0’ ol e

BljBZG(j) ... B Blf :Dj e < MH(P)

(-1 ()

TakuMm oGpazom,

A= b0 b0 e MW,
0 0/7°Lo o

CnemoBatensno, MuoxkectBo M samkmyTO
OTHOCHTEJNEHO [-apHOM OIepaliu, a yHUBEpCcaabHast
anrebpa <MW, [ 1.6,k > siBIsCTCA [-apHO# mOINy-
rpynnoi.

Onpenenum otoGpaxenue f: M® — M, (k, P)
10 TIPaBIILY

u=|[" 0 Vi 0 U=, ...,V
f: 0 ol la o) |PO= T,

ScHo, uro f— Guexims M® Ha M, (k, P). Tak kak
ﬂ[A]...Ak]l, G, k) :f(A) :f(Yl,...,Yk):(Dl,...,Dk) =
:(Bl IBQG(]). .. B(lil)oj,z(l)B“,. . "Blszc(k) .. 'B(I—l)c”z(k)Blk) =S

=[(Bi1, - Bi) oo Bty s Bi)li o,k =
=[flA) ... FAD]i 0,0

TO €CTh
SAL - Al o) = [AY) ... fAD]L 6,16

T0  f—uzomMopduzm l-apHO# IOy TPYTIITEI

<M®,[ 164> Ha [l-apHyl0o  TOJNyrpymmy

<My(k, P), [ 1, & > IIpemnoxeHnue n0Ka3aHo.
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Teopema 2.1. [lycmv P — accoyuamuenoe
Konvyo ¢ edunuyeti, Habop ((my, ny), ..., (my, ng))
€021aco08an ¢ NOOCMAHOBKOU G € Sy, Y0061emeo-
pAoweli yenosuio 6' = o,

min{my, ny, ..., My, N} = 2.
Toeoa Il-apnas nonyepynna <M

e mn, ()
[ 1.6,k > He asnaemcs nonyabenesoii
Hokazamenvcmeo. Ilo npemioxenuto 1.3 [-ap-
Has nonyrpynna < My(k, P), [ 1,6, >, 1€
2 <u<min{my, ny, ..., my, nt,
HE sBIIETCS NOJIyabesieBoii, HO TOrza, BBUIY IIpe/-
noxenns 2.1, HenoxyabeneBoit OymeT u m30Mopd-
Has eii [-apuas nomyrpynma < M®, [ ], 5>, A Tak
kak MW c M (P), To [-apHas monyrpym-

X Ay ., X Ty
na < Mm.xnl,...,nuxnk (P), [ 11,6,k > Takxke He sBISIETCS

momyabeneBoii. Teopema nokaszaHa.

Janee B cieactBusx 2.1-2.5 P — acconnaTuB-
HOE KOoJbIIo ¢ eauHuneil. Kpome toro, B crnencTsusix
2.1-2.3

min{my, ny, ..., My, A} = 2.
Cneocmeue 2.1. Eciu nabop
((my xny), ..., (my X 1))
co2nacosan ¢ noocmanogkou ¢ € Sy nopaoka d, mo
(d+ 1)-apuaa  nonyepynna <M O (P),

[ lat1, o,k > He asnaemcs nonyabenesou.
Cneocmeue 2.2. Eciu 6 — yuxn onunsl k uz Sy,

ny = mc(l)a nc(l) = moz(])r v no-“’z(l) :mo_kfl(l)sno_kfl(]) = mp

mo (k+ 1)-apnas nonyepynna < Mmlxnl,....mxnk (P),

[ Je+1, 0,k > He A617€MCA NOTYAbENEBOII.
Cneocmeue 2.3. Eciu
ny=my, Ny = M3, ..., Njey = My, N = My,

to (k+ 1)-apnas noayepynna <M P),

[ 1k1, 12 ... b, & > He A6nAemca nonyabenesoi.

Cneocmeue 2.4. Eciu min{m, s, r} 22, T0 4-
apmas nonyepynna

< Mm X 8,8 X1, X m(P)s [ ]4: (123),3 >
He s6/slemcst nonyadenesol.

Cneocmeue 2.5. Eciu min{m, n} > 2, mo mep-
napuasn noayepynna < My, wxm(P), [ 15,(12),2 > He
A6715emCsl NOyabenesou.

CrpaBeIUTHBOCTh  CIIEAYIOMICH JIEMMBI YCTa-
HABJIMBAETCSI POCTOMN MMPOBEPKOU.

Jdemma 2.1. Ilycme nonyepynna P codepoicum
eOUHUYY U dNIeMeHm, OMAUYHbl om edunuywvl. Eciu
G — mooicoecmeenHas noocmanoska uz Sy, mo |-
apnwiii epynnoud < P, [ 11, 6. x> A6157€MCA abenesbim
moaoa u moivko mozod, koeda noayepynna P xom-
Mymamugha.

Teopema 2.2. Eciu P — accoyuamueroe xonvyo
¢ edunuyeil, Habop

((my xmy), ..., (my % n))
€021aco8an ¢ NOOCMAHOBKOU G € Sy, y0081emeo-
psoweii yenosuio ' =c, mo l-apuas nonyepynna
<M, (P), [ 1i6,k> ~nenaemca abenesoii

95



AM. I'anomax

moz20a u Moabko moz20a, Ko20a G — MOAHCOeCmEeH-
Has NOOCMAaHo8KA, my=n,=...=mp=n,=1, P —
KOMMYMamueHoe KOoavbyo.

Joxazamenvcmeo. Heobxooumocms. Ecnin o —
HETOXICCTBEHHAS TMOJICTAHOBKA, TO IO MPEIJIONKE-
HUIO 3.5.1 [7] l-apHast MOJIYTPyIIa
<Mk, P)= P", []i.o.x> He sBugerca abeneBoH,
OTKyZa, BBUIY npeioxkenus 2.1, caenyer Headese-
BOCTb H30MOpGHOH eil /-apHOH mOIyrpymnIsl
<MY, [ 116.4>. A tak kak M) M, o (P

10 [-apuast monyrpynmma <M, - (P),[],0,k>

TaK)Ke He SBISIETCS a0eJeBOH, YTO NPOTHBOPEUUT
ycnosuto. CieoBaTenbHO, G — TOXKIECTBEHHAs MO/
CTaHOBKA.

CornacHo mpemioxenuto 3.8 [3], BekTop-
MaTpHIla COTJIACOBAHA C TOXJICCTBCHHOH IMOJCTA-
HOBKO#{ TOT/Ia U TOJIbKO TOT/a, KOT/Ia BCE €€ KOMIIO-
HEHTBI SIBIISIFOTCS. KBaJPATHBIMU MaTpHLaMU. Takum
o0pazom, my =ny, ..., m; = ny,

M, e (P) =M, (P).

IIpexmonoxum, 4ro n;>1 18 HEKOTOPOTO
je {l, ..., k}, n monoxum

A=(E,,...E, ,AE, ,..E,)

B=(E,....E, ,B,E, ,..E,)
E=(E,,..E,),
rne 4,B e M, (P), AB#BA,a E, ,....E

, — em-
HUYHBIE MATpULBl COOTBETCTBYIOIIUX Pa3MEPOB.
Tak KaK, BBUAY TOXKIACCTBCHHOCTH MOJACTAHOBKHU O,
[ABE..E] , =(E,....E, ,ABE, ,...E),
1-2
[BAE..E] , = (E,,...E, ,BAE, ,...E,),
1-2
TO, yuuThIBas AB # BA, noixy4um
[ABE...E], ., # [BAE...E] _,,
e o
YTO MPOTUBOPEUHUT a0ENEeBOCTH [-apHOW MOJIYyrpyn-
met <M, . (P),[],,,> Caenosarensto, n;=1

JUTS 100010 jed{l, ..k}, TO eCTh
M, ., (P)= P*. Ocranock npuMeHuTH emmy 2.1,

COrJIaCHO KOTOPOH P — KOMMYTAaTUBHOE KOJIBLO.
Jocmamounocme. Vcnonp3yercst nemma 2.1.
Teopema nokasaHa.

3 Omcymcmeue eounuy é l-apnoit nonyzpyn-
ne <M MyX N .., M Xy (P)’ [ ]l,c,k >

Teopema 3.1. [Ilycmv P — accoyuamusHoe
Koavyo, Haoop ((my xny), ..., (my x ny)) coenacosaw c
HemodHcOecmeenHol NoOCMAaHo8Kol & € Sy, ydosie-
meopsioweii yenosuro o' = o. Toeda 6 l-apnoii nony-
epynne <M, ., (P), [ 0,x>nem eounuy.

Hoxazamenvcmeo. Ilo ycnoBuio o(j) #j s
Hekotoporo j € {1,...,k}. Ilpenmomoxum, dYTO
Bekrtop-marpuna 1= ([, I, ..., I;) — enquHNIa B
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<M (P), [ 1,6,k>. Torna

MyX Ry Xy,

Mo A, =1 =y s Dy o, L),
o

!

OTKyZAa, COTJIaCHO  ONPEACNCHHUIO  OIepamnuu
[ 1i. 6, x» MOMyHdaEM
Ll IUZU) Ig,,l(j) = Ij. (3.1

PaccMmoTpuM BekTOp-MaTpuily
(Ils EREX] Ij*l» As Ij+la ceey Ik) = (Bb ERRX] Bk)
m M . (P), tne matpuna A pasmepa m; X n;

MyX Ay, XN,
OTJIMYHA OT MATPHIBI /; TOTO e pazMepa.
Tax xak I-emumuma B <M, (P),

[ ]l, o, k >9 TO
Ay, oo ATy D) 1T, =
—
1-2
= (115 (KXY} ijla Aa [j+la ceey [k)s
OTKYyJa, CHOBA IMPUMCHAA ONPCACICHUC OIllCpalnu
[ 11,0,k mOMyn™

LB I, 1y, =4 (3.2)

Tak kak npu ¢ # j BepHO B, = [, To ans o(j) #j ume-
eM B = I5(). 1ToaTomy (3.2) MOKeET OBITh Iepenu-
CaHO B BUJIE
Ly = 3.3
Hoi L gy + L agyy = 4 (3-3)

W3 (3.1) u (3.3) BeITeKaeT, A = [;, 4TO IPOTUBOPEUUT
BeIOOPY A # I;. Takum 00OpasoM, NPEANONOKEHHE O
HaIMYUU eIWHUIl B < Mm,xn.,..., e, P, [Lio.k>

HeBepHo. Teopema joka3aHa.

Janee B cnencrBusax 3.1-3.5 P — acconuaTuB-
HOE KOJIBLIO.

Cneocmeue 3.1. Eciu nabop

((my xmy), ..., (my x ng))

€02NaAco8an ¢ HemOoNCOeCMBEHHOU NOOCMAHOBKOL
G € S, nopaoka d, mo 6 (d + 1)-apuoii nonyzpynne
<M, e, (P)s [ s, o,k > HEm eOunuy.

Cneocmeue 3.2. Ilycmv G — yukn OnuHvl k u3
S, uucia my, ny, ..., My, N YOOGNEMEOPSIIOM PAGEH-
cmeam uz cnedocmeus 2.2. Toeoa 6 (k+ 1)-aprou
noxyepynne

< Mmlxn],m,mkxnk (P)3 [ ]k+1,6,k>

Hem eOuHuy.

Cneocmeue 3.3. Ilycmov wucna my, ny, ..., my, iy
yoosnemeopaom paseHcmeam u3 cieocmeus 2.3.
Toeoa 6 (k + 1)-aprou nonyepynne

<M, P [ e a2 06>

Hem eOuHuY.

Cneocmeue 3.4. B  4-apuoti  nomyepynne
< Muss,sxr,rxm(P)s [ 1as 123),3 > Hem eounuy.

Cneocmeue 3.5. B mepuapnoii  nonyepynne
< Mm X 1, 0% m(P)a [ ]3, (12),2 > Hem eauHWI

3ameuanue 3.1. IIpn 1oKa3zaTenbCTBE TEOPEMBI
3.1 ycioBHe G' =G He HCIONB30BANOCh. DTO yCIO-
BHeE, coracHo Teopeme 1.3, obecneunBaer accorua-
THUBHOCTb ONEPaLH [ |/ o, i
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4 Jlenumenu nyna e l-apnoit nonyzpynne
<M myX . myX (P)9 [ ]l,o',k >

Cymmoii  Bektop-marpuly, A = (A4, ..., 4y u
B=(By, ..., By) OAMHAKOBBIX Pa3MepOB Ha3bIBAETCS
BEKTOp-MaTpuIa

A+B= (Al +Bla ...,Ak""Bk)
TOTO K€ pa3Mepa.

3ameuanue 4.1. Tax Kak MHOKECTBO

, (P) coBnanaer ¢ AeKapTOBBIM IPOU3-

X R Iy XN
BEJIEHUEM
lv[m1 xm (P) X... XMmk X1y (P)9

B KOTOPOM KaXKIIbIi COMHOXXHTEINb SBJSIETCS abeie-
BOM IpyNIOW OTHOCHUTEIBHO OIEpALMM CIIOKEHHUS
MaTpHil, TO MHOXecTBo M (P), pac-

CMaTpUBAEMOE BMECTE C Olepaleil CI0KEHUs BEK-
TOp-MaTpul, sBiIsgeTcs aleneBoil rpymmoil. SlcHo,
YTO BEKTOP-MaTpulia

0= (0 ...,0

I7ie BCe KOMIIOHEHTHI — HyJIEBbIE MAaTPHUIbl yKa3aH-
HBIX DPa3MepoB, SABISETCS HYyJIEeM JTOH abeneBoi
rpymmsl < M  (P), +>.

Teopema 4.1. [Ilycmv P — accoyuamusHoe
xoavyo, Habop ((m; xny), ..., (my X ny)) coeracosan ¢
noocmanoekoli G € Sy, yoosremaopaioujell YCioeuio
6'=0. Toeoa 0 — wuyms Il-apnoii nonyzpynnel

M, s P)y [ Ni6,6> Ectu k momy dice 6 —

myxng 2ttt my Xy

myxn 2 my X ny )5

MyX Ay, My XN,

Hemooicoecmeennas noocmanoska, [ > 3, mo 6 smoii
l-apnoii nonyepynne eéce snemenmoul A8nAIOMCA Oe-
JUMeNsIMU ee HyJisl.
Hoxazamenvcmeo. 3aduxcupyem i € {1,2,..../}
1 TIOJIOKHAM
[Ar .. AL AAG A o= (YL Yo, L, 1)),
rae

A=y s Ay €M, (PL1=1,2, .1,
Ail = Omlx mot "47'1{ :Omkx o

TO €CTh
A=0=(0, .0, ).

CornacHo onpeleNeHuIo onepanui [ | o, s
Y= A4,z -
(i—l)a”z(/)Afa"‘(j)Au+1>cr"(/> AIGH(J') -

:AlfAzg(j) |

a2 Um “n
(D20 i1y Mot )

0

o' () " ity T Umyxn
i sroboro j € {1, 2, ..., k}. TemM caMbIM g0Ka3aHO
PaBEHCTBO
[A ... A 10A; ... A 6x=0,1=1,2, ..., L
CnenoBarensHo, 0 — Hymp [-apHOIl TOMYTPYHIBI
<M P [l

[ycts Tenephb 123,ie{l,...1},
C=(Cy,...,C) — mpous3BOJIbHAas BEKTOP-MaTpHIla
u3 M XA ey MY X Ty (P)’

[Al AFICAHI Al]l, o, k = (le ZZ» ceey Zk)s
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riae

At: (Atb AtZ) "'aAtk) € Mm,Xn,,...,m,‘Xn,( (P)s
tefl,..,i—1,i+1, .. 1I}.

Ecnu i > 3, TO momoxum
A]Z(A”: 0 ""Al(k—l):Om“xnkl’Alk #0

Ay =(4y1, A, -y Aoi) # 0, Aoy = 0, nocs
A, #0,5€ {3,..,i—1,i+t1,...,0D.

Tormamnaj=1, ..., k— 1 umeem
4= Aoy - Ay Com iAo Ay =

=0 A

mpxn, Ay - Ao

myx m 2 X n ),

E

1 damoi( Aoy = Ompen,»
a st j = k umeem
Z,= A A
k 164 26(k) A}Gz(k)

C

o '(k)A(i+1)a"(k) A/a’ (k) -

T A(i—l)a”z(k)

= A4

lkomomx ) A362(k) A(i—l)a" 2(k)

C A A

o) i+t (k) T TIe (k) = Omk xm®
Takum obpazom, ecnu i > 3, TO
[Al... A 1CAL .o A6 =0, 4.1)
T€ BCE BEKTOP-MATPUILI Aj, ..., Ajq, Ai, ..., A;
OTJIWYHBI OT HyJIs 0.
Ecnu i =2, To monoxxum A; TakuM e, Kak B

| >
ciydae (23, B A;# 0 KOMIOHeHTa A, , & DaBHa

HylneBol Mmarpune 0, BEKTOP-MaTpHULbI

X n >
) TP

A, ..., Ay otauunsl oT 0. Torga cHoBa
Z] =0 . Zk—l = 0

mxm 2t My_y X ng_y°

H, KpOMe TOro,
Zr=AuCow A

362 (k)

=A1Co1) 0 A A

M2 X M2y At k) T et (k) Xy

A A =

46> (k) """ I (k)

Takum obpaszom, mist [ =2 paBeHCcTBO (4.1) Takxke

BEPHO.
Ecmu i = 1, To moytoxum
AZU(I) = Omo(l) Xngmy? "2 AZo'(kfl) = M (k1) X N 51y
AZO'(k) # Omo(“ X Ng(xy
A;, ..., A, Takme ke, Kak 1 B ciy4ae i = 2. Torga ms
j=1,...,k—1 nmeem
‘j 412a6(j) A30_2(]_) eee Alo-”'(j)
= Cj O’”om XN 36 (j) T e () = O”‘J xn;?

a s j = k umeem
Z = Crldao Ahz(k)A

45 (k) """ Alo‘”‘(k) =
= C4,,,,0 A

3 .. = = .
M2 2 Ae (k) I (k) Tk

Takum obpa3oM, u B cirydae i = | BepHO paBEHCTBO
(4.1). CnenoarensHo, C — menuTens Hyns /[-apHOU
noxyrpynnsl <M (P), [ 1i.6,4>. Teopema

X e T X 1
JTIOKa3aHa.

Hna teopemsl 4.1 MoxHO chopMyTHpoBaTh
CIIEJICTBHS, aHAJIOTUYHBIE clieacTBusaMm 2.1 — 2.5.
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AM. I'anomax

5@ Dxoouo <M, (P),+ | o>

Ilpeonoscenue S.1. [lycmo i =1, ..., 1,
A=Ay s Ap),m=1, .., i—-1i+1,..., 1
B= (B], ceey Bk),

C= (C], N Ck)
— k-KomMnonenmuble SEKMOP-MAMPUYbl HAO ACCO-
yuamusnvim xonvyom P. Toeda, ecnu onpedenena
00HA U3 k-KOMNOHEHMHBIX 8eKMOP-MaAmpuy
[Al .. AL(B+OAL ... Alsr,  (5.1)
[Al .. ALBAG Aok T
+[A) ... AL iCAL - Ao ko (5.2)
mo onpeodenena u 6mopas 6eKMOP-Mampuya U 6pHoO
PABEHCMBO
[Al ... Aui(B+ C)Aii ... Alli 6.k =
=[A1... A BAy Aokt
+[A; ... AL iCAxt ... Al o ke (5.3)
Jloxazamenvcmeo. Ilonoxum
[Al. AL(B+CAL ... A6k = U= (U, ..., Up),
[Ar ... ApBAy Aokt
T[A . ALCA A sk =YV =V L T,
[Ar... AiBAL . Al ok =G = (G, ..., Gy),
[A] A,;]BAH] . A]][y k= H= (H], N I‘]/()
[Ipeamonoxum, dYTO OMNpeaesieHa BEKTOP-
Mmatpuia (5.1). Torma ans moboro j =1, ..., k ompe-
JIeJIeHa MaTPHIIA.

