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Исследовано явление возникновения фотоакустического сигнала в слое углеродных нанотрубок под действием облу-
чения бесселевыми световыми пучками (БСП) для случая пьезоэлектрической регистрации. Установлено, что увеличе-
ние угла конусности БСП влияет на частоту появления резонансных пиков в зависимости от радиальной координаты ρ. 
 
Ключевые слова: фотоакустическое преобразование, пьезоэлектрическая детекция, плотный слой углеродных нанот-
рубок, бесселевы световые пучки, скорость диссипации энергии, амплитуда фотоакустического сигнала, функция Бес-
селя, уравнение теплопроводности. 
 
The phenomenon of the appearance of a photoacoustic signal in a layer of carbon nanotubes under the action of irradiation with 
Bessel light beams (BLB) is studied for the case of piezoelectric recording. It was found that an increase in the taper angle of 
BLB affects the frequency of occurrence of resonance peaks depending on the radial coordinate ρ. 
 
Keywords: photoacoustic transformation, piezoelectric detection, dense layer of carbon nanotubes, Bessel light beams, energy 
dissipation rate, amplitude of photoacoustic signal, Bessel function, heat equation. 

 
 

Introduction 
Bessel light beams (BLB) are used and widely 

used in laser photoacoustic methods to diagnose the 
structure of various samples as a source of sound 
excitation [1]–[4]. In particular, the use of Bessel light 
beams in optical-acoustic microscopy makes it possi-
ble to effectively increase the focal depth of the re-
sulting photoacoustic image in comparison with a con-
ventional Gaussian light beam. The use of different 
types of BLB polarization modes is explained by the 
fact that BLBs have a number of unique properties, 
for example, non-diffraction of propagation in space. 

Promising material in various fields of science 
and technology are carbon nanotubes (CNTs). One 
of the main advantages of these structures is the abil-
ity to control the properties of the created CNT lay-
ers [5] by changing the geometric dimensions and 
configuration of nanoobjects. 

The classical theory of electrodynamics can not 
always be applied to the description of nanotubes. 
Consequently, it is required to search for new quasi-
classical theoretical approaches and studies that 
would enable us to solve the problems of micro- and 
macroscopic electrodynamics [6], which underlie the 
theoretical basis of modern photoacoustic spectros-
copy.  

This paper is devoted to the construction of a 
model of photoacoustic conversion of BLB modes in 

a layer of chiral and achiral carbon nanotubes for the 
case of piezoelectric recording of the resultant signal. 

 
1 Conductivity of chiral and achiral carbon 

nanotubes 
The electronic structure of carbon nanotubes is 

described in the π-electron Hückel approximation 
[7] and in the general case within the framework of 
the tight-binding method using the nearest-neighbor 
approximation, is expressed by the well-known rela-
tion [8]: 
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The modulus of the chirality vector of carbon 
nanotubes is determined by the ratio 
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              (1.2) 

The projections of the momentum vector on the 
Ox and Oy axes of the Cartesian coordinate system 
for chiral carbon nanotubes are determined in accor-
dance with the following equalities 
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where 2 2 ,l n nm m   1 1,2, , .q l   

Taking into account (1.3) and (1.4) in expres-
sion (1.1), we carry out the transition to cylindrical 
coordinates (px → pφ, py → pz). After transforma-
tions, we obtain the following expression for de-
scribing the electronic structure of carbon nano-
tubes: 
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(1.5) 

 We find the projection of the electron velocity 
vector onto the z axis as a partial derivative of func-
tion (5) with respect to the variable pz 
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Taking into account relations (1.5) and (1.6), 
we obtain an expression for the projection of the 
velocity  
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Next, we consider the Boltzmann equation de-
scribing the motion of π-electrons over the cylindri-
cal surface of a single-walled nanotube in the semi-
classical approximation [9]: 
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where e is charge of electron;   /z zp p   


 – 

speed of electron;  ,J F f  – integral of clash; 

    1/ 1 exp / BF p p k T    
 

 is the equilibrium 

Fermi distribution function; Т – temperature; kB – 
Boltzmann constant.  

To calculate the integral of clash, we use the 
relaxation time approximation, according to which 

        ; , , , , ,J F p f p z t F p f p z t    
   

 

where 1/    is the frequency of relaxation; τ – 
mean free path of an electron.  

The limitation imposed on the semiclassical 
model for describing the motion of an electron along 
the surface of a CNT from the side of high frequen-
cies can be written as follows: 

,l                             (1.11) 

where 2 /l F nR    corresponds to metal nano-

tubes, 2 / 3l F сnR    – to semiconductor nano-

tubes; vF = aγ0 is the speed of π-electrons at the 
Fermi level; сnR  – radius of nanotube. 

