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Аннотация. Система уравнений, описывающая безмассовую частицу со спином 3/2, решена в цилиндрических коор-
динатах пространства Минковского. Используется общековариантный тетрадный формализм. На решениях диагонали-
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щих от переменой r. Показано, что построенные согласно теории Паули – Фирца калибровочные решения с цилиндри-
ческой симметрией, обращают эти 16 уравнений в тождества. Найдены 6 линейно независимых решений системы 
уравнений, 4 из них совпадают с калибровочными, два не содержат калибровочных степеней свободы и описывают 
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Introduction 
After the primary papers by Pauli and Fierz [1], 

[2], and Rarita and Schwinger [3], the theory of the 
particle with spin 3/2 [4]–[25] always has attracted 
attention. The description of that particle requires 
16-component wave function with transformation 
properties of vector-bispinor with respect to the Lor-
entz group. Special interest represents the case of the 
massless particle. As was shown by Pauli and Fierz, 
there exists specific gauge symmetry, according to 
which the 4-gradient over arbitrary bispinor gives 
solutions of the massless wave equation. The gauge 
states do not contribute to observable physical quan-
tities, like energy-momentum tensor.  
 In the present paper, we follow the problem of 
the degrees of freedom of the massless particle for 
solutions with cylindric symmetry. In explicit form 
there are constructed two solutions which do not 
contain the gauge components. Also we find 4  

solutions of the wave equation, which may be identi-
fied with the gauge ones. The study is based on the 
use of covariant tetrad formalism according to gene-
ral method by Tetrode – Weyl – Fock – Ivanenko [19]. 

 
1 Separating the variables 
The following form of the wave equation for 

the spin 3/2 particle (for generality, we start with the 
case of the massive particle; see notations in [19]) is 
known  

 
 5 ( ) 0x iD M

D ieA


    

   

       

    
       (1.1) 

2M mc c    stands for the massive parameter. It is 
readily proved that in massless case, if the Riemann 
curvature tensor for a space-time model equals to 
zero, then eq. (1.1) has the class of gradient type 
solutions  

( ) ( ) ( )G x D x D              
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where   stands for an arbitrary bispinor field. In-
deed, due to the commutator [19]:  

1
( ) ( ) ( ) 0

2
D D D D x R x

           (1.2) 

eq. (1.1) is satisfied identically by this gradient solu-
tion in all space-time models with ( ) 0.R x   

After transition in the field function to the tet-
rad presentation in vector index ( )b

be     eq. 

(1.1) takes on the form  

 5 ( ) 0can l l
k c a n a n li D M 

  
             (1.3) 

where we use the extended derivative operator  

 ( ) [ ]

1
( )

2
ps ps

a a ps aD e ieA I I j
           (1.4) 

Introducing 6 matrices [ ]( ) ,can ca n
k k    we can re-

write eq. (1.3) as follows  

 5 [ ]( ) ( ) 0ca n l l
k c a n a n li D M 

  
           (1.5) 

Allowing for the summation formula  
[01]

0 1 1 0

[02] [03]
0 2 2 0 0 3 3 0

[ ]

[ ] [ ]

ca
c aD D D

D D D D

         

            
 

[23]
2 3 3 2

[31] [12]
3 1 1 3 1 2 2 1

[

[ ] [ ]

D D

D D D D

       

            
 

or (taking in mind that the matrices [ ]ca  act on the 

vector index)  
[ ]ca

c aD    
1 [01] 2 [02] 3 [03]

0

0 [01] 2 [12] 3 [31]
1

+

+

D

D

 
 
 

 
 
 

         

         
 

0 [02] 3 [23] 1 [12]
2

0 [03] 1 [31] 2 [23]
3

+

+

D

D

 
 
 

 
 
 

         

        
 

and the other summation formula  
[ ] [ ]( )ca n ca

k c a n c a           

 [01] [02]
0 1 1 0 0 2 2 0

[03] [23]
0 3 3 0 2 3 3 2

( ) ( )