Ui = Aydao) - A(i—l)o-"z(j) (Ba”‘(j) +

Ca"‘(j>)A<f+1)a'(./) " A/cr”'(./)'
W3 mocnexHero paBeHCTBA, MCHONB3YSl IUCTPHOY-
TUBHOCTh YMHOXEHHSI MaTpPHUIl OTHOCHTEIBHO HX
CJIOKECHUS, TOTYIUM
Up=Aydaog) -+ Ay 3By Aoy Ay T
Aoy - Ay Coniy Aume iy e Ao
TZie B TIPaBOM 4acTH MEpBOE CaraeéMoe COBIA/IACT C
G;, a BTOpOE — ¢ Hj, TO €cTh
[J./:G/+[_Ij: V}aj: L.,k
CrenoBarenbHO, omnpezaeneHa Bekrop-marpuna (5.2)
u BepHO (5.3).
Ecmn ompenenena BexTop-matpuma (5.2), To
Juis mro0oro j = 1, ..., k onmpeaencHa MaTpuIia
Vi= G+ H; = Ayjdaog) -

o B A oA +
(-2 (N e () D () 16" (j)

+A1_/-A26(j) ... A

(i—l)a”w)ca""u)A(Hl)o‘u) A/cr”‘(/) ’
s MOCJIEAHCTO paBCHCTBA, CHOBA MCIHOJIb3Yys AUCT-
pI/IGYTI/IBHOCTL YMHOXCHUA MaTpull OTHOCUTCIILHO
HX CIIOKECHUS, ITOTYINM

Vi=Aydas - A(Fl)g"*z(j)(Ba"'(j) *

U,

Coni iy -+ Ay =U;
To ecth V;=U;, j=1, ..., k. CnenoBatensHo, omnpe-
neneHa Bekrop-matpuna (5.1) u BepHo (5.3). Ilpen-
JIO’KEHHUE JI0KA3aHO.
Teopemsr 1.3, 2.1, 3.1, 4.1, 3ameuanune 4.1 u
npemiokeHue 5.1 MO3BONAIOT  cPOpMyITHUPOBATH
CIIE/TYOIIYIO TEOPEMY.
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Teopema 5.1. [Iycmv P — accoyuamusnoe
Konvyo, Habop ((m; xny), ..., (my x ny)) coenacosan c
noOcmaHo8kou G € Sy, yoognemsopsaoujeli yCio8uio
6’ =o. Toeoa:

1) ynusepcanvnas anceopa <M, . . (P),

+, [ 1i.6.x> a617emca accoyuamuenvim (2, [)-kons-
yom;

2) ecnu 6 P ecmb edunuya,

min{my, ny, ..., My, N} =2,

mo (2, [)-konvyo uz 1) ne sensemes nonyabenegoim,

3) ecnu 6 — HemodCcOecmeeHHAsL NOOCMAHOBKA,
mo 6 (2, I)-xonvye uz 1) nem eounuy, a npu l> 3 ece
€20 dNIeMEeHMbl AGIAIOMCSL OSTUMENAMU HYJIAL.

Just Tteopembl 5.1 MoxHO cdopMynupoBarth
CIICJICTBHS, aHAJIOTHYHEIC ClIeACTBHIM 2.1-2.5.

6 (2, D-anceopa <M, ., ., P)sts[1io,k>

Hamomuaum [1], yTo mpousBeneHUEM cKalsipa
A € P Ha BekTop-marpuity A = (4, ..., A;) Ha3bIBa-
eTcss BekTop-marpuiia AA = (A4, ..., Ad;). Jlerko
mpoBepsieTcss (CM. HampuMep, TpeaoxeHne 1 u3
[1]), uTto MHOXecTBO M . (P), tne P — no-

Jie, ABIIAETCS JIMHEMHBIM IMPOCTPAHCTBOM Hajx P ¢
OTIepALIASAMH CIOKEHUS BEKTOP-MATPUIl U YMHOXKE-
HUSL BEKTOp-MATpHIl Ha ckamsip. Hymem storo mm-
HEHHOTO MpPOCTPAHCTBA SABISETCA BEKTOP-MaTpHUIla
0=(0y, ..., 05, Tme xomnonedts 0y, ..., 0, — HyTe-
BbIE MATPHIIBI Pa3MEpPOB M1y X My, ..., M X Ny COOT-
BETCTBEHHO. [IpOTHBONONOXHOM 11  BEKTOp-
MaTpuIsl A = (44, ..., Ay) ABISIETCS BEKTOP-MaTpHUIIa
—A=(—A4y,...,— Ay,

Yy KOTOpOW KOMIIOHEHTHI — A, ..., — A; SBISIOTCA
MIPOTUBOIONOKHBIMY JUIT MaTpui Ay, ..., A COOT-
BETCTBEHHO.

Ilpeonoscenue 6.1. Eciu ona k-xkomnonenmoix
8eKMoOp-Mampuy

An=Unty s App),m=1, ..., 1

HA0 accoyuamuHbiM KOMMYMAMUGHbIM KOJbYom P
onpeoenena gekmop-wnampuya [A1A; ... Al sk

MYX Ry Y XN

mo }L[A] A[][’ G‘k:
=[A1 ... ALiQRADA - Aok (6.1
st Bcex A € Pumoboroi=1, ..., L

Lokazamenvcmeo. SIcHO, 4YTO TIpaBas YacThb
paBeHCTBa U3 (HOPMYJTUPOBKU MPEIIOKEHHS OIpe-
nenena. Ilonoxum

[Al Al]l,c,k: (Bls EREX] Bk):
[Ai ... ALi(AADAG ... Ao k= (Co, ..y Cp).
Tak Kak, cOriacHO ONpeesIeHHI0 onepauui [ ;. o, s
G AyAzog). . A(i—l)c’ 2(./')0“‘4:'6' ‘(.f>)A<f+1><s'</> Ay G
= )\‘(AleZG(]') .. A

(f—l)o”z(j)Aic"‘<j>A<i+1>o'<j> Alcs”‘(j) )=
=AB;,
To ecth C; = AB; nns moboroj =1, ..., k, T0
}\.[A] cee A[]]ﬂ o,k — }\.(B], ceey Bk) = (7\.31, ceey }"Bk) =
=(C, ..., C)=TA] ... ALi(FA)AG . Ao ke
[Ipennoxxenue qokas3aHo.
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O 6-co2n1aco8anHbIx GeKmop-mampuyax

Teopema 6.1. [Ilycmv P — none, Habop
((myxny), ..., (my x ny)) coenacosan ¢ NOOCMAHOBKOU
G € Sy, yoosrnemeopsioujell yCiosuo o' =o. Tozoa:

1) ynusepcanvras ancedopa <M P),

+,[ 1io.x> A611emea accoyuamusnoi (2, I)-aneed-
poti Hao P;

2) ecau min{my, ny,...,my, nit =2, mo (2, )-an-
2eopa u3z 1) He agiaemcs noiyabenesotl,

3) eciu G — HemMoOIHCOECMBEHHASL NOOCMAHOBKA,
mo 6 (2, [)-aneebpe uz 1) nem eounuy, a npu >3
8ce ee dNleMeHmbl AGISIOMCSL OCNUMENIMU HYJISL.

Jokazamenvcmso. 1) Ilo teopeme 1.3 nunei-
HOE TIpocTpaHcTBO M (P) 3aMKHYTO OT-

X e 11X
HOCHUTENIFHO AacCOLMATHBHOM /-apHOW omepanuu
[ 1i6.5» KOTOpasg mo mpemioxkeHuto 5.1 auctpuly-
THUBHAa OTHOCHUTEIBHO OIEpaIMU CIO0KEHHs BEKTOp-
Mmatpun. Kpome Toro, cornacHo mpemioxeHuro 6.1,
B 3TOM JIMHEHHOM IPOCTPAHCTBE BBIIOIHAETCS yC-
nosue (6.1). Crnemosaremsro, <M~ (P),

+, [ 1, .k > — acconuatuBHas (2, /)-anredpa.

2), 3) Crnenyet u3 2) u 3) Teopems! 5.1. Teope-
Ma JIOKa3aHa.

Cneocmeue 6.1. [lycmo P — none, Habop
((my xny), ..., (my x ny)) coenacogan ¢ NOOCMAHOG-
kou G € Sy nopsnka d. Toeoa:

1) ynusepcanvnas anceopa <M, . (P),

+, [ Jir1, 6,k > A6naemca accoyuamuenoti (2,d+ 1)-
aneebpoti Hao P,

2) ecwu min{my,ny, ..., M, At 22, mo
(2, d + 1)-ancebpa uz 1) ne agraemcs noiyabenesotl,

3) eciu G — HemodHCcOeCmEeHHAsL NOOCHAHOBKA,
mo 8 (2,d + 1)-ancebpe uz 1) nem eounuy, a npu
d 22 gce ee snemenmul AGAAOMCA OeUMENAMU HYJIA.

Cneocmeue 6.2. [lycmo P — none, o —yukin
onunel k uz Sy, uucna my, ny, ..., My, n; Y0061€ME0-
parom pasencmaam uz cieocmaus 2.2 Toeoa:

1) ynusepcanvnas anceopa <M ,, .. . (P),

+, [ Is1.0.4 > A615€MeA accoyuamusnoti (2, k+1)-
aneebpoui Hao P,

2) eciu  min{my, ny, ..., My, Ny 22, Mo
(2, k+ 1)-aneebpa uz 1) ne sensiemes nonyadenesoi,

3) eciu G — HemodHCcOeCMBeHHAsL NOOCHAHOBKA,
mo 6 (2, k+ 1)-ancebpe uz 1) nem edunuy, a npu
k 22 s6ce ee anemenmoi AGNAIOMCA OeNUMENAMU HYJIA.

Cneocmeue 6.3. [lycmv P — none, wuucina
My, Ry, «.., My, B YOOBLEMBOPSAIONM DABEHCMBAM U3
cneocmeus 2.3. Torga:

1) ynusepcanvnas areebpa <M, . . (P),

o[ ez w6 aenaemcs accoyuamuHou
(2, k + 1)-anzebpoti nao P;
2) ecwu min{my,ny, ..., M, At 22, mo

(2, k+ 1)-ancebpa uz 1) ne asnsemca nonyadenegot,

3) eciu G — HemodHCcOeCmEeHHAsL NOOCHAHOBKA,
mo 8 (2, k+ 1)-ancebpe uz 1) nem edunuy, a npu
k 22 sce ee anemeHmol AGIAIOMCA OeUMENAMU HYJIA.
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Cneocmeue 6.4. [lycmov P — none. Tozoa:

1) ynusepcanvnas aneebpa < M,y 5. s x r. rx m(P),
[ 14 123),3> =Asnaemcsa accoyuamueno (2, 4)-an-
2ebpoil Hao P, 6 xomopoii nem edunuy, a ece ee
INeMeHmbL SGNAIOMCS OCTUMESIMU HYJIS,

2) ecnu min{m, s, r} > 2, mo (2, 4)-arcebpa u3
1) ne sgnaemcs nonyabenesoil.

Cneocmeue 6.5. [Iycmv P — none. Tozoa:

1) yuusepcanvnas anceopa <M,y nxm(P),
[1s:12,2> saenaemcsa accoyuamuenoti (2, 3)-an-
eebpoil Hao P, 6 xomopoii nem eounuy, a ece ee
IeMeHMbl SGNAIOMCS OCTUMENSIMU YIS,

2) ecau min{m, n} > 2, mo (2, 3)-ancebpa us 1)
He aensemcs noxyadenegou
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O MOAVYJISAX HAL TPYIIIIOBBIMHA KOJIBHAMUA
JIOKAJIBHO KOHEYHBIX I'PYIIII

0.10. TamxkoBa

J[nenponemposckuil nayuonanoHuiii yHugepcumem um. O. I'onuapa, [{nenponemposck, Yxpauna

ON MODULES OVER GROUP RINGS OF LOCALLY FINITE GROUPS
0O.Yu. Dashkova

O. Honchar Dnepropetrovsk National University, Dnepropetrovsk, Ukraine

ITycte A — RG -Moxyinb, Takoi, uto R — komMyTaTuBHOE KonbLo ¢ eqununert, A/C,(G) He sBusercss apTHHOBBIM R -Mo-
aynem, C;(A)=1, G — nokambHO KOHeuHas rpynma. Paccmarpusaercs cucrema £, ,(G) Beex noarpynn H <G, nmis Koto-
peix dakrop-monynu A/C,(H) He sBIAOTCS apTHHOBBIMH R -momymsmu. ABtop m3ydaer RG -monmyms A, Takoif, uTo
£,.4(G) ynosnersopsieT 1160 cr1aboMy yCIOBHI0O MHHUMAIBHOCTH, MO0 CI1aboMy YCIOBHIO MaKCUMATbHOCTH KaK yHMOPSIO-
4YeHHOe MHOXKecTBO. OIucaHbl CBOMCTBA JOKAIGHO KOHEUHOU rpymmbl G, yAOBIETBOPSIONICH 3alaHHBIM YCIOBHAM. Taxoke

TIOJIy4eHbl HEKOTOPEIE CBOICTBA JOKAIBHO Pa3pelInMOi Mepuoandeckoil rpymnsl G paccMaTpHBaeMOro BHAA IPH YCIOBHH,
aro R — menexuHI0BO KOIBIIO.

Knroueswvie cnosa: apmuHos R -Mol)yﬂb, epynnogoe KoJibyo, TOKA/IbHO KOHeYHas epynna.

Let 4 be an RG -module, where R is a commutative ring with the unit, 4/C,(G) is not an artinian R -module, C,(4)=1

and G is a locally finite group. Let £ ,(G) be a system of all subgroups H <G such that quotient modules A/C,(H) are

nad

not artinian R -modules. The author studies RG -module A such that £ ,(G) satisfies either weak minimal condition or

weak maximal condition as an ordered set. The properties of the locally finite group G with these conditions are described.

Some properties of a locally soluble periodic group G under consideration are obtained if R is a dedekind ring.

Keywords: an artinian R -module, a group ring, a locally finite group.

Beseoenue
Ilycts A — BEKTOpHOE MPOCTPAHCTBO HaJ IO-
nem F. Iloarpymmsl rpynnsl GL(F, A) Bcex aBTo-

MOpPGU3MOB MPOCTPAaHCTBA A HA3BIBAKOTCS JIMHEH-
HbIMH Tpynnamu. Eciu 4 uMeeT KOHEUHYI0 pa3mep-
HOCTh Hax moneMm F, GL(F,A) MOXHO paccMaTpH-
BaTh KaK TPYIITy HEBBIPOXKACHHBIX 71X 1 -MaTPHII,
rae n=dim,A. KoHedHOMepHbIE THUHEHHbIE TPYI-

bl UTPAIOT BAXHYIO POJIb B PA3IMYHBIX 00JACTIX
HAayKH, U U3y4alKcCh JAOCTATOYHO MHOro. B ciyuae,
KOr/la TPOCTPaHCTBO A uMeeT OECKOHEUYHYI0 pa3-
MEpHOCTh Haj mojieM F, cuTyauusi KapIuHAIbHO
MeHsIeTCs. BecKOHEYHOMEpHbBIC JMHEHHBIE TPYIIITbI
UCCIEOBAIUCh Majio. M3ydenue ITOro Kiacca
rpynn TpeOyeT OTOIHUTENBHBIX orpaHmdeHuid. K
TaKUM OTPAHUYEHHSIM OTHOCSTCS pa3lIMuHbIE YCIIO-
BUsl KOHe4HOCTH. ONHMM M3 TakMX OTpPaHHYCHUH,
KOTOpOE€ JIOCTOHHO 0cO0Or0 BHHUMAHUS, SIBISETCS
(uHUTAPHOCTHh NHHEHHOU Tpymmbl. ['pynma G Ha-
3bIBaeTCS (DMHUTAPHOM, €CIIU Uil KaXI0ro ee dJie-
MeHTa g mnoxanpocrpaHctBo C,(g) HMeeT KoHeu-

HYIO Kopa3MepHocTh B A (cM., Hampumep [1], [2]).
@uHUTapHBIE JUHEHHBIE TPYNIBI W3y4Yallch MHO-
TUMH aireOparicTaMu, U B 3TOM HalpaBIeHHH OBLI
MONyYeH psl MHTEPEeCHBIX pes3ynbraToB [2]. B [3]
© Jawxkosa O.10., 2011
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OBUTO BBEJECHO JPYroe ycloBHE KOHEYHOCTH, Halla-
raeMoe Ha OECKOHEYHOMEpHBIC JHHEWHBIC TPYIIIHI.
ABTOpBI BBENTM MOHSTHE LEHTPANBHON Pa3MEPHOCTH
OecKOHEeUHOMEPHOI nuHelHo! Tpymmsl. [lycts H —
noxarpynna rpynnsl GL(F,A). H pgedctByer Ha
¢axrop-npoctpanctee  A/C,(H) ecTeCTBEHHBIM
obpa3oM. ABTOpBI omIpenenstor centdim.H xax
dim.(A/C,(H)). T'oBopsrt, uro noarpynna H ume-

€T KOHEYHYI0 LEHTPaJbHYI0 pa3MEpHOCThb, €CIH
centdim.H xoHeuHa, u H umeeT OGECKOHEUHYIO
LEHTPAJIbHYIO pa3MepHOCTh, eclu centdim.H Oec-
KOHEYHa.

[Mycts G < GL(F,A). B [3] Obi1a paccMoTpeHa
cuctema £,(G) Bcex mnoarpynn rpymmsl G,
UMEIOUX OCECKOHEYHYI0 IEHTPAJbHYIO pa3Mep-
HOCTh. YTOOBI HCCIEOBaTh OECKOHCYHOMEPHBIC
JIMHEHHBIE TPYIIBI, KOTOPBIE 10 CBOEH CTPYKType
ONMM3KM K KOHEYHOMEPHBIM, CIIEyeT PacCMOTPETh
ciaydail, korma cucrema £,(G) «I10CTaTOYHO Ma-
nay. Tak, B [3] U3y4yaquch JOKaJbHO pa3pelInMbIe
OeCKOHEUHOMEpHBIE JIMHEHHbIe TPYNIbI, Y KOTOPBIX
£.,(G) yIoBIeTBOpsAET YCIOBUIO MUHHUMAJIBbHOCTU

Kak  ynopssao4€HHOC MHOXXCCTBO. Pa3pCHII/IMI)Ie
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0ECKOHEYHOMEPHBIC JIMHEHHBIe TPYIIBI, Y KOTOPBIX
L,(G) ynoBieTBOpSET YCIOBHIO MAaKCHUMaJIbHOCTH

KaK YHOpPSIIOYEHHOE MHOXECTBO, MCCIEJOBAINCH B
pabote [4].