Further, the semiclassical model is used to cal-
culate the axial current in a straight infinitely long 
nanotube, which arises under the action of the elec-
tric field of a traveling wave  

  0Re exp ,z zE E i hz t     
where h is a constant of spread. 

Let's find a small pertubation δf from equation 
(10) by an approximation linear in the field, taking 
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Then the surface axial current 

  0Re expz zj j i hz t     
density can be determined by integrating the follow-
ing equality 
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Expression (1.12) can be represented in a more 
compact form  0 0, ,z zz zj h E    where σzz is a axial 

conductivity of a nanotube, which can be defined as 
follows: 
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Taking into account expressions (1.13) and 
(1.7), we calculate the axial electrical conductivity 
of chiral nanotubes: 
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By analogy with [6], the conductivity of chiral 
CNTs in cylindrical coordinates is determined by the 
relation, (electron velocity ve << с, с – speed of light) 
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For CNTs of the zigzag type, the expressions for 
the axial conductivity are expressed by the formula 
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Also obtained expression describing the axial 
conductivity in carbon nanotubes armchair type 
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The expression for the projection of the elec-
tron velocity vector on the z axis is obtained with 
allowance for the formula υ(pz) = ∂ε(p)/∂pz [10] and 
the relationship for the energy distribution within the 
tight-binding approximation, which takes into ac-
count the interaction of only the nearest neighboring 
atoms in the hexagonal structure [11], [12]. 

 

2 Dissipation of energy of Bessel light beams 
in chiral and achiral carbon nanotubes 

The effect of a Bessel light beam on the ab-
sorbing layer of chiral nanotubes leads to a periodic 
change in the temperature field, which can be de-
scribed by the equation of thermal conductivity 
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where βs = kS / ρ0·C is effective coefficient of ther-
mal diffusivity, kS is coefficient of thermal conduc-
tivity, ρ0 is density of a layer of carbon nanotubes, C 
is specific heat of a layer of CNTs, Ω is modulation 
frequency. 

In equation (2.1) Q is volume density of ther-
mal sources, which is determined by the expression 

2
,сnQ E                         (2.2) 

where |σcn| = 2π·|σzz| / λ is conductivity of the CNT 
layer. Substituting into (2.2) the relation describing 
the intensity of the wave, it is easy to obtain the en-
ergy dissipation rate 
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In the formula (2.3) I0 is Proceeding from the 
geometry of chiral and achiral carbon nanotubes, it 
is expedient to write equation (2.1) in a cylindrical 
coordinate system. The absorption coefficient in 
(2.2) is defined as follows 

       0 / / / / .с с n             

Conductivity is related to the imaginary part of 
the dielectric constant by the formula ε = εʹ + iεʺ, 
εʺ = σ / ωε0 (ε0 = 8,85∙10–12 f / m). 

Thus, in cylindrical coordinates, the energy 
dissipation rate of Bessel light beams (BLB) in the 
layer of absorbing carbon chiral nanotubes can be 
represented as follows 
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where α = 2kzz. 
 
3 Calculation of the resulting photoacoustic 

signal 
Let us determine the amplitude of the photo-

acoustic signal arising in the layer of chiral CNTs 
upon irradiation by the TE mode of the BLB, based 
on the use of the piezoelectric method of recording 
the signal in accordance with the scheme shown in 
figure 3.1. 

 

 
Figure 3.1. – The scheme of registration of  

a photoacoustic signal: 1 – the layer of chiral or 
achiral CNTs; 2 – piezoelectric detector; 3 – axicon; 

4 – modulator; 5 – Bessel light beam 
 

The simultaneous solution of the heat equation 
(2.1) and the equations for thermoelastic deforma-
tions in the sample and piezoelectric transducer l1 
allows us to find an expression for the photoacoustic 
signal. Assuming the boundaries of the "sample-
piezoelectric detector" system to be free 
(σ(l = 0) = 0, σ(l1 = 0) = 0) and also using the tech-
nique described in [13], we will find the expression 
for the no-load voltage VTE on a piezo transducer  
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In relation (1.5), the factor Z  
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describes the purely acoustic properties of the “car-
bon nanotube-piezoelectric detector” system, and the 
factor RTE  
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determines the dissipative, dielectric, thermophysi-
cal, and thermoelastic properties of the sample under 
study, as well as the polarization and energy parame-
ters of the BLB. 