( ) ( )

              

              
 

[31] [12]
3 1 1 3 1 2 2 1( ) ( )                 




[01] [02] [03]
01 02 03

[23] [31] [12]
23 31 12 ,

s s s

s s s

      

      
 

we arrive at the detailed form of the basic equation (1.5): 
1 [01] 2 [02] 3 [03]

0

0 [01] 2 [12] 3 [31]
1

D

D

 
 
 

 
 
 

         

          
 

0 [02] 3 [23] 1 [12]
2

0 [03] 1 [31] 2 [23]
3

D

D

 
 
 

 
 
 

          

         
 

 [01] [02] [03]
01 02 03iM s s s        

[23] [31] [12]
23 31 12 0s s s          (1.6) 

Let us search solutions with cylindrical sym-
metry. For cylindrical coordinates and tetrad 

2 2 2 2 2 2

2

( )
2

dS dt dr r d dz

Br
x t r z A



     

     
           (1.7) 

( ) ( )

1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0
( ) ( )

0 0 1 0 0 0 0

0 0 0 1 0 0 0 1

a ae x e y
r r





   

 


 

the Ricci rotation coefficients are  

0 1 122 212 3

1
0 0 0ab ab abr

                

The components of the derivative operator cD  are 

determined by the formulas  

0 1t rD D                          (1.8) 

 
2

12 12
2 3

1 1

2 z

ieBr
D I j D

r r

 
           

 
 

Thus, eq. (1.6) takes on the form  

 1 [01] 2 [02] 3 [03]

0 [01] 2 [12] 3 [31]

( )

( )

t

r

          

           
 


0 [02] 3 [23] 1 [12]

2

0 [03] 1 [31] 2 [23]

( )

++ ( ) z k

D          

         
 

[01] [02] [03]
01 02 03{iM s s s        
[23] [31] [12]

23 31 12 } 0,s s s         (1.9) 

where 0 1 1 0
01 ( ) / 4s        and so on. We need 

expressions for 6 matrices [ ] :ca  

[01] [02]

[03] [23]

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 1 0 0 0 0

0 0 1 0 0 1 0 0

0 0 0 0 0 1 0 0

0 0 1 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0

     





     

 

[31] [12]

0 0 1 0 0 0 0 1

0 0 0 0 0 0 0 0
,

1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

      

and expressions for Dirac matrices:  

0 1

2 3

0 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0

1 0 0 0 0 1 0 0

0 1 0 0 1 0 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

0 0 0 1 0 0 0

0 0 0 0 1 0 0

i

i

i

i
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12 12

0 0 0 0 0 0 0

0 0 0 0 0 1 01

0 0 0 0 1 0 02

0 0 0 0 0 0 0

i

i
j

i

i




    


 

01 02

03 23

0 2 0 0 0 2 0 0

2 0 0 0 2 0 0 0

0 0 0 2 0 0 0 2

0 0 2 0 0 0 2 0

2 0 0 0 0 2 0 0

0 2 0 0 2 0 0 0
,

0 0 2 0 0 0 0 2

0 0 0 2 0 0 2 0

i

i
s s

i

i

i

i
s s

i

i



     


 


 

   
 



 

31 12

0 2 0 0 2 0 0 0

2 0 0 0 0 2 0 0

0 0 0 2 0 0 2 0

0 0 2 0 0 0 0 2

i

i
s s

i

i

 

  
 

. 