Cnaboe yciioBHE MHUHUMAIbHOCTH W Ci1aboe
yCIIOBHE MaKCHMAalbHOCTH SBIISIIOTCSl Haubosee ec-
TECTBEHHBIMH TEOPETHUKO-TPYNIIOBEIMH  0000111e-
HHUSAMH OOBIYHBIX YCIOBHI MUHHMAJIBHOCTH M Mak-
cumanbHocTH. Ciaboe yciIoBHE MHWHHMAIBHOCTH
0bUTO BBeNeHO B paccMmoTpenue .M. 3aiineBbiM [5],
a cnaboe yciioBue MakcUManbHOCTH — P. Bapowm [6].
Ilycte G — rpymma, M — HEKOTOPOE CEMEHCTBO
noarpynn rpynmel G. Toopsr, uro rpymma G
YZIOBIIETBOPSIET CJIa0OMY YCIIOBUIO MHUHUMAIbHOCTH
st M -noarpynm, ecniu M yAoBIEeTBOpseT cinabo-
MY YCIIOBHIO MHHUMAJIBHOCTH, T. €. €CIIH JUIA JIF000-
ro yOBIBAIOLIEro psiia MOArPyYII U3 MHOXKecTBa M

G,2G 222G 2G, >

n+l —

CyLIECTBYET HaTypajbHOe 4uciio m € N, Takoe, 4To
ungexc |G, :G,

.1 | KOHEUYeH i KakIoro n2>m.
I'pynma G ynoBierBopsieT cmaboMy YCIOBHIO Mak-
cumansHoCTH Uit M -moarpymm, ecnu M ymosie-
TBOpPSAET CJIa0OMy YCIOBHIO MAaKCHUMAJIbHOCTH, T. €.
eciM JUIs JII000r0 BO3PACTAIOIIEro psAAa MOATPYII
U3 MHOXKecTBa M
G, <G <--<G, <G, <

CyILECTBYET HaTypajlbHOE unuciio m € N, Takoe, 4To

unaekc |G, :G,,, | KoHedeH aid Kaxaoro n=>m. B
[7] aBTOpBI M3yyanu OECKOHEYHOMEpHBIE MEPHOAU-
YeCKHUE JIOKAJIbHO PaIMKalIbHbBIE TPYIIBI, Y KOTOPBIX

£.,(G) ynopnerBopser nub0 cnaboMy YyCIOBUIO
MUHUMAaJIBHOCTH, JINOO cIaboMy YCIOBHIO MAaKCH-
MaJIbHOCTH.

Ecrn G <GL(F,A4), To A MOXHO paccMmar-

puBath kKak F'G -monynb. EcrecTBeHHBIM 00OIICHH-
€M 3TOro ciydas sBisiercsi paccMoTperne RG -mo-
oyna A, rne R — Komblo, CTPYKTypa KOTOPOTO
6m3ka K cTpykrype nons. [Ipu atom o6obuieHueM
MOHATHS LEHTPAIBHON Pa3MEPHOCTH MOATPYMIIBI
JIMHEHHOW TPYMIbI SBJISETCS IMOHATHE KOLECHTpPAIU-
3aTropa noArpynnsl, BBeaeHHoe B [8]. Ilycte A4 —
RG -monyne, rne R — xonerio, G — rpynma. Ecin
H <G, 10 daxrop-monyns A/C,(H), paccMmaTpu-
BaeMbI Kak R -Momyinb, Ha3bIBaeTCsl KOLEHTpAIH-
3aTopoM noarynnsl H B moayne A. Cnenyer otMe-
TUTH, YTO B TEOPHH MOMYJICH CYIIECTBYET pan 0000-
IIEHNH KOHEYHOMEPHOTO BEKTOPHOTO IPOCTPAHCT-
Ba. JTO MOIyJNH, 00Jamatoye KOHEYHBIMI KOMIIO-
3ULUOHHBIMU PsIIaMH, KOHEYHO MOPOXKAECHHBIE MO-
JIyJ{, HETEPOBBI MOYJIH, ApTHHOBBI MOYJIH.

B [9] uccnenoBancas RG -monynb A, TakoH,

yro R — nmenexunposo konbuo, C,;(4)=1, u ko-
HeHTpanm3arop rpynnsl G B Moayne A He SBIseT-
csa aptuHOBBIM R -momynem. beuia paccMmoTrpeHa
cuctema £ ,(G) Bcex mnoarpynn rpymmst G,

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

KOLICHTPAJIM3aTOphl KOTOPBIX B MoAyje A He sBs-
I0TCS apTUHOBBIMH R -MopynsiMu, ynopsiiodeHHast
OTHOCHTEJIFHO OOBIYHOTO BKIIIOYEHHS ITOATPYIII.
Wzyuancs Takoit RG -momymp A, d9TO cmcTema

£.,..(G) yIOBIETBOPSET YCIOBUIO MUHUMAJIbHOCTH

KaK YMOPAJA0YEHHOE MHOXKECTBO, a rpynma G jo-
KalbHO paspemrnma. Takxke paccMaTpHuBacs CIy-
yaii, xorna cucrema £, ,(G) yIoBIETBOPSET ycio-

BUIO MaKCUMAaJIbHOCTH KaK YIOPSAOYEHHOE MHOXKe-
ctBo, C,;(4)=1, rpymna G paspemuma, a R 8-
JISeTCS KOJbLIOM 1enbiX yucen [10] u memekuHmo-
BBIM KoJtbIioM [11].

Ilycte 4 — RG -monyns, rae R — xommyTa-
THBHOE KOJbLO ¢ eauHuued, £ ,(G) — cucrema

BCEX MOATPYNI rpynmsl G, KOIEHTPATH3aTOPhI KO-
TOPBIX B MOAyle A He SBIAIOTCA aApPTHHOBLIMU
R -MomynsaMu, — ymopsiloueHHas — OTHOCHTENBHO
00bI4HOrO BKIIOYeHUs mnoarpymn. Ecim £ ,(G)

YIIOBJIETBOPSIET CIIA0OMY YCIIOBUIO MHUHUMAIbHOCTH
KaK yMOpsIIOYEHHOE MHOXKECTBO, OyJIeM TOBOPHTH,
yTto rpynna G yAOBIETBOPSET ycioBuio W,

min—nad *
Ecm xe £,,(G) ynosnersopser cinabomy ycio-

BUIO MaKCHMAaJIBHOCTH KaK YHOPsAIO0YEHHOEe MHOMXKe-
CTBO, OyZleM TOBOPHTH, UTO Tpymma G yIOBIETBOPSI-
et ycinosuro W

max—nad *

Lenbro HacTosimel pabOThI ABISIETCS N3yYeHUE
JIOKQIbHO KOHEYHBIX TPYMII, YyJIOBJICTBOPSIONINX
nubo ycnosuso W nubo ycmosuio W,

min—nad > max—nad *
OCHOBHBIMH pe3yiabTaTaMu pa60TI>I SABIISIFOTCA TCO-
pemsl 2.1 n2.2.

1 Ilpeoeapumensnoie pezynvmanivl

B Hacrosiiem paszzgene Mbl MONYyYHUM HEKOTO-
pBIE dIIEMEHTapHbIE CBOICTBA IPYIIT paccMaTpHBae-
Moro Buja. Jlanee B pazaenax 1, 2 paccmaTpuBaercs
RG -monyns A, takol, uto C,;(4)=1, u KoueH-
Tpamm3atop rpynmnsl G B Moayie A He SBIIETCS ap-
THHOBBIM R -Monynem. Kpome Toro, Bcroay, Kpome
nemMMmbl 2.2 u TeopeMsl 2.2, B kadectBe R paccmar-
pHUBaeTCs KOMMYTAaTUBHOE KOJIBIIO C €IMHUIICH.

Jdemma 1.1. Ilycme A — RG -mo0dyns. Toeda
UMeIOm MeCmo CIeOYIOUUE YMBEPHCOCHUSL:

(i) Ecu L<H LG u Koyenmpanuzamop noo-
epynnol H 6 modyne A saensiemcs apmuHo8biM
R -mooynem, mo u xoyenmparuzamop nooepynnoi
L 6 mooyre A —apmunog R -mo0yis.

(i) Ecau L,H <G u xoyenmpaauzamopsi noo-
epynn L u H 6 mooyne A sensiomcs apmunosbiMu
R -mooynamu, mo royewmpanuzamop noozpynnoi
(L,H) 6 mooyre A —apmunog R -mo0yis.

Cneocmeue 1.1. Ilyctb A — RG -monyib.
MuoxectBo AD(G) Bcex 31eMeHTOB x € G, TaKuX,

YTO KOLIEHTPAIU3aToOp TPYIIIbI <x> B Moayne A —

apTuHOB R -MOaynb, sBISETCS HOpMalIbHOW MOA-
rpymmoii rpymmst G.
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Jokazamenvcmeso. Ilo nemme 1.1 (ii), AD(G)
apisieTca moarpymmod rpymnmel  G. Tak  Kak
C,(x*)=C,(x)g mms Bcex X,g € (G, OTCIOIA BBITE-
kaet, uto AD(G) HopmanbHa B rpynmne G. Cren-
CTBHUE JOKA3aHO.

Jemma 1.2. Ilyemvs A — RG -mooyns, H —
nooepynna epynnet  G. Ilpeononoocum, umo H
codeporcum HopmanvHylo nooepynny K, xoyemmpa-
JU3AMop Komopot ¢ mooyie A He a8iAemcs apmu-
Hosvim R -moodynem. Tozoa:

(1) ecru G yooenemeopsiem ycnoguio W, . .
mo gaxmop-epynna H/K yooeremeopsem ciabomy
VCIOBUIO MUHUMATLHOCTU OIS NOOPYNN,

(2) ecnu G yoosnemsopsem ycnosuio W,

nax—nad
mo gaxmop-epynna H/K yooeremeopsem ciabomy
VCIOBUI0 MAKCUMATLHOCIU 0151 NOOZPYHN.

Jdemma 1.3. Ilycmv A — RG -mo0yns, L, K
u H —nooepynnwt epynnor G, maxue, umo:

(i) K — Hopmanvhas nooepynna epynnel L;

(i) K u L — H -unsapuanmuule nooepynnsi,

(iii) L/K N HK/K =(1);

(iv) LIK =Dr, LJK, 20e L/K=#(1) — H -

uHeapuaumuas nooepynna ons 106020 n € N.
Toeoda umerom mecmo credyrougue YmeepicoOeHus::
(1) ecau G yoosrnemsopsaem ycnosuio W,

ax—nad °
mo koyenmpanusamop noozpynnot HL 6 mooyre A
agnaemcs apmunogvim R -mooynem;

(2) ecnu G yooenemeopsem ycnosuro W,

min—nad °
mo Koyenmpanuzamop noocpynnei HK 6 moodyne
A senaemcs apmunogoim R -modynem.

Jokazamenvcmeo. CymecTByloT 1Ba Oecko-
HEYHBIX ITOAMHOXKECTBA >~ M A MHOXectBa N,
takue, 4yto XUA=N, XNA=C. Tlockombky
MHOXXECTBO A OECKOHEYHO, CYILECTBYeT OecKOHed-
HbIl CTPOTO BO3pAacTAOILMKA psifl MOAMHOXKECTB
MHO>ECTBa A

ADcAQ)c--cAlk)c -,
a TaKkXKe CYIEeCTByeT OECKOHEUHBIH CTPOTro YOBI-
BAIOIIUU PsII MOIMHOXKECTB MHOXKECTBAa A
AN 2> 2DA(k)>--,

Ak +D\A(k) i

A" (K)\A"(k+1) GeckoHeunbl st Kaxaoro ne N,

TaKHE, 4qTo MHOXXECTBaA

Ilycts
D,/K = D”taZuA(k)Lt/K

D;/K = Dr L/K.

teSUA* (k)1
CHagana pacCMOTPHM CTPOrO BO3pacTarOIIMN
psA moArpymmn
HD, < HD, <---<HD, <---.
Ilo nocrpoenuto uupexcel |HD,, :HD,| O6ecko-
HeuHbl. Ecnu rpynna G yJIOBIETBOPSET YCIOBUIO
w TOT/1a KOUEHTPANU3aTop noArpynusl HD,

max—nad >
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B Monayne A sABusercss apTHHOBBIM R -momynem
JUTSt Ka)XJJ0T0 meN. ITockonbKy

(H,L |teL)<HD,, w3 nemmsi 1.1 cnenyer, uto
KOLIEHTPAJIU3aTOp IOATPYIIIbI <H ,L, |teZ> B MO-
nyne A Takxe sBIsieTCs apTMHOBBIM R -Momynem.
AHaJIOTHYHO yCTaHABIUBAEM, YTO KOILIEHTPAIU3ATOP
TOATPYIIIIBI <H L |te A> B Moayie A sBisercs
apTuHOBBIM R -Mogynem.

VYuuteiBasg paBeHcTBO X UA =N, mnomyyaem,
4TO

((H,L,|teA)(H, L |tex))=
=(H.L |teLUA)=HL.
ITo nemme 1.1, xoueHTpanuzarop noarpynnsl HL B
Moayne A siBisercs apTHHOBBIM R -Momynem.
AHaIOTHYHO MOXKHO ITOCTPOUTH CTPOTO YOBI-
BaKOIIHHN PsII MOATPYIIIT
HD > HD, >---> HD; >---,

TaKoW, 4T0 WHACKCHl | HD; : HD,, | GecKOHEeYHSI.

al
Ecnu rpynna G yaoBneTBopsieT ycnoBuio W

min—nad >

TO CYHIECTBYET Takoe m € N, 4TO KOLEHTPaIU3aTop
noarpymmsl HD, B Momyie A SBIAETCS apTHHO-

BoIM R -moxmynem. Ilockonmeky HK < HD,, 1o
nemme 1.1, xomeHTpammzartop monrpymmsl HK B
Moayine A Takke sBisercs apTUHOBBIM R -Mo-
nyneM. JleMMa nokasaHa.

Cneocmeue 1.2. Ilyemv A — RG -mooynw, u
nycmo L, K u H — noodepynnvl epynnot G, ma-
Kue, umo.

(1) K — Hopmanvuas nooepynna epynnet L;

(i) K u L — H -unsapuanmuvle noocpynnoi,

(i) L/K=Dr L/K, 20e LJ/K=#(1) —
H -uneapuanmmuas nooepynna ons mobozo n € N;

(iv) muoocecmeo N\Supp(L/K N HK/K) 6ec-
KOHEUHO.

Ecau epynna G yoosenemsopsiem  ycnoguro
W nraa YU ycrnosuio W,

m max—nad >

Mo KoyeHmpanusa-
mop nodepynnet HK 6 modyne A saensemcs apmu-
HosbiM R -mo0ynem. B uacmmocmu, xoyewmpanu-
3amop nooepynnet H 6 mooyne A sensiemcs ap-
munosvim R -mooynem.

Loxazamenvcmeo. IlycTs

A =N\Supp(L/K " HK/K),

w nyers T/K =Dr,, L/K. Torna T/K nHK/K =(1).
IIpumenum nemmy 1.3. Cnencreue noka3aHo.

Cneocmeue 1.3. Ilyemv A — RG -mo0ynv, u
nycmo L, K u H — nooepynnul epynnet G, ma-
Kue, 4mo:

(i) K — Hopmanvhas nooepynna epynnet L;

(i) K u L — H -unsapuanmuule nooepynnoi;

(i) L/K =Dr,., L /K, 20e L /K #(1) — H -

ungapuanmuas noozpynna ost 106020 n € N.

Ipobnemvr puzuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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Ecnu epynna G yooenemeopsem  yciosuro
Wm[nﬂmd uiu ycioeuro w

max—nad >

mo KoyeHmpanusa-
mop nooepynnoi <h>K 6 mooyne A asniemcs ap-
munogbim R -modynem ona xasxcoozo he H. B ua-
cmuocmu, H < AD(G).

Hoxazamenvcmeo. Ilycte he H. Tlockonbky
L /K — H -uHBapMaHTHas IOJATpyINna Ajs JIo0oro
neN, to L/K - (h) -MHBapHaHTHAs MOArpyMIa

mag groboro neN. B ugacTHOCTH, MHOXKECTBO
Supp((h)K/K N L/K) xouneuno. [1o cnenctuto 1.2,

KOLEHTpanu3aTop noarpynnst (h)K B mozyne A4 sis-

JIACTCS apTUHOBBIM R -MOJYJICM. JlemMma JOKa3aHa.

2 O cmpykmype N10KanbHO KOHEYHBIX 2ZPYRH,
yooesnemeoparouux auoo yciosuwo W , AU00

min—nad

ycnosuio W

max—nad

O4eBUIHO, YTO YEPHUKOBCKAs TPYIIa yJOBJIe-
TBOpsSIET Kak c1aboMy YCIOBHIO MAaKCHMAalIbHOCTH
JUIsL IOATPYII, TaK U c1aboMy YCIOBHIO MUHUMAIlb-
HocTH At moarpymi. OTcrofa clemyer, 4yTo IpU
mzyueHrmn RG -momyns 4 B ciydae, KOT[a Tpymma
G sBnseTCs YEpHUKOBCKOM, G yIOBIETBOPSIET Kak
ycnosuto W, .. Tak m yciosuro W, .

Jlemma 2.1. Ilyemv A — RG -mo0ynw, u npeo-
nonoxcum, umo epynna G yodosenemeopsem aubo
yenosuro W, . qubo yciosuto W, .. Ilycmb
K u H —nooepynnet epynner G, makue, umo K —
Hopmanvras nooepynna H, u H/K — 6eckoneunas
anemenmapuasn abenesa p -epynna Oisl HeKOmopoz2o

npocmoeo yucna p. Ilpednonoscum makosce, 4mo
nooepynnet K u H (g) ~UHBAPUAHMHDL OJisL HEKO-
mopozo geG. Ecnu g € C,(H/K) ons nexomopo-
20 keN, mo ge AD(G).

Hoxazamenvcmeo. Ilycte M = H/K. Bribepem
1#b eM, n nonoxum B, =(b, ><g>. Tockonbky
JIEeMEHT ¢ HWHAyUupyeT Ha M aBTOMOpP(HU3M KO-
HEYHOTo Nopsaka, moiarpynna B, koneuna. Crpa-
BEIIMBO DPaBeHCTBO M =B xC, na1d HEKOTOpOu
noarpynnsl C,. MuoxectBo {C] | ye(g)} KOHEY-
Ho. [lycTth

€ lye(gh=U,..U,}.

Otcrona cienyer, 4ro ( g) -MHBapHaHTHAs TOJ-

rpymnma

D =U 0NV, =Core, (C,)
uMeeT KoHeuHbld uHaekc B M. Ilycts 1#b, € D,
u B, :<b2)<‘q>. Torna (B,,B,) = B, x B,. Kax u panee,
ycTaHaBiaMBaeM, uto M = (B, xB,)xC, nmsl Heko-

Topoit moarpymmsl C,. IlpogomxuB paccyskaeHHs
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AHAJIOTUYHBIM 00pa3oM, MOXKHO HOCTPOUTH OecKo-
HeyHoe ceMmelctBo  {B, |n €N} HeelUHUYHBIX

<g> -MHBApHUAaHTHBIX noarpyii, TakKoc€, 4qTo

(B,1 |ne N) =Dr,_y B,. CornacHo crneactsuro 1.3,

U
g € AD(G). Jlemma noka3zaHa.

