Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 4 (53), 2022

YIK 539.12.01

PU3UKA

ISSN 2077-8708

DOI: https://doi.org/10.54341/20778708 2022 4 53 43

EDN: LRXSGO

TOYHBIE PEHIEHUA IBYMEPHOI'O YPABHEHUA
JIOI'YHOBA - TABXEJIM/I3E C HEKOTOPBIMU AHAJIOI'AMHU
IHHOTEHHUAJIA TAPMOHHNYECKOI'O OCHHUJUIATOPA
B UMITYJIbCHOM IIPEACTABJIEHUHU

A.B. IlaBaenko, I0.A. I'puineyxkun

Tomenvckuil cocyoapcmeennulil ynugepcumem umenu @panyucka Ckopumvl

EXACT SOLUTIONS OF THE TWO-DIMENSIONAL
LOGUNOYV - TAVKHELIDZE EQUATION WITH SOME ANALOGUES
OF THE HARMONIC OSCILLATOR POTENTIAL
IN THE MOMENTUM REPRESENTATION

A.V. Paulenko, Yu.A. Grishechkin

Francisk Skorina Gomel State University

AHHOTAIHSA. HOHy‘IeHLI TOYHBIC PEHICHUS ABYMEPHOI'O YpPaBHCHUS HoryHOBa—TanenHme, OITUCBIBAIOIICTO CBA3aHHBIC
COCTOSIHUA CUCTEM JBYX CKaJIAPHBIX YaCTHI] O/IMHAKOBOM Macchl s HEKOTOPBIX BAPUAHTOB PEIATHBUCTCKOIO O606LLICHM$I
TIOTCHIHaJIa TADMOHUYECKOTO OCHWIIIIATOPA B UMITYJIbCHOM IIPEACTABICHUH.

KuroueBble ciioBa: osymeproe ypasnenue Jlozynosa — Taexenuodse, napyuanvhas 601H08A PYHKYUS, C6A3AHHbBIE COCMOAHUSL,
2apMOHUYECKUll OCYUNLIAMOP, O8YMEPHOe UMNYIbCHOE Npeocmasnenue.

s uurupoBanms: Ilaenenxo, A.B. TouHble penieHus AByMepHOro ypasHeHusi JloryHoBa — TaBxenua3e ¢ HEKOTOPBIMH
aHaJoraMM MOTEHIMAaNa FaPMOHMYECKOTO OCLIIUIATOpA B MMIYJILCHOM mpeacTaBieHuu / A.B. [TaBnenko, F0.A. I'puineukus //
IIpoGnembl (u3uKKM, MaTeMaTHKd © TexHUKH. — 2022, — Ne4 (53). — C. 43-45. — DOI: https://doi.org/10.54341/
20778708_2022_4 53 _43.—EDN: LRXSGO
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BBenenue

Paccmotpum ypaBaenue Jlorynosa — TaBxenun-
3€ JJIsl CUCTEMBI JABYX CKAJISIPHBIX YACTHULl OJJMHAKOBOU
Macchl 71 B IBYMEPHOM UMITYJIbCHOM IPE/ICTABJIEHUH

(E* —m* —p") y(p) =
1 m
=—— |V (p.k)yk)—d’k,
(27_[)2 I ( ) Ek
E =K +m’, (0.1)
€ P — ABYMEPHBIM OTHOCUTEIBHBIM HMMILYJbC B
CUCTEME IIeHTpa Macc, 2F — sHeprus AByX4aCTUYHON
cucremsr, y(p) — BomHosas Qynxums, V(p,k) —

PEeNATUBUCTCKUNA NOTEHIMA.

B HepenaTUBHCTCKONH KBAHTOBOM MEXaHHMKE
MOTEHIMa] TaPMOHHYECKOTO OCIMJUISITOpa B ABY-
MEPHOM KOOPIMHATHOM HPEICTABICHUN UMEET BUJ
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V(p)=w’p’, 0.2)
e ® — KOHCTAaHTa CBsi3H, p >0 — MOYy/Ib pagHyc-
BekTopa. Mcrnone3ys npeobpasoBanume dypbe, 3a-
mumeM notennuan (0.2) B IByMEPHOM HMITYJICHOM
pe/ICTABICHUH

V(p.k)=-2n)0’A?8? (p-k),  (0.3)

rie A(pz’ — omeparop Jlarulaca Ha IUIOCKOCTH HMM-
nymsco, 87 (p—k) — mBymepHas menbTa-
GyHKIHSA.