We apply the substitution for cylindrically 
symmetric wave function (assuming 0) :   

( ) ( )

0 1 2 3

0 1 2 3
( )

0 1 2 3

0 1 2 3

( )

[ ] ( )

i t im ikz
A n A n

A n

e e e r

f f f f

g g g g
r

h h h h

d d d d

     

    
    (1.10) 

It should be noted that in the basis of cylindrical 
tetrad, parameter m stands for eigenvalues of the 
third projection of the total angular momentum, so m 
takes on the half-integer values 31

2 2m      Al-

lowing for the above substitution, we reduce the 
equation to the form  

1 [01] 2 [02] 3 [03]

0 [01] 2 [12] 3 [31]

i

d

dr

 
 
 

 
 
 

           

          
 

0 [02] 3 [23] 1 [12]
2

0 [03] 1 [31] 2 [23]

D

ik

 
 
 

 
 
 

          

          
 

 [01] [02] [03]
01 02 03iM s s s        

[23] [31] [12]
23 31 12 0s s s          (1.11) 

where  

  12 12
2

1
.D im I j

r
           (1.12) 

The main equation may be re-written in a shorter 
form 


0 1 2 2 3

[01] [02] [03]
01 02 03

d
i B B B D ikB

dr

iM s s s

         

      
 

[23] [31] [12]
23 31 12 0s s s          (1.13) 

First, we calculate the terms:  

0

3 2 1 3 1 2

3 2 1 3 1 2

3 2 1 3 1 2

3 2 1 3 1 2

0 ( ) ( ) ( )

0 ( ) ( ) ( )

0 ( ) ( ) ( )

0 ( ) ( ) ( )

i B

d ih i h d d id

h id i d h h ih

g if i f g g ig

f ig i g f f if

   

       
        

 
       
        

 

2 3 0 3 2 0

0 32 3 2 0
1

0 32 3 2 0

0 32 3 2 0

0

0

0

0

h id h h h id

d ih d d d ihd
B

f ig f f f igdr

g if g g g if

        
         

  
         
       

 2 2B D    

1 1

3 0
0 3

2 2

1 1

3 0
0 3

2 2

1 1

3 0
0 3

2

(2 1) (2 1)
(2 1)

(2 1) 0 (2 1)
( )

2 2

(2 1) (2 1)
(2 1)

(2 1) 0 (2 1)
( )

2 2

(2 1) (2 1)2
(2 1)

(2 1) 0 (2 1)
( )

2 2

h h

d d
h h

ih ih

d d

h h
d d

id idi
f fr
g g

f f
if

       
   

       
 

 
       

   
       

 
 


      

  
       

 
  2

1 1

3 0
0 3

2 2

,

(2 1) (2 1)
(2 1)

(2 1) 0 (2 1)
( )

2 2

if

g g

f f
g g

ig ig

       
   

       
 

 

 

3ikB                             (1.14) 

1 2 0 2 0 1

1 2 0 2 0 1

1 2 0 2 0 1

1 2 0 2 0 1

( ) ( ) ( ) 0

( ) ( ) ( ) 0

( ) ( ) ( ) 0

( ) ( ) ( ) 0

k d id k d ih ik d h

k h ih k h id ik h d

k g ig k g if ik g f

k f if k f ig ik f g

   
     

 
      
        

 

For massive term we get  




[01] [02] [03]
01 02 03

[23] [31] [12]
23 31 12

iM s s s

s s s

      

       
(1.15) 

   

 
   

 
 

3 1 2 2 0 3

1 2 3 0 3 2

1 2 3 0 3 2

3 1 2 2 0 3

1 0 3 0 1 2

0 3 1 1 2 0

0 3 1 1 2 0

1 0 3 0 1 2

2

.

i f g g f i g g

if f ig if if g
iM

i d id h id id h

i d h h d i h h

f g g if ig g

f f g if f ig

d d h i d id h

d h h i d h ih

     
     


     

    

    
    

     
   

 

Collect all summands in the equation together:  

3 2 1 3 1 2

3 2 1 3 1 2

3 2 1 3 1 2

3 2 1 3 1 2

0 ( ) ( ) ( )

0 ( ) ( ) ( )

0 ( ) ( ) ( )

0 ( ) ( ) ( )

d ih i h d d id

h id i d h h ih

g if i f g g ig

f ig i g f f if
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2 3 0 3 2 0

0 32 3 2 0

0 32 3 2 0

0 32 3 2 0

0

0

0

0

h id h h h id

d ih d d d ih

f ig f f f ig

g if g g g if

          
          