Janee yepe3 7(G) 0003Ha4YaeTCss MHOXKECTBO
BCEX MPOCTBIX JAGJIUTENICH MOPSAKOB 3JIEMEHTOB
rpymmsl G.

Cneocmeue 2.1. Ilyemv A — RG -mo0ynv, u
npeononoscum, umo epynna G yooeremeopsiem
aubo yciosuro W, ... aubo yciosuro W, . ..
Ilyemv K u H — nooepynnui epynner G, makue,
umo K — uopmanvnas nodepynna H, u H/K -

nepuooudecKkas NouYmu  JOKAIbHO — paspeuwumas
epynna. Ecmu gaxmop-epynna H/K ne aensemcs

yepnukogckot, mo H < AD(G).

Lokazamenvcmeo. Ilycte L/K — 5OKanbHO
paspemmmMasl HopManbHast oarpynmna H/K xoneu-
Horo uHaekca. [lockonbky dakrop—rpymnmna H/K He
SIBIIIETCSI YePHUKOBCKOM, To L/K Takke He SBISCT-
csl 4epHUKOBCKOH. IlycTb ¢ — mpou3BONBHBINA 27€-
MeHT noarpymmsl H. Torma L/K comepxkut abene-
BY <g> -uHBapuaHTHyI0 noarpynny C/K, koTopas
He sBysieTcs yepHUKOBCKoH [12]. Ecnm MHOXECTBO
7(C/K)  OeckoHewyHO, TI0 cienacTBuio 1.3,
g€ AD(G). Eciu xe 7(C/K) KoHE4YHO, TO cylie-
CTBYET IIPOCTOE YHCIIO p, JUI KOTOPOTO CHUIIOBCKAs
p-noarpymna P/K dakrop-rpynnst C/K He siBisi-
eTcsi 4epHUKOBCKOW. OTCIOfa BBITEKAET, YTO HHXK-
HUi cinoit B/K moarpymmer P/K  GeckoHeyeH, u
modtomy L/K comepxuT (g) -MHBapHaHTHYIO Oec-
KOHEYHYIO DJJIEMECHTApHYIO a0ejeBy MOATpYIHITy
B/K. CornacHo nemme 2.1, g € AD(G). Cnencrsue
JIOKa3aHo.

Cneocmeue 2.2. Ilycmv A — RG -mooynw, u
npeononodxcum, umo epynna G yooeremeopsem
aubo ycnosuio W, .. jubo ycaoguro W, . .
Ilyemv K u H — nooepynnul epynnet G, makue,
umo K — nopmanvuaa nodepynna H, u H/K -
JIOKANbHO KoHeunas zpynna. Ecau ¢axmop-epynna
H/K He ssnsemces ueprukogckou, mo H < AD(G).

Lloxazamenvcmeo. IlycTb g — NpPOU3BONBHBIN
aneMeHT noarpynnsl H, u nyctb C/K =C, . (gK).
Ecmu daxrop-rpynma C/K He SBIIETCS YSPHUKOB-
ckoii, To o Teopeme 5.8 [13] C/K conmepxut ade-
neBy noarpymny D/K, SBISIONIYIOCS HPSMBIM IIPO-

U3BEJCHHEM OECKOHEYHOI0 MHOXECTBA HETPUBH-
aNbHBIX IUKJINYECKUX noarpymmn. CorinacHo cienct-
Buto 1.3, g€ AD(G). Ilpennonoxum, 4ro ¢axTop-

rpymna C/K aBuserca uyepHUKOBCKOH. CormacHo
[14], H/K — modTu JOKaJXbHO pa3pemmnmasi TpyIa.
[pumensis  cmeactBue 2.1, modydaeM, dTO
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O.10. Jawrxosa

g € AD(G). CnepoBatensHo, H < AD(G). Cnenct-
BHUE JIOKA3aHO.

OTcro/la BBITEKAET CIPABEUTUBOCTD CICIYIO-
1Iel TEOpEMBI.

Teopema 2.1. Ilycmv A — RG -m00yis.
Ipeononoacum, ymo epynna G JOKAILHO KOHEUHA U
yoosenemsopsiem aubo ycioguio W, aubo ycio-

min—nad >

euio W, . .. To2oa oo epynna G uepnuxosckas,

aubo G = AD(G).

Hanomumnm, uto xonprio R HaspBaercs mene-
KAHAOBBIM KOJBIIOM, €CIIH BBITIOJHSIIOTCS CIEIYIO-
I yCIOBUS:

1) R — 00macTh IENOCTHOCTH;

2) R — HeTepoBO KOJIbBLIO;

3) KaXIpIii HEHYJIEBOW MPOCTOM MAeal KOJbla
R sBnsieTcs MakCUMalIbHBIM HACATIOM;

4) kosbiro R 11€7103aMKHYTO.

Jdemma 2.2. [lycmv A — RG -mooyis, G —
nepuoouteckas ioKauvHo paspewumasn epynna, R
— 0dedexundogo koavyo. Illpednonosicum, umo Ko-
yenmpanusamop epynnei G 6 modyne A seisemcs
apmunogeim R -modynem. Tozoa epynna G paspe-
wuma.

Jloxazamenvcmego. CHpaBeyIMBOCTb  JIEMMBbI
cienyet u3 jemmel 4.1 [15]. Jlemma noka3zana.

Ecmn G — rpynma, yepes G 0003Ha4uM Te-
pecedeHre BceX HOPMabHBIX NOATPYNH K TpyMIIsI
G, 1 KoTopeIX Qakrop-rpynna G/K paspenmma.
B ciyuae, ecnu rpynna G pazpeminma, yepes s(G)
0003HAYUM CTYIIEHb pa3permMocTd Ipynsl G.

Teopema 2.2. I[lycmoe A — RG -mooynw, G —
nepuoouueckas 10KAIbHO paspewiumas epynna, R
— 0edekundo6o konvyo. Ilpeononocum, umo epynna
G yooeremeopsem nubo yciosuio W aubo

min—nad >

yenosuio W Tozoa @axmop-epynna G/Gg

max—nad *
paspewuma.
Loxazamenvcmeo. Ilpennonoxum OpOTUBHOE.
[Tycts daktop-rpynna H =G/Gy Hepaspelmnma.
Ilycte F, — mpon3BoibHAs KOHEYHAs IOATPYIA
H. Tlockonbky H anmpoKCHUMHUpYyeTCs pa3pellu-
MBIMU TpyNNaMH, CYIIECTBYeT HOpMajibHas IOA-
rpynna K, rpynnel H, Takad, uro F; N K, :<1>, u
¢daxrop-rpymna  H/K, paspemmma. M3 Hamero
IPEANOI0KEHH BBITEKAET, 4TO MoArpymmna K, He-

paspeumma. HOBTOMy CTYIICHU DPA3pCIIMMOCTHU KO-

HEYHBIX NOATPYIII Ipynibl K, He OrpaHUYEHbI KOH-
KPETHBIM YHUCIIOM, U, CIEJOBATENbHO, K, COAEPXKUT
KOHeuHyro  moxarpymmy D

R Takylo,  4TO

s(F)<s(D,). Hoarpynnel F, U D, KOHEYHBI, U
nostomy paspemmmsl. [lycts F, = D/, Torna F, —
KOHEeuHas [|-uHBapUaHTHAs HOATPYIIa, Takas, YTo
s(F)<s(F,). B gactroctu, moarpynna FF, Ko-

HEYHa, M I[O0ITOMY CYIIECTBYeT  HOpMalbHas
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moarpymna K, rpymmsl [, Takad, drO
EF, r\K2:<1>, u ¢axrop-rpynna H/K, paspe-
mumMa. Kak u panee, noarpynna K, Hepaspemuma,
U II0TOMY MOXKHO BBIOpaTh KOHEuYHyl0 FF, -UHBa-
pHaHTHYyIO noarpynmy F, rpynmsl K,, Takylo, 4To
s(F,) < s(F;). IlpomomkuB HalKM pPacCyk IEHUS,
MIOCTPOM CTPOTO BO3PACTAIOUIMN PSR KOHEYHBIX

noarpymn K < KF, <--<FF,---F, <.+, TaKux,
4T0:

(i) F, — F,-vuHBapuaHTHas NOArpymna s
J<mn

(i) s(F) <s(F,) ma j<n;
(iii) FF,--F, r\<F/. \j>n>:<l> I 06oro
neN.

W3 3TuX ycioBuil BEITEKAET, YTO VIS JIEFOOOTO
OECKOHEYHOr0 IIOJMHOXKECTBA A MHOXecTBa N

MOArpyIIa <Fj | je A> pasiaraercs B IpsAMOE IIPO-
usBeeHue noarpynn  F,jeA.  CaenosarensHo,
MOATpyIIIa <F] | j> n> Hepaspemunma.

[Mpeamnonoxum cHavana, 9to G yJOBIETBOPSET

ycnosuto W, .. CymiecTByeT 6€CKOHEUYHBIH CTpO-

ro YOBIBAIOLIMHI Psi/i TIOJAMHOKECTB
N=A)D>AR)D---DAk)D:-,

TakuX, 4To MHOXECTBO A(k)\A(k+1) OeckoHEuHO

ais moboro ke N. Ilycers L, :<Fj | je A(k)> JUTSE

mo6oro k € N. Iomyunm crporo yObIBarommi psn
HOArpynI ¢Gakrop-rpynnsl H
L>L,>>L >,

TaKo, uro uHnekcel | L, : L, | 6eckoneunsl. ITycts
R, — mpoobpaz L, B rpymne G. Torna
R >R,>-->R, >--+ — crporo yObIBaromuii psn
noarpynn rpymmsl G, Takod, YTO HHIEKCHI
|R, :R,, | Oeckoneunsl. CiegoBaTenbHO, CYLIECT-
ByeT meN, Takoe, YTO KOLEHTPAIU3aTOp MOJ-

rpynnel R~ B Monyie A SBISETCS apTHUHOBBIM

m

R -monynem. ITo nemme 2.2 moarpynma R, paspe-

IMMa, W TI03TOMY paspemmuMa  (akTop-rpymnma
L, =R,/Gs. Panee MBI IOKa3ajld, 4TO MOATpPyINa

L, :<Fj | je A(m)> i robdoro k€N Hepaspe-
muma. [IporuBopeune.

B cnydae, xorna rpymma G ynoBIeTBOpSET yc-
o0 W MBI CTPOUM CTPOTO BO3pacTaIOIIMI

max—nad >
pAA IOAMHOXECTB MHOXKECTBA N u IIpOBOAUM aHa-
JIOTUYHBIE PACCYKIACHUA. TeOpeMa JOKa3aHa.
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MATEMATHKA

O MPOM3BO/IHOM JIVYIMHE KOHEYHOM PA3PEIIMMOM I'PYHIIbI
J.A. XoganoBu4

Tomenvckuti 2ocyoapcemeennuiil ynusepcumem um. @. Cropunsi, I'omens

ON THE DERIVATIVE LENGTH OF A FINITE SOLVABLE GROUP
D.A. Hodanovich

F. Scorina Gomel State University, Gomel

ITomy4eHs! BepXHHE OLEHKU IPOU3BOAHOH AIMHBI (PaTTUHUEBOU (PAKTOP-TPYIIBl B 3aBUCHMOCTH OT HHAEKCOB MaKCHMAallb-
HBIX MOATPYII Pa3peIIMMOii TPYIIIIbL, HE COAEpkKAUX NoArpynny OUTTHHra.

Knrouegvie cnoea: xoneunas epynna, paspewsumas epynna, Makcumanbhas noozpynna, nooepynna @ummumnea, nodepynna

Dpammunu, npouzeooHas ONUHA.

The upper estimations of the derivative length of the Frattini quotient group depending on the indices of the maximal subgroups
which do not contain a Fitting subgroup in the solvable group have been obtained.

Keywords: finite group, solvable group, maximal subgroup, Fitting subgroup, Frattini subgroup, derivative length.

Beeoenue

PaccMaTpuBalOTCsl TONBKO KOHEYHBIE TPYIIIBL
Bce o00o03HaueHHsI W HCIIOJIB3yEeMble OIPEACICHHS
cooTBercTBYIOT [1], [2].

Jrobas paspemmmas rpymma oOagaeT HOp-
MaJIBHBIM PSJIOM C abeneBbiMH (hakropamu. JlmmHa
CaMoro KOPOTKOT'O TAaKOTO Psilia Ha3bIBACTCS MPOH3-
BOJHOW IiWHOW Tpynmusl G u 00O3Ha”daeTcs depes
d(G) [1, rmasa 4.2]. fcHo, yto d(G)=1 Torma m
TOIBKO TOrja, Korga G — HeenuHW4YHas abeneBa
rpynna. ns mo0oro HatypaibHOTO 4ucna k >1 u
pazpemmnMoit Ttpynmnel G B TOYHOCTH TOT/Ia

d(G)=k, xorna Ge A"\ A", 3necy 2A — dopma-

s Beex abeneBhIX Tpymm, a A* — mpomssesenne k
konwii popmarmu 2 [1, rmasa 5.1], [2, rmaBa 1.1].
Hns wnarypamsHoro k uyepes p(k) u o(k)
0003HAYaIOT COOTBETCTBEHHO MAaKCHMYM IIPOU3BO/I-
HbIX MJIMH BIOJIHE MPUBOJUMBIX paspC€lIUMBbIX IO~
TPYII ¥ BIOJHE MPUBOJUMBIX IMOATPYIIIT HEYSCTHOTO
nopsiiKa MONMHOH ymHewHo# rpynnsl GL(k,F), rnoe
F — mone. CornacHo [3] Takue GyHKINH
pk):N>N, o(k):N>N
CYIIECTBYIOT M HE 3aBHCAT oT mons [F. 3HadeHus
¢yakmuit p(k) u o(k) W3BECTHBI IUIA KaKIOTO

HaTypajJbHOTO k.

X0opolI0 U3BECTHO, YTO B Pa3pelInMoi TpyIie
MHJICKC KaKIOW MaKCHMAJIbHOW MOATPYIIIBI SBIISCT-
Csl CTEIIEHBI0 HEKOTOPOro mpocroro ymcia. Ha oc-
HoBe 3TOoro (hakra B 2004 romy B.C. MonaxoB [4]
BBEJI CIICAYIOIIYI0 (QYHKLIHIO

m(G)z;g%){logp |G:M||M< G|G:M||=p'}

M YCTaHOBWJI OOIIYI0 3aKOHOMEpPHOCTH [4, Teope-
Ma 1 (2)] ™Mexmy HpOW3BOAHON JIMHON KakIou
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paspemmoit Tpynnel G M 3HAYEHUSMH (YHKITHI
p(k) u m(G):
d(G/D(G)) <1+ p(m(G)) <3+ m(G).

3aecy 7(G) — MHOXECTBO BCEX IMPOCTHIX JENUTE-
Je mopsaka paspemmMmon rpymmel G, 3ammch
M <. G oszHayaeT, 4yT0 M — MakcCHUMaJbHas MOX-
rpymna rpymnsl G, a ©(G) — noarpynna ®Ppartu-
HU rpynnsl G.

B nmpyroit cratee B.C. MoHnaxoBa [5] nmokasa-
HO, uro Haubonpmee 3HaueHne m(G) nocTHTaeTcs
Ha MHJEKCAaX TEX MaKCHMAaJbHBIX MOATPYIII paspe-
mmMoi Tpymmbsl G, KOTOPEIE HE COAEpIKaT MOATPYI-
my @urunra F(G). [TosToMy BHONHE eCTECTBEHHO
UCCIIEZI0OBaTh BIMSHUE MHIEKCOB HE BCEX, a TOJBKO
HEKOTOPBIX BBIIEJIICHHBIX MaKCHMAJbHBIX MOATPYIII
Ha MPOM3BOJHYIO JUIMHY paspemumoil rpymmsl. K
JTAHHOW TeMaTHKe OTHOCHUTCSI HACTOSIIAs 3aMeTKa.

s moboro HaTypanbHOTO & B KaXIOH pas-
pemMoii rpynne G BBLACINM CIIEIYIONIHE MHOXe-
CTBa HOATPYIII:

M(G)={M <, G| F(G) ¢ M};

M,y (G) ={M € M(G)[d(M) > p(k)}.

MuoxectBo M(G) COCTOHT M3 BCEX MaKCH-
MaJIBHBIX TOATPYHN Tpynmbl G, HE coxepKaIinx
noarpynny @urruara F(G) rpynnsl G, ¥ B CUITy

[5] oHO HEmyCTO B KaXKIOH HESAWHUYHOW pa3peru-
Mol rpymme G. B 3aBucHMOCTH OT 3Ha4yeHUs k
MHOKeCTBO M, (G) MOKET OBITb KaK IyCTHIM,

TakK u HC ITYCTBIM.
M(S4) = Mﬂ(l)(S4) = {S; |xe S4}

M, (S,) mycro mis mo6oro HatypaibHOro £ > 2.

Hanpumep,
HENycTo, a

3HCCL Sn — CUMMCTpPHUYCCKas rpymia CTCIiCHu 7.



O npou3600HOIL ONUHe KOHEYHOU PA3PEUMOU 2PYnnbvl

1 Bcnomozamenvhvie ymeepicoeHus
Kak o006bruno, moarpynmy ®partuau u dur-
THTa 0003HadaeM depes O(G) m F(G) coorsert-

CTBEHHO, a TIOJIyIIpSIMOE Ipon3BefeHne rpynn 4 u
B ¢ nopmanbHON B AB mnoarpynmoi A4 depes
[4]B. KommyranT rpynnel G obo3HavdaeTcst yepes
G, a G”=(G"") — i-it kommyTanT rpymmsl G.
Cornacro [1, neMMa 4.6] BBINOJIHIETCS PaBEHCTBO
(G/IN)? =G”N/N nna m060ro HaTYpaabHOTO i

u mo00if HopManbHOM moarpymmnsl  N. [l mro-
601 rpynmel G MOKHO MOCTPOUTH LIETIOYKY KOMMY-
TaHTOB

GoGoG?5.2G" G ...

Ecnu cymecTByer HoMep 7 Takoi, uto G

=1, 1O
rpynma G Ha3pIBaeTcs paspemmmoil. Hammensmee
HaTypanbHOE n, ays kotoporo G =1, Ha3eBaeT-
sl IPOU3BOJHOM JUIMHO# rpynmbl G 1 0003HavYaeTCs

yepe3 d(G). HecnoxHo mMpoBepHUTh, YTO 3HAUCHHE
d(G) coBmasaer ¢ AIMHONH caMOro KOPOTKOTO HOp-

MaJIbHOTO psifa rpymibl G ¢ abeneBbIME (haKTOPaMH.
Hdemma 1.1. [na paspewumott epynnet G cnpa-
6€0IUBbL CLEOYIOUUE YIMBEPHCOCHUL:
1) ecnu H —nooepynna epynner G, mo

d(H)<d(G),
2) eciu N — HOpmanvHas noO2pynna cpynnul
G, mo d(G/N)<d(G)<d(N)+d(G/N);,
3) d(G/D(G))<1+d(G/F(Q));
4) ecru teN, t<d(G), mo
d(G")=d(G)~t u d(G/G")=t,
5) G99V c F(G) u d(G/IF(G))<d(G)-1.