B cnenyromux pasgenax Mbl pacCMOTPHM He-
KoTopble aHainoryu norennuana (0.3) u HalizeM ToY-
Hele pemenust ypasHenus (0.1) ¢ aTumu noreHumna-
gamu. OTMETHM, 9TO B TPEXMEPHOM CIIydae JaHHas
3amada Opuia perreHa B pabore [1].
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1 PensiTUBHCTCKHE AaHAJIOIM NOTEHIHAJA
TapMOHIYECKOT0 OCHULIATOPA

IIpeoOpasyem Boipaxenue (0.3), 3aMeHHB B
HEM pa3HOCTh HUMIYJIbCOB P—K B €BKIHIOBOM
npocTpaHcTBe Ha pasHocth p(—)K, 3ajaHHylo B
npoctpanctse JlobaueBckoro [2]:

pk-p- X 2

E +m

2 2
E, =\p*+m’. (1.1)

B pesynprare mosyuyuMM MOTEHLHUAN CIEIYIO-
IIEro Buja:

7 (p.k) = 1) 0’ A 52 (p(-)k) ] =
E
= —(271)2(02A;2) {j 5? (p —k)}.
[pu nonyuenun Beipaxcenust (1.2) Obuia KCHOIB30-

BaHa (opMmyna mnpeoOpa3oBaHus JeibTa-OyHKIIUA
aprymenta p(—)K, npuseznenuas B paGore [2].

(1.2)

Crnenys padote [1], ymaoxkum notennuai (0.3)
Ha ornomenus E,/E, E,/E un takum obpazom

TMOJTYYMM €II€ ABa BaprHaHTa NOTCHIHUAJIA:

V,( E,p.k)=-(2n) o’ %A%‘z’ (p-k) (1.3)

E
Vi(E.p.K)=-C2n)'o’ —L AP (p-k) (14)

COOTBETCTBEHHO. HeTpymHO BUAETH, YTO HA SHEpre-
THYECKOM TOBEPXHOCTH E, = F . FE moreHnmann

(1.3) u (1.4) mpeobpasyrotcs B BbIpakeHue (0.3).
HaxosxneHne HepeATHBUCTCKOTO Mpeena (Tpeerna
npu m —> o) dopmyn (1.2)—(1.4) npuBogUT K MO-
termmainy (0.3). Takum obpasom, Beipaxkenus (1.2)—
(1.4) MoXHO paccMaTpuBaTh B Ka4eCTBE PEIISTHBH-
CTCKHUX OOOOIIEHHI KBAaHTOBOMEXAHHYECKOI'O IIO-
TEHI[MAajIa TAPMOHUYECKOTO OCIIHIUIATOPA.

2 TouHble pelIeHHsi IBYMEPHOI0 YPaBHEHUS
JlorynoBa — TaBxennase

IMoncranoBka moreHnuanos (1.2)—(1.4) B
ypasaenue (0.1) n mocienyromee HHTErPHPOBAHHE C
Y9eTOM CBOMCTB nenbTa-pyHKIuH [3] MpUBOOUT K
crenyrommM auddepeHInanbHBIM  YPaBHEHUSM B
YaCTHBIX IIPOM3BOIHBIX:

(E>-m* = p*)y,(p) = o

m
(B7=m* = p* )y () == 0’A v, (), (22)

AV (p),  (2.1)

E m
(B> —m* = p*) yy(p) = ——L A — V@), 23)

E P
rre p:|p|, a WHIEKC BOJHOBOH (YHKIMH paBeH

MHJIEKCY COOTBETCTBYIOUIETO MOTeHIMaNa. Perenne
JAHHBIX ypaBHEHHH OyaeM HCKaTh METOIOM pasje-
JIeHUs] TIEPEMEHHBIX B MOJSIPHBIX KOOPIMHATAX
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(P, ®), TPEACTABUB HCKOMBIC BOJNHOBBIC (YHKIHA
B dopme (s =1, 2, 3) [4]

P n=—s

1 0
V)= = 2 v (P)explingp),  (24)
N

rae vy, (p) — mapuuaibHBIC BOJHOBBIC GyHKIHN.

