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AunHorauus. [oarpynmna H HasbiBaeTcs ciabo cyornopmanvhoi B G, eciu H=<A, B> 115l HEKOTOpOi cyOHOpMalibHOM B G
MOArpyMNbl 4 U MOJYHOPMalIbHOM noArpynmnsl B u3 G. 31eck nojarpymna B Ha3blBaeTCsl NOJIyHOPMalbHOH B rpymie G, eciu
cyliecTByeT noarpymnma Y takas, uto G = BY u BX — noarpynna juisi Kaxaoit noarpynmnsl X u3 Y. KoHeYHy10 HEHHMJIBIIOTEHT-
HYIO IPYIHITy, BCe COOCTBEHHBIE IIOATPYIITEI KOTOPOH HWIIBIIOTEHTHBI, Ha3biBaroT rpynmoi IlImunra. Ecnu B rpynme ¢ HUIbHO-
TEHTHON MaKCUMAaJIbHOW IOJIPYIIION KOMMYTaHT CUJIOBCKOM 2-NOArPYIIIbI U3 MAKCUMAJIBHOM MOATPYIIIbI COJEPIKUTCS B LIEH-
Tpe CUJIOBCKOW 2-TIOATPYMIIBL, TO TpyIma OyaeT paspemnMoil. Eciin MakcHManbHast OATPyYINa TPyl HEHUIBIIOTEHTHA, TO B
Hell cymectByer moarpymnma IlImuara. CTpoeHuWe IpymIbl, B YacTHOCTH, €€ DPa3pelinMOCTb, OyIeT 3aBHUCETh OT CBOICTB
noarpynn lImMuara U3 MakcuMaiabHOW MOJTPYINIBI TpymIbl. B naHHOH paboTe ycTaHAaBIMBAEeTCS Pa3pelIMMOCTh KOHEYHOM
TPYIIIBL, B KOTOPOH HEKOTOpble moArpymms! LlIMuaTa 3 MakCUMaJIbHOM HOATPYIIIEI TPYIIIE C1a00 CyOHOPMAaIbHBI B TPYIIIIE.

KuioueBble ciioBa: xoneunas epynna, paspewumas epynna, nooepynna Llmuoma, cna6o cybnopmansuas nooepynna, Maxkcu-
MAIbHAS NOOZPYNNA.
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Abstract. A subgroup H is called weakly subnormal in G if H=<A ,B > for some subgroup 4 subnormal in G and seminormal
subgroup B of G. Here the subgroup B is called seminormal in G, if there exists a subgroup Y such that G=BY and BX is a
subgroup for each subgroup X of Y. Finite non-nilpotent group, whose all proper subgroups are nilpotent are called Schmidt. If
in a group with a nilpotent maximal subgroup the derived subgroup of a Sylow 2-subgroup from a maximal subgroup is
contained in the center of a Sylow 2-subgroup, then the group is solvable. If the maximal subgroup of a group is non-nilpotent,
then in it there is a Schmidt subgroup. The structure of the group itself, in particular, its solvability depends on the properties of
Schmidt subgroups from a maximal subgroup of the group. In this paper, we establish the solubility of a finite group under the
condition that some Schmidt subgroups from the maximal subgroup groups are weakly subnormal in a group.

Keywords: finite group, solvable group, Schmidt subgroup, weakly subnormal subgroup, maximal subgroup.
For citation: Zubei, E.V. Finite groups with weakly subnormal Schmidt subgroups in some maximal subgroups / E.V. Zubei //

Problems of Physics, Mathematics and Technics. — 2022. — Ne3 (52). — P. 82-85. — DOI: https://doi.org/10.54341/
20778708_2022 3 52 82.— EDN: GSZHBR

Introduction

Throughout this paper, all groups are finite and
G always denotes a finite group. We use the stan-
dard notations and terminology of [1], [2].

A group G with a nilpotent maximal subgroup
M is solvable if the derived subgroup of a Sylow
2-subgroup P of M is contained in the center of P,
[2, Theorem IV.7.4]. In particular, a group with nil-
potent maximal subgroup of odd order is soluble [3].
These theorems have found a response in many
works, see, for example, [4]-[8].

If a maximal subgroup M of a group G is non-
nilpotent, then M has a Schmidt subgroup (a non-
nilpotent group in which all proper subgroups are
nilpotent). The structure of a group G, in particular,
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the solvability of G, depends on the properties of the
Schmidt subgroups of M.