Jloxazamenvcmeo. 1. YTBepxkaeHus 1-2 BbiTe-
KalOT HEMOCPEICTBCHHO U3 ONPEACTICHUS IPOU3BO/I-

Hoit ayuHE! U paserctBa (G/N) = GV N/N.
3. CornacHuo [1, Teopema 4.24] daxTop-rpymma
F(G)/®(G) abenesa. [IpumeHnM yTBepKaeHHE 2 K

rpymne  G/®(G) ¢ HOpPMaIbHOW IOATPYMIION
F(G)D(G):
d(G/D(G)) <d(F(G)/D(G)) +
+d ((G/D(G)/(F(G)/D(G)) <1+ d(G/F(G)).
4. Mlycte n=d(G), teN, t<n. Torma
GoG>oGY.oG""">G" o
SG"M 5. oG oG =1,
G"oG" 5. oG oG =1
u d(G")=n-t=d(G)—t. llockonbKy
G/G” oG /G" o
>GY/GY . oG"NIGY o GYIGY =1,
10 d(G/G")=t.

5. Hoxarpymma G
B G, TIOATOMY

@@ aGeneBa M HOpPMaIbHA
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GV F(G) u d(G/IF(G))<d(G)-1
no 4. Jlemma noxazana.

B nokazarenpcTBax OyAyT HCIOIB30BATHCS
¢dparmentsl Teopun popmanwmii. [Tycrs € — dopma-
IUST BCEX KOHEUYHBIX TPYII, § — HEKoTopas dpopma-
mus u G — rpymma. Torma G’ - § -KopaIuKa
rpymnel G, T. e. [lepeceyeHue BceX TeX HOPMasib-
HeIX noarpymn N u3z G, s kotopsix G/Ne §. Tlpo-
usBefienne FH={Ge€ |G’ €F} dopmammii § u
$ cocrout u3 Bcex rpymn G, AN KOTOPBIX §) -KO-
paauKan nmpuHamIekuT Gopmarmn §. Kak oObIaHO,
F=F8 u §"=F""S nna moGoro HaTypamrLHOTrO
n>1. ®@opmanus ‘§ Ha3bIBAETCS HACHIIIEHHOM,
ecin w3 yenosusa G/®(G) €§ cuenyer, uto G €§.
dopmaruu Beex abelieBbIX U HUIBIOTEHTHBIX TPYIII
0003HauaroT yepe3 A u I COOTBETCTBEHHO.

Jdemma 1.2. [Iycmv G — paspewumasn epynna
u k — namypanvroe uucio.

1. Toeoa u moavko moeda d(G)<k, xoeda
GeAr.

2. Toeoa u monvko mozda d(G)=k, rxocoa
GeA\ A,

3. Toeoa u moavko mozoa d(G/®(G)) <k, ko-
20a GeNA".

Jloxazamenvcmeo. YTBepxknenus 1 u 2 Hemo-

CPEIICTBEHHO BBITEKAIOT U3 OMNpeAeNEeHUuN Mpou3-
BOJIHOW JJTMHBI M TTPOU3BEACHUS (POpMAITHii.

3. Iycts d(G/D(G)) < k. Torna G/®(G)eA.
Cornacho [1, nemma 4.21 (2)] cnpaBequBO paBeH-
ctBo F(G/D(G)) = F(G)/D(G), mo3ToMy U3 JIEMMbI

1.1 (5) cnenyer, uto G/F(G)eA"™ u GeNA*".
O6parHo, mycts G e NA*"'. Torna G/F(G)e A",
a tTak Kak F(G)/®(G) abenesa, To G/F(G)e A"
Jlemma nokasana.

Jdemma 1.3. Ecu § — popmayus, mo N§ —
HACLIYEHHAS POPMAYUSL.

Jloxazamenvcmeo. CornacHo [2, c. 36], mpous-
Benenne U  sABIseTCsl JIOKAJIbHOH (opmanueii.
IMockonbKy HackleHHas (GopManust W JOKalbHas
(dopmaryst — SKBUBAJICHTHBIE MOHATHA, TO N —
HaChIICHHAs (hopMalus.

Jemma 1.4 [5]. Ilycmv G — paspewsumas He-
eounuynas epynna. Toeoa cnpagednuguvl ciedyroujue
VMBEPIHCOCHUSL:

1) nooepynna @pammunu epynnet G cosnaoa-
em ¢ nepeceueHueM MAKCUMATbHbIX HOOZPYNN, He
cooepaicawux nooepynny Qummunea,

2) ecru H<,, G u |G:H|=p", p — npo-
cmoe, mo cywecmgyem nooepynna M < . G ma-

Kast, 4mMo GbINOTHSIOMCS CAE0YIOuUe YMEEPHCOCHUSL:
2.1) F(G) He codepocumcs 6 M;
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22) |G:M|=q", q —npocmoe, u h <m.

Jemma 1.5 [6], [7].

1. Eciu n=1, mo p(n)=1.

2. Eciu n€{2,3,4}, mo p(n)=n+2.

3. Eciu ne{5,6,7}, mo p(n)=7.

4. Ecru ne{8,9}, mo p(n)=n.

5. Ecau ne{10,...,17}, mo p(n)=10.

6. Eciu ne{l8,...,25}, mo p(n)=11.

7. Ecnu n €{26,...,33}, mo p(n)=12.

8. Ecru ne{34,...,65}, mo p(n)=13.

9. Ecau n 266, mo p(n)<Slog,(n—2)+53/10.
B uwacmnocmu, p(n)<n+2. Kpome moeo, eciu
n>7, mo p(n)<n, aecw n>10, mo p(n)<n.

Jemma 1.6 [8, Teopema 4B].

1. Eciu ne{l,2}, mo o(n)=1.

2. Ecau ne{3,4}, mo o(n)=2.

3. Ecru 5-7" <n<15-7", mo o(n)=2x+3.

4, Ecu 15-7°<n<5-7", mo o(n)=2x+4.

U3 memm 1.5 u 1.6 BeITekaeT, 4to (HyHKIHU
p(n) u o(n) HeyOBIBatOIIKE.

2 Ocnosnoi pe3ynomam

Teopema 2.1. 3aguxcupyem HamypaibHoe
uyucio k. Eciu G — paspewumas epynna u uHOexc
Kkaswcoou nodepynnet uz M, (G) ne denumcs na

P! ons ecex p e n(G), mo d(G/D(G)) <1+ p(k).

OTMeTHM, 9TO TeopeMma OXBaTbIBAET BCE Pa3-
pemmMble rpymnsl, y kotopeix M, (G) =0 .

Jokazamenvcmeo. CoOriaacHO BBEIEHHOMY 000-
3HaYeHUI0 MHOXecTBO M(G) CcOCTOMT M3 Bcex
MaKCHMAaJIbHBIX MoArpynn rpynmnsl G, He cozep-
*Kamux noarpynmny @Ourtunra F(G) rpymmer G.
Honyctum, uro G — HeeguHW4YHas Tpylmna H
M(G)=0 . Torma Kaxmas MaKCHMajbHas IOJI-
rpymma u3 G cogepxur F(G). IlosTomy mepecede-
HHE BCEX MaKCHMAJIbHBIX MOATPYII, KOTOPOE SBIIS-
etcst moarpynmoii ®partuan rpynnsl G, TaKxKe Co-
nepxut noarpynny ®durrunra. Ho sTto B pasperu-
MBIX TpyImnax HeBo3MoxHO [1, nemma 4.21 (1)]. ITo-
3TOMY JOIYIIeHHEe HeBepHO M MHOXecTBo M(G)
HEMyCTO y KXol HeeIMHUYHOU rpynnsl G.

IIycte h =m(G). Torma B rpynme G cymiect-
ByeT MaKCHMalbHas moArpymma /H Takas, dTO
|G:H |=p" nna mexoroporo p e 7(G). Io nemme
1.4 (2) cymecTtByer MaKkCHUMallbHas IIOATPYIIIA
M e M(G) Takas, uro |G : M |=q" mis HEKOTOPO-
ro g€ zn(G) u h<m. Iockoneky h=m(G), TO U3
ompenenenuss ¢yHkunu m(G) ToiydaeMm, dYTO
h=m=m(G).

108

[Ipennonoxum, uyro M He NIPUHALIECKUT
M, ,(G). Torna M € M(G)\ M, (G), M ue co-
nepxutr  F(G) n dM)<p(k). Tenepn
G=F(G)M, anockoneky G/F(G)=M/M NF(G),
to d(G/F(G))=d(M/M N F(G))<d(M) < p(k).
B mpexamocienHeM HepaBeHCTBE HCIIOIb30BAJIACH
nemMa 1.1 (2). ITo nemme 1.1 (3)

d(G/D(G)) £1+d(G/IF(G)) L1+ p(k),

U TeopeMa B 3TOM Cilydyae chpaBeyinBa. B yacTHo-
CTH, Teopema JloKasana B cinydae M, (G) =0 .

B nanbHelimem cuurtaem, uro M mnpuHaje-

xur M, (G). Tlo ycnoBuio 0Ka3bIBAEMOM Teope-

MbI |G : M | e nemutes Ha " g Beex r € 7(G).
310 o3Hauaer, uto h=m=m(G)<k. Tenepn, He
ucrions3yst [4, Teopema 1(2)], nokaxem, HTO
d(G/D(G)) <1+ p(k).

Ecmu k=1, TO Bce MakcHMaJIbHBIC TIOTPYIIIIHI
rpynnsl G MMEIOT pocThle uHAEKCHL. I1o Teopeme
Xymmepra [1, Teopema 4.55] rpymmna G gBusercs
cBepxpazpemnmoii. Ho y cBepxpaspemmmoi rpymn-
mel KoMMyTaHT G’ wwWisnoTeHTeH [1, Teopema
4.52], moatomy

G'c F(G), d(G/IF(G))<1.
[pumensis memmy 1.1 (3), momyyaem
d(G/D(G)) L2 =1+ p(k).
Urax, mpu k =1 Teopema moka3aHa.

Hamee cumraem k >2. Ilo nemme 1.2 (3) mis

rpynnel G oueHka d(G/®(G))<1+ p(k) paBHO-

®  CormacHo nmemme

cuibHa BKItoueHnto G e MNA”
1.3 mpowmssenenne NA*Y gpnsercs HacwimeHHOM
dbopmarueii.

[TpoBepUM, YTO YCIIOBHS TEOPEMBI HACIENLYIOT
Bce romoMopdubIe 00passl rpymmel G. [lycte K —
HOopManbHast moarpynma rpynnsl G.  Ecnu
M, (GIK)=, 10

d(GIK)ID(GIK)) <1+ p(k)

no gokazanHomy u G/K € MA”™ no nemme 1.2 (3).
Hycre M, (G/K) # @, X/K e M, (G/K).

peanonoxum, uro |G/K : X/K | memutcs ma r'**
st Hekoroporo r € 7(G/K). Tak kak

|G/K: XIK|=|G:X|,
10 |G : X | nemurcs va " mna r e 7(G). Tonyun-
U mpotuBopeune ¢ TeM, uro m(G) < k. Ilostomy
NPEIIOJIOKEHNE HEBEPHO, YCIOBHSA TEOpEeMbl Ha-
CllelyloT Bce roMoMopdHbie 00passl rpynnsl G, u
MOKHO MPUMEHSATh MHAYKLHUIO 10 MOPSIIKY PYIIIBL
Cnenopatensho, G/K e MA*Y nna Beex Heenw-
HUYHBIX HOpPMAaJbHBIX moArpynn K. Beumy nemMmbl
1.3 dopmamms  NA”  macenmenna, mosTOMY
O(G)=1.
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[Mycts noarpynna ®urtunra F(G) He sBis-
eTCsl MUHIMAaJIbHOM HOpMalbHON moArpynmoii B G.
st paspemiumoi rpymnmel ¢ €IMHUYHOM HOATPYII-
noii @patTuHu noarpynna GUTTHHTa

F(G)=K,xK,x..xK,
SBISIETCSI TPSIMBIM TPOM3BEACHUEM MHHUMAIBHBIX
HOpMaNbHBIX noArpynn K, rpymmel G, cwm. [1, Teo-
pema 4.24]. Tlo munykumn G/K, e NA*Y, a 1o-
ckoimbky NAPY —  dopmamus u  n>2, TO
G e MAH,

B nanpHelimem cumnraeM, uto F = F(G) sBsA-
€TCSl EIMHCTBEHHOW MHUHUMAJIBbHOH HOPMAJIBHOU
noarpynnoi rpymnel G. Ilo [1, Teopemsr 4.22,
4.24] F=C,(F), a no [1, teopema 4.23] cymect-
Byer moxarpynma M B rpynne G Takas, dTO
G=[FIM. ScHo, yTo M — MakcuMajbHas IOA-
rpymnmna u

|G:M|=|Fl=p', pen(G), t<k.
[ockonpky F — nrmemeHTapHas abeneBa p -IOJ-
rpymma mopsaka p' u F=C,(F), To M wu30-
mopdra G/F m M wn3omopdna no [1, Teopema 2.8]
noArpymmne u3 rpymmsl AutF , kotopas mo [1, Teo-
pema 2.50] coBmamaer ¢ GL(¢, p). U3 Toro, uto F —
MHHUMaJIbHAsi HOpMajlbHasi moAarpynna rpynmnst G
clle/lyeT, uTo noarpynmna M u3oMopgHa HEernpHuBO-
TUMOH pazpemmmon monrpymme rpynnsl GL(t, p).

Teneps u3 onpezeaeHust QyHKIUH 0 TMOTyYaeM:
d(M) < p(1) < p(k).
U3 nemmsr 1.2 (1) cnenyer, uto M € A, moosto-
My GeNA™. Teneps u3 nemmsl 1.2 (3) BbiTeka-
eT, uto d(G/D(G)) <1+ p(k). Teopema nokazaHa.
Cneocmeue 2.1. 3aguxcupyem namypanvroe

yucio k. Ilycmv G — paspewumas epynna u
O(G)=1. Ecriu M, (G)# @ u undexc Kaxicoou

p(k)
nooepynnor M € M, (G) ne derumcs na P ona
scex p e n(G), mo d(G)=1+ p(k).
Hokazamenvcmeo. CornacHo Teopeme 2.1
d(G)<1+ p(k). Ilo ycnoBuio CymiecTByeT NOA-
rpymna M e M, ,,(G) Takas, uro d(M)> p(k).
Teneps u3 gemmsl 1.1 (1) momyuaem, 4ro
plk)<d(M)<d(G) <1+ p(k),
4TO BO3MOXKHO TOJILKO B ciyuae
d(m)=d(G)=1+ p(k). Creacraue 1oka3aHo.
Cornacao Teopeme Tommncona—®eiita mrobas
rpymnmna HEeYeTHOro mHopsjaka paspemmma. s HUX
Bocrojib3yemcst GpyHkuueit o(k). Takum obGpaszom,
Juis  rpynmnel G HEYETHOrO TOpsAKAa —depes
M, ,(G) 0003HaYMM MHOXKECTBO BCEX MaKCH-

MaJIbHBIX MOATpyNIl M, 00JajaroIux CIeayIOIH-
MU CBOWCTBaMHM: M  HE COAEPKUT HOATPYIILY

Problems of Physics, Mathematics and Technics, Ne 4 (9), 2011

Ourrunra; d(M) > o(k). TloBTopss HOKa3aTENLCT-
BO TeopeMbl ¢ 3ameHoit Qynkumu p(k) Ha o(k)
MOJTy4aeM

Cneocmeue 2.2. 3aguxcupyem HamypaivHoe
yucno k. Eciu G — epynna neyemuoeo nopsaoka u
unoexc kascoou nooepynnel M € M, (G) ne Oe-

k+1
aumes  Ha  p" ona écex

d(G/D(G)) L1+ o(k).
Konkpernsupyss 3HaueHHs k U HCHOIB3YS
nemmsl 1.5 u 1.6, moirydaem ere 1Ba CIeICTBHA.

Cneocmeue 2.3. Ilycmo keN. Ilpeonono-
arcum, umo 6 paspewumou epynne G UHOEKC Kadic-

pen(G), mo

ooti nodepynner M € M, (G) ne denumcs na P!
ons écex p € n(G). Toeoa:
1) ecau k=1, mo d(G/®(G))<L2;
2) ecru k €{2,3,4}, mo d(G/D(G))<3+k;
3) ecu ke {56,7}, mo d(G/D(G))<S;
4) ecru k €{8,9}, mo d(G/D(G))<1+k;
5) ecu k €{10,...,17}, mo d(G/D(G)) <11,
6) eciu k e{18,...,25}, mo d(G/D(G)) <12;
7) ecnu k €{26,...,33}, mo d(G/D(G)) <13;
8) ecru k €{34,...,65}, mo d(G/D(G)) <14,
9) ecau k> 66, mo
d(G/®D(G)) <1+ 5log,(k—2)+53/10.

Cneocmeue 2.4. Ilycmo keN. Ilpeononro-
arcum, umo 6 epynne G HeuemHo020 NOPAOKA UHOEKC
Kkadicootl noozpynnet M € M, ,,(G) ne denumcs na

P! ona scex p e n(G). Toeoa:
1) ecu k €{1,2}, mo d(G/D(G))<L2;
2) ecnu k € {3,4}, mo d(G/D(G))<3;
3) ecru 5-7" <k<15-7°, mo
d(G/D(G)) <4+2x;
4) eciu 15-7" <k <5-7", mo
d(G/®(G)) <5+ 2x.

OTMeTuM, 4TO JOKa3aHHas TeopeMa U ee Ciell-
CTBHsSI Pa3BHBAIOT pe3yJibTaThl paboThl [9], B KOTO-
poil HaliieHbl OLIEHKH HUJIBIOTEHTHOM JUIMHBI Pa3-
pelmMMON TPYMIBI ¢ OTPaHUYEHHBIMU HWHAEKCAMH
HEMETaHWIBIIOTEHTHBIX MAaKCUMAaJIbHBIX TOJATPYIIIL.
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BO3MOXXHOCTH NPOTPAMMHOM CUCTEMBI
BEPOATHOCTHO-AJITEBPANYECKOI'O MOAEJIUPOBAHUA
CJOXHBIX CUCTEM

E.N. Cykau, /I.B. PaTo0blibcKkasn

Tomenvckuii cocyoapemeennviil ynueepcumem um. @. Cxkopunsi, I'omens

OPPORTUNITY PROGRAM OF PROBABILITY-ALGEBRAIC
SIMULATION OF COMPLEX SYSTEMS

E.IL. Sukach, D.V. Ratobylskaya

F. Scorina Gomel State University, Gomel

IIpuBoAMTCS ONMCaHWE KOMIBIOTEPHOH cucTeMbl PALS, peanu3syroleii MeTo]] BEpOSITHOCTHO-aITeOpandecKoro MOJIeIMpOBa-
HUS CIIOKHBIX CUCTEM M MO3BOJISIOLIEH OLEHUTh B IMHAMUKE BEPOSATHOCTHbIE XapaKTEPHUCTUKU UCCIIELyEMOr0 CBOMCTBA CIIOXK-
HBIX CHCTEM CO MHOTHUMH COCTOSHHUSIMHM. Ha mpumepax AEMOHCTpUpPYETCSl OIEHKAa BEPOSTHOCTHBIX CBOMCTB CTPYKTYpPHO-
MPOCTHIX M CTPYKTYPHO-CIIOKHBIX CUCTEM.