 
          
          

 

1
0 3

3 2

1
0 3

3 2

1
0 3

3 2

1
0 3

3 2

1 0 2

1 0

(2 1)
(2 1)( )

(2 1) 2

(2 1)
(2 1)( )

(2 1) 2
+

(2 1)2
(2 1)( )

(2 1) 2

(2 1)
(2 1)( )

(2 1) 2

0 (2 1) (2 1) 2

0 (2 1) (2 1)

h
h h

d ih

d
d d

h idi
fr

f f
g if

g
g g

f ig

h d ih

d h

   
   

   
   

   
   
   

   
   
   

   
   

      
       2

1 0 2

1 0 2

2

0 (2 1) (2 1) 2

0 (2 1) (2 1) 2

id

f g if

g f ig


      
      

 

1 2 0 2 0 1

1 2 0 2 0 1

1 2 0 2 0 1

1 2 0 2 0 1

( ) ( ) ( ) 0

( ) ( ) ( ) 0

( ) ( ) ( ) 0

( ) ( ) ( ) 0

k d id k d ih ik d h

k h ih k h id ik h d

k g ig k g if ik g f

k f if k f ig ik f g

      
        

 
      
        

 

3 1 2 2 0 3

3 1 2 2 0 3

3 1 2 2 0 3

3 1 2 2 0 3

1 0 3 0 1 2

0 3 1 0 1 2

0 3 1 0 1 2

1 0 3 0 1 2

2

( )

( )
0.

( )

( )

f g ig if g g

g f if ig f f
M

h d id ih d d

d h ih id h h

i f g g f g ig

i f f g g f if

i d d h h d id

i d h h d h ih

     
     


     
     

    
    


     

    

 

Further we will follow only the massless case.  
 

2 Massless field  
We have the system  

 2 3 1 3 2

1 2

(2 1) (2 1) 2
2

( ) 0

i
h id m h m d ih

r
k d id

        

   
 

 2 3 1 3 2

1 2

(2 1) (2 1) 2
2

( ) 0

i
d ih m d m h id

r
k h ih

         

    
 

 2 3 1 3 2

1 2

(2 1) (2 1) 2
2

( ) 0

i
f ig m f m g if

r
k g ig

         

   
 

 2 3 1 3 2

1 2

(2 1) (2 1) 2
2

( ) 0

i
g if m g m f ig

r
k f if

        

    
(2.1) 

 3 2 0 3( ) (2 1)( )
2

i
d ih m h h

r
        

0 2( ) 0k d ih     

 3 2 0 3

0 2

( ) (2 1)( )
2

( ) 0

i
h id m d d

r
k h id

      

    
 

 3 2 0 3 0 2( ) (2 1)( ) ( ) 0
2

i
g if m f f k g if

r
          

 
 3 2 0 3

0 2

( ) (2 1)( )
2

( ) 0

i
f ig g g

r
k f ig

       

    
   (2.2) 

1 3 0 3 0 1( ) ( ) 0i h d h h ik d h            

1 3 0 3 0 1( ) ( ) 0i d h d d ik h d             

1 3 0 3 0 1( ) ( ) 0i f g f f ik g f            

1 3 0 3 0 1( ) ( ) 0i g f g g ik f g             (2.3) 

 
1 2 2 0

1 0 2

( )

(2 1) (2 1) 2 0
2

d id h id

i
m h m d ih

r

      

       
 

 
1 2 2 0

1 0 2

( )

(2 1) (2 1) 2 0
2

h ih d ih

i
m d m h id

r

     

       
 

 
1 2 2 0

1 0 2

( )

(2 1) (2 1) 2 0
2

g ig f ig

i
m f m g if

r

      

       
 

 
1 2 2 0

1 0 2

( )

(2 1) (2 1) 2 0
2

f if g if

i
m g m f ig

r

     

