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Ilycts o ={c,|i€l} HexkoTOpoe pa3bMeHME MHOKECTBA BCEX MPOCTHIX uncen P u G — xoHeuHas rpynma. G Ha3bIBaeTCs
G -pa3pemmnMoii, ecitu Kax/plii raBHeli Gakrop H /K G — 310 G, -rpynmna s Hekotoporo i=i(H / K). Msl 1oka3siBaeM

CIIEIYIOLLYIO TEOPEMY.
Teopema. (i) Eciiu G — 7 -otaenumast rpymma, H — HUIBIIOTEHTHAS XOJJIOBAa T -MOArpyIna u E — 7 -J0NoHeHUe rpyInsl G

co cBoiicrBoM EX = XE Ui HeKoTopoit noarpymst X B H takoit, uto H'< X <®(H), torma [ (G)<1.

(ii) Ecnin G — o -paspemmmas rpynna u {H,,...,H,} — BunanaroB ¢ -6asuc rpynmsl G Takoii, 4yto M, mepectaHoBOYHa C
H/, IUIs BCeX I, j, TOrJa lﬁl (G)<1 nus Beex i.

(iii) Ecmn G — o -paspemmmas rpynma u {H|,...,H,} — Bumanaros o -6asuc rpynmsl G Takoi, uTo H, TepecTaHOBOYHA C
®(H;) msBeex i, j, rorna I, (G)<1 nns Beex i.

(iv) Ecmu [ (G)<1, To QX = XQ nms KaXnol XapaKTepUCTHIECKOH MOArpyNbsl X Tpymmsl / 1 mo00i CHIIOBCKOH HOATPYII-
sl O B G Takas, uto HQ =QH.

(v) Ecin G — o -paspewnmas rpymma ¢ [, (G) <1 mwsiBeex in {H,,...,H,} ssuserca o -6asucoM G, TOrAa Kax/as Xapakre-

pHUCTHYECKAs OATPYIINA IPYIIbl F{; MepecTaHOBOYHA C KaX/I0H XapaKTepUCTHIECKON NOArPYIIIOH rpymmsl £ ;.

Kniouegvie cnosa: koneunas epynna, G -paspeuiumas epynna, T -pazoeiumas epynna, m -0uHd X0J10801 NoO2PYNnbl.

Let o={o,|ie} be some partition of the set of all primes P and G a finite group. G is said to be & -soluble if every chief
factor H/K of Gisa o,-group for some i =i(H /K). We prove the following

Theorem. (i) If G is © -separable, H is a nilpotent Hall 7 -subgroup and E a 1 -complement of G such that EX = XE for some
subgroup X of H such that H'< X <®(H), then / (G)<1.

(i) If Gis o -soluble and {H,,...,H,} isa Wielandt o -basis of G such that H, permutes with /, for all i, j, then [, (G) <1

for all 7.
(iii) If G is o -soluble and {H|,...,H,} is a Wielandt o -basis of G such that of H, permutes with ®(H;) for all i, j, then
I, (G)<1 foralli.

@iv) If 1 (G)<1, then QX = XQ each characteristic subgroup X of /H and any Sylow subgroup O of G such that HQ = OH.

(v) If G is o -soluble with [, (G)<1 forall i and {H,,...,H,} is a o -basis of G, then each characteristic subgroup of H,

permutes with each characteristic subgroup of H .

Keywords: finite group, o -soluble group, w -separable group, = -length, Hall subgroup.

1 The concepts and results

Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, P is the
set of all primes, t={p,,...,p,} P and n'=P\x.
If n is an integer, the symbol m(n) denotes the set of
all primes dividing »; as usual, n(G)==n( G|), the
set of all primes dividing the order of G.
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In what follows, ¢ is some partition of P, that
is, o={c, |iel}, where P= _UIG[ and 6,Nc, =D
forall i+ j.

A group G is said to be o -soluble [1]-[3] if
every chief factor H/K of G is a o,-group for
some [=i(H/K). In particular, G is said to be
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n-separable if every chief factor of G is either a
m-group or a 7' -group.

A set H of subgroups of G is said to be a
complete Hall o -set of G [1]-[3] if every member
#1 of H is a Hall o,-subgroup of G for some
6, €c and H contains exactly one Hall o, -sub-
group of G for every i € I such that o, "(G) = <.

Note that if G is o -soluble, then G has a o -
basis [1], that is, a complete Hall o -set {H,,...,H,}
such that H,H, = H H, for all i, j. Finally, recall
that a Wielandt o -basis of G is a & -basis ‘H of G
such that every member of H is nilpotent.

Every m-separable group G has a series
1=R(G)<M,(G)< B(G) <
<M(G)<--<P(G)<M,(G)=G

such that
M,(G)/P(G)=0,.(G/P(G)) (i=0,1,...,1)
and B, (G)/ M (G)=0,(G/M,(G)) (i=1,...,1).

The number ¢ is called the m-length of G and
denoted by /_(G) [4, p. 249].

In this note we prove the following

Theorem. (i) If G is m-separable, H is a nil-
potent Hall mw-subgroup and E a m-complement of
G such that EX = XE for some subgroup X of H
such that H' < X <®(H), then | (G)<1.

(i) If G is o-soluble and {H,,...,H,} is a
Wielandt o -basis of G such that H, permutes with
H, foralli,j, then I, (G)<1 forall i.

(iii) If G is o -soluble and {H,,...,H,} is a
Wielandt o -basis of G such that of H, permutes
with ®(H ) for all i, j, then [, (G) <1 for alli.

@iv) If 1 (G) L1, then QX = XQ each charac-

teristic subgroup X of H and any Sylow subgroup Q
of G such that HQ = OH.