Knrouesvie cnoea: eepwzmﬁocmﬁo-wzzeﬁpauqecm)e ,\4006]114[70661Hu6, HAOENCHOCMb  CILOJNCHOU cucmemsl, CmMpyKmypHo-
npocmas cucmema, CmpyKmypHo-CJI0HCHAS cucmemda.

The description of the computer system PALS performing the method of the probability-algebraic simulation of complex sys-
tems is presented. It allows estimating in dynamics the probability characteristics of the investigated property of complex sys-
tems with many states. The assessment of probability properties of structurally-simple and structurally-complex systems is
shown in the examples.

Keywords: probability-algebraic simulation, reliability of complex system, structurally-simple system, structurally-complex

system.

Beeoenue

@opmamm3anus cinoxHbx cucreM (CC) c 1me-
JBI0 WX MOJICTHUPOBAHUSA MOPOXKIACT H3BECTHYIO
npobJeMy pa3MepHOCTH, CBA3aHHYIO C POCTOM IIPO-
CTPAHCTBA COCTOSIHUM MOJZEIM U CBSI3E€H MEXIy HU-
MU, KOTOpasi MPUBOANT K TPYAOEMKOCTH, a, BO MHO-
Tux cnyqaax, HEBO3MOXHOCTHU py‘iHOFO OIIMCaHusA
MOJIeJICH, OTIPEICIICHUS] UX MAPaMETPOB M BBITOJIHE-
HUs pacueToB. [IpoOiemMa MOXKeT OBITH pelIcHa
TOJIBKO C TIOMOIIBI0O ABTOMATH3allMKM IMOATOTOBHU-
TENBHBIX 3TAlOB 3aHECCHUs HH(OpMaIuu, aBTOMa-
THU3aIlUH TIOCTPOCHUS Moelei, oOpaboTku W WH-
TepIIpEeTauy TOXYIeHHBIX pe3ynbraToB. [Ipu 3ToM
MpoTpaMMHOE OOeCIeueHHe aHalln3a BEPOSTHOCT-
HbIX cBoiicTB CC momKHO oOecreunBaTh HpUeMIe-
MBIA ISl TIPAKTHKHA YPOBEHb TOYHOCTH OITHUCAHUS
MIPOIIECCOB, MPOTEKAIOIINX B CHCTEME.

C 1e7bI0 OIICHKHM MHTETPaJIbHBIX MOKa3aTeei
¢ynkuponupoBanusi CC, (GYHKUMOHHPYIOIIMX B
YCIIOBUSIX CIIy4aiHbIX BO3JAEHCTBUI, pa3paboTaH psia
CUCTEM HWMHTAI[MOHHOTO MOJCIHPOBAHUS, KOTOPHIC
PeAM3YIOT TOJIOKEHHBIE B WX OCHOBY METOIBI U
MPE/IIONAral0T TPOBEJICHHE CEPHil MMUTAIIMOHHBIX
skcriepuMerToB (M) ¢ mocnemyromuMm  ycpemHe-
HHEM TMONydeHHbIX pesynbraToB [1]. IIpomemypa
Momnre-Kapno, npumensemas B xome WD, mo-
3BOJISIET YYECTh BEPOSATHOCTHBIM XapakTep KOM-
MOHEHTOB, cocTaBysomux CC, 1 peanu3oBaTh BO3-
MOJKHBIE TPAaeKTOPHH (PYHKIIHOHUPOBAHUS CUCTEMBI.

© Cykau E.H., Pamobvineckas [.B., 2011

[Nomy4yeHHble B pe3ysbTaTe MOJACIUPOBAHUS 3aBH-
CHMOCTH, OTHCHIBAIOIIIE H3MEHEHHE OTKIIMKOB CHC-
TEMBI B 3aBUCUMOCTH OT WU3MEHEHUs BXOJIHBIX Hapa-
METPOB, SABJISAIOTCS MPUOIMKEHHBIMU. [TorpenHoCcTh
MOZENUPOBAHUS MOXKET OBITh 3HAYHUTEIHHO yMEHb-
mieHa 3a c4ér yBenuueHuss o0bEMa BbIOOpKH (op-
MUPYEMBIX CTATUCTUYECKUX [JaHHBIX, 4YTO B DPAOC
cllyyae, HampuMep, NP PaCCMOTPEHUH PEIKUX CO-
ObITHil, TpeOyeT 3HAYNTEIbHBIX BPEMEHHBIX 3aTparT.
[TonydeHne TOUYHBIX BEpPOSTHOCTHBIX OLEHOK
cBoiictB CC 1O BEpOSTHOCTHBIM IapaMeTpam co-
CTaBIISIONIMX MX KOMIIOHEHTOB OOECIICYMBAIOT CHC-
TEeMBbl aBTOMATH3ALUH AaHAJMTHYCCKHX PACUYETOB!
APBUTP (ITIK ACM C3MA) [2] — mporpamMMHBIi
KOMIUIEKC ~ aBTOMAaTHU3MPOBAHHOTO  CTPYKTYPHO-
JIOTUYECKOTO MOJEIHMPOBAHMS M pacdeTa HaJle)KHO-
ctu u Oe3zomacHoctu cucteM; Relex Reliability
Studio [3] — mporpamMmHas cpena, BKJIOYArOINAs
Pa3JIMYHBIC METO/IblI aHaJIn3a Ha}lé)KHOCTI/I u peaiu-
3yrolias pa3HooOpa3Hbie (OPMBI 3aJaHUST MOICICH
(rpadbl, nepeBbsi OTKA30B, COOBITHH, OJIOK-CXEMBI
HaznexxHocTH); Risk Spectrum — nporpammuoe obec-
MICYCHNE BEPOSTHOCTHOTO aHainu3a Oe30MacHOCTH
00BEKTOB aTOMHOH dHEPreTHKH [4]. CylecTBeHHBIM
OrpaHHYCHHEM HCIIOJIb30BAHUS YKa3aHHBIX MPO-
IPaMMHBIX HPOAYKTOB SIBISIETCS Pa3MEPHOCThH CHC-
TEMBI, KOTOpas ONpPEAEIAETCS YUCIOM COCTaBIISIO-
uX €€ KOMIIOHEHTOB. YBEJIMYEHHE UYUCIIA KOMIIO-
HEHTOB W/WIM 4YUCIAa HMX COCTOSIHUH NPHUBOAHT K
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SKCIIOHEHINAJIBHON CIIO)KHOCTH 33/a4d W JeNlaeT
HEBO3MOXHBIM TIPOBE/ICHHE PAaCUETOB.

B crarbe npuBOAUTCS ONUCAaHUE IIPOIPAMMHOM
cucrembl PALS (Probability-Algebraic Simulation),
peanusylomeil MeTox BepOsTHOCTHO-anreOpanyec-
koro mopnenupoBanus (BAJIM) CC [5] u mo3Bo-
JSFOIIEH OLIGHUTH B JIMHAMHKE BEPOSITHOCTHHIE Xa-
PaKTepUCTHKHA HCCIEIYEeMOr0 CBOMCTBAa (HATEXK-
HOCTB, IIPOU3BOAUTEIBHOCTD, 3P PEeKTUBHOCTE U JIp.)
CC, BBIOpaTh HEOOXOTUMEBIN YPOBEHB ICTATH3ALNN
MIPOIIECCOB Ha OCHOBE TMOCTABJICHHBIX LENeH Hcce-
JOBaHUS W pEHIaeMBIX 3aJad, COTJIACOBAaHHO WC-
IMOJIb30BATh PA3JIMYHBIC CTPATCTUU MOJACITIUPOBAHMS.

Cucrema PALS aBromaruzupyet pacuérsl CC,
pa3IMuYHOM CTPYKTYpPHOM CHOXKHOCTH. [ns cTpyk-
TYPHOIIPOCTHIX CHCTEM CHSITHI OpPaHUYEHHS HA YHC-
JI0 KOMITOHEHTOB, COCTABIISIFOLINX CHCTEMY, U YHCIIO
MX BO3MOXHBIX COCTOSHHMH. [yl CTPYKTYypHOCIIOX-
HBIX CHCTEM, B paMKaX BEpOSTHOCTHO-anredpamdec-
KOTO TOAX0JIa, pealln30BaHa METOJMKA pacuéra Ha-
JIEKHOCTH MHOTOKOMITOHEHTHBIX CHCTEM CO MHOTH-
MH COCTOSHHSIMH, OCHOBaHHas Ha CBEICHHUU MOJE-
JIel ¢ MPOU3BOJIBHBIM YHCIIOM COCTOSIHUM K pacuét-
HBbIM OWHAPHBIM MOJENSM [6].

1 Cocmas u cmpykmypHasa opzanu3ayus npo-
pammuoii cucmemot PALS

[TporpammHuas cucreMa BEPOSATHOCTHO-
anreOpanyeckoro MozenupoBaHusi PALS, peanu-
3yIollas aBTOMAaTUYECKOE IOCTPOECHUE MOAeNIed u
pacd€Thl BEPOSITHOCTHBIX MOKa3aTelel ncciesyemMo-
TO CBOHMCTBa rpa)oOBBIX CHCTEM BKJIIOYACT: MOJCHC-
TeMy (OPMHUPOBAaHHSA CTPYKTYPHOH CXEMBI MOZIEIU
(PS.GRAF _D); Oubnuorexky ¢yHkuuii, ompese-
JSIOIIMX ~ OTHOIIEHHWS  MEXIYy  KOMIIOHEHTaMH
(LIB.FUNC); noacucreMy CTaTHYECKOI'O MOMAETH-
posanus (PS.STAT); moxcucreMy AMHaMHYECKOTO
mozenupoBanust (PS.DINAM); Gubnuorexy THIIO-
BBIX  BEPOSTHOCTHO-aJIreOpanvecKux  MoJjesen
(LIB.PALS); noacucreMy BH3yalIM3alld pe3yJbTa-
toB MonenupoBanus (PS.VIZ); cnpaBounyio cucre-
My (PS.SPRAV); 0a3y maHHBIX MOICTHUPOBAHUS
(BD.PALS). Cxema, ompenenstomas B3aUMOCBSI3H
MOJICUCTEM, NPEACTaBIIEHA Ha pUcyHke 1.1.

[loncucrema  GoOpMHPOBAaHUS  CTPYKTYypHOU
cxembl mozxemn PS.GRAF D obecreunBaer BuU3y-
aJIbHOE CPEJCTBO OMMCAHUS OOBEKTA HCCIENOBaHMS
U peayn3yeT Olepalyy, CBsi3aHHblE ¢ (HOpMUPOBa-
HUEM CTPYKTYpBl HCCIEIyeMOH CHCTEMBl B BHUJE
rpada. OHa BKIIOYAET NPOLELYPHl IOCTPOCHUS,
COXpaHEHMs W PENaKTHPOBAaHUS B JIMAJIOTOBOM pe-
KHUMe Tpaduueckoro oopasa MoJEIH ITyTEM HUCTIOIb-
30BaHUS CTaHIAPTHBIX D3JEMEHTOB: p&dep Tpada,
COOTBETCTBYIOIINX  BBIACIECHHBIM  KOMIIOHEHTaM
HCCIIEIYeMO CHCTEMBI, U BEPIINH, ONPEASISIOMNX
(hyHKIIMOHAJIbHBIE OTHOIICHUS MEXIy KOMIIOHEHTa-
mu. [loncucrema PS.GRAF D oGecneunBaer Ha-
TJIIHOE TIPEJICTAaBICHUE COCTaBa KOMIIOHEHTOB,
CBA3CH MEXIy HMMM U YPOBHEH BIIO)KEHHOCTH
(YHKIMIA, OITUCHIBAIONINX TH CBS3U, YTO MO3BOJISIET
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B aBTOMAaTHYECKOM PEKUME OINPENEIUTh HCXOJHbIC
napamMeTpbl KOMIIOHCHTOB, YCTAHOBUTbH YPOBHU HC-
papxuu (GYHKIHOHAIBHBIX CBS3CH M B JalbHEHIIEM,
UCTONb3ysl 3 (EKTUBHBIE AITOPUTMBI IIPU MaIIWH-
HOW peann3alil MeETo/a, O00EeCIeUUTh 3aMellieHue
(YHKIMOHAIBHBIX CBSI3H MEXIy KOMIIOHEHTaMHU
CHCTEMBI BEPOSITHOCTHBIMH BBIYUCIICHUSIMH C HC-
MMONTE30BaHUEM  KOA((QHUIIMEHTOB  BEPOSTHOCTHO-
aredpandeckoro MOAEINPOBAHUS.

CepBuCHBIE (QYHKIINH, PEaTN30BaHHBIE B CO-
crae PS.GRAF D, obecneunBaroT KONHPOBaHUE,
pEeIaKTUPOBAaHUE, YAAJICHHE JJIEMEHTOB CXEMBI MO-
nenmu. Kpome artoro, peannsoBaHa BO3MOXHOCTb
HACTPOWKHU NapaMeTpoB pacueTa (3a1aHus 3HaueHUH
no ymon4anuro). Pabora nmoncucreMsl 1 e€ B3aMO-
JelicTBre ¢ 0a30i TaHHBIX MOJEIMPOBaHUs obecrie-
YMBAeT CHIDKEHHE OOBEMOB BBOIMMON IOJIB30BATE-
neM uH(popManuy.

bubmmorexka ¢ynkuuit LIB.FUNC Bxmogaer
NapaMeTPU30BaHHbIE 3arOTOBKH THUIOBBIX JIETEPMH-
HUPOBAaHHBIX M BEPOATHOCTHBIX (DYyHKIHHA, MO3BO-
JISFOIUX OIHCAaTh OTHOLICHUSI MEXIy KOMIIOHEHTa-
MU uccaenyemoit cucrembl. CoctaB QyHKUM npu-
BoauTcst B Tabumie 1.1. B tabmuie mpenctaBiieHb
NpUMEpHl JIeTEPMUHUPOBAHHBIX (YHKIMH, Oompene-
JIAIOIUX CBA3HU MCKAY KOMIIOHECHTaMH, U UX CEMaH-
THKAa IIPY UCCIECJOBAHUM CBOMCTBA HANEKHOCTU
CHCTEM.

Bo3moxxHO mornosHeHHe cocraBa OMOIMOTEKH
($yHKIMH 3a cU€T pacmMpeHust odjacTeld npuMeHe-
HUSI METO/a, YCJIOXHEHHUS OTHOLICHHH MEXIY KOM-
MIOHEHTAaMH M TIepexojia OT OMHApHBIX K A-apHBIM
OIlepalysM, OMKCHIBAIOIINM B3aHMOCBA3H MEXIY
MHO’KECTBOM KOMIIOHEHTOB.

Ilogcucrema  CTaTHYECKOTO  MOIETMPOBAHUS
PS.STAT Bxmouyaer mnpoueaypsl (GOPMUPOBaHHS
anreOpanyeckoil MOJIETH CHUCTEMbI B CHMBOJBHOM
BUJIe U €€ aBTOMaTHYEeCKOro NpeoOpa3oBaHus B Be-
POSITHOCTHYIO (hOpMy, MO3BOJISIIOIIYIO PEANTN30BATh
onqHoMoMeHTHOe BAJIM Ha ouepenHol uTepauuu
MHOTOLIAr0BOr0 MpoLecca MOAEIMPOBAaHUS CHUCTeE-
MBI, AnreOpamdeckasi Monenb GpopMupyeTcs C yué-
TOM 3aJJaHHOM CTPYKTyphl ceTu. Ilpu paccmoTpeHnn
MIPOCTBIX TPA(OBBIX CHUCTEM CTATHYECKOE MOJEINH-
pPOBaHME PEAIN3YETCs] C HCIIOJIb30BAHMEM aJITOPHT-
Ma «CBEPTKHU» BEKTOPOB BEPOSITHOCTEM KOMIIOHEH-
TOB corjlacHO BBeAEHHBIM omepanusMm (PR.PALS).
PaccmoTpenue cucteM, BKIIIOYAIOIIMX 3aBHCHMBIE
KOMIIOHEHTBI, PEAIU3YETCs MPOLENAYPOH «CBEPTKU»
BEKTOPOB KOMIIOHEHTOB € YYETOM 3HAYEHUM KOppe-
JSIIMOHHBIX MAaTpHIl B KadecTBe Kod(duImeHToB
BEPOSITHOCTHO-AJIT€Oparyeckoro MOJEIMPOBaHUSI.

B cnywyae paccMOTpeHuUsi CTpYKTYpPHO-CIOXKHOU
CHCTEMBI CO MHOTHMH COCTOSHHSAMH pealn3yeTcs
Nepexo]; K HCCIEIOBAaHUIO MHOXKECTBA CHCTEM TOH
e CTPYKTYPHI, HO C ABYMSI OOOOIIEHHBIME COCTOSI-
HUsIMU. B 3TOM citydae 1 nmpoBeieHus UcciIeoBa-
HHS BEPOSTHOCTHBIX XapaKTEPUCTHK OMHAPHBIX CHC-
TEM HUCIIOJIB3YIOTCS U3BECTHBIC aJITOPUTMbI JIOTUKO-
BeposiTHOCTHOTO MoaenupoBanus (PR.LOGIC) [7].
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PS.GRAF_D

PS.FUNC

BD_PALS

PS.SPRAV

HACTPOUKA

PS.DINAM >

LIB.PARAM

LIB.PERV

LIB.UPR PR

—(PR.PALS )
—CPR.LOGIC >

LIB.PALS

PS.STAT

A 4

A 4

MOJIEJINPOBAHUE

!

PS.VIS

Y

PE3VYJIbTATBI

Pucynok 1.1 — CtpykrypHas cxema B3aumopeiictsus nogcucteM PALS
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Tabmauma 1.1 — [IpuMeps! GYHKIUI, ONPEACIISIONIUE CBI3H MEXK/y KOMIIOHCHTAMH CHCTEMBI

Bun ¢ynkimn

Wnrepriperanus GyHKIUIA NpU HCCIIeI0OBaHUN
coiicTBa HagéxxHocTH CC

£(, j) =max(, j)

B nerepMUHHPOBaHHOM Cllydae OTKa3 Pe3yJIbTHPYIOIIEro KOMIIOHEH-
Ta MPOMUCXOJIUT B PE3yJbTaTe OTKa3a OJHOTO M3 KOMIIOHEHTOB. B
Clly4ae YHClia COCTOSHUH 71> 2 COCTOSHHE PE3yJIbTUPYIOIIEr0 KOM-
MIOHEHTa ONpENeIseTCs COCTOSHUEM HauMeHee HaaEKHOTO KOMIIO-
HEeHTa (TocliefoBaTeIbHOE COSIUHEHNE).

F (i, j) = min(, /)

B nerepMuHMpOBAaHHOM cllydae OTKa3 Pe3yJbTUPYIONIETO KOMIIOHEH-
Ta MPOUCXOJIUT B Pe3yJbTaTe OTKa3a JBYX KOMIIOHEHTOB. B ciyuae
YHCIia COCTOSHUM 71 >2 COCTOSHHE Pe3yJIbTHPYIOMIET0 KOMIOHEHTa
OTIpeIeNIsieTCsl COCTOsTHUEM HaunboJjiee HaJa&KHOro0 KOMITOHeHTa (Ia-
paJJIeIbHOE COSTMHEHHE).