[loncranoBka psana (2.4) B ypaBHeHus (2.1)~(2.3) u
TIOCIIeIYIoIee PUPaBHUBAHNE KOI(DPUIIMEHTOB TPH
9KCIIOHEHTAaX C OJMHAKOBBIMU MOKa3aTeNsIMH IpH-
BOJHUT K OOBIKHOBEHHBIM JH((epeHINnaTbHBIM ypa-
BHEHUSIM [Tl TAPIUATBHBIX BOIHOBBIX (DyHKIIHIA:

d> 1/4-p* 1 ,., 5 1
—t—+—(E"-m" )| —— X
( 2 2 (Dz( ) o ¥ (2.5)

dp P
xy, , (p)=0,
2 2
d2+1/4—2”+i2(E2—m2)— —p’ %
dp )4 me mo (2.6)
XWZ,p(p):Oa
2 2
(jz+w—2”+ Ez(Ez—mz)— Ez szx
74 p mm mo
2.7)

1
X— =0.
Ep \|I3,p (p)
OtMmeTum, uto ypaBHeHue (2.7) MOXeT ObITh CBeJe-
HO K ypaBHeHHIO (2.6) TmyTeM  3aMeHBI

v, (P)=E,y,, (p). PerynspHbie Ha uHTepBale
p €[0;0) pemenus ypauenuii (2.5)~(2.7) umeror
cienyromuii Bun [5]:

1
*HM\

\Vlu( ) Clu
2
)4 1 By
xexp| —o— |, [ +— +1La0
(o) 35+ B
a=1, 2.8)
®
S+l
\vz,u(p)=Czp p?
2
P 1 B,
xexp| —ot— | F|——— +1,a
o= E
mo®’
S+
Vi, (P)=C, E,p> " %
2
P 1 B,
ool a5 biner )
o= E
mo®’
e B= a(E 2 _m? ), C,, — HEH3BECTHBIE KOHCTaH-

b1, | F; (a,b,x) — BBIPOXKICHHAS THIIEPreOMeTpUYC-

ckas pyHKOus [6].
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s Toro uTo6sI BomHOBBIE (QYHKINH (2.8) OFI-
JM KOHEYHBIMH IIPH JIIOOBIX 3HAUSHUSIX NTePEeMEHHON
D, cieqyeT noTpeOoBaTh BBINOJIHSHUE YCIOBUS

1/2-B/4+|u|/2=-n, n=0,1,2... (2.9

Hannuue ycioBust (2.9) npuBoIUT K TOMY, YTO BBI-
pOXIEeHHAas THIIepreoMeTprueckas GyHkus B Qop-
Mmynax (2.8) mpeoOpasyercst B 000OIIECHHBIN OJH-
HoM Jlareppa [6]. Takum oOpasoM, mapruaibHBIC
BOJIHOBBIE (DYHKIUM AJIs1 (PUKCHPOBAHHOTO COCTOSI-
HUSL 72 MOTYT OBITh TIPEJICTABICHBI B BUZIE

WI,u,n (p) =
1 2
1, 1 1 (2.10)
= C],u,n pz . eXPE__p_jLs (_p2j$
o 2 [0
\'IZ,u,n (p) =
1 2
>+ / E p Vol | E, >
=C 2 expl| — L ,
2,u,n p p( I’I’l(D2 2 J n mwz p
Vil (P)=
1 2
2t E p |u] E,
"G EoP? P[ wo? 2 )" (Ve

VYuuteiBas 0003HaucHHS, BBEACHHBIC B (2.8),
MOJIy4UM U3 paBeHcTBa (2.9) ycnoBusl KBAHTOBAHMS
SHEPTHH CHUCTEMBI JBYX YACTHI[ IS KaXKJIOTO W3
TpeX MOTEHIUAJIOB!

— noreHnuana (1.2)

2E, =220 (2n+[u|+1)+m*,  (2.11)
— notenuuaiion (1.3) u (1.4)
JE, (E} —m*)=203m (2n+[u|+1). (2.12)

I[J'IH OIpEACIICHUA KOHCTAHT CS wn MBI UCIIOJIB30Ba-

JI1 HEPEISITUBUCTCKOE YCIOBHE HOPMUPOBKHU IapIy-
IBHBIX BOJHOBBIX (QYHKINH

1 0
2 [ Wi (P)dp=1. (2.13)
0

[MoncranoBka BonHOBEIX (yHKumit (2.10) B paBen-
cTBO (2.13) M mocnexnyromiee BEYMCICHUE WHTErpa-
108 [7] IpUBOAMM K CHEIYIOIIUM 3HAYEHUSM KOH-

CTaHT:
1/2

4nw " 'n!
M;l 172
47T,|:En (m(x)z)] n!
N R T

‘“‘;1 1/2

o 4x[E,)(mo?)] 7
U\ (T e ) o)