       
 (2.4) 

Let us verify correctness of the system by sub-
stituting the gauge functions into it. The gauge solu-
tions with cylindrical symmetry are determined by 
the formulas  

0

( )

1

2

3

4

1

2
( )

( )

( )

( )

kl
n n n n kln

i x im ikz

D D e

K r

K r
e e e

K r

K r




  

       

  
 

0 0 1

12
2 3

1
( ) z

D D
r

D D
r 


    



       
            (2.5) 

so they are given by the matrix (exponential multi-
pliers are omitted)  

1 1 11

2 2 22

3 3 33

4 4 44

1

2

1

2
( )

1

2

1

2

n An

i
i K m K ikKK r

i
i K m K ikKK r

i
i K m K ikKK r

i
i K m K ikKK r
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0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

f f f f

g g g g

h h h h

d d d d

          (2.6) 

It is readily verified that all 16 equations are satis-
fied by these functions. It should be especially noted 
that any explicit form of separated gauge functions 

1 2 3 4K K K K    does not matter.  

To proceed with the system, let us transform it 
to the new variables  

1 2 1 1 2 2

1 1 2 2 1 2

1 1
( ) ( )

2 2

f if F f if F

f F F f F F
i

     

     
 

1 2 1 1 2 2

1 1 2 2 1 2

1 1
( ) ( )

2 2

g ig G g ig G

g G G g G G
i

     

     
 

1 2 1 1 2 2

1 1 2 2 1 2

1 1
( ) ( )

2 2

h ih H h ih H

h H H h H H
i

     

     
 

1 2 1 1 2 2

1 1 2 2 1 2

1 1
( ) ( );

2 2

d id D d id D

d D D d D D
i

     

    
 

0 3 0 0 3 3

0 0 3 3 0 3

1 1
( ), ( )

2 2

f f F f f F

f F F f F F

     

    
 

0 3 0 0 3 3

0 0 3 3 0 3

1 1
( ), ( )

2 2

g g G g g G

g G G g G G

     

    
 

0 3 0 0 3 3

0 0 3 3 0 3

1 1
( ), ( )

2 2

h h H h h H

h H H h H H

     

    
 

0 3 0 0 3 3

0 0 3 3 0 3

1 1
( ), ( )

2 2

d d D d d D

d D D d D D

     

    
      (2.7) 

in this way we arrive at new equations, which may 
be divided into two unlinked groups, each of 8 equa-
tions. It is convenient to apply special notations for 
two operators:  

 
1 2 1 2

2 2

d m d m
a b

dr r dr r

 
              (2.8) 

First, let us consider the first subsystem:  

1 3 2 2

1
( )iaF iaG i b F k G

r
        
 

 

2 0 1 1

1
( )ibG ibF i a G k F

r
        
 

 

0 2 3 1( ) ( )iaG k G ibF k F         

0 2 3 1

1 1
( ) ( )i a F F k i b G G k

r r
               
   

0 1 0 3( ) ( ) ( )ibF F k G k G k           

 3 2 3 0( ) ( ) ( )iaG G k F k F k           (2.9) 

With the help of equations 7 and 8 we can exclude 
the variables 0 3F G  in equations 1 and 2:  

1 3 0 2( ) ( ) ( 1 ) 0iaF F k F k i b r F            

2 0 3 1( ) ( ) ( 1 ) 0ibG G k G k i a r G            
Further, with the help of equations 3, 4, 5, 6 we ex-
clude the variables 1 2F F  and 1 2 :G G  

3 3 0

0

1
( ) ( )

( )

1 1 1
0

( )

abF F k F k
k

b a F
k r r

       
 

            

 

0 0 3

3

1
( ) ( )

( )

1 1 1
0

( )

b aG G k G k
k

a b G
r k r

       
 

              

 

or  

2 2 3

2 2 01 1

F
ab k

k

F
b a k

r r k

       
                 

 