F(@,j)=min(i+ j—1,n)

B nerepMHMHMpPOBaHHOM Cilydae, Pe3yJbTUPYIOLIUI KOMIIOHEHT pa-
OoTaeT, ecnu paboTaeT OJMH M3 KOMIIOHEHTOB WM paboratot 06a. B
CIIydae 4mciia COCTOSIHMA #>2 COCTOSHHE Pe3yJbTHPYIOIMIETO KOM-
HOHEHTA ONMPEICISCTCS CYMMHPOBAHUEM COCTOSIHUN HCXOJHBIX KOM-
HOHEHTOB.

F(i, j)=|i- j|

B neTepMHHHPOBAaHHOM Cilydae pe3yJIbTHPYIOIIUI KOMIOHEHT pabo-
TaeT, ecIM paboTaeT OAMH U3 KOMIIOHEHTOB. B ciyuae yucia cocrosi-
HUHA 7 >2 COCTOSHHE PE3yJbTHPYIOIIETO KOMIIOHEHTA ONpPEAeIseTCs
Pa3sHOCTBIO COCTOSIHIH MCXOIHBIX KOMIIOHEHTOB.

i+ j+I1—min(,j,l)

F@LD=[ 2

|

B nerepMUHUpPOBAaHHOM CITydae pe3yIbTHPYIOMIHA KOMIIOHEHT HaXo-
JUTCSL B paboueM COCTOSHHMH, €CJIM Pa0OTalOT Kak MHHUMYM [Ba
KOMIIOHEHTA U3 TPEX.

B ciywae uyucna cocTOSSHUML 7 >2 COCTOSIHUE DPE3yJbTUPYIOLIETO
KOMIIOHEHTa OTIPEACISIETCS CPEOHUM 3HAYCHHEM COCTOSIHUH IBYX
MaKCHUMAaJIbHO HaI&KHBIX KOMIIOHEHTOB.

Mo pesynpraTaM MoOAENHPOBaHUS (HOPMUPYIOTCS
PE3yIBTHPYIONINE BEKTOPa BEPOSTHOCTEH CHUCTEMBI
CO MHOTHIMH COCTOSIHUSIMH.

Takum o00pa3oM MOJCHCTEMAa CTATHYECKOTO
MOJICJIMPOBAHUSI HA OCHOBAHMH BEPOSITHOCTHOW WH-
(dopManu O COCTOSIHHSIX HCCIIEyeMOr0 CBOWCTBA
KOMIIOHEHTOB aBTOMAaTH4YeCKU (opMHpYeT pe3yiib-
THUPYIOLIME BEKTOpa BCEX MPOMEXYTOUYHBIX Y3JIOB
rpada 1 Bceil CUCTEMBI B I1EJI0OM.

[Moncucrema AMHAMUYECKOTO MOAEIHPOBAHUS
PS.DINAM cTpyKTypHO BKJIIOYAeT OJIOK peajm3a-
UM TIEPBUYHOTO MOJEIHPOBAHUS C MCIIOIE30BAHU-
em mapamerpudeckux ¢Qynkmuii (LIB.PARAM);
OJIOK peanu3alii TEPBUYHOTO MOJEIHPOBAHHS C
WCIIOb30BaHWEM  ammapara meneil  Mapkosa
(LIB.PERV);  0Omox  ympaBislOIIMX  MPaBHI
(LIB.UPR PR).

brox peanuzanuu MEpBUYHOIO MOEIHPOBA-
HHS C MCTIOJIb30BAHUEM ITapaMETPUUECKUX (YHKIMN
(LIB.PARAM) BkItOYaeT MPOIEIYPHl BEPOSTHOCT-
HOTO W3MEHEHHMs] HCCIIEIyeMOro CBOWCTBA OT/EIb-
HBIMM KOMIIOHEHTaMH C HCIIOJb30BaHUEM pa3iIny-
HBIX TApaMEeTPUUYECKUX (YHKIUH, mapameTpaMu
KOTOPBIX SIBISIFOTCA BpeMs, yKa3aHHBIE COCTOSHUS
KOMIIOHEHTOB U CHICTEMBI B IIEJIOM.

B cnyuasx, korna He yaa€rcst HAUTH aHaJIUTHU-
YECKUH BHJ 3aBUCHMOCTH, OIMCBHIBAIOLIEH BEPOST-
HOCTHOE M3MEHEHHE HCCIEeIyeMOro CBOicTBa
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CUCTEMBI, BHIOMpaeTcs OmHA U3 (OPM MaAPKOBCKIX
Mozenel [8], oTpaxkaromas 0cOOEHHOCTH CTOXaCTH-
YEeCKOro MpoIecca M3MEHEHHS COCTOSHUH KOMIIO-
HEHTOB U IO3BOJISIONMIAS MEPEUTH K PACCMOTPEHHUIO
U3MEHCHHUS UCCIICAYEMOr0 CBOMCTBA CUCTEM Ha JI0C-
TaTouHO MajoM mare monenupoBanus (LIB.PERV).
C uenblo peanu3aluy Pa3sHOOOPa3HBIX (YHKIMA
OpTraHW3aIlMK TEPBUYHOTO MOJCIHPOBAHUS C WC-
MMOJTb30BaHKUEM armapaTa Ierneii MapKkoBa HCIOJb-
3yeTcs CIeQyIoNuid Habop MpoLeayp: MPOIEeIayphI
KIacCH()UKAIUN KOMITOHEHTOB CHCTEMBI IO BEI-
OpanapiM  mpm3Hakam (PR.GROUP); mpouenyps
monbopa  mapaMeTpoB  MAapKOBCKHX — MOJEJEH
(PR.PODB); mpornexypsl peanu3aniii IIePBUYHOTO
MOJICTUPOBAHMUS C WCIIOJIb30BAaHUEM HMEIOIINXCS
¢dbopm mozeneit (PR.MARK); npouenyps! nepexozaa
K PacCMOTPEHHUIO HEMPEPHIBHOTO MPOIECCa U3MEHE-
HUSL ~ UCCIEAYeMOIr0  CBOWMCTBA  KOMIIOHEHTOB
(PR.MARK N).

B mpocreiiem ciy4ae pe3ynbTaToM JAHMHAME-
YECKOTO MOJICIMPOBAHMS HAa BBHIOPAHHOM BpEMEH-
HOM HHTEpBAJIC SBJSICTCS BEKTOP BEPOSTHOCTEH CO-
CTOSIHUM CHCTEMBI, 3aBUCSIIMNA OT BEPOSTHOCTHBIX
U3MEHEHUN COCTOSIHUM KOMIIOHEHTOB M B3aUMHOIO
BIMSIHAS BEPOSTHOCTHBIX XapaKTEPHCTUK KOMIIO-
HEHTOB B npolecce QyHKIUOHUPOBAHHS CHCTEMBI.

[Ipy wcmonb30BaHMM aNrOpUTMa IUHAMHYE-
CKOT'0 MOJICJIMPOBAHUS C YIIPABICHUEM PE3YJIbTaTOM
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SBIISICTCA TIOCIICOBATEIPHOCTh BApHAHTOB CTPYK-
TYPHOH OpraHu3aluy CUCTEMBI, IIOJyYEHHBIX C yué-
TOM AOUMHAMHYCCKUX U3MEHEHUIH KOMIIOHEHTOB CHC-
TEMbI U WX B3aMMHOI'O0 BJIMAHHA, 4 TAKIKE BCKTOpa
BEPOSATHOCTEN, COOTBETCTBYIOUIME KaKAOMY BapH-
anty. [lomyueHue Takol NOCIENOBAaTEIBHOCTH Ba-
PHAHTOB CTPYKTYPHOM OpraHU3aldd HCCIIELyEeMBIX
CHUCTEM SIBIISIETCSI BaYKHBIM TIPU 0OOCHOBAaHUH perie-
HUH, KOPPEKTUPYIOMIUX MPOIECC BHITIOTHEHUS CHUC-
TEMOU 3aJaHHOM (QYHKIMH IIyTEM COTIACOBAHHOM
paboThI €€ KOMIIOHEHTOB.

Brox ympasmsaromux mpasun (LIB.UPR_PR)
COJZIEP)KUT TIpeJCTaBlieHHble B (hopMaar30BaHHOM
BUJIC TNpaBUJIa, COCTaB KOTOPBIX MOXET OBITH 00-
HOBJIEH C y4eTOM OCOOEHHOCTEH HMCCIIeyeMO po-
OyeMHOM 00MacTy.

bubnuoreka THIOBBIX BEpPOSTHOCTHO-ared-
pandeckux monenei LIB.PALS Bkirouaetr napamer-
pU30BaHHBIC BapHaHTHl MOJENECH CIOXKHBIX CHCTEM
U3 Pa3IMYHBIX MPEIMETHBIX o00JacTel, KOTOpHIC
MOTYT OBITH HCIIONB30BaHBI KAaK «3arOTOBKW» MpHU
MO/JICIMPOBAHIH HCCIIEAYEMOT0 CBOMCTBA IpadOBBIX
CHUCTEM M TpeOYIOT JNHWINb 33aJaHUS HCXOTHOU HH-
(hopManmy 0 mapaMeTpax KOMIOHEHTOB M CTPYKTY-
pe ucciaeayeMon CUCTEMBI.

IToncucrema Busyanusauuu PS.VIZ omgHOBpe-
MEHHO C TNPOLECCOM MOJEIUPOBAHUS, B TUHAMUKE
otobpaxaer popMupyemsie Bekropa. I1o okoHuaHun
pacuéra BEpOSATHOCTHBIX XapaKTEPUCTUK HCCIEIye-
MOTro CBOIcTBa rpa)0BOI CHCTEMBI T€HEPATOP OTUe-
TOB, (POPMHUPYIOIINI MPOTOKON pabOTHl CHCTEMEI B
SJIEKTPOHHOM BHJIE, ABTOMATHYECKH OTOOpakaeT
BpPEMEHHbBIE JMarpaMMbl U rpaQMKi U3MEHEHHUSI UC-
CIIEZTyeMOr0 CBOMCTBA, KaK OTAEIBHBIX KOMIIOHEH-
TOB, TaK ¥ BCEH CUCTEMEIL.

CrnpaBoynas noxacucremMa PS.SPRAV opuen-
TUPOBaHa Ha HH)XEHEPOB-NPOEKTUPOBILUKOB, HE
UMCHOIIUX CIICLHUAJIBHBIX 3HAaHUHA B O6HaCTI/l MOJEC-
JMPOBAHMS BEPOSTHOCTHBIX CBOMCTB cucrembl. B
HEH conepkKuTcs Bes HeoOXoammas wHpopMamus o
pabore cucremsl PALS c omumcannem unTepdeiica
MOJIB30BATENA U €T0 JESUCTBUH, a TaKke NaéTcs OIHU-
CaHWE THUMOBBIX BEPOSTHOCTHO-aITreOpamyecKix
MoJenelt, coctaBisromux oudmmorexy LIB.PALS.

baza mannsix BD.PALS ocymecTtsisier B3au-
MOJICIICTBHE CTPYKTYPHBIX IIOJICHCTEM CHCTEMBI
BEPOSTHOCTHO-AITeOPamdeckoro  MOAETHPOBAHUS
PALS. Ona peanu3oBaHa YHUBEPCAJIbHBIMHU TIPO-
TpaMMHBIMH CpefcTBaMHu. B Hel xpansarcs, 0OHOB-
JIAKOTCA W HaKaIUIMBAIOTCA JaHHBIC MOACIMPOBAHUA
MO KaXI0My KOMIIOHEHTY U BCEU CHCTEME B LIEJIOM.

[Iporpammuas cucrema PALS peanuzoBana B
uHTerpupoBaHHoii cpene Borland Delphi 10 Lite v
3.0 pazpaborkn Windows-npmioxkenuii. OHa 1m0-
3BOJISIET MPOBOJAUTH PacdeThl rpadoBON CXEMEI, CO-
JIepKalleil HEOrpaHMYEHHOE YHUCIO YPOBHEH BIIO-
JKEHHOCTH KOMIIOHEHTOB ITyTEM CTATUYECKOTO — IS
TEKyIIEr0 MOMEHTa BpPEMEHH, W JWHAMHYECKOTO
MOJICJIMPOBAHMUS, OTOOPAKAIOLIETO BEPOSTHOCTHBIE
n3menenuss CC BO BpeMeHHU.
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2 Ouyenka oOunamuueckux 6eposAmHOCHIHBIX
XapaKmepucmuK CA0MCHBIX CUCHEM CO MHOZUMU
cocmoanuamu

Cucrema PALS no3BosisieT OLIeHUTh BEPOSITHO-
CTHBIE XapaKTEPUCTHKHU KaK CTPYKTYypHO-IIPOCTHIX,
TaK M CTPYKTYpHO-CIOXHBIX CHCTEM TpadoBOi
CTPYKTYpbl. CTPYKTYpHO-IIPOCTBIE CUCTEMBI IIPH UX
MaTeMaTHIeCKOM OIMCAaHHUU CBOZSTCS K ITOCIIEIOBA-
TEJNBHBIM, TTAPAITICTFHBIM WIIH IPEBOBHIHBIM CTPYK-
Typam. CTpyKTYpHO-CIOXHBIE CHCTEMBI OIFCHIBA-
JOTCSl CIICHApPHUAMHU CETEBOTO THIIA C IUKJIAMH U He-
YCTPaHMMOW TIOBTOPHOCTBIO ApPTyMEHTOB IPH HUX
¢dopmanuzaruu [8]. V3BecTHBIME mpHMepamH rpa-
(OB, ONKCHIBAIOIINX CTPYKTYPHO-CIIOKHBIE CHCTE-
MBI, SBJISIOTCS MOCTHMKOBas CTPYKTypa, CTPYKTypa
IBYX <3BE3I», BKIIOUYEHHBIX HA «TPEYTOJBHUKY,
KoJIplleBast CTpykTypa. Kpome srtoro, crpykrypHas
CJIOKHOCTH CHCTEM MOJKET ObITh 00yCIIOBIICHA Ha-
JMYUEM MHOXKECTBa HECOBMECTHBIX COCTOSIHUH, BBI-
JENIEHHBIX JUISI CHCTEM, MMEIOIINX MPOCTYIO CTPYK-
Typy [9]. B aTOM cMBIcHE 00a iprMepa, BEIOpaHHEIE
JUI IEMOHCTpalu padboTel cuctembl PALS, omu-
CBIBAIOT PACYETHI CTPYKTYPHO-CIOKHBIX CHCTEM.

Paccmotpum CC, rpaduueckas cxema KOTOpOit
npencraBieHa Ha pucyHke 2.1. Cucrema siBiseTcs
CTPYKTYPHO-IIPOCTOM B CMBICJIE €€ CTPYKTYPHOH
opranmzanuu. OHa  BKJIIOYAaET  KOMIIOHEHTBI

K ={K;},i=111, KOTOpble ONNMCHIBAIOTCS OIHO-
THITHBIM 00pa3oM W XapaKTEPHU3YIOTCS MHOKECTBOM
cocTostHUN S = {S j}, j=L5, cooTBeTCTBYIOLIUX

ONPEJCIIEHHOMY YPOBHIO HEKOTOPOrO CIy4YailHbIM
00pa3oM H3MEHSIONIErocs CBoiicTBa. HavanbHbie
3HAUEHUSl BEPOSITHOCTEH COCTOSIHUA KOMIIOHEHTOB
337al0TCA BEKTOPaMHU:

. . . . 5 .
PO =(p’, py o pi). X P =Li=111,
J=1

KOTOpPBIE H3MEHSIOTCS BO BPEMEHH.

BeposTHOCTHOE HM3MEHEHHE COCTOSHHUHA KOM-
ITOHEHTOB HCCIEAYeMON CTPYKTYPBI OIMCHIBACTCA
MapKOBCKMMH MOJIEISIMH CHEMaTLHOTO BHaa [8] ¢
JUCKPETHBIMH COCTOSTHISIMH U JHCKPETHBIM BpeMe-
HCM, IMCPEXOJHBIC MaTpUllbl KOTOPBLIX JId BCEX
KOMIIOHEHTOB pa3iIuyHbl. B pe3ynbrare nepBu4HOro
MOJIETTMPOBaHUsl (POPMUPYIOTCSI 3HAYCHUSI BEKTOPOB
BEPOSITHOCTEH, XapaKTepU3yIolMe H3MEHEHHE CO-
CTOSIHUH KOMITOHEHTOB Ha 33JaHHOM MPOMEXYTKe
BpPEMEHH:

. . . . S . —_
P"=(p', 5 s D), zlp;? =1,i=111r=110.
=

OHH SIBJISIFOTCSI KCXO/AHBIMH JTAHHBIMH JUTS Be-
POSITHOCTHO-aJIre0panueckoro MOJIEIUPOBAHHS HC-
ciemyemMoi cTpykTypsl (pucyHok 2.1). B pacu€rabix
BEPOSITHOCTHBIX MOJEISIX HCIONB3YIOTCS (DYHKIUH
F(,j)=min(i+ j—1,n) nms pédep, pacloioxkeH-
HBIX TapajulesibHo, U GyHkima F, (i, j) = max(i, j) —
JUTS TIOCJIeIOBATENILHO COCTUHEHHBIX pedep rpada.

115



E.U. Cykau, /].B. Pamobuinvbckas

Ha pucynke 2.2 mpencraBieHa BepOsSTHOCTHAS
JUHAMUKA COCTOSIHUH CHCTEMbl Ha HCCIICIyeMOM
BPEMCHHOM HMHTEPBAJIC.

o5

/@\
3 11
-

Pucynok 2.1 — I'pad cioxHO#M cuctembl
CO MHOTUMH COCTOSIHUSIMU

0,7

0,6 At

Pucynok 2.2 — JluHaMHKa BEKTOPOB BEPOSATHOCTEH
COCTOSIHUM CJI0’KHOM CHCTEMBI

Jna nemoncTpanuu Bo3moxkHocTet PALS mpu
HCCIIEIOBAaHUN CTPYKTYPHO-CIIOXKHON CHCTEMBI pac-
CMOTPUM MOCTHKOBYIO CTPYKTYpy, IpEICTaBICH-
HyI0 Ha pHUCyHKe 2.3, KOTOpas OIMCBHIBAET CaMYIO
MIPOCTYIO M3 Kiacca CTPYKTYPHO-CIIOKHBIX CHCTEM,
HO HECMOTpS Ha HEOOJIBIIOE YHCIO KOMIIOHEH-

ToBK ={K},i =1,5, MMCIONIYIO Pa3IMYHbIE BapH-

aHTHI CeMaHTHYEeCKOH mHTepperanyu [7], [9].