OTMeTHM, YTO HCHOIB30BAHUE PENATUBUCT-
CKOTO YCJIOBHSI HOPMHUPOBKH BOJTHOBOH (yHKIMH [8]
HE J1aeT BO3MOKHOCTH TOJIyYHTH TOYHBIC BBIpaXke-
Hust U1t KoHeTaut C, .
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3akiarouyeHue

Takum 00pa3om, B JaHHOW paboTe HaiileHbI
TOYHBIE PELICHUs JByMEpHOTro ypaBHeHHs JloryHo-
Ba — TaBxenua3e ¢ HEKOTOPBIMU aHaJoraMH ITOTEH-
[yaja rapMOHWYECKOTO OCHHMIUIATOpa B HMMILYJIbC-
HOM TIPEJCTABJIEHWU: TaplUajbHbIE BOJHOBBIC
(YHKIINH ¥ yCIOBUSI KBAHTOBAHUS SHEPTUH.

B nanpHelmeM Mbl IUTAHUPYEM PACCMOTPETH
JIpyTHE BapHaHTHl PEISITHBHCTKOTO OOOOIIEHHS IT0-
TeHI[Majla TapMOHMYECKOTO OCHMIUIATOPA W MOIy-
YUTHh TOYHBIE WIIM NPUONMKEHHBIE PEIICHUS pes-
THUBUCTKHX [BYXYaCTHUHBIX YpPaBHEHHH C 3TUMH
TUIIAMH B3aUMOJIEHCTBHUIA.

JIMTEPATYPA

1. Kanwau, B.H. TouHble pelieHHs KBa3WIIO-
TEHLMAJbHBIX YPaBHEHHUH JUII HEKOTOPBIX aHAJIOTOB
noreHnuanos 3anupanus / B.H. Kammaii, C.I1. Ky-
nemos, H.b. Ckaukos // Snepuas ¢pusuka. — 1983. —
T.37.—C. 1292-1296.

2. Kaovuwesckuii, B.I'. TpexmepHast hopMyIi-
pOBKa pEIATHBUCTCKOM mpoOIeMbl IBYX Ted /
B.I'. Kagpriresckwii, P.M. Mup-Kacumos, H.b. Ckau-
koB // DQUAS. —1972. - T. 2, Ne 3. — C. 635-690.

3. Braoumupos, B.C. O6001meHHble PyHKINY B
maremaruueckoit ¢uszuke / B.C. Bnagumupos //
Wzn. 2-e, ucnp. u nononH. Cepusi: «CoBpeMeHHbIE
¢u3MKO-TexHUUeckne npodiemb». — Mocksa: Hay-
ka, 1979. -320 c.

4. babuxos, B.B. Meton ($a3oBbIX (GYHKIMH B
kBaHTOBOH MexaHnke / B.B. babukoB. — MockBa:
Hayxka, 1976. — 285c.

5. Kawmxe, D. CnpaBounuk mno nuddepenun-
anpHbIM ypaBHeHusM / J. Kamke. — Canxr-Ilerep-
Oypr: Jlans, 2003. — 576 c.

6. Abpamosuy, M. CipaBOYHHK TIO CIICIHATb-
HBIM (QYHKIMAM ¢ GopMyiIaMu TpaduKkamMyd U Mare-
Marudeckumu Tadbnunamu / M. Adpamosu, U. Ctu-
rad. — Mocksa: Hayka, 1979. — 830 c.

7. Tpaowmeiin, U.C. TaOmuIipl HHTETPAIIOB,
cymMm, psimoB U npousBogubix / WM.C. I'pamgmreiin,
WU.M. Peoxuk; m3n-e 7-e. — CI16.: BXB-IlerepOypr,
2011.-1232c.

8. I'puweukun, FO.A. YncneHHbIe pelIeHUS 3a-
Jlad O CBA3AaHHBIX COCTOSHMSAX M COCTOSHHSX pac-
CEsIHUSI T TOTEHLMAIOB OJHOO030HHOTO 0OMEHa U
UX CYNEPHO3ULHUH: IPaKTHYECKOE PYKOBOICTBO /
I0.A. I'pumeuknn, B.H. Kammraii; M-Bo o6pa3oBa-
Hug PecnyOnuku Benapyce, ['omenbsckuii roc. yH-T
uM. ®@. Cxopunsl. — 'omens: I'TY nm. @. CxopuHsl,
2018.-38c.

Iocmynuna 6 pedaxyuro 02.11.2022.

HUndopmanus 06 aBTopax

Tpuweuxun FOpuii Anexceesuy — K.p.-M.H., TOIIEHT
Taenenxo Anopeii Bacunvesuy — aCiupaHT

45