2 2 0

2 2 31 1

G
ba k

k

G
a b k

r r k

       
                 

 

Taking in mind the following identities  
2 2

2 2

1 1 1 ( 1/ 2)d d m
ab b a

r r r drdr r 

            
  

 

2 2

2 2

1 1

1 ( 1/ 2)
,

ba a b
r r

d d m

r drdr r 

       
  


    

      (2.10) 

we get two 2-order equations:  
2 2

0 3
2 2

1 ( 1/ 2)
0

F Fd d m

r dr k kdr r

               
 

2 2
0 3

2 2

1 ( 1/ 2)
0

G Gd d m

r dr k kdr r

               
(2.11) 

We will impose constraints of two types:  

3 0

3 0

1 1
( ) ( ) ( )

1 1
( ) ( ) ( )

A F r F r f r
k k

G r G r g r
k k

    
   

   
   

  (2.12) 

3 0

3 0

1 1
( ) ( ) ( )

1 1
( ) ( ) ( )

B F r F r f r
k k

G r G r g r
k k

    
   

   
   

  (2.13) 

In the case A, eqs. (2.11) are satisfied identically, 
and the functions ( ) ( )f r g r  may be arbitrary. Be-

low we will see that the case A corresponds to the 
gauge solutions.  
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In the case B, the functions ( ) ( )f r g r  obey 

the following equations  
2 2

2 2
0 3 2 2

1 ( 1 2)
( ) 0

d d m
F F k f r

r drdr r

  
         

 
 

0 3

2 2
2 2

2 2

1 ( 1 2)
( ) 0

G G

d d m
k g r

r drdr r

 

  
       

 

(2.14) 

and all remaining functions can be found by means 
of the formulas 

1 3

2 0

( )

( 1 )
( 1 )

ib
F F ibf

k

i a r
F F i a r f

k

  
 

 
    

 

 

 
1 3

2 0

( 1 )
( 1 )

i b r
G G i b r g

k
ia

G G ia g
k

 
    

 

  
 

 (2.15) 

Let us prove consistency of restrictions B with 
the complete system of equations. To this end, in all 
equations we should take into account the con-
straints  

3 0

3 0

1 1
( ) ( )

1 1
( ) ( )

B F r F r
k k

G r G r
k k

   
   

  
   

 

In this way, eqs. 3, 4, 5, 6 from (2.9) lead to 

1 0 2 0

1 0 2 0

( 1 )

( 1 )

( ) ( )

ib i a r
F F F F

k k
i b r ia

G G G G
k k

 
    

   
 

    
   

 

Let us follow the remaining four equations from (2.9):  

1 3 2 2

1
( )iaF iaG i b F k G

r
        
 

 

0 0

0 0

1 ( 1 )

( )

ib k
ia F ia G

k k
i a r k

i b F iaG
r k k

 
  

   
             

 

0 0

0 0

[ ( 1 )( 1 )] 2 ( )

( )

ab b r a r F i k aG

abF i k aG

        

   
 

next  

0 0( )bF i k G     

2 0 1 1

1
( )ibG ibF i a G k F

r
         
 

 

0 0 0

0

1 ( 1 )

( ) ( )

( )

ia i b r
ib G ibF i a G

k r k

ib
k F

k

          

    
 

 

0 0

0 0

[ ( 1 )( 1 )] 2 ( )

( )

ba a r b r G i k bF

baG i k bF

        

   
 

next   

0 0( )aG i k F     

0 1 0 3

0 0 0 0

( ) ( ) ( )

( ) ( )

ibF F k G k G k

ibF ibF k G k G

         

        
 

that is  

0 0( )ibF k G      

next 

3 2 3 0

0

0 0 0

( ) ( ) ( )

( ) ( ) ( )
( )

iaG G k F k F k

k
ia G

k
ia

k G k F F k
k

         
 

 
 

         
 