In the expressions (2.4), (3.1), (3.2) he follow-
ing notation is introduced: U(z), Up(z) are elastic 
displacements in the CNT layer and piezoelectric 
transducer; υcn, υp are values of velocities of elastic 
longitudinal waves, B0 is the bulk modulus, 
cT = λl + 2 / 3 μl, λl, μl are the Lame coefficients, а0 
is coefficient of volumetric thermal expansion, σ – 
values of elastic stresses, σS = (1 – i)aS, 
aS = (Ω / 2βcn)

1/2 is effective coefficient of thermal 
diffusion of the sample, βcn is effective coefficient of 
sample thermal diffusivity, μ1 = αeff / σS, μ2 = k / σS, 
μ3 = k / αeff , k1 = Ω / υp is wave number of an elastic 
wave in a piezoelectric transducer, k = Ω / υcn is 
wave number of a sound wave in a sample, 
m0 = (k1c

D) / (kcT), cD = cE (1 + e2 / εScE), cE  is coef-
ficient of rigidity of a piezoelectric, e – piezoelectric 
module, εS – dielectric constant of a piezoelectric 
crystal, 
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   m mJ q J q       is derivative of the Bessel 

function Jm(q ρ) from the radial coordinate ρ. Analy-
sis of expression (3.1) for the amplitude of the 
photoacoustic signal showed the presence of reso-
nant peaks in the region of gigahertz frequencies 
(Figure 3.2). 

 

 
Figure 3.2 – Dependence of the amplitude of the PA 
signal on the radial coordinate and modulation fre-

quency of the BLB (m = 0, α = 2о) 
 
We note that we have considered a particular 

case of the free boundaries of the “sample-
piezotransducer” system. In this case, the potential 
difference recorded by the detector is determined by 
the formulas (3.1)–(3.3). When the boundary condi-
tions change, the relationships for calculating the 
potential difference appearing in the detector will 
change. Under conditions where the boundaries of 

the “sample-piezoelectric detector” system are fixed 
(U(0) = 0, U(l + l1) = 0) or alternately loaded 
(σ(0) = 0, U(l + l1) = 0; σ(l + l1) = 0 U(0) = 0), other 
expressions for the potential difference are obtained. 
However, even in these particular situations, the 
main regularities of the photoacoustic transformation 
of the TE-mode of the BLB in magnetically low-
dimensional structures correspond to those revealed 
on the basis of the model of free boundaries. 

Using expression (3.1) for the idling voltage, it 
is possible to determine the amplitudes of photo-
acoustic signals for the system “sample-piezoelectric 
transducer” with alternately loaded boundaries: 
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The difference in the amplitude of the dis-
placement of the boundaries of the system when the 
boundary conditions (3.4) is realized is determined 
by the following relation 
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It is also easy to obtain an expression for the 
potential difference, taking into account the bound-
ary conditions (3.5) 
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Figure 3.3 – Dependence of the amplitude of the photoacoustic signal UTE on the radial coordinate when 

receiving the modulation frequency Ω: a) – the dependence under the boundary conditions (3.6); 
b) – dependence under the boundary conditions (3.7) 
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Analyzing expressions (3.6) and (3.7), we see 
that the amplitude of the photoacoustic signal is de-
termined in a rather complicated manner and de-
pends on many parameters of the "sample-
piezoelectric converter" system. In addition, the 
magnitude of the resulting signal is significantly 
affected by the modulating action of Bessel light 
beams (Figure 3.3). 

As a result of the graphical analysis of expres-
sions (3.6), (3.7), a resonant increase in the ampli-
tude was detected. 

It should be noted that the amplitude and posi-
tion of the resonant peaks depend on the type of the 
boundary conditions imposed on the “sample-
piezoelectric converter” system. At the same time, 
the tendency is generally to decrease the amplitudes 
of the resonance coordinates, as well as to identify 
and eliminate inconsistencies. 

It can also be seen from the figures that an in-
crease in the cone angle of a BLB affects the fre-
quency of the appearance of resonant peaks as a 
function of the radial coordinate ρ. Controlling the 
amplitude of the resulting signal resulting from the 
modulated absorption of the light beam can be real-
ized by using the taper angle adjustment schemes of 
the BLBs acting on the basis of the electrooptic 
Pockels effect [14], [15]. 

Thus, the model of photoacoustic transforma-
tion in the layer of chiral and achiral carbon nano-
tubes irradiated by the TE-mode of a Bessel light 
beam is constructed. 
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