Pucynok 2.3 — I'pad cTpyKTypHO-CIIOKHOH
CHCTEMBI
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Bynem momaraTth, 9TO KOMITOHEHTHI CHCTEMBI
MOFyT HAXOo4uUuThCs B OAHOM U3 TpéX HCCOBMCCTHBIX
COCTOSTHUH

s={8,}.i=13,
XapaKTepU3YIOIUX CTENeHb HAaIeKHOCTH MX (DyHK-
IMUOHUPOBAHUA. BepOﬂTHOCTI/I HaXO0XJICHUA KOMIIO-

HEHTOB B OJTHOM U3 BO3MOJKHBIX COCTOSTHUN 3aJar0T-
Csl BEKTOpaMHU

. . . . 3 .
P'=(pi.ph.P}), Lpj=lisls

C ucnosip30BaHUEM NPOTPaMMHOW CHCTEMBI aBTO-
MaTH3alMid BEPOSITHOCTHO-AITeOpanyeckoro Mojie-
mupoBanus PALS, ObUIM MOYyYEHBI pe3yIbTHPYIO-
[IMe BEKTOpa BEPOSTHOCTEH, XapaKTepH3YIOLIHe
HaJEeKHOCTh  (DYHKIIMOHMPOBAHUS  HCCIELYyEeMOH
CHCTEMBI

. 3 .
P =(pi.p5.13); 2 pj=li=L5.
=

3HaveHUsI UCXOAHBIX BEKTOPOB BEPOATHOCTEU KOM-
TIOHEHTOB W Pe3yJbTaThl PacCu€TOB BEKTOPa BEPOSIT-
HOCTEH CHCTEMEI MPEICTaBICHEI B Tadmuie 2.1.

Tabnuna 2.1 — 3HaYeHUS BEKTOPOB BEPOSITHO-
CTEH, XapaKTepU3YIOIINX COCTOSHHS HalIe)KHOCTH
KOMIIOHEHTOB M CHCTEMEI B IIEJIOM

KomnoneHnt Cocrosinue

CHUCTEMBI S S, S5
K, 0,571732 | 0,327014 | 0,101254
K, 0,580346 | 0,21846 | 0,201194
K 0,537201 | 0,276372 | 0,186427
K, 0,58994 | 0,312036 | 0,098024
Ky 0,565624 | 028514 | 0,149236

Cucrema | 0,618937 | 0,341519 | 0,039544

Crienyer OTMETHTh, YTO AJISI ONpENENICHHs Be-
POSITHOCTHBIX XapaKTEpUCTHK COCTOSIHUH MOCTHKO-
BOM CTPYKTYpBI HCIIONB30BaNach METOJUKA CBEIe-
HUSL CTPYKTYpPHO-CIOXKHON CHCTEMBI CO MHOTMMH
COCTOSIHUSIMHM K COBOKYITHOCTH OWHapHBIX MOJEJEH.
[IpuMeHeHne yka3aHHOM METOAMKH aKTyalbHO JUIs
OLICHKU BEPOSITHOCTHBIX XapaKTEPUCTUK HAJEKHO-
CTH CHCTEM C OONBIINM YHCIOM KOMIIOHEHTOB,
HMMEIOIINX MHOJECTBO YpPOBHEH HAaJE€KHOCTH, YTO
MO3BOJISIET 3HAYUTEIBHO YMEHBIINTh Pa3MEPHOCTH
CHCTEM M PACIIMPUTH IPAHULIBI UX UCCIIENOBaHHUS.

3aknrouenue

KommbproTepHass ~ cucteMa  BEPOSITHOCTHO-
anreOpanyeckoro MOJCIUPOBAHMs 00ECIIeYrBaET
KOMILUTEKCHBIN MOJXO/ K PEHICHUIO 3a/1a4d pacuéra
CTaTHYECKUX U JMHAMUYECKUX BEPOATHOCTHBIX Xa-
PAKTEpUCTHK CJOXHBIX CHCTEM, KOTOPBIH obecrre-
YUBAETCS aBTOMATU3AlMENl OCHOBHBIX DTAllOB METO-
ma BAJIM [5]: moarotoBKM HWCXOIHBIX JaHHBIX,
MEPBUYHOTO  MOJCTMPOBAHUS  BEPOSTHOCTHOTO

Ipobnemvr puszuxu, mamemamuxu u mexuuxu, Ne 4 (9), 2011
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HW3MEHCHUST KOMIIOHEHTOB, (OPMHpPOBAHUSA ajared-
pandeckoil MOJENH HCCIEeIyeMOH CHCTEeMBI, IO-
CTPOEHHMsI pacu€THON BEPOSTHOCTHOM (POPMBI MoJIe-
JIA, TAHAMHUYCCKOI'o YIpaBJICHUA IMapaMCTpaMH Ha
OYeperHON HTepaluy MOJEIMPOBAHMS, rpaduye-
CKOT'O OTOOpa)KeHUs PE3yJIbTaTOB U UX CTAaTHCTHYeE-
CKO 00pabOTKH.

Peanmm3oBanHBIE MeTOABI pacuéra B COCTaBE
cucteMsl PALS B3anMOCBSI3aHBI U KOPPEKTHO [10-
MOJHSIOT Opyr Apyra, obecmeumBas 3hhexkTuBHOE
pelIeHNe BaXKHBIX IPAaKTUIECKUX 3a/1a4, HAaIpHUMeEDp:

— MOJENUPOBAHUS M pacdéra BEPOSTHOCTHBIX
XapaKTEePUCTUK HaEXHOCTH, MPOIYCKHON Croco0-
HOCTH, 3()EKTUBHOCTH, CTOUMOCTH, U3HOCA CHCTEM
B pE3yJIbTaTe BEPOSTHOCTHOI'O M3MEHEHHUS! COCTOSI-
HHUH X KOMIIOHEHTOB;

— BBUIBJICHHWE TPUYHMH, KOTOpPHIE MOTJIM NpH-
BECTH K M3MEHEHHIO TEKYILEro COCTOSHHS CHCTEMBI
(HarpuMep, aBapud, CHIKCHHIO S(QEKTUBHOCTH U
Apyrue);

— BBIPa0OTKH, OOOCHOBaHHS W ONTHMHU3AINH
pasMUUHBIX MPOEKTHBIX, 3KCIUIyaTallMOHHBIX H
YIPABJIEHYECKUX PELICHUM.
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IMPABHWJIA JJISA ABTOPOB

Cratbsi, HarpaBisieMasl B pefakiuio xypHaia «[IpobneMsl Gpu3nku, MaTeMaTHKH U TEXHUKH», TOJDKHA CO-
OTBETCTBOBaTh ero npodwito. OHa IpelcTaBiIsIeTcs Ha PyCCKOM, OEIOPYCCKOM HITH aHTJIMHCKOM SI3bIKaX B JIBYX
JK3eMIUIsIpax Ha Oenol Oymare ¢opmara A4 ¢ mpoHyMEpOBaHHBIMU cTpaHuliaMu. OTHOBPEMEHHO B PEAAKIIHIO
HAalpaBJsIeTCsl 3JIEKTPOHHBIM BapHaHT craTbu Ha auckere 3,5" wnu CD, wnu 1mo anexTpoHHO# noure (e-mail:
pfmt@gsu.by).

JIJ1st HOATOTOBKM CTAaThbU MOXKHO MCIIOJIB30BaTh penakTop MS Word for Windows (6.0/95/97/2000), mpudt
— Times New Roman, 14 pt, Bce momns — 2 cMm, mm cucremy LaTeX ¢ onmmeit 12pt B crangapTHOM cTue article
0e3 mepeonpenencHus ctangapTHEIX cTriei LaTeX'a n BBegeHUs: COOCTBEHHBIX KOMaH/I (BCE OIS — 2 CM).

B neBom BepxHeM yrily nepBOW CTpaHULbI cTaThu cTaBUTCA MHAEKC YK, HMXKe 0 LEHTpY Ha PyCCKOM U
QHTTIMHCKOM S3bIKaX: Ha3BaHWE CTAThbH IPOIMCHBIMHU OYKBaMH, HHUIMAIB! M (JaMUIus aBTopa (aBTOPOB), Ha3Ba-
HUE OpTaHMU3aIMH, B KOTOPOii OH (0HM) paboTaer, aHHOTaIus (10 10 cTpOK) U nepedeHb KITFOUYEBHIX CIIOB.

Cratbsl, KaK NpaBUIIO, I0JDKHA COAEPIKATh: BBEICHUE, OCHOBHYIO YacTh, 3aKJIFOUCHUE U JINTEPATYPY.

HasBanue crartby JOIDKHO OTpaXkaTh OCHOBHYIO HUCI0 HCCIIEI0BAHUS, OBITh KPATKHM.

Bo BBeneHunu maercs Kparkuii 0030p JMTEpaTypbl, 0OOCHOBBIBAETCS LIENb PadOTHl U, €CIIM HEOOXOIMMO,
OTpakaeTcsl CBA3b C HAYYHBIMH M IPaKTHYECKUMH HampaieHHsMH. OOsS3aTeNbHBIME SBISIOTCS CCHIJIKM Ha pa-
0OTBI JPYTHX aBTOPOB, MTyOIMKALMK OCJIEAHUX JIET B 00JIaCTH UCCIIEIOBAHHMS, BKIIIOYAs 3apyOeKHbIE.

OCHOBHas1 4acTh JIOJDKHA COZEpKaTh ONMCAHWUE METOJHMKH, OOBEKTOB MCCIIEIOBAHMS C TOYKH 3PEHUS UX
Hay4HOH HOBM3HBI. OHA MOXKET AENUTHCS Ha MOAPA3eIbl (C Pa3bIACHIIOINMH 3aroJI0OBKaMi) M COJIep)KaTh aHa-
113 MyOMUKanuii, OTHOCSIIMXCS K COAEPKAHUIO TAaHHBIX MOAPAa3/IeNIOB.

DopMyITbl, PUCYHKH, TaOIUIBI HYMEPYIOTCS B Tpeaenax pasiena, Hanpumep: (1.1), (2.3), pucynok 1.1,
tabnuua 2.1. Jlonyckaercst CKBO3Hasi HyMepalusi pUcyHKoB 1 Tabnui. Hymepauuu noiexar Toibsko te Gpopmy-
JIbI, Ha KOTOPBIE UMEIOTCS CChIIKH. HoMep GopMyiibl IprkuMaeTcs K MpaBoMy Kparo CTPaHHLBI, a cama hopMy-
Ja neHTpupyercs. PUCYHKH 1 TaGIUIbI paconaraloTCcsl HEIOCPEICTBEHHO B TeKCTe. Pa3mep pucyHKoB u rpadu-
KOB He JoipkeH npesbiath 10x15 cm. [oiyToHoBBIE (hoTOrpaduu A0HKHBI KMETh KOHTPACTHOE N300pakeHHE.
HOBTOpeHI/Ie OJHUX U TEX XK€ NaHHbIX B Ta6m/1uax " pUCYHKaX HE JOITYyCKaCTCA.

Kaxnast Tabnuia g0oJKHA MMETh 3arojioOBOK, B HEH 00s3aTeNIbHO YKa3bIBAIOTCS €IMHUIIBI U3MEPEHHs pac-
CMaTpuUBAacMbIX BCJIMYUH. Pa3MepHOCTb BCCX BCJIMYMUH JOJIXKHA COOTBCTCTBOBATH Me)KZlyHapOZlHOfl CHCTEMC
ennann m3mepennii (CH). He nomyckaercst cokparieHue ciioB, KpoMe OOLIETPUHSTHIX (T. €., U T. A., U T. IL.).

B 3axmouennn B cxxatoM Buze GpopMyHpyrOTCsl MOJTyUYEHHBIE PE3yNIbTaThl, X HOBHU3HA, IPEUMYIIECTBA U
BO3MOKHOCTH IPAKTUYECKOTO MCIIOIb30BaHUSI.

Criicok nuTepaTypsl JODKEH COAepkKaTh MOJHBIe OuOnmorpadudeckue qanHeie. OH COCTaBIAETCS B IMO-
psilike YIIOMHHAHHS CCBUIOK B TeKcTe. CChUIKM Ha HEOITyOIMKOBaHHBIE pabOTHl He AOIycKaroTcs. CChIIKH JaroT-
Csl B OPUTMHAJIBHOHN TpaHciurepanuu. [TopsakoBble HOMEpa CCHUIOK IO TEKCTY YKa3bIBAIOTCS B KBaApaTHBIX
ckoOkax (Hampumep, [1], [2]).

CraTbsl MOANKCHIBAETCS. BceMu aBTOpamu. K craThe mpuiararorcst CBeJeHUs1 00 aBTOpax M 9KCHEPTHOE 3a-
KJIFOUCHUE O BO3MOKHOCTH OITyOJIMKOBAaHHS CTaThbH B OTKPBITON MEYATH.

CgezneHust 00 aBTOpax MPEACTABISIFOTCS Ha OTAEIBHOW CTPAaHUIIE M COJEpXkaT: (paMUIIUI0, UMS, OTYECTBO
aBTOpa (aBTOPOB), YYCHYIO CTEIIEHb, 3BaHHE, MECTO PA0OThI U 3aHUMAEMYIO JIOJDKHOCTD, CIICIIMAIIMCTOM B KaKOM
00J1acTH sIBJISIETCS aBTOP, ITOYTOBBIM MHIEKC W TOYHBIA aapec Ui MEepernucKH, TesedoHb! (CayXeOHbIH U 10-
MaIIHHKR), aipec 3JIeKTPOHHON NouThl. ClienyeT yka3aTb aBTOpa, ¢ KOTOPBHIM HY>KHO BECTH IEPENHCKY U HaIpaB-
JICHUE, K KOTOPOMY OTHOCHUTCS IIpeJicTaBieHHas pabora ((pu3nka, MaTeMaTHKa, TEXHHUKA).

[NMocTynuBiIas B peJjakuuio CTaThs HApPaBISIETCsl HA PELeH3UpoBaHue. B cirydae e€ OTKIOHEHUS pelaKiys
cOO00IIAaeT aBTOPY pPEIICHHE PEIKOUICTHH M 3aKII0UEHHE PEIEH3CHTa, PyKOIHCh aBTOPY HE BO3BpamiaeTcs. Pe-
IIEHUE O IOPaOOTKE CTAaTbU HE 03HAYAET, YTO OHA NMPHHATA K redaTth. [locie 1opaboTKH cTaThs BHOBb paccMart-
pHYBaeTCs PElIEH3eHTOM U PEIAKIIMOHHOM KOJIETHen.

Penakiust ocraBisieT 3a coOOM NpaBO MPOM3BOAUTH PEJAKIMOHHBIE M3MEHEHUS M COKpAILCHUS, HE HCKa-
JKAOIINE OCHOBHOE COJEPKAHUE CTAThH.

CTaTl)l/I, HE OTBCHAIOIUC NEPCUNCIICHHBIM Tpe6OBaHl/I)IM, K paCCMOTPEHUIO HE MPUHUMAIOTCA U BO3Bpalla-
IOTCA aBTOpaM. IIaTOﬁ MOJYUYCHUA PYKOIIUCU CHUTACTCA JC€HDb IMOJTYUCHUSA pe)laKLIPIeﬁ OKOHYAaTCJIbHOT'O BapraHTa.

ABTOpBI HECYT OTBETCTBEHHOCTh 32 HAIIPaBJIICHHE B PEIAKLHUIO YK€ paHee OIyOJIMKOBaHHBIX CTaTeH Min
CTaTel, MPUHSATHIX K Ie€YaTH JPYyTUMH W3JaHusAMHU. Penakiys npenocTasiseT IpaBo MepBOOUEPEHOTO Oy OIIn-
KOBaHUS cTaTeil JMIaM, OCyLIECTBIIIOIINM IT0CIEBY30BCKOE 00ydeHHe (acIMpaHTypa, JOKTOPAHTYpa, COMCKa-
TEJILCTBO) B IO 3aBeplIeHust o0y4eHus. [nara 3a ormyOimkoBaHe cTaTeld He B3UMAETCsI.

Bcio KoppecnoHAEHIMIO CIeAyeT HampaBiIATh NPOCTHIMH HIIM 3aKa3HBIMH NHChbMaMH (OaHAEpOISIMH) Ha
a/Ipec pelaKIuy.

OO0paser; oopMIIEHHs CTaTbU, CBEJCHUI 00 aBTOpaxX M SKCHEPTHOTO 3aKITIOUCHHUS MOXKHO TIOCMOTpPETh Ha
caiite )ypHaua 1o ajapecy http://pfmt.gsu.by.

Kypnan «IIpobnemsl Gpu3nKn, MaTEMaTHKKU U TEXHUKW» BKIIOYEH B KaTaJIOT II€YaTHBIX CPEICTB MAaCCOBOM
unpopmannu Pecryonuku benapycs. Unnekce sxypHana: 01395 (uiist MHIUBHIyalIbHBIX moAnUcYUKoB), 013952
(A7 mpenpUATHIA U OpraHu3anui).
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To prepare a paper it is possible to use MS Word for Windows (6.0/95/97/2000), Times New Roman type,
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the name(s) of the author(s), authors' affiliations and full postal addresses next to which are an abstract of no
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must be concise. It describes the main idea of your research.

In the Introduction the author gives a brief review of literature, his grounds and specific objectives, he de-
scribes links with scientific and practical branches. All background information such as reference to the papers
of others authors and some previous publications (including foreign ones) in the field of investigation is
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The main part should contain description of the techniques used and objects of investigation within a large
scientific framework. This part may be divided into subsection (with explanatory headings). It provides the read-
ers with the analysis of the publications on the problem described in these subsections.

Formulas, figures and tables should be sequentially numbered in the framework of the section, for example:
(1.1), (2.3), figure 1.1, table 2.1. Through numbering of figures and tables is possible. The author should number
only the formulas with appropriate references. The formula number is placed on the right side of the page and
the formula itself is centred.

Figures and tables should be put into a contextual framework. The size of figures and charts does not ex-
ceed 10x15 cm. Halftone photos should be glossy and contrast. Do not repeat extensively in the text the data you
have presented in tables and figures.

Each table should have the heading, in which units of measure describe the values under consideration. All
measurements and data should be given in SI units, or if SI units do not exist, in an international accepted unit.
The authors are advised to avoid abbreviations except for generally accepted ones (i. e., etc.). Define all abbre-
viations the first time they are used.

In the Conclusion the received data are described in concise form. The novelty of these results, advantages
and possibility of practical use are presented.

Publications cited in the text should be presented in a list of references following the text of the manuscript.
References should be given in their original spelling, numbered in the order they appear in the text and contain
full bibliography. Please, do not cite unpublished papers. The numbers of references are sited in square brackets
(e.g. [11, [2D).

The paper is signed by all authors. The information about the authors and the conclusion of the experts
about the possibility of publication in press are enclosed.

The authors should provide the following information on a separate sheet: surname, first name, patronymic,
science degree, rank and correct postal address for correspondence, organization or company name and position,
title, research field, home and office phone numbers, fax number, and e-mail address.

Then the paper is sent to the Editorial Board to be reviewed. The Editorial Office informs the authors of
paper denial and the reviewer's conclusion without returning the manuscript. A request to revise the manuscript
does not imply that the paper is accepted for publication since it will be re-reviewed and considered by the Edito-
rial Board. The authors of the rejected paper have the right to apply for its reconsideration.

The Editorial Board has the right to edit the manuscript and abridge it without misrepresenting the paper
contents.

Papers not meeting the above requirements are denied and returned to the authors. The date of receipt of the
final version by the Editorial Office is considered as the submission date.

Authors are responsible for the submission of their publication because submission is a representation that
the paper has not been previously published and is not currently under consideration for publication elsewhere.
The Editorial Board charters top-priority for postgraduate students (postgraduate course, persons working for
doctor's degree, competitors for scientific degree) during the current year of the completion of a course. Publica-
tion of the paper is free of charge.

In case of questions relating to paper submission visit website of the journal http://pfmt.gsu.by.

The journal «Problems of Physics, Mathematics and Technics» is included in the mass media catalogue of
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