(V) If G is © -soluble with [, (G)<1 for all i
and {H,,...,H,} is a o -basis of G, then each cha-
racteristic subgroup of H, permutes with each cha-
racteristic subgroup of H ;.

Corollary 1.1. Suppose that G is p-soluble, and
let P be a Sylow p-subgroup and E a p-complement
of G. If E®(P)=®(P)E, then [,(G)<1.

Corollary 1.2. Suppose that G is p-soluble, and
let P be a Sylow p-subgroup. Then | (G) <1 if and
only if QP'=P'Q for each Sylow subgroup Q of G
such that PQ = QOP.

Corollary 1.3. Let G be soluble, and let P be a
Sylow p-subgroup. Then [,(G)<1 if and only if
QP'=P'Q for each Sylow subgroup Q of G such
that PQ = QP.
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Corollary 1.4 (Huppert [5, VI, Satz 6.11]).
Suppose that G is soluble, and let F,...,P, be a

Sylow basis of G. Then the following hold: t

(i) If BP,=PP foralli,j, then 1,(G)<1 for
all p;

(i) If 1,(G) <1 for all p, then every characte-
ristic subgroup of P permutes with each characte-

ristic subgroup of P,.

2 Proof of the result

Let M and $ be non-empty formations. Then
the Gaschiitz product 91°$) of these formations is
the class of all groups G such that G° e M. It is
well-known that such an operation on the set of all
non-empty formations is associative (W. Gaschiitz).
The symbol 9" denotes the product of 7 copies of 9.

We shall need the following well-known theo-
rem of Gaschiitz and Shemetkov [6, Corollary 7.13].

Lemma 2.1. The product of any two non-empty
saturated formations is also a saturated formation.

Lemma 2.2. The class F of all n-separable

groups G with [ (G) <t is a saturated formation.
Proof. Tt is not difficult to show that for any
non-empty set w c [P the class ®_ of all ®-groups
is a saturated formation and that § =(6_°6_)"°6 ..
Hence § is a saturated formation by Lemma 2.1. O

Proof of Theorem. (i) Suppose that this is false.
Then H #1.

(1) For every minimal normal subgroup R of G
we have | (G/R)<1.

Assume that this is false. Since G is m-sepa-
rable, R is either a p’ -group or a p-group. In the
former case we have H = HR/R, so

(HR/R)'=HR/R
and ®(H)R/R=®(HR/R). Hence
(HR/R) < XR/R<®(HR/R),
where HR/R is a Hall m-subgroup of G/R. In the
second case we have R< H, so
HR/R=(H/R) <
<XR/R<LD(H)R/R=D(H/R).
Finally, ER/R is a m-complement of G/R and

also we have
(ER/R)XH/R)=EXH/R =

= XEH /| R =(XR/R)(ER/R).

Therefore, the hypothesis holds for G/ R and so we
have (1) by the choice of G.

(2) R is the unique minimal normal subgroup of
G and R £ ®(G). Hence C,(R)<R<O,(G)<H.

The first assertion of (2) follows from Claim
(1) and Lemma 2.2. Moreover, if R is a «' -group,
then

[ (G)=1(G/R)<1.
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Hence R is a m-group. Therefore, since C;(R) is

normal in G, we have (2).
(3) RN X isnormal in G. Since
RNXE <O (XE)
by Claim (1), RN XE=RNX is normal in XE.
Hence E<N;(RNX). On the other hand, since

H' < X < H by hypothesis, X is normal in HP, so
RN X is normal in H. Therefore RN X is normal
in G=HE.

Final contradiction for (i). The minimality of R
implies that either RN X =1 or RN X =R. In the

former case we have X < C,(R) since X is normal
in H and so X =1. But then H is abelian since by
hypothesis we have H'< X. Therefore, since
C,(R)<R<H by Claim (2), R=H is normal in
G. But then / (G) <1, which contradicts the choice
of G. Therefore we have R< X <®(H) and so
R < ®(G), contrary Claim (2). This final contradic-
tion completes the proof of Part (i).
(i1) Since {H,,...,H,} is a Wielandt o -basis
of G, then H, is nilpotent and
E=H,--H_H,_ H,
is a o, -complement of G. Moreover,
ED(H,)=D(H,)E
since ®(H,)H,; =H ®(H,) for all j by hypothesis.
Therefore /, (G) <1 forall i.
(iii) See the proof of (ii).
(iv) Suppose that this is false. Then H #1 and
0 is a g-group for some prime ¢ ¢ m. Suppose that

HQ<G. Then [ (HQ)<1 by Lemma 2.2, so
0X = XQ by the choice of G. Hence G = HQ.
Suppose that O (G) #1 and let R be a minimal
normal subgroup of G contained in O, (G). Then
R<Q and [ (G/R)=I[(G)<1. Therefore the

choice of G implies that
OX/R=(Q/R)YXR/R)=(X/R)Q/R)=X0QO/R
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and so QX = XQ, which contradicts the choice of
G. Therefore O, (G)=1 and hence H is normal in G
since / (G) <1 by hypothesis. But then X is normal
in G since it is characteristic in H. Hence QX = XQO.

This contradiction completes the proof of Part (ii).
(v) Lemma 2.2 implies that
L(HH;)<I(G)<],

so in the case when H,H, <G, the choice of G
implies that V., =V V,. Therefore H,H, =G. Hen-
ce, by Part (iii), V.H,=H V, and V,;H, = H}V, so

V.H,AV,H, =V,(H,"V,H,)=
=V.(H,"H)V, =VV, =V},

The theorem is proved.
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