Huang, Hu and Skiba [9] introduced the fol-
lowing definition: a subgroup H is called weakly
subnormal in G if H ={A,B) for some subnormal
subgroup 4 of G and seminormal subgroup B of G.
Here the subgroup B is called seminormal in G, if
there exists a subgroup Y such that G = BY and BX is
a subgroup for each subgroup X of Y. It is clear that
if H is seminormal in G, then H is weakly subnormal
in G. The converse is false. For example, the alter-
nating group G = 4, has a subgroup of order 2 such
that it is subnormal in G, but isn't seminormal in G.
Properties of weakly subnormal subgroups are pre-
sented in [9], [10]. Groups with seminormal,
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subnormal, generalized subnormal, or generalized
seminormal Schmidt subgroups were considered in
[11]-[14]. In this paper, we establish the solubility
of a group G under the condition that some Schmidt
subgroups from a maximal subgroup M of G are
weakly subnormal in G.

Theorem 0.1. Let M be a maximal subgroup of
odd index in G and P be a Sylow 2-subgroup of M.
Suppose that M is A, -free and every Schmidt sub-

group of even order of M is weakly subnormal in G.
If PP<Z(P) or N,(V)SM for every 2-sub-group
V of M which is non-normal in G, then G is soluble.

Corollary 0.1 [5, Theorem] Let P be a Sylow
2-subgroup of G. If P'<Z(P) and P is a direct
factor of some maximal subgroup of G, then G is
soluble.

Corollary 0.2 [7, Theorem 1]. Let M be a
maximal subgroup of odd index in G and be 2-de-
composable. If N,(L)< M for every 2-subgroup L
of M which is non-normal in G, then G is soluble.

1 Preliminaries

A Schmidt group is a non-nilpotent group in
which every proper subgroup 1is nilpotent.
O.Y. Schmidt [15] initiated the investigations of
such groups. He proved that a Schmidt group is bi-
primary (i. e. its order is divided by only two differ-
ent primes), one of its Sylow subgroups is normal
and the other one is cyclic. Reviews on the structure
of the Schmidt groups and their applications in the
theory of finite groups are available in [16]. Let us
agree to call the S_, _-group [11] a Schmidt group

with a normal Sylow P-subgroup and a cyclic Sylow
g-subgroup.

Recall that A% =(A4*| g € G) is the subgroup
generated by all subgroups of G that are conjugate to 4.

Denote by M <-G, N<G, G' and Z(G) a
maximal, a normal subgroup, the derived subgroup
and the center of G, respectively. We denote by
G =[A]B a semidirect product of two subgroups 4
and B with a normal subgroup 4. A group G is
A, -free if there is no section isomorphic to the al-
ternating group 4, of degree 4.

Lemma 1.1. (1) If H is a weakly subnormal
2-nilpotent subgroup of G, then H is soluble.

(2) Let P be the smallest prime divisor of the
order of G. If H is weakly subnormal in G and P
does not divide the order of H, then P does not di-
vide the order of H®.

(3) If H is a weakly subnormal soluble and 3
does not divide the order of H, then HC is soluble.

Proof. Statements (1)-(2) are true, see [10,
Lemma 3.4].

(3) Since H is weakly subnormal in G, we have
H =(A,B) for some subnormal subgroup 4 of G
and seminormal subgroup B of G. Because
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H =(A,B)<(A° B = A°B°,
it follows that H° < 4°B°. Since A° <H® and
BY <H®, wehave H® = A°B°. The subgroup B
is soluble by [11, Lemma 10 (2)]. Since 4 is sub-
normal in G, A° is soluble. Hence H° is soluble. O
Lemma 1.2 [11, Lemma 1] If K and D are sub-
groups of a group G, D is normal in K and K/ D is

an S_, . -subgroup, then each minimal supplement

L to the subgroup D in K has the following
properties:

(1) L is a P-closed {p,q} -subgroup;

(2) all proper normal subgroups of L are
nilpotent;

(3) L contains an S_, .
that Q is not contained in D and L = ([P]0)" = 0".

Lemma 1.3. (1) Every non-P-nilpotent group G
contains an S_, . -subgroup for some q e m(G)
[2,1V.5.4].

(2) Every non-2-closed group G contains an
S., .. -subgroup for some g € n(G) [17, p. 34], [18,
Corollary 3.1.1].

Lemma 1.4. (1) If H is a weakly subnormal
Schmidt subgroup of G and H® is non-soluble, then
H/Z(H)=4,.

(2) If every 2-nilpotent Schmidt subgroup of
even order is weakly subnormal in G, then G is
soluble.

Proof. (1) If the order of H is odd, then H¢
has odd order by Lemma 1.1 (2). Then H¢ is solu-

ble. If H is 2-nilpotent, then H¢ is soluble by
Lemma 1.1 (2). If 3 does not divide the order of H,
then H° is soluble by Lemma 1.1 (3). So, H® can be
non-soluble only if H is a 2-closed {2,3} -subgroup.
By properties of Schmidt groups, H /Z(H)= A, by
[16, Theorem 1.2].