 

that is  

0 0( )iaG k F      
Thus, restrictions B are consistent with the sys-

tem (2.9), only when the following four equations 
hold  

0 0 0 0( ) ( )abF i k aG baG i k bF         
 0 0 0 0( ) ( )bF i k G aG i k F            (2.16) 

we can see that only two equations are independent  
 0 0 0 0( ) ( )bF i k G aG i k F          (2.17) 

In the formulas 0 0( ) ( )F k f G k g           the 

multipliers before f and g may be hidden in new no-
tations:  

0 0( ) ( )F k f F G k g G             (2.18) 

correspondingly, eqs. (2.17) are written as follows  
 ( ) ( )bF i k G aG i k F             (2.19) 

This 1-st order equations assume the above equa-
tions (2.14):  

( ) ,

( ) ,

( ) ( )( ) ,

( ) ( )( ) .

bF i k G

aG i k F

abF i k aG k k F

baG i k bF k k G

  


  
        
        

   (2.20) 

Existence of the constrains (2.19) means that 
the system of 8 equations with restriction B de-
scribes only one solution, because the constrains 
(2.19) permit us to fix the relative coefficient be-
tween the variables ( )F r  and ( ).G r  

To follow the consequences from the other 8 
equations, let us write down both subsystems and 
compare them:  

the first is  

1 3 2 2( 1/ ) ( )iaF iaG i b r F k G        

2 0 1 1( 1/ ) ( )ibG ibF i a r G k F        

0 2 3 1( ) ( )iaG k G ibF k F         

0 2 3 1( 1/ ) ( ) ( 1/ ) ( )i a r F F k i b r G G k           

0 1 0 3( ) ( ) ( )ibF F k G k G k           

3 2 3 0( ) ( ) ( )iaG G k F k F k           (2.21) 

the second is  

1 0 2 2( 1/ ) ( )iaH iaD i b r H k D         

2 3 1 1( 1/ ) ( )ibD ibH i a r D k H         
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3 2 0 1( ) ( )iaD k D ibH k H             

3 2

0 1

( 1 / ) ( )

( 1/ ) ( )

i a r H k H

i b r D k D

      
      

 

3 1 3 0( ) ( ) ( )ibH H k D k D k             

0 2 0 3( ) ( ) ( ).iaD D k H k H k            (2.22) 

We can immediately notice that eqs. (2.22) follow 
from (2.21) at the changes:  

1 1 2 2 0 3 3 03

( ) ( )

F H F H F H F H

k k

         

      
 

1 1 2 2 0 3 3 0

( ) ( )

G D G D G D G D

k k

         

      
(2.23) 

further we derive the rules  

3 0

3 0

( ) ( )

( ) ( )

H H
F H

k k

D D
G D

k k


    

     


    
     

       (2.24) 

Therefore, the final equations from the first subsystem 
2 2( ) ( ) 0iaG k F k F            
2 2( ) ( ) 0ibF k G k G            (2.25) 

transform to those for the second subsystem as 
shown below 

2 2( ) ( ) 0iaD k H k H           
2 2( ) ( ) 0ibH k D k H             (2.26) 

 
3 Gauge solutions 
Let us collect together the results of solving the 

system of 16 equations for the case A:  

0 1

2 3

0 1

2 3

0 1

2 3

0 1

2 3

( )

( 1 ) ( )

( ) ( 1 )

( )

( )

( 1 ) ( )

( ) ( 1 )

( )

F k f F ibf

F i a r f F k f

G k g G i b r g

G iag G k g

H k h H ibh

H i a r h H k h

D k d D i b r d

D iad D k d

     

       

       

     

     

       

       

     

  (3.1) 

In fact, here we have four independent solutions, 
determined by four arbitrary functions  

( 0 0 0) (0 0 0) (0 0 0) (0 0 0 )f g h d                 
In turn, let us transform the above gauge solutions 
(2.11) to similar variables, so we obtain  

0 1 1 1

2 1 2 1

1 2
( ) , ,

1 2
, ( ) ,

d m
i k K F KF

dr r

d m
F K F i k K

dr r

       
 