(2) If G does not have a 2-nilpotent Schmidt
subgroups of even order, then G is 2-closed by
Lemma 1.3 (2); hence G is soluble. Let 4 be a 2-
nilpotent Schmidt subgroup. Since 4 is weakly sub-

normal in G, we have A is soluble by Lemma 1.1 (1).
Let B=(A4°| A be a 2-nilpotent Schmidt sub-

group ). Then B is soluble and normal in G. If G/ B
hasn't a 2-nilpotent Schmidt subgroup of even or-
der, then G/ B is 2-closed by Lemma 1.3 (2) and G
is soluble.

Let K/B bean S

<r,2>

-subgroup [P]Q such

-subgroup of G/B for

some prime 7 and L be a minimal supplement to B

in K. By Lemma 1.2, L contains an S_, ,_-subgroup
A such that 4" = L. Since
K=LB=A"B< A°B<B,
we have a contradiction. O
83
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2 The proof of Theorem 0.1

If M does not have Schmidt subgroups of even
order, then M is 2-decomposable by Lemma 1.3. If
P'<Z(P), then by [5, Theorem], G is soluble; if
N.(V)<M for every 2-subgroup V' of M which is
non-normal in G, then G is soluble by [7, Theorem
1]. Hence M has Schmidt subgroups of even order.

Let A be a Schmidt subgroup of even order in
M. By condition, 4 is weakly subnormal in G.

If A° is non-soluble, then by Lemma 1.4 (1),
Al Z(A4)= A, and M is not A, -free, a contradiction.
Hence A is soluble. Since 4 is arbitrary Schmidt
subgroup of even order in M, we have B =(A4° |4
is a Schmidt subgroup of even order in M) is nor-
mal in G and is soluble.

Suppose that MB/B is not 2-decomposable.
Since MB/B=M/MnB, it follows that
M /M N B is not 2-decomposable. By Lemma 1.3,
M /M "B has a Schmidt subgroup of even order.
Let S/M NB bean S_ _ -subgroup of even order

<rg>
in M/MnB and L be a minimal supplement to
MnNB in S. By Lemma 1.2, L contains an
S., .~ -subgroup [R]Q of even order such that O is
not contained in M NB. Since [RIO<SL<S<M,
we have [R]Q < B by the construction of the sub-
group B. Hence [RIO<M NnB and Q< B, a con-
tradiction. Therefore, MB/ B is 2-decomposable.

Since M is a maximal subgroup of G, it follows
that either MB/B=G/B, or B<M and M /B is
a maximal subgroup of G/B. If MB/B=G/B,
then G/B 2-decomposable and since B is soluble,
we have G is soluble.

Let B<M and M /B be maximal subgroups
of G/B. Since |G:M| is odd, it follows that
|G/B:M/B]| is odd.

A subgroup PB/B is a Sylow 2-subgroup of
M /B. If P'< Z(P), then

(PB/B) =P'B/B<Z(P)B/B<Z(PB/B).

Let N;(V)<M for every 2-subgroup V of M
which be non-normal in G, and U/B be a 2-
subgroup of M /B which is non-normal in G/B.
Then U =U,B, where U, is a Sylow 2-subgroup of
U We xBeNg,(U/B). Since
(U/B)® =U/B, it follows that U =U". By Sy-
low Theorem, U; =U; for ueU. We have that
U*=U,B=U;B=U. So,

N;,(U/B)y=N,(U)B/B<M/B.

Therefore, the quotient G/ B and its maximal
2-decomposable subgroup M /B satisfy to condi-
tions of the theorem. Then G/ B is soluble either by
[5, Theorem], or by [7, Theorem 1]. Hence G is soluble. O

consider
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The following examples show that we cannot
omit the conditions “maximal subgroup is 4, -free”

and “ P' < Z(P)” in Theorem 0.1.

Example. The group G=PSL(2,5) has
Schmidt subgroup S of index 5 such that S is iso-
morphic to the alternating group 4, of degree 4. It's

obvious that S is maximal and seminormal in G.
Besides, S has abelian Sylow 2-subgroup P; hence
P'<Z(P).

The group G = PSL(2,17) has a Sylow 2-sub-
group P such that P is isomorphic to the dihedeal
group of order 16. It is clear that P is maximal in G
and 4, -free. But P' £ Z(P).

Remark. Let in the hypothesis of Theorem 0.1
we do not require that the index of the maximal sub-
group M be odd and assume that each Schmidt sub-
group of M is weakly subnormal in G. Hence keep-
ing the idea of the proof of Theorem 0.1 and apply-
ing the assertion [2, Theorem IV.7.4] in the first
paragraph we see that the following theorem is true.

Theorem 2.1. Let M be a maximal subgroup of
G and P be a Sylow 2-subgroup of M. Suppose that
P'<Z(P) and M is A, -free. If every Schmidt sub-
group of M is weakly subnormal in G, then G is
soluble.