       
 

 

0 1 21

2 2 23

1 2
( ) , ,

1 2
, ( ) ,

d m
i k K KGG

dr r

d m
K i k KGG

dr r

       
 

       
 

 

0 1 1 3

2 3 2 3

1 2
( ) , ,

1 2
, ( ) ,

d m
H i k K H K

dr r

d m
H K H i k K

dr r

       
 

       
 

 

0 4 1 4

2 4 3 4

1 2
( ) , ,

1 2
, ( ) .

d m
D i k K D K

dr r

d m
D K D i k K

dr r

       
 

       
 

 (3.2) 

 We can readily see that the matrix of gauge 
solutions coincides with the matrix (3.1) of solutions 
for the case A (up to the multiplier i).  

 
4 Solving the second order equations, taking 

into account the constraints  
Let us find solutions of two equations  

2 2
2 2

2 2

1 ( 1 2)
( ) 0

d d m
k G r

r drdr r

  
       

 
 

2 2
2 2

2 2

2 ( 1 2)
( ) 0

d d m
k F r

r drdr r

  
       

 
(4.1) 

In the variable 2 2 ,x k r    they have the form of 

Bessel equations:  
2 2

2 2

1
1 ( ) 0

1 1

2 2

d d p
G x

x dxdx x

p m p m

 
     

 

       

 

2 2

2 2

1
1 ( ) 0

1 1
1 1

2 2

d d s
F x

x dxdx x

s m p s m p

 
     

 

            

  (4.2) 

Their independent solutions are  

(1) (2)( ) ( ) ( ) ( )p pG x J x G x J x    

(1) 1

(2) 1

( ) ( ) ( )

( ) ( ) ( )

s p

s p

F x J x J x

F x J x J x



  

 

 




             (4.3) 

Below we will consider only solutions which are 
regular in 0.x   First, we assume positive values of 
m. Let us transform the constraints 

1 2
( ) ( )

d m
aG i k F G i k F

dr r

           
 

 

1 2
( ) ( )

d m
bF i k G F i k G

dr r

          
 

 

to Bessel form. The first constraint gives  

(1) (1) 1

1 2

p p

d m
k G i k F

dx x

G J F J 

         
 

     
 

that is  

1p p

d p
k J i k J

dx x 
          
 

     (4.4) 

The second constraint gives  
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(1) 1 (1)

1 2

p p

d m
k F i kG

dx x

F J G J

         
 

     
 

so that  

1

1
( ) p p

d p
k J i k J

dx x 


           (4.5) 

Further, taking in mind the known properties of 
the Bessel functions  

1 1

1
p p p p

d p d p
J J J J

dx x dx x 

            
   

 

we derive two algebraic relations which determine 
coefficients   and :  

k i k k i k

k i k

              

         
 

Therefore, the needed solution is  

(1) 1

(1)

( ) ( )

( ) ( ) 0

p

p

F x k J x

G x i k J x m

   

     
         (4.6) 

Similar solution at negative m has the form  

(2) 1

(2)

( ) ( )

( ) ( ) 0

p

p

F x k J x

G x i k J x m

 



   

     
 (4.7) 

In accordance with the above noted symmetry 
between two subsystems, we get similar results for 
functions ( )H x  and ( ) :D x  

(1) 1

(1)

( ) ( )

( ) ( ) 0

p

p

H x k J x

D x i k J x m

   

     
        (4.8) 

(2) 1

(2)

( ) ( )

( ) ( ) 0

p

p

H x k J x

D x i k J x m

 



   

     
 (4.9) 

 

Conclusion  
The wave equation for the massless spin 3/2 

has been studied in cylindrical coordinates of Min-
kowski space. After separating the variables, the 
system of 16 equations was derived. There are con-
structed 6 independent solutions. Four of them coin-
cide with the gauge ones, two solutions do not con-
tain the gauge components and describe physically 
observable states of the particle. 
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