Corollary 2.1 [2, Theorem 1V.7.4]. Let M be a
maximal subgroup of G and P be a Sylow 2-sub-
group of M. If M is nilpotent and P' < Z(P), then G

is soluble.
Corollary 2.2. Every group with nilpotent
maximal subgroup of odd order is soluble.

REFERENCES

1. Monakhov, V.S. Introduction to the Theory
of Finite groups and their Classes / V.S. Monakhov. —
Minsk: Vyshejshaja shkola, 2006. — 207 p. (in Rus-
sian).

2. Huppert, B. Endliche Gruppen 1 / B. Hup-
pert. — Berlin, Heidelberg, New York, 1967. — 796 p.

3. Thompson, J. Finite groups with fixed point-
free automorphisms of prime order / J. Thompson //
Proc. Nat. Sci. U.S.A. — 1959. — Vol. 45, iss. 4. —
P. 578-581.

4. Thompson, J. A special class of non-solvable
groups / J. Thompson // Math. Z. — 1960. — Vol. 72. —
P. 458-462.

5. Belonogov, V.A. Solvability criterion for
groups of even order / V.A. Belonogov // Siberian
Mathematical Journal. — 1966. — Vol. 7, iss. 2. —
P. 458-459 (in Russian).

6. Monakhov, V.S. Some solvability criteria of
groups / V.S. Monakhov // DAN BSSR. — 1970. —
Vol. 14, iss. 11. — P. 986988 (in Russian).

7. Monakhov, V.S. Influence of properties of
maximal subgroups on the structure of a finite group /
V.S. Monakhov. // Mat. Notes. — 1972. — Vol. 11,
iss. 2. — P. 183-190 (in Russian).

Ipo6remvr usuxu, mamemamuku u mexnuxu, Ne 3 (52), 2022



Finite groups with weakly subnormal Schmidt subgroups in some maximal subgroups

8. Baumann, B. Endliche nichtauflosbare grup-
pen mit einer nilpotenten maximal untergruppen / B.
Baumann // J. Algebra. — 1976. — Vol. 38. — P. 119—
135.

9. Huang, J. Finite groups with weakly sub-
normal and partially subnormal subgroups /
J. Huang, B. Hu, A. N. Skiba // Siberian Mathemati-
cal Journal. — 2021. — Vol. 62, iss. 1. — P. 169-177.

10. Trofimuk, A.A. On finite groups factoriz-
able by weakly subnormal subgroups / A.A. Tro-
fimuk // Siberian Mathematical Journal. — 2021. —
Vol. 62, iss. 6. — P. 1133-1139.

11. Knyagina, V.N. Finite groups with semi-
normal Schmidt subgroups / V.N. Knyagina,
V.S. Monakhov // Algebra and Logic. — 2007. —
Vol. 46, iss. 4. — P. 244-249.

12. Knyagina, V.N. On finite groups with some
subnormal Schmidt subgroups / V.N. Knyagina,
V.S. Monakhov // Siberian Mathematical Journal. —
2004. — Vol. 45, iss. 6. — P. 1075-1079.

13. Al-Sharo, Kh.A. On finite groups with
o-subnormal Schmidt subgroups / Kh.A. Al-Sharo,
AN. Skiba // Commun. Algebra. — 2017. — Vol. 45. —
P. 4158-4165.

14. Knyagina, V.N. On the solvability of a fi-
nite group with S-seminormal Schmidt subgroups /

Problems of Physics, Mathematics and Technics, Ne 3 (52), 2022

V.N. Knyagina, E.V. Zubei, V.S. Monakhov //
Ukrainian Mathematical Journal. — 2019. — Vol. 70,
iss. 11. — P. 1741-1749.

15. Schmidt, O. Groups, all subgroups of which
are special / O. Schmidt // Mat. Sb. — 1924. —
Vol. 31, iss. 3—4. — P. 366-372 (in Russian).

16. Monakhov, V.S. The Schmidt groups, its
existence and some applications / V.S. Monakhov //
Tr. Ukrain. Math. Congr. — 2001. — Vol. 1, Kiev. —
2002. — P. 81-90 (in Russian).

17. Berkovich, Ya.G. Theorem on nonnilpotent
solvable subgroups of a finite group / Ya.G. Ber-
kovich // Finite Groups, Nauka i Tekhnika. — 1966. —
P. 24-39 (in Russian).

18. Monakhov, V.S. The Schmidt subgroups of
finite groups / V.S. Monakhov // Voprosy Algebry. —
1998. —iss. 13. — P. 153—171 (in Russian).

Hocmynuna 6 pedaxyuro 06.08.2022.

HNudopmanus 06 aBTopax
3y6eii Examepuna Biaoumuposna — K.§.-M.H